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Chapter 2

Nonlinear stability of pulse
solutions for the discrete
FitzHugh-Nagumo equation
with infinite-range interactions

Sections 2.1 and have been published in Discrete & Continuous Dynami-
cal Systems-A 39(9) (2019) 5017-5083 as W.M. Schouten-Straatman and H.J. Hupkes
“Nonlinear Stability of Pulse Solutions for the Discrete FitzHugh-Nagumo equation
with Infinite-Range Interactions” [150].

Abstract. We establish the existence and nonlinear stability of travelling pulse
solutions for the discrete FitzHugh-Nagumo equation with infinite-range interactions
close to the near-continuum regime. For the verification of the spectral properties, we
need to study a functional differential equation of mixed type (MFDE) with unbounded
shifts. We avoid the use of exponential dichotomies and phase spaces, by building on
a technique developed by Bates, Chen and Chmaj for the discrete Nagumo equation.
This allows us to transfer several crucial Fredholm properties from the PDE setting to
our discrete setting.

Key words: Lattice differential equations, FitzHugh-Nagumo system, infinite-range
interactions, nonlinear stability, nonstandard implicit function theorem.
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2.1 Introduction

The FitzHugh-Nagumo partial differential equation (PDE) is given by

[ = Ugy +9(u;70) —
' (w5 7o) (2.1.1)
we = plu—yw),
where g(+;70) is the cubic bistable nonlinearity given by
g(u;re) = u(l —u)(u—rp) (2.1.2)

and p,y are positive constants. This PDE is commonly used as a simplification of the
Hodgkin-Huxley equations, which describe the propagation of signals through nerve fi-
bres. The spatially homogeneous version of this equation was first stated by FitzHugh
in 1961 [74] in order to describe the potential felt at a single point along a nerve axon
as a signal travels by. A few years later [76], the diffusion term in was added
to describe the dynamics of the full nerve axon instead of just a single point. As early
as 1968 [75], FitzHugh released a computer animation based on numerical simulations
of (]E This video clip clearly shows that (| - ) admits isolated pulse solutions
resembling the spike signals that were measured by Hodgkin and Huxley in the nerve
fibres of giant squids [98].

As a consequence of this rich behaviour and the relative simplicity of its structure,
has served as a prototype for several similar systems. For example, memory
devices have been designed using a planar version of , which supports stable sta-
tionary, radially symmetric spot patterns [120]. In addition, gas discharges have been
described using a three-component FitzHugh-Nagumo system [I38] [148], for which it
is possible to find stable travelling spots [I61].

Mathematically, it turned out to be a major challenge to control the interplay
between the excitation and recovery dynamics and rigorously construct the travelling
pulses visualized by FitzHugh in [75]. Such pulse solutions have the form

(w,w)(z,t) = (Uo,Wo)(x + cot), (2.1.3)
in which ¢ is the wavespeed and the wave profile (g, W) satisfies the limits

lim (7, To)(€) = 0. (2.1.4)

|€]—o0

Plugging this Ansatz into (2.1.1) and writing £ = = + cot, we see that the profiles are
homoclinic solutions to the travelling wave ordinary differential equation (ODE)

cotig(§) = g (&) + g(@o(€);ro) — Wo(€)
cowy(€) = pluo(§) —ywoe(§)].

The analysis of this equation in the singular limit p | 0 led to the birth of many
techniques in geometric singular perturbation theory, see for example [I18] for an inter-
esting overview. Indeed, the early works [31) 07, 117, [119] used geometric techniques

(2.1.5)
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such as the Conley index, exchange lemmas and differential forms to construct pulses
and analyze their stability. A more analytic approach was later developed in [124],
where Lin’s method was used in the rg =~ % regime to connect a branch of so-called
slow-pulse solutions to to a branch of fast-pulse solutions. This equation is still
under active investigation, see for example [32] [33], where the birth of oscillating tails
for the pulse solutions is described as the unstable root rg of the nonlinearity g moves

towards the stable root at zero.

Many physical, chemical and biological systems have an inherent discrete structure
that strongly influences their dynamical behaviour. In such settings lattice differential
equations (LDEs), i.e. differential equations where the spatial variable can only take
values on a lattice such as Z", are the natural replacements for PDEs, see for exam-
ple [6l 109, 130]. Although, mathematically, it is a relatively young field of interest,
LDEs have already appeared frequently in the more applied literature. For example,
they have been used to describe phase transitions in Ising models [6], crystal growth in
materials [28] and phase mixing in martensitic structures [159].

To illustrate these points, let us return to the nerve axon described above and
reconsider the propagation of electrical signals through nerve fibres. It is well known
that electrical signals can only travel at adequate speeds if the nerve fibre is insulated
by a myelin coating. This coating admits regularly spaced gaps at the so-called nodes
of Ranvier [143]. Through a process called saltatory conduction, it turns out that
excitations of nerves effectively jump from one node to the next [127]. Exploiting this
fact, it is possible [123] to model this jumping process with the discrete FitzHugh-
Nagumo LDE

. 1
i = (e wj — 2u5) + glugio) — w;

.J h2 \%j+ J J) J J (2.1.6)
w; = pluj —yw;l.

The variable u; now represents the potential at the 5! node, while the variable w; de-
notes a recovery component. The nonlinearity g describes the ionic interactions. Note
that this equation arises directly from the FitzHugh-Nagumo PDE upon taking the
nearest-neighbour discretisation of the Laplacian on a grid with spacing h > 0.

Inspired by the procedure for partial differential equations, one can substitute a
travelling pulse Ansatz

(ujswi)(t) = (@, @p) (R + cnt) (2.1.7)
into . Instead of an ODE, we obtain the system
cnin(€) = pz[@n(§+h) +n(§ — h) — 2un(&)] + (@ (&) 7o) — Wn(§) 218

cnwy,(§) = plun(§) — ywn ()]

in which & = hj + cit. Such equations are called functional differential equations of
mixed type (MFDEs), since they contain both advanced (positive) and retarded (neg-
ative) shifts.
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In [I08, T09], Hupkes and Sandstede studied and showed that, for small values
of p and r( sufficiently far from %, there exists a locally unique travelling pulse solution
of this system and that it is asymptotically stable with an asymptotic phase shift. No
restrictions were required on the discretisation distance h, but the results relied heavily
on the existence of exponential dichotomies for MFDEs. As a consequence, the tech-
niques developed in [T08, [109] can only be used if the discretisation involves finitely
many neighbours. Such discretisation schemes are said to have finite range.

Recently, an active interest has arisen in nonlocal equations that feature infinite-
range interactions. For example, Ising models have been used to describe the infinite-
range interactions between magnetic spins arranged on a grid [6]. In addition, many
physical systems, such as amorphous semiconductors [87] and liquid crystals [44], fea-
ture nonstandard diffusion processes, which are generated by fractional Laplacians.
Such operators are intrinsically nonlocal and, hence, often require infinite-range dis-
cretisation schemes [43].

Our primary interest here, however, comes from so-called neural field models, which
aim to describe the dynamics of large networks of neurons. These neurons interact with
each other by exchanging signals across long distances through their interconnecting
nerve axons [15], 23] 24] [T42]. It is of course a major challenge to find effective equa-
tions to describe such complex interactions. One model that has been proposed [23]
Eq. (3.31)] features a FitzHugh-Nagumo type system with infinite-range interactions.

Motivated by the above, we consider a class of infinite-range FitzHugh-Nagumo
LDEs that includes the prototype
. _ .2
W= gz e fugpn +ujon — 2u5] + g(ugsro) — wj
k€Z>o (2.1.9)
Wy = pluy —yw],

>

in which & > 0 is a normalisation constant. In [69], Faye and Scheel studied equations
such as for discretisations with infinite-range interactions featuring exponential
decay in the coupling strength. They circumvented the need to use a state space as
in [T08], which enabled them to construct pulses to for arbitrary discretisation
distance h. Very recently [70], they developed a center manifold approach that allows
bifurcation results to be obtained for neural field equations.

In this paper, we also construct pulse solutions to equations such as , but un-
der weaker assumptions on the decay rate of the couplings. Moreover, we will establish
the nonlinear stability of these pulse solutions, provided the coupling strength decays
exponentially. However, both results do require the discretisation distance h to be very
small.

In particular, we will be working in the near-continuum regime. The pulses we
construct can be seen as perturbations of the travelling pulse solution of the FitzHugh-
Nagumo PDE. However, we will see that the travelling wave equations are highly sin-
gular perturbations of , which poses a significant mathematical challenge. On



2.1. INTRODUCTION 33

the other hand, we do not need to use exponential dichotomies directly in our nonlocal
setting as in [109]. Instead, we are able to exploit the detailed knowledge that has been
obtained using these techniques for the pulses in the PDE setting.

Our approach to tackle the difficulties arising from this singular perturbation is
strongly inspired by the work of Bates, Chen and Chmaj. Indeed, in their excellent
paper [0], they study a class of systems that includes the infinite-range discrete Nagumo
equation

. _ 1.2
o= f5 Y e [ujpn + uj—k — 2uj] + glug;ro), (2.1.10)
k€Z~o

>

in which k > 0 is a normalisation constant. This equation can be seen as a discretisation
of the Nagumo PDE

Uy = Uge + glu;ro). (2.1.11)
The authors show that, under some natural assumptions, these systems admit travel-
ling front solutions for h small enough.

In the remainder of this introduction we outline their approach and discuss our
modifications, which significantly broaden the application range of these methods. We
discuss these modifications for the prototype (2.1.9), but naturally they can be applied
to a broad class of systems.

Transfer of Fredholm properties: Scalar case.
An important role in [6] is reserved for the operator L£p.g...:coe given by

LhitpueiconV(l) = cosct’(€) =15 X e [v(g + hk) 4+ v(& — hk) — 21;(5)}

k€Z~o
—gu(Uo:sc(§); m0)v (),
(2.1.12)

where %g.sc is the wave solution of the scalar Nagumo PDE (2.1.11)) with wavespeed
co:sc- This operator arises as the linearisation of the scalar Nagumo MFDE

CO:scul(g) = % Z e_k2 U(§ + hk) + U(f - hk) - 27}(5):| + gu(EOZSC(g); 7’0)7)(5),

kEZ>o

(2.1.13)

around the wave solution %g.s. of the scalar Nagumo PDE . This operator
should be compared to

Lo;ﬁo;sc;co;scv(g) = CO:sc'U/(g) - ’U”(f) - gu(ﬂo:sc(§)§7‘0)v(§)7 (2114)

the linearisation of the scalar Nagumo PDE around its wave solution.

The key contribution in [6] is that the authors fix a constant 6 > 0 and use the invert-
ibility of Lo:mg..c;co..c 70 t0 show that also L. :co... 0 is invertible. In particular, they
consider weakly-converging sequences {v,} and {w,} with (Lpzmy.eicone + 0)Un = Wy
and try to find a uniform (in 6 and h) upper bound for the L?-norm of v}, in terms
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of the L?-norm of w,. Such a bound is required to rule out the limitless transfer of
energy into oscillatory modes, a key complication when taking weak limits. To obtain
this bound, the authors exploit the bistable structure of the nonlinearity ¢ to control
the behaviour at +o0o. This allows the local L2-norm of v, on a compact set to be uni-
formly bounded away from zero. Since the operator Lz, + § is not self-adjoint,
this procedure must be repeated for the adjoint operator.

H

Transfer of Fredholm properties: System case.
Plugging the travelling pulse Ansatz
(u,w);(t) = (Tp,@Wn)(hj+ cnt) (2.1.15)

into (2.1.9) and writing £ = hj + cit, we see that the profiles are homoclinic solutions
to the equation

(€)= F X e [an(€ + kh) + Tu(€ — kh) = 2m0(€)] + 9(@n(€); ro) — T &)

k>0
i (€)= p(Wn(©) —7mn(©)).
(2.1.16)
We start by considering the linearised operator Kp.,:c, of the system around
the pulse solution (@g,wy) of the FitzHugh-Nagumo PDE with wavespeed ¢g. This
operator is given by

O (1 )0 = (G e bt ) @1

where L3¢, i given by equation (2.1.12)), but with %g.s. replaced by %y and cg.sc by co.

In §2.3|we use a Fredholm alternative as described above to establish the invertibility
of Khag:co +0 for fixed 6 > 0. However, the transition from a scalar equation to a system
is far from trivial. Indeed, when transferring the Fredholm properties there are multiple
cross terms that need to be controlled. We are aided here by the relative simplicity
of the terms in the equation that involve w. In particular, three of the four matrix-
elements of the linearisation have constant coefficients. We emphasize that it
is not sufficient to merely assume that the limiting state (0,0) is a stable equilibrium
of . In [I51], we explore a number of structural conditions that allow these types
of arguments to be extended to general multi-component systems.

Construction of pulses.

Using these results for Kp.g,.c,, we develop a fixed point argument to show that,
for h small enough, the system has a locally unique travelling pulse solution
(Un(t)); = (un,wp)(hj + cpt) which converges to a travelling pulse solution of the
FitzHugh-Nagumo PDE as h | 0. This procedure is more or less straightforward and
is very similar to the arguments used in [6, §4] which, in turn, closely follow the lines
of a standard proof of the implicit function theorem.
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Spectral stability.

The natural next step is to study the linear operator Kz, ., that arises after linearising
the system (2.1.9) around its new-found pulse solution. This operator is given by

o ()0 = (S )

where L5, is given by equation , but with %.s. replaced by up and cg.sc by
cp. The procedure above can be repeated to show that for fixed § > 0, it also holds
that Kp.,:c, + 6 is invertible for h small enough. However, to understand the spectral
stability of the pulse, we need to consider the eigenvalue problem

Khigynv+ A = 0 (2.1.19)

for fixed values of h and A ranging throughout a half-plane. Switching between these
two points of view turns out to be a delicate task.

We start in by showing that Kpa,.c, and its adjoint Kf 5 ., are Fredholm

operators with one-dimensional kernels. This is achieved by explicitly constructing a
kernel element for K} - ..~ that converges to a kernel element of the adjoint of the op-
erator corresponding to the linearised PDE. An abstract perturbation argument then

yields the result.

In particular, we see that A = 0 is a simple eigenvalue of Kz, ¢, . In §2.6] we estab-
lish that in a suitable half-plane, the spectrum of this operator consists precisely of the
points {k2m'ch% : k € Z}, which are all simple eigenvalues. We do this by first showing

that the spectrum is invariant under the operation A — X\ + %7 which allows us to

restrict ourselves to values of A with imaginary part in between —% and % Note
that the period of the spectrum is dependent on h and grows to infinity as A | 0. This
is not too surprising, since the spectrum of the linearisation of the PDE around its
pulse solution is not periodic. However, this means that we cannot restrict ourselves
to a fixed compact subset of the complex plane for all values of h at the same time. In
fact, it takes quite some effort to keep the part of the spectrum with large imaginary

part under control.

It turns out to be convenient to partition our ‘half-strip’ into four parts and to
calculate the spectrum in each part using different methods. Values close to 0 are an-
alyzed using the Fredholm properties of K.z, ¢, exploiting many of the results from
values with a large real part are considered using standard norm estimates, but
values with a large imaginary part are treated using a Fourier transform. The final
set to consider is a compact set that is independent of h and bounded away from the
origin. This allows us to apply a modified version of the procedure described above
that exploits the absence of spectrum in this region for the FitzZHugh-Nagumo PDE.

Let us emphasize that our arguments here for bounded values of the spectral pa-
rameter A strongly use the fact that the PDE pulse is spectrally stable. The main
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complication to establish the latter fact is the presence of a secondary eigenvalue that
is O(p)-close to the origin. Intuitively, this eigenvalue arises as a consequence of the
interaction between the front and back solution to the Nagumo equation that are both
part of the singular pulse that arises in the p | 0 limit. In the PDE case, Jones [I117] and
Yanagida [166] essentially used shooting arguments to construct and analyze an Evans
function £(A) that vanishes precisely at eigenvalues. In particular, they computed the
sign of £'(0) and used counting arguments to show that the secondary eigenvalue dis-
cussed above lies to the left of the origin. Currently, a program is underway to build
a general framework in this spirit based on the Maslov index [10, 37, [I0T], which also
works in multi-dimensional spatial settings. In [46] [47], this framework was applied to
an equal-diffusion version of the FitzHugh-Nagumo PDE.

An alternative approach involving Lin’s method and exponential dichotomies was
pioneered in [124]. Based upon these ideas, stability results have been obtained for
the LDE (2.1.6) [109] and the PDE (2.1.1) [32] in the nonhyperbolic regime rg ~ 0.
The first major advantage of this approach is that explicit bifurcation equations can
be formulated that allow asymptotic expansions to be developed for the location of the
interaction eigenvalue discussed above. The second major advantage is that it allows
us to avoid the use of the Evans function, which cannot easily be defined in discrete
settings, because MFDEs are ill-posed as initial value problems [144]. We believe that
a direct approach along these lines should also be possible for the infinite range system
as soon as exponential dichotomies are available in this setting.

Nonlinear stability.

The final step in our program is to leverage the spectral stability results to obtain a
nonlinear stability result. To do so, we follow [I09] and derive a formula that links the
pointwise Green’s function of our general problem to resolvents of the opera-
tor Kpa,e, in Since we have already analyzed the latter operator in detail, we
readily obtain a spectral decomposition of this Green’s function into an explicit neutral
part and a residual that decays exponentially in time and space. Therefore, we obtain
detailed estimates on the decay rate of the Green’s function for the general problem.
These Green’s functions allow in to use multiple fixed point arguments to, eventu-
ally, show the nonlinear stability of the family of travelling pulse solutions Uj. To be
more precise, for each initial condition close to U (0), we show that the solution with
that initial condition converges at an exponential rate to the solution Uj(- 4 6) for a
small (and unique) phase shift 6.

We emphasize that by now there are several techniques available to obtain nonlinear
stability results in the relatively simple spectral setting encountered in this paper. If
a comparison principle is available, which is not the case for the FitzHugh-Nagumo
system, one can follow the classic approach developed by Fife and McLeod [73] to show
that travelling waves have a large basin of attraction. Indeed, one can construct explicit
sub- and super-solutions that trade-off additive perturbations at t = 0 to phase-shifts
at t = oo. In fact, one can actually use this type of argument to establish the existence
of travelling waves by letting an appropriate initial condition evolve and tracking its
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asymptotic behaviour [38 I10]. For systems that can be written as gradient flows,
which is also not the case here, the existence and stability of travelling waves can be
obtained by using an elegant variational technique that was developed by Gallay and
Risler [82].

