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Chapter 4

Travelling wave solutions for
fully discrete
FitzHugh-Nagumo type
equations with infinite-range
interactions

Sections {.IHA. 5] and [£. Al have been submitted as W.M. Schouten-Straatman and H.J.
Hupkes “Travelling wave solutions for fully discrete FitzHugh-Nagumo type equations
with infinite-range interactions” [I52].

Abstract. We investigate the impact of spatial-temporal discretisation schemes
on the dynamics of a class of reaction-diffusion equations that includes the FitzHugh-
Nagumo system. For the temporal discretisation we consider the family of six backward
differential formula (BDF) methods, which includes the well-known backward-Euler
scheme. The spatial discretisations can feature infinite-range interactions, allowing us
to consider neural field models. We construct travelling wave solutions to these fully dis-
crete systems in the small time-step regime by viewing them as singular perturbations
of the corresponding spatially discrete system. In particular, we refine the previous
approach by Hupkes and Van Vleck for scalar fully discretised systems, which is based
on a spectral convergence technique that was developed by Bates, Chen and Chmaj.
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Key words: Travelling waves, FitzZHugh-Nagumo system, singular perturbation, spatial-
temporal discretisation.

4.1 Introduction

In this paper, we consider spatial-temporal discretisations of a class of reaction-diffusion
systems that contains the FitzHugh-Nagumo partial differential equation (PDE). This
PDE is given by
" e + i) —w (4.1.1)
wy = plu—yw).
Here g is the bistable, cubic nonlinearity g(u;r) = w(1 —u)(u—r) with r € (0,1), while
p > 0and v > 0 are positive constants. In particular, our goal is to show that travelling
waves for the system persist under these spatial-temporal discretisations. As
such, we contribute to the broad study of numerical schemes and their impact on the
solutions under consideration, which has produced an immense quantity of literature.
The main distinguishing feature is that we are interested in structures that persist for
all time, while almost all of the studies in this area focus on finite time estimates.

Pulse propagation The system was introduced in the 1960s [74] [76] as a
simplification of the Hodgkin-Huxley equations, which were used to describe the prop-
agation of spike signals through the nerve fibers of giant squids [98]. After observing
similar pulse solutions for the system numerically [75], a more rigorous, analyt-
ical approach to understanding these pulse solutions turned out to be rather delicate.
Indeed, many new tools have been developed, some even very recently, to construct
these pulses and analyse their stability in various settings. These techniques include
geometric singular perturbation theory [31], 97, 117, 119], the variational principle [36],
Lin’s method [32, [33] 124], and the Maslov index [46, [47]. Pulse solutions for the system

[@.1.1)) take the form

(u,w)(x,t) = (ug,wo)(x + cot) (4.1.2)
for some wavespeed ¢y and smooth wave profiles ug, wy that satisfy the limits
i (uo, wo)(§) = 0. (4.1.3)

Spatially discrete systems It is well-known that electrical pulses can only move
through nerve fibres at appropriate speeds if the nerves are insulated with a myelin
coating. This coating admits regularly spaced gaps at the so-called nodes of Ranvier
[143]. In fact, through a process called saltatory conduction, excitations of these nerves
appear to jump from one node to the next [127]. Since the FitzHugh-Nagumo PDE
does not take this discrete structure into account directly, it has been proposed
[123] to, instead, model these phenenomena using a so-called lattice differential equation
(LDE). For example, by applying a nearest-neighbour spatial discretisation to ,

we arrive at ( ) ( )
w; = T(Ujp1 +uj—1 — 2uy) +g(uj;r) —wj
J J J J J J (4.1.4)

w; = plu; —yws),
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where the variable j ranges over the lattice Z. In the system , the variable u;
represents the potential at the jth node of the nerve fibre, while the variable w; de-
scribes a recovery component. Finally, we have 7 ~ h™2, where h > 0 is the distance
between subsequent nodes. We emphasize that the time variable remains continuous.

Spatialy discrete travelling pulses for the system (4.1.4]) take the form
(u,w);(t) = (do,Wo)(j + Cot), (4.1.5)

for some wavespeed ¢, again with the limits (4.1.3]). Plugging the Ansatz (4.1.5)) into
the LDE (4.1.4) yields the functional differential equation of mixed type (MFDE)

cotig(§) = Tuo(§+1) +1o(§ — 1) — 2uo(§)] + g(T@o(§); ) — Wo(§)
Cowy (&) plio (&) — ywo(&)]

in which £ = j +¢pt. In [108, [109], Hupkes and Sandstede developed an infinite dimen-
sional version of the exchange lemma to show that the system admits nonlinearly
stable travelling pulse solutions. They relied heavily on the existence of exponential di-
chotomies for MFDESs, which were established in [96] 133]. In addition, we established
the existence and nonlinear stability of pulse solutions for a spatially periodic version
of [151] by building on a spectral convergence method developed by Bates, Chen
and Chmaj [6]. The spectral convergence method plays an important role in this paper
as well and will be treated in more detail later on.

(4.1.6)

Infinite-range interactions Neural field models aim to describe the dynamic be-
haviour of large networks of neurons. In neural networks, neurons interact with each
other over large distances through their interconnecting nerve axons [15, 23| 24} [142].
It has been proposed [23] Eq. (3.31)] to capture these long distance interactions using
an infinite-range version of the system . To be concrete, we focus our discussion
on the prototype system

. —m2
W o= T >, e [Ujgm + Uj—m — 2uj] + g(uy; ) — w;

meZoo (4.1.7)
wy = plu; —yw;l.

This system can also be obtained directly from the PDE (4.1.1) by using an infinite-
range spatial discretisation.

We emphasize that infinite-range interactions also arise naturally when considering
discretisations of fractional Laplacians [43]. Indeed, such operators are intrinsically
nonlocal and are used in many physical systems that feature nonstandard diffusion
processes, such as amorphous semiconductors [87] and liquid crystals [44].

Substituting the travelling pulse Ansatz (4.1.5) into (4.1.7) now yields the MFDE
Wip(€) = T X e ™ (A& +m) +To(€ —m) — 2o (€)] + g(To(€); ) — Wo(€)

meEZso
Cowy (§)

plao(§) —vwo ()],
(4.1.8)
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which features infinitely many shifts. Since exponential dichotomies for MFDEs with
infinitely many shifts have only been established very recently [149], the techniques
used by Hupkes and Sandstede for the LDE have not yet been fully developed
for the system . Instead, Faye and Scheel [69] used a functional analytic approach
to construct pulse solutions for the system . In addition, by applying the previ-
ously mentioned spectral convergence method, we were able to show that these pulses
are nonlinearly stable [I50] for 7 > 1, which corresponds to fine discretisations of the
PDE . As of now, no comprehensive result has been found for the system .

Spatial-temporal discretisations Our main goal here is to understand the impact
of temporal discretisation schemes on the behaviour of travelling wave solutions of the
system . This is a relatively novel area of study, although a handful of results
have been established for scalar problems. For example, Bambusi, Faou, Greébert and
Jézéquel constructed solutions to fully discrete Schrodinger equations with Dirichlet or
periodic spatial boundary conditions in [4, [64]. Most other studies have focused on
spatial-temporal discretisations of the Nagumo PDE

Uy = Uge + glu;r), (4.1.9)
or, equivalently, temporal discretisations of the Nagumo LDE
;= T(ujp1 +ujo1 — 2uy) + glugr). (4.1.10)

The PDE (4.1.9)) and the LDE (4.1.10]) can be seen as scalar versions of the FitzHugh-
Nagumo PDE (4.1.1) and LDE (4.1.4)) respectively.

The early works by Elmer and Van Vleck [58H60] provided ad-hoc techniques to un-
derstand the impact of spatial-, temporal- and spatial-temporal discretisations of the
PDE (4.1.9)) on the dynamics of travelling waves. In addition, Chow, Mallet-Paret and
Shen [42] established the existence of travelling wave solutions to temporal discretisa-
tions of the LDE by considering Poincare return maps for the dynamics of this
LDE. These results were later expanded by Hupkes and Van Vleck [111], whose meth-
ods allowed them to address issues of uniqueness and parameter-dependence. Let us
also mention the recent series of papers [112H114] by Hupkes and Van Vleck, who study
spatial discretisation schemes with an adaptive grid. That is, the authors consider a
time dependent moving mesh method which aims to equidistribute the arclength of the
solution under consideration.

In order to introduce the temporal discretisation schemes that we study in this
paper, we briefly discuss the test problem

b o= v (4.1.11)

with A < 0. Applying the forward-Euler discretisation scheme with time-step At > 0
yields
Unt1 = Up+ AAtv, = (14 AAt)v,, (4.1.12)
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where n € Z. Since a nontrivial solution of the test problem converges to zero
as t — oo, the convergence v, — 0 should also be enforced. However, this yields the
restriction 0 < At < 2|A| 7!, which cannot be satisfied for all A < 0 for a fixed time-step
At > 0. In contrast, these issues do not occur for the backward-Euler discretisation
scheme. For the test problem , this scheme yields

Upt1 = Up+ AAtvpy, (4.1.13)

or equivalently
Unr1 = (1 —=MAt) lu,. (4.1.14)

In particular, we see that v, — 0 for any value of A\ < 0 and time-step At > 0. A
numerical scheme is called A(«) stable if this property holds for all A in the wedge
{z € C\ {0} : Arg(—=2) < a}. We note that the backward-Euler discretisation is A(F)
stable.

In fact, the backward-Euler discretisation scheme is one of six so-called backwards
differentiation formula (BDF) methods. These BDF methods are all A(«) stable for
various coefficients 0 < o < § and have several convenient analytical properties. For
this reason, we have to chosen to focus on these temporal discretisation schemes in this
paper. We do, however, emphasize that there are other stable discretisation schemes
which we could have used, see for example [90].

Applied to the Nagumo system, the backward-Euler discretisation scheme yields the
evolution

ﬁ U](nAt) — U]((n — 1)At):| = T[Uj.H + Uj_l — 2Uj] (nAt) =+ g(U]’(TLAt);T).
(4.1.15)
A travelling wave solution for the system (4.1.15]) with wavespeed ¢ takes the form
Uj(nAt) = @(j + ncAt), (4.1.16)
with the limits _ _
lim ®&) = 0, lim (&) = 1. (4.1.17)
{——o0 §—o0

As such, the travelling waves need to satisfy the system
LB ~ Be —can]| = [B(E+ 1)+ B(E— 1) 22()] +9(@():r). (4118)

Hupkes and Van Vleck showed [IT1I] that, for sufficiently large, rational values of
M = (cAt)~!, the system admits travelling wave solutions with wavespeed
c. These travelling waves are constructed as perturbations of travelling wave solutions
of the LDE (4.1.10)). The corresponding transition from the semi-discrete setting to the
fully discrete setting is highly singular, since a derivative is replaced by a difference.
The rationality of M plays a key role here, as it ensures that the domain of the variable
¢ in the system is a discrete subset of the real line. This restriction arises
naturally in the analysis, since it ensures we can use finitely many interpolations to go
from a fully discrete to a spatially discrete setting.
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Spectral convergence In order to analyse this singular perturbation, Hupkes and
Van Vleck relied heavily on the previously mentioned spectral convergence method,
which also plays an important role in [9, [T2HIT4] 150 I5I]. This method was in-
troduced in [6] to construct travelling wave solutions to an infinite-range version of
the Nagumo LDE (4.1.10) in the near-continuum regime, i.e. when the discretisation
distance h ~ 72 is sufficiently small. A key role in [6] is reserved for the family of
operators

Lyo(€) = cov'(€) = gz [v(€ +h) +v(§ = h) = 20(8)] = gu(@o(§);r)v(€), (4.1.19)

which arise as the linearization of the travelling wave MFDE corresponding to the LDE
(4.1.10) around the travelling wave solution (cg,ug) to the PDE (4.1.9). The main
question is what properties these operators inherit from their continuous counterpart

Lov(€) = cov'(§) —v"(&) — gu(@o(§);r)v(§). (4.1.20)

In particular, the authors in [6] fixed a constant 6 > 0 and used the invertibility of
the operator Ly + d to establish the invertibility of the operator £ + § for h > 0
sufficiently small. Indeed, they considered weakly converging sequences {v,} and {w,}
with Lyv, +0v, = w, and tried to find a uniform (in » and §) lower bound on the norm
of v/, in terms of the norm of w,,. Such a lower bound prevents the limitless transfer of
energy into oscillatory modes, a common concern when dealing with weakly converging
sequences. The bistable nature of the nonlinearity g was used to control the behaviour
at 400, while the local L?-norm can be bounded on the remaining compact set. We
emphasize that this method requires a detailed understanding of the limiting operator
Lo.

In [111], this method was lifted to the fully discrete Nagumo equation (4.1.18).

Writing M = % with ged(p, ¢) = 1, the corresponding limiting operator resembles a g

times coupled version of the operator L given by (4.1.19). For ¢ = 2, this limiting
operator takes the form
Kgo(C,€) = /(68 —[o(C+ 3.6+ D) +0(C - 56— 1) —20(¢, )]
—g9u (H(é-)’ T>U(C7 5)7

where u is the travelling wave solution of the LDE (4.1.10)) with wavespeed ¢. Here
the domain of the variables ¢ and ¢ is given by ¢ € {0,1} and ¢ € R, with the
convention that v({+1,£) = v(¢,€). Since the MFDE corresponding to (4.1.21)) admits
a comparison principle, the Fredholm properties of the operator K, follow directly from

the general results in [I10]. Hupkes and Van Vleck generalized the spectral convergence
method to lift the Fredholm properties of the operator K, to the operator

- U(C7€ - M_l)]
CHLe+1-IM Y +o(C—-3,6-14+3IM1) —20((,€)]
gu (@(€);r)v(¢.€),

(4.1.21)

Kav(C,§) = eM[v(C,¢

—T|V

—~ —

(4.1.22)
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in the regime M >> 1, again with ¢ € {0, 3} and £ € M ~'Z. The operator Ky arises
as the linearisation of the fully discrete system (|4.1.18]) around the travelling wave u,
using the additional ¢ variable to ensure that all {-shifted arguments are multiples of
M-t

Results In this paper, we consider reaction-diffusion LDEs such as (4.1.7)) and replace
the temporal derivative by one of the six BDF discretisation schems. For example,
applying the backward-Euler method to (4.1.7]), we arrive at the prototype system

LU (nAL) — Uj((n — 1)At)] e [Ujim + Uj—m — 2U;] (nA2)
+9(Uj(nAt);r) — Wi(nAt)

LW, (A — Wy((n— DAY] = plU;(nAL) — v W, (nAD)]

I
\]
M8

(4.1.23)
Our main result states that systems such as admit travelling wave solutions.
To achieve this, we extend the spectral convergence method that was developed in [I11]
for scalar LDEs with finite-range spatial interactions to the current setting, which fea-
tures multi-component systems with infinite-range interactions. This generalisation is
far from trivial and requires several technical obstructions to be resolved.

The first main obstacle is that the spectral convergence method hinges on the un-
derstanding of the corresponding limiting operator. Indeed, the analog of the operator
Ky from for our system does not admit a comparison principle, since
this is not available for FitzHugh-Nagumo type systems. As such, very limited a-priori
knowledge is available for this limiting operator, which forces us to prove many of its
properties from scratch. For this, we mainly employ techniques from harmonic analysis.

The second main obstacle is that the system setting introduces several cross-terms
that need to be controlled. Several key techniques from our earlier works [I50, [I51]
concerning spatially discrete systems can be adjusted to handle these cross-terms in
the present fully-discrete setting. However, several crucial points in the analysis still
require these terms to be handled with special care.

