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Chapter 6

Parameter-dependent
exponential dichotomies for
nonlocal differential operators

6.1 Introduction and main result

In this short, final chapter, we extend parts of the theory from Chapter p|to include
MFDEs such as that depend smoothly on a parameter . For each individual
1 one can construct the corresponding exponential splitting using our previous results,
but this construction contains some noncanonical choices that do not necessarily pre-
serve the smoothness in . Often in applications, this smoothness is necessary in order
to obtain uniform estimates and close bifurcation arguments.

For example, exponential dichotomies play a major role in the construction and
stability analysis [I08], [109] of travelling pulse solutions to the FitzHugh-Nagumo LDE
. In particular, Hupkes and Sandstede consider a family of linearisations of the
Nagumo MFDE of the form

(o) = ulo+1)+u(oc—1)—2u(o)+ g.(0(9,c,p)(0),a)u(o). (6.1.1)

Here, the relevant parameters are the wavespeed c¢, which should be close to the
wavespeed of the travelling front solution , the parameter p from the correspond-
ing FitzHugh-Nagumo system, which should be close to 0, and a phase shift 9. Using
exponential dichotomies for 7 the authors construct quasi-front and quasi-back
solutions to (5.1.1)).

311



312 CHAPTER[B PARAMETER-DEPENDENT EXPONENTIAL DICHOTOMIES

Since we work in more or less the same setting as in Chapter [5| and use several key
results from that chapter, we will reuse the notation and assumptions introduced there.
In particular, we consider the parameter-dependent system

i) = % A )t )+ [ KOE 6 )

j=—00

= L(t, )z,

(6.1.2)

Here the parameter p takes values in an open set U C RP, for some integer p > 1
and the notation z; was introduced in (5.2.24). The corresponding linear operators
Ap) : Whee(R; CM) — L°°(R; CM) are given by

(A(p)2)(@) = :b(t)*io: Aj(tswat+ry) — [K(Etwa(t+8)ds. (6.1.3)

j=—00 R
We assume that the system (6.1.2)) depends C*-smoothly on p in the following sense.

Assumption (HC). The linear operators A(u) corresponding to the system
depends C*-smoothly on the parameter u € U for some integer k > 0. In addition,
Assumption ( holds for some pg € U, while Assumptions (, (HK]) and (HH))
hold uniformly for p € U. That is, the constant 77 and the upper bounds for the
quantities in and can be chosen independently of u € U. Finally, the
limiting operators Ao (p) depend C*-smoothly on p € U.

Our main result below shows that the exponential splittings which were obtained
in §5.5] can be constructed in such a way that the smoothness in the parameter p is
preserved. The concession we have to make is that the space R(7; u) will be no longer
invariant in the sense of Theorem We view the results in this chapter as another
step in the ongoing effort to close the gap between MFDEs with finite-range and with
infinite-range interactions. In particular, we expect our results to play an important
part in the stability analysis of the FitzHugh-Nagumo LDE with infinite-range inter-
actions (5.1.16), which, at present, is an open problem if i > 0 is sufficiently far away
from O.

Theorem 6.1.1 (cf. [104, Thm. 5.1]). Assume that (HQ) is satisfied. Then there
exists an open neighbourhood po € U' C U in such a way that for any p € U' and any
T > 0 there exist subspaces Q(7, 1), R(T, 1) C X that satisfy the following properties.

(i) We have the direct sum decomposition

X = Q(r;p) ® R(7; ) (6.1.4)

(i) Each ¢ € Q(7; ) can be extended to a solution E. ,¢ of on the interval
[T,00), while each ¥ € R(7; ) can be extended to a solution E; 1 of on
the interval (—oo, —ro] U [0, 7]. E|

1Here the constant rg > 0 is defined Proposition W
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(iii) The maps p + Ilg(r.,y and p = Ilp(r,, are C*-smooth and all derivatives can
be bounded uniformly for T > 0.

(iv) There exist constants K > 0 and o > 0 in such a way that we have the pointwise
exponential estimates for each ¢ € X and each integer 0 < ¢ < k

IDLE Mgrnel(t) < Kel||g|lo, for every t >,
DB prnél(t) < Ke l¢|lo, for every t <, (6.1.5)
|A() Bz gy 01 () Ke "¢, for everyt <.

