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Chapter 3

Travelling waves for spatially
discrete systems of
FitzHugh-Nagumo type with
periodic coefficients

This chapter has been published in SIAM Journal on Mathematical Analysis 54(4)
(2019) 3492-3532 as W.M. Schouten-Straatman and H.J. Hupkes “Travelling waves for
spatially discrete systems of FitzHugh-Nagumo type with periodic coefficients” [I51].

Abstract. We establish the existence and nonlinear stability of travelling wave
solutions for a class of lattice differential equations (LDEs) that includes the discrete
FitzHugh-Nagumo system with alternating scale-separated diffusion coefficients. In
particular, we view such systems as singular perturbations of spatially homogeneous
LDEs, for which stable travelling wave solutions are known to exist in various settings.

The two-periodic waves considered in this paper are described by singularly per-
turbed multicomponent functional differential equations of mixed type (MFDEs). In
order to analyze these equations, we generalize the spectral convergence technique that
was developed by Bates, Chen and Chmaj to analyze the scalar Nagumo LDE. This al-
lows us to transfer several crucial Fredholm properties from the spatially homogeneous
to the spatially periodic setting. Our results hence do not require the use of comparison
principles or exponential dichotomies.
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Key words: Lattice differential equations, FitzHugh-Nagumo system, periodic coeffi-
cients, singular perturbations.
3.1 Introduction

In this paper we consider a class of lattice differential equations (LDEs) that includes
the FitzHugh-Nagumo system

Uy = dj(ujen w1 = 2uy) + g(ugsag) — w;,
! T ’ ’ nen (3.1.1)
wj = pjluj —jw;]
with cubic nonlinearities
g(u;a) = u(l—u)(u—a) (3.1.2)

and two-periodic coefficients

(5727(10,007’70) for odd j,

(0,00) X (Oa 1) X (Oa 1) X (0,00) > (djaajapj;'}/j) = ’
(17 ae>pea'ye) fOY even j.

(3.1.3)
We assume that the diffusion coefficients are of different orders in the sense 0 < ¢ < 1.
Building on the results obtained in [I08], [I09] for the spatially homogeneous FitzHugh-
Nagumo LDE, we show that admits stable travelling pulse solutions with sepa-
rate waveprofiles for the even and odd lattice sites. The main ingredient in our approach
is a spectral convergence argument, which allows us to transfer Fredholm properties
between linear operators acting on different spaces.

Signal propagation The LDE (3.1.1) can be interpreted as a spatially inhomoge-
neous discretisation of the FitzHugh-Nagumo partial differential equation (PDE)

U = Uge +g(usa) —w,
(3.1.4)
wy = p[u - ryw] ;

again with p > 0 and v > 0. This PDE was proposed in the 1960s [74] [76] as a
simplification of the four-component system that Hodgkin and Huxley developed to
describe the propagation of spike signals through the nerve fibers of giant squids [98].
Indeed, for small p > 0 admits isolated pulse solutions of the form

(u,w)(z,t) = (To,Wo)(x + cot), (3.1.5)
in which ¢ is the wavespeed and the waveprofile (g, W) satisfies the limits

|€§]—o0
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Figure 3.1: (a) Simplified representation of the system as an electrical circuit in a
nerve fiber, analogous to [24, Fig. 1.11]. In this paper, the resistances R, and R, as well as
the capacitances C, and C. in the cell membrane alternate between the even and odd mem-
branes. The resistivity of the intracellular fluid R is constant. (b) Schematic representation
of the u-component of a travelling pulse for the system , which alternates between two
waveprofiles.

Such solutions were first observed numerically by FitzHugh [75], but the rigorous
analysis of these pulses turned out to be a major mathematical challenge that is still
ongoing. Many techniques have been developed to obtain the existence and stability
of such pulse solutions in various settings, including geometric singular perturbation

theory [31), 07, 117, 119], Lin’s method [32] [33] [124], the variational principle [36] and
the Maslov index [46, [47].

It turns out that electrical signals can only reach feasible speeds when travelling
through nerve fibers that are insulated by a myelin coating. Such coatings are known
to admit regularly spaced gaps at the nodes of Ranvier [I43], where propagating signals
can be chemically reinforced. In fact, the action potentials effectively jump from one
node to the next through a process called saltatory conduction [127]. In order to include
these effects, it is natural [123] to replace (3.1.4) by the FitzHugh-Nagumo LDE

Wy = pluy —yw].
In this equation the variable u; describes the potential at the node j € Z node, while
w; describes the dynamics of the recovery variables. We remark that this LDE arises
directly from (3.1.4) by using the nearest-neighbour discretisation of the Laplacian on
a grid with spacing € > 0.

In [I08][109], Hupkes and Sandstede studied (3.1.7) and showed that for a sufficiently
far from % and small p > 0, there exists a stable locally unique travelling pulse solution

(uj,wj)(t) = (@,w)(j+ct). (3.1.8)
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The techniques relied on exponential dichotomies and Lin’s method to develop an
infinite-dimensional analogue of the exchange lemma. In [69], the existence part of
these results was generalized to versions of that feature infinite-range discretisa-
tions of the Laplacian that involve all neighbours instead of only the nearest neighbours.
The stability results were also recently generalized to this setting [I50], but only for
small € > 0 at present. Such systems with infinite-range interactions play an important
role in neural field models [15] 23], [24] [T42], which aim to describe the dynamics of large
networks of neurons.

Our motivation here for studying the 2-periodic version of the FitzHugh-
Nagumo LDE comes from recent developments in optical nanoscopy. Indeed,
the results in [50} [51], [T65] clearly show that certain proteins in the cytoskeleton of nerve
fibers are organized periodically. This periodicity turns out to be a universal feature
of all nerve systems, not just those which are insulated with a myelin coating. Since
it also manifests itself at the nodes of Ranvier, it is natural to allow the parameters in
to vary in a periodic fashion. This can be understood by considering the generic
circuit-models that are typically used to model nerve axons; see Figure

The results in this paper are a first step in this direction. The restriction on the
diffusion parameters is rather severe, but the absence of a comparison principle forces
us to take a perturbative approach. We emphasize that the scale separation in the
diffusion coefficients means that there is no natural continuum limit for that
can be recovered by sending the node separation to zero.

Periodicity Periodic patterns are frequently encountered when studying the be-
haviour of physical systems that have a discrete underlying spatial structure. Examples
include the presence of twinning microstructures in shape memory alloys [I7] and the
formation of domain-wall microstructures in dielectric crystals [I58].

At present, however, the mathematical analysis of such models has predominantly
focused on one-component systems. For example, the results in [39] cover the bistable
Nagumo LDE

= dj(ujpr +ujo1 — 2uy) + g(uy;a;) (3.1.9)

with spatially periodic coefficients (d;,a;) € (0,00) x (0,1). Exploiting the comparison
principle, the authors were able to establish the existence of stable travelling wave so-
lutions. Similar results were obtained in [89] for monostable versions of (3.1.9)).

Let us also mention the results in [65] [67, [I00], where the authors consider chains
of alternating masses connected by identical springs (and vice versa). The dynamical
behaviour of such systems can be modelled by LDEs of Fermi-Pasta—Ulam type with
periodic coefficients. In certain limiting cases the authors were able to construct so-
called nanopterons, which are multicomponent wave solutions that have low-amplitude
oscillations in their tails.
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In the examples above, the underlying periodicity is built into the spatial system
itself. However, periodic patterns also arise naturally as solutions to spatially homoge-
neous discrete systems. As an example, systems of the form with homogeneous
but negative diffusion coefficients d; = d < 0 have been used to describe phase tran-
sitions for grids of particles that have visco-elastic interactions [29] [30] [159]. Upon
introducing separate scalings for the odd and even lattice sites, this one-component
LDE can be turned into a 2-periodic system of the form

ifj = de(wj +wj_1 — 2”]’) - fe(vj)7 (3 1 10)
wj = do(vj+1+’l]j—2wj) _fO(wj)

with positive coefficients d. > 0 and d, > 0. Systems of this type have been analyzed in
considerable detail in [26] [160], where the authors establish the co-existence of patterns
that can be both monostable and bistable in nature.

As a final example, let us mention that the LDE with positive spatially ho-
mogeneous diffusion coefficients d; = d > 0 can admit many periodic equilibria [129].
In [I06], the authors construct bichromatic travelling waves that connect spatially ho-
mogeneous rest-states with such 2-periodic equilibria. Such waves can actually travel
in parameter regimes where the standard monochromatic waves that connect zero to
one are trapped. This presents a secondary mechanism by which the stable states zero
and one can spread throughout the spatial domain.

Wave equations Returning to the 2-periodic FitzHugh-Nagumo LDE (3.1.1f), we use
the travelling wave Ansatz

(To,W,)(j + ct) when j is odd,
(u,w);(t) = (3.1.11)
(Ue,We)(j + ct) when j is even,

illustrated in Figure to arrive at the coupled system
@y(€) = H(W(E+1) +e(€—1) — 2o(€)) + 9(@o(€): a0) — Wo(£),
C@:)(f) = po[ao(g) - ’yowo<§)]7
caig(§) = (Uo(§+1)+Uo(§ —1) = 20c(§)) + g(Te(§); ac) — We(S),
v (§) = pelte(§) — vewe(E)]-

Multiplying the first line by £? and then taking € | 0, we obtain the direct relation

o) = g[Ue(€+1) +T(E~1)], (3.1.13)

which can be substituted into the last two lines to yield

a,(€) = 5(We(€+2) +T(€—2) —2(€)) + g(Te(€); ac) — We(€),
CE/@(E) = pelte(§) — veWe(§)]-

(3.1.12)

(3.1.14)
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All the odd variables have been eliminated from this last equation, which, in fact,
describes pulse solutions to the spatially homogeneous FitzHugh-Nagumo LDE (3.1.7)).
Plugging these pulses into the remaining equation, we arrive at

W, (&) + povoWo(§) = Fpolte(&+1) +Te(€—1)]. (3.1.15)

This can be solved to yield the remaining second component of a singular pulse solution
that we denote by -
Uo= (HO;OawO;Oaﬂe;OawaO)' (3116)

The main task in this paper is to construct stable travelling wave solutions to (3.1.1))
by continuing this singular pulse into the regime 0 < ¢ < 1. We use a functional an-
alytic approach to handle this singular perturbation, focusing on the linear operator
associated to the linearization of with € > 0 around the singular pulse. We
show that this operator inherits several crucial Fredholm properties that were estab-
lished in [T09] for the linearization of |i around the even pulse (He;o,ﬁe;o).

Our results are not limited to the two-component system (3.1.1). Indeed, we con-
sider general (n+ k)-dimensional reaction diffusion systems with 2-periodic coeflicients,
where n > 1 is the number of components with a nonzero diffusion term and k& > 0 is
the number of components that do not diffuse. We can handle both travelling fronts
and travelling pulses, but do impose conditions on the end-states that are stronger than
the usual temporal stability requirements. Indeed, at times we will require (submatri-
ces of) the corresponding Jacobians to be negative definite instead of merely spectrally
stable. We emphasize that these distinctions disappear for scalar problems. In partic-
ular, our framework also covers the Nagumo LDE , but does not involve the use
of a comparison principle.