In the spatially continuous setting, it is possible to freeze a travelling wave by pass-
ing to a co-moving frame. In our setting, one can achieve this by simply adding a
convective term —co0,(u, w) to the right hand side of . The main advantage
is that one can immediately use the semigroup exp[tLo] to describe the evolution of
the linearised system in this co-moving frame, which is temporally autonomous. Here
Ly is the standard linear operator associated to the linearisation of around
(Wo, Wo); see . For each 1 € R one can subsequently construct the stable mani-
fold of (o (-+ 1), Wo (- +v)) by applying a fixed point argument to Duhamel’s formula.
Upon varying 9, these stable manifolds span a tubular neighbourhood of the family
(o, Wp) (- + R). This readily leads to the desired stability result; see e.g. [121] §4]. We
remark here that these stable manifolds are all related to each other via spatial shifts.

In the spatially discrete setting, the wave can no longer be frozen. In particular,
the linearisation of around the pulse leads to an equation that is tempo-
rally shift-periodic. In [4I], the authors attack this problem head-on by developing a
shift-periodic version of Floquet theory that leads to a nonlinear stability result in £°°.
However, they delicately exploit the geometric structure of £°° and it is not clear how
more degenerate spectral pictures can be fitted into the framework. These issues are
explained in detail in [I09] §2].

In [I3], the authors found a way to express the Green’s function of the temporally
shift-periodic linear discrete equation in terms of resolvents of the linear operator L,
associated to the pulse . Based on this procedure, it is possible to follow the
spirit of the powerful pointwise Green’s function techniques pioneered by Zumbrun and
Howard [I68]. Indeed, in [II], a stability result is obtained in the setting of discrete
conservation laws, where one encounters curves of essential spectrum that touch the
imaginary axis. Using exponential dichotomies in a setting with extended state-spaces
L?([—h, h]; R?) x R?, pointwise A-meromorphic expansions were obtained for the op-
erators [£;, — A]7!. This allowed the techniques from [I2] to be transferred from the
continuous to the discrete setting. A slightly more streamlined approach was developed
in [I09], which does not need the extended state-space and avoids the use of a variation-
of-constants formula. However, exponential dichotomies are still used at certain key
points.

In our paper, we follow the spirit of the latter approach and extend it to the present
setting with infinite-range interactions. In particular, we show how the use of exponen-
tial dichotomies can be eliminated all together, which is a delicate task. In addition,
we need to be very careful in many computations since integrals and sums over shifts as
in can no longer be freely exchanged. We emphasize, here, that our techniques
do not depend on the specific LDE that we are analyzing. All that is required is the
spectral setting described above and the fact that the shifts appearing in the problem
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are all rationally related.

Let us mention that it is also possible to bypass the construction of the stable
manifolds altogether and employ a direct phase-tracking approach along the lines of
[167]. In particular, one can couple the system with an extra equation for the phase.
To close the system, one chooses this extra equation in such a way that the resulting
nonlinear terms never encounter the nondecaying part of the relevant semigroup. Such
an approach has been used in the current spectral setting to show that travelling waves
remain stable under the influence of a small stochastic noise term [92].

2.2 Main results

We consider the following system of equations

: 1
Uj = 13 Y Qpluipk + ui—k — 2u;] + g(uy) —w;

! Mise ! ! v (2.2.1)
wj = pluy —ywl,

which we refer to as the (spatially) discrete FitzHugh-Nagumo equation with infinite-
range interactions. Often, for example in [I08] [109], it is assumed that only finitely
many of these coefficients aj, are non-zero. However, we will impose the following much
weaker conditions here.

Assumption (Hal). The coefficients {ay }rez., satisfy the bound

> Jonlk? < oo, (2.2.2)
E>0
as well as the identity
> opk? = L (2.2.3)
k>0
Finally, the inequality
A(z) = Y ag (1 - cos(kz)) > 0 (2.2.4)
k>0

holds for all z € (0, 27).

We note that (2.2.4)) is automatically satisfied if a; > 0 and o > 0 for all k € Z+;.
The conditions in (Hal) ensure that for ¢ € L>(R) with ¢” € L?(R), we have the limit

lin s 2 x|+ k) + 0 = b) = 200)] = 6"l 2 sy = 0, (2.25)

see Lemma In particular, we can see (2.2.1)) as the discretisation of the FitzHugh-
Nagumo PDE (2.1.1)) on a grid with distance h. Additional remarks concerning the

assumption (Hal) can be found in [0, §1].

Throughout this paper, we impose the following standard assumptions on the re-
maining parameters in (2.2.1)). The last condition on 7 in (HS) ensures that the origin
is the only j-independent equilibrium of (2.2.1)).
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Assumption (HS). The nonlinearity g is given by g(u) = u(1 — w)(u — r¢), where
0 < rp < 1. In addition, we have 0 < p < 1 and 0 < v < 4(1 — ) 2.

Without explicitly mentioning it, we will allow all constants in this work to depend
on rg, p and . Dependence on h will always be mentioned explicitly. We will mainly
work on the Sobolev spaces

Hl(]R) = {f:R—>]R|f,f’EL2(R)},
H'R) = {f:R—RIf.f,f" € I2R)}, (22.6)
with their standard norms
1
2
e = (IR + 1 ) 1 .
2
Wl = (11 + 1 ey + 15 ay)

Our goal is to construct pulse solutions of (2.2.1) as small perturbations to the
travelling pulse solutions of the FitzHugh-Nagumo PDE. These latter pulses satisfy the
System

cotty = g + g(to) — Wo (2.28)

cowy = p(to —YWo) h
with the boundary conditions

lim (7o, wo)(§) = (0,0). (2.2.9)

|€]—00

If (@, wp) is a solution of (2.2.8)) with wavespeed ¢y, then the linearisation of (2.2.8])
around this solution is characterized by the operator Lo : H?(R) x HY(R) — L?(R) x

L?(R) that acts as
d d? =
4 _d g 1
Lo ( v ) g ~ ez ~ 9u(T0) J < Y ) : (2.2.10)
w —p Coge TP w
The existence of such pulse solutions for the case when p is close to 0 is established

in [118, §5.3]. Here, we do not require p > 0 to be small, but we simply impose the
following condition.

Assumption (HP1). There exists a solution (@, wy) of (2.2.8) that satisfies the con-
ditions (2.2.9) and has wavespeed ¢y # 0. Furthermore, the operator £y is Fredholm

with index zero and it has a simple eigenvalue in zero.

Recall that an eigenvalue A of a Fredholm operator L is said to be simple if the
kernel of L — X is spanned by one vector v and the equation (L — A)w = v does not have
a solution w. Note that if L has a formal adjoint L*, this is equivalent to the condition

that (v, w) # 0 for all nontrivial w € ker(L* — \).

We note that the conditions on £y formulated in (HP1) were established in [I17] for
small p > 0. In addition, these conditions imply that %, and w{, decay exponentially.
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We emphasize, however, that there exists a choice of parameters for which the condition
(HP1) is not satisfied [34].

In order to find travelling pulse solutions of (2.2.1)), we substitute the Ansatz
(w,w);(t) = (Tn,Wp)(hj~+ cut), (2.2.11)
into to obtain the system
THE) = X ar[Enl€ + k) + T (€ — hk) — 204(6)] + 9 (@ (€)) — T (€)

k>0
awy,(§) = plan(€) —yon(§)],
(2.2.12)
in which &€ = hj 4+ cpt. The boundary conditions are given by
im (@, ws)(€) = (0,0). (2.2.13)

|€]— o0
The existence of such solutions is established in our first main theorem.

Theorem 2.2.1 (see §2.4). Assume that (HP1), (HS) and (Hal) are satisfied. There
exists a positive constant h, such that for all h € (0,h,), the problem with
boundary conditions admits at least one solution (cp,Un, W), which is locally
unique in R x HY(R) x HY(R) up to translation and which has the property that

lhiﬁ} (ch — co,Un — o, Wy, —Wo) = (0,0,0) in R x HY(R) x H'(R). (2.2.14)

Note that this result is very similar to [69, Cor. 2.1]. However, Faye and Scheel
impose an extra assumption, similar to (Ha2) below, which we do not need in our proof.
This is a direct consequence of the strength of the method from [6] that we described

in {21)

Building on the existence of the travelling pulse solution, the natural next step is
to show that our new-found pulse is asymptotically stable. However, we now do need
to impose an extra condition on the coefficients {ay }r>o-

Assumption (Ha2). The coefficients {ag } x>0 satisfy the bound

> Jagle™ < oo (2.2.15)
k>0

for some v > 0.

Note that the prototype equation (2.1.9) indeed satisfies both assumptions (Hal)
and (Ha2). An example of a system which satisfies (Hal), but not (Ha2) is given by
;= 5 Alujar +ujok — 2uj] 4+ g(uy) — w;
! PSR ! ! v (2.2.16)

wj = pluy —ywj],

in which k = % is the normalisation constant.
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Moreover, we need to impose an extra condition on the operator Ly given by (2.2.10)).
This spectral stability condition is established in [63, Thm. 2] together with [I66, Thm.
3.1] for the case where p is close to 0.

Assumption (HP2). There exists a constant A, > 0 such that for each A € C with
Re A > —A, and X # 0, the operator

Lo+ A HQ(R) X HI(R) — LQ(R) X LQ(R) (2.2.17)
is invertible.

To determine if the pulse solution described in Theorem is nonlinearly stable,
we must first linearise ([2.2.12)) around this pulse and determine the spectral stability.
The linearised operator now takes the form

4 Ay —gu(@) 1
Lh( v ) _ | onde — An gu(T) 4 < N ) (2.2.18)
w —p Chge +yp w

Here the operator Ay, is given by
Andl) = it X ok (BL€ + bk + 6(€ — k) — 26(¢) ). (2.2.19)

k>0

As usual, we define the spectrum, o(L), of a bounded linear operator L : H*(R) x
HY(R) — L*(R) x L2(R), as

o(L) = {AeC:L - \isnot invertible}. (2.2.20)

Our second main theorem describes the spectrum of this operator Ly, or rather of — Ly,
in a suitable half-plane.

Theorem 2.2.2 (see §2.6). Assume that (HP1),(HP2), (HS), (Hol) and (Ha2) are
satisfied. There exist constants Az > 0 and hy. > 0 such that for all h € (0, hys), the
spectrum of the operator —Ly, in the half-plane {z € C: Re z > —\3} consists precisely
of the points k2m'ch% for k € Z, which are all simple eigenvalues of Ly,.

We emphasize that A3 does not depend on h. The translational invariance of
guarantees that A = 0 is an eigenvalue of —Lj;. In Lemma [2.6.1] we show that the
spectrum of the operator L, is periodic with period 27rich%, which means that the
eigenvalues k2m'ch% for k € Z all have the same properties as the zero eigenvalue.

Our final result concerns the nonlinear stability of our pulse solution, which we
represent with the shorthand

[Uh(t)} = (U, wn)(hj + cnt). (2.2.21)

j
The perturbations are measured in the spaces ¢P, which are defined by

e o= (Ve ®RE:|V]ew:= [;Zn/j\p]; < o0} (2.2.22)

for 1 < p < oo and
(o = (Ve ®)*: [Vl = sup|Vj] < ool (22.23)
JEL
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Theorem 2.2.3 (see §2.8)). Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are
satisfied. Fix 0 < h < hyy and 1 < p < co. Then there exist constants 6 > 0, C > 0
and B > 0, which may depend on h but not on p, such that for all initial conditions

U° e 7 with |U° — Up(0)||er < 8, there exists an asymptotic phase shift 6 € R such
that the solution U = (u,w) of with U(0) = U° satisfies the bound

IU() = Tnlt+0)ller < Ce P U0 = T(0)]| (2.2.24)

for allt > 0.

2.3 The singular perturbation

The main difficulty in analysing the travelling wave MFDE (2.2.12) is that it is a
singular perturbation of the ODE (2.2.8). Indeed, the second derivative in (2.2.8) is
replaced by the linear operator Ay, : H'(R) — L?(R) that acts as

Andle) = 7 3 an(9(6+Rk) + Bl€ — hE) — 20(6)). (2.3.1)

k>0

We will see in Lemma that for all ¢ € L>®(R) with ¢” € L*(R), we have that
1}%101 |Ard — @”||L2 = 0. Hence, the bounded operator A, converges pointwise on a

dense subset of H!(R) to an unbounded operator on that same dense subset. In par-
ticular, the norm of the operator A grows to infinity as h | 0.

Since there are no second derivatives involved in (2.2.12]), we have to view it as an
equation posed on the space H!(R) x H!(R), while the ODE ({2.2.8)) is posed on the
space H?(R) x H*(R). From now on we write

H' = H'R)x H'(R),

) (2.3.2)
L = L%*R) x L3 (R).
The main results in this section will be used in several different settings. In order
to accommodate this, we introduce the following conditions.

Assumption (hFam). For each h > 0 there is a pair (i, @) € H" and a constant
¢, such that (ap, wr) — (o, Wo) — 0 in H' and &, — ¢y as h | 0.

In the proof of Theorem we choose (@, wp) and é to be (g, Wo) and ¢q for
all values of h. However, in §2.5[ we let (@, @p) be the travelling pulse (@p,wy) from
Theorem [2.2.1) and we let ¢, be its wave speed cy,.

If (hFam) is satisfied, then for § > 0 and h > 0 we define the operators

(2.3.3)

)

7o Ehd% —Ap —gu(ln) +0 1
h. —p hige +p+ 0
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and

~ d ~
— —Chge — An — gu(tin) +90 —p
Lns = ( ) dé ad s ) (2.3.4)
dé

These operators are bounded linear functions from H' to L?. We see that L), s is the

adjoint operator of ZZ,& in the sense that

(6,9). Lns(0.X)) = (Lps(d,),(6,X) (2.3.5)
holds for all (¢,4), (6, x) € H'. Here we have introduced the notation
(6,9),0,%) = (6,0)+ (¥, x)

= [ (6@)00) + vlen(@)d

— 00

(2.3.6)

for (¢,v), (0,x) € L*.

Since, at some point, we want to consider complex-valued functions, we also work
in the spaces H2(R), H}(R) and LZ(R), which are given by

HER) = {f+gilf.gc H*R)},
H{R) = {f+gilf,g € H(R)}, (2.3.7)
LE(R) = {f+gilf.ge L*R)}.

These spaces are equipped with the inner product

0.0) = J(h@)+ign@)(f) - ig())de (2.3.8)
for ¢ = f1 +ig1,v¥ = fo +igs. As before, we write
He = HUR) < HLR) .
L¢ = LZ(R)x LA(R).

Each operator L from H' to L? can be extended to an operator from H¢ to L by
writing

L(f +ig) = Lf +iLg. (2.3.10)

It is well-known that this complexification preserves adjoints, invertibility, inverses,
injectivity, surjectivity and boundedness, see for example [146]. If A € C then the op-
erators Zh7 y are defined analogously to their real counterparts, but now we view them
as operators from HL(R) x HE(R) to LE(R) x LA(R). Whenever it is clear that we are
working in the complex setting we drop the subscript C from the spaces Hé and L%
and simply write H' and L.
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We also introduce the operators £F : H?(R) x H'(R) — L*(R) x L*(R), that act
as

d d? —

L — 2 — g, 1

o= | i ae Y (o) ] (2.3.11)
-p Coge TP
and 2

P R A

o= |, coge ~ dgz — Yu(Uo) .y . (2.3.12)
Co dé + YpP

. . —+
These operators can be viewed as the formal & | 0 limits of the operators £, ;. Upon
introducing the notation

(b5 0d) = rars— (2.3.13)

Il (@6, wo) 2 ?
we see that L7 (¢, v¢) = 0 by differentiating (2.2.8)).

To set the stage, we summarize several basic properties of Eoi. The proof of this
result follows the standard procedure described in [0 Lem. 3.1] and, as such, will
be omitted. The last property references a spectral set M, on which we impose the
following condition.

Assumption (hM). The set M C C is compact with 0 ¢ M. In addition, recalling
the constant A, appearing in (HP2), we have Rez > —\, for all z € M.

In the set M will be fixed as the final region of our spectral analysis, which we
will refer to as Ry.

Lemma 2.3.1. Assume that (HP1), (HS) and (Hal) are satisfied. Then the following
results hold.

1. We have that (¢8,d) € HX(R) x HY(R) and ker(L{) = span{(¢¢, v )}-
2. There exzist (¢y ,%y ) € HA(R) x HY(R) with ||(¢g ,¥g )| gz = 1, with
(@, Wo), (60, ¥ )) > 0 and ker(Ly) = span{(¢g , ¥y )}-

3. For every (0,x) € L* the problem LT(p,1) = (0,x) with (¢,4) € H*(R) x
HYR) and <(¢,1/}),(¢§,1/}3E)> = 0 has a unique solution (p,v) if and only if
((0,x), (6§ ,%g)) = 0.

4. There ezists a positive constant Cy such that
@)@ mm < CUILT (0,9 (2:3.14)
for all (¢,4) € HX(R) x H'(R) with (¢, %), (4, ¥i)) = 0.

5. There exists a positive constant Coy and a small constant 69 > 0 such that for all
0 <0 < dy we have

(2% +8) 100 s ) < Ca 00 52 + 31030, (6F D]
(2.3.15)
for all (0, ) € L*.
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6. If (HP2) is also satisfied, then for each M C C that satisfies (hM), there exists a
constant Cs > 0 such that the uniform bound

(L5 + N0, 0 B2 xmr@) < Csll(0, )| 22 (2.3.16)

holds for all (0, x) € L& and all \ € M.

The main goal of this section is to prove the following two propositions, which
transfer parts (5) and (6) of Lemma to the discrete setting.

Proposition 2.3.2. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. There
exists a positive constant C, and a positive function h{(-) : RT — R, depending only
on the choice of (tp, wp,) and ¢, such that for every 0 < 6 < g and every h € (0, h{(9)),
the operators Zhﬁ are homeomorphisms from H* to L* that satisfy the bounds

|Zns) @0l < ChlI0,0lzz + 310X, (6T, v (2:3.17)

for all (8,x) € L.

Proposition 2.3.3. Assume that (hFam), (HP1),(HP2), (HS) and (Hal) are satisfied.
Let M C C satisfy (hM). Then there exists a constant has > 0, depending only on M
and the choice of (tp, W) and ¢, such that for all 0 < h < hpy and all X € M the

-+ . .
operator L, \ is a homeomorphism from H' to L.