IN

Our results are primarily based on the approach from [104] §3,5], where Hupkes and
Verduyn Lunel construct exponential splittings for parameter-dependent MFDEs with
finite-range interactions. The main difficulty here is that in [104] these splittings are
obtained by solving a linear equation on a space of functions, defined on the interval
DP . with an exponential weight. However, several operators that are involved in this
linear equation, such as the inclusion of the space Q(7) into such an exponentially
weighted space, lose their boundedness if ry,;, = —oo. As a workaround, we reconsider
the problem on a space with a one-sided exponential weight. However, this change

complicates several of the key technical computations.

6.2 One-sided exponential weights

We start by expanding the Fredholm theory from [68] for the system (5.2.1]) to spaces
with a one-sided exponential weight. For any n € R and f € L (R; CM) we introduce
the function

lef fl@) = e f(a), (6.2.1)
where
z, x>0,
o= (6.2.2)
0, x<0.

This allows us to define the spaces

L (R;CY) = {f € L, (R;CM) [eT, f € L=(R; CM)}, e
WP (R CM) = {f € L, (R;CM) | e, f € Wh=(R;CM)},
with the corresponding norms
Ifllzee, @erry = lleX, fllpoomeny, 624)
Il ey = ety flwnemen. -

For sufficiently small |5| we can consider the shifted operator A,  : Wh(R; CM) —
L>(R; CM) that acts as
Ap iz = e:]rAei'nx. (6.2.5)



314 CHAPTER[B PARAMETER-DEPENDENT EXPONENTIAL DICHOTOMIES

Lemma 6. 2 1. Assume that (HA), (HK|) and (HH) are satisfied. Pick _an

with |n) < Wrztmg A* m+ Jor the characteristic equations defined in (5.2.1

operator , we have the identities
Afi(z) = Atz-n), A, () = A (2).
In addition, the adjoint operator (An#)* s given by
(An#)* = ;\v*fn7+~
Proof. For j € 7 we see that
et g=nlt+rt  —  g—nry
for ¢ sufficiently positive, while
et e—nlt+r))™  _ 4
for ¢ sufficiently negative. Similarly for z € W>°(R; CM) we can compute
(e z(t) = —pe 1 x(t) 4 e 12! (1)
for ¢ sufficiently positive, while
(e_"(ﬁ)x(t))/ = 2/(t)
for ¢ sufficiently negative. Finally for x € W1 >°(R; CM) we see that
0D [R(E e w1 t)de = e [TLK(E (€ + t)de
+ [T t)e S a(E + t)dE
for t positive, while

1) [LK(E)e e (¢ +t)de = [T K(& (€ + t)dE

neR
for the

(6.2.6)

(6.2.7)

(6.2.8)

(6.2.9)

(6.2.10)

(6.2.11)

(6.2.12)

+eT [7 K (& t)e M w (€ + t)dE

for t negative. These computations directly imply the identities (6.2.6]).

In addition, a short computation shows that

(W, Ay p2)e@ery = [yl (Aed, z)(t)dt
Sy @) (Ae_nx)( )dt
= [(A*efy)(t) e a(t)dt
S, Aety)(t) a(t)dt

= <A**77,+y7x>L2(]R;CM)7

(6.2.13)

(6.2.14)
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which implies (6 , as desired. ]

Lemma allows us to define the Fredholm operators A, : Wnlj_o(]R, cMy —
Ly, (R; C™) that act as
A4+ = ebo A, oef

o (6.2.15)

L WS (R;CM) —

Our main result here shows that the natural adjoint A’(*_n)) Lo WO

LY, (R CM) is given by

A*

Loyt = e'_"noA*,],_,_oej]'. (6.2.16)

Note that for x € Wnlf(R, CMYNWL2(R;CM) and y € VV1 (R CMY)NW L (R; CM)
we simply have
Az = Ag 4, Ay = A?fn) +Y- (6.2.17)

The main reasons we constructed the operators A,  in this fashion are that it is

not a-priori clear that A maps W, *?°(R; CM) into L (R CM) and whether these oper-
ators remain Fredholm operators We note that A(O),+ = A, since we have the identities

Wol”_io(R;CM) = Wh*(R;CM) and L, (R; CM) = L>*(R; CM). The following result
is the equivalent of Proposition for the operator A, 4.