The remaining obstacles are directly related to the infinite-range interactions, which
introduce several convergence issues that need to be overcome. It also requires us to
establish more refined estimates on the decay rates of solutions to our limiting MFDE.
We achieve this by employing an explicit representation of the corresponding inverse
linear operator that was first introduced in [I50].

Loss of uniqueness In [I11], Hupkes and Van Vleck extensively studied the unique-
ness and parameter-dependence of the travelling wave solutions of . The key
observation is that the rationality of the variable M = (cAt)~! breaks the translational
symmetry in the travelling wave problem, potentially allowing a family of solutions to



186 CHAPTERI[4 THE FULLY DISCRETE FITZHUGH-NAGUMO SYSTEM

exist. For example, one can apply an irrational phase shift to the continuous wave-
profiles for that underlies the perturbation argument discussed above. In this
fashion, one could construct a different fully discrete wave for the same detuning pa-
rameter value r in the nonlinearity g(-;r). However, this is a very delicate issue. In
particular, M = (cAt)~! is fixed in the analysis, so additional work is required to ob-
tain results for fixed time-steps At > 0.

For the backward-Euler discretisation scheme, this nonuniqueness can be made fully
rigorous. In particular, Hupkes and Van Vleck showed that, for a fixed time step At > 0
both the r(c) relation and the ¢(r) relation can be multi-valued. In particular, for a
fixed value of ¢ there can be multiple values of r for which a solution to the system
(4.1.15)) exists and vice-versa. This can be achieved by embedding the system
into an MFDE that admits a comparison principle, allowing it to be analysed using the
techniques developed by Keener [122] and Mallet-Paret [131].

By contrast, the ¢(r) relation for travelling wave solutions to the PDE and
the LDE are both single-valued. The same holds for the r(c¢) relation, with
the single exception that it can be multi-valued for in the special case ¢ = 0
[57,[99]. This reflects the well-known wave-pinning phenomenon caused by the broken
translational symmetry of the lattice [16], [56] 62] Q9] 122} [132].

In this paper we study the r(c) and the ¢(r) relation for a fully-discrete version of
the FitzHugh-Nagumo system. For the corresponding PDE and LDE ,
numerical evidence [34], [125] suggests that both these relations are at most 2-valued.
In addition, theoretical results [32] for this PDE usually yield a locally unique 7(c)
relation. For the system @ a comparison principle is not available, rendering a
direct analysis similar to the one in [ITI] infeasible. Instead, we run several numerical
simulations to investigate these issues. These computations indicate that both the r(c)
and the ¢(r) relation are typically multi-valued. Indeed, the points (r, ¢) points at which
we were able to find solutions appear to map onto a surface instead of a curve. That is,
there exists an entire spectrum of travelling wave solutions with different wavespeeds
to the same fully discrete system.

4.2 Main result

Our main goal is to study the impact of several important temporal discretisation
schemes on travelling wave solutions of reaction-diffusion LDEs of the form

Uy = 7% am[Ujpm +Ujm — 20,1 + G(U;; 7). (4.2.1)

m>0

This LDE is posed on the one-dimensional lattice j € Z, but may have multiple com-
ponents in the sense that U; € R? for some integer d > 1. We start by discussing
the structural conditions that we impose on the LDE (4.2.1)) and its travelling wave

solutions in respectively In §4.2.3 we introduce the appropriate temporal
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discretisation schemes and formulate our main result. Finally, we discuss some nu-
merical results concerning the nonuniqueness of the fully discrete travelling waves in

@24

4.2.1 The spatially discrete system

Besides a handful of exceptions [6, 68|, 69, [88] [149] [150], almost all results concerning
LDEs of the form assume that only finitely many of the coefficients «,, in
are nonzero. However, following [6l [150], we will impose the following much
weaker conditions.

Assumption (HS1). The coefficients {am}mez., are diagonal d x d matrices and
7 > 0 is a positive constant. There exists 1 < dgig < d so that for each 1 < i < dgig we

have oz,(f@’i) # 0 for some m € Z~q, while a%j’j) =0 foralln € Z-o and all dgig < j < d.
The coefficients {a, }mez., satisfy the bound

mZ>IO ame™ < oo (4.2.2)

for some constant v > 0, as well as the identity

S ol Im? = 1 (4.2.3)

m>0

for each 1 < < dgig. Finally, the inequality

A(z) = aﬁfl’“(l—cos(mz)) > 0 (4.2.4)

m>0
holds for all z € (0,27) and all 1 <i < dg;g.

In particular, the diffusion matrices {am }mez., only act directly on the first dgig
components of U;. For example, for the FitzHugh-Nagumo LDE

Uj = 7Y (Ui + Ui — 2u5] + (1 — ) (uy — 1) —w;
. 30 (4.2.5)
wj = p[u] — ’}/’LUJ} 3

we have d = 2 and dg;¢ = 1, while for the Nagumo LDE

ﬂj = T Z>O am[uj+m + Ujm — 2Uj] + Uj(l - ’U,j)(Uj — T) (426)

we have d = dgig = 1.
We note that 1) is automatically satisfied if ali? > 0 for all m € Z~o and

ol £ 0. The conditions in (HS1) ensure that for ¢ € L®(R;R) with ¢” € L*(R;R)
and 1 <1 < dgig, we have the limit

lhifol I 3 ali[6( + hm) + é(- — hm) — 26(-)] — ¢" || L2m) = 0; (4.2.7)
m>0
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spatial discretisation of the FitzHugh-Nagumo PDE (4.1.1]) on a grid with distance h,
where 7 = % Additional remarks concerning this assumption in the scalar case d = 1
can be found in [6] §1].

see [6, Lem. 2.1]. In particular, (HS1) ensures that (4.2.5) can be interpreted as the
(.11

We now turn to the spatially homogeneous equilibrium solutions to (4.2.1), which
are roots of the nonlinearity G. We will assume that there are two r-independent
equilibria P*, but emphasize that they are allowed to be identical.

Assumption (HS2). The parameter dependent nonlinearity G : R? x (0,1) — R? is
C%-smooth. There exist P¥ € R? so that G(P*;r) = 0 holds for all r € (0,1).

The temporal stability of these two equilibria P* plays an essential and delicate
role in our analysis. Indeed, it does not suffice to simply require that the eigenvalues of
DG(P%) have strictly negative real parts, see the proof of [I51, Lem. 4.6] for details.
Following [I51], we consider two auxiliary assumptions on the triplet (G, P~, PT) to
address this issue. Recalling the constant 1 < dgig < d from (HS1), we first write
DG(U;r) in the block form

(4.2.8)

DG(U:r) = (g“’”(Uar) 9[1’2](U;7"))

GEir) GRAUsr)
for any U € R? and r € (0,1), taking DGH(U; ) € Raieexdairr,

Assumption (HS37). The triplet (G, P~, PT) satisfies at least one of the following
conditions.

(a) The matrices —DG(P~;7) and —DG(P™;7) are positive definite.

(b) The matrices —GL1(P~;7), —gILU(P*;7), —GI22(P~;7) and —GP22(P*;7) are
positive definite. In addition, there exists a constant I' > 0 so that GIM2/(U;7) =
~TG2U(U;7)T holds for all U € R%.

To illustrate these assumptions, we consider the nonlinearity

u(l—u)(u—r)—w)

4.2.9
] (4.29)

G (u,w;r) = (

corresponding to the FitzHugh-Nagumo LDE (4.2.5)). The triplet (G, 0,0) can easily
be seen to satisfy (HS3 ) with ' = % However, when r > 0 is sufficiently small the

Jacobian DGy, (0;7) has a pair of complex eigenvalues with negative real part. In this
case, the condition (HS37(a))) may fail to hold.

4.2.2 Spatially discrete travelling waves

Our final two assumptions for (4.2.1)) concern the existence and stability of travelling
wave solutions that connect the equilibria P~ and PT. These solutions take the form

Uj(t) = Uolj+cot) (4.2.10)
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for some smooth profile Uy and nonzero wavespeed €. Substituting the Ansatz (4.2.10)
into 1) and writing £ = j + Cot, we see that the pair (¢, Ug) must satisfy the
travelling wave MFDE

QUo(€) = 7 % am|To(&+m)+To(§ —m) *QUo(f)} +G(Uo(&);r), (4.2.11)

m>0

together with the boundary conditions

lim Uy(¢) = P*. (4.2.12)

§—+too

Assumption (HW1;). There exists a waveprofile Uy and a wavespeed ¢y # 0 that
solve the travelling wave MFDE (4.2.11)) for » = 7, together with the boundary condi-

tions (4.2.12)).

We now turn to the spectral stability of these travelling wave solutions. To this end,
we introduce the operator Lo : H'(R;R?) — L?*(R;R?) for the linearisation of (4.2.11)
around the travelling wave U, which acts as

Ly = ang — Ay — DUQ(UO;F). (4.2.13)

Here the operator A : L?(R;R?) — L?(R;RR?) is given by

Ay = ngoam[TawTo—mf?}, (4.2.14)
where
(To®)(§) = @(E+1). (4.2.15)

In addition, we introduce the formal adjoint L§ : H'(R;R?) — L?(R;R?) of Ly that
acts as
Ly = —de — Ao — DyG(tg;7)" . (4.2.16)

We remark that the spectrum of Ly is 2micg-periodic on account of the identity
(Lo +A)e?™ = ¥ (Lo + A+ 2mico), (4.2.17)

see [I50, Lem. 5.1]. We impose the following condition on the spectral properties of
this operator Lg.

Assumption (HW27). There exist functions dF € H'(R;R?), together with a con-
stant A > 0 so that the following properties hold for the LDE (4.2.1) with » = 7.

(i) We have the identity
of = T, (4.2.18)

together with the normalisation

(f,Pg ) r2mmrey = 1. (4.2.19)
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(ii) The spectrum of the operator —Lg in the half-plane {z € C : Rez > —\} consists
precisely of the points 2wimecy with m € Z, which are all eigenvalues of L.
Moreover, we have the identities

ker(Lg) = span{®7}
= {ge€ L*(R;R?) : (g, ¥) 2 pae) = 0 for all ¥ € Range(L)}
(4.2.20)
and
ker(L§) = span{®,}
= {g€ L*R;R%) : (g, ¥)12rpa) = 0 for all ¥ € Range(Lo)}.
(4.2.21)

Recall that an eigenvalue A of a Fredholm operator L is said to be simple if the
kernel of L — X is spanned by one vector v and the equation (L — \)w = v does not have
a solution w. Note that if L has a formal adjoint L*, this is equivalent to the condition
that (v,w) # 0 for all nontrivial w € ker(L* — ). In particular, the normalisation
(4.2.19) implies that the eigenvalues 2micyZ are all simple eigenvalues of —Ly.

For the FitzHugh-Nagumo system (4.2.), the assumptions (HW[I7) and (HW2z)

are both satisfied for all sufficiently small discretisation distances & > 0 and sufficiently
small p > 0, see [I50, Thm. 2.1, Thm. 2.2, Prop. 4.2]. If the shifts have finite-range,
i.e. ay, = 0 for all sufficiently large m, then these assumptions are satisfied [108, Thm.
1]-[I09, Prop. 5.1] for sufficiently small p > 0 without any restriction on the discretisa-
tion distance h. There are, however, conditions on r and - in both cases.

4.2.3 The fully discrete system
We aim to approximate solutions to (4.2.1)) at discrete time intervals ¢ = nAt by

Uj (nAt) ~ Wj (nAt) (4222)

We need to apply an appropriate discretisation scheme to the temporal derivative in
. Although there are many different approximation schemes available, we mainly
focus on the six so-called BDF methods. These methods are based on interpolation
polynomials of different degrees. In particular, the BDF method of order k € {1,2, ...,6}
approximates U’ in at t = nAt by first constructing an interpolating polynomial
of degree k through the k + 1 points {W((n — n/)At)}%,_, and then computing the
derivative of this polynomial at W (nAt). As such, the temporal discretisations of the
LDE under consideration are of the form

k
Bk_lé '20 on ik W (nAt — (k- n’)At) = T Z>0 o [Wjgm (nAt) + Wi_p, (nAt)
—2W; (nAt)]

+Q(Wj(nAt); r).
(4.2.23)
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sk k=1|k=2|k=3|k=4|k=5|k=6
nmol-1 |3 |23 [-&[#
it [ & |8 (& [-&
n= HEIEEE
n=1 TEE
n=>5 1 _%
n==~06 1

B |1 3 i | ® | |1

Table 4.1: The coefficients pn;r and B associated to the BDF discretisation schemes as given
by (4-2.24).

The coefficients Sy, and {p,x} in (4.2.23) are given implicitly by the identities

k

S o ((n— KA = 3 [972](0),
n=0 ”',:1 (4224)

k
Bk = Zolf«n;k(n - k),

which must hold for any scalar function v. Here we have introduced the notation

[0v](nAt) = v(nAt) —v((n—1)At). (4.2.25)

k
This definition yields that > pn. = 0, which allows us to identify
n=0

k k
B = > pmk(n—m) = > pnin. (4.2.26)
n=0 n=1

For convenience, the values of the coefficients 8y and g, can be found in Table @
We note that the BDF method of order 1 is the well-known backward-Euler method.

Our main goal is to study travelling wave solutions to the fully discrete system
(4.2.23]), utilizing our assumptions for the spatially discrete system (4.2.1)). Such solu-
tions are given by the Ansatz

W;(nAt) = @(j + ncAt), (4.2.27)
for some wave speed ¢ and profile ® with the boundary conditions

d(+o00) = P*, (4.2.28)
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in a sense that we make precise below.

For notational convenience, we introduce the quantity M = (cAt)~!. Substituting
the Ansatz (4.2.27) into (4.2.23) yields the system

cDem®) (&) = 7 Z;O am[®(§ +m) + (€ —m) = 20()] + G(2()i7),  (4.2.29)

for all ¢ that can be written as £ = n+ jM ~! for (j,n) € Z2. Here we have introduced
the discrete derivatives

[Dem®)(6) = B'M ioﬂn’;kq)(f(k‘n/)Ml), (4.2.30)

for k € {1,2,...,6}. From [II1] eq. (2.13)] we obtain the useful estimate
‘[Dk,M‘b](é) - ‘I’l(f)| < ClM_l SUP_ka-1<6<0 |‘I)(l+1)(f + 9)|, (4.2.31)

for all integers 1 < [ < k and all ® € C'*1(R;RY), in which the constant C; > 1 is
independent of k£, ® and M. Indeed, this estimate shows that the regular derivative can
be approximated by the discrete derivatives as the time step At shrinks to zero. We
emphasize that BDF discretisation schemes of order k > 2 do not allow for a compari-
son principle, even when the original LDE does allow for one. This is a consequence of
the existence of coefficients ji,,;, > 0 that have n < k.

Most of our results, including our main theorem, require a restriction on the values
of M that are allowed. In particular, upon fixing an integer ¢ > 1, we introduce the set

My = {Z:peNhasged(p,q) =1andp =g} (4.2.32)

Often, we introduce M = % € M, which implicitly defines the integer p = p(M) = ¢M.
Moreover, we see that the natural domain for the values of £ in the system (4.2.29)), as
well as in the boundary conditions (4.2.28), is precisely the set p~'Z.

Theorem 4.2.1. Assume that (HS1) and (HS2) are satisfied and pick T in such a way

that (H, (H and (H are satisfied. Fiz a pair of integers 1 < k < 6 and
q > 1. Then there exist constants M, > 1 and §, > 0 so that for any M = % e M,

with M > M, there exist continuous functions
ey RX[F=6,,T+6,] — R,
_ (4.2.33)
Uy :Rx[F—6,,7+6,] — (°(p1Z;R?)

that satisfy the following properties.