2.3.1 Strategy

Our techniques here are inspired strongly by the approach developed in [6l, §2-4]. In-
deed, Proposition and Proposition are the equivalents of [6], Thm. 3] and
[0, Lem. 3.2] respectively. The difference between our results and those in [0] is that
Bates, Chen and Chmaj study the discrete Nagumo equation, which can be seen as the
one-dimensional fast component of the FitzHugh-Nagumo equation by setting p = 0 in
(2.2.1). In addition, the results in [0] are restricted to A € R, while we allow A € C in
Proposition [2.3.3] These differences play a crucial role in the proof of Lemma
below.

Recall the constant §g > 0 appearing in Lemma|[2.3.1] For 0 < § < §y and h > 0 we
define the quantities

—-—+ . —+ —+
Kooy = it (1T e+ [(hoa(6,0), 65 03] (2318)
together with N .
AT () = lirn inf A (h, ). (2.3.19)
Similarly for M C C that satisfies (hM) and h > 0 we define
—+ —=+
A (h, = inf Ly, (0, 0) ||| 3.
(hary =k a6, e (2.3.20)
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together with
(M) = limiani(h,M). (2.3.21)

The key ingredients that we need to estabhsh Propositions [2.3.2] and [2.3.3] are lower

bounds on the quantities A (6) and A (M). These are provided in the result below,
which we consider to be the technical heart of this section.

Proposition 2.3.4. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. There
exists a positive constant Cy, depending only on our choice of (tp,wy) and é,, such

that Ki((;) > Cy for all 0 < § < §g. Similarly if M C C satisfies (hM), then there
exists a positive constant Cpyr, depending only on M and our choice of (G, wy) and ¢,

such that Ki(M) > Cyy.

Proof of Proposition|2.3.4 Let § > 0 be fixed and set C{, = C% Since Ki(é) > C%,),
the definition (2.3.19) implies that there exists h{(5) such that A(h,5) > C%,) for all
h € (0, h{(0)]. Now pick h € (0, hg(9)].

First of all, Zi(; is a bounded operator from H' to L*. Since Ki(h,é) is strictly

positive, this implies that Zié is a homeomorphism from H' to its image Zi(;(Hl).
. — —* .
Furthermore, the norm of the inverse (£,j:5)_1 from Eh s(HY) C L? is bounded by

m < (. Since ﬁh s is bounded, it follows that Eh s(H ) is closed in L2.

For the remainder of this proof, we only consider the operators ZZ}(;, noting that

their counterparts Z,; s can be treated in an identical fashion.

Seeking a contradiction, let us assume that Z;(;(Hl) # L2, which implies that there
exists a nonzero (6, x) € L? orthogonal to Z;;é(Hl). For any ¢ € C°(R), we hence

obtain
0 = (Cis(6,0),(0.)
= (¢’ — An¢ — gu(tin)¢ + 6¢,0) + (—pd, x) (2.3.22)
= (¢, 0) + (¢, —Anf — gu(Un)0 + 30 — px).
By definition this implies that 6 has a weak derivative and that ¢80’ = —Ap0—g, (ap)0+
50 — px € L?(R). In particular, we see that § € H'(R).

For any ¢ € C°(R) a similar computation yields

0 = (Cys(0.9).(6,x)
= (¥,0) + (e + (vp+0)Y, X) (2.3.23)
cn(Y’, x) + (1,0 + (yp 4 9)x)-

Again, this means that x has a weak derivative and in fact ¢x’ = 0 + (yp+ d)x. In
particular, it follows that xy € H'(R).



2.3. THE SINGULAR PERTURBATION 47

We, therefore, conclude that

0 = (L 45(6.9). (6,%)
= <(¢u¢)7(2;,6(67><)>

(2.3.24)

holds for all (¢,v) € H'. Since H' is dense in L* this implies that Ly, 5(0,x) = 0.
Since we already know that Z,;(; is injective, this means that (6, x) = 0, which gives a
contradiction. Hence, we must have Z;(; (H') = L?, as desired. [

Proof of Proposition [2.3.3. The result follows in the same fashion as outlined in the
proof of Proposition above. [

2.3.2 Preliminaries

Our goal here is to establish some basic facts concerning the operator Ay. In particular,
we extend the real-valued results from [6] to complex-valued functions. We emphasize
that the inequalities in Lemma [2.3.6] in general do not hold for the imaginary parts of
these inner products.

Lemma 2.3.5 ([0l Lem. 2.1]). Assume that (Hal) is satisfied. The following three
properties hold.

1. For all ¢ € L*°(R) with ¢"" € L*(R) we have 1’11?3 AR — ¢"|| L2 = 0.

2. For all ¢ € H'(R) and h > 0 we have (App,¢') = 0.
3. For all ¢,v € L*(R) and h > 0 we have (Apd, ) = (¢, Aptb) and (Apo, @) < 0.

Lemma 2.3.6. Assume that (Hal) is satisfied and pick f € HE(R). Then the following
properties hold.

1. For all h > 0 we have Re (—Anf, f) > 0.
2. For all h > 0 we have Re (Anf, f’) = 0.
3. We have Re(f, f') = 0.

4. For all A € C we have Re (A f, f') =2 (ImA)(Re f,Im f').
Proof. Write f = ¢ + it with ¢,1 € H'(R). Lemma implies that

Re <_Ahf7 f>

Re [ (= And— it (2) (6 — i) (2)d
J(~810) (@)(x) + (~Anth) () () da
(~And, 8 + (~Anth, ¥)

0.

(2.3.25)

Y
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Similarly we have

Re(Anf, f') = (=An¢, &) + (=Anh,¢)

W (2.3.26)

For A € C we may compute

Re(M,f) = Re [ (Ao(@) + Niv(@)) (¢/(2) - it/ (2) ) de
= (ReA)(d ¢) + (ImA) () — ImA) (i, &) + (Re A){, 0)
= 042 (ImA){p,9') +0

= 2 (ImA) (¢, ¢).
(2.3.27)
Taking A = 1 gives the third property. [

2.3.3 Proof of Proposition [2.3.4

We now set out to prove Proposition In Lemmas and we construct
weakly converging sequences that realize the infima in (2.3.18))-(2.3.21)). In Lemmas
)

2.3.942.3.11} we exploit the structure of our operators (2.3.3) and (2.3.4) to recover
bounds on the derivatives of these sequences that are typically lost when taking weak
limits. Recall the constant Cy > 0 defined in Lemma which does not depend on
4> 0.

Lemma 2.3.7. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. Consider
the setting of Proposition [2.3.4] and fit 0 < & < &g. Then there exists a sequence
{(hj, ®j,%;)}i>0 in (0,1) x H' with the following properties.

1. We have im;_ oo hj =0 and ||(¢;, ;)| =1 for all j > 0.

2. The sequence (6;,x;) = sz75(¢j,wj) satisfies
limj o (165,35 52 + 20850, (65 v )| = K'(0).  (2:328)

3. There exist (¢,1)) € H' and (0,x) € L* such that (¢;,v;) — (¢,v) weakly in H'
and such that (0;,x;) — (0, x) weakly in L? as j — oo.

4. We have (6;,45) = (6,) in L2,o(R) x L2, (R) as j — .

5. The pair (¢,1) is a weak solution to (Z&Ir +0)(o,0) = (6, x).

6. We have the bound

(&, V) ey (m) < CQK+(6). (2.3.29)

The same statements hold upon replacing Zi(;, A and Z§ by Ly 5, N and L, .
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Proof. Let 0 < § < dp be fixed. By definition of K+(5) there exists a sequence
{(hj, ¢j,%4)} in (0,1) x H' such that (1) and (2) hold. Taking a subsequence if
necessary, we may assume that there exist (¢,v) € H' and (,x) € L? such that
(¢j,%5) — (¢,2) in L2 (R) x L% _(R) and weakly in H' as j — oo and such that
(05,x5) — (0, x) weakly in L2. By the weak lower-semicontinuity of the L%-norm, we
obtain

10, ) Iz + 310, (65,05 N < K7 (8). (2.3.30)
For any pair of test functions ((1,¢2) € C°(R) x C°(R) we have

(0;,x7), (C1.C2)) = (L, 5(65,), (C1,C2))

Y (2.3.31)
= ((95,%5), Ln,; 5(C1,C2))-

Since g is a bounded function, the limit @, — %o — 0 in H' implies that also @, — o

in L*. In particular, we can choose A’ > 0 and N > 0 in such a way that || < N

and [ug| < N for all 0 < h < h'. Since g, is Lipschitz continuous on [—N, N], there is a

constant K > 0 such that |g,(z) — gu(v)| < K|z —y| for all z,y € [-N, N]. We obtain

tn lga @) = gu @3 = Tim [(gu(in) — gu (o) Pd

lim [ K2(d), —ao)2%dx

1@0 22 ~( B 02) (2.3.32)
i [ — o[z

0,

INCIN

together with

li i — a.(u < 1 un) — Gu (i
lim lgu(@n)C1 — gu(To)Cille < i €1l ool g (@n) — gu(To)|| 2 (2.3.33)
= 0.

Furthermore, we know that ¢, — ¢o as h | 0, which gives

. ~ /. / — . ~ !/ !
lhlﬁ} et — coCillze lﬁfg len¢s — coallre (2.3.34)
= 0.
Finally, Lemma implies
. " —
1}%?{} ARG = ¢{le2 = 0, (2.3.35)
which means that
1Lh,5(C1,G2) = (Lo +0)(Ci Gz — 0 (2.3.36)

as j — o0o. Sending j — oo in (|2.3.31]), this yields

((0,x),(C1,¢2)) = {(9,4),(Ly +0)(C1,¢2))- (2.3.37)
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In particular, we see that (¢,1)) is a weak solution to (Z&Ir +9)(¢,9) = (6, x). Since
o€ HY e L? e L?and

¢ = cod — gu(Uo)p+ ¢+ — 0, (2.3.38)

we get ¢’ € L? and, hence, ¢ € H?. Since we already know that 1y € H', we may
apply Lemma |2.3.1| and (2.3.30]) to obtain

1& W)l mz@yxme < Call(@, X)Lz + 51((0, %), (69, %0 )]
Coh T (6).

A

(2.3.39)

IN

The next result is the analogue of Lemma for the setting where we are con-
sidering a spectral set M C C that satisfies (hM). The proof is omitted as it is almost
identical to that of Lemma [2.3.7] We recall the constant C5 > 0 from Lemma [2.3:1]
which only depends on the choice of the set M C C.

Lemma 2.3.8. Assume that (HP1),(HP2), (HS) and (Hal) are satisfied. Let M C C
satisfy (hM). There exists a sequence {(\;,hj, ¢j,1;)} in M x (0,1) x H" with the
following properties.

1. We have lim h; =0, lim \; = X for some A € M and ||(¢;,¢;)||m =1 for all
j—00

) j—00
j.
) —+ .
2. The pair (0;,x;) = ﬁhj,/\j(qﬁj, ;) satisfies

T

Jim (165,00l = A (M). (2.3.40)

3. There exist (¢,1) € H" and (0, x) € L* such that as j — 0o (¢,%;) — (¢,%) in
L} (R) x L% _(R) and weakly in H' and such that (0;,x;) — (6, x) weakly in L*.

loc loc

4. The pair (¢,v) is a weak solution to (Za_ + A (o, 0) = (6, ).
5. We have the bound

(&, V)2 @yxmr@®) < CsA T (M). (2.3.41)

The same statements hold upon replacing Z;;,\j, AT (M) and ZJ by Z;/\j, A and L, .

In our arguments below, we often consider the sequences {(h;,¢;,1;)} and
{(N\j,; hj, ¢j,%;)} defined in Lemmas and in a similar fashion. To streamline
our notation, we simply write {(\;, h;, ¢;,1;)} for all these sequences, with the under-
standing that A; = § when referring to Lemma As argued in the proof of Lemma
it is possible to choose h > 0 in such a way that

¢ = inf = |en] > 0,
Oshsh i (2.3.42)
gx = SUP0<h§E”gu(uh)”oo < 0.
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By taking a subsequence if necessary, we assume from now on that h; < h for all j.

It remains to find a positive lower bound for ||(¢,)]|r2. An essential step to ac-
complish this is to keep the derivatives (¢’ v’) under control. This can be achieved by
exploiting the results for Ay, derived in §2.3.2]

Lemma 2.3.9. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. Consider
the setting of Proposition[2.3.7) and Lemma[2.3.7 or Lemma[2.5.8 Then there exists a
constant B > 0, depending only on M and our choice of (tp,wy) and ¢, such that for
all j we have the bound

B|l(¢5,¢i)llz = Ell(¢5, ¥)IIT2 — 4105, x5)l17e- (2.3.43)

Proof. We first consider the sequence for A Using Z:ﬁ)\j(qﬁj,vﬁj) = (0;,x;) and
Re (An;¢j,¢5) = 0 = Re(¢;,d;) = Re(¢;,¢), which follow from Lemma we
obtain
Re ((0;.x). (¢,0)) = Re(Ly, x, (0,95). (#).4})
= Re(Cn; ¢} — An; 5 — gultn,)d; + Ajdj + b5, )
+Re (—po; + Cn, v + vpib + Njiy, )
= &, |0 1172 — Re(gulln,) oy, &) + Re (5, ¢)
+Re (\jd;, ) — pRe (¢;, 1))
+en, 1951172 + Re (e, ¥5)
= o, (85, i3z — Re (gultn,)bj, ¢5) + (1 + p) (), ¢5)
+Re (Aj(d5,95), (¢,15))-
(2.3.44)

We write Apax = ¢ in the setting of Lemma Or Amax = max{|z|: z € M} in
the setting of Lemma We write

G = Amaxll(¢5, )2 ll(8}, V)2 + gulldjll 2 165, ¥5) e (2.3.45)

Using the Cauchy-Schwarz inequality, we now obtain

G > Amaxll (25, ¥3) L2 (85, ¥5) Lz + [lgu(@n, )l L=l @5l L2 195 2

> sign(en,)( — Re (N (85,9), (6),))) + Re (g (iin, )65, 9))

= sign(n, ) (en, (65, )12, + (1 + p)Re (5, 6}) — Re {(8;,X,), (9}, ¥))))
> (e, 1665 )IZs = (1 o)l lzellég e — 1065, e (0], ) e

> (6582 — (L p) sl 165, 9l — 1853 el (@) ) e

(2.3.46)
This implies

(@ ¥iliee < gelldjllne + (L + p)l[wsllee + 1165, x5) luz + Amaxl| (5, %) (L2
(2.3.47)
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Squaring this equation and using the standard inequality 2uw < p? + w?, this implies
that

@5 ¥lE: < 4g2l165l172 + 41+ p)? 145117

(2.3.48)
40105, %) 172 + ANl (5, 95) 172

In particular, we see

4(max{g2, (14 )%+ M (03 )12 = 2165w 12 — 41165, x5) 12
(2.3.49)

We now look at the sequence for A . Using L, 5 (¢;,%;) = (6;, x;) and Re (A, ¢, ¢}) =
0 = Re(¢;,¢;) = Re (15, v}), which follow from Lemma we obtain

Re ((0;,x7): (¢,97)) = Re(Ly, x,(85,%5), (¢},97))
= Re(—Cn; &) — Ap; &5 — gu(Un)dj + Njdj — pij, @)
+Re (¢ — Ent + v + Ay, 05)
= i, [195117: — Re (gu(@n) ey, ¢;) — pRe (15, ¢)
+Re (\jdj, ;) + Re (¢5,95)
—Cn, 51172 + Re (Ajabj, %)
= i, 105, ¥5) 152 — Re{gu(@n)dy, &) + (1 + p) {5, )

+Re (Nj(d5,95), (95, ¥5))-
(2.3.50)
We write

G = Amaxll(@5, i) ll2ll(85, ¥) Lz + gelldjll L2 1(8], ¥5) e (2.3.51)

Using the Cauchy-Schwarz inequality we now obtain

G > Al (65,8 Iz 105 ¥l + g in, )l oe 165122165 22
> —sign(n,) (— Re (% (65, ,). (¢},4))) + Re {guiin,)6;.)))
— —sign(@n,) (= &, 10 )2 — (L+ p)Re (5. 6) — Re (65,3:). (. ¥))))
> (18 0112 — (1+ pIsllaalldhlize — 11065, x5) 2 () )l
> (@5 ¥ — X+ Pl lle2ll(8), ¥ Iz — 1105, x5) Lz [l (85, ¥7) e
(2.3.52)
This is the same equation that we derived for At Hence, we again obtain
Bll(¢5, ¥)lf2 = (@5 ¥l — 405, x5) 1z, (2.3.53)

where
B = 4(max{g% (1+p)} + N ) (2.3.54)
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The next step is to show that the L%-mass of ¢; can be concentrated in a compact
interval. We heavily exploit the bistable structure of the nonlinearity g to accomplish
this. Moreover, we are aided by the fact that the off-diagonal elements are constant,
which allows us to keep the cross-terms under control. In fact, one might be tempted

to think that it is sufficient to note that the eigenvalues of the matrix ( :‘Z u(0) ip )

all have positive real part, as then one would be able to find a basis in which this matrix
is positive definite. However, passing over to another basis destroys the structure of
the diffusion terms and, therefore, does not give any insight.