Proposition 6.2.2 (cf. [104, Prop. 3.2]). Assume that (HA|), (HK|) and (HH) are
satisfied. Pick anyn € R with |n| < 1 4 for which the characteristic equatzon det AT (2) =

0 has no roots with Rez = n. Then both the operators Ag) 1 : Wn,+ (R;CM) —
> (R;CM) and AT+ Wi,;’o_F(R CM) — L, , (R;CM) are Fredholm operators.
Moreover the mnges admzt the characterisation

R(Apy+) = {heLl®R) f y(&)*h(t)dt = 0 for every y € ker(Az‘_n)7+)},
R(A’(k n)’Jr) = {heL®R)| f t)dt =0 for every x € ker(A, )}
(6.2.18)
The Fredholm indices can be computed by
ind(Ag,+) = —ind(Af_,) ) = dimker(Ag) +) —dimker(A—;) 1) (6.2.19)

Finally, there exist constants K > 0 and 0 < o« < 1) so that

et z(t)] < Ke_amHeJ_ranoo (6.2.20)

holds for any x € ker(A(,) ;) and any t € R, while the bound
lefz(t)] < Ke etz (6.2.21)

holds for any = € ker(AE‘f and any t € R.

n)Hr)
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Proof. These results follow from Proposition [5.2.1] and Lemma [6.2.1] together with
the identities

ker(A(y).+) = epker(Ay ),
ker(Affn)’Jr) = efnker(A*i,’Jr) = efnker(([\,,,7+)*), (6.2.22)
Range(Awy,+) = efRange(A_, ),
Range (Af—n>,+) efnRange(K;n,Jr) = efnRange(([X,n,Jr)*).
m

We now shift our attention to the parameter-dependent system (6.1.2)). The follow-
ing result shows that we can find a quasi-inverse for this system that depends smoothly
on fi.

Proposition 6. 2 3 (cf. [104, Prop. 3.3]). Assume that (HQ) is satisfied. Pick any
n € R with |n| < % for which the characteristic equation det AT (z) =0 for = po has
no roots with Rez =n. Write R = RaungC(A(,7 )+ (1 )) and pick a complement R+ for
R in L2, (R; CM). Then there exists an open neighbourhood pg € U’ C U, together

with a C*-smooth function
Capt 1 U = L(L°, (R;CM), RE) (6.2.23)
and a C*-smooth quasi-inverse

AU o (L (R CM), W (R CY)) (6.2.24)

that satisfy the following properties.

(i) For any p € U' we have the upper bound
dim (ker(A(n)’Jr(u))) < dim (ker(A(n)’Jr(uo))). (6.2.25)

(ii) For any p € U' and any f € L=(R; CM) we have the identity

Ayt WADY (W) f = f+Caps (W] (6.2.26)

Moreover, the restriction of the map C(, 4 (1o) to R vanishes identically.

Proof. Upon choosing

A (0 F = [rrAs (W] R, oo
C(U)»-‘r(:u)f = _WRLf—FﬂRLA(n)’ (1 )A?Tllr)lv+( ),

we can directly follow the proof of [I04, Prop. 3.3] to arrive at the desired result. [
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In a similar fashion, we introduce the function

e, fl(z) = e@) f(2), (6.2.28)
where
) o], =<0,
= = (6.2.29)
0, x>0,
together with the spaces
Ly (R;CM) = {f € Li,.(R;CM)|eZ, f € L=(R;CM)}, ( )
’ 6.2.30
Wy (R;CM) = {f e L (R;CM)|eZ, f € WH=(R;CM)},
with the corresponding norms
IfllLee, ricrry o= lleX, fll Lo micrr), (6.2.31)
I Fllwoe ey = leX, fllwr.ee micny.- o

For sufficiently small || we can consider the shifted operator A, _ : W1>°(R;CM) —
L>(R; CM) which acts as }
Ap_x = e Ae’,x (6.2.32)

n €
and we can define the Fredholm operators A, _ : W;_”EO(R; CM) — Ly (R;CM) by

Aopy,— = ey oA, o e, (6.2.33)
Remark 6.2.4. The equivalent statements in Propositions|6.2.2 can be proven for
the operator A, _ under the assumption that the characteristic equation det A™(z) =

0 has no roots with Re z = —n, instead of the condition on A¥.