Spectral convergence The main inspiration for our approach is the spectral con-
vergence technique that was developed in [6] to establish the existence of travelling
wave solutions to the homogeneous Nagumo LDEE| (3.1.9) with diffusion coefficients
dj =1/? > 1. The linear operator

L) = av'(§) = & [v(€+9) +v(E — ) = 20(9)] — qu@o(Eia(©)  (3.117)

plays a crucial role in this approach, where the pair (cp,%g) is the travelling front
solution of the Nagumo PDE

e = Uy + g(u;a). (3.1.18)
This front solutions satisfies the system

cotip(§) = u(§) +9(m§);a),  Uo(=o0) = 0,  TUp(+00) =

)

1
(3.1.19)

1The power of the results in [6] is that they also apply to variants of (3.1.9) with infinite-range
interactions. We describe their ideas here in a finite-range setting for notational clarity.



3.1. INTRODUCTION 139

to which we can associate the linear operator

[Lovl(€) = cov'(€) = 0"(€) — gu(W(E): a)0(6), (3.1.20)

which can be interpreted as the formal ¢ | 0 limit of (3.1.17)). It is well-known that
Lo+ 6 : H? — L? is invertible for all § > 0. By considering sequences

wj = (Le; +0)v;,  vjllyn = 1L, & — 0 (3.1.21)
that converge weakly to a pair
woy = ([,0 + (5)’00, (3122)

the authors show that also L. + 6 : H' — L? is invertible. To this end one needs to
establish a lower bound for ||wo||, -, which can be achieved by exploiting inequalities of
the form

(v(-+e)+v(-—e) —2v(-), v(-)>L2 < 0, (W' )2 = 0 (3.1.23)
and using the bistable structure of the nonlinearity g.

In [I50], we showed that these ideas can be generalized to infinite-range versions of
the FitzHugh-Nagumo LDE . The key issue there, which we must also face in
this paper, is that problematic cross terms arise that must be kept under control when
taking inner products. We are aided in this respect by the fact that the off-diagonal
terms in the linearisation of are constant multiples of each other.

A second key complication that we encounter here is that the scale separation in
the diffusion terms prevents us from using the direct multicomponent analogue of the
inequality . We must carefully include e-dependent weights into our inner prod-
ucts to compensate for these imbalances. This complicates the fixed-point argument
used to control the nonlinear terms during the construction of the travelling waves. In
fact, it forces us to take an additional spatial derivative of the travelling wave equations.

This latter situation was also encountered in [T12HIT4], where the spectral conver-
gence method was used to construct travelling wave solutions to adaptive-grid discreti-
sations of the Nagumo PDE (3.1.18]). Further applications of this technique can be
found in [IT1], 152], where full spatial-temporal discretisations of the Nagumo PDE
(3.1.18) and the FitzHugh-Nagumo PDE are considered.

Overview After stating our main results in §3.2] we apply the spectral convergence
method discussed above to the system of travelling wave equations in and
§3.4l This allows us to follow the spirit of [6, Thm. 1] to establish the existence of
travelling waves in In particular, we use a fixed point argument that mimics the
proof of the standard implicit function theorem.
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We follow the approach developed in [I50] to analyze the spectral stability of these
travelling waves in In particular, we recycle the spectral convergence argument to
analyze the linear operators £, that arise after linearizing (3.1.12)) around the newfound
waves, instead of around the singular pulse U defined in (3.1.16)). The key complication
here is that for fixed small values of € > 0 we need results on the invertibility of £, 4+ A
for all A\ in a half-strip. By contrast, the spectral convergence method gives a range
of admissible values for € > 0 for each fixed A\. Switching between these two points of
view is a delicate task, but fortunately the main ideas from [I50] can be transferred to
this setting.

The nonlinear stability of the travelling waves can be inferred from their spectral
stability in a relatively straightforward fashion by appealing to the theory developed in
[109] for discrete systems with finite range interactions. A more detailed description of
this procedure in an infinite-range setting can be found in §2.7)2.8

3.2 Main results

Our main results concern the LDE
wj(t) = djDlujpa(t) +uj1(t) = 2u;(8)] + f(ui(t), wy(t)),
wj (t) = 9j (U’j (t)v wy (t)) )

posed on the one-dimensional lattice j € Z, where we take u; € R" and w; € R¥ for
some pair of integers n > 1 and k£ > 0. We assume that the system is 2-periodic in the
sense that there exists a set of four nonlinearities

(3.2.1)

fo : RMHE L R fo :R"TF 5 R™, go : R"E L RF, ge : R 5 RF
(3.2.2)
for which we may write

(672, fo,9o)  for odd j,
(dj, fj 95) = { (3.2.3)

(1, fes ge) for even j.

Introducing the shorthand notation

Fou,w) = (folu,w), go(u, w)), Fo(u,w) = (fe(u,w),ge(u,w)), (3.2.4)

we impose the following structural condition on our system that concerns the roots of
the nonlinearities F, and F,. These roots correspond with temporal equilibria of
that have a spatially homogeneous u-component. On the other hand, the w-component
of these equilibria is allowed to be 2-periodic.

Assumption (HN1). The matrix D € R™*" is a diagonal matrix with strictly positive
diagonal entries. In addition, the nonlinearities F,, and F. are C3-smooth and there
exist four vectors

Us = (ug,wr)e R U = (uf,wk) e R (3.2.5)

e o o
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for which we have the identities u; = u; and ul = u, together with
F,(Uf) = F.(UFf) = o (3.2.6)

We emphasize that any subset of the four vectors Ur and UZ is allowed to be
identical. In order to address the temporal stability of these equilibria, we introduce
two separate auxiliary conditions on triplets

(G,U,UT) € CH(R"F;R"F) x R"TF x R, (3.2.7)

which are both strongerﬂ than the requirement that all the eigenvalues of DG(U™) have
strictly negative real parts. As can be seen, the block structure of this matrix plays an
important role in (hg), which is why we have chosen to state our results for arbitrary
values of n >1 and k > 0.

Assumption (ha). The matrices —DG(U~) and —DG(U™) are positive definite.

Assumption (hB). For any U € R"™* write DG(U) in the block form

G1a(U) G12(U) )

DG) = <G2,1(U) G (U) (3:28)

with G11(U) € R™"™. Then the matrices —G11(U™),—G11(U"), —G22(U~) and
—G22(U™T) are positive definite. In addition, there exists a constant I' > 0 so that
G12(U) = fFG’gJ(U)T holds for all U € R"*k,

As an illustration, we pick 0 < a < 1 and write
Ghgm(u) = u(l—u)(u—a) (3.2.9)

for the nonlinearity associated with the Nagumo equation, together with

thn;p,'y(u, U}) = ( U(l N U) (u - a) Y > (3210)
plu—yu]

for its counterpart corresponding to the FitzHugh-Nagumo system. It can be easily
verified that the triplet (Gpgm,0, 1) satisfies (ha), while the triplet (Gfnn;p,y,0,0) sat-
isfies (hf) for p > 0 and v > 0 with I' = p~!. When a > 0 is sufficiently small, the
Jacobian Dthn;p,»y(O, 0) has a pair of complex eigenvalues with negative real part. In
this case (ha) may fail to hold.

The following assumption states that the even and odd subsystems must both satisfy
one of the two auxiliary conditions above. We emphasize, however, that this does not
necessarily need to be the same condition for both systems.

Assumption (HN2). The triplet (F,, U, ,U,") satisfies either (ha) or (hS). The same
holds for the triplet (F., U, ,U}).

2See the proof of Lemma for details.
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We intend to find functions
(ue,we) : R — £°(Z;R™) x £°(Z; RF) (3.2.11)
that take the form
(Tore, Wore)(j + cot), for odd
(e, w2, () = (3.2.12)

(ese, Wese)(j + cet)  for even j

and satisfy (3.2.1) for all ¢+ € R. The waveprofiles are required to be C'-smooth and
satisfy the limits

limfﬁioo (ﬂ0(5)7w0(§)) = (uf)tvwét)v lim5—>i<>0 (ﬂe(f),we(f)) = (ug:a wét)
(3.2.13)

Substituting the travelling wave Ansatz (3.2.12) into the LDE ({3.2.1)) yields the coupled
system

ClUpe(§) = ZDAwix[Tose, Teie) (€) + fo (Tose () Wore (€)),
cWoe(§) = Go(Toie(§), Wose(§)),

Ty (§) = DAwix[Tese, Toie) (€) + fe (Tese (€), Weie (€)),
W) = ge(Tere(€),Weie (€)),

in which we have introduced the shorthand

Amix[d, 9](€) = ¥(E+1) +¥(6—1) —2¢(S). (3.2.15)

Multiplying the first line of (3.2.14) by €2 and taking the formal limit £ | 0, we
obtain the identity

(3.2.14)

C
C

0 = DAnix[Uo0, Tes0](§), (3.2.16)
which can be explicitly solved to yield
Uo(§) = %56;0(5 +1)+ %ﬂe;o(g = 1). (3.2.17)

In the € | 0 limit, the even subsystem of (3.2.14}) hence decouples and becomes

COa’e;o(O = %D[ﬂe;O(g + 2) + Ue;O(f - 2) - 2ﬂe;0(€):| + fe (ﬂe;O(g)awe;O(g))v

COE/@;O(S) = ge(ﬂe;o(f),ﬁe;o(ﬁ))-
(3.2.18)
We require this limiting even system to have a travelling wave solution that connects
U to Uf.

Assumption (HW1). There exists co # 0 for which the system (3.2.18) has a Cl-
smooth solution Ue,g = (Ue,0, Wey0) that satisfies the limits

lime s too (e (), We(€)) = (u, w). (3.2.19)
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Finally, taking € | 0 in the second line of (3.2.14]) and applying (3.2.17)), we obtain
the identity

CO@;;O(@ = 90(%ﬂ€;0(§ + 1) + %ﬂe;o(f - 1)7w0;0(§))5 (3-2-20)
in which W,y is the only remaining unknown. We impose the following compatibility

condition on this system.

Assumption (HW2). Equation (3.2.20) has a C''-smooth solution Woyo that satisfies
the limits

limg 400 Woo(§) = wi. (3.2.21)
Upon writing
UO = (Uo;OaUe;O) = (ﬂo;Oawo;O;Ee;Oawe;O)a (3222)

we intend to seek a branch of solutions to (3.2.14) that bifurcates off the singular
travelling wave (Ug, ¢p). In view of the limits

lim (Ugo,Ue0)(€) = (U, US), (3.2.23)
E—+too
we introduce the spaces
H! = H) = H'(RR")x H'(RRY), 221
L2 = L2 = L*R;R") x L?(R;R¥) -

to analyze the perturbations from Uy. The subscripts e and o in the spaces above are
used solely for notational convenience.

Linearizing (3.2.18)) around the solution ﬁe;o, we obtain the linear operator L. :

H! — L2 that acts as
D(S2—2) 0
, (3.2.25)
0 0

Le = Cod% — DF.(Ucp) —

(SIS

in which we have introduced the notation

[S20](§) = @(§+2) +¢(§—2). (3.2.26)

Our perturbation argument to construct solutions of (3.2.14)) requires L. to have an
isolated simple eigenvalue at the origin.

Assumption (HS1). There exists 6. > 0 so that the operator L. + ¢ is a Fredholm
operator with index 0 for each 0 < § < J.. It has a simple eigenvalue in § = 0, i.e., we
have Ker(L.) = span(U;;O) and U;;o ¢ Range(L,).