Lemma 2.3.10. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. Consider
the setting of Proposition[2.3.7] and Lemma[2.5.7 or Lemma[2.3.8 There exist positive
constants a and m, depending only on our choice of (ap,wy), such that we have the
following inequality for all j

Hato) [ fos@ltde = (dminfo. 07) 4 A (6500 s
z|<m
1
—smmga oy 105 X0)lIz2 — B”(vaXj)”(%;é .
Here we write Apin = 0 in the setting of Lemma Or Amin = min{Re\ : A € M}
in the setting of Lemma(2.3.8 together with

_ 1-p 1
b= ST (2.3.56)

Proof. Again we first look at the sequence for A", We know that Up—To — 0in H' as
h | 0. Hence, it follows that @y, —ug — 0 in L and, therefore, also g, () — g, (o) — 0
in L*> as h | 0. By the bistable nature of our nonlinearity g, we can choose m to be a
positive constant such that for all & € [0, ] (by making h smaller if necessary)

MmNz >m [—gu(Un(7))] > a = %ro > 0. (2.3.57)

Here 79 is the constant appearing in the choice of our function g in (HS). Then we
obtain, using Re (¢}, ¢;) = Re (¢},%;) = 0 and Re (—Ap;¢;,¢;) > 0, which we know
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from Lemma that

Re (6, ;) (65,4)) = Re(Ly 5 (67,%5), (65,9;)

> Re(—gultn;)9j, ¢5) + Re (1, d5)
—pRe (15, 85) +vpll¥il172 + Aminll (85,4512

> minjg s {—gu(ln, ()} [ 5, 165 (2)[dz
~[Igu(@n, )|l o |w\‘£m |5 (2)[Pdz + (1 — p)Re (¥5, 6;)
0015122 + Aminl (5, 0)]12

> algill: —(a+g.) [ loi(@)Pde+ (1 — p)Re vy, b))

lz|<m

H1ol¢51172 + Aminll(65, ¥5)1I-
(2.3.58)
We assumed that 0 < p < 1 so we see that 1_;; < 0. We set

+ 1
Bj T 4z 3vptvptRe )’ (2.3.59)

Now we obtain

Re (x;,v;) < IIXmellwg'HLz
T T Pl 250 90+ Re )l
< 1= ,,ﬂlererRe)\ 151172 + (25370 +vp +Re X)) ly]172
= B/ lIxil7= + (25570 + 70+ Re Aj)l|4;7--
(2.3.60)
Note that the denominator 4(ﬁ§'yp +vp + Re )\;) is never zero since we can assume
that A, is small enough to have Re \; > —A, > —vyp. Using the identity
Xj = —pPj 0+ py 4+ Aty (2.3.61)
and the fact that Re (¢}, ;) = 0, we also have
Re(x;,9;5) = —pRe(d;,95) + (vo +ReXj)||v;ll7 (2.3.62)

Hence, we must have that

(1= p)Re(g5,0) = 22(=Re (x5, 65) + (9 + Re ) [45]22)
(= BFIxG13s = (25 370 + 70 + Re Xy) 113

+(vp+ Re X513 )
= 2255513 — Svplgsle.

Y

(2.3.63)
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Combining this bound with (2.3.58]) yields the estimate
Re ((05,%,), (¢5,%5)) = allgjlli. —(a+g) [ [6j(x)dz+ (1 - p)Re (¥, ;)

lz|<m

0l 172 + Aminll(65, )17

> allll7. - (a+g*)‘ lf |6;(2)|dw
z|<m
+37Pl95 1172 + Aminll (@7, 951> = 5287 X172
(2.3.64)

We now look at the sequence for A . Let m and a be as before. Then we obtain,

using Ly, 5 (¢5,%5) = (05,%5), Re (¢, ¢5) = Re (¢, ;) = 0 and Re (=Ap,dj, ;) > 0
that

Re (( J7XJ) (¢J7wj>> = Re<zi:j,6(¢j7wj)7(¢jij)>

> Re(—gu(in)dj, ¢;) + (1 — p)Re (¢}, d;) (2.3.65)
+pllei 172 + Aminll (65, ¥5) 122
We set - X
B = 4(5 Ty +typtRe ;) (2.3.66)

Arguing as in (2.3.60) with different constants, we obtain
Re(0;,05) = —0;llc2l16;ll2>
> —iarreny l0ill7: — (a+ Redj) ;117 (2.3.67)
= =B 10;l17: — (a+ReX;)|l¢]l7:-

Note that the denominator 4(a + Re \;) is never zero since we can assume that A, is
small enough to have Re \; > —\, > —a. Using the identity

Qj = _éhj (ﬁ; — Ah¢j — gu(ﬂh)cﬁj =+ Aj¢j — p¢j (2.3.68)
and the fact that Re (¢}, ¢;) = 0, we also have
Re eadj = Re(-A ¢a¢ + Re (- u U (]S,d)
<J J> < h®j J> < g ( h) j J> (2.3.69)

+Re ;19|72 — pRe (b;,15).
Hence, we must have that
(1 —p)Re(g;,¥;) = 1_Tp ( —Re(b;,¢;) + Re (—Anopj, ¢;5)
+Re (—gu(tn)g;, ¢;) + Re >\j||1/fj||2L2)
15 (= 816,122 — (a+Red;) 5113
+Re (—gu(tin)9;, ¢;) + Re >\j||1/)j||%2)

= 22 ( = 871013 — allgs 3 + Re (~gu(@)d5, ).
(2.3.70)

v
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Combining this with the estimate (2.3.65)) and noting that “Tp +1= % yields

Re ((05,%5): (85,95)) = sRe(=gu(@n)es. d;) + Aminll (05, ¥5) 172
+rollel3. — at52165117. — 5255 105113

> L (mingeysm{—gu(@0 (D)} fiy5, 105 Pde
lguin)lle [ 1652z + Aminll(@5,05) 25
\:v\<m
+ollvil3: — atSL 6517 — L85 1105112
> allgjlz: = s(a+gs) [ 1oilPdz +ypllel7a
|z|<m
Fmin [l (05, 95) 132 — 52685 1105113
(2.3.71)
Upon setting
_ 1— : 1 1
p = Tpmm{ 425 37p+7p+FAmin) * 4(a+Amin) }’ (2.3.72)

we note that 17—”,6;" < B and I*Tp ,Bj_ < B for all j since p < 1 and since B;f and ﬂj_ are
maximal for Re A\ = A\in. Therefore, in both cases, we obtain

pate) [ Vst@lde = al;ls + sovivilh: - Redy ). (65, 45)
) =B, x|z + Aminll (5, 95) 172
(minfa, 37} + A )15 )13

95.x5)llp2 :
— s fmin{a, 37 (6. ¥3) s
=518 X))l

Y

(2.3.73)
and thus, again using the inequality 2uw < p? + w? for p,w € R,

Yatg) [ 1o5@)Pde = (minfa, 3oy} + Auin ) 165, 65)12

|z|<m
Sy e (RPN
—Lmin{a, 2oy }(¢5,95) 1122 — BII(B5, X522
= (3minfa, 5o} + Auin ) (05, 6 2

~ sy 105, X3 = B ]7xj>||L(2, |
2.3.74
as desired. -

Lemma 2.3.11. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. Consider
the setting of Proposition and Lemma or Lemma|2.3.8. There exist positive
constants Cyq and Cs, depending only on M and our choice of (tp,wy) and ¢, such
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that for all j we have
La+g) [ 183(@)de > Co—Cs(85, %)% (2.3.75)

lz|<m

Proof. Without loss of generality we assume that %min{a, % Y} 4 Amin > 0. Write

i ir 71 +Amin
§ o= % (2.3.76)

Adding p times equation (2.3.43)) to equation (2.3.55|) gives
Slat+gs) [ loi(@)Pde > pcZ||(¢5,95)Ee — 4ull (95, x5) 13

jal<m
+z(min{a, 507} + Amin) (65, ¥5) 17 (2.3.77)

o 2(min{a,%1pfy}+)\min) 1065, x5) H%?
—BI1(05, x5) 12 — Bull(¢5,%5)lI3--
We hence obtain
%<“+9*)‘ |£ |9j(x)Pde > —Cs]1(0,x5) 152 + nez (8, ¥5)13 2
_ +3(min{a, 5pv} 4+ Amin) (65, ¥5) 7. (2:3.78)
—Bull(¢5,%5)I11:

where

_ 1
A e (2.3.79)
> 0.
This allows us to compute
Ya+g) [ l6@)de

x| <m

Y

—Cs1(05, x5) 72 + ne (5, )17
+3(min{a, 307} + Amin) (65, ¥5) 17 2
=Bl (65, ¥5)lIE
= —Cs]l(05, x5)|If2 + pe2ll (8}, ¥5) 2 (2.3.80)
+(uled + B) = Bu)ll(¢5,%5) 122
= ucEll(d5, ¥)llg — Csll(85,x5) 17
= Cy—Csll(95,x5) 1132
where Cy = uc? > 0. n

Proof of Proposition [2.3.4) We first choose 0 < § < §p and consider the setting of
Lemma Sending j — oo in (2.3.75)), Lemma [2.3.7] implies

—+ .
Cy—CsA (6 < 04_05j1g20H(9j7Xj)Hi2

< slat+g) [ lofde

1 ol (2.3.81)
< Slat g)ll@ 2 my ()
< La+g)CEKT(6)2.
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Solving this quadratic inequality, we obtain

—-—* C
> P 2 S
AQ) =/ 1agee (2.3.82)

= (Co.
The analogous computation in the setting of Lemma [2.3.8] yields

<t Cy
KM 2\ i Sere (2.3.83)

= CM

2.4 Existence of pulse solutions

In this section, we prove our first main result, Theorem|[2.2.1] In particular, we construct

solutions to (2.2.12)) by writing
(tn,wn) = (o, Wo) + (Pn,¥n) (2.4.1)

and exploiting the linear results of Here (o, W) is the pulse solution of the PDE
(12.1.1).

The arguments presented in this section are strongly reminiscent of a standard proof
of the implicit function theorem. However, the singular nature of the h | 0 limit requires
some minor adjustments pertaining to the linearisation that is used. In particular, we
fix a small § > 0 that will be determined later and consider the linear operator

L, H'Y = 12 (2.4.2)

defined by

d —

coge — An — gu(to) +6 1

Lis = T 0 s 1 (2.4.3)
P Co d€ + P +

This operator arises as the linearisation of (2.2.1)) around the pulse solution (U, W)
of (2.1.1)). A short computation shows that our travelling wave triplet (cp, ¢n,¥n) €
R x H" must satisfy

£Z,5(¢h7¢) = R(ch7¢h7wh)u (244)

where

Ric,¢,9) = ((CO —o)(@ +¢') + (A — %)ﬁo + 3¢ + N (T, ¢), (co — ) (W + 1//))
(2.4.5)
Here we have introduced the nonlinearity

N(to,¢) = g(to + ¢) — g(to) — gu(To)¢- (2.4.6)
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Corollary 2.4.1. Assume that (HP1), (HS) and (Hal) are satisfied. There exists a
positive constant Cy and a positive function ho(-) : RT — RY such that for all § > 0
and all h € (0,ho(0)), the operator E;’é is a homeomorphism for which we have the
bound

1) 00 < Coll(0,X)lz2 (2.4.7)
for all (0,x) € L* that satisfy (6, x), (¢5 %)) = 0.

Proof. This is immediate by choosing (up,w,) = (T, Wo) and é, = ¢ for all h in
(hFam) and applying Proposition m [

Let 1 be a small positive constant to be determined later. We define

Xy = {(@v) eH (6, 9)m <0} (2.4.8)

For every (¢,1) € X,,, we define ¢, = c(¢, ) to be the constant

_ (Anuo—ug ,¢q ) +6{¢,$g )+ (N (To,¢),05 )
en($) = o+ (2.4.9)

When this expression is well-defined, this choice ensures that

We define T': X,, ¢ H' — H' by
T(p.0) = (Lif5) "Rlcn(e,v), ¢, 9). (2.4.11)

Our goal is to show 7" maps X,, into itself and is a contraction, since then the fixed
point (¢n, 1) leads to a travelling pulse solution of (2.2.12)) via (2.4.1) and (2.4.9)).

Exploiting (2.4.10)), Corollary implies that there exists a constant Cy > 0 such
that for all ¥ = (¢, ) € X,, we have the bound

IT(@)ler < CollR(en(¥), ¥)||Le, (2.4.12)
while for all ¥1 = (¢1,91), Vs = (¢2,%2) € X,, we have the bound
[T(¥1) = T(P2)[ler < CollR(en(W1), ¥1) — Ricn(V2), ¥a)l|pe. (2.4.13)

In the remainder of this section we, therefore, set out to estimate the right-hand
sides of (2.4.12)) and ([2.4.13]). We start by estimating the nonlinear term N (uy, -).

Lemma 2.4.2. Assume that (HP1), (HS) and (Hal) are satisfied. Then there exists
a constant K > 0 such that for all 0 < n < 1, (¢,¥) € X,,(¢1,¢1) € X,, and
(p2,12) € X,, we have the pointwise inequalities

W (o, ¢)] < Knlgl,

(2.4.14)
N (o, p1) — N (o, p2)] < nK|p1 — ¢al.
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Proof. To estimate the nonlinear term N (T, ¢), we first recall the embedding ||¢]| L~ <
[¢lla: < m < 1for every (¢,9) € X,). Setting K = max{6, sup|,<|m,|.. [Juu(s)|}, a
Taylor expansion around g allows us to obtain the pointwise inequalities

W (@0, 9)| = | —g(to+ ¢)+ g(do) + gu(To)|
= | = 9(@) — ¢gu(To) — 56> guu(§) + 9(to) + gu(To)|
= | = 36%9uu(€)] (2.4.15)
< Kn|gl
< Kmnlgl,

where ¢ is between uy and ug + ¢. Note that g, = 6 is constant. Furthermore, for
(p1,91) € X, and (p2,v2) € X,;, a Taylor expansion around Uy yields the pointwise
inequalities

N (@0, 61) = N (@0, 02)| - = | = 9(To + 61) + g(Ti0) + 9u (o)1
+9(uo + ¢2) — g(to) — gu(ﬂo)ébz’

| = $0uu(10)63 + 3900 (@0)83 = $9uua(61)6% + §guun (2)03

< lgun(@)l[|01llgr — éal + |6alldr — o]
+o1ll67 — B3|+ |P1 — dal| 3]
< %%K[qusl - ¢2|} + 77[277|¢1 - ¢2|} +12|d1 — ¢of
< nK[gr — éal,
(2.4.16)
where & is between uy and ug + ¢1 and &5 is between ug and wg + ¢o. [ ]

Pick (¢,v) € X,. Recall that we chose (¢, ) so that ((¢q %y ), (T, wy)) > 0.

Let s > 0 be defined as X
M o NN, (2.4.17)

For notational compactness, we write
o(¢, ) = (U, dg) + (&', g ) + (W, g ) + (¥, ) (2.4.18)
for (¢,v) € X,,. We also write
no = min{l,s 1} (2.4.19)

Lemma 2.4.3. Assume that (HP1), (HS) and (Hal) are satisfied. Fiz 0 < n < ng.
Then for all U = (¢,v) € X, U1 = (¢1,¢1) € X, and ¥y = (p2,12) € X,, we have the
bounds

0 < [o(U)]t < s, (2.4.20)
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together with
o(W1) —o(¥2)| < (|07 — W5 (2.4.21)

Proof. Using Cauchy-Schwartz, we obtain that

a(g,) = (Uy ¢g) + (@00 ) + (W, 1g ) + (V')
> 257+ (¢, 0), (0, ¥y
(¢, ¢"), (%0, %0 )) (2.4.22)
> 2571 -
> sl
which yields (2.4.20)). In particular we see that
st S s (2.4.23)
The remaining inequality (2.4.21)) follows immediately from Cauchy-Schwarz. [ ]

Lemma 2.4.4. Assume that (HP1), (HS) and (Hal) are satisfied. Recall the constant

K from Lemma and the constant s from . Then for all 0 < n < 19,
Ve X, ¥ X, and ¥y € X;, we have the inequality

len(0) — co| < s(HAhHO — @ + O+ Kn2), (2.4.24)
together with

en(@1) = en (W)l < sl 01— ol (5] Anio — Tllze + 205+ Kn)).  (24.25)

Proof. By ([2.4.20) we have that [o(¥)]~! < s for all ¥ € X,. By definition of ¢, (¥)
and Lemma [2.4.2] we obtain for all ¥ = (¢,v) € X,, that

e (1) — | = ‘(Ahﬂo—%/#’(;>+5§?’$3>+(/\/(Hoa¢)7¢3>
< sl(Biio — T, 65) + (6, é5) + (N (7o, 6), 65 )
< s (1T — @ lrllgg llze + oIl e llég llze) + sKnllallzs
< s (1T — @l (@ 05 ) e + o8l zell(65 v )liee) + sKnllollzs
= s(I1anm — Tl 22 + 86le + Knll o2
< s(llantio = lle + (5 + Kn)n).

(2.4.26)
For notational compactness we write

d(¥) = (Anto — g, ¢g ) + (¢, ¢g ) + N (o, 0), &g )- (2.4.27)
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Then we obtain with (2.4.20) that for all U1 = (¢1,v¢1) € X, and ¥y = (d2,v2) € X,

d(¥1) _ d(¥2)
o(¥1)  o(¥2)

’ d(¥1)o(U3)—d(¥2)o(¥;)
o(¥1)o(Va)
|d(P2)]|o (V) =0 (¥1)|+|d(P1)—d(T2)||o(¥s)]
lo(T1)]lo(W2)]

< $2d(0a)l|o(W2) — o (V1)] + s]d(¥1) — d(¥2)].

len (1) —en(V2)| =

(2.4.28)

<

Observe, using Lemma that

|d(P2)] < [|ApTo —Tg |l 2 + 6| P2l 22 + |V (To, d2) || L2
< [|Apto — g |2 + 0n + Knl|¢2| 2 (2.4.29)
< |Anto —ag |2 + o0+ Kn?
and
|d(¥1) —d(Vy)| < by — b2z + [|N (to, ¢1) — N (To, #2)| 2
< Sl — d2llz +nK|¢1 — P22 (2.4.30)
< (04 Kn)llér — g2l L2

Using Lemma we hence see that

len(W1) = en(V2)] $2[d(¥2)||o(V2) — o (W) + s[d(P1) — d(T2)]

IA

IN

5? (Il anTo — |2 + 61+ Kn? ) lo(¥2) — o (1)
+s(0+ Kn)[[or — 2| L2

5? (Il anTo = Tllzz + 6+ Kn?) |0y — Wsllgn
+5(6 4+ Kn)l[¢1 — 2 2

Iy = Wallens (sl AnTio — g 12 + (6 + Kn)(1 + s))

Iy = Wallgrs (sl AnTo — g2 + 206+ Kn)).

IN

IN

IN

(2.4.31)

Lemma 2.4.5. Assume that (HP1), (HS) and (Hal) are satisfied. Recall the constant

K from Lemma[2.4.9 and the constant s from . Then for all 0 <n < ny, ¥ €
X, ¥ € Xy, and Yy € X, we have the inequality

IREn(®) Wl < [1+s(abllee + T2 +n) | [1AnT0 Tl + o0+ Kor?],
(2.4.32)
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together with
IR(en(W1), B1) = R(en(¥2), Wa)llze < 193 — Wall g (24 26 + sl s + w2 )

X (s||Ahﬂo — || e + 205 + Kn)).
(2.4.33)

Proof. For any ¥ = (¢,¢) € X,, Lemma together with the definition of
R(cp(P), ), allows us to estimate

IR(n(©), D)llz < leo = en(W)|([T@pllzz + 19/ 122 ) + 1 AnTo — T 22 + 6 + Kn?
+leo = en(®)] (I@pllzz + 1)1 22)
<

s(I1 Ao = g2 + on+ K ) (b 22 + @]l 22 + )
+[[AnTo — gl 2 + on + Kn?