(i) For any (0,r) € R X [F — §,,7 + 4,], the pair ¢ = cp(0,7) and U = Upr(0,7)
satisfies the system

c[DrmUNE) = 7 3 an[UE+m)+UE—m)—20()]+G(U(E);r)

m>0
(4.2.34)
for € € p~1Z, together with the boundary conditions

: 7T _ +
§—>j:olol,r£n€p*12U(£) = P= (4.2.35)



4.2. MAIN RESULT 193

(ii) For any (0,7) € R x [F — 6,,7 + 0,], the solution U = U p(0,r) admits the
normalisation

> [(e5+0.T© -Toc+0) | = o (4.2.36)

fep=tZ
(1ii) For any (0,7) € R X [F — 6,,7 + d,], we have the shift-periodicity

CM<0+p_1aT) = CM(07T)7

_ . - » (4.2.37)
Unm(O@+p~*,7)(E) Um(@,7m)(E+p ).

In addition, there exists & > 0 such that the following holds true. Any triplet (c,U, ) €
R x £>°(p~1Z;R%) x R that satisfies (4.2.34)) for some pair (r, M) € (0,1) x M, with

lr—7 < 4, M =5 > 51 > M, (4.2.38)
and also enjoys the estimate

p 5 [0©) - Tol6 +0)P + DunT(€) — DenTole +0)2] < 82,
Eep—1Z
’ (4.2.39)

must actually satisfy ¢ = cM(é, r) and U = UM(é, r) for some 6 cR.

The factor p~! in (4.2.39) is used to compensate the growing number of terms as
p — oo. In particular, we can view this as a uniqueness result with respect to a scaled
L?-norm that will be specified later.

4.2.4 Nonuniqueness and numerical examples

Fixingr € [F—6,,7+6,], M = £ > M, and 0 € R, the travelling wave (car (6, ), Un(6,7))
is constructed as a perturbation of the travelling wave (¢, Ug(- + 6)) on the domain
p~17Z. Since the wave profiles Ug (- +6) and Ug(-+6+p~!) are simply translates of each
other on this domain, the shift-periodicity follows easily. However, it is not
clear how, specifically, the travelling wave depends on . Indeed, in [ITT], §5], Hupkes
and Van Vleck show that it is reasonable to expect that the derivative dpcpr(6,7) is
exponentially small in M. As such, it is unclear how to further analyse this dependence.

We emphasize that in general the travelling wave solution will not necessarily be
unique, even up to translation. In particular, fixing @ € (0, p~1), we note that the waves
Ug and Ug(- +6) are different on the domain p~!Z. One might be tempted to conclude
that if M is sufficiently large, the wave profiles U (0,7) and Uz (0, 7) are different
as well. However, a larger value of M means that the grid p~'Z becomes finer. In
particular, since the travelling waves U (0,7) and U (6, r) are perturbations of the
waves Uq and Uy (- + ), it could be that these perturbations cancel out the difference
between Uq and Ug(- + ).
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In addition, since the constant M = (cAt)~! is fixed in the statement of Theorem
fluctuations in ¢ automatically lead to changes in At. This complicates our un-
derstanding of the fully discrete system for a fixed timestep At > 0. Our main goal
here is to show that the wavespeed ¢ and the detuning parameter » do not depend on
each other in a locally unique fashion, which is in major contrast to the corresponding
continuous and semi-discrete systems.

However, the lack of a comparison principle for FitzHugh-Nagumo systems heavily
complicates a direct analysis. As such, we have chosen to, instead, use numerical
simulations to illustrate these phenomena. In particular, we focus on the backward-
Euler discretisation of the FitzHugh-Nagumo MFDE, which takes the form

(hA)~Hu(§) —u(€ —cAt)] = h2[u(€+1) +u(€ — 1) — 2u(§)] + g(u(§);r) — w(§)

(hA) M u(€) —ul€ —cAt)] = plu(§) —yw(€)].
(4.2.40)
Here we fix p=0.01, y =5, h = % and we let g be the bistable nonlinearity

glu;r) = w(@l—u)(u—r). (4.2.41)

Upon fixing the timestep At = 2, we repeatedly solved the system (4.2.40) with Neu-
mann boundary conditions on the interval [—80, 80] for different values of the parame-
ters (¢,r) € Q x (0,1).

These simulations turned out to be rather delicate, since the quality of the initial
condition heavily influenced whether a solution could be found. In many cases, the
simulation returned the zero solution. Simply augmenting an extra nontriviality con-
dition often produced no solution at all. In addition, the value of ¢ greatly determines
the number of points £ € R for which the values (u,v)(€) need to be determined. In
particular, upon writing

¢ = 48t (4.2.42)

we needed to consider the points in the set p~!Z N [—~80,80], which rapidly grows in
number as p increases. We considered values of ¢ of the form (4.2.42)) for values of
p€{1,2,..,8}and q € {1,2, ..., 2p} with ged(p, ¢) = 1, while the values of r were taken
in 2-7N(0, 1)

100 15/

Figure depicts the pairs (c,r) for which such a numerical solution could be
found. It is highly likely that a solution still exists at some of the other parameter values
that we investigated. In any case, our simulations clearly show that the parameters ¢
and r depend on each other in an intricate fashion. In particular, our results suggest
that travelling wave solutions to the system are not unique, since we were able
to find solutions with a range of different wavespeeds at the same value for r. We refer
to [34] and [125] for the corresponding dependence for the FitzHugh-Nagumo PDE and
LDE respectively. In both cases, this dependence is given by a curve in the (¢, r)-plane
that resembles the symbol N.



4.3. SETUP 195

0.6
0.5F :-’A:u(x)
0.4}
0.3f
0.2f
0.1f

0 J L)

0 0.1

Figure 4.1: (a) Numerical computations of the pairs (c,r) for which travelling wave solutions
to the system exist. We emphasize that there may be parameter values where we could
not find a solution, but where a solution exists nonetheless. These simulations clearly show
that the relationship r(c) is multi-valued. (b) A plot of one of the travelling waves found in
this numerical procedure with r = 0.11 and ¢ = 0.3125.

4.3 Setup

The fully discrete travelling wave equation (4.2.29) is a highly singular perturbation of
(211

the semi-discrete travelling wave MFDE (4.2.11)), which is the key complication for our
analysis. In order to tackle this issue, we start by studying the linear operators that
arise when linearizing the fully discrete travelling wave equation around the
semi-discrete travelling wave (¢p, Up). In particular, we define the linear expressions

Lim®(E) = @[Dru®|(€) — Ag®(€) — DuG(Uo(£))P(8). (4.3.1)

Our aim is to establish that the operators Ly s inherit several useful properties from
the operator Ly defined in (4.2.13)) in the small timestep regime At < 1.

In this section we summarize and adept the setup from [I11], sticking to the same
notation as much as possible. In order to formulate our results, we need to define
several function spaces. For any n € R, we write

BC,(R; R?) {F € C(R;RY) | SUPgeR e‘"‘5‘|F(§)\ < o0},

1(m. Id _ 1(m. d —nl¢| / (4‘3'2)
BC,(R;RY) = {F € CHR;RY) | supecg e " F ()] + [F'(§)]] < oo}

In addition, given a Hilbert space H and any p > 0, we define the corresponding
sequence space

1
G = {o:p7 2~ HI ol = 0,0) 4, < o (4.3.3)

which is a Hilbert space equipped with the inner product

wam = m Y (E),w(@)n. (4.3.4)
Een1Z
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For now, we fix two integers ¢ > 1 and 1 < k < 6, together with a constant
M = % € M,. To streamline our notation, we write Vs to refer to the space fg(Rd),
ie.,

Yu = g?)(Rd), <@, \IJ>);M = <(I>, \I/>42(Rd). (435)

Moreover, we introduce the space y,; > which differs from Y;s only by its inner product.
To be more precise, we write

yli,JV[ = gi(Rd)a

(4.3.6)
(@, W)yr =~ = (2, W)2ga) + (D, ®, Die,ns V)2 (ra)-

In addition, for f € BC_,(R;R?) with > 0, we write my,, for the sequence

[Ty f1(€) = f(&), €Eep'Z (4.3.7)

If moreover f € BC’L?(R; R?) and we wish to be explicit, we often write Ty1 Mf to
refer to the restriction (#.3.7)). The restriction operators my,, and Tyi,, are bounded,
see Lemma [4.A 1]

We can now consider the operators Ly p appearing in (4.3.1) as bounded linear
maps

L s Vi — Y (4.3.8)

Our goal is to define new sequence spaces, which allow us to pass to the limit M — oo
in a controlled fashion. The basic idea is to use L2—interpolants for functions in YV,
and H'-interpolants for functions in y,; > S0 that the sequences in these spaces can
be compared regardless of the different values of M. The main difficulty is to control
terms of the form v(¢ 4+ p~") — v(§) for v € Vi ), with M = £, which is impossible to
extract solely from the behaviour of Dy, arv.

To tackle this issue, we need to perform ¢ separate interpolations. Each of these
interpolations must bridge a gap of size M ! = %. In particular, upon fixing an integer
g > 1 and writing

Z, = {0,1,2,...q},
! (4.3.9)
Z; = {1727"'7q_1}7
we introduce the space
é;l = {®:¢7'Z, » R}, (4.3.10)
equipped with the inner product
@W)e = ¢ [1oOw0) + e+ ¥ eQUO] (4311

Ceq™1Zy

Upon introducing the notation ®(¢, &) = [®(£)](¢) for @ € Z?W(ELQLJ_) with ¢ € ¢7'Z,
and £ € M~'Z, we define the space

Hy = {peB(2)): B, =20,+M ) forall{ € MTIZ},  (4.3.12)
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equipped with the inner product

(@, W)y = M7Y 3 (R(56),9(E))e - (4.3.13)
ceM-17 '

For any n > 0 and any f € BC_,(R;R%), we now write w3, f € Huy for the
function

[’/T,HJ\/If](C7£) = f(€ + CMﬁl)a C S qiqu, f e M~ 17Z. (4314)
We extend the operators Dy ar to Hps by writing
Dea®(C,) = [Dear®(C,)](E). (43.15)

Note that these operators act only on the second component of ®. This allows us to
define our final space

Hin = Hu, (4.3.16)

equipped with the inner product
(@, W)pr = (2, W30y + (Dremr® Die s W)y, - (4.3.17)

In fact, we can relate the spaces H; and 7-[,1@’ Yo the spaces defined earlier. To see
this, we define the isometries

Tu Vv — Hu, T Ve = Mo (4.3.18)
for M = g € Mg, which both act as

[Tu®](C,€) = [Tem®l(¢,€) = ®(E+M'Q), (4.3.19)
for ¢ € ¢7'Z, and € € M~1Z, see Lemma Note that my,, = Tumy,,-

Our goal is to interpret Ly ps as a map from ’H,lc’ a into Hpr. To this end, we pick
n € Z and 0 < ¥ <1 in such a way that

1 = (n+o)M". (4.3.20)
Since M = % € M,, we see that ¥ = %, which yields
nM~t = 1-9M~ 1 v € q'Z, \ {0}. (4.3.21)
In fact, because ged(p, ¢) = 1, it follows that ged(p, ¥q) = 1.

With these preparations in hand, we now write K s : ’Hi u — Has for the linear
operator that acts as

Ko ®](C,6) = @[Dem®](¢,€) — [Anm®] (¢, &) — DuG(Uo(€ + CM*);F)EI)(C,Q“),)
4.3.22
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for ¢ € ¢71Z, and £ € M~1Z. Here the operator A is given by

Ay = 73 am Ty +Ty" —2}, (4.3.23)

m>0

where we have introduced the twist operator Ths : Har — Hs that acts as
[Tu®)(¢,€) = @(C+9,6&+nM1), (4.3.24)
taking into account the convention
D(C£1,6) = @M. (4.3.25)

In particular, we see that the shift ¢ acts as a rotation number, connecting the different
components of ® in the {-direction. The inequality

(Ap®, @), < 0 (4.3.26)
for ® € Hjs is almost trivial to verify in the finite-range setting, but turns out to
be much harder to establish when dealing with infinite-range interactions; see Lemma
4.A.D)

Finally, we introduce the notation
DG (4, Uo;T) : Hu — Hu (4.3.27)
to refer to the multiplication operator
(Dm0, ToiT) 8. 6) = DuG(To(¢ + M1y )B(C.€). (43.28)
In fact, it is easy to see that
KemTiy = JImLiw, (4.3.29)

which shows that IC pr and Ly p are equivalent.

Since the operator Ky »s is not self-adjoint, we need to introduce the formal adjoint
K e H,lc’M — Hr of Ky, ar by writing

Kin® = @[Dfy® — Au® — DG (w0, Uo;T)' @, (4.3.30)
in which we have defined
k
[D; m®1(C,€) = B,'M Zoun/;k@(ﬁ + (k—n")M™1). (4.3.31)

Moreover, we introduce the space

0o = {082 :9(1)=0(0)}, (4.3.32)
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together with the map
[T f1(¢€) = f&), (e€q'Zy, EER, (4.3.33)

which constructs a function 7, f € L*(R, 53,1_;00) from a function f € L?(R;R%).

Taking the limit M — oo, while keeping ¥ and ¢ fixed as in (4.3.20]), we see that
Kk,m and K, ), formally approach the limiting operators

Koot H'RZ | ) — LXR2 ),

I L (4.3.34)
Koo HH (R ) — LARE ),
that act as _ _
Kq 90O = ang@ — Aqﬂ9® — Dg(WHMUO;?)@,
. (4.3.35)
/Cqﬁ@ = —C00:0 — Ay 90O — Dg(ﬂ'q.[M UO;F) O.
Here the operator A, g is given by
Aq,ﬁ = T Z Qm |:T;719 + T(;gl - 2] ) (4336)

m>0

in which we have introduced the twist operator
[T,.00](¢,6) = O(C+9,6+1), (4.3.37)
for ¢ € ¢7'Z, and £ € R. In the same spirit as (4.3.25), we here make the convention

O(¢C+ 1,8 = ®((,£). Notice that the limiting operator K, y reduces to the operator
Lg defined in (4.2.13)) for {-independent functions.

4.4 The limiting system

Our goal here is to exploit our understanding of the operator Ly in order to determine
the Fredholm properties of the limiting operator K, ». Due to the lack of a comparison
principle we cannot immediately appeal to a general Frobenius-Peron-type result as
was possible in [IT1I]. The theory in this section aims to fill these gaps and can be
considered the key technical contribution of this paper. We collect the main results in
the following Proposition, which plays an essential role in Lemma [£.5.3] below.

Proposition 4.4.1 (cf. [ITI, Lem. 3.6]). Assume that (HS1) and (HS2) are satisfied

and pick T in such a way that (H$3s), (HWLH) and (HW25)) are satisfied. Fiz an integer
q > 1, together with a constant 9 € ¢~'Z, that has ged(9q,q) = 1. Then the operators

Kq9 and E;ﬁ are both Fredholm operators with index 0 and we have the identities
ker(Kq9) = span{r ®f},  ker(K,,) = span{r ®;}. (4.4.1)

Moreover, recalling the constant A appearing in (H, the operator K,.9 + X is in-
vertible for each X € C that has Re X > —\ and )\ ¢ 2micoq ‘7. Finally, there exists
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constants C > 0 and 6y > 0 so that for each 0 < § < 6y and each © € L2(R,€37l;oo) we
have the bound

1Ko+ 0 Ollmee, ) < ClIOlge., )+ H(O787) 2mez |-
(4.4.2)

The first step towards proving Proposition is to find the eigenvalues of the
operator Kqﬂg. After that, we will focus on the essential spectrum of this operator. The
idea behind the proof of Lemma below can best be illustrated by considering the
case ¢ = 2. In this case, we have ¢ = %, together with

[1,,10](¢,6) = O(¢C+3.6+1). (4.4.3)
Upon writing
[MB](¢) = ©(0,8)+6(5,8), [Le]E) = (0, -06(3,8), (444)
one may verify the commutation relations
[Tole®](§) = [MoT530](6),  [THILO](§) = —[IhT,;0](§).  (44.5)

In particular, if © is in the kernel of Ky 1 + A, the functions

Xo(¢) = [O]), Xi(§) = e ™ [ILOE) (4.4.6)

are eigenfunctions of the operator Ly with eigenvalues —\ and —\ — ¢y7i respectively.
Since —\ and —\ — ¢g7mi cannot both be eigenvalues of Ly at the same time in view of
(H, this means that at least one of the functions Xy or X; is identically 0.