We are now ready to formulate our first main result, which states that (3-2.14)
admits a branch of solutions for small € > 0 that converges to the singular wave (Uog, o)
as € | 0. Notice that the e-scalings on the norms of ®. and ®/ are considerably better

than those suggested by a direct inspection of (3.2.14)).
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Theorem 3.2.1 (See §3.5)). Assume that (HN1), (HN2), (HW1), (HW2) and (HS1)
are satisfied. There exists a constant €, > 0 so that for each 0 < € < €, there exist
c: €R and . = (Dpe, Pee) € H! x H! for which the function

U. = Ug+ ®. (3.2.27)

is a solution of the travelling wave system (3.2.14) with wave speed ¢ = c.. In addition,
we have the limit

lime o {HE‘I’Z;EHLg + 119 L2 + [[9L]|Lzxwz + |Pc L2 xr2 + lec — CO|} =0

_ (3.2.28)
and the function U, is locally unique up to translation.

In order to show that our newfound travelling wave solution is stable under the flow
of the LDE , we need to impose the following extra assumption on the operator
L.. To understand the restriction on ), we recall that the spectrum of L. admits the
periodicity A — A + 27icg.

Assumption (HS2). There exists a constant A\, > 0 so that the operator L. + A :
H! — L? is invertible for all A € C\ 2micyZ that have Re A > —\..

Together with (HS1) this condition states that the wave (U0, co) for the limiting
even system (|3.2.18)) is spectrally stable. Our second main theorem shows that this can
be generalized to a nonlinear stability result for the wave solutions (3.2.12)) of the full

system (3.2.1).

Theorem 3.2.2 (sce §3.6). Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and
(HS2) are satisfied and pick a sufficiently smalle > 0. Then there exist constants 6 > 0,
C >0 and 8> 0 so that for all 1 < p < oo and all initial conditions

(u®, w°) € (P(Z;R™) x (P(Z;R¥) (3.2.29)
that admit the bound
Ey = [u® —uc(0)llrzrrn) + [0° = we(O)ler(zmry < 9, (3.2.30)

there exists an asymptotic phase shift 0 € R such that the solution (u,w) of with
the initial condition (u,w)(0) = (u°, w®) satisfies the estimate

u(t) = us(t + 0) ||z mny + |W(E) — welt + O)|pzmry < Ce P'Ey  (3.2.31)
for allt > 0.

Our final result shows that our framework is broad enough to cover the two-periodic
FitzHugh-Nagumo system . We remark that the condition on v, ensures that
(0,0) is the only spatially homogeneous equilibrium for the limiting even subsystem
(3.1.14). This allows us to apply the spatially homogeneous results obtained in [I08],
109].
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Corollary 3.2.3. Consider the LDE and suppose that v, > 0 and p, > 0 both
hold. Suppose, furthermore, that a. is sufficiently far away from %, that 0 < v, <
4(1 — ae)~2 and that p. > 0 is sufficiently small. Then for each sufficiently small
e > 0, there exists a nonlinearly stable travelling pulse solution of the form
that satisfies the limits

lime 400 (Wo(£), Wo(€)) = (0,0), lime, 400 (Te(€), Te(§)) = (0,0).
(3.2.32)

Proof. Assumption (HN1) can be verified directly, while (HN2) follows from the discus-
sion above concerning the nonlinearity Gen;p~ defined in . Assumption (HW1)
follows from the existence theory developed in [108], while (HS1) and (HS2) follow from
the spectral analysis in [I09]. The remaining condition (HW2) can be verified by noting
that the nonlinearity g, is, in fact, linear and invertible with respect to w,,o on account
of Lemma [3.3.5 below. "

3.3 The limiting system
In this section we analyze the linear operator that is associated to the limiting system

that arises by combining (3.2.18)) and (3.2.20). In order to rewrite this system in a

compact fashion, we introduce the notation

[Si0](§) = (€ +1i) + (& —1) (3.3.1)
together with the (n + k) x (n + k)-matrix Jp that has the block structure
D 0
Jp = ( - ) . (3.3.2)

This allows us to recast (3.2.25)) in the shortened form

Ze = Codi& - %JD(SZ - 2) - DFe(Ue;O)' (3'3'3)

One can associate a formal adjoint L, ~ : H! — L2 to this operator by writing

LY = —cofk — 1Io(S:—2) = DE(Ueo)"- (3:34)

(&)

Assumption (HS1), together with the Fredholm theory developed in [130], implies
that ‘
ind(Z.) = —ind(Z*Y) (3.3.5)

holds for the Fredholm indices of these operators, which are defined as
ind(L) = dim (ker(L)) — codim(Range(L)). (3.3.6)
In particular, (HS1) implies that there exists a function

U € Ker(Z2") ¢ H! (3.3.7)
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that can be normalized to have

— —ad]
<U:i;0’q)e;OJ>Lz = 1 (338)

We also introduce the operator L, : H'(R;R*) — L?(R;R¥) associated to the
linearization of (3.2.20)) around U, which acts as

Lo = coge = D2go(Uosyp). (3.3.9)

Here we introduced the notation Dag, to refer to the k x k Jacobian of g, with respect
to the final k entries. In order to couple the operator L, with L., we introduce the
spaces

H! = H(R;RF) x H., L2 = L2(R;R¥) x L2, (3.3.10)
together with the operator
Los -H. — L2 (3.3.11)
that acts as o
Lo+9 0
Los = _ . (3.3.12)
0 Le+6

Our first main result shows that L.s inherits several properties of L.+ 6.

Proposition 3.3.1. Assume that (HN1), (HN2), (HW1), (HW2) and (HS1) are sat-
isfied. Then there exist constants 0, > 0 and C, > 0 so that the following holds true:

(i) For every 0 < & < d,, the operator L, s is invertible as a map from HL to L2.

(ii) For any ©, € L2 and 0 < § < d, the function ®, = E;}@o € H! satisfies the
bound

—adj
I@alleny < Co[l€alluz + 4[(0a, (0, B0 )rz]]- (3.3.13)

If (HS2) also holds, then we can consider compact sets A € M C C that avoid the
spectrum of L.. To formalize this, we impose the following assumption on M and state
our second main result.

Assumption (hM,,). The set M C C is compact with 2wicoZ N M = @. In addition,
we have Re A > —)\g for all A € M.

Proposition 3.3.2. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2)
are all satisfied and pick a sufficiently small constant A, > 0. Then for any set M C C
that satisfies (hMy, ) for Ao = Ao there exists a constant Co.pr > 0 so that the following
holds true:

(i) For every A\ € M, the operator L, » is invertible as a map from HY to L2.

(ii) For any O, € L2 and A\ € M, the function ®, = L;i@o € H! satisfies the bound

[Pl < Copnrl|Osllrz- (3.3.14)
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3.3.1 Properties of L,

The assumptions (HS1) and (HS2) already contain the information on L. that we
require to establish Propositions and Our task here is, therefore, to under-
stand the operator L,. As a preparation, we show that the top-left and bottom-right
corners of the limiting Jacobians DF,(UF) are both negative definite, which will help
us to establish useful Fredholm properties.

Lemma 3.3.3. Assume that (HN1) and (HN2) are both satisfied. Then the matrices
le#(U;#t) and Dgg#(U;) are all negative definite for each # € {o,e}.

Proof. Note first that D; fy and Dags correspond with G 1, respectively, Ga.2 in
the block structure |) for DFy. We hence see that the matrices Dy f#(U;E) and

Dgg#(Ui) are negative definite, either directly by (hg) or by the fact that they are
principal submatrices of DF#(U;;)7 which are negative definite if (ha) holds. m

Lemma 3.3.4. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. Then
there exists A, > 0 so that the operator L, + \ is Fredholm with indezx zero for each
A € C with Rel > —)\,.

Proof. For any 0 < p <1 and A € C we introduce the constant coefficient linear
operator L, » : H'(R;RF) — L2(R;R¥) that acts as

Lyx = coge = pD2go(U;) = (1= p)Dago(Us) + A (3.3.15)
and has the characteristic function
Ap,\(2) = coz—pD2go(U;) = (1= p)Dago(Us) + A (3.3.16)
Upon introducing the matrix

Bp = _pDQ.go(Uo_) - (1 - p)DQQO(Uj) - pD2go(Uo_>T - (1 - p)DZ.go(Uzj_)Ta
(3.3.17)
which is positive definite by Lemma we pick A, > 0 in such a way that B, — 2,
remains positive definite for each 0 < p < 1. It is easy to check that the identity

Ap,,(iy) +Ap, (iy)! = B,+2Re) (3.3.18)

holds for any y € R. Here we use the symbol t for the conjugate transpose matrix. In
particular, if we assume that Re X > —\, and that Ay, (iy)v, = 0 for some nonzero
v, € C*, y € Rand 0 < p < 1, then we obtain the contradiction

0 = Re [v:f) [ALP (iy) + Ar, (iy)f]vo]
= Rev][B, + 2Re)]v, (3.3.19)
> 0.

Using [130, Thm. A] together with the spectral flow principle in [I30, Thm. C], this
implies that L, + A is a Fredholm operator with index zero. [
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Lemma 3.3.5. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied and pick
a sufficiently small constant A, > 0. Then for any A € C with ReA > —\, the operator
Lo + X is invertible as a map from H'(R;R¥) into L?(R;R¥). In addition, for each
compact set

Mc{\:Rex>-X,}CC (3.3.20)
there exists a constant Kp; > 0 so that the uniform bound
Lo+ A" Yol mrry < KarllXollL2@mzr) (3.3.21)
holds for any x, € L*(R;R¥) and any A € M.

Proof. Recall the constant A\, defined in Lemma and pick any A € C with
ReX > —),. On account of Lemma it suffices to show that L, + )\ is injective.
Consider therefore any nontrivial 1 € Ker(L, + A), which necessarily satisfies the
ordinary differential equation (ODE)E|

WO = LDage(Tool©)(E) - 20(E) (3.3.22)

posed on CF. Without loss of generality we may assume that ¢y > 0.

Since U o0(€) — UF as € — +oo, Lemma allows us to pick a constant m > 1
in such a way that the matrix —Dsg, (UO;O(f)) —2M, is positive definite for each || > m,
possibly after decreasing the size of A\, > 0. Assuming that Re A > —)\, and picking
any & < —m, we may hence compute

= ZRe(D2go(Uo0(€)) (&), (§))cr — 2BEA()(€), (E))er (3.3.23)
< —Bely(o))%,

which implies that

(ez%”5\¢(g)|2)/ < 0. (3.3.24)

Since 1 cannot vanish anywhere as a nontrivial solution to a linear ODE, we have

2

WEOR > S Opm)2 > 0 (3.3.25)

for & < —m, which means that (&) is unbounded. In particular, we see that ¢ ¢
H'(R;R¥), which leads to the desired contradiction. The uniform bound (3.3.21)) fol-
lows easily from continuity considerations. [

Proof of Proposition |3.3.1. Since the operator L, defined in (3.2.25) has a simple

eigenvalue in zero, we can follow the approach of [I50, Lem. 3.1(5)] to pick two constants
8o > 0 and C > 0 in such a way that L. + ¢ : Hl — L? is invertible with the bound

— _ —ad]
1T+ 0 Oexlllim < C 10Xz + 5100 xe) Betdnz| | (3:3.26)

3The discussion at https://math.stackexchange.com/questions/2668795/bounded-solution-to-
general-nonautonomous-ode gave us the inspiration for this approach.
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for any 0 < 6§ < 0, and (6., %) € L2. Combining this estimate with Lemma m
directly yields the desired properties. ]

Proof of Proposition[3.3.4 These properties can be established in a fashion analo-
gous to the proof of Proposition |3.3.1
n

3.4 Transfer of Fredholm properties

Our goal in this section is to lift the bounds obtained in §3.3]to the operators associated
to the linearization of the full wave equation around suitable functions. In
particular, the arguments we develop here will be used in several different settings. In
order to accommodate this, we introduce the following condition.