[1+ s (Iaallze + whlce + )] [1AnTo —Tgllre + o0 + K2
(2.4.34)
For W1 = (¢1,¢1) € X, and ¥y = (¢2,12) € X,, we write

d(\l/hqu) = ||R(Ch(\111),\1/1) 7R(Ch(\P2),\IJ2)HL2. (2435)
Substituting , we compute
AW, W) < {|((eo = en(@))(0 — 6) + (en(Ws) = (W)l — 1)
361~ 62) + (N (@0, 62) = N (7o, 61))|

y
[(eo = en(@1) (@1 = 0) + (en(¥1) = en(W2)) @t - v1) |
< (len(w1) = col + 8+ Kn) |61 = éall
(bl + ) en(®1) = e (W2)| + [en(W1) = ol = allan
(I l12 + ) |en (1) = en(w2)]:
(2.4.36)

Another application of Lemma, yields the desired bound
a1, W) < (s(IAnTo — e + 6+ K)n) +8+ Kn)llé1 = 62/l
(b2 +m)sl 101 = Wollen (sl| Anio — Tllzz +2(0 + Kn))
(11 An0 — aglls + (6 + Kn)n ) [ = ol

(b2 +m)s? |91 = s len (180T — |2 +26(6 + K) )

IA

191 = Wl (2+ 25+ sl@b |2 + slwh)122)

x (sHAhao — || pe + 205 + Kn)>.
(2.4.37)
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With these estimates in hand, we can choose our parameters ¢ and 7 to ensure that
the map T maps X, into itself and is a contraction. This allows us to prove our first
main theorem.

Proof of Theorem [2.2.1 We let

Cs = max{Co(l + s|[@h |z + sl@h| 2 + s),C’o(4 + s|@ |2 + s||mgHL2) }
(2.4.38)
which is independent of §, h and 7 € (0, s~!]. Using Lemma together with
and (2.4.13), we see that for all 0 < n < o, ¥ = (¢,¢) € X,,,¥1 = (¢1,¢1) € X,, and
Uy = ((ﬁg,’l/]g) S ,X77 we have

I7@) I < Co(llAnTo — ez + 80+ Kn?) (2.4.39)
and
IT(@) = T()lle < Co(sAnto — Tl +2(6 + K) ) [ ¥1 = Wollg.  (24.40)

We fix

5=
8¢ ) (2.4.41)
n = mln{no,m},

so that indeed 1 < n9. Using the notation from Corollary we pick 0 < hy < ho(0)
in such a way that

SUPpe(0,n.) [ AnT0 — T llz2 < g (2.4.42)

Then we see for h € (0, h,) that

1Tl < Co(||AwT0 = g |12 + 00 + Kn?)
1 1
< 7
and
IT) =Tl < Co(sll Ao =T + 205+ K) ) 191 = allen
< cﬁ(sﬁw(ﬁjwm))ml_\112||H1 (2.4.44)
< 2wy — Wyl

In particular, 7" maps X,, into itself and is a contraction. The local uniqueness of the
family (cp,up,wy,) follows directly from the uniqueness of fixed points of contraction
mappings. This completes the proof. ]
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2.5 The point and essential spectrum

In this section, we discuss several properties of the operator that arises after linearising
the travelling pulse MFDE around our wave solution (@p,wp). The main goals
are to determine the Fredholm properties of this operator. In particular, we show that
both the linearised operator and its adjoint have Fredholm index 0 and that they both
have a one-dimensional kernel. Moreover, we construct a family of kernel elements of
the adjoint operator that converges to (¢ , %, ), the kernel element of the operator £, .

P1ck 0 < h < min{h,,h}, where h, is given in Theorem and h is characterized
by . We recall the operator Ly : H' — L2, mtroduced in which acts as

4 Ay —gu(@) 1
Ly = [ Cde—An— @) L . (2.5.1)
-P Chgg 7P
In addition, we write L, : H' — L? for the formal adjoint of Lj, which is given by
—orL A, — g (T —
LZ _ Ch dé h gu(uh) P ., ' (252)
1 —Chgg TP

We emphasize that L; and Lj correspond to the operators Z;;O and L}, , defined in
§2.3 respectively upon writing

(U, @n) = (Un,Wn),
| (2.5.3)
Ch = cp
for the family featuring in (hFam). Finally, we introduce the notation
o = (of.0f)) = m(ﬂﬁwwﬁﬁ
o = (é9.%0) (2.5.4)
®y = (¢0,%0)-

The results of this section should be seen as a bridge between the singular pertur-
bation theory developed in §2.3] and the spectral analysis preformed in Indeed,
one might be tempted to think that most of the work required for the spectral analysis
of the operator L; can already be found in Proposition and Proposition [2.3.3
However, the problem is that we have no control over the §-dependence of the interval

(0, h(6)), which contains all values of h for which Ly + 6 = 2275 is invertible. In par-

ticular, for fixed A > 0 we cannot directly conclude that f; s is invertible for all ¢ in a
subset of the positive real axis.

Our main task in this section is, therefore, to remove the é-dependence and study
Ly and Lj directly. The main conclusions are summarized in the results below.

Proposition 2.5.1. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. Then
there exists a constant X\ > 0 such that for all X € C with Re A > —Xand all 0 < h <
min{h,, h} the operator Lj, + X is Fredholm with index 0.
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Proposition 2.5.2. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. Then
there exists a constant hy, > 0, together with a family ®, = (¢, ,¢~) € H', defined
for 0 < h < hu, such that the following properties hold.

1. For each 0 < h < h,, we have the identities

ker(L,) = span{®;}
; (2.5.5)
= {VelL :(¥,0)=0 for all © € Range(L})}
and
ker(Ly) = span{®,
(£3) ¢ Z} (2.5.6)
= {VTelL:(¥,0)=0 for all © € Range(Ly)}.
2. The family ®, converges to ®; in H' ashlO0.
3. Upon introducing the spaces
X, = {6cH:(d,,0)=0} (2.5.7)
and
Y, = {0@€L’:(®,,0)=0} (2.5.8)

the operator Ly : X, — Y}, is invertible and there exists a constant Cyunir > 0 such
that for each 0 < h < hy, we have the uniform bound

L5, By, x0) < Cunit- (2.5.9)

A direct consequence of these results is that the zero eigenvalue of Ly, is simple. In
addition, these results allow us to construct a quasi-inverse for Lj that we use heavily

in and
Corollary 2.5.3. Assume that (HP1), (HS), (Hal) and (Ho2) are satisfied. Then for
any 0 < h < hy, the zero eigenvalue of Ly, is simple.

Proof. We can assume that (®,, <I>Z> % 0 for all 0 < h < h., since by Proposition

(@, , @) = (P, Pf) # 0. Equation (2.5.6) now implies that ®; ¢ Range(Ly),
which together with (2.5.5)) completes the proof. L]

Corollary 2.5.4. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. There
exist linear maps
I - R
. (2.5.10)
™. rr - H,
such that for all © € L? and each 0 < h < hyx the pair

(1, ¥) = (w6, Ly"e) (2.5.11)
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18 the unique solution to the problem
Lpy¥ = ©+~9) (2.5.12)
that satisfies the normalisation condition

(®,,0) = 0. (2.5.13)

Proof. Fix 0 < h < hy, and O € L2 Upon defining

. ,0
,-Yh[@] = _<;*h (I)+>)7 (2514)

h’>"h

we see that O+~ [@]@; € Y},. In particular, Proposition implies that the problem

Lpy¥ = ©+7,[0)0) (2.5.15)
has a unique solution ¥ € X}, which we refer to as inm@. n

The results in [68], 130] allow us to read off the Fredholm properties of L, from the
behaviour of this operator in the limits & — foo. In particular, we let Lj o, be the
operator defined by

d . _
e — Ap — lim gy, (up(§)) 1

Lh,oo = < & §—o0 d

-’ Chiag TP (2.5.16)
N Chdig*Ahfgu(O) 1
—p chge Tp )’
This system has constant coefficients. For A € C we introduce the notation

Lhoox = Lpco+ A (2.5.17)

We show that for A in a suitable right half-plane the operator Lj . is hyperbolic in
the sense of [68, [130], i.e. we write

ALh,txu)\ (Z) = |:Lh;00§>\ezgi| (O)
Cchz — #[ > oy (ekhz + e khz _ 2)} —g.(0)+ X 1
= E>0
—p chz+yp+ A
(2.5.18)

and show that det(Az, ., (iy)) # 0 for all y € R. In the terminology of [68, 1301,
this means that L; + A is asymptotically hyperbolic. This allows us to compute the
Fredholm index of Ly, + .

Remark 2.5.5. From this section onward we assume that (Ha?2) is satisfied. This is
done for technical reasons, allowing us to apply the results from [68]. In particular, this
condition implies that the function Ap, _ ,(z) defined in is well-defined in a
vertical strip |Re (2)| < v .
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Lemma 2.5.6. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. There exists
a constant X\ > 0 such that for all0 < h < min{h,, h} and all X € C with Re A\ > —\ the
operator Ly oo:x s hyperbolic and thus the operator Ly + A is asymptotically hyperbolic.

Proof. Remembering that —g,,(0) = ro > 0 and picking y € R, we compute

cpiy + %[ > ak(Q - 2cos(khy))] +ro+A 1

ALh,oo;A (Zy) = k>0 ’
—p criy +7p
_ iy + x A(hy) +ro+ A 1
—p chiy+yp+A )’

(2.5.19)
where A(hy) > 0 is defined in (Hal). We hence see

det(Ar, (@) = (eniy+ 2 A(hy) + 70+ ) (eniy +yp+A) +p. (2520

Let A = imin{~yp,ro} and assume that Re A > —X. If y # —102 then we obtain

Ch

Im (det(ALhm (z’y))) = (cay +TmA)(yp + Re )
+(#A(hy) + 7o+ ReN)(cpy +Im ) (2.5.21)
= (eny +ImA)(yp + 7z A(hy) + 70 + 2Re \)
# 0,
since yp + ,L%A(hy) +ro+ReA>0. Fory = —Ir;;\ we obtain
Re (det(ALhm;A (zy))) = (%A(hy) + 179+ Re )\) (’yp + Re )\) +p
> p (2.5.22)
> 0.
In particular, we see that det(Ar, _, (iy)) # 0 for all y € R, as desired. L]

Before we consider the Fredholm properties of L, + A, we establish a technical
estimate for the function Ay, _ ., which we need in §2.7| later on.

Lemma 2.5.7. Assume that (HP1), (HS), (Hal) and (Ho2) are satisfied. Fix 0 <
h < min{h.,h} and S C C compact in such a way that Re \ > —X forall X € S. Then
there exist constants k > 0 and I' > 0, possibly depending on h and S, such that for all
z=x+1y € C with |x| <k and all A € S we have the bound

|det(AL, .. (2)] = £ (2.5.23)
Proof. Using assumption (Ha2), we can pick k1 > 0 and I’y > 0 in such a way that the
bound

AR = | an(2- e — e ]|
k>0
< # S |ak|(ehk|x\ +3) (2.5.24)
E>0
< Iy
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holds for all z = x + iy € C with |z| < k1.

Observe that for z =z + iy € C and )\ € S we have

Re (det(ALhmA(z))) = (chx + 7=Re A(hz) + ro + Re /\> (chx +79p+Re A)
—(cny + Im A)? = (cpy + Im A) 75 (Im A(hz)) + p.
(2.5.25)

Since S is compact we can find Y > 0 such that for all z = z + iy € C with |y| > YV
and |z| < ky and all A € S we have

’Re(det(ALh,m;A(z)))’ > 56y’ (2.5.26)
> %C,QLYQ.

Seeking a contradiction, let us assume that for each 0 < k < k1 and each ' > 0
there exist A € S and z = x + iy € C with |z| < k and |y| <Y for which

|det(Ar, ., (2))] < & (2.5.27)

Then we can construct a sequence {kn, zn, An} with 0 < &, < k; for each n, k, — 0,
An € S for each n and z, = x, + iy, € C with |z,| < &k, and |y,| < Y in such a
way that [det(Apr, ., (2n))| < % for each n. By taking a subsequence if necessary we
see that A, — A for some A € S and z, — iy for some y € R with |y| < Y. Since
det(Arg, .., (2)) is continuous as a function of A and z, it follows that

det(AL, (1)) = 81520 AR Ly 0, (21)) (2.5.28)

which contradicts Lemma Hence, we can find x > 0 and I" > 0 as desired. =

Proof of Proposition |2.5.1, We have already seen in Lemma that Ly 4+ X is
asymptotically hyperbolic in the sense of [68, [I30]. Now according to [68, Thm. 1.6],
we obtain that Ly 4+ A is a Fredholm operator and that the following identities hold

dim (ker(Lh n A)) — codim (Range(L;; + X)),
codim (Range(Lh + A)) = dim (ker(L’;l + X))7 (2.5.29)
ind(Lp, + A) = —ind(L} + \),

where
ind(L, +\) = dim (ker(Lh + /\)> - codim(Range(Lh n )\)) (2.5.30)
is the Fredholm index of Lj, + .

We follow the proof of [I30, Thm. B]. For 0 < ¢ < 1, we let the operator L”(h) be
defined by
LP(h) = (1—=9)(Ln+A) +9(Lhoo + A). (2.5.31)
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Note that the operator LY(h) is asymptotically hyperbolic for each ¥ and thus [68,
Thm. 1.6] implies that these operators L”(h) are Fredholm. Moreover, the family
L?(h) varies continuously with ¢ in B(H',L?), which means the Fredholm index is
constant. In particular, we see that

ind(Lp, +A) = ind(Ljpeo + A)
(2.5.32)
= 0,
where the last equality follows from [68, Thm. 1.7]. L]

We can now concentrate on the kernel of Lj. The goal is to exclude kernel elements
other than <I)Z'. In order to accomplish this, we construct a quasi-inverse for L; by
mimicking the approach of [IT1I} Prop. 3.2]. As a preparation, we obtain the following
technical result.

Lemma 2.5.8. Assume that (HP1), (HS) and (Hal) are satisfied. Recall the constant
0o from Lemma m Let 0 < X < min{3,00} be given. Then there exist constants
0 < h} < min{h., h} and & > 0 such that for all 0 < h < h} we have

@y, (L +N)1ed) Yoy, o)

> I
> Xl (2.5.33)
> 0.

Proof. We know from Lemma that (®,,®¢) > 0. Since @} converges to & in
L?, it follows that (®;,®;") converges to (&, ®;) > 0. Fix hi < min{h., h, hj(\)} in
such a way that

o dF
o — il < 350 (25:34)

holds for all 0 < h < h}, where
C(ulﬂif = 406 (2535)

and C} is defined in Proposition [2.3.2] The factor 4 in the definition is for technical
reasons in a later proof. We assume from now on that 0 < h < hj. Using Lhéz =0

we readily see
(L + N7l = X lof. (2.5.36)

Recall that ||®; ||z = 1. Since 1 < A~ we may use Propositionm to obtain

I(Zn+ 07100 =A@ L = [[(Zn+ A) 7P — @]

IN

Cunit 107 — @5 2 + A~ |(@5 — @, 5]
< ComrA7H0F = @F g (1+ 05 12
zcunif/\il‘lq)g_ - (I)Z||L2'

(2.5.37)
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Remembering (®,, @Z} > 0 and using Cauchy-Schwarz, we see that

|<<q>‘bq>+> (Lp +N)71of) — A1 = |<%’ (Ly + 27107 — A~107)]
< Pl aCuer Tt ef — @ o
= (¥ <1>+ 2CunitA” 1%<2Cj§>
= AL
Hence, we must have (2.5.38)
(@, (Ln+N)7H8G) > 3A7H By, B) > 0. (25.39)
|

Lemma 2.5.9. Assume that (HP1), (HS) and (Hal) are satisfied. There exists 0 <
hex < min{h,, h} together with linear maps

AL - R

(2.5.40)
qunv L2 N Hl,
defined for all 0 < h < hy,, such that for all ©® € L* the pair
(1 9) = (,Li™e) (2.5.41)
18 the unique solution to the problem
Ly = ©+~0f (2.5.42)
that satisfies the normalisation condition
(®y,¥) = 0. (2.5.43)

In addition, there exists C > 0 such that for all 0 < h < hy, and all © € L* we have
the bound

550l + L™ 0l m < ClO] . (2.5.44)

Proof. Fix 0 < A < min{3, 80} and let 0 < h < min{h., h, hj(A)} be given, where hf(X)
is defined in Proposition [2:3:2] For now, all constants will not depend on our choice of
A. We define the set

Z' = {VecH:(d;,T)=0}. (2.5.45)

Pick © € L?. We look for a solution (v, ¥) € R x Z' of the problem
U = (Lp+ )70 +~dF + V. (2.5.46)

By Lemma we have (9, (L + A\)~'®f) # 0. Hence, for given © € L? ¥ ¢
Z1, h, \, we may write

_ (g (Lt (0w
Y0,k ) = -l Ol (2.5.47)



72 CHAPTER[2 THE INFINITE-RANGE FITZHUGH-NAGUMO SYSTEM

which is the unique value for « for which
(Ln +A) 7O +~4@F +AV] € Z% (2.5.48)
Recall the constant Cypir from (2.5.35). With Proposition we obtain

(@5 (Ln+ ) O+ M) <195 2 Cuit 10 + AWz + (0 + AW, 5
< 1195 lls Cumi [ (1+ HIOllgz + AWz
< C1[Alle + AW

(2.5.49)
for some C; that is independent of A, A\. Here we used that A < 1 and thus 1 + % < %
Exploiting A < % and applying Lemma we see that

1

_ — —1
|’7(\Ilv®vha )‘)‘ - |<(I)O 7(Lh+)‘) (6+ALII)>|\(<D(;,(L;1+A)*1<I>SF)\

< 01[/\71“@HL2+/\||‘1’||L2}W ( )
: o 2.5.50

< Ci[nll s + w22 ¥l

< Cofllfe + X2 e -

Here we used that (®;,®,) converges to (®,,®J) > 0, which means that (@, , ;)
can be bounded away from zero. For ¥ € Z' we write

t¥) = O+7(¥,0,hN)Pf + AT (2.5.51)

and
T(U) = (Lyn+A)"'H(D). (2.5.52)

For ¥ € Z! Proposition implies

1T < Clamie [0+ (2, ©, AN @G + AWl
+3KO + (W, 0,h, \@f + AT, 07)] .
< Cs[310lle + A ¥lle] h
< Co[4l1lks + APl
For Uy, ¥, € Z!, a second application of Proposition yields
(W10, 2) = (2, €, )| = |2l Lo ive))
o gy Coe (A — Pl
+4I = ATy, 05) ] (25.54)
< CaMw = Wafls +0]
< CaN|| Wy — Wal|gpn.
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Applying Proposition [2.3.2] for the final time, we see

1700 = T(Wa)llr < Conie[[H(¥1) = £(W2) [ + 1(2(1) — 1), &)

< Clanie [[#(21) = 8(2) |2
+3((V(W1,0,h,A) = 4(V2,0,h, ) F, By )
3 - 92),07)]

< Cunif[ut(xp )= 4l + 3 (CaA? W1 = ol +0)]

< CunitCaN?[| 01 — W [gg1 + Cunie A W1 — Wa |
+Cunit CaA[[ W1 — Vo g

< GsA[|¥ — Wy

(2.5.55)
In view of these bounds, we pick A to be small enough to have C3\ < % and CsA < %
Since this A is now fixed, we can allow the constants in the final part of the proof to
depend on A. In addition, we write h., = min{h}, h((A\)} and pick 0 < h < h.,. Then
T:7Z L — Z' is a contraction, so the fixed point theorem implies that there is a unique
L™ (©) € Z' for which

LI™(©) = (Lp+MN)te+q(L qu(e),e,hA)@g+A£giHV(@)]. (2.5.56)

Furthermore, we have

LS O) e < (1= AC)||LE™ ()]s
< G270 (2.5.57)
< GsllO]lre.