For notational simplicity, we use the shorthand

AGm () = A?é’)‘f+(u) = A?(i;)"[(ﬂ). (6.2.34)

The half-line inverses from Lemma [5.5.6] can also be chosen to depend smoothly on the
parameter p. We recall that the intervals D® and DS were defined in (5.2.32)), while
the interval Dx was defined in ([5.2.22)).

Lemma 6.2.5 (cf. [104, Pg. 13]). Assume that (HC) is satisfied. Recall the open
neighbourhood U’ of uo from Proposition and fix T € R. Then there exist bounded
linear operators

AT (n) s L2 ([, 00);CM) = Wh(DE;CM), (6.2.35)
AT (p) : Lo ((—o0,7;CM)  — Wheo(DZ;CM), -
defined for u € U’, in such a way that the identities
AWALL (W) = f), t=>T,
- (6.2.36)

A(WAZL(gl(s) = g(s), s<T
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hold for f € L>([r,00); CM) and g € L>((—o0,7]; CM). The operators A+, depend
C*-smoothly on the parameter .

In addition, if T > 0 is sufficiently large, there exists bounded linear operators

AGE(p) s L>2([0,7];CM)  — W (Dx + 7;CM), (6.2.37)

T
defined for p € U’, in such a way that the identity
WA WA® = f0), te o] (6.2.38)
holds for f € L™ ([0, 7); (CM). The operators Ao~ depend C*-smoothly on the parameter
L

Proof. Using the quasi-inverse A4"(y) instead of the inverse A~!, the proof of
Lemma [5.5.6| carries over to the current setting. ]

6.3 Construction of exponential splittings

In this section, we set out to prove Theorem [6.1.1] For 7 > 0 and u € U we write
Q(7, 1) for the space Q(7) from Theorem at this value of y. In addition, we
write Q(7) := Q(7, uo). Moreover, we introduce, for notational clarity, the evaluation
operator evy given by

th(b = ¢)t' (631)

We will be mainly working in the spaces

BCE, = {feCy(DE,CM)let, feCy(DE,CM)}, 62)

BCS, = {feCy(D2,CM)|ez, f e Cy(DS,CM)} o
for 7 > 0 and n € R, with the corresponding norms

1l see, leXyflloes  Nfllpee, = lleZyflle- (6.3.3)

This choice of spaces is in essential in our analysis and in major contrast to the finite-
range setting in [I04]. Indeed, there the authors consider weighted spaces, defined on
the interval D® | where the weight decays exponentially in positive direction, while it
grows exponentially in the direction of ry;, + 7. An essential step in the analysis is
that the inclusion of the space Q(7) into the exponentially weighted space is a bounded
linear operator. However, this is the case if and only if ry;, > —oco. By contrast, the

inclusion of Q(7) into the space BCﬁ?n is bounded for n < 0 sufficiently close to 0.

The key ingredients to establish Theorem [6.1.1]are the following two results that we
establish in the sequel. Basically, they state that Q(7, u) and R(7, i) can be constructed
as a graph over Q(7, po) and R(7, juo). For ¢ € Q(7, 1), we write E. 1) for the extension
of the function ¢. That is, E; ;9 is a solution of on the interval [, 00).
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Proposition 6.3.1 (cf. [104, Lem. 5.2]). Assume that (HC) is satisfied. Consider
the splitting X = Q(7) ® R(1) for 7 > 0 for the system (6.1.9) at u = pg. Then
there exists an open neighbourhood oy € U' C U, together with C*-smooth functions
USy(ry U' — L(Q(7),X), defined for 7 > 0, that satisfy the following properties.