Without loss, we assume that Xy = 0. In this case, the function © can explicitly
be identified as

0(0,8) = 1emXi(¢), O, = —3emEX (). (4.4.7)

As such, the eigenfunctions of Eqﬂ can be expressed in terms of those of Ly, thus
providing an upper bound on the dimension of the corresponding eigenspace.

Lemma 4.4.2. Consider the setting of Proposition [{.{.1 Then for any X\ € C with
Re\ > —\ and \ ¢ ¢o2miq~'7Z, we have the identity

ker(K,0 +2A) = {0}. (4.4.8)
In addition, we have the identity

ker(K,9) = span{m ®F}. (4.4.9)

_ Proof. Fix A € C with Re A > —X. Suppose that © is in the kernel of the operator
Kq9 + A Forn € {0,...,q — 1} we set

mele) = 5 are(.e), (4.4.10)

n’=0
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together with

27rin£

Xn(§) = e v *[L0](¢)

with {, = exp[27i/q] the ¢-th root of unity. Recalling that ged(dq, ¢q) = 1, it follows
that this sum contains each of the functions @(0, f), - @((q —1)g 4, 5) exactly once.

Recalling the definitions of the operators Ty and 759 from (4.2.15) and (4.3.37)), we
can compute

[ToI1,0](¢) = [MO](+1)

¢; " I,0](8), (4.4.11)

= q/ilo an’@(n/197£+ 1)
= qfo ¢ (Ty,00) (' — 1)9,€) (4.4.12)

n’'=

q—1 /
= G X G VL) (0 - 10,

= ¢ Ty,90](8),

which implies
ToX,(6) = ¢ VT, e]¢ +1)

= MY, T, 40](€) (4.4.13)

This allows us to obtain the identity

(Lo+ NXa(6) = 2X0(E) = BoXn(6) = DG (To(€)57) Xa(€) + AXa(€)
= 2¢O (§) — 22X, () — ¢ "ML A 9O (E)
6" DuG (Uo(©):7) L,O](€) + ¢ ™AL O (€)
= G (K + 18] (€) — 20222 X, (6)

= X, ().

(4.4.14)

Suppose first that A ¢ 2¢ymig~'Z. Then it follows from (HW25)) that —2gming™—\

is no eigenvalue of Lg for all 0 < n < g — 1. In particular, we must have X,, = 0 for all

0 <n < g—1. This means that the functions IT,,© for 0 < n < ¢—1 are also identically

0. Since the ¢ x ¢ Vandermonde matrix Z given by Z,, ,» = Cg'"l is invertible, we obtain
©(nd,-) =0 for all 0 <n < ¢ — 1 from which follows.

1 1

Turning to the case A = 0, we see that —2¢yming™" — A = —2¢yming™ " can only
be an eigenvalue of Ly when ng~! € Z on account of (H Since ng=! ¢ Z for
1 <n<q—1, we have X,, = 0 for those values of n. In addition, we have Xg = /ﬂI)g
for some p € C. Recalling the invertible matrix Z given by Z, ,» = Cg”’/, we obtain
the identity

(@(0,~),@(19,~),....,@((q71)19,~)>T = 771 (u®t,0,...,0)" (4.4.15)
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In particular, the kernel kgr(fqﬂg) is one-dimensional. Since Lo®§ = 0 by (HW_25), it
follows immediately that K, 97, ®7 = 0, which implies |D [

We now shift our attention to the Fredholm properties of Eqﬂg, which we aim to
extract from those of Ly in a similar fashion. The results in [68], 130] show that it
suffices to consider the limiting operators

Ki,2000 = 0060 — Ay 90 — DG(PE7)0,
(4.4.16)
Lix® = ©0¢O — Ag® — DG(P*;7)0,

which have constant coefficients. For A € C and 0 < p < 1 we introduce the notation

K OpA = K< 9,—00 (1 — K 9,00 T A,
or P (= r)kq (4.4.17)
L = pL_se+ (1= p)Leo + A

We set out to show that for A in a suitable right half-plane and 0 < p < 1, the operators

Kq.9,p:x and L5 are hyperbolic in the sense of [68 [130]. In particular, we write
Agopn(z) = {Kqﬂ?,p;kezg] (0), Apa(z) = [Lp;kezg} (0) (4.4.18)

and establish that det (Aqﬂg’p;)\(iy)) # (0 for all y € R by first showing that det (Ap;)\(iy)) #*
0. We can subsequently use the spectral flow principle to compute the Fredholm index
of Kgv + A

We start by considering the characteristic function A,.» from (4.4.18). For nota-
tional convenience we set

DG, = ng(P_;?) +(1- p)DQ(P"';?) (4.4.19)

for 0 < p <1 and use the definition (4.2.4]) to write

Bpalig) = Toly =7 53 a["V o7 — 2] = DG, 4 )
m>0
= Ciy+T Y am {2 - 2C0s(my)} — DG, + A (4.4.20)
m>0

= Coiy+27A(y) — DG, + \.

For any V = (vq,...,v4) € C? we may exploit the inequality (4.2.4) to obtain

d
ViAWV = 213 |[v;|?A;(y) > 0. (4.4.21)

j=1
Here we introduced 1 for the conjugate transpose.

In order to prove that L.+ A\ is hyperbolic, we need to distinguish between the set-
ting where the triplet (G, P, P¥) satisfies (HS37](a)) and where it satisfies (HS3:(b)).
A similar computation was performed in [I51, Lem. 4.6].
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Lemma 4.4.3. Assume that (HS1) and (HS2) are satisfied and pick T in such a way
that (HWL) and (HW24) are satisfied. Assume that the triplet (G, P~, Pt) satisfies
(HS3. Pick A € C with ReX > —X and 0 < p < 1. Then we have det (A (iy)) #
0 for all y € R.

Proof. For fixed y € R we introduce the matrix

X = %[Ap;)\(iy) + Apak(iy)T] (4.4.22)
= 7A(y) — DG, — DGT + Re A, -
By decreasing N if necessary, we can assume that —DG, — DQZ + Re A is positive def-
inite. It follows that X is the sum of a positive semi-definite matrix and a positive
definite matrix and as such, it is positive definite itself. As a consequence, A, is
positive definite as well and hence we obtain det (A,;x(iy)) # 0. (]

Lemma 4.4.4. Assume that (HS1) and (HS2) are satisfied and pick T in such a way
that (HWL) and (HW24) are satisfied. Assume that the triplet (G, P~, Pt) satisfies
(HS3. Pick A € C with ReA > —X and 0 < p < 1. Then we have det (A,x(iy)) #
0 for all y € R.

Proof. We recall the proportionality constant T' > 0 from (HS3:{(b))). In particular,
upon writing
[1,1] [1,2]
DG, - ( ggfm] ggfw ) , (4.4.23)
p p

we have Dg,[)l’z] = —F(DQ,[?’H)T. Suppose that A, (iy)V = 0 for some V € C?. Write
V = (u,w) where u contains the first dg;¢ components of V. Then we can compute

0 = ReVTA,\(iy)V
= Re [ — VAV = VIDG,V + A|V|?
— Re [ — VAV — ut DGy — ut DGy (4.4.24)
—wTDQE’l]u — wTDQ,[,2’2]w + AMul? + )\|w|2} .
The second component of the equation A, (iy)V = 0 is equivalent to
DG = —DGFHw + Mw. (4.4.25)

As such, we can rewrite the cross-terms in (4.4.24]) to obtain

Re [~ u'DG)w —w! DG ] = Re(1-T)| ~w! DGl

— Re(l—1) { — wtDGP%w + )\|w\2] .
(4.4.26)
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As a consequence, (4.4.24) reduces to
0 = Re [ — VAV — ot DG + Au? — Twi DG 2w + F)\|w|2] . (4.4.27)

By decreasing \ if necessary, we can assume that —Dg[1 U4 Re ) and I‘Dg[2 2L TRe A
are positive definite. Therefore, we must have V = 0, from which it follows that

det (A, (iy)) # 0. "
Lemma 4.4.5. Consider the setting of Proposition . Pick X € C with Re A > —\
and 0 < p < 1. Then we have det (Ag,9,p;x(iy)) # 0 for all y € R.

Proof. Suppose there exists V € (2 and y € R for which

q,L;00
Aqﬁ’p;)\(iy)v = 0. (4428)
We then write ‘
W(2,&) = eV (D) (4.4.29)
for 0 < n < g — 1. The definition of the characteristic function yields
Kq,ﬂ,p;AW = et ’Cq,ﬁ,p;Aeiyév] (0)
_ eiyqu,g,p;A(iy)V (4.4.30)
= 0.
Recalling the projections (4.4.10f), we write
Xa(€) = e TEmWE) (4.4.31)
and use a computation similar to (4.4.14) to find
—2zin sl - 27min
Lp;)\Xn (5) = € a ¢ [Hn’Cq,ﬁ,p;AW] (E) —Co 2TX7L(£)
i (4.4.32)
= aZinX,(6).

On account of Lemmas [4.4.3 it follows from the spectral flow theorem [68, Thm.
1.6] and [68, Thm. 1.7] that L,.\_z,2ring-1 is hyperbolic. Applying [150, Lem. 6.3],
which is a generalization of [I30, Thm. 4.1], yields that L, _z 2rine is invertible as
a map from WH(R;RY) to L>(R;RY). Therefore, we must have X, = 0 for all
0 < n < ¢g—1. This implies that W(%,f) =0 for all 0 < n < ¢—1 and thus that
V =0, which yields the desired result. [

Proof of Proposition |4.4.1 These results, except the bound (4.4.2), follow from
combining Lemma [4.4.2] Lemma [4.4.5| and the spectral flow theorem [68, Thm. 1.6-
1.7]. The bound (4.4.2) can be obtained by following the proof of [6, Lem. 3.1]. L]
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4.5 Linear theory for At — 0

In this section, we apply the spectral convergence method to lift the Fredholm properties
of the semi-discrete system to the fully discrete system in the small timestep regime
At < 1. In particular, we establish the main result below, which gives a quasi-inverse
for the operators Ly ;. This turns out to be the key ingredient in the construction
of the discrete waves, which can subsequently be proved by means of a standard fixed
point argument.

Proposition 4.5.1 (cf. [I11, Prop. 3.2]). Assume that (HS1) and (HS2) are satisfied

and pick T in such a way that (H$3+), (HWl7) and (HW27) are satisfied. Fiz a pair of
integers 1 < k <6 and q > 1, together with a sufficiently small n > 0 and sufficiently
large constants M, € My and C > 0. Then for each M € M, with M > M, there
exist linear maps

Ve Y = R Vi VYu = Vi (4.5.1)
so that for all ¥ € Yy the pair
V) = em¥Viu¥) (4.5.2)
18 the unique solution to the problem
LemV = VU +ymy, DinUo (4.5.3)
that satisfies the normalisation condition
(1, Py, V)y, = 0. (4.5.4)
In addition, for all ¥ € Yy, we have the bound
eI+ IVEM Yy, < Cll¥llya- (4.5.5)

In order to facilitate the reading, we first outline our strategy and formulate two
intermediate results in §4.5.1] This strategy heavily follows the program in [I11], al-
lowing us to simply refer to these results in many cases. However, due to the lack of
a comparison principle and the many cross-terms we need to control, there are several
key points in the analysis that need a fully new approach, which we develop in
In addition, the infinite-range setting forces us to obtain an extra order of regularity
on the operator (Lo + §) !, which we achieve in

4.5.1 Strategy

Recalling the spaces s and Hy, », from (4.3.12) and (4.3.15)), we introduce the quan-
tities

Er,m(9)
51:7]\/[(6) = lnf”{)”Hi M:l [”KZ,M(I) + 6q)||7'lM + 61 7T'HM(I)0+7 ’CZ,M@ + 6<I)>'HM H )
’ (4.5.6)

WHNI(I)E,ICth) + (5<I>>HM

ian@H 1 =1 ”Kk,M(I) + 6‘1)”711\/1 +467!
Hi, M

I
I
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together with

#(6) = lim infMﬁoo,MGMq 5k,M(5)v
o (4.5.7)
k*(6) = lminfa oo mrenm, Sz,M(‘S)

for 8 € (0, 5).

The key step towards proving Proposition is the establishment of lower bounds
for these quantities. This procedure is based on [6, Lem. 3.2]. Our strategy to prove
it is essentially the same, but some major modifications are needed to incorporate the
difficulties arising from the discrete derivatives.

Proposition 4.5.2 (cf. [I11 Prop. 3.7]). Assume that (HS1) and (HS2) are satisfied
and pick T in such a way that (H, (H and (HW@ are satisfied. Fir a pair of
integers 1 < k <6 and g > 1. Then there exists kK > 0 such that for all 0 < § < dg we
have

k(0) > &, K*(0) > k. (4.5.8)

We are now ready to start our interpolation procedure. For any ¢ € R, we pick two
quantities 51%4 (¢€) € M~'Z in such a way that

Eu(€) < & < &9,  &uO)—&u6) = M (4.5.9)

Using these quantities, we can define two interpolation operators

n : —  L*(R,¢?
I,I;M : sz — Hl((Rggio::) (4.5.10)
that act as
Zelc. ) = o(CEn(®),
Zh 0166 = M[(&5&(5>)¢>(<,5L<s))+<@<@5)¢(<,5;4<5>)!, |
4.5.11

for all ¢ € ¢7'Z, and all £ € R. These operators can be seen as interpolations of order
zero and one respectively, both acting only on the second coordinate of ¢. We refer to
111, Lem. 3.10-3.12] for some useful estimates involving these interpolations.

With these preparations in hand, we start the proof of Proposition using the
methods described in the proof of [6l Lem. 3.2]. We focus on the quantity x(J) defined
in , noting that £*(d) can be treated in a similar fashion. In particular, we find
a lower bound for x(9) by constructing sequences that minimize this quantity. At this
point it becomes clear why we work on the spaces H'(R, €2 | ) and L*(R,£2 ), as we
exploit the fact that bounded closed subsets of these spaces are weakly compact.

Lemma 4.5.3 (cf. [I11, Lem. 3.16-3.17]). Assume that (HS1) and (HS2) are satisfied

and pick T in such a way that (H, (H and (H are satisfied. Fix a pair of
integers 1 <k <6 and ¢ > 1, as well as 0 < § < dg. Then there exist two functions

d, € H'RA,.), U, € LARZ, ), (4.5.12)

1 g, L;00 » g, ;00
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together with three sequences
{Mj}jen C Mg, {®jljen C Hjagy, {Piljen € Hag (4.5.13)
and two constants 9 € q~*Z, \ {0} and K1 > 0 that satisfy the following properties.
(i) We have lim;_,o. M; = oo and ||@j||Hllc,1va =1 for all j € N.