Assumption (hFam). For each £ > 0 there is a function U, = (U,.., U,.c) € H) x H!
and a constant ¢, # 0 such that U. — Up — 0 in H) x H} and é: — ¢p as € | 0. In
addition, there exists a constant K,y > 0 so that

|55| + |6;1| + HﬁE S Kfam (341)

o0

holds for all € > 0.

In we will pick U. = Uy and & = ¢ in (hFam) for all ¢ > 0. On the other
hand, in we will use the travelling wave solutions described in Theorem to
write ffs =U. and é = c.. We remark that implies that there exists a constant
Kp > 0 for which the bound

||DF0(UO§5)||00 + ||D2F0(UO§5)||00 + ||DF€(U9§5)||00 + ||D2FE(U€§5)||OO S RF
(3.4.2)
holds for all € > 0.

For notational convenience, we introduce the product spaces
H' = H!xH], L2 = L2xL2 (3.4.3)

Since we will need to consider complex-valued functions during our spectral analysis,

we also introduce the spaces
L2 = {®+iV:0,V¥cL?},
N (3.4.4)
H. = {®2+:iV:9,¥ecH'}

and remark that any L € £(H';L?) can be interpreted as an operator in £(H{;L2)
by writing
L(®+iV) = L&+4iLV. (3.4.5)

It is well-known that taking the complexification of an operator preserves injectivity,
invertibility and other Fredholm properties.
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Recall the family (U.,é.) introduced in (hFam). For any ¢ > 0 and A\ € C we
introduce the linear operator R
L.y:Hg — LE (3.4.6)

that acts as

P G+ 5Jp — DF,(Use) + A —%JpS) )
e —JpSy Cek +2Jp — DF,(Us.c) + A
(3.4.7)
In order to simplify our notation, we introduce the (2n2 + k) x (2n + 2k) diagonal
matrices
ML = diag(e,1,1,1),
M2 = diag(l,e,1,1), (3.4.8)
ML? = diag(e,e,1,1).
In addition, we recall the sum S; defined in (3.3.1) and introduce the operator
i i —2Jp JpSi
Jle - ( JDSI _2J'D B (349)

which allows us to restate (3.4.7)) as

Loy = &g =M} odmix — DF(U) + A (3.4.10)

)

Our two main results generalize the bounds in Proposition [3:3.1] and Proposition [3.3.2]
to the current setting. The scalings on the odd variables allow us to obtain certain key
estimates that are required by the spectral convergence approach.

Proposition 3.4.1. Assume that (hFam), (HN1), (HN2), (HW1), (HW2) and (HS1)
are satisfied. Then there exist positive constants Co > 0 and dg > 0 together with a
strictly positive function eq : (0,00) — Rso, so that for each 0 < 0 < §p and 0 < € <
eo(0) the operator ENE,(; is invertible and satisfies the bound

—ad]
M@l < Co[IME2O]Ice + 3(6, (0, T5g))re | (3.4.11)

for any ® € H! and © = E~575<I>.

Proposition 3.4.2. Assume that (hFam), (HN1), (HN2), (HW1), (HW2), (HS1) and
(HS2) are all satisfied and pick a sufficiently small constant A\g > 0. Then for any set
M C C that satisfies (hMy, ), there exist positive constants Cas > 0 and epr > 0 so that
for each A € M and 0 < € < gy the operator ﬁe,,\ is invertible and satisfies the bound

1@y < CumlOllL: (3.4.12)

for any ® € H{:. and © = Ee,,\q).

By using bootstrapping techniques it is possible to obtain variants of the estimate
in Proposition Indeed, it is possible to remove the scaling on the first component
of @ (but not on the first component of ®').
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Corollary 3.4.3. Consider the setting of Proposition|3.4.1, Then for each 0 < & < dg
and 0 < e < g9(9), the operator L. 5 satisfies the bound

—adj
IME20 e + [M20s < Co[IME2O]Ics + 310, (0,F50)ee]|  (34.13)

for any ® € H! and © = EE,5<I>, possibly after increasing Cy > 0.

Proof. Write ® = (¢, %0, ¢, Pe) and © = (0o, Xo,0e, Xe). Note that the first
component of the equation © = L. ;P yields

2D¢0 = IDSI(ZSe - 5255(1%) + 52D1fo(ﬁo;6)¢o + 52D2f0(00;5)¢0 - 552¢o + 5200-
R ~ (3.4.14)
Recall the constants K,y and Kp from (3.4.1) and (3.4.2), respectively, and write

Anin = mini<j<p,D; 4, Anmax = Mmaxi<i<nDi;. (3.4.15)

We can now estimate

A

2dmin||ollL2@rr)y < 2( Dol L2 (RiRm)
DS1¢ellL2mirny + €le|llePpl L2 (rirm)
+el| D1 fo(Uoie) oo lle@oll 2 (i)
+el| D2 fo(Uose) oo lletboll L2 rirr)
+eolledol 2 m;rny + €ll€bol| L2 (rirm)
< |2 + =(Riam + 2K + 80)| [|ML2®] g, + 2| ML)

(3.4.16)
The desired bound hence follows directly from Proposition [3.4.1 [

IN

The scaling on the second components of ® and ®' can be removed in a similar
fashion. However, in this case one also needs to remove the corresponding scaling on

O.

Corollary 3.4.4. Consider the setting of Proposition|3.4.1, Then for each 0 < & < do
and 0 < e < go(9), the operator L. 5 satisfies the bound

—ad]
M o+ [ Blle < Co[IM2O]a + 3[(©, (0, T30 )ns | (3.4.17)

for any ® € H! and © = Es,(;CI), possibly after increasing Cy > 0.
Proof. Writing ®, = (¢,,%,) and ©, = (0,,X,), we can inspect the definitions

(13.4.7) and (3.3.12)) to obtain
(Lo + 8o = D19o(Upe)bo + Xo- (3.4.18)

Using Lemma we hence obtain the estimate

[P0l (mimry < Ci[HDlgo(Uo;s)||oo||¢o||L2<R;Rn)+||xo||L2(R;Rk> (3.4.19)
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for some C{ > 0. Combining this with (3.4.13)) yields the desired bound (3.4.17]). [

Our final result here provides information on the second derivatives of ®, in the
setting where © is differentiable. In particular, we introduce the spaces

H2 = H2 = H2(R;R") x H2(R;RF), H2 = H2xH2 (3.4.20)

(&

We remark here that we have chosen to keep the scalings on the second components
of ®” and ©’ because this will be convenient in Note also that the stated bound
on ||®||¢: can actually be obtained by treating L. s as a regular perturbation of L, ;.
The point here is that we gain an order of regularity, which is crucial for the nonlinear
estimates.

Corollary 3.4.5. Consider the setting of Proposition [54-1) and assume furthermore
that ||U’||oo is uniformly bounded for ¢ > 0. Then for each 0 < § < &g and any
0 < e <eo(d), the operator EE’,; H? — H' is invertible and satisfies the bound

adj
IME28 | + Bl < Col|M2O]lce + [ MO 2 + 1[40, (0, 850z |

R (3.4.21)
for any ® € H? and © = L. 5@, possibly after increasing Cy > 0.

Proof. Pick two constants 0 < 6 < §p and 0 < € < g0(0) together with a function
d = (®,,®.) € H' and write © = L. 5 € L2 If in fact & € H?, then a direct
differentiation shows that

© = L. —D*F(U.)[UL @], (3.4.22)

which due to the boundedness of ® implies that © € H!. In particular, /35,5 maps H?
into H'. Reversely, suppose that we know that © € H'. Rewriting (3.4.22)) yields

&P = O =50 + M}, Juix® + DF(U.)® + D?*F(U.)[U., @]. (3.4.23)

Since ¢ is bounded, this allows us to conclude that ® € H?2. On account of Proposition
we hence see that L. 5 is invertible as a map from H? to H!.

Fixing 0pef = %60, a short computation shows that

Les @ = O+ DF[UL,®]+ (der — 6)P'. (3.4.24)
By (3.4.17) we obtain the bound
ad]j
M [0l < CofIMIOls + 30, 0T Dsl]. 3a25)

On the other hand, (3.4.13) yields the estimate
M2 ||z + M2l < Co[IIM§’2®’\IL2 + | ML2D?FUL, 92
HIME2 (Brer — 0|l

. - (3.4.26)
Col(e' - D2F(0.)[0, 9]

—adj

*(5ref - 5) (O q)e 0)>
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Since U. and U'E’ are uniformly bounded by assumption, we readily see that
IME2D2F(U)UL Dl < |ID*FO)[UL ]l < Cf[[ Pl (3.4.27)

for some C] > 0. In particular, we find

IM22®"|[L2 + M2 L2 < Cf [||M§’29’||L2 +I@llge + M2

(3.4.28)
+|O¢llLz + (|9 [|L2
for some C% > 0. Exploiting the estimates
[Pl < M2 < [IMIDe, 1Ol < [IM22OLe,
(3.4.29)
together with
[@l. < |MEY|| L, + [ M2 . s (3.4.30)

the bounds (3.4.25) and (3.4.28) can be combined to arrive at the desired inequality

3.4.21)). [

3.4.1 Strategy

In this subsection we outline our broad strategy to establish Proposition [3.:4.1] and
Proposition As a first step, we compute the Fredholm index of the operators
L. » for X in a right half-plane that includes the imaginary axis.

Lemma 3.4.6. Assume that (hFam), (HN1), (HN2), (HW1) and (HW2) are satisfied.
Then there exists a constant Ao > 0 so that the operators L. x are Fredholm with index
zero whenever Re A > —\g and € > 0.

Proof. Upon writing

F{Y) = pDF,(U;) + (1 — p)DF,(UF), (3.4.31)
Fl}) = pDF.(U;) + (1 - p)DF.(U;)

for any 0 < p < 1, we introduce the constant coefficient operator L. » : H<1c — L%
that acts as

~ d 2 (1) 1

= 4+ 5 Jp — Fo: A —=JpS

Lp;e)\ = e dé * e P » + _ E; b1 (1) (3432)
l —Jpsl ngfg + 2JD - F, 3P + A

and has the associated characteristic function

Gzt 2Jp—FY + A —LJp [ez + e—z]

Ar,..(2) =
pieA —Jp [ez + B*Z} Cez +2Jp — Fé;? + A

(3.4.33)
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Upon writing

1)
1 Fo.p 0O
FY = ( . 2 PO > (3.4.34)
together with
_ Jp —Jp cos(y)
Aly) = (—Jpcos(y) Jp , (3.4.35)

we see that
MEEAL (iy) = iy + NME +24(y) — MEPFSD. (3.4.36)
For any y € R and V € C2("*%) we have
ReViciyM3V = o, (3.4.37)

together with
ReVTA(y)V > 0. (3.4.38)

In particular, we see that

ReVIMLZAL  (iy)V > —2Re[VI(FS) — MV,] — Re [VI(FS) — MV
(3.4.39)
Let us pick an arbitrary Ao > 0 and suppose that Az, _, (iy)V = 0 holds for some
V € C?"+tR)\ {0} and Re X > —\g. We claim that there exist constants ¥; > 0 and
%9 > 0, that do not depend on Ag, so that

1
~ReVL(FL) — MV > (02— 0120)[Vgl? (3.4.40)
for # € {o,e}. Assuming that this is indeed the case, we pick Ag = ﬁ and obtain the
contradiction
0 = ReVIMIPAL _ (iy)V
> 30 [E?Vo]? + [Vel?] (3.4.41)
> 0.