(i) For each u € U' we have the identity

Horyughm () = 1 (6.3.4)
and the limait )
lim (I = ge)lug (1) = 0, (6.3.5)

H— 1o

holds uniformly for T > 0.

(ii) For u € U’ the operator norms of the maps ua(ﬂ (1) are bounded uniformly for
T2>0.

(iii) For p € U’ we have Q(T;u) = Range(uam (1)).
(iv) There exist constants K > 0 and a > 0 in so that the bound
DL B iy (00(0) < Keol=7lg]1 (6.3.6)
holds for each p € U’, each 0 < 7 < 't, each ¢ € Q(7) and each integer 0 < £ < k.

Recall that the space R(7, p) is constructed as a finite-dimensional enlargement of
the space P(T, o). However, it is unclear whether this finite-dimensional space can be
constructed in such a way that it depends smoothly on the parameter p. As such, we
simply construct the space R(7, ) in a fashion similar to Proposition and treat
this as its definition. The price we have to pay is that this space is no longer invariant.

Proposition 6.3.2 (cf. [104, Lem. 5.3]). Assume that (HC) is satisfied. Consider
the splitting X = Q(7) ® R(7) for 7 > 0 for the system %} at = pug. Then
there exists an open neighbourhood oy € U' C U, together with C*-smooth functions
Uh(ry U — L(R(1),X), defined for 7 > 0, that satisfy the following properties.

(i) For each p € U’ we have the identity
HR(T)UE(T) (,u) = 1T (637)

and the limit )
lim [I — Hge)upy () = 0, (6.3.8)

H— 1o

holds uniformly for T > 0.

(i1) For p € U' we have that the operator norms of the maps Up(ry (1) are bounded
uniformly for T > 0.

(11i) Writing R(T; 1) = Range (uE(T)(u)), each € R(T; 1) extends to a solution E;

of on the interval (—oo, —ro] U [0, 7]. In addition, the space R(T;u) C X
is closed.
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(iv) There exist constants K > 0 and o > 0 in such a way that we have the bound
DL Byt (0010) < Koo (6.3.9)
for each p € U', each t < 7, each ¢ € R(T) and each integer 0 < £ < k.
(v) We have the uniform bound
) Bty (0] (1) < Ko=) (6:3.10)
for each p € U’, each t € [—r9,0] and each ¢ € R(T).

Proof of Theorem[6.1.1. On account of Propositions [6.3.1] and [6.3.2] we can repeat
the arguments used in the proof of [I04, Thm. 5.1] to arrive at the desired result. m

For any 7 > 0 and n > 0, we introduce the map G,,, : U — E(BCf_Bﬁn), defined by

Gron(w)u = AT (p0) [L(1) = Lpo) |t = trnTg(ryevoA{™  (po)[L(1) — Lipo)]u-
(6.3.11)
Here we introduced the notation

[L(p)u](t) = L(t, pue, (6.3.12)
together with the map ¢r,,, which is the inclusion from Q(7) into BC’fi77 for 7 > 0.

The proof of Proposition [6.3.1] consists of a number of steps. We start by showing
that the map G, , from ([6.3.11)) is well-defined and bounded for some specified o > 0.
Then we use this map G, , to construct the functions ua(T). Most of our focus will go
to the identity Q(7; u) = Range (uam (1)), since the other bounds and identities follow
relatively quickly from the definition.

Lemma 6.3.3. Consider the setting of Proposition[6.3.1) and suppose that Tmin = —00.
Then there exists a constant o > 0 so that the map

g‘r = gT;a (6313)

is a well-defined map G, : U — ﬁ(BCf?_a). In addition, there exists an open neigh-
bourhood g € U' C U, together with a constant C > 0, so that for all p € U' we have
the uniform bounds

G-l < 5 IDLGwl < © (6:3.14)

for all T > 0 and all integers 1 < £ < k.

Proof. We let K > 1 and 0 < a < 77 be the constants from Theorem applied
to the system (6.1.2) at p = po. Without loss of generality we can assume that «
is so small that the characteristic equation det A™(z) for u = g has no roots with
Rez = —a, which allows us to consider the quasi-inverse A?‘_n;’) . from Proposition
We also can assume without loss of generality that e b € W1 (R; CM) for any
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be BUB*.