(i) The identity
v, = ICk,Mj(I)j +0P; (4.5.14)
holds for all j € N.
(iii) Recalling the constant k(0) defined in ({.5.7), we have the limit
AO) = limyosoo [I1Char®; + 60l + 07 (mrss, @5 K, @5 + 505)a0,, ]
(4.5.15)

(iv) As j — oo, we have the weak convergences

L@ — B eH'(RL2),

(4.5.16)
IR/IJ\I/]- - U, e LZ(R,E?LL).
(v) For any compact interval T C R, we have the strong convergences
1 1 ) 2 2
(Ik:,Mj?IImMj)(I)J - ®. e LT, ), (45.17)

(I9,.19,)¥; = V.eI*T,2))
as j — 0o.
(vi) The function ®, is a weak solution to (Ky.9 + 8)®. = V. and we have the bound

||(I’*HH1(]R,Z(2LL;DO) < Kik(9). (4.5.18)

Proof. In view of Proposition [£:4.1] and Lemma [I.A76] we can follow the proof of
[111l Lem. 3.16-3.17] almost verbatim. ]

In order to prove Proposition [4.5.2] we need to establish a lower bound on the norm
| D ”Hl(R’Zi,Lm) on account of (4.5.18)). In Proposition we follow the approach of

[I1T, Lem. 3.18] in order to obtain this lower bound. Here we have to deal with both
the cross-terms arising from the system setting as well as the infinite-range interactions.

Proposition 4.5.4 (see §1.5.2)). Consider the setting of Lemmal[/.5.3 Then there exist
constants Ko > 1 and K3 > 1 so that for any 0 < § < g, the function ®, satisfies the
bound

1Pz = Ko = Ksr(9)* (4.5.19)
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Proof of Proposition . Combining the bounds (4.5.18]) and (4.5.19)) immediately
yields

Ky — K3:(8)2 < K2r(6)2. (4.5.20)

Solving this quadratic inequality, we obtain

Ko —
k(6) > iR, T (4.5.21)
The lower bound on £*(§) follows in a similar fashion. L]

In order to establish Proposition[£.5.1] we need more control on the operator Ly than
in [I50]. In particular, due to the infinite-range interactions it is not immediately clear
that this operator preserves the exponential decay properties of the function spaces
(4.3.2)).

Proposition 4.5.5. Assume that (HS1) and (HS2) are satisfied and pick T in such a

way that (H$3), (HWLH) and (HW24) are satisfied. Fiz a sufficiently small constant
n > 0. Then there exist constants d, > 0 and K > 0, so that for each 0 < § < 6, and

each G € BC!, (R;R?) we have the bounds
(Lo +0)'Gllsc_, mire K5 YGllpe_, @mrd)
I[(Lo +0)'Gl lpo_,@ray < K6 'Glpe_,@mra (4.5.22)
(Lo +0)'Gl"lpe_,@ray < Ko7 'Glpor (mpa)-

A IA

Proof of Proposition[{.5.1 On account of Proposition we can follow the pro-
cedure developed in [I11] §3.3] to arrive at the desired result. ]

4.5.2 Spectral convergence

In this section we set out to prove Proposition |4.5.4] using the spectral convergence
method. The main idea is to derive an upper bound for the discrete derivative Dy ar, @,
together with a lower bound for ®; restricted to a large—but finite—interval. This pre-
vents the 7-[,167 M, ~horm of ®; from leaking away into oscillations or tail effects, providing
the desired control on the limit . All constants introduced in Lemmasm
and Proposition are independent of 0 < § < .

Lemma 4.5.6. Consider the setting of Lemma [[.5.3. Then there exists a constant
C1 > 0 so that the bound

2019515, +2C11125113,, > @Dk, 513, (4.5.23)
holds for all j € N.

Proof. We will assume ¢y > 0, noting that the case where ¢y < 0 can be treated in
a similar fashion. In view of the identity

ICk,Mj<I>j+5<I>]- = Uy, (4.5.24)
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we can compute

(U5 Dint; @030, = CollPint; 5130, = (At 5 Doty @5)3u,
_<Dg<7THMj UO? F)(I)jv Dk,Mj (I)j>HMj + 6<(Pj7 Dkij (I)j>'HMj :
(4.5.25)
Writing B
K = IDG(U0:T)loc +47 3 Jom| (4.5.26)

and remembering that 0 < § < §p < 1, we may use the Cauchy-Schwarz inequality to
obtain

K@ 013000, 1Dk, 0t Rsll2eas, = (Anty @5 Dieoat, @),
HDG (345, Uos ) s Dio, vty ®j) 3,
—0(®j, Dre.nt; )4,
= 0l Dt @513, = (V5 Dint; @) 30,
> CollDrnty @530, = 1W5 1120, [ Dr, 2ty @il 34, -
(4.5.27)
This yields the bound
151300, + Kl ®jllae0, = CollDiong; ®jllaen, - (4.5.28)
Squaring this inequality gives the desired estimate . [

Lemma 4.5.7. Consider the setting ofLemma and assume that the triplet (G, P~, PT)
satisfies (HS3;{@|). There exist positive constants u, C3, Cyq and C5 so that the bound

M > 25,015 = Call@ill3,, — Call¥;l3,, - Cs M || Dy, ar, @513,
EM; i< " ’ ’ ’

(4.5.29)
holds for all j € N.
Proof. Invoking Lemma and Lemma we can estimate
(W, )mn, = ([Kint, + 0195, Rj)ry
= Co(Dr,n; 5, ®j)a00s, — (An; By R,
—(DG (7300, Uos T) @, @) s, + 0113, (4.5.30)
>

0 (Di,at; @, )30, — (DG (340, Ui T) @5, @),
> —CoM;H|Diar, @53, — (DG (mra, UoiT) 85, @5)aes,

for some Cy > 1. Since —DG (Pi;F) is positive definite and —DG is continuous, we
can choose y > 0 and a > 0 in such a way that the matrix

B(&) = —DG(Uo(&);T) —a (4.5.31)
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is positive definite for all || > u. Using the definition of this matrix and writing

T = (IDG(Uo;7) oo + a)M; > ‘q)j('7§)|§2L’ (4.5.32)
SeM; Tl < v o

we can estimate

_<Dg(ﬂ-’H1v[jU01F)(DJ7 (I>J>HM]

al| @513, — (B®j: ®j)a,,

> a3, - MY X IBEO®;EE
’ ceM 'z @
> |y, ~T
(4.5.33)
In particular, we can combine (4.5.30) and (4.5.33) to obtain
(U5, ®)nn, = all®sl,,, —Z = CoM [ Dias, @53, - (4.5.34)
We can hence rearrange (4.5.34]) and estimate
T > al|®l3,, —CoaM; Dk, @53, — (%5 @), (45.35)

> 5l1®5l5,, — 21Vl - CzMj_1||Dk,Mj¢’jH3{Mj7

which yields the desired bound.

Lemma 4.5.8. Consider the setting ofLemma and assume that the triplet (G, P~, P™)
satisfies (HS3;@), Then there exist positive constants p, Cs, Cy and Cs so that the
bound

MY 60k > G, G,
geM; L)€ <p v ) (4.5.36)
_C5Mj7 ||Dk’qu)j||'2HMj

holds for all j € N.
Proof. Recall the proportionality constant I' > 0 from (HS37(b)). In particular,

upon writin,
P & Dg[l,l] Dg[l,z]
DG = DGl pgl22l ) (4.5.37)

we have DGI2 = —T'(DGZU)T. For each M € M,, we introduce the decomposition
Hy = MU xHE (4.5.38)

which splits every ® = (¢, 6) € Hjs in such a way that ¢ € Hg\l/f] contains the first dgig
components of ®, while 8 € 7—[%24] contains the other d — dg;g components. For each
J >0 we write ®; = (¢;,6;) and V; = (¢, x;) with ¢;,1; € /Hg\l/[]j and 0, x; € Hg\z/[]J
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Using this decomposition, we can expand the inner product as

(DG (340, U0sT) 5, @) 3y, = —(DGM (w30, Uo) by ¢j>H[X)j +C (15.39)
—(Dg22 (7T7-£Mj Uo)b;, 0j>,H5\24]j, o
where we have introduced the cross-terms
C = —(DGMA(mu,, Uo)b;, ¢j>H53)j — (DGR (3, Uo)%,@jm[ﬁj- (4.5.40)
Recalling DGM2 = —T'(DG>T and exploiting the identity
Xi = Dm0 — DG (ms,, Uo)d; — DGE2 (s, Uo)b; + 005, (4.5.41)

we can rewrite the cross-terms to obtain
_<Dg[1,2](7rrHMjU0)9j,¢j>,HE\}]‘ — <Dg[2’1](7rHMjU0)¢j’9j>7-ﬂf),

= —(1=T)UDGEN(my,, Uo)dy, 0;)y21 (4.5.42)
= (= 1)(@Dx,n,0; — DG (34, Uo)b; + 605 — X, 05)

C

2] .
)

The identities (4.5.39) and (4.5.42)) allow us to expand the inner product

(W, @idan, = ([Kiopgy + 0195, Rj)n,
= Co(Dr,nt; Ry Pj)rns, — (At sy Bj) s,
—(DG (710, UoiT) @, ®5)3,, + 0] 2513,
= Eo<Dk,M,¢ja¢j>Hl;)j +F50<Dk,Mj‘9j:9j>H[@j = (An; @5, ©j) e,
(DG (w3, Uo) gy, idul) — D(DG™ (7, Uo)b;, O30
—(I' = 1) {x;, 0j>H5’;‘}j + 5”%”;% + 5FH9j||H[A241j-

(4.5.43)
As such, we can use Lemma, and Lemma to estimate

(W), )30, = Co(Dr,ng, b5, ¢j>H[ﬁ)j tFEOwk’Mj 9j76j>%531]j —
—(Dglt-1 (Trar, U0)bjs ) g — (DGl (M0, U0)05, 05y 12
—(D + 1)”Xj||7—[56,]j Heﬂ‘”%%
> —(1+ D)0 M [ Di, 513,
~(DGIN (14, U0)05s 8303y — D(DGE (mr0s,, T0)0505) i
=~ Dz 185l

(4.5.44)
for some Cy > 1.
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Since —DGL(P*) and —DG?2(P*) are positive definite and —DG is continuous,
we can choose 1 > 0 and a > 0 to be positive constants such that the matrices

Bi(§) = —-DGIM(Ts(€)) —a,  Ba(§) = -TIDGRA(Uy(¢)) —a (4.5.45)
are positive definite for all |¢| > p. Defining 7 as in (4.5.32)), this allows us to estimate
_<Dg[171](7T'HMjU0)¢j7¢j>’;{5&1]' = aH¢3H2 u +<B1¢]’¢J>H[1]
J M
> all®yll, - M7 X IBl( )6 (5 Ol |
’ ¢eM; 'z @
> ||, T,
(4.5.46)
together with
fF<DQ[2’2}(7THMon)9j791)@;{2 > allb ||H[z - IT. (4.5.47)
Combining the estimates (4.5.44), (4.5.46) and (4.5.47|) yields the bound
(5, 9502,, > all®l3,, —Q+D)T—(1+T)CoM; Dy, @3,
! (4.5.48)

=T+ D)l ||9 IIHIQ :

Hence we obtain
1+D)Z = al®l3,, — @+TD)CM; [ Dia, @513,
(W, D), oy Dl 163y
> 51l — (G + %)H‘%‘H%M (14 1) M Dk ar, @, il

(4.5.49)

which yields the desired bound. ]
Proof of Proposition |4.5.4. Rescaling (4.5.23) yields

0 > =G [P oI, 200190, ~ 2104, | @550

which can be added to (4.5.29) or (4.5.36) to obtain

M > |‘I>j('7f)|§3l > Cs]|®l5,, — Call¥li,, —CsM 1HD/€M(I)||HM.
geM;  7:1¢|<p '

+ 2+20 [cOHDkM 13, —2C1119513,,,
21513, |
= gt 1Dk, 51, + 112513
T g2 ke, My =5 T I Ha;

[04 + ﬂ%} 1915,
—Cs M | Draa, @513, -

(4.5.51)
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Remembering that ||®;{l3 =1, we can pick constants Cg > 0, C7 > 0 and Cs > 0,
which all are independent of 0 < 0 < dp, in such a way that

M7t 89l = Co— O, - CsMy

cer TZilel< (4.5.52)

The strong convergence 3y ®; — @, € L*([~p—1,u+1];£2 | ) now yields the limiting
behaviour

= +Mt 2
M ok, = [0 [m o], d
4 2 : e
geM;  Zilg|<p 2
2
+1

< Jh \[I&j%](uf)\[%dg (4.5.53)

ptl 2 '

q)* K d ,

- Lo, de

as j — oc. In view of the bound limsup, . [|¥;3,,, < s(5)?, this gives the desired
J
inequality

2
2 p+1
”(I)*”Hl(wi,ﬂ > fﬁu ‘(I)*(af) €2L

d¢ > Cs— Crr(6)2 (4.5.54)

4.5.3 Exponential decay

In this section we set out to prove Proposition [£.5.5] The main ingredient to establish
this result is to show that for 0 < § < & the map (Lo + 6)~' maps BC, (R;R?) into
the space

BC?,(R;RY) = {F € BO_;(R;R?) : supeeg e "C[|F () + |F' (&) + | F"(§)]] < o0}
(4.5.55)
This is not immediately clear, since if we have

F = (Ly+0)"'G (4.5.56)

with G € BC’ln(R; R?), it is impossible to express F as a local function of G' due to the

infinite-range interactions. We first establish this result for the subspaces H!(R;R%)
and H?(R;R9).

Lemma 4.5.9. Assume that (HS1) and (HS2) are satisfied and pick T in such a way
that (H37), (HW17) and (HWRH) are satisfied. Then for each 0 < § < &y and each
G € HY(R;R?) we have

(Lo+06)"1G € H2(R;RY). (4.5.57)
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Proof. Fix 0 < 6§ < §y and G € H*(R;RY). Write F = (Lo +6)7'G € HY(R;R?).
Then we can rewrite the equation (Lo + §)F = G in the form

E()F/ = G + A()F + DUg(U(),?)F —0F. (4558)

From this representation it immediately follows that F’ € L>°(R;R?). Differentiating
both sides yields

@F" = G+ (AF) + DuG(Uo;7)F + D*G(Uo; 7)[Uy, F] — 6F'.  (4.5.59)
Writing

F.(x) = 1 izl m [F(:r +m)+ F(z —m) — 2F(gc)} (4.5.60)

for n € Z~(, we can compute

Flz) = 73 am [F’(ac +m)+ F'(z —m) — 2F’(x)] . (4.5.61)
m=1
This allows us to estimate
o0
[F(z) — (Do F')(z)] < 47 30 [am|[|F] e (4.5.62)
m=n-+1

In particular, the sequence {F),} converges uniformly to AgF”, from which it follows
that

(BoF)(x) = 7% aw[F'(e+m)+Flz—m)—2F ()] = (AoF)().
m=1
(4.5.63)
Since F,G € H'(R;RY), these considerations yield that F” € L?(R;R9), from which
the desired result follows. [

We now turn to the desired exponential decay. The assumptions (H and
(H yield the following useful properties of the operator Ly.

Lemma 4.5.10. Assume that (HS1) and (HS2) are satisfied and pick T in such a way

that (H$3), (HWL) and (HW23) are satisfied. Then the following properties hold for
the LDE with r =T.

(i) The functions ®& and ®, together with their derivatives decay exponentially.
(i) Upon introducing the spaces
Xo = {Fe HYR;R?): (@g s F) L2(r;ray = 0} (4.5.64)

and
Yo = {GeL*®R;RY):(D;,G)r2@rae) =0}, (4.5.65)

the operator Lo : Xo — Yy is invertible.
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In addition, there exists a constant 1 > 0 in such a way that for each 0 < n < 7 the
map Lo maps BCEW(R;R‘I) into BC_, (R; R%).