The desired Fredholm properties then follow directly from [130, Thm. C].

In order to establish the claim (3.4.40), we first assume that Fl satisfies (ha). The
negative-definiteness of F;l)p then directly yields the bound

ReVE(F) = MVg < (Ao —0)|Vgl? (3.4.42)
for some 5 > 0.

On the other hand, if F satisfies (h3), then we can use the identity

(eciy + Nwy — [Filaowy = [Fi)Javy (3.4.43)
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to compute
Re V] ( ?F(l)] EF%W )v# ~ ReV} ( ' T )V#
#ipl21 [Fypl2a O
= Re { — 1"1);27E [Fqgf)p]T W + wL [Fi;]z,w#}
= (1 I‘Rew#[ #)p]glv#
= (1-T Rew#[cazy—i—)\}w#

)
)
~(1 = D)Rewl, [F§) ] pwy
= (1-TD)ReAwyl?

~(

1- I‘)Rew#[F()} 2,2W.

(3.4.44)
In particular, Lemma [3.3.3| allows us to obtain the estimate
ReVL(F) —\Vy = —TReMwgl? + TRewl, [F)) ] ywy
—ReAvg|* + Revl, [F( ) D220y (3.4.45)
< (T +1)Ao|Vil? — 02|V
for some 195 > 0, as desired. =
For any ¢ > 0 and 0 < é < §, we introduce the quantity
. ~ —adj
Ae6) = inf [ ME2Le 5@l + 3[(Ze,0®, (0.F50)re |, (3.4.46)
DEH ML 2| g1=1
which allows us to define
A(5) = liminf A(e,d). (3.4.47)
l0 e
Similarly, for any € > 0 and any subset M C C we write
A, M) = inf MU2L_\D|p2,
(e, M) %HMEM’HM;%HHQII e Le A P|Le (3.4.48)
together with
A(M) = liminf A(e, M). (3.4.49)
el0 T

The following proposition forms the key ingredient for proving Proposition [3.4.1
and Proposition It is the analogue of [0 Lem. 3.2].

Proposition 3.4.7. Assume that (hFam), (HN1), (HN2), (HW1), (HW2) and (HS1)

are satisfied. Then there exist constants 6g > 0 and Cy > 0 so that
AQ) = & (3.4.50)

holds for all 0 < 6 < 6.
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Assume furthermore that (HS2) holds and pick a sufficiently small \g > 0. Then
for any subset M C C that satisfies (hMy, ), there exists a constant Cps so that

AM) > A (3.4.51)

Proof of Proposition [3.4.1 Fix 0 < § < &y. Proposition [3.4.7] implies that we can
pick £9(d) > 0 in such a way that A(e,0) > Cio for each 0 < € < €¢(d). This means
that 28’5 is injective for each such e and that the bound (3.4.11)) holds for any ® € H'.

Since L. is also a Fredholm operator with index zero by Lemma 3.4.6L it must be
invertible. L]

Proof of Proposition|3.4.2 The result can be established by repeating the arguments
used in the proof of Proposition [3.4.1} noting that the operator M!? is invertible. m

3.4.2 Proof of Proposition [3.4.7

We now set out to prove Proposition In Lemma [3.4.8] and Lemma [3.4.9] we
construct weakly converging sequences that realize the infima in (3.4.46)(3.4.49). In
Lemmas we exploit the structure of our operator (3.4.10)) to recover lower
bounds on the norms of the derivatives of these sequences that are typically lost when
taking weak limits. First recall the constant &, from Proposition [3.3.1]

Lemma 3.4.8. Consider the setting of Proposition [3.4.7 and pick 0 < § < &,. Then
there exists a sequence

{(ej,®;,0;)};>1 C (0,1) x H! x L2 (3.4.52)
together with a pair of functions
d c H', 0 e L? (3.4.53)
that satisfy the following properties.

(i) We have ]lggo ej = 0 together with
. —adj
Jim [[|M226, 1z + 3[(€;. 0.8z | = A). (3.4.54)

(ii) For every j > 1 we have the identity
L., s®; = 6 (3.4.55)

together with the normalization

M@l = 1. (3.4.56)

(iii) Writing ® = (¢o, VYo, Pe, Ve ), we have ¢, = 0.
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(iv) The sequence Mgffbj converges to ® strongly in leoc and weakly in H'. In
addition, the sequence ./\/l;]’?@j converges weakly to © in L2.

Proof. Ttems (i) and (ii) follow directly from the definition of A(§). The normal-

ization (3.4.56) and the limit (3.4.54) ensure that [ME2® [ and [ ML26;]|Lz are
t

bounded, which allows us to obtain the weak limits (iv) after passing to a subsequence.

In order to obtain (iii), we write ®; = (¢o,j,%0,j, P j, Ve,;) together with ©; =
(00,55 Xo,j,0e,j» Xe,j) and note that the first component of (3.4.55) yields

2D¢o,j - DSlgbe,j = _E?EEJ /07_7' + E?leo(ﬁo;aj)¢o,j

) . ) ) (3.4.57)
+€jD2fO(UO;Ej)wO,j - 56j¢o,j + Ejeo,j-
The normalization condition (3.4.56)) and the limit (3.4.54)) hence imply that
11mj~>oo||2D¢o;j - DSl(ﬁeJ ||L2(]R;]Rn) = 0. (3458)

In particular, we see that {¢o,;};>1 is a bounded sequence. This yields the desired
identity
¢0 = hm €j¢o,j =0.
Jj—o0
[

Lemma 3.4.9. Consider the setting of Proposition[3.4.7 and pick a sufficiently small
Ao > 0. Then for any M C C that satisfies (hMy, ), there exists a sequence

{(Aj’gjvq)j?@j)}jzl Cc Mx (0, 1) x H! x Lz, (3459)
together with a triplet
d € H!, O e L2, \e M, (3.4.60)
that satisfy the limits
S (D VY |ME26,(IL — A(M) (3.4.61)
as j — oo, together with the properties (ii)-(iv) from Lemma[3.4.8, with & replaced by
A in |

Proof. These properties can be obtained by following the proof of Lemma [3.4.8| in
an almost identical fashion. [

In the remainder of this section, we will often treat the settings of Lemma [3.4.8 and
Lemma 3.4.9|in a parallel fashion. In order to streamline our notation, we use the value
Ao stated in Lemma and interpret {\;};>1 as the constant sequence \; = § when
working in the context of Lemma [3.:4.8] In addition, we write Apmax = o in the setting
of Lemma [3.4.8 or Apax = max{|A| : X € M} in the setting of Lemma [3.4.9]

Lemma 3.4.10. Consider the setting of Lemma [3.4.8 or Lemma [3.4.9 Then the
function ® from Lemma[3.].§ satisfies

[l < CoA(6), (3.4.62)
while the function ® from Lemma[3.].9 satisfies
[®e: < ComA(M). (3.4.63)
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Proof. In order to take the ¢ | 0 limit in a controlled fashion, we introduce the

operator
Loy = lim M;?‘ijy)\j' (3.4.64)

j—o0

Upon introducing the top-left block

~ 2D 0
Ly, = — - 3.4.65
[ 0’)\]1’1 ( *Dlgo(Uo;O) Lo + A ) ’ ( )
we can explicitly write
. [Loahi1 —JDS;
Loy = _ . (3.4.66)
—JDS1  coge +2JD — DF(Ucp) + A

Note that EO;A and its adjoint Egi{ are both bounded operators from H' to L2.
In addition, we introduce the commutators
Bj = LejaML2—MM2L. 5. (3.4.67)

A short computation shows that

B - [Bjlia (5%. - E%)JDSH (3.4.68)
J (1 —Ej)Jpsl 0 ’ o

in which the top-left block is given by

[Bilin = (1—€j)( —Dlg:)(Uo-g,) D2f°f)U°;EJ‘) ) (3.4.69)

Pick any test-function Z € C°°(R; R?"*2k) and write
T = (MbLe s ML) Z)re. (3.4.70)

Using the strong convergence

L MLZ — LGNZ el (3.4.71)
we obtain the limit
o
7; = <M;;2<I>j,£€jjAngsz>L2
— (D, L3 7) (3.4.72)
= (Loa®, Z)e

as j — 0.
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In particular, we see that
I; = <Mi3/\4§;2/35j,xj ), Z)re + (M Bj®;, Z)re
= <M;§M;f@j, Z)pe + <M;§qu>j, Z)p2 (3.4.73)
= (M§©,Z)12 + ((— DS1¢e, =D190(U0:0) b0, DS166,0), Z )1 -
It hence follows that
Los® = MO+ (—DSi¢e, —D190(Uoi0) o, DS165,0). (3.4.74)
Introducing the functions
Do = (Yo, e, Ve), O = (Xos0esXe)s (3.4.75)
the identity ¢, = 0 implies that
Lo ®s = 0O,. (3.4.76)

In the setting of Lemma we may hence use Proposition to compute

1o |y

IN

Co[ 106z + 3](0s., (0.Fe) )z |

i (3.4.77)
Co[l@]ls + 110, (0, 850 re ]

IN

The lower semi-continuity of the L?-norm and the convergence in (iv) of Lemma m
imply that B
I©lLz + 2[(0, (0,20))re| < A(9). (3.4.78)

In particular, we find
[0l = Dl < CoA(), (3.4.79)
as desired. In the setting of Lemma the bound follows in a similar fashion. [
We note that
MFO; = &M+ MZ (= DF(U,) + ) ®) = Juix®;, (3.4.80)

in which Jyix is given by (3.4.9) and in which

F(ﬁa) = ( ODFO(Uo;E) (Z))Fe(ﬁe;e) ) . (3481)

Lemma 3.4.11. Assume that (HN1) is satisfied. Then the bounds

e<_Jmix(I)7(I)/>L2 = 0,

R
(3.4.82)
Re <*Jmix(I)7 CI)>L2 > 0

hold for all ® € HL.
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Proof. Pick ® € H. and write ® = (®,, ®.). We can compute
Re <—Jmix(I), (I’/>L2 = Re <2JD‘I)O, (I);>L(2) — Re <JDS1(I)6, (I)£)>L§
—Re (JpS1®,, @)Lz + 2Re (JpPe, DL )12 (3.4.83)

since we have Re (JpS1®, ;)2 = —Re (JpS1P,, @, )12. Moreover, we can estimate
Re <7=]mix(1)7(b>L2 = Re <2J'D(I)o;q)o>L(2) — Re <JD51(I)ea(I)0>Lg

—Re <JD51 d,, (I)G>Lz + 2Re <JD(I)E, (I)e>L£
2|V Ip®oll7, + 21V IpPellf2 — 4V IDPo|lL2 IV TDPellr2
2|V I3 + 2V To Pl

~4(3IVT®o 2, + SIVTDII, )

Y

Y

(3.4.84)

Lemma 3.4.12. Consider the setting of Lemmal[3.4.8 or Lemma[3.4.9 Then the bound
[Re(ML* (= DF(U,) + )25, 25} o] < 20K p 4 Mna) [ME?@ e | M5

(3.4.85)
holds for all j > 1.
Proof. We first note that
Re<MiéZ( - DF(ﬁ )(I) P’ >L2 = Re 5]( DFo(ﬁo;aj) + )‘j)q’o,jagjq)i;,j)Lg
J
+Re<(*DFe(Ue;sj) +Aj)®e ;5 (I)/e,j>L§
(3.4.86)

Using Cauchy-Schwarz we compute

[Re(ML* (= DF(U,) + 2) 25, 25} o] < (K + Amas) 125 %0 5 2 12,®5 2
+([~(F + /\maX) ||(I)e,j||L§ H(I):zjl L2
< 2(KF + Amax) [ME20; |2 [ ML)
(3.4.87)
as desired. n

Lemma 3.4.13. Consider the setting of Lemma or Lemma possibly de-
creasing the size of \g > 0. Then there exist strictly positive constants (a,m, g) together
with a constant 3 > 0 so that the bound

Re<M;§(—DF(UE_,.)+AJ-)<I>J-,<I>J->L2 > al|ML20;|2, — g { ML20;|2
szt
(3.4.88)
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holds for all j > 1.