Writing 3, (0) = v(L{™(0), 0, h, \), we compute

7 (©)] < GOz + A?[O)L2]
< C7||@||L2

Flnally we see that (2.5.46) is in fact equivalent to m, so in fact L™ (©)

and 7, F(0) do not depend on . In addition, the constants hys, Cg and Cy above only
depend on the one fixed A and, as such, do not depend on h or ©. ]

(2.5.58)

Lemma 2.5.10. Assume that (HP1), (HS), (Hal) and (Hoa2) are satisfied. Let 0 <

h < hyy be given. Then we have the inclusion
span{®} C ker(Ly)

" , (2.5.59)

= {PeL :(V,0)=0 for all © € Range(L;)},

where L} is the formal adjoint of Ly,.
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Proof. By differentiating the differential equation we see that L,®} = 0. We
know that (@, W) — (o, W) — 0 € H'. Since (), w,) decays exponentially, we get
(ug, wp) € L2. Hence, we can assume that h,, is small enough such that <I>2' € L2 for
all 0 < h < hy.. Since Lp®F = 0 we obtain from the differential equation that also
(®5)" € L?. In particular, we see that ®,” € H' and, hence, ®,” € ker(L,). L]

Lemma 2.5.11. Assume that (HP1), (HS), (Hal) and (Hoa2) are satisfied. Let 0 <
h < hyy be given. Then we have

ker(L,) = span{®;} (25.60)
= {UelL?:(V,0)=0 forall © € Range(L})}, o
where Lj, is the formal adjoint of Ly,.

Proof. We show that dim(ker(Ly)) = 1. Since ®, € ker(Ly), we assume that there

exists ¥ € ker(Ly,) in such a way that ¥ is not a scalar multiple of ®;.
Suppose first that (¥, ®;) = 0. Then Lemma yieds by linearity of izinv that

U= Lo
= O7

(2.5.61)

which gives a contradiction. Hence, we suppose that (¥, ®;) # 0. In the proof of
Lemma we saw that (@), ®;) # 0. As such, we can pick a,b € R\ {0} in such a
way that

(a®F +b¥,®5) = 0. (2.5.62)

Again it follows from Lemma that a@j + b¥ = 0 which gives a contradic-
tion. Therefore, such a kernel element ¥ does not exist. Since we already know that
®;" € ker(Ly,), we must have dim (ker(Ly)) = 1, which completes the proof. L]

The remaining major goal of this section is to find a family of elements ®," € ker(L})
which satisfies ®, — ®; as h | 0. To establish this, we repeat part of the process
above for the adjoint operator Lj. The key difference is that we must construct the
family ®, by hand. This requires a significant refinement of the argument used above
to characterize ker(L).

First we need a technical result, similar to Lemma

Lemma 2.5.12. Assume that (HP1), (HS) and (Hal) are satisfied. Fiz 0 < X\ < 3
and 0 < h < min{h.., h{(N)}, where hi;(\) is defined in Proposition [2.3. Then we
have

(@F, (L + N)'ap) > (Beta)y- (2.5.63)
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Proof. Lemma implies that (®f,®;) > 0. Remembering that

Ly — Ly = ( (co— Ch)d% —(Ap — d%) + (gu(@o) — gu(Tp)) )

0 (co —cp d%
(2.5
and that L{®, = 0, we obtain

(L + N[+ 01— (L4 07105 ] = @ — g+ (L~ L)Ly + X'y
= (- LA
(2.5.65)
Recall the constant Cynir from (2.5.35)). Proposition yields

I(Lh + 27105 = (L + ) 05 lle < Cunie[I(Ef, — LAT105 e

H{(L, = LA 2g, @)

S Cunif(1+)‘ )”(L* ))‘ 1(I)O HL2
(2.5.66)
Using Lemma and the fact that ¢;, converges to ¢o and gy, (Tp) to g, (o), it follows
that

Coanit(L+ AL = LYA P52 — O (2.5.67)

as h | 0. Possibly after decreasing h{(\) > 0, we hence see that

(OF, (LE +N)710y) = (DF, (L +N)7100) + (B, (Li + N1y — (L +A)~1d;)
= ATHOE, D) + (B (L + M) Ry — (L + N1 o)
> <<I> <I> >)\ 1
(2.5.68)
holds for all 0 < h < min{h..., hi(A)}. =

Lemma 2.5.13. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. Fiz 0 <
h < hyx. There exist linear maps

=72
v, L — R,
" (2.5.69)
Ly r* — H'
such that for all © € L? the pair
(7, ¥) = (5,0,L;"™0) (2.5.70)

s the unique solution to the problem

LV = O+4%; (2.5.71)
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that satisfies the normalisation condition
(@F,0) = 0. (2.5.72)

Furthermore, there exists C* > 0, such that for all 0 < h < hy. and all © € L? we
have the bound o
A0l + 1L ™0l < €[04 (2.5.73)

Proof. We define the set
zZ' = {VeH:(d,T) =0} (2.5.74)
Pick © € L?. We look for a solution (v, ¥) € R x Z! of the problem
U = (L; + 27O +4®, + 0. (2.5.75)

Lemma [2.5.12] implies that (®7, (L} + \)~'®;) # 0. Hence, for given © € L*| ¥ €
Z1, h, \, we may write

_ (@F (LN~ HO+AD)
Y(W,0,h,0) = =S ST (2.5.76)

which is the unique value for ~ for which
(Ly + M) 7O + @5 +AP] € Z%. (2.5.77)

From now on the proof is identical to that of Lemma [2.5.9] so we omit it. ]

Lemma 2.5.14. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. For each
0 < h < hyy there exists an element ®; € ker(L;) such that the family ®, converges
to @y in H' ash ] 0.

Proof. We repeat some of the steps of the proof of Lemma [2.5.11} but now for Lj.

Fix 0 < h < h. Since dim(ker(L})) = 1 by Proposition and Lemma [2.5.11
we can pick ® € ker(L;) with ® # 0. If we would have (®,®7) = 0, then we would

obtain )
0 = Ly*™o]

= @

(2.5.78)

)

which leads to a contradiction. Hence, we can define the kernel element ®," of L} as
follows: @, is the unique kernel element of L} with (®, ,®J) = (®,,®J). Since we
see that

(®y — @, ,2f) = 0, (2.5.79)

we obtain, upon defining
0, = L;®,, (2.5.80)

that .
Oy — @, = LyTO,]. (2.5.81)
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Using Lemma [2.5.13] we can estimate

Oy — 0 |l = L™ (O8]
1@ — @, [l 1Ly [©n]lln (2.5.82)
< C-|On]lL:-
From the proof of Lemma [2.5.12| we know that ©; — 0 as h | 0 in L2. Therefore, we
see that @, — ®; as h | 0 in H'. n

In the final part of this section we establish item (3) of Proposition To this
end, we recall the spaces

X, = {0cH':(d,,0)=0} (2.5.83)
and

Y, = {0€L?:(®,,0)=0} (2.5.84)
together with the constant Cyp;s from (2.5.35)).

Lemma 2.5.15. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. For each
0 < h < hys we have that Ly, : Xy — Y}, is invertible and we have the uniform bound

1L, < Cunit- (2.5.85)

Proof. Fix 0 < h < hyy. Clearly Ly : X;, — Y}, is a bounded bijective linear map, so
the Banach isomorphism theorem implies that L;l : Yy — Xj, is bounded. Now let
6 > 0 be a small constant such that 6Cynir < 1. Without loss of generality we assume
that 0 < hy < hg(6) and that || @, — @ |l < 0 for all 0 < h < hy,. This is possible

by Lemma [2.5.14

Pick any ¥ € X};,. Remembering that (¥, ®,") = 0 and (L, ¥, ®,) = 0, we obtain
the estimate

H(Tn+0)T,05) = H((Ln+08)T, 05 — ;)]
sI(Ln +6)W|lL20 (2.5.86)
[ Lr |z + OV | g

IN

IN

Applying Proposition [2:3:2] we hence see
Wl < 3Cunielll(Ln + 6)¥lr2 + $/{(Ln + 6)¥, &5 )]
1Cunit [2[| L ¥ |2 + 26]| 9| (2.5.87)
3Cunit | Lol + 5[]l
We, therefore, get the bound
[Pl < Cunitl Lo WllLe, (2.5.88)

IN

IN

which yields the desired estimate || L, || < Cynit. L]

Proof of Proposition[2.5.2 This result follows directly from Lemmas [2.5.11] 2.5.14) and
n
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2.6 The resolvent set

In this section, we prove Theorem [2:2.2] by explicitly determining the spectrum of the
operator — Ly, defined in (2.2.18)) in a suitable half-plane. Our approach hinges on the
periodicity of this spectrum, which we describe in our first result.

Lemma 2.6.1. Assume that (HP1), (HS), (Hal) and (Hoa2) are satisfied. Fiz 0 <
h < hyx. Then the spectrum of Ly, is invariant under the operation A\ — X + QWich%.

In particular, we can restrict our attention to values with imaginary part in be-
tween —5 and 2. We divide our ‘half-strip’ into four regions and in each region
we calculate the spectrum. Values close to 0 (region R;) will be treated in Proposition
2.6.2) values with a large real part (region Rs) in Proposition and values with a
large imaginary part (region Rj3) in Proposition In Corollary we discuss
the remaining intermediate subset (region Ry4), which is compact and independent of

h. The regions are illustrated in Figure 2.1] below.

Im A

len]
okl

R3 R2

—As A

j Re A

Ty
%

_ﬂ‘ch‘
h

Figure 2.1: Illustration of the regions Ri, R2, R3 and R4. Note that the regions Ro and Rs
grow when h decreases, while the regions R1 and R4 are independent of h.

From this section onward we need to assume that (HP2) is satisfied. Indeed, this
allows us to lift the invertibility of Lo+ A to Ly, + A simultaneously for all A in appropriate
compact sets.

Proof of Lemma . Fix k € Z and write p = 27m'k%. We define the exponential shift
operator e, by
e V](x) = e**V(x). (2.6.1)
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For any A € C, ¥ = (¢,v) € H' and = € R we obtain
(e—pAnep)p(r) = e PTAp(epd)(w)
= 2 a(eo(z +1h) + e P o(x — lh) — 2(x))
>0
= 5o 2 al¢(@ +1h) + ¢(x — 1h) — 2¢(x))

>0

= A}L¢(x)a

since plh € 2miZ for all [ > 0. In particular, we can compute

(2.6.2)

[efp(Lh - )\)ep\I/](x) = e P[(Ly — )‘>6p\1}] (z)
e R0~ Baleyie)
e+ an (@)

—pa{ —Gu(Tn)ePT () + eP¥eh(z) — AePT ()
(L hermi(a) ~ Aeri(a) )
_ ( pend(w) + cnd () — gu(Tn)(w) + () )

—pp(x) + peptp(x) + cpy)’ () + ypp(x) — Mp(x)
—App(z) — Ad(z)
(o™ )

= (Ln—A+pcn)¥(z).

(2.6.3)
Since e, and e_,, are invertible operators on H' and L? respectively, we know that the
spectrum of Lj, equals that of e_,Le, and thus that of Lj, + pc. =

Region R;.

Since Ly has a simple eigenvalue at zero, it is relatively straightforward to construct
a small neighbourhood around the origin that contains no other part of the spectrum.
Exploiting the results from it is possible to control the size of this neighbourhood
as h | 0.

Proposition 2.6.2. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists a constant Ay > 0 such that for all 0 < h < h.. the operator Lp + X :
H' — L? is invertible for all A € C with 0 < |\ < Xo.

Proof. Fix 0 < h < he. and © € L% We recall the notation (y,[0], L™ O) from
Corollary for the unique solution (v, ¥) of the equation

L,y = ©++®) (2.6.4)

in the space

Xy, {6 cH' : (®,,0) =0} (2.6.5)

Also recall the space
YV, = {0e€l’®:(%;,0)=0}. (2.6.6)
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Now, for A € C with |\| small enough, but A # 0, we want to solve the equation
Lp¥ = \VU + ©. Upon writing

T = LIO 4+ Ay, [0)0) + 7, (2.6.7)

with ¥ € X, we see that

(Ln =NT = (L= NLF™O + ALy — M n[0]@) + (L — \) ¥ (2.6.8)
= O+ 7[O)D)} — ALI™O — 4, [0)0) + (L, — M. -
In particular, we must find a solution ¥ € X, for the equation
Lpy¥ = AU+ AL, (2.6.9)
which we can rewrite as
[I—AL® = AL 'LY™e. (2.6.10)
Note that L;l : X — X, is also a bounded operator since X; C Y. Since
Li'V0lg < Cuniel ¥|p2
1L, ¥la V|, (2611)
< Cunif”\IJHHla
we obtain
1Ly B xS Cunit- (2.6.12)

We choose \q in such a way that 0 < A\gClynir < 1. Then it is well-known that I — )\Lgl
is invertible as an operator on X, for 0 < |A| < Ag. Since AL, 'LI™O € X, we see

that (2.6.10|) indeed has a unique solution e X,. Hence, the equation (L;, —A)¥ = ©
always has a unique solution. Proposition [2.5.1| states that L, — A is Fredholm with
index 0, which now implies that L; — A is indeed invertible. [

Region R,.

We now show that in an appropriate right half-plane, which can be chosen indepen-
dently of h, the spectrum of —Lj is empty. The proof proceeds via a relatively direct
estimate that is strongly inspired by [6, Lem. 3.1].

Proposition 2.6.3. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists a constant \y > 0 such that for all A € C with Re XA > A1 and all0 < h <
hs« the operator Ly + X\ is invertible.

Proof. Write
Moo= l14g.+3(1-)p), (2.6.13)
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where g, is defined in ([2.3.42)). Pick any A € C with ReA > A and any 0 < h < h.y.
Let U = (¢, 1)) € H' be arbitrary and set © = L, ¥ + AW. Then we see that

1)z O]l > Re(Ln¥ + AT, 0)
> Re(—Ang, d) — llgu(@n)l = I6]I3
—(1 = p)[Re (¢, V)| + 7pll¥]122 + Re A W2,

> —g.lgl2. — (1 = p)|Re (¢, V)| + pllvol|22 + Re M| W2,

> —gulol2. — (1= p)lollc2ll¢llze +vpllel22 + Re A ¥|2,

> —(ge+ 31— )7 + Re A2,
(2.6.14)

Hence, we obtain
(ReA= (9o + 30 = )W)z < [O]xe: (2.6.15)

Since ReA > 1+ g, + (1 — p), we obtain the bound ||¥|g2 < [|O]|pz.

In particular, if © = 0 then we necessarily have ¥ = 0, which implies that Lj + A
is injective. Since also ind(L; + A\) = 0 by Proposition this means that Lp, + A is
invertible. ]

Region Rjs.

This region is the most delicate to handle on account of the periodicity of the spec-
trum. Indeed, one cannot simply take Im A — +oo in a fashion that is uniform in h.
We pursue a direct approach here, using the Fourier transform to isolate the problem-
atic part of Ly + A, which has constant coefficients. The corresponding portion of the
resolvent can be estimated in a controlled way by rescaling the imaginary part of A\. We
remark that an alternative approach could be to factor out the periodicity in a more
operator-theoretic setting, but we do not pursue such an argument here.

Pick A € C with Ao < [Im A| < %l and write
A = A+ idim (2.6.16)

with Ar, Aim € R. Introducing the new variable 7 = Im A{, we can write the eigenvalue
problem (Lj, + A)(v,w) = 0 in the form

cpor (1) = ﬁ kgo g [U(T + khAim) + (T — kEhAim) — 21}(7’)}
5k gu (T(7) ) o) = iv(7) = s Ao(r) - shw(r),  (26.17)
cnr(r) = 5i(pv(r) = pyw(r) + du()).

Our computations below show that the leading order terms in the appropriate |Ajm| —
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oo limit are encoded by the ‘homogeneous operator’ Hj, » that acts as

Hpo(r) = cpur(r) +iv(r) — ﬁ > ag {’U(T + kEhA) +v(1 — khA) — 21}(7‘)}.
k>0
(2.6.18)
Writing Hp, » for the Fourier symbol associated to Hj, x, we see that
Hpa(lw) = cpiw—+1i— ﬁ S ay [exp(ihk)\imw) + exp(—thkA\mw) — 2}
k>0

cpiw + 1 — ﬁ k§>:0 g {cos(hk)\imw) — 1} )
(2.6.19)

Lemma 2.6.4. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist small constants € > 0, hy > 0 and wg > 0 so that for all N € C\ R,
all0 < h < hy and all w € R, the inequality

IIm Hpa(iw)] < e (2.6.20)

can only be satisfied if the inequalities

leno|] <3
2 (2.6.21)
wl = wo
both hold.
Proof. Note that
ImHpa(iw)] = |cpw +1]. (2.6.22)
In particular, upon choosing € = i, we see that
ImHp A (iw)] < € (2.6.23)
implies
llenw| = 1] < Jeww+1] < e (2.6.24)
and hence
I < 1-¢ < || < 14e < 3 (2.6.25)
Since ¢, — ¢g # 0 as h | 0, the desired inequalities (2.6.21)) follow. =

Lemma 2.6.5. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. Then
there exists a constant C > 0 such that for all w € R and 0 < h < hyy and all X\ € C
with |A| > Ao and [Im A\| < %77, we have the inequality

[Haa(iw)] > &. (2.6.26)

Proof. We show that Hj, »(iw) is bounded away from 0, uniformly in h, A and w. To do
so, we show that the real part of Hj x(iw) can be bounded away from zero, whenever
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the imaginary part is small, i.e. when (2.6.21]) holds.