Proof. The proof of the statements (1) follows the procedure described [I50,
Lem. 4.15, 6.8, 6.9] and will hence be omitted. It hence suffices to prove that Ay maps
BC_,(R;Rdaift) into itself for 1 small enough. Upon picking F' € BC_,(R; R%itr) and
K € Ry in such a way that the bound

|F(€)] < Kemkl (4.5.66)

holds, we estimate

|AOF(§)| S T Z |am|K(6777|§+m| + 6*77|§*m\ —+ 2677”5')
m>0 (4.5.67)
< 7Y || Ke el (26’7”‘ + 2).
m>0

We can hence set 77 = v, where v is defined in (HS1). A computation similar to the proof
of [I50, Lem. 6.5] yields the continuity of Ag f, from which the desired result follows. m

We now recall the notation LI™ G that was introduced in [I50, Cor. 4.4] for the
unique solution F' of the equation

_ (2 7G>L2<md> +
LoF = G et g) (4.5.68)

in the space X, which is given explicitly by

LgiHVG _ Lal G- (®g G>L2(R]Rd) ‘I)(T:| (4569)

(2 <I’o >L2(]R Rrd)

The proof of [I50, Prop. 5.2] provides the representation

-1 _ -1 <(1)0 ’G>L2(Ru§d) + —1 yqinv

for each 0 < ¢ < dp and each G € L?(R; Rd). In addition, we can use Lemma [4.5.10| to
pick constants K > 0 and & > 0 in such a way that

®§ (2)] < Ke ol (4.5.71)

holds for all € R. Let 77 > 0 be the constant from Lemma |4.5.10} Using [I50, Lem.
6.6], which is a generalization of [I30, Prop. 5.3], we can pick constants K; > 0 and
0 < o < min{7, &} in such a way that

IL§™G)] < Kiem || LE™ Gl

(4.5.72)

©  _qlz— (24 ,G) d
[ el Gly) — g () dy

holds for each G € L?(R;R%). The following three results use (4.5.70) and (4.5.72) to
establish the desired pointwise bound for (Lo + 6)~!
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Lemma 4.5.11. Assume that (HS1) and (HS2) are satisfied and pick T in such a
way that (HPH), (HWl) and (HW27) are satisfied. Recall the constant o > 0 from

and fir 0 < n < «. Then there exists a constant K > 0 so that for each
G € BCY, (R;R?) we have the bound
IL§™G(z)] < K|Gllpc_,@zrae M. (4.5.73)
Proof. Pick 0 <n <« and G € BC’ln(R; R?). Recalling (4.5.72), we can estimate

L5 Glloo < ILG™ Gl (rire)

- (20 ,G) 12 g.rd

< Lo Hleo.xollG = ﬁ‘bm‘ﬁ(&ﬂ%d) (4.5.74)
—1

< L5 e o) (14 gty ) IClltme

Combining these estimates yields the bound

LG < KoL e (V4 a1 Gl

+K <||G||Bc,n(R,Rd) + KW ||G||L2(R;Rd))

L2(1R;1Rd)|
© —alz—y|,—n|z]
x [T e e dy

IN

—a|T —1 1
Kyemel#l||Lg ||£(Y0,Xo)(1+m)HGHm(R;Rd)
+K (”G”BC,W(R,Rd) + K+I|G||L2(R;Rd))e*”|m\

|<(I>(J7’®(JJF>L2(JR;]R‘1)|

K (HGHBCW(R;W) + ||G‘|L2(R;Rd))€_"|’”‘.

IN

(4.5.75)
Finally, we note that |G| 2gre) < K3[|G| Bc_, (rire) for some constant K3 > 0, which
implies the desired result. n

Lemma 4.5.12. Consider the setting of Lemma |4.5.11 Then there exist constants
0 < b, <&y and K > 0 so that for each 0 < § < 6, and each G € BCEH(R; Rd) we
have the bound

1 +0Ly " |7 L§™G(2)| < K|Glpo_, @mzne ", (4.5.76)

Proof. Pick G € BCL7 (R; R%). For n € Z~g a calculation similar to (4.5.74)) yields

(g LE™ Gl < ||L61H7Zz§}0,xo)(1+W)HG”H(R;R% (4.5.77)

>L2(]R:Rd)

Using [150, Lem. 6.6] and Lemma [4.5.11] we obtain
Kie= | Lo L™ G oo + K1 [,

< Ki(14+ 15 e 0 ) KNG 5o e,

e—alz—y|

Lo Lg™ G (x)]

IN

Lgim’G‘dy

A

(4.5.78)
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Continuing in this fashion we see that the estimate

(Lo ")"LE™G(z)| < KSKHG||Bc,n(JR;W)B_"W| (4.5.79)
holds for all n € Z~ o and for some constant Ky > 0. If we set
_ . 1 1
5* - mln{607 ”L71H <1+ R ) ) E}? (4.5.80)
o llc(yy,Xo) ‘<‘I>()7’¢CT>L2(R;]R‘1)‘
then for each n € Z~q and each 0 < § < 6, we have
(=)™ (Lg )" L™ Gl < 311Gl @z (4.5.81)
In particular, it follows that
S (=) (LgH"LI™G - [I+6Ly Y 'LI™G (4.5.82)
n=0

in H'(R;RY). Since H!(R;R%)-convergence implies pointwise convergence we see that

I+ 6Ly ' ILE™G(2)| = | 20(—5)"(L61)"L8m0($)|
& e on ol 45.83
< ngoé*KKz 1GllBc_, rraye =] ( )
< K3HG||BC,W(R;RGL)€7”‘I|~

Corollary 4.5.13. Consider the setting of Lemma [[.5.13 There exists a constant
K >0 so that for each 0 < § < 0, and each G € BC!, (R;R?) we have the bound

|(L0 + 5)_1G($)| S K(S_l”GHBC_,,(R;Rd)e_an‘?
|[(L0 +5)71G]/(1’)| < Kail||G||Bcin(R;Rd)€7n|x‘, (4584)

(Lo +8)7'G)"(@)] < K& Y|Glger paye 1",

Proof. Fix 0 < § < 6. and G € BCY, (R;RY). Write F = (Lo + 0)"'G. The
representation (4.5.70) together with Lemma [4.5.12[ immediately yields the bound
< -1 1
|F(m)| =9 |<¢57‘1’0+>L2(R;Rd)

< TUKG|Gllpe, wmraye "

= n

‘ |Gl 2@ rayKe %! + K||G| g, mpaye 1!

(4.5.85)
In addition, the representation (4.5.58]) together with the bounds (4.5.67)) and (4.5.85))

yields that

[F'(z)] < K6 '|Gllpo_,@mae ! (4.5.86)

for some constant K > 0. Similarly, the representation (4.5.59)) yields the bound
[F'(2)] < K& YIGlpor mmaye . (4.5.87)
[

Proof of Proposition[{.5.5. Corollary implies the desired result. n
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4.6 Proof of main result

In this section we mainly follow the approach of [IT1] §4.1]. We lift the computations
from [I1I] in a more detailed fashion, in order to ensure that the multi-component
nature of the nonlinearity G does not cause any issues. Luckily, we only need to take
care of some minor, technical difficulties. For example, due to the higher generality of
the nonlinearity G, we can no longer refer to [52, Lem. App.IV.1.1] to conclude that
G depends continuously on the perturbation. Instead, we need to prove this continuity
in a direct fashion, carefully employing the exponential decay of the travelling wave U
and the perturbations involved.

Let us fix an integer ¢ > 1, together with a constant M = % € M. Our goal is to

construct a solution U to the nonlinear problem

c[DrmUE) = 7 3 an[UE+m)+UE—m) =20+ G(UE)r), (46.1)

m>0
where ¢ € p~1Z, that has the form
UE€) = Uo+0)+2(&), ¢Eep'zZ, (4.6.2)

for some 8 € R and some ® € Yj;. Note that this form automatically ensures that U
satisfies the boundary conditions

li [ = P=
§~>:to<§g1€p*12U(£) (4.6.3)

For notational compactness, we introduce the functions

Us(§) = Tol6+0), 25(6) = @(E+0), (&) = O5(5+0),
together with the linear operators 64
Liaro : Vi = Y, (4.6.5)
that act as
Liao®(€) = Co[De,m®](€) — AoV(€) — DuG(Uo(€ + 0);7) 8 (€), (4.6.6)

where ¢ € p~1'Z. Naturally, these operators satisfy the properties described in Propo-
sition m provided all occurrences of ®; and ®, are replaced by ®; and ®, respec-
tively. In particular, we write

Vot Ym = R,

1 (4.6.7)
V]:,M;@ : yM — yk;,M

for the maps appearing in that result, as well as M.,y and Cy for the corresponding
constants. Since the nonlinearity G(-;7) and the travelling wave Uy are continuous, it
is clear that the map

0 = Liae € Ly V) (4.6.8)
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is continuous. The representations [I11, Eq. (3.149)] and [I11, Eq. (3.150)], therefore,
imply that the maps
0 — g € LOMR)

0 = Viane € LV, Vi)

are continuous as well. As such, the constants M,,s and Cy can be chosen to depend
continuously on 6. Our goal is to find a lower bound for these constants. For 8 € R
we write Sg for the shift operator f — f(- + 6). For any M € M, we observe that
S1 and S_; map y,i, o and Yy into themselves and that these maps are isometric
isomorphisms. Moreover, we observe that for each # € R we have the identity

(4.6.9)

Liae = SiLiap-15-1. (4.6.10)

As such, we can restrict ourselves to the values of M,.p and Cy for 6 € [0,1]. Since
[0,1] is compact and Mg and Cyp depend continuously on 6, we can pick an uniform
quantities Cypnif > 0 and Mypir in such a way that the bounds

RISYEYARS HVI:,M;eny;M < Cunit[| flly (4.6.11)

and
|7;,M;9f - <7T37M(I)(;a TV f>yM| < CunifMil ”fHL?(R;Rd) (4612)

hold for all sufficiently small n > 0, all M € M, with M > My, all f € BCEH(R; R)
and all 8 € R.

4.6.1 Existence of solutions

Substituting the Ansatz (4.6.2) into (4.6.1]), we obtain

Dy wr®)(€) + D nTol(€) = AoTo(€) + 20@(€) +G(Ta(€) + 2(€)i7).
(4.6.13)
The proof of Theorem proceeds in two main steps. In particular, we first show the
existence of wave solutions to before we turn to the uniqueness. The existence
results are summarized in the following proposition.

Proposition 4.6.1. Assume that (HS1) and (HS2) are satisfied and pick T in such a

way that (HP), (HWLH) and (HW25) are satisfied. Fiz a pair of integers 1 < k < 6
and g > 1. Then there exist constants M, > 1 and 6, > 0 so that for any M = % e M,
with M > M,, there exist continuous functions

ey Rx[F=6,,7T+4,] — R
Uy :Rx[F=06,,7+6,] — (°(p1Z,RY),
that satisfy properties|(i) of Theorem [{.2.1]

For any V € R% and (£,6,7) € R x R x (0,1) we consider the nonlinear expression

(4.6.14)

No(Vi€,0,r) = g<ﬁ9(f)+v;7‘)*Q(Ug(f);r)fDUg(ﬁg(f);r)V. (4.6.15)
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Plugging this expression into (4.6.13]) we arrive at

Dy r®)(€) + cDeaTol€) = AoTo(€) + 20®(€) + DG (Ta(€)i7) (¢
+G(To()i) + No(@():.6,7)

+DuG(Ta(€)ir) @(6) — Dug (Ts(€)i7) 2 (6).
B (4.6.16)
Exploiting that Uy is a wave solution of the semi-discrete equation, i.e. that

U&= AoUa(€) +6(Te(©)i7), (4.6.17)
we find that the pair (¢, ®) must satisfy the equation

Liao® = (20— 0)[DeauUs)(€) + [Rale, ®)](E)

(4.6.18)
+[Rp(2;0,7)](€) + [Re (6, M)](E).

Here we have introduced the quantities
Ralc.®)©) = (c0—Drar(©)
Ri(:0.7)€) = Dug(Ts(©)ir)@(€) — DuG(To(€);7) @ (¢)
+6(Ta(€)i7) = 9(Ta(€)i7) + No(@(©):¢.6.7)

= G(T0() +@(€)ir) = G(Ta(€) + BE):T) + No(®(£):,0.7),
(4.6.19)
together with

Re(0.M))(€) = —colDuaTol(€) + ATo(€) + G (To(©):7)

. [U; - D,“MUQ} ©. (4.6.20)

Note that the term R g incorporates the effects caused by varying the parameters in our
equation, while the term R describes the effect of moving from the regular derivative
to the discrete derivative.

Note that in our current notation the normalization condition (4.2.36[) reduces to
<7T37M (Da( + 0)7U - ﬂ-yMﬁO(' + 9)>3’M = 0 (4621)

Proposition and our considerations above show that solutions (¢, ®) to (4.6.18))
must satisfy the fixed point problem

G- = are|Rale,®) +Rp(®:0,7) + Re(0, M) o)
o — Ve {RA(C,cp) +Rp(v;0,7) +Rc(9,M)]. -
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Lemma 4.6.2 ([I11} Lem. 4.1)). Assume that (HS1) and (HS2) are satisfied and pick
T in such a way that (H, (H and (H are satisfied. Fix a pair of integers

1< k<6 and q> 1. There exists a constant C' > 1 so that for all M = % € M, and
d e y,i,M we have the bound

[®)lc = fsygz@(ﬁ)l < Clely,,,- (4.6.23)

Lemma 4.6.3 (cf. [III, Lem. 4.2]). Assume that (HS1) and (HS2) are satisfied

and pick T in such a way that (H, (H and (H are satisfied. Fix a pair
of integers 1 < k < 6 and q > 1. There exists a constant C > 1 so that for all
M =2¢e M, dal(0,r) € Rx(0,1) and ¢ € Vi with [@llyr,, <1 we have the

bound
IRp(@:0.7)ly; < Clr—7+ @]y, ]y - (4.6.24)

Proof. The restriction on ®, together with Lemma yields the bound
[l < C (4.6.25)
for some C; > 0. For each £ € p~'Z we get using a Taylor expansion the uniform
estimate -
No(@():€,0,7)] = [R1(Uo(), 2(€))]
< Gal2(9)P,

for some remainder term Ry (U (€), ®(€)). Note that Co > 0 can be chosen independent
of £, ®,0, M and r, see for example [55, Thm. 2.8.3]. This allows us to estimate

INo(®();, 0,73, = p7' X INo(®(£):€0,7)

(4.6.26)

Eep~1Z
< [CQPp*ISZZI@(@\‘* ( |
ep—t 4.6.27
< [CPp iR X (@9
gepizZ
< Gilol2, (o3,

for some C3 > 0.

Using a Taylor expansion we can write

G(To(€) + 0(©)ir) = 6(To(©) + @(€):7) = D2g(Ta(€) +@(€),¢()) (r = 7)

(4.6.28)
where ((§) is in between 7 and r.
With Lemma we pick C4 > 0 and a > 0 in such a way that
Uo(©] < Cueeld (4.6.29)

holds for all £ € R. The limiting value ) lim Ugy(¢) = P~ implies that for £ < 0 we can
——o00

write

Ug(6)— P~ = [* Ty(€)de'. (4.6.30)
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This allows us to compute
[ Caen€ g
1C4eot (4.6.31)

= L0gemeldl

Uo() — P~

A

for £ < 0. The limiting value 5lim Uoy(€) = P implies that for £ > 0 we can write
—00

Ug(&)— PT = [ZTo(€)de, (4.6.32)
which allows us to do the analogous computation to obtain

Uo(¢) = PT| < LCueekl (4.6.33)
for £ > 0.