Proof. We first note that
Re<./\/li;2( - DF([?’S]') + )‘j)q)jﬂ (I)j>L2 = 52N0;j +N€;j’ (3-4-89)

in which we have defined

for # € {o,e}.

Let us first suppose that Fy satisfies (b3) and let I'yx be the proportionality constant
from that assumption. We start by studying the cross-term

Cyj = —Re(Dafy (U#;Ej ¥, ¢#,j>L2(R;Rn)

- (3.4.91)
—Re(D1gy (Usie,) 05> V0) 12 -
Recalling that

Xai = G,V — Dy (Upe))bpj — Dgspo(Uppse Vg j + Njtbge o (3.4.92)
#,

we obtain the identity

— D)Re(D1gs (Ugie, )b > Vs.5) 12 k)

Caj = Iy
= (Tp — DRe(Ce, ¥y ; — Dags(Uppie, Wi + Ao j — Xotoj» Vsj) L2(RiRY)
= E&j (F# - 1)Re<w;$,j7 w#yj>L2(R;R’“)

+(Ty — DRe (—Dags (Upie, Vs j + Nithsr i — Xojr Yt j) 2Rk
= (1—Ty)Re (Dags (Usic, ) s s Vs ) L2 (rokE)

+(T = 1) [Re A [l

2
Ly <X#,j7 w#;j>L2(R;Rk)i| .

(3.4.93)
In particular, we see that

Ngj = TuReMtuj, s ;) r2mee) — DaRe (Dags (Usie, s ¥ ) 12w
+Re Mo j, b, L2 mirn) — Re (D1 f(Useie, )b g e ) L2 (Rsmem)

— (T — D5 Yog) L2 (RiRY) -
] (3.4.94)
Recall that U, — U in L™, UO;Ej (&) = UF and U, (£) = UZ for ¢ — +oo. Using
Lemma and decreasing \¢ if necessary, we see that there exist a > (I'y +1)Ag > 0
and m > 1 so that

3a|®4 (P < —Re(Di1fy(Usic, ()5 (8), .5 (€))gn

. (3.4.95)
—T4Re(Dagy (Ugee, (€)) 4.5 (€)s V4.5 (€)) g
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for all |£] > m. We hence obtain

Ngjg = 20 [0 1P (O1P d€ = (T + 1) (Kr + Amax) Siej<m 14,5 (6] dE
—(Ty + Dllx.sllc2@er) 19#.51 L2 mirr)
> 20|y jlgs — Cp + 120+ Kr + Anax) Jig<m [,5(€)[ de

—(Tg + Dlixg il L2 morry 14,5 L2 (rir) -
(3.4.96)
Using the standard identity zy < ﬁ:ﬁ + zy? for 2,y € R and z > 0, we now find

N = al®yllE — Ty + )20+ Kr + Mnax) Jiecpm [P35 (€)1* d€ (3.4.97)
—ﬁ(r# + 1) HX#J||L2 (R;R*)?

which has the desired form.

In the case where Fy satisfies (ha), a similar bound can be obtained in an analo-
gous, but far easier fashion. [

Lemma 3.4.14. Consider the setting of Lemma or Lemma [3.4.9 Then there
exists a constant k > 0 so that the bound

AIMEPR;lE. > |ME2® 3. — 2KF

fon [ME?65122 (3.4.98)
holds for all j > 1.

Proof. For convenience, we assume that ¢.. > 0 for all j > 1. Recalling the

decomposition (3.4.80f), we can use Lemma [3.4.11) and Lemma [3.4.12| to compute
Re(./\/l;f@j,/\/l;f@);)m = EEjRe<M;;2<I>;-,M§;2¢>;->L2 + Re(—Jmix®j, P12
+Re(M (= DF(U.,) + X)) ®;, @)1
J

> =2(Kp + Amax) M7 ;|12 ML D] 2
+ee, [|MEP @51
(3.4.99)
We hence see that
Ce, IMEPR)IIZ < 2(Kp + Amax) ML D5 |2 | ML D 12 (3.4.100)
+[| MOz || ML P e h
Dividing by ||M;;2<I>;.HL2 and squaring, we find
~ 2
Z MR < 8(Kr + Amax) [MEP®][F + 2IML264]17 ., (3.4.101)

as desired. -
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Recall the constants (g, m,a,8) introduced in Lemma [3.4.13] Throughout the re-
mainder of this section, we set out to obtain a lower bound for the integral

I = g [ ML) de. (3.4.102)
g[<m

Lemma 3.4.15. Consider the setting of Lemmal[3.4.8 or Lemmal[3.{.9. Then the bound
I, > gIMIER . - (& + 8) M6, (3.4.103

holds for all j > 1.

Proof. Recall the decomposition (3.4.80)). Combining the estimates in Lemma|3.4.11
and Lemma |3.4.13| and remembering that Re(./\/l;fq);, M;;2¢j>L2 =0, we find
I; > alME2;)7. — Re(M220;, MI2®;))12 — B ML26;]I1.
> a| ME2®[7. — [IMZ20)llLe [ ME2 @2 — BIIMZ 26515 ..

(3.4.104)

Using the standard identity zy < ng + iy2 for z,y € R and z > 0 we can estimate
L 2 gIMER 3. - (5 + 8) 1ML, (3.4.105)
as desired. L]

Proof of Proposition [3.7. ﬂ Introducing the constant v = we add v times

(3.4.98)) to (3.4.103) and find

—_a
2(k+1)?

+ g IMERe, 2, > %IIM&?%II&—(ﬁw)llMif@jH%a

ak}
sy M2, s — 2R 1202,
(3.4.106)
We hence obtain
I”(2
i = oeaplIMEPe e - (ﬁ + B+ g(nf?'f))||/\4§}2@j||iz (3.4.107)
= 1 - CQHM;]?@J'”LZ'
Letting j — oo in the setting of Lemma [3.4.8] yields
Oy — CA(0)? < gw{ |D(6)2de < gC2A(0)%. (3.4.108)
As such, we can conclude that
AQ) > & (3.4.109)

for some Cy > 0, as required. An analogous computation can be used for the setting

of Lemma [3.4.9] [ ]
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3.5 Existence of travelling waves

In this section we follow the spirit of [6, Thm. 1] and develop a fixed point argument
to show that admits travelling wave solutions of the form (3.2.12). The main
complication is that we need e-uniform bounds on the supremum norm of the wave-
profiles in order to control the nonlinear terms. This can be achieved by bounding the
H'-norm of the perturbation, but the estimates in Proposition feature a prob-
lematic scaling factor on the odd component. Fortunately, Corollary does provide
uniform H'-bounds, but it requires us to take a derivative of the travelling wave system.

Throughout this section we will apply the results from to the constant family

(05’65) = (U(),CO)’ (351)

which clearly satisfies (hFam). In particular, we fix a small constant 6 > 0 and write
L. s for the operators given by (3.4.7) in this setting. We set out to construct a branch
of wavespeeds ¢, and small functions

D, = (Do, Pec) € H (3.5.2)

in such a way that Uy + ®. is a solution to (3.2.14). A short computation shows that
this is equivalent to the system

Les(P) = Fslee, Pe), (3.5.3)

which we split up by introducing the expressions

R(C, (P) = (CO — 0)85 (Uo + @),
50 = < - JCOU;;O + JFO(UO;O)7 0)7 (354)
Ny(@y) = Fu(Ugo+Py) — DF(Up0)®Py — Fy(Ugo)

for # € {0, e} and writing
Fs(ee,®e) = R(ce, @) + & + (No(Pose ), Ne(Pere)) + 69 (3.5.5)

Notice that R contains a derivative of ®. It is hence crucial that E;é gains an order of
regularity, which we obtained by the framework developed in

For any € > 0 and ® € H? we introduce the norm
2 12920 2
lolk, = [mi2oze||  +lieli . (3.5.6)
which is equivalent to the standard norm on H2. For any n > 0, this allows us to

introduce the set
Xpe = {2eH”:|?]x. <n} (3.5.7)
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For convenience, we introduce the constant 7, = [2||<I>2g{'||1,g]71, together with the
formal expression
—adj, 1-1 —adj —adj
es(@) = ot [1+ (P, Trighra] [ 0(0e, Tuighrz + (N (@), Bz .

(3.5.8)

Lemma 3.5.1. Assume that (HN1), (HN2), (HW1), (HW2) and (HS1) are satisfied
and pick a constant 0 < n < n.. Then the expression is well-defined for any
e >0 and any ® = (P,, P.) € X,;c. In addition, the equation

(Fs(e,®),(0,800))y. = 0 (3.5.9)

has the unique solution ¢ = c5(P).

Proof. We first note that

—adj

—ad]
<8€(I)eaq)e;0>Lg > - Haéq)eHLg (I)e;(; > _%’ (3510)

L?

which implies that (3.5.8) is well-defined. The result now follows by noting that
(€0, (0,3°0))> = 0 and that

—adj —  —adj —adj
<R(C, ¢)7(O7<D€;OJ)>L2 = (CO —C) (<U0;e7q>e;(g>Lg + <af¢)ea(pe;g>14§> (3 5 11)
—adj o
= (CO — C) (1 + <35(I)ea q)e;O‘]>L§>7
which implies that
(Fs(e,®),(0,800))y, = (co— C)(l + <3£‘I’e§:§>L’é> + (20, B )iz (3.5.12)
+<Ne(@€)762§0j>145'
|

Consider the setting of Corollary and pick 0 < § < §p and 0 < € < g¢(6). Our

goal here is to find solutions to (3.5.3) by showing that the map 7 s : X,,.. — H? that
acts as

T.5(®) = (Les) ' Fs(cs(®e), @) (3.5.13)
admits a fixed point. For any triplet (®, 4, &) X%;E, the bounds in Corollary [3.4.5

imply that

ITes(@)llx, < Col [|MEFs(es(e), @) | + | M220eF5 (e5(De), @)|2 ]
(3.5.14)
together with

|To5(@%) ~ Tos(®P)|| < Co HM; <}'5 (cs(@A), DAY — Fy(cs(DF), @B))‘

+Cy HM;:Q(?E (]:5 (05((1):24)7 (I)A) By (06(@63), ;;)) ’
(3.5.15)

L2’
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In order to show that 7} 5 is a contraction mapping, it hence suffices to obtain suitable
bounds for the terms appearing on the right-hand side of these estimates.