Recall the function A(y) = > ai[l —cos(ky)] defined in Assumption (Hal), which
k>0
satisfies A(y) > 0 for y € (0,27). A direct calculation shows that A’(0) = 0 and

A" 0) = 3 ank?
k>0 (2.6.27)
= 1.

Hence, we can pick dg > 0 in such a way that

%A(y) > do (2.6.28)
holds for all 0 < |y| < 2.
Writing p = hA\jnw, we see
ReHp a(iw) = % > ag [1 - cos(ku)}
L. k>0 (2.6.29)
= 2w A(p).

Now fix w, h, A for which |ImHj, (iw)| < €. The conditions (2.6.21) now imply that
|w| > wo and |p| < h‘c—,ﬂw|w| < 37. Using (2.6.28), we hence see that

[ReHna(iw)] = 253 Alu)]
> 9 mlw?do (2.6.30)
Z 2)\0w8d07
which shows that #Hj, »(iw) can indeed be uniformly bounded away from zero. ]

Proposition 2.6.6. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist constants Ao > 0 and A3 > 0 such that for all A € C with Ay < |ImA| <

%2# and —A3 < |Re | < Ay and all 0 < h < hy the operator Ly + X\ is invertible.
Proof. Since Proposition implies that L + A is Fredholm with index zero, it

suffices to prove that Ly + A is injective.

Let A3 = min{1p7, A, A}, where A, is defined in (HP2) and X is defined in Propo-

sition Pick A € C with A\g < [Im )| < %Qﬂ' and —A3 < |ReA| < A\, Write
A = A + iAim as before. Suppose ¥ = (v, w) satisfies (Lp + A\)¥ = 0.

Write ¢ and @ for the Fourier transforms of v and w respectively. For f € L? with
Fourier transform f, the identity

Hpyv = f (2.6.31)
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implies that
Hpaliw)i(iv) = fliw). (2.6.32)

In particular, we obtain

(i) = s W), (2.6.33)
which using Lemma implies that

[ollz < Cllfllee (2.6.34)

for some constant C' > 0 that is independent of h, A and w.

Since VU is an eigenfunction, hence yields
[l < Opit(gs + D0l 2z + C iy lwll - (2.6.35)
Furthermore, applying a Fourier Transform to the second line of , we find
Aimcpiw(iw) = po(iw) — pyw(iw) + b (iw). (2.6.36)

Our choice A3 < % pvy implies that —py 4+ A, is bounded away from 0. We may hence
write

w(iw) = m_)\rﬂ(wl}\imch_)\im)pf)(iw), (2.6.37)
which yields the bound
lwllrz < C'|vl|rz (2.6.38)

for some constant C’ > 0. Therefore, we obtain that
ol < €' slvlle (2.6.39)

for some constant C”, which is independent of A\, h and v. Clearly this is impossible
for v # 0 if

|>\im‘ Z Ag = 20”. (2640)
Furthermore, if v = 0, then clearly also w = 0. Therefore, we have ¥ = 0, allowing us
to conclude that Lj; + X is invertible. n

Region R,.

We conclude our spectral analysis by considering the remaining region R4. This
region is compact and bounded away from the origin, allowing us to directly apply the
theory developed in

Corollary 2.6.7. Assume that (HP1),(HP2), (HS), (Hal) and (Ho2) are satisfied.
For all X € C with |A| > Ao, =3 < |[ReX| < A1 and [ImA| < Ay and all 0 < h < R
the operator Ly + X is invertible.

Proof. The statement follows by applying Proposition with the choices (@, W)
= (ﬂ}“@h), C¢p = cp and M = Ry. |
Proof of Theorem [2.2.2 The result follows directly from Lemma Proposition
Proposition Proposition and Corollary n
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2.7 Green’s functions

In order to establish the nonlinear stability of the pulse solution (@, W), we need to
consider two types of Green’s functions. In particular, we first study G (&, &), which
can roughly be seen as a solution of the equation

(Ln+ NG &) (€) = 3(¢ — o), (2.7.1)

where ¢ is the Dirac delta-distribution. We then use these functions to build a Green’s
function G for the linearisation of the LDE ([2.2.1) around the travelling pulse solution.

An important difficulty in comparison to the PDE setting is caused by the discrete-
ness of the spatial variable j. In particular, we cannot use a frame of reference in which
the solution (@, wy,) is constant without changing the structure of the equation .
The Green’s function G will hence be the solution to a non-autonomous problem that
satisfies a shift-periodicity condition. Nevertheless, one can follow the techniques in
[13] to express G in terms of a contour integral involving the functions Gy.

A significant part of our effort here is concerned with the construction of these latter
functions. Indeed, previous approaches in [I1, [109] all used exponential dichotomies or
variation-of-constants formula’s for MFDEs with finite-range interactions. These tools
are no longer available for use in the present infinite-range setting. In particular, we
construct the functions G, in a direct fashion using only Fredholm properties of the
operators Ly + A. This makes it somewhat involved to recover the desired exponential
decay rates and to properly isolate the meromorphic terms of order O(A~1).

From now on, we will no longer explicitly use the h-dependence of our system. To
simplify our notation, we fix 0 < h < h,, and write

L = Lh,

Ly = Lh;oo;

U = (uw) = (up,wp), (2.7.2)
O = (¢%,0F) = (9, Up);

C = Cp-

We emphasize that from now on all our constants may (and will) depend on h.

We will loosely follow §2 of [109], borrowing a number of results from [I3] [102] at
appropriate times. In particular, we start by considering the linearisation of the original
LDE ({2.2.1)) around the travelling pulse solution U(t) given by . To this end,
we introduce the Hilbert space

L2 = {V e (Mats(R))*: %:Z|V(j)\2 < oo}, (2.7.3)

in which Maty(R) is the space of 2 x 2-matrices with real coefficients which we equip

V(l,l) V(l’Q) >

with the maximum-norm |- |. For any V € L?, we often write V = ( pey P2
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when we need to refer to the component sequences V(%7) ¢ ¢2 (Z;R). For any t € R we
now introduce the linear operator A(t) : L2 — L2 that acts as

A(lvl) t A(Lz) t V(l)l) V(Lz)
Aty v = 1 ( A@J)Et? A(272)Et; > ( LeD pe2) > : (2.7.4)
where
(AT ()0); = & 3 ok[vipr +viok — 20] + gu (ﬂ(hj + ct))vj
k>0
( (thw); i (2.7.5)
(ACD(t)); = py;
(A2 (H); = —pyw;

for v € (?(Z;R) and w € ¢*(Z;R). With all this notation in hand, we can write the
desired linearisation as the ODE

4yt) = A@t)-V(t) (2.7.6)
posed on L2.
Fix ty € R and jy € Z. Consider the function
Rt Gho(tt) = {GP(tto)}jez € L2 (2.7.7)

that is uniquely determined by the initial value problem

G°(to,to) =01 o
Here we have introduced
, 1if j = jo
§lo — 2.79
J {O else, ( )

where I € Maty(R) is the identity matrix. We remark that gjfo (t,to) is an element of
Matq(R) for each j € Z.

This function G is called the Green’s function for the linearisation around our trav-
elling pulse. Indeed, the general solution of the inhomogeneous equation

V= A(t)- V() + F(t)
{5(0) ~ (2.7.10)

where now V() € ¢2(Z;R?) = (?(Z; R?**1) and F(t) € (?(Z;R?) = (%(Z; R**1), is given
by

V](t) = Z g]jo(t?())vj% Jrfot Z ggo(tatO)Fjo(tO) dto. (2.7.11)
Jo€Z Jo€Z
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Introducing the standard convolution operator %, this can be written in the abbreviated
form
Vo= G(t,0)% VO + [ G(t,to) * F(to) dto. (2.7.12)
The main result of this section is the following proposition, which shows that we can
decompose the Green’s function G into a part that decays exponentially and a neutral
part associated with translation along the family of travelling pulses.

Proposition 2.7.1. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
For any pair t > ty and any j, jo € Z, we have the representation

G (t:to) = EP(t,t0) + G (t o), (2.7.13)
in which
gt tg) = & ¢~ (hjo + cto)pt (hj +ct) ¢~ (hjo + cto)p™ (hj + ct)
g \»o O\ ¢ (hjo + cto)yt(hj +ct) ¢~ (hjo + cto)wt(hj +ct) )’
} (2.7.14)
while G satisfies the found
G (tto)] < KemS(tmto)emdlhitet=hio—cto| (2.7.15)
for some K >0 and § > 0. The constant Q > 0 is given by
Q = (&,0T). (2.7.16)
Furthermore, for any t >ty we have the representation
gjo(tyto) - Z [gj(tvtO)ngO(thto) +g;(t7t0)(5301_530(t07t0)):|7 (2717)
1EZ
which can be abbreviated as
Glt,to) = E(t,to) * Elto,to) + G(t,to) + (I = Elto.to) ) (2.7.18)

2.7.1 Construction of the Green’s function

In this subsection, we set out to define the functions G in a more rigorous fashion. In
addition, we use these Green’s functions to formulate a powerful representation formula
for G, see Proposition below, following the approach developed in [13].

A key role in our analysis is reserved for the operator Lo.;» and the function Ay,
from Lemma We will show that L.,.) has a Green’s function Go.;» which takes
values in the space Mato(R) and has some useful properties. To this end, we recall the

constant A from Lemma For each A € C with Re A > —%, we may now define
Gooix : R = Mats(R) by writing

Goon(§) = 55 [T €™ (AL (in) " dn. (2.7.19)
We also introduce the notation
Goo = Guop- (2.7.20)

Here (Ha?2) is essential to ensure that these Green’s functions decay exponentially.
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Lemma 2.7.2. Assume that (HP1), (HP2), (HS), (Hal) and (Ha2) are satisfied. Fix

A € C with Re X > —%, The function Geo.x is bounded and continuous on R\ {0} and

Cl-smooth on R\ hZ. Furthermore, (Lo + A)Goon(- — &) is constantly zero except at
& =&y + hZ and satisfies the identity

S5 (oo + NG = €0)]©F(€) dg = f(&) (2.7.21)
for all€ € R and all f € H'.

Finally for each x > 0 there exist constants K, > 0 and B, > 0, which may depend

on x, such that for each A € C with —% < ReX < x and |Im )| < % we have the
bound
|Goon (€ = &)| < K.emP-le%ol (2.7.22)

for all £,& € R.
Pick A € C\ o(—L) with Re A > —%. Observe that

L—Le = ( 0_9"@) +1o 8 > (2.7.23)

We know that Goor (- — &) € L?(R, Maty(R)) since it decays exponentially. This means
that we also have the inclusion

[L — Loo|Goon(- — &) € L*(R,Mats(C)). (2.7.24)
Hence, it is possible to define the function G by writing
Gr(§&0) = Goon(€—8&) = [(A+ L)L = Log]Goon (- = &0) [(§). (2.7:25)

The next result shows that G can be interpreted as the Green’s function of L + A. Tt
is based on [109, Lem. 2.6].
Lemma 2.7.3. Assume that (HP1), (HP2), (HS), (Hal) and (Ha2) are satisfied. For

A € C\ o(—L) with ReX > —% we have that Gy(-,y) is continuous on R\ {y} and
Cl-smooth on R\ {y + kh : k € Z}. Furthermore, it satisfies

S [A+ DG (95 ds = £(&) (2.7.26)
for all € € R and all f € H.

The link between our two types of Green’s functions is provided by the following
key result. It is based on [I3} Thm. 4.2], where it was used to study one-sided spatial
discretisation schemes for systems with conservation laws.

Proposition 2.7.4. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Let x > Aunir be given, where A\unir is as in Lemma [2.71 For all t > to the Green’s
function QJJO (t,to) of is given by

Gl(t,t)) = —35 J | M=) Gy (hj + ct, hjo + cto)dA (2.7.27)

X~ "h

where Gy, is the Green’s function of A+ L as defined in .
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Our first task is to collect several basic facts concerning the operators Ly and L,
that will allow us to establish Lemma’s[2.7.2]and [2.7.3} In particular, we need to isolate
and explicitly compute the part of the Fourier integral (2.7.19) that behave as |n|~*
and |n|=2 as  — £o0, as these lead to the discontinuities in G and its derivative.

Lemma 2.7.5. Assume that (Hal) and (Ho2) are satisfied. Consider any bounded
function f : R — R which is continuous everywhere except at some £y € R. Then Ay f is
continuous everywhere except at {{o+hk : k € Z}. Moreover, if f is differentiable except
at &y and [ is bounded, then Ay, f is differentiable everywhere except at {{o+hk : k € 7}

and [Anf]'(€) = [Anf)(E).

Proof. For convenience we set {g = 0. Pick £ € R with £ ¢ {kh : kK € Z}. Then f
is continuous in each point £ + kh for k € Z. Choose € > 0. Since f is bounded and

(o)
o] < 00, we can pick K > 0 in such a way that
J ) p y
j=1

2| flloo 7z ZI oy < 5 (2.7.28)
For j € {1,..., K — 1} we can pick ¢; > 0 in such a way that

#Iaj\f(§+y+hj)—f(£+hj)‘ < oEm (2.7.29)

for all y € R with |y| < 6;. Let § = min{d; : 1 < j < K} > 0. Then for y € R with
ly| < § we obtain

ATE+ D) = MA@ < 7 3 gl (17(€ + -+l +15(E + 1)
e z Iag\‘f&yﬂh) 7€+ 1)
o (2.7.30)
< & 2 lallflle + Z pLsa
j=K J=1
< 5+5
= e
So Ay f is continuous outside of {kh : k € Z}.
Writing
1€ = gl X g [F(E+RG) + (€~ ha) ~27(€)] (2.7.31)
for n € Z~(, we can compute
F©) = g L o[+ k) + 7€~ k) 2] (2.7.32)

J

This allows us to estimate

A0~ (AnEl < & Xl (2.7.33)

j=n+1
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In particular, the sequence {f/} converges uniformly to Ay, f’ from which it follows that

! _ 1 = . / . / _ S /
BufV(© = b Xy |1/€+ i)+ 7€ = hi) = 21€)] 27,38
= (Anf")(©).
"
Proof of Lemma[2.7.3 Pick x > 0 and set
R = {)\GC:f% <ReA < yand |ImA| < %} (2.7.35)

The proof of Lemma [2.5.7] implies that we can choose 3, > 0 and K, > 0 in such a way
that
— K*
[ALn (D)7 < (2.7.36)

for all A € R and all z € C with |Rez| < 28,.. In particular, it follows that (y —
Ar . (iy)™') € L3*(R). By the Plancherel Theorem it follows that Gy is a well-
defined function in L2 (R). In particular, it is bounded. Shifting the integration path
in in the standard fashion described in [103} [130], we obtain the bound

|Goor (€ — &o)| < K,emFrle—%0l (2.7.37)
for all £,£, € R and )\ € R.

We loosely follow the approach of [102] §5.1], which considers a similar setting for
Green’s functions for Banach space-valued operators with finite range interactions. Pick
A € R. We rewrite the definition of Az __, given in (2.5.18]) in the more general form

%ALOO;A (Z) = z—- Boo;)\ez.a (2738)
For a € R close to 0 we introduce the expression Rp__ ;o by
Rinia(?) = cAp,(2)71 = fLy - B2l (2.7.39)

for z € C unequal to « and |Re z| < 28,. Since we can compute

CALOOA (Z)_l - |:Z —a+ (a - Boo;/\ez.):| B
= (=) 1+~ a) (@ = Bupe®)] B
= (z—a)t [1 —(z— a)—l(a _ BOO;)\ez.) +O((z - a)_Q)}
(2.7.40)

we obtain the estimate
Riwaal)] < e (2.7.41)

for all y € R, possibly after increasing K.

Exploiting the decomposition ([2.7.39)), we write
_ 1 1
Goox = Mo+ Ra, (2.7.42)
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where we have introduced

_ 1 (oo g 1 Boone' —a
Ma(§) = 5 meni(m_a— in—a)? )dn’ (2.7.43)
Ra(€) = 5= [T €™ R alin) dn

for any o € R\ {0} and £ € R. Using [102], Lem. 5.8] we can explicitly compute

Ma€) = —eSH(=€) = [Boin —a] (e H (=) (©), (2.7.44)
where we have introduced the Heaviside function H as
I, £€>0
HE) = {1 ¢=0 (2.7.45)
0, £<0.

Since & + £e®CH(—£) is continuous everywhere and differentiable outside of & = 0,
Lemma [2.7.5] implies that M, is continuous everywhere outside of £ = 0 and differen-
tiable out51de of {hk : k € Z}. Moreover, we have the jump discontinuity

Mo (0F) = My(07) = 1 (2.7.46)
and we can easily compute
ML) = aMa(€) = [Buo — al [ H(=)] ©), (2.7.47)
from which it follows that
cLooaMa(§) = M(6) = BooxMal(§)
~ae®H (=€) = o[ Boepn — a (- e H(=)) (&)
~[Boon = a] [ H(=)|(€) + Buor [ H(=)|(6)  (2.7.48)
+Booa | [Boox = a] (- e H(=)) ()] (©)
= [Boor — | [Booir — a] (- e H(=)) ()] (©).

Since Ri . ;a0 € L'(R) we see that R, is continuous. Therefore, Goo.y is continuous
outside of £ = 0. Similarly to [I02] Eq. (5.79)] we observe that

e —a 2
%ALOC; ( )RLOO,\, ( ) - %7&)2), (2749)
which yields

%Loo,/\Ra(g) = R;(g)_Boo;)\Ra(f)
— L[ etAL (iy)RLm,\;a(iy)dy

— ’L (Boo - )
- 2r f— Ly nye a)? i dy

= ~[Boer — al[[Booir — a] (- e H(=)) (9] (©),

(2.7.50)
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using [102, Lem. 5.8]. In particular, we see that
LooaGooia(§) = 0 (2.7.51)

for all ¢ outside of {hk : k € Z}. Lemma subsequently shows that Gy is C*'-
smooth outside of {hk : k € Z}.