We start by showing that the map G, := G,., is well-defined by showing that the
inclusion map ¢, and the evaluation operator evy map Q(7) into BCS?_ o, and BC’E?_ o
into X respectively.

On account of Theorem the map
br = lra (6.3.15)

is a well-defined and bounded map ¢, : Q(7) — BCE?_Q, since we assumed that r,;, =
—o00. In addition, we have the bound

ldlpos < Kaelldllo (6.3.16)
for ¢ € Q(7).
Let ¢ € BCe?fa be given. Then we obtain the pointwise estimate
(evod))] = G0 < el pos_ (6:3.17)
for any t € D}, while
(evod)®)] = 1eIo0] < ldllpee_ (6.3.18)
fort € D¥.

Hence, the norms of the operators evy and ¢, are bounded by 1 and Kg.. respec-
tively. In addition, the projections Il ;) are uniformly bounded in norm on account of
Theorem Since the map u + L(p) is C*-smooth, we see that G, is smooth as a
map from U into /.Z(BCE?_Q). The uniform bounds on the operators ¢, Ilg(+) and evg
now yield the uniform bound for 7 > 0, integers 1 < ¢ < k and p sufficiently
close to ug. [

In particular, we can define the bounded linear maps
Vo (1) Q(r) — BCY_,,

e » (6.3.19)

¢ = [I - g‘l'(ﬂ)] LT¢;

together with

U (1) = eVovge (). (6.3.20)
Lemma 6.3.4. Consider the setting of Lemma |6.5. ﬁ Then the functions “Zg(r)(l‘)
defined in (6.53.20) satisfy items and [(w)] of Proposition [6.1.4)

Proof. The uniform bound on the operator norm of u’é(T)(,u) and the exponential

estimate 6.3.6: follow directly from the definition (6.3.20)), together with the uniform
bounds ((6.3.14)) and (6.3.16]). [
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Lemma 6.3.5. Consider the setting of Lemmal[6.5.3 Then we have the identity
and the limait holds uniformly for T > 0.

Proof. Pick any 7 > 0 and u € BC’f.B,fa. Then we can compute

v gmevorllomevour = o o Ilogmevou
Q(r) Q(r) Q(MHQ(7) (6.3.21)
= i lgevou.
In particular, we see from the definition (6.3.11)) that
LTHQ(T)QVOQT(/J,) = 0. (6322)
This implies
Hgryevog-(n) = 0, (6.3.23)
which yields
. -1
QUG (1) = Hoerevoll —G-(w)] v = I, (6.3.24)

as desired. The remainder term (/6.3.5)) can be bounded by considering the identity

" -1
(1= Toem]ugym () = evo[[T=G:(w)] ™" = 1]r, (6.3.25)
which approaches 0 as y — pg, uniformly for 7 > 0. m

We now set out to show that Range (u’é(T)(,u)) = Q(7, ). The “C”-embedding can
be established by a relatively direct calculation. The “O”-embedding follows from the

property (6.3.14]) for G, .

Lemma 6.3.6. Consider the setting of Lemma [6.5.3 Then we have the inclusion
Range (ug) (1)) C Q(, ).

Proof. Similarly to (5.5.26)), we pick a basis for Ramge(A(_O(),Jr(,uo))l that consists
of continuous functions for which the support is contained in the interval [—rg,0]. We

recall the C*-smooth operator
1
Cicayt 1 U — E(Lz’ia)#(R;(CM),Range(A(—a),-s-(ﬂO)) ) (6.3.26)

from Proposition Recall that o was chosen small enough to have egtab € WL (R; CM)
for any b € BU B*. Since a > 0, we have L? ) | (R; CM) c L>°(R;CM). As such, we

have A(u)z = A(_qy 4 (p)z for any = € W(l_’f) L (R CM) and any p € U’ on account of
(6.2.17). Pick ¢ € Q(7) and write

u(t) = [v5, (el —7), (6.3.27)

so that
evru = g (1o (6.3.28)
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Writing
ur(t) = ut+71), (6.3.29)
we can compute
u(t) = [¢)(t —7) + [Gr(m)ur)(t —7) (6.3.30)
for t € R, so that
[Apul(t) = [Aerd(- = 7)) + [A)Gr (p)u-(- = 7)] (8). (6.3.31)