We start by obtaining pointwise bounds on the nonlinear terms. To this end, we
compute

DN, (B,) = (DFO(UO;O +®,) — DF,(Upy) — D2FO(U0;O)<I>O>U;;O
_ B (3.5.16)
+ (DFO(UO;O Lo, - DFO(UO;0)>85<I>O

and note that a similar identity holds for J¢ N (®.). In addition, we remark that there
is a constant Kz > 0 for which the bounds

IDE4(Ug0 + P4)lloo + 1D*Fy(Ugo + Py)lloo + [D?Fy(Ugo + P4)lloc < Kp
(3.5.17)
hold for # € {o0,e} and all & = (®,, ®.) that have ||P||g < 4.

Lemma 3.5.2. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
ezists a constant K, > 0 so that for each ® = (®,,®.) € H' with ||®|/g: < 1., we have
the pointwise estimates

No(@o)] < K|, (3.5.18)
Ne(@e)] < K]
Proof. Using [55, Thm. 2.8.3] we obtain
No(®o)| < $Kp|®2 (3.5.19)
The estimate for N, follows similarly. n

Lemma 3.5.3. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
ezists a constant K, > 0 so that for each ® = (®,,®.) € H' with ||®|/m: < ., we have
the pointwise estimates

‘65-/\[0((1)0)‘ < Kp(|a£q)0||¢’0‘ + |(I)0|2>7 (3 5 20)
ONe(@e)] < Kp (|0 Pel|Pe| + [2c]?).
Proof. We rewrite (3.5.16)) to obtain
85./\/’0(‘1)0) = DFO(UO;O + @0)8€(U0;0 +®,) — DFO(UO;o)ag(UO;O + (I)O)
_D2F0(U0;0)[q)07 aE(UO;O + (PO)] + D2FO(UO;O)[(I)O7 6§¢0].
(3.5.21)
This allows us to use [55, Thm. 2.8.3] and obtain the pointwise estimate

—

0eNo(®o)] < 5K p|@o* (U0l + 10:Dol) + Kp|@o||0 D, (3.5.22)

< KP(|8§¢O||@0| + |CI)0|2)'

The estimate for N, follows similarly. n
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Lemma 3.5.4. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
exists a constant K, > 0 so that for each pair

o4 = (0,0 c H', o8 = (o8 98) c H! (3.5.23)

that satisfies || @4 ||z < 1. and || @8 ||gr < 1., we have the pointwise estimates

No(@5) = No(@F)] < Kp[|of] + |27 [][@F — 27, (3.5.24)
Ne(@F) = Ne(@D)] < Kp[|@f] +[@7[]|0f — @7). -
Proof. We first compute
No(@3) = No(@F) = Fo(Uoo + @7 + (25 — 7)) = Fo(Uoro + 27)

—DF,(Uoo +05) (95 — 7))
+[DF, (U + ®F) — DF,(Usyp)] (05 — ©F).

(3.5.25)
Applying [55, Thm. 2.8.3] twice yields the pointwise estimate
N(@) = No(@F)] < K |}|of - 0F[2 + 08|04 — oF||
(3.5.26)
< 2Kp[|0f] + @[] 0] — @F.
The estimate for N, follows similarly. n

Lemma 3.5.5. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
exists a constant K, > 0 so that for each pair

o4 = (¢, 04 € HY, o8 = (08 oB) c H! (3.5.27)

that satisfies || @4 ||gr < 1. and || @8 ||g < 1. we have the pointwise estimates

N4 (@) = DN4 (@D < K |10+ |0 + 02| + 07| |2 - @]
K, ||04] + [0F]|[0e(0 - @)
(3.5.28)
for # € {o,e}.
Proof. Differentiating (3.5.25)) line by line, we obtain

85./\/0((1);4) - 85/\/0((1)5) = dy+dy+ds (3.5.29)
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with
dy = DF,(Uyo+®8 + (92 — 02)) (U, + 008 + 9 (02 — @7))
—DF,(Ugyp + 8)0: (Uoyo + ©F),
dy = —D’Fy(Uso+ @) (2 — 7, 0:(Uoo + 7))

_DFO(UO;O + @f)@g(@f - ‘1)5)7
dy = [DF,(Upo+ ®B) — DF,(Usy0)] 0 (92 — ®F)
+D?F, (Ui + ®F)[0¢(Uoo + ©F), 02 — @5]
~D2F,(U00) [Ugyo, @5 — 7).
Upon introducing the expressions
di = DF,(Ugpo+ ®F + (82 — 5))9: (Usyo + ®F)
—DF,(Uop + ®8)0: (Uoio + ®F)
—D?Fo(Uoo + 7)) [@5 — 7, 0c(Uoio + 7)),

(3.5.30)

dir = [DF,(To0+ 08 + (8} — ) — DF, (U0 + 8F) | 0 — 02),
(3.5.31)
we see that
di+dy = dy+dpj. (3.5.32)
Applying [55, Thm. 2.8.3] we obtain the bounds
di| < LKp|®A— ®B2[|T. |+ [0:D5],
dir] < Kp|®) — @7[|0:(®5 — @7)|-
In addition, the expressions
dIII = [DFO(UO;O_F@OB) _DFO(UO;O)]af((b:)A - (I)g)a
drv = DQFO(UO;O + (I)OB)[UIO;O» (1)104 - q)oB] - DQFO(UO;O)[U;;W (I)f - (I)oB]v
dy = D?F,(Ugo+ ®P)[0:2F, 02 — @F]
(3.5.34)
allow us to write
d3s = di+div+dy. (3.5.35)
Applying [55, Thm. 2.8.3] we may estimate
ldirr] < Kpl®Z||0:(0F — 2],
ldiv| < Kpl®J[|®) — 27, (3.5.36)

dv] < Kplo:7 |25 — o).

These bounds can all be absorbed into ((3.5.28). The estimate for N, follows simi-

larly.
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With the above pointwise bounds in hand, we are ready to estimate the nonlinear-
ities in the appropriate scaled function spaces. To this end, we introduce the notation

N(@) = (No(®,), Ne(®e)) (3.5.37)
for any ® = (®,,®,) € H.

Lemma 3.5.6. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
exists a constant Ky > 0 so that for each 0 < n < 1., each € > 0 and each triplet
(@, ®4, ®B) € X3 _ we have the bounds

| MIN (@) < Ky,

| 20N (@) | < Ky,

IMEN (@) =N (@F)) gz < Kyrl|eh = @8pz,
|ME20g (W (@) = N (@2)) Iz < Ky (|04 = @Bz + 9(@4 — @) r2).

(3.5.38)

Proof. All bounds follow immediately from Lemma Lemma, upon using
the Sobolev estimate ||¢||o < Cfl|d]|g1 to write

[Polle < Cim, [0:Polloc < 0/27
! ¢ ; (3.5.39)
[Pelloc < O, [10:Pels < Cinm,
with identical bounds for ®4 and ®F. n

Lemma 3.5.7. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. Then
there exists a constant Kg > 0 so that for each € > 0 we have the bound

[IMi&|lL2 + [M2?0collr: < eKe. (3.5.40)

Proof. The structure of the matrix J allows us to bound

IMiEolle < eliEls M0kl < clBebolle . (35.41)
The result hence follows from the inclusions
U,, € H., F,(Usyp) € HL. (3.5.42)

The first of these can be obtained by differentiating (3.2.18) and (3.2.20). The second
inclusion follows from the fact that U, converges exponentially fast to its limiting
values, which are zeroes of F,. [

Lemma 3.5.8. Assume that (HN1), (HN2), (HW1), (HW2) and (HS1) are satisfied.
Then there exists a constant K. > 0 in such a way that for each 0 < n < 1y, each
e >0, each § > 0 and each triplet (®,®4, ®B) € X3 _ we have the bounds

n;e
|C6((I)e) - CO‘ < K. [577 + 7]2]7 (3 5 43)
les(@F) = cs(PP)] < Ke(0+n)[|24 — &Pl -
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Proof. Since we only need to use regular L?-norms for these estimates, the proof of
Lemma also applies here. n

Lemma 3.5.9. Assume that (HN1), (HN2), (HW1), (HW2) and (HS1) are satisfied.
Then there exists a constant Kr > 0 in such a way that for each 0 < n < 1y, each
0<e<1, each § >0 and each triplet (&, ®4, ®B) € X3 we have the bound

;€
[MEIR(c5(Pe), @)L + [|ML2OeR(cs(Pe), ®)||lL> < Krl[on+1n?]. (3.5.44)
Writing
AR = R(cs(®2),®4) — R(cs(®F), dB), (3.5.45)

we also have the bound
[MEIAABR|L2 + [ML20:AupRll: < Kr(5+n)||@* — &Pl
KR (1 +6)[|0g(®4 — ©P)| L2
+nKR (1 + 0) [ ML20Z (24 — ©F)| .

(3.5.46)
Proof. Using Lemma [3.5.8| we immediately obtain the bound
IMIR(es(@e), @)z < Kelon + 7] (MLDe® s + | METG s ) s
< Ke[on+ 2] (n+ 1000 ),

together with

—
IME20eR(cs(@e), @)l < Ke[on+ ] (|ME2020 2 + | ML2Tg s )
< Ke[on+2] (n+ 100 l2).
(3.5.48)
In addition, we may compute
AapR = (cs(®B) — cs(92))0: (Up + @4
B (cs(@F) = c5(2£)) 0 (Uo + 24) (3.5.49)

+(co — ¢5(®P)) 9 (24 — @B),

which allows us to estimate

IMIAARRIe < Ko(6+n)[@4 — 8|2 (|MLITgl|Lz + [|MLO D412 )
K[+ n?] | MLOe (@4 — B)||e
< K.(6+n)]2* — @Bz (|Tglle +n)

K[54 7] ]| 0 (@4 — DP)]| 2,
(3.5.50)
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together with

—/
[ML20:AapRlL2 < Ke(0+ 1)@ — @82 (|IME2TUyILe + [|ME20:04|12)
+ K [0+ n?] [ ME20Z(@4 — @F)||L

—//
< K (0+n)|@* = P2 (|02 + 1)
+E [0 + n?] || MZ20e (24 — D) e
(3.5.51)
These terms can all be absorbed into (3.5.46)). [

Proof of Theorem (3.2.1] Using Lemma Lemma [3.5.7] and Lemma to-
gether with the decomposition (3.5.5) and the estimates (3.5.14)-(3.5.15)), we find that
there exists a constant K7 > 0 for which the bounds

172.5(®) 1, < Kr|in+iP+e),
(3.5.52)
I725(@%) = Ts(@P) | < Kr[o+n) |04 — 05,

hold for any n < 7., any 0 < £ < £0(6) and any triplet (®,®4, &F) ¢ X%;E. As such,
we fix
§ = gg n=min{n, g} (3.5.53)

Finally, we select a small positive €, such that e, < g¢(0) and e, < ﬁn. We conclude
that for each 0 < € < €., T 5 maps X,,. into itself and is a contraction. This completes
the proof. [

3.6 Stability of travelling waves
Introducing the family
(U.,6.) = (Uee), (3.6.1)

which satisfies (hFam) on account of Theorem we see that the theory developed
in applies to the operators

L.y:H' — L2 (3.6.2)

that act as

Lopn = coge —Miadmix — DE(U:) + A (3.6.3)

We emphasize that these operators are associated to the linearization of the travelling
wave system ((3.2.14]) around the wave solutions (U.,c.). For convenience, we also
introduce the shorthand

Lo = Lo = coge— M} odmic— DF(U.). (3.6.4)
We remark that the spectrum of £, is 2mic.-periodic on account of the identity

(Lo +A)e*™ = ¥ (Lo + X+ 2mice). (3.6.5)



172 CHAPTERI[3 THE SPATIALLY PERIODIC FITZHUGH-NAGUMO SYSTEM

As a final preparation, we note that there exists a constant K > 0 for which the
bound

IDF,(Uoie)lloo + 1D*Fo(Uoie) oo + [DFe(Ueie)lloo + ID*Fe(Uee)low < Kr
(3.6.6)
holds for all 0 < € < &,.