Note that DaG(P*,p) = 0 for all 0 < p < 1 and that D;DyG(V, p) is bounded for
V| < [|[Up|leo + C1 and 0 < p < 1. Therefore, we can pick a constant Cs > 0 in such a
way that

|ID2G(V,p)| < Csmin{|V —P~|,|[V - PT|}, (4.6.34)

for |[V| < ||Up|lee + C1 and 0 < p < 1. As such, we can estimate

d = [D:G(To(€) +2(6).C(6)) 113,
< pt 2 Cmin[Ta() + (&) — PP, [To(€) + (6) — PP}
fep~'Z
< 205p7t Y [min{Wg(f)—P*|27\U9(5)—P+|2}+|<I>(g)|2] (4.6.35)
fep~'Z
< 205 [[@lvy 497 S ECseol]
gep~'z
< Gy

for some constant Cg > 0. The desired bound on Rp now follows from combining

(4.6.27)) with the representation (4.6.28)) and the bound (4.6.35]). [

Lemma 4.6.4 ([IT11, Lem. 4.2)). Assume that (HS1) and (HS2) are satisfied and pick
T in such a way that (H, (H and (H@ are satisfied. Fix a pair of integers
1< k<6 andq>1. There exists a constant C' > 1 so that for all M = s € Mg, all

(c,0) € R xR and & € Y, with [®lly: | <1 we have the bounds

Rale,®)llyz ,, < le—=CollDrar @y

4.6.36
IRc(®.M)lyy,, < CM. (1:0:30)

Lemma 4.6.5 (cf. [I11, Lem. 4.3]). Assume that (HS1) and (HS2) are satisfied and
pick T in such a way that (H$3+), (HWl7) and (HW27) are satisfied. Fix a pair of
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integers 1 < k < 6 and ¢ > 1. Then there exists a constant C > 1 such that for any
pair of constants 0 < 6. <1 and 0 < dy < 1 and any multiplet

(@1, @2,01,02,7‘,9) S y];]w X y,i,M xR xR x (O7 ].) xR (4637)
with
[@allyz ,, +[1®2llyr,, < ds (4.6.38)
ler — o + [Co — c2f < e,

we have the bounds

[Ra(er, ®1) = Ralea, P2)lyz dglcr — cal + 0c||De,nt [P1 — Pollys s

IRB(®1;0,7) = Rp(P2;0,7)lly; ,, < Clr =T7[[|®1 = Pally,, + Cop[[P1 — Pally,,-
(4.6.39)

IN

Proof. The estimate for R4 is immediate. Lemma implies that || P/ +
|P2]loc < C1dy for some Cy > 0. Using two Taylor approximations, we write

AN = [No(®1(6):€,0,7) — No(®2(8): &, 0,7)]
G(T0(6) + @2() + (21(8) = @2(6)):7) — G(Ta(€) + @a(e)i)
~DuG(Ta(€) + Pa()ir) (21(6) = ©:(6))
+[DuG(To(€) + a()57) = DuG (To(©):) | (21(6) - 2:(0))|
= [Ra(T() + @2(6). 91() — s ))( 1(6) ~ 2(6))
R (T0(€), @2(8) ) (@1(6) - @2(6)) .

(4.6.40)

for some remainder terms R, (U@(f) + $3(8),D1(8) — @2(5)) and Ro (Ug({), @g(f)).
Using [55, Thm. 2.8.3] we can pick a constant C; > 0 in such a way that

Ry (To(€) + 82(6), 01(6) - 22(0))| < Cal1(6) — @2(6)] < 2016, o
R2(To(6). 22(9))| < Ci[@a(©) S
We, therefore, obtain the pointwise inequality
AN < 3C164|®1(8) — D2(8)], (4.6.42)

which allows us to compute

INo(@1(£);€,0,7) = No(®2(8): €, 0,713, < p1 3 [Co]?03]@1(€) — 22(8)I?

Eep—tZ
[301]2635H<I>1 - <I>2||§)M.

(4.6.43)
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Similarly to (4.6.28), we can now write
dg = G(Ta(©) + 1(&)i7) - G(To(e) + 21(6);7)
~G(To(©) + @2(€):7) + G (Tol©) + @2(&):7) (4.6.44)
= D26 (To(&) + ©2(6),01(8) ) = D26(To(©) + 1(6). 2(9)),

where (1 (§) and (2(€) are both in between r and 7. Similarly to (4.6.34]) we can pick a
constant Cy > 0 in such a way that

|D2G (U1, p) — D2G(Us, p)| < Co|Ur — Un, (4.6.45)

for Uy, |Us| < ||Uglloo + C1d4 and 0 < p < 1. Thus we can immediately estimate
ldgllyy, < Col|®1 = allyy,, (4.6.46)
which yields the desired bound for Rp. ]

Lemma 4.6.6 (cf. [I11, Lem. 4.4]). Assume that (HS1) and (HS2) are satisfied and

pick T in such a way that (H, (H and (HV[@ are satisfied. Fix a pair of
integers 1 <k <6 and g > 1. For all M = % € Mg, the function

No: Vi xRx(0,1) — Yy (4.6.47)

given by

Wo(@:0,1)(6) = No(@(€):&.0,r),  €ep iz (4.6.43)
18 continuous.

Proof. Fix (®,0,7) € Y}y x R x (0,1) and let € > 0 be a small constant. Pick
any triplet (¥,0,7) € Vi X Rx (0,1) with [|[® — \PHJJ%,M < 1. Lemma yields
that ||® — ¥||s < C; for some C; > 0. Since G is C2-smooth, we can pick a constant

Cy > 0 in such a way that for any V,W € R? with |V|,|W| < ||Ug|l«~ + 2C; and any
0 < 71,79 < 1 we have the bound

g(v;rl)fg(w;rl)‘ < Glvow

)

(4.6.49)
DG(Viry) = DG(Wyrz)| < Ca|(Vry) = (Wara)].
Moreover, using two Taylor approximations we write
A6y = G(Us(€) + ():r) ~ G(Ts(6) + W(E):7)
= G(Us(©) +2(€)ir) — G(Tpl) + w(©)ir)
D26 (T(6) + W(€): 2(¥(),9)) (r = 7),
(4.6.50)

dGy = Q(Ug(f);r —
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where (1(€) and (2(¥(€),€) are both in between r and 7. Similarly to (4.6.34) we can
pick a constant C3 > 0 in such a way that

[D2G(V,p)| < Caminf{|V — P~[, [V — P*[} (4.6.51)

for any 0 < p < 1 and |V| < |Up|leo + 2C;. This allows us to obtain the pointise
estimate

dN

\Wo(@; 0,7)](€) — [No(¥:0, f)](s)\
< dGi+dGs + |<I>(§)|(DQ(U9(£);7") - Dg<ﬁé(f);’~'>‘
() - w(©)|| g (Tg(6)57) |

< Ca|Ua() + () ~TUgle) - (O]
+Cy(r = Amin{[T5(€) + w(§) — P~|, [T+ w(&) - P*|}
+Co|To(€) = Tg(©)| + Car — Pmin{|T5(6) ~ P, [T, - P*|}
()| To(€). ) — T5(6). 7)| + [2(6) — w(©)|

< 262|U0(6) = Tpl&)| + (1 + Co)|@(6) - W(g)|

(14 W) Calr — Pmin{ [T(6) = P1,[T5 — P}

+(©)I[|Ta(€) ~ Tg(©)| + | — 7]
(4.6.52)
Since Uy decays exponentially to its limits, we can pick 0 < § < 1 in such a way that
for each f € R with | — 6| < § and each ¢ ~'Z we have the bound

|U‘9(§) - U§(§)| S mln{ 30(?52\7“ ) 30(||q>‘|ylj\j+l)2|”\ } (4653)

This yields the estimates
2050 Ceep12|U0(6) - Ug(6)|
P Ceep 121001 Ta(6) - Ty()| <

Moreover, similarly to (4.6.33)) we pick Cy > 0 in such a way that the pointwise estimate

IN
o

(4.6.54)

(Sl

mind [T5(€) = P1,[T5(6) — PH|} < Lyl (4.6.55)

holds for any € € R and any 6 € R with |§ — 0| < 0. As such we can pick C5 > 0 in
such a way that the bound

Imin{ [T5 = P71, 1T = P*{}ly < Cs (4.6.56)

holds for any 6 € R with | — 0] < 4.
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Then we obtain for each triplet (¥,6,7) € Vi X Rx (0,1) with [|® — Yllyr <

min{1, M}, |0 — 0] <6 and |r — 7| < min{ SATCC0 5(\|<I>||§;M+1)} that

||d/\~/||yA4 = ||[~/\70(CD;97T)] - [-/\7'0(\1/;@7 F)]H)}M

é % + (1 + 02) 5(1ic2) + (]. + Cl)C375(1+Cf)C3C5 05 (4 6 57)

+% + H(I’HyMWM-H)
< e

Therefore, the function N is continuous in the point (®,0,r), which yields the desired
result. ]

Proof of Proposition[].6.1. Recall the constants Cyuir > 1 and M ,i¢ € My, together
with the bounds (4.6.11) and (4.6.12). We let C' > 1 be the constant from Lemmas
4.6.3 For any 0 < 04 < 1 and 0 < d. < 1 we introduce the space

Zs.6, = (@) ERX YLy tle—To| < 50 and [®fys | <305}, (4.6.58)

together with the map

T5c,5¢ : ch,gd) — R x y,;M,
Vit [Ra(@o — e, ®) + R (9:6,7) + (0, M)
(c,;®)
Viara [Rale, ) + Ru(@:0,7) + Re(6,M)]
(4.6.59)
Upon setting
fixing M, € My with M, > My in such a way that the bound
M~ < we—e (4.6.61)
holds for all M € M, with M > M,, together with the constant
o = 3203,,“0545’ (4.6.62)

we use Lemmas to compute

1T 0 (e ®)lxyy,, < Cunit[le = ol [Pk @y,
+Clr =71 + Cll@lly, 1 lly; ,, +CM~]
< Cunit [|c —all®lly;,, +Clr =7l +Cllel3, + CM*}
< Cunit| 1589 + Croeime % + Crizinod + Cractns ]

1096
(4.6.63)
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for any (c,®) € Z5.5,, any 6 € R, any r € [F —4,,7 +,] and any M € M, with
M > M,. As such, we have Ts_s;,(c,®) € Zs,5,. Moreover, using Lemma we
obtain the estimate

dT' = ||Ts,s,(c1, 1) = Ts, 5, (c2, @2)lmxyy ,,
< 2Cumit {5¢|C1 — ca| + 26 [|®y — ‘I)2||y,1M

+Cr = 71121 = @y , + Cooll@1 — ol |

IN

2C it {ﬁkl - 02| + 2%”@1 — (I)QHy;’M (4664)

+Cqa,me 101 = 2lly; |, + Cogroll®1 — ‘I’QH%,M]
= qgler —cal + 51 @1 = Pallyy

< gllen, @1) = (e2, @2)llrxyy s

for any (c1,®1), (c2, ®2) € 25,5, any 0 € R, any r € [T — §,,7 + J,] and any M € M,
with M > M,, which shows that Tj, s ,» 1s a contraction. The fixed point theorem now
implies that the map 75, s,, and therefore the fixed point problem , has a unique
fixed point (c},(0,7), ®3,(6,7)). By construction the pair (car(6,7),Un(6,7)) =
(C*M 0,7),Ug + ®4,(0, r)) satisfies with the boundary conditions .

The solution to this fixed point problem depends continuously on the parameters
(0,7) on account of Lemma and our observations concerning the continuity of the
functions 6 — 7j /.o and 6 — Vi /. In addition, the normalisation @ follows
from the normalisation of the function Vi, M6 in Proposition Finally, it is clear
that the pair (¢}, (0 +p~',r),®3,(0 +p~t,r)(- —p~')) is also a solution to the fixed
point problem , which by the uniqueness of solutions yields the shift-periodicity
EZ30. .

4.6.2 Local uniqueness of solutions

We now turn to the uniqueness claim in the statement of the main theorem. The main

issue is to obtain the decomposition (4.6.66) below. Indeed, this implies that (4.2.39)
ensures that (¢, U, 0) is captured by the fixed point argument associated to the phase

0.

Proposition 4.6.7. Assume that (HS1) and (HS2) are satisfied and pick T in such a

way that (H, (H and (H are satisfied. Fix a pair of integers ¢ > 1 and
1 < k < 6. Then there exists a small constant 6 > 0 so that for each M = % e M,

with M > M, and any (c,U,0) € R x {*(p~1Z;R) x R that satisfies
U — UeH%M < 4, (4.6.65)

the function U can be decomposed as

U = 7TyMU0~+<I> (4.6.66)
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for some ® € y,;M with (my, @5, ®)y,, =0 and some 0 close to 0.

Using a Taylor approximation we can pick for each 6 € R a sequence {G (™ n) tnez,
with (5(p~'n) in between p~'n + 6 and p~'n + 6 for each n € Z in such a way that

Us(€) =Ty = (0—0)Tp(€) + (6 —0)2T,((6)) (4.6.67)

holds for all ¢ € p~!Z. For 6 € R we denote 6 for the unique element of [0, 1) which
has@—@o € Z and pick n € Z in such a way that 6y = 6§ — n. For any 6 € R with
|§ — 6] < 1 we can compute

— _ — _
<7T37M UeaﬂyMcI)g >37M = <7T37M U@o’ﬂ—yM¢§_nh>yM' (4668)

Lemma 4.6.8. Assume that (HS1) and (HS2) are satisfied and pick 7 in such a way
that (H$3), (HWls) and (HWRF) are satisfied. Fiz a pair of integers ¢ > 1 and
1 <k < 6. Then there exists a constant £ > 0 in so that for any M € M, with
M > M, and any pair (6,0) € R x R with |6 — 0] < 1 we have the lower bound
— B
<7T)7M Ué)v TYm (I)g >yM > I (4669)

K

Proof. On account of Lemma [4.5.10 we can pick constants C7; > 0 and a > 0 in
such a way that the bounds

Ty < Crekl,
Tl < e, (4.6.70)
|Dg (6)] < Cre @kl
[(®5) (&) < Cre el

hold for all ¢ € R. For any § € R with |§ — 6] < 1 we hence obtain
o (&) < Cre—oléti-nl < Cpeolf-nlg=alel < (Cpe2ac—alél (4.6.71)

which yields
||(I)9j_n||BC_a(R;R) < C’162a. (4672)

A similar computation provides the bounds

IN

61162047
-/
1U gl BO_o (R:R) Cre*, (4.6.73)

||(<I’~ )||BC SRR S Cre*.

—/
1Ug, |l BC_ o (RiR)

IN

On account of Lemma and the fact that (UO, 0 )L2(Rjrd) > 0, we can assume
without loss of generality that M, is large enough for the bound

_ -
(M Uos myn @5 )y > (4.6.74)
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to hold for all M € M, with M > M,, all € R, all § € R with |§ — 0] < 1 and for
some constant x > 0, as desired. n

Fix a small constant 0 < 8 < 1. In order to find a 6 close to € in such a way that
<Q) - 7r37MUév TryM(D9?>yM = 0, (4675)

we aim to solve the fixed point problem

0—0 = Fys,(0)

— o — _
= _<7ryM Uy, 7ryM(I)9“ >y,}4 [((I) =Ty U, Ty, (I)g >yM (4.6,76)

+(0 - 9)2<7ryMU/9/ (Cé('))vﬂyM q>9j>yM}
on the space [0 — &y, 0 + dg].
Lemma 4.6.9. Assume that (HS1) and (HS2) are satisfied and pick 7 in such a way

that (H, (H and (H are satisfied. Consider the setting of Proposition
[4.6.7] Then there exist constants Co > 0 and C3 > 0 so that the bound

Foy (@) < r[6Cs +53Cy| (4.6.77)

holds for all 6 € [0 — 85,0 + 8.