For t € R we can now compute

AGerd( =)0 = [[Llm0) = L)]erd(- = 1)] () + [Apo)er (- — )] (1),

(6.3.32)
together with
L := [ ( )gT( ) T('_T)](t)
= [[L(10) = L] G (e (- = 7)] (1) + [Ako) G- (sl (- = )] 1
= “LM) (1] (G-I = G- ()}~ er0(- = 1] (1)
(6.3.33)
[ M)A (10) [L) = L(po)]ur (- = 7)] (1)
— [A(10)er Tlgryevo ™), (1) [L (1) = L(uo)]ur (- = 7)] (1
= L1+ Lo+ Ls.
We can compute
Ly = [[L(o) = L(w)] [9- (W = G ()] el = )] 1)
= [ [Eo) = Lw)]erol- = 7))
(6.3.34)

+[[LG0) = LG [T = G (] ez (- = 7] )
= = [[E(o) = L]l = )| (1) + | [L10) = L(w)]usr (- = 7)) ().

Moreover, an application of Proposition [6.2.3] yields

Ly = [AGuo)AT™)  (10)[L(k) = L(po)]ur(- =) (1)

=[£G = Lo ur (- = )| (1) + (€ (10) [E(1) = Llpo)] s (- = 7)) 8).
(6.3.35)
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Combining (6.3.31)), (6.3.32)), (6.3.34) and (6.3.35)), we obtain
AGal@) = [[L0) = L] = 1)](0) + [Apo)erdl- — 1))

- A(IU’O)LTHQ(T)eVOA?T;))+(/’LO) [L(p) = L(po)]ur (- — 7')} (t)
(1) + [Cay.+ (0) [L() = Llmo)]ur (- = 7)] (1)

— (A0} Tgryevod ™) (pi0) [L(1) = L(po) s (- = 7)] (1),
(6.3.36)

I
=
=
(=}
=
3
=
|
\‘

for any t € R. For t > 7 we obtain

[A(uo)erd(- = T)](1) = O, (6.3.37)

since ¢ € Q(7). In addition, we recall that we chose C(_q) 4 (t0)v(s) to be identically
zero for s > 0. Finally, for ¢ > 7 we obtain

[Ao)eTlg(ryevodd™) | (o) [L(w) = Lipo)]u-(- = )| (1) = 0 (6:338)
by definition of Q(7). Hence we must have
AGRIE = (Mool ~ )]0 + [y (1) [L(1) — L)) s (- = )] )
— [AG0)r Tgmyevo ™) (1) [L (1) = L(so)Jus (- = )| (1)
=0
(6.3.39)
for any ¢ > 7. In particular, we get v € Q(7,u) and thus %m ()¢ € Q(7,u), as
desired. [
Lemma 6.3.7. Consider the setting of Lemma [6.53.5 Then we have the inclusion
Range (ug) (1)) D Q(, ).
Proof. We pick q}i € Q(7, ) and write
6 = Tgmevod.,
, f( S (6.3.40)
EO) = [ Wl - 7).

By Lemma we see that ¢ € Q(7, u) and therefore also g, := ¢, — ¢, € Q(7, ).
Moreover, we can compute

HQ(T)eVOqM = HQ(T)eVOQ}L - HQ("')“Z)(T) (:LL)(ZS
_ g (6.3.41)
=0
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using (6.3.4)). Upon setting
o = AL L (0) [L(1) = (ko)) au — Gus (6.3.42)
we note that

Apo)auy = [L(1) = L(o)] @ + C(—ay 4 (o) [L(11) — L(110)] 0 — Ap0) g
—A (1) + Ci—ay 4+ (po) [L(1) = L(110)] 4y,

(6.3.43)
since L(p) — L(po) — A(po) = —A(p). In particular, we see that the right-hand side of
(6.3.43)) is zero on the halfline [r, 00), so we must have g, € Q(7) and hence

g‘r (:U')qlt = qu + Ao — LTHQ(T)eVO [qlt + q#o}
qM + Quo — quo (6344)
= qll«o'