Our main task here is to reverse the parameter dependency used in In par-
ticular, for a fixed small value of € > 0 we study the behaviour of the map A — L. ».
This allows us to obtain the main result of this section, which lifts the spectral stability

assumptions (HS1) and (HS2) to the full system (3.2.14)).

Proposition 3.6.1. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2)
are satisfied. Then there exists a constant €., > 0 so that the following properties hold
for all 0 < € < €.

(i) We have
Ker(L.) = span(U;) (3.6.7)

together with U; ¢ Range (L. ).
(i) For each A € C\ 2mic.Z with Re\ > —\., the operator L. \ is invertible.

These spectral stability properties can be turned into a nonlinear stability result
by applying the theory developed in [I09]. The main idea is to consider a temporal
Green’s function for the LDE and spatial Green’s functions for the travelling
wave equation (3 . These Green s functions can be related to each other using an
integral representation. Our detailed knowledge of the spectrum of the operator L.
allows us to shift the integration path and split the temporal Green’s function for the
linearization of (3 around the wave U, into two cornponents. The first corresponds
to the neutral part of the flow along the eigenfunction U. -, while the second encodes
the exponentially decaying stable part of the flow. The full orbital neighbourhood of
the travelling wave U, can now be spanned by the family of stable manifolds for the
shifted waves U.(- + 99), which all have codimension one. In particular, every initial
condition in this neighbourhood converges exponentially to a shifted version of U..

Proof of Theorem[3.2.2 For j € Z we introduce the new variables
(uj;o’wj;ov“j;eij;e) = (u2j+1vw2j+1vu2jaw2j)» (3.6.8)

which allows us to reformulate the 2-periodic system ({3.2.1) as the equivalent 2(n + k)-
component system

) = S Dujrne(t) +ujie(t) = 2ujio(t)] + fo(usio(t), wyio(t)),
Wio(t) = Go(ujio(t), wjo(t)),
Y ) = D[uj;o(t) +uj_1,0(t) — 2uj;e(t)] + fe (uj;e(t), wj;e(t)),
Wje(t) = ge(ujie(t), wjie(t)),

(3.6.9)
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which is spatially homogeneous.

On account of Theorem and Proposition it is clear that [3.6.9] satisfies
the conditions (HV), (HS1)-(HS3) from [109]. An application of [I09, Prop. 2.1] im-
mediately yields the desired result. [

3.6.1 The operator L.

Observe first that £, is a Fredholm operator with index zero on account of Lemma
[3:4:6] Our goal in this subsection is to establish the characterization of the kernel and
range of this operator given in item (i) of Proposition We note that this state-
ment implies that the zero eigenvalue of L. is simple.

At times, our discussion closely follows the lines of [I50], sects. 4-5]. The novel
ingredient here, however, is that we do not need to modify the spectral convergence
argument from §3.4] to ensure that it also applies to the adjoint operator. Indeed, we
show that all the essential properties can be obtained from the following quasi-inverse
for L., which can be constructed by mimicking the approach of [I11], Prop. 3.2].

Lemma 3.6.2. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied and pick a sufficiently small constant e, > 0. Then for every 0 < € < g,
there exist linear maps

e : L2 R
—qiny (3.6.10)
L, . L2 - H!,
s0 that for all © € L? the pair
(7) \I’) = (WE@,ZSIH"@) (3611)
18 the unique solution to the problem
LU = ©+47, (3.6.12)
that satisfies the normalisation condition
((0,234), W) = 0. (3.6.13)

In addition, there exists C' > 0 such that for all 0 < & < 4, and all © € L? we have
the bound
[7.0] + [MULTO) L2 + L2770 < C||MLO)re. (3.6.14)
Proof. The proof of [I50, Lem. 4.9] remains valid in this setting.
[

We can now concentrate on the kernel of £.. The quasi-inverse constructed above

allows us to develop a Liapunov-Schmidt argument to exclude kernel elements other
—/
than U..
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Lemma 3.6.3. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. Then for all sufficiently small € > 0 we have

ker(£.) = span{U.}. (3.6.15)

Proof. This result can be obtained by following the procedure used in the proof of
[150, Lem. 4.10-4.11]. [

We now set out to show that the eigenfunction U/E is, in fact, simple. As a technical

preparation, we obtain a lower bound on 7%.(U,), which will help us to exploit the
quasi-inverse constructed in Lemma [3.6.2

Lemma 3.6.4. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. Then there exists a constant v, > 0 so that the inequality

holds for all sufficiently small € > 0.

Proof. We note first that the limit U, — Uy in L? and the inequality <U;;O, q):i)jhg #
0 imply that there exists a constant v, > 0 so that

(UL, (0,582 > (3.6.17)

for all small € > 0.

We now introduce the function
v, = T (3.6.18)
The uniform bound shows that we may assume an a-priori bound of the form
[Pellg: < Cf (3.6.19)

for some C7 > 0.

For any sufficiently small 6 > 0 and 0 < & < g¢(9), the explicit form of 7_ given in
[150, eq. (4.47)] implies that

ST - <(o,<1>:j‘g),(25+5)_1 (U%+5\115)>L2
= (0,229, (Z-48) Ty)_,
{0067 T+ (Zo40) owL)

(.28, (2-45) Ty,

(3.6.20)

Since (ZE + 5)715‘1’5 is uniformly bounded in L? for all sufficiently small § > 0 and
0 < & < g9(d) on account of Corollary [3.4.4] and (3.6.19)), we can use the lower bound
(13.6.17) to assume that § > 0 is small enough to have

(0, ®2%), 67 T. + (Lo +6)60.) | > Cho! (3.6.21)
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for all such (g, ). Moreover, the uniform bound in Corollary also yields the upper
bound

(0, 02%), (L. +6) "' Up)pa| < CiA+67Y) (3.6.22)
for all such (e, ). This gives us the lower bound
= c! -1

|rYEUE| > 0721-(?-6—1 B (3623)

for some 7, > 0 that can be chosen independently of § > 0. [

Lemma 3.6.5. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. Then for all sufficiently small € > 0 we have U; ¢ Range(L.).

Proof. Arguing by contradiction, let us suppose that there exists ¥, € H' for which
the identity

/
g

LY. = U (3.6.24)

holds. The observation above allows us to add an appropriate multiple of U; to U, to
ensure that (¥, (0, ‘1)2?8)>L2 = 0. In particular, Lemma implies that
5.0, = o0, gl = w., (3.6.25)

€ €

which immediately contradicts Lemma [3.6.4] ]

3.6.2 Spectral stability

Here we set out to establish the statements in Proposition for A ¢ 2mic.Z. In
contrast to the setting in [I50], the period 2mic. can be uniformly bounded for € | 0.
In particular, we will only consider values of € > 0 that are sufficiently small to ensure
that

%CO < e < %CO (3626)

holds. Recalling the constant A\ introduced in Proposition this allows us to
restrict our spectral analysis to the set

R = {AeC:ReX > —X, [Im\| < 3mco} \ {0}. (3.6.27)

On account of Lemma the operators L. ) are all Fredholm with index 0 on this
set. We hence only need to establish their injectivity.

It turns out to be convenient to partition this strip into three e-independent parts,
which we illustrate in Figure The first part (red) contains values of A that are close
to 0, which can be analyzed using the theory developed in The second part
(blue) contains all values of A for which ReA is sufficiently large. Such values can be
excluded from the spectrum by straightforward norm estimates. The remaining part
(green) is compact, which allows us to appeal to Proposition
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ImA

27ce

Figure 3.2: Illustration of the decomposition of the spectrum into e-independent regions.

Lemma 3.6.6. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. There exists constants A\ > 0 and ey > 0 so that the operator EE s H = L2
is injective for all A € C with 0 < |A| < Ar and 0 < ¢ < ¢;.

Proof. We argue by contradiction. Pick a small A\; > 0 and 0 < € < &,, and assume
that there exists ¥ € H' and 0 < |A\| < A\; with ¥ # 0 and

LV = \U. (3.6.28)
Aiming to exploit the quasi-inverse in Lemma we use (3.6.17)) to decompose ¥ as
U = KU.+ Ut (3.6.29)

for some k € R and U+ € H! that satisfies the normalisation condition

((0,28), ¥ ) = 0. (3.6.30)
In view of Lemma [3.6.2] the identity (3.6.28]) implies that
Ve [n/\U'E +AUL] = 0, /;qmv[ AU, + AU = wk (3.6.31)

On account of the uniform bound (3.6.14]), we can assume that A; is small enough to
have .
MIES seensy < L (3.6.32)

Since |A| < Az, this means that we can rewrite (3.6.31)) to obtain

Ul = [T ALY [eAT). (3.6.33)
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In particular, the first identity in (3.6.31)) allows us to write

0 = F[RATL+ A1 = A28 T Z AT o0
: . 3.6.34
= T[T+ Al - A2 T2 T

We note that the restriction (3.6.32f) ensures that the second identity in (3.6.31]) has no
nonzero solutions ¥+ for x = 0. In particular, (3.6.34) implies that we must have

7.0 = ). [[I SVl v [U’E]] (3.6.35)

On account of we hence obtain the estimate
RO < CHA < Cin (3.6.36)
for some C7 > 0. However, Lemma shows that the left-hand side remains bounded

away from zero, which yields the desired contradiction after restricting the size of A\;. =

Lemma 3.6.7. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. There exist constants A\rr > 0 and err > 0 so that the operator L.  : H! - 12
1s injective for all A € R with Re A > A\jr and 0 < e < gypy.

Proof. The identity L. \® = 0 implies that
c:® = Mj 2Juix® + DF(U:)® — \O. (3.6.37)
. . . 1,2 ;
Taking the inner product with M_;"®, we may use Lemma 3.4.11| to obtain

0 < —Re(Juix®, ®)r:
Re (DF(U.)®,M*®)12 — Re X ||ML20|, (3.6.38)
< (Kp—Re)) [ Mb2Q|_,.

For Re A > K this hence implies ® = 0, as desired. ]

Proof of Proposition [3.6.1. On account of Lemmas [3.6.0} [3.6.513.6.7}, it remains to
consider the set

M = {AeR:|A>ALReA< A} (3.6.39)

Since this set satisfies (hM),), we can apply Proposition to show that for each
sufficiently small € > 0, the operators L.  are invertible for all A € M. [
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