Proof. For 0 cRand M € M, with M > M, we can estimate

—1 _ _ —1 _
{myn Ug (C5())s ™0 @5 00| < 1 1§ZZ\U0(C§(€))H‘I’§(§)I
ep—1
— _
< NUpllee@mp™ 2 125 ()]
-/ 5617_12
= Tl map X195 (©)
gep~1z
—// n
< IIUolle(R;R)p’l S Creelétool (4.6.78)
— sep iz 5
< N0gllee@ryp™ > Ce*foe—alél
— gepmiz
< Cie*?||[Ugllpe@mp™ X ek
Eep~1Z
< Oy

for some constant Cy > 0, since p~! 3> e ¢l is bounded as p — oo. A similar
§€Ep1L
calculation yields the existence of a constant C's > 0 for which the bounds

||7TyMcI)gj HyM < CSa (4 6 79)
., .6.
||7TyJWUé||yM < (3
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hold for all § € R and M € M, with M > M,. The Cauchy-Schwarz inequality now
yields the bound

|Fos,(0)] < n[éC’ng(@fé)zCQ] < H[acﬁagcg} (4.6.80)

for all 6 € [0 — &g, 6 + ). .

Lemma 4.6.10. Assume that (HS1) and (HS2) are satisfied and pick T in such a way
that (H$3), (HWlz) and (HW25) are satisfied. Consider the setting of Proposition
[£.6.71 Then there exist constants Cy > 0 and C7 > 0 so that the bound

|Fo50(01) = Fos, (1)) < ]2 — 65 [504 + 5907} + K2C5C,|0; — s [503 + agcz}
o (4.6.81)
holds for all 61,05 € [0 — g, 6 + dg].

Proof. Fix 9~1, 0, € [0 — g, 0 + dg] and write

6, = (61)o+n (4.6.82)

with (91)0 € [0,1) and n € Z. Using a Taylor approximation we pick a sequence
{C(€) : € € p~1Z} in such a way that ((€) is in between € + (61)o and & 4 65 — n and
we have the identity

(@, = 2-n)©) = ((B1)o = (@2 —m))(@ ) () (4.6.83)

= (6 —92>( )'(<(£>)
The Cauchy-Schwarz inequality now yields the estimate
d% = |<‘I) - 71'3;]\4?9,773}1\4 ((1)9?1 o (ng)>yM|2
< Flpt X e, -, )©)P
[ tep-1Z 01 02 :|
=t s e, -, )@F
|: ccp—1Z (01)0 02—n }
= [p‘l > (6, —92>(<I>gz,n)’(c<£))|2] (4.6.84)
Eep1Z
52‘51—9~2|2{p_1 > cle—m\c(s)q
Eep~17Z

0152|§1—§2|2[p_1 > 6—204‘6‘6204(1-‘4-69)}
gep—t

IN

IN

< (Ca)?6%|01 — bo)?

for some constant Cy > 0, since dp < 1 and p~' 3. e 2l is bounded as p — oo.
fep L
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Moreover, we obtain the estimate

dy = ‘(9 _é1)2<7TyMU/0~/1 (C§1(.))’ﬂy’”q)9j1>yM
—(6— 52)2<7TyMU/9/(C§2(‘))77T)1M ‘I’g;)yM‘
< (0 - 51)2 H <7TyMUI§/1 (<§1 ()) - 7rlVMng (Céz ())’ TV (1)9?1 >yM

- (4.6.85)
{0 T5, (66, 00)s 730 7, = 790007, |
(102 = 01+ 102 = 01]18: = Bal| my,, T (63, () 7940 07, )9
< 03[ds + di + 200101 — 02(C,
where we introduced
ds = ‘(WyMUg(Cél(')) — U0 (G, ())s T3 5 ) | (46.56)
dy = ‘<7TyMUg(Cél('))»7fyM‘I’9fl NN SRR a

Again using a Taylor approximation we pick a sequence {¢(¢) : € € p717Z} in such
a way that () is in between & + (1) and & + 62 —n and we have the identity

The definition (4.6.67)) of (5 and (;, and the Cauchy-Schwarz inequality allow us to

estimate

_ ~ ., 2
B = |ty s, = Tg, + 01— 02)T), 7, @5 )|
< 18— BP(C) + (G S 1B - BT, ()P (46.89)
5 B Eep~1z
< (C5)*|61 — 62

for some constant Cs > 0 using a calculation similar to (4.6.84])). Moreover, upon
combining the ideas behind (4.6.78]) and (4.6.84]) we arrive at

dy < Csl0 — 05 (4.6.89)

for some constant Cg > 0. This yields the bound

dy < 63 [d3 + d4} + 269|601 — 05]Cs
< 83101 — ] [Cs + Co] + 260161 — 02 (4.6.90)
< Cr04|61 — 65

for some constant C'; > 0. The Cauchy-Schwarz inequality combined with the estimate

[@6.84) yields
— B B
ds = |<7T)/M Uev TYnm CI)Q”I — TYm (I)§2>yM |

R (4.6.91)
< C3C4)6, — 62
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We therefore can estimate

— -1 — -1
dg = ‘<7TyMU077TyM(b§1>yM - <7T37MU077T37M¢)§2>)}M
_ _ __ds _ ‘ (4.6.92)
<7TyMU9,7Ty1W<I)9.1>yM<7Ty1\/IU9,7TyM‘I>9.2>yM

S H2C3C4‘él — ég|

Combining all these estimates yields

[Bo(00) = Fogy )] < w[dy 4] +do [5C5 + 530,
< k|6 — s [504 + 5007} + K2C5Ca|6) — 6] [503 + 5302} .
(4.6.93)
u
Proof of Proposition[{.6.7. Upon fixing

59 = min{l’ 2R1C'2 ’ 8&1077 8&20210304 }’

5 s L . (4.6.94)
= min{ 2kC3 * 8rCy * 8RZ(C3)2C, 2

we obtain, using Lemma and Lemma [4.6.10} for any 0, 6;,05 € [0 — b9, 0 + 69| the

estimate }
Foss(@) < k[0Cs+83Ca] < a0, (4.6.95)

together with

IA

|F9’59 (9~1> — F9,59 (ég)‘ Ii|9~1 — ég| {(504 + (5907} + K203C4|¢§1 — ég‘ {603 + (5302}

1101 — 05].

A

(4.6.96)
Therefore, the map Fy 5, maps [0 — dg, 0+ dp] into itself and is a contraction, so that the
fixed point problem (4.6.76 has a unique solution 6. By construction this 6 satisfies
the property that upon defining

® = U-U; € Vi (4.6.97)

we have the identity
<7Ty1\4 (1)9?7 (I)>yM = 0. (4698)
n

Proof of Theorem |4.2.1] The items (i)-(iii) follow from proposition Let § > 0
be the constant from Proposition fix M =2 € M, with M > M, and fix a triplet

c,U,0) € R x £>°(p~1Z,R) x R that satisfies (4.2.34) and (4.2.39). With Proposition
h 2

7lwe fix a § € R close to 6 in such a way that U can be decomposed as

U = 7TyMU9~—|—(I) (4.6.99)
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for some ® € ) 5, with (M @5, @)yy, = 0.
Using a Taylor approximation as before, we note that
IT6 = Tgllper mmy < 216 —6]Cre. (4.6.100)
On account of Lemma [4.A.1| we pick a constant C; > 0 in such a way that

1®lly,, < NU="0Uslly:,, +1IUs = Usllyy ,,

< d+CillUg — Ugllper  mem)

< 6+ C12|0 — 6|Ce (4.6.101)
< 5+ C2C1€%296

= 0+ Cadyp.

Recall the constant C\yir from (4.6.11)) and we let C > 1 be the constant from Lemmas
Now we decrease dg > 0, while letting § > 0 be given by (4.6.94)), in such a

way that

6 = 232‘37
Clunit {6 + 0269} < 3 (4.6.102)
20wt C [0+ Cady] < 4a.
In particular, we see that
[@llyr,, < 6+C2bs
-5 {1 + 0225;03} (4.6.103)

= 035
Inspecting the first line of the fixed point problem (4.6.22f), yields that we can write
G-c = (@, é(Dk,be) Y é(RB@; d,r) + R, M)). (4.6.104)

Since we assumed Cunie[[®[lyr =< % we can solve this equation for ¢ = ¢(®) as

—1 - -
o—c®) = [T 5 (Pa®)] 570 (Re@:0,1) + Ro(@, M),
(4.6.105)
Finally, our earlier estimates yield

Co — c(®) < 20umiC [@ Oy + M*l}
< Lo+ 15+ L4, (4.6.106)
< 36
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Therefore, we see that (c(®), ®) € Z;5, 5, and that T, 5, (c(®), ®)
c

uniqueness of the fixed point of Ts_ s5,, we obtain ¢(®) = }‘W(é, r),®
implies

(¢(®), ®). By the
= ®%,(,r), which

c = cpm(0,r), U = Un(0,r) (4.6.107)

as desired. n

4.A Auxiliary results

In this section we collect several useful results that we use throughout this paper. The
first three results concern the sequence spaces Vs and yk s and their associated inner

products (4.3.5) -

Lemma 4.A.1 ([IT1} Lem. 3.1)). Fiz a pair of integers 1 < k < 6 and q > 1, together
with a constant n > 0. Then there exists a constant C > 1 for which the bounds

A

H7Tny||yM = CllfHBCfn’

(4.A.1)
lmys 9lvr,, < Cllgllser,

hold for all M € Mg and all functions f € BC_,(R;R) and g € BC!, (R;R).

Lemma 4.A.2 ([I11, Lem. 3.4]). Fiz an integer ¢ > 1. Then there exists C > 1 so
that the bound

|(f, 9) Le@ray — Ty fr Ty Dyns| < CM_lHf”BCin(R;]Rd)Hg”BCin(R;Rd)
(4.A.2)
holds for all M € M, and all functions f,g € BCL, (R; R%).

Lemma 4.A.3 ([111, Lem. 3.5]). Fiz an integer ¢ = 1. For any M =2 € M, the

operators Jy; and ._7,€17M defined in are isometries between YV and Hy and
between y,;M and H,IC,M respectively.

The following results can be seen as the fully discrete generalizations of the well-
known facts

() = 0, (Whu) < 0 (4A.3)

that hold for smooth, localized functions u. When dealing solely with nearest-neighbour
interactions as in [I11] the inequality (AP, ®)y,, < 0 follows immediately from the
Cauchy-Schwarz inequality. However, in our setting, some of the coefficients aj may
not be positive definite, preventing us from taking them out of the inner product. This
motivates the indirect approach that is taken in the proof of Lemma [L.A5]

Lemma 4.A.4 ([I11, Cor. 3.15]). Fiz a pair of integers 1 < k <6 and q > 1. There
exists a constant K > 1 so that for all M € My and all ® € 7-[;1€7M we have the bound

(@, Dp @y | < KM Dpm®ll3,,- (4.A.4)
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Lemma 4.A.5 (cf. [I11, Lem. 3.13]). Assume that (HS1) is satisfied. Fix an integer
q > 1 and pick M € M,. Then the bound

(Ap®, @)y, < 0 (4.A.5)
holds for each ® € H ;.

Proof. Pick ® € H s and define the stepwise interpolation function ® € L2 (R; RY)
by setting

P(E+CM P +e) = @(¢€) (4.A.6)
forEe M7, ¢ € q*1Z2 U{0} and 0 < e < M~'q~'. Upon recalling that
o= B, nM~t = 1-9M~! (4.A.7)
and observing that
1 = plgt = ((p—ng)+ng)M g, (4.A.8)

we may compute
Tyd(e+ (MY = d(E+CM +m)

= B(E+mnM 4 (C+m(p—ng)g )M)
(

= ®(C+mp—ng)g ', E+mnM1) (4.A.9)
- (C+m19,§+m—m19M_)
= T3¢ ¢)

for arbitrary € € M~'Z, ¢ € q—lzg U {0} and m € Z. In particular, for m € Z we
obtain the identity
(15", &) p2mmay = ¢ 'M7' Y > (TR (E+ M), (6 + M) o
EEM 1L Ceq—1Z3U{0}

= ¢ ‘Mt ¥ > (THP(C€),2(C,8) )pa

§eM—1Z¢eq~25U{0}
= <TJ7\7/11(I)’ ) -
(4.A.10)
We hence obtain

(80P, @) popmay = T Zo O [(T®, ®) 2y + (T5 "' ®, B) p2mpey
m> .
_2<(I)7 (I)>L2(R;]Rd)}
T Z O [(TX’}@, (I)>7'lM + <T]\}m(1), q)>7-lM - 2<(b’ CI)>HM]

m>0
(4.A.11)
The desired result now follows from [6], Lem. 2.1]. L]

We now show that Ky, s approaches K, 9 in a more rigorous fashion. The infinite-
range interactions cause complications here, because we need to interchange a limit and
an infinite sum. For M € M, we introduce the notation ¢(M) to refer to the value of

0 in (4.3.20) with M = M.
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Lemma 4.A.6. Assume that (HS1) is satisfied. Fix an integer ¢ > 1 and consider any
sequence {Mj}jen in Mg with the property that lim;_,oc M; = co and 9(M;) =0 for
all j € N and some 9 € q7'Z, \ {0}. Then for any Z € C°(R; (2 ) CCE(R; 42 )

17g,Lj00
we have the limit

;s ool|Ar, Z = DgwZr2we ) = O (4.A.12)

L)

Proof. Fix any test function Z € C°(R; Zg’J_;OO) C C(R; Zg’J_) and pick a suffi-
ciently large p € N for which supp(Z) C [—pu, u]. Without loss of generality we assume
that [|Z]| 22 ) =1. Pick € > 0, together with K € Z, in such a way that

T 2 Aan| < & (4.A.13)
m>K—pu
Moreover, by the strong continuity of the shift-semigroup [61, Example 1.5.4], we can
pick J € N in such a way that for each j > J and each |m| < 4K + 4l we have the
bound

a3} Z = T Z 2 ) = Tlaml|Z(+mn M) = Z(+m)| 2@ |

< BLIR)
(4.A.14)
together with
;M1 —1] < 4. (4.A.15)

Here we introduced n; for the value of n in (4.3.20) with M = M;. Fix j > J. Since
supp(Z) C [—p, p], we obtain

M 206 = BoZ(€) = T 5 an[ZE—mmM;) = Z(E—m)]  (@Aa16)

for any ¢ > K, which allows us to estimate

|Ang, Z — Aq’ﬁZ”L"’((K,oo),Z;L) < Tm>;_u2|am‘HZ”LZ(R’Z;l) < £
(4.A.17)
A similar computation yields
15
”AM]'Z - Aq,ﬁZHLz ((7007710,43#) < I (4.A.18)

Finally, for € € [-K, K] we see that
4l4+4K
B, 2(6) = BgoZ(€) = 7 X om (206 + mn; ;) — 26+ m)
+2(¢ = mn; M) = Z(6—m)|

4l+4K
T% aw TR Z(€) ~ TPy 2(6) + T 2(6) — T, 2(9)|.

m=1
(4.A.19)
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On account of (4.A.14)), we can, hence, estimate

4l14+4K

|An, Z — A‘WZHB([_K,K],Z;J < T 7n2:1 |t | ||TﬁjZ — Tc;,nﬁZHB(R,Z;L)
T3 2 - T3 2 e |
- £
5
(4.A.20)
Combining these estimates yields the bound
1AM, Z - Aq,ﬁZ”LQ(R,e;L) < & (4.A.21)

from which the desired limit follows. n
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