This yields g, € ker(I —G,(u)) = {0}, which implies ev,¢/, = ev,¢> € Range (“Zg(r)(“))
and completes the proof. ]

Proof of Proposition[6.3.1 In the case where 7yin > —0o we can follow the proof of

[104], Lem. 5.2], so we assume that ryi, = —oco. In that case, the desired result follows
directly from Lemmas[6.3.3 =

For the proof of Proposition we can proceed in the same fashion as in the proof
of Proposition where instead of the spaces BC® we use the space BCY It

T,—Q) T,—Q"

only remains to show that Range (u}}(ﬂ(,u)) C X is closed and to establish (6.3.10]).
Lemma 6.3.8. Consider the setting of Proposition . Then Range (u*R(T)(,u)) cX

is closed.
Proof. Consider a sequence {¢,},;>1 in R(7) and, writing ¢; = u}‘z(ﬂ ()¢;, assume

that ¢; — .. By (6.3.7) we see that Iz ¥; = ¢; and by the continuity of IIg(,)
this yields ¢; — I (7%« := ¢.. Since the operator u*R(T)(u) is bounded, we must have

u}(ﬂ(u) [qﬁj — (;S*} — 0 and therefore 9, = uE(T)(,u)qb*, as desired. [

Lemma 6.3.9. Consider the setting of Proposition [6.53.4 Then the uniform bound
0.3.10}) holds for each € U’, each t € [—71¢,0] and each ¢ € R(T).

Proof. We fix p € U', —rg <t <0 and ¢ € R(7) and write

u = ET,HU*R(T)(M)¢. (6.3.45)
From we can derive that
AGUO = (Al — 7))+ [Can—(0) L) — L(po)]a] )

_ [A(HO)LTHR(T)GVOA?T2)7_(uo) [L(u) — L(uo)]u} (1) (6.3.46)

= Ll —|—L2 +L3
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On account of Proposition [5.5.4] we immediately obtain the bound

ILi| = |[A(po)erd(- —1)I(1)] < Kie ' =|g]|o (6.3.47)

for some K7 > 0. Recall that « was chosen small enough to have ex b € W (R; CM)
for any b € BU B*. Let {d'}!'?, denote a basis for ker(A(uo)*). In particular, we can
pick a constant Ky > 0 in such a way that the exponential bound

d'(§)] < Kye 2l (6.3.48)

holds for any £ € R and any integer 1 < i < ng4. Using the representations from

Proposition and from ([5.5.22)) we can compute

Ly = [Ciay (o) [Lr) = L(o)]u| (1)
=~ | [L00) = L(uo)]u] (1)
+rRL {A(—a),—(uo) [MRA oy, (10)]  7r [L(p) - L(Mo)]u} (t)
=~ [ [L(0) = L(uo)]u] (1)
= S ] @ (L) - LonJu€)de] o' 0)
(6.3.49)

On account of the exponential decay (6.3.9)), we can pick a constant K3 > 0, indepen-
dent of p and u, for which the bound

L) = L(uo)]ul(€) < Kae =9l (6.3.50)
holds for any £ < 7, while the bound
|[L(1) = L(po)]u|(€) < Ksll¢llo (6.3.51)

holds for any £ > 7. In particular, we can estimate

| Lo

IN

nq
3 [ ] Hae 2l g0 gl + [ Ko 281G ] ]l (1)

IN

Kol gl [ eSds + [ oo + (20)7 '
—00 0

IN

0 0
e DKy |glloc | [ €36 + [ emoSdg + (20) 7 lg" e,
— 0o 0

(6.3.52)
Finally, we obtain the bound

sl = |[A0)erTTreryevoA™) (o) [L(k) — L(so)]u) (¢)]
< Koo agevo ™) (o) [L() — L(uo)]ulloc (6.3.53)
< Kae |0
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for some constant K3 > 0, using the uniform bounds and the exponential decay in

Theorem and the bound (6.3.9)).

Proof of Proposition [6.3.3 The desired result follows from Lemmas and
0.3.9 [
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