Fix f € H'. For any § > 0 we may compute

0 =[5 [LoenGun ()] © £

o0 - (2.7.52)
= [Gurf], = 57 cCoun(©F(€) + (B Gool (O ©).
together with

0 = [cGu, kf] -~ OF(E) + [BaonGoon|(©)F(6). (2753

Using we can hence compute

S -0
fjooo |:Loo;)\Goo;)\('):| (f)f(g)df hm&LO |:CGoo;)\f:|6 - |:CG00;)\fi| . (2754)
= f(0).

Lemma 2.7.6. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. Fix

A € C with Re A > —%. Then there exist constants K > 0 and B > 0 so that for any
g € L% and f € H! that satisfy (L + \)f = g, the pointwise bound

£ < Ke 8l fllo + K [ e In=¢lg(n)dn (2.7.55)

holds for all £ € R.

Proof. On account of Lemma we can lift the results from [I30, Prop. 5.2-5.3] to
our current infinite range setting. The proof of these results are identical, since the
estimate [I30, Eq. (5.4)] still holds in our setting on account of (Ha2). A more detailed

description for this procedure can be found in [20, Lem. 4.1-Lem. 4.3]. =
Proof of Lemma[2.7.3 Pick A € C\ o(—L) and compute

A+ L)GA(, &) = (A+L —&o L—-L —&o

( )GA (o) ( )Goon(- = &o) — | 00l Gooin (- = o) (2.7.56)

= (A Loo)Goor(- = &o)-

The last statement follows immediately from this identity.

Write X
Goon(- —=&) = [L— Leo|]Goon(- —&0)- (2.7.57)
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We have already seen that Goo.x(- — &) € L2(R, Maty(C)). Hence, it follows that
A+ L) 'Gooir(- — &) € H'Y(R,Maty(C)). (2.7.58)

In particular, this function is continuous. Together with Lemma we obtain that
Ga(+,&p) is continuous on R\ {&}.

gAY .2)

Set H = (A + L) 'Gooir and write H = ( ey ge

>. Using the definition

of L we see that

cikH = —MH—-Go—H, (2.7.59)
where
j;[ . _ _AhH(lvl) — gu(ﬂ)H(lvl) + H(211) AhH(LZ) — gu(ﬂ)H(1’2) _|_ H(272)
- pr(lvl) +rypH(271) pr(l'rQ) +')/pH(212)

(2.7.60)
Since @ € H' and, hence, @ is continuous, we must have that % is continuous. As
argued before Ay HYD and A, H12) are also continuous. Hence, we see that cd%H

is continuous on R\ {£} and thus that d%H is continuous on R\ {&p}. Therefore, we
obtain that G(-,&p) is C'-smooth on R\ {& + kh : k € Z}. "

We now proceed to the verification of the integral representation (2.7.27). As a
preparation, we need to show that whenever A has a sufficiently large real part, the
function G is bounded uniformly by a constant. This result is based on [I3, Lem. 4.1].

Lemma 2.7.7. Assume that (HP1),(HP2), (HS), (Hal) and (Ho2) are satisfied. Then
there exist constants K and Aunir so that the Green’s function Gy enjoys the uniform
estimate

1GA(&: %) < K, (2.7.61)
for all €&y € R, whenever Re A > Aypis.

Proof. We write L = Cchg + B with

B = (:?h_gu(“) ip)' (2.7.62)

We introduce G as the Green’s function of (X + cdi) viewed as a map from H' to L.
Luckily, it is well-known that this Green’s function admits the estimate

(€ 6)| < e Nl (2.7.63
We can look for the Green’s function G as the solution of the fixed point problem

Gr(&,&) = GR(& &)+ [z GA(E 2)(BGY)(2, &) dz. (2.7.64)

Since A + L is invertible by Theorem G must necessarily satisfy the fixed point
problem ([2.7.64)).
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. , AL 4(1,2)

For a matrix A € Mat2(C) we write A = 4@ 4@2) ) We make the decom-
position

B = B+ B, (2.7.65)

where

(2.7.66)

We estimate

[(BoG)(€, &) = ARG (€, &)Y
= X [;Tle\ajl (\Gﬁ(ﬁ + by, &) ID] + G (€ — hy, &) Y]
J:
+2(G3(€ &) 1))
< ﬁj; [h—lzlaj\ (e‘ReMth—fol/lc\ 4 e~ReAlE—hj—¢ol/Icl
+28—R9/\If—fo|/|0\>]
(2.7.67)
and observe that
J2I(BoGR)(&: &)l € < i( > 4[,32|aj|m1/c])
=t (2.7.68)
= h2£4{e/\ E o]
j=1
We now fix G € L>°(R? Maty(C)) and consider the expressions
. SRy
L = J[6EaBa)E0)]  ds
i an (2.7.69)
L = f[oeamede)]

Using Fubini’s theorem for positive functions to switch the integral and the sum, we
obtain the estimates

|Zo|

IN

Gl Jg (BoGR)(2,€0)]| dz

00 (2.7.70)
< [IGllL= % Zl |aj|
]:

A
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and
Tl < Gl i (l9u @EDIICS (2 60) D] + pIGS (2 60) D)
(14 70)|G8 (2, &) 3] ) d2
< NG~ fo (9@ + p+1+p)eReN==l/d)dz (2.7.71)
< 161~ (lau @l + 0+ 14 70) ()
< NGl (9. + o+ 1+70) (55)

Similar estimates hold for the other components of [, G(§, 2)(BGY)(z,&y)dz. Therefore,
the mapping G — [, G(&,2)(BGY)(z,&)dz is a contraction in L>(R?, Maty(C)) for
ReX > Aunit for Aynir large enough, with Aypnir possibly dependent of h € (0, hyx).
Hence, we get a unique bounded solution of , which must be G. The desired
bound on G is now immediate. n

Proof of Propositionm Fix jo € Z and ty € R. Since (2 is merely a linear ODE
in the Banach space L2, it follows from the Cauchy—Llpschltz theorem that
indeed has a unique solution V : [ty, 00) — L2. For any Z € C2°(R;1L?), an integration
by parts yields

~Zit0) = ST 5 [0 - (A0 V0);) 20t = 510 Vi (1) 210
= 22 [ Fovo - A0 v,z d.

JEZ |:

' (2.7.72)

We want to show that the function Vj(t) := Gi°(t,to) defined by coincides
with V on [tg, 00). To accomplish this, we define

- s = [ V0 - (AW - V), 0] (2.7.73)

and show that V is a weak solution to (2.7.8]) in the sense that
I = —Z;(t) (2.7.74)

holds for all Z € C°(R;1L?). Indeed, the uniqueness of weak solutions then implies
that V = V.

Note first that V(t) = 0 for ¢ < o, which can be seen by using (2.7.61)) and taking
X — 00 in lb We write y = hjg + ctg, x— —X—ﬂ and x+ = x + % ire  We see
that

1= S [ ovi - @ vzm)d (2.7.75)
since V (t) = 0 for ¢t < to. Moreover, we write

G;(t) = Ga(hj+ct,y). (2.7.76)
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Using our definition of V'(¢), we have

[ = - f ZZ[ A A)dt} dx, (2.7.77)
where
Tit) = 00| = G5 (1) - (AW®) - G1);Z()] (2.7.78)

The permutation of the summations and integrations is allowed by Lebesgue’s theorem,
because Z and % are compactly supported and G is uniformly bounded by ([2.7.61]).
Fix x— < A < x4 and j € Z. Using the change of variable 2z = hj + ¢t we obtain

c

=00 (2.7.79)

() o) 20

Zi(z,\) = eMa—hi/e—to) 7. (;hﬂ) (2.7.80)

_}o end = L[ [chJ(“ hﬂ)dzf + G, (" ’”)Zj(x,x)

where

Exploiting the fact that Z; and, therefore, Z; is compactly supported, (2.7.26]) yields

oo

_{O Z;(t, \)dt = L f_ (L + NG (z,y) Z;(x, \)]dx (2.7.81)

= 1Z(y).

Now since Z; is compactly supported, we can exchange sums and integrals in equation
(2.7.77)). This allows us to compute

X jEZ 0o
= —3u f > Z(y, A)dA
_ JEZL
W A0k o (hjo—hg) | 4 ) g
~ mic f JZG:ZQ ° ]( o T 0) (2.7.82)
_ 27”C Z f )\(hJo hJ)Z ((h](l hj) +t )d)\
JELX -
_ 2mc Z 2mc5JOZ ((hjoc—hj) +t0)
= Zjo(to)
as desired. n

2.7.2 Meromorphic expansion of G

In this subsection we set out to explicitly isolate the pole at A = 0 in the meromorphic
expansion of G. In addition, we show that both parts of this decomposition decay
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exponentially in a A-uniform fashion. This will allow us to shift the integration path in

(2.7.27) to the left of the imaginary axis. The decomposition (2.7.13)) for the Green’s
2.7.15))

function G together with the exponential decay estimates (| can subsequently be
read off from the shifted contour integral.

Lemma 2.7.8. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.

There exist constants K1 > 0, K5 > 0,0 > 0 and 6 > 0 such that
[©F(©)] < KieHl|ot|,

N (2.7.83)

[©7(6)] < Koe H[[07 ||

for all € € R.

Proof. We obtain from Lemma [2.7.0] that there are constants § > 0 and K; > 0 for
which
W) < Kie WVl + Ky [7 e ?0(n)|dn (2.7.84)

holds for each ¥ € H', where © = LV. Since L&' = 0 we conclude that
[@F(©)] < Kie oty (2.7.85)

for all . Note that the operator L* is also asymptotically hyperbolic. Hence, there are
6 > 0 and K5 > 0 for which

W(E)| < Koe Sl + Ko [ e 060 (n)|dn (2.7.86)

holds for each ¥ € H!, where © = L*W¥. Since L*®~ = 0 we obtain that
@7(8)] < Ko del[|o o (2.7.87)
for all €. .

Lemma 2.7.9. Assume that (HP1),(HP2), (HS), (Hol) and (Ho2) are satisfied. Then
there exist constants K3 > 0 and § > 0 such that

[(@*)(&)] < Kze oK (2.7.88)
for all € € R.

Proof. Lemma [2.7.8 implies that

[Anpt (€] < Ky X lon|(e7?ITIK 4 e 7olemREL 4 9= 0lel)

N k>0
2.7.89
< Kie Kl 3 Jagl(2e°MF +2)), ( )
k>0

where the last sum converges by (Ha2), possibly after decreasing § > 0. Using the fact

that A gt o N
(@+) = i(pﬁ_ﬁjﬁuw —¥ ) (2.7.90)
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we hence see that there exists a constant K3 > 0 such that

(@)(©) < Kae k. (2.7.91)
The proof for the bound on (®7)" is identical. ]
We recall the spaces
X = X, = {6cH:(d,0)=0}
\ (2.7.92)
Y =Y = {6cL°:(®2,0)=0}

together with the operators L~! in the spaces B(X, X) and in B(Y, X) that were de-
fined in Proposition We also recall the notation L9"™O that was introduced in
Corollary 2.5.4] for the unique solution ¥ of the equation

L = - kot (2.7.93)

in the space X, which is given explicitly by

Live = Lo - ok q>+} (2.7.94)

We now exploit these operators to decompose the Green’s function of A + L into a
meromorphic and an analytic part. This result is based on [109, Lem. 2.7].

Lemma 2.7.10. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists a constant 0 < X\ < Ao such that for all 0 < |A| < XA we have the represen-
tation

Gr& &) = Ea(6.&)+Gal6&) (2.7.95)
Here the meromorphic (in \) term can be written as
_ 1 [ ¢ (&)eT(E) v (E0)e"(€)
B = 3 ( FEn® v e ® ) (2:7:96)

and the analytic (in \) term G is given by

GA(6.60) = Goonl§ = &) = [L+ ALY 1LI™(L = Loo) G- = €0)](€)

— (P, Goor (- — &))@ (8).
(2.7.97)
Here we recall the notation
Q = (&7,0T). (2.7.98)

Proof. Pick A € C with 0 < |A| < Ag. By the proof of Proposition we see that
(L+MN)710 = A\ 1@ O+ | favvg — [[ 4 ALY ~INL-IL9vE  (2.7.99)
for © € L2. We now compute

(@7, (L = Loo)Goor(- = &0)) = (27, =LocGooin(- — &0))

(2.7.100)
= —@7(60) + /\<¢7, Goo;k(' - 50)>
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In particular, writing

L = L-Lg, (2.7.101)
we obtain

iy L6t @)t
(LA NT Ll —40) = Alﬂ(¢—(§o)w+ w—(fo>w+>

+<‘I’7LQA(‘—50)>@+ + LqinVﬁGm;)\(. — &)
[+ ALY IALT LA™Y LGoon (- — &o).

(2.7.102)
We may hence write
Gi(6.&) = Ex(&&)+Ga6 &) (2.7.103)
e @) (©) v (E)oH()
a1 9 (&)eT (&) YT (&) (€
Er&io) 0 ( o~ (@t (E) v (&)t (©) ) (27.104)
and
é)\('a 50) = Goo;A(' - EO) - Lqinv-i/Goo;)\(' - 50)
+[I + ALY TIAL T LI LG oon (- — &)
—%(@‘,Gw;,\(- — &))@t (2.7.105)
= Goon(- = &0) = [ + AL LA™ LG oon (- — &)
7%<(I)77 Goo;)\(' - €O)>(I)+
Clearly E) is meromorphic in A, while G is analytic in A in the region |A| < Ao. L]

We fix x > Aunif, where Aynir was defined in Lemma [2.7.3] and set
R = {AeC:-3 <ReA<yand [Im)| < ™9}, (2.7.106)

We now set out to obtain an estimate on the function G from Lemma [2.7.10| by
exploiting the asymptotic hyperbolicity of L. We treat each of the terms in (2.7.97)
separately in the results below.

Lemma 2.7.11. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist constants Ky > 0 and X > 0 such that for all A € R

(87, (L — Loo)Goor (- — &0))| < KqeXléol. (2.7.107)

Proof. We reuse the notation L = L — L, from the previous proof. Lemma
implies that we can pick constants £, > 0 and K, > 0 in such a way that

|Goon (€ = &) < K.e P15l (2.7.108)
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for all values of &,&;. Recall the constants K5,6 from Lemma and set K3 =
K5||® ||oo- Then we obtain

(O, LGoor (- — &0))| < [ Kze lg I e Pr1e-80l gg

- Kgg*K*< L (=060l 4 g=Bulbol) 4 _L_(e=0l60l _ g=Bultol)

548 B.—0
_1 —min{8,5. }|€ol L _9e—min{8,5.} ol
< KsgoK.(5h-2e e )
= K467>2‘£0‘
(2.7.109)
for some K4 > 0 and x > 0. [

Lemma 2.7.12. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist constants K19 > 0 and 7 > 0 such that for all A € R

‘ [LqinV(L — Loo)Goon(- — 50)} (5)’

Kige~71él =71l

IN

(2.7.110)

A

Kyge V¢l

Proof. We reuse the notation L = L— Ly from the previous proof. Recall the constants
K,6 from Lemma [2.7.8] Writing

He () = [L9™EGan(-— )] (), (2.7.111)
we may use Lemma [2.7.0] to estimate
[He, ()] < Kie || He, || + K1 [

(oo}
—o0
Recalling (2.7.92)-(2.7.94)), we obtain
[Heolloo < [ He, [l

e 1= LHe, (n)|dn. (2.7.112)

Cunif”-i/Goo;A(' — &) — w(ﬁﬂﬁ?

D7 |12 7
Gt (14 L2120 12 ) | LG ocin (- = o) 2
K5 ||LGoor (- = &0)ll2

for some constant K5 > 0.

IN

(2.7.113)

IN

IN

Using Lemma [2.7.8| we see that there exists a constant K¢ > 0 for which

e = |57 ) de|
J& R @ )| oe W de (2.7.114)
= K6€76|€|

IN

holds for all £ € R. Recall that

L = (ag“(u)“"o O). (2.7.115)

)
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Observe that —g,,(0) + ro = 0. Then we obtain that

| — gu(@(€)) + 7ol < Kre ok (2.7.116)
for all £ € R and for some constant K7 > 0. Lemma implies that

Goor(§ = &0)| < K.emFele0l (2.7.117)
for all £ € R. Therefore, we must have

||£GM;A(' - 50)”%2

IN

Je K2K?2e= 208l 28165l ¢
< Kge 216l

(2.7.118)

for some constants Kg > 0, ¥ > 0 with 7 < B, ¥ < %5 and 7 <
obtain the estimate

%)2. In particular, we
[Heylloo < Ksy/Kge V1l (2.7.119)
In a similar fashion, using Lemma [2.7.11] we see that

LHg, () < [[LGwn(- — )] () - E-Egat=tlat(g)|
< K7K*e—5|f|e—/3*|5—5o\ + $K4€_X‘50|K1€_6|5| (2.7.120>

IN

Ko [efﬁlﬁ\efﬁlﬁf&o\ 4 ew\so\efmq

for all £ € R and some constant Kg > 0. Combining (2.7.112) with (2.7.113) and
(2.7.118)), we hence obtain

[He ()] < Kie B[ He, |l + K1 [Z e8| LH, (n)]dn
< Kie 9l Ky /Kge V¢l
K [ et {e—zwe—w—m n e—ﬂsde—wq dn
Kie 98 Ky /Kge 7160l 4 K, fi’ooo e &= K ge—TInle=I¢l gy
< KigeTEle=7l6ol

S Kloe*:ﬂf*fo\

IN

(2.7.121)
for some constant K19 > 0. =

Remark 2.7.13. In the proof of Lemma|2.7.12} in particular in (2.7.116)), we explicitly
used that U is a pulse solution, instead of a traveling front solution. If one would want

to transfer these results to a more general system where the waves have different limits
at £ = oo, then Lemma would only hold for £, > 0. However, the definition
(2.7.25)) remains valid upon using the reference system at £ = —oo instead of £ = +o0.
This new formulation allows the desired estimates for £y < 0 to be recovered.
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Lemma 2.7.14. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist constants K13 > 0 and w > 0 such that the function Gy from Lemma

satisfies the bound
IGA(6, &) < Kygemwle—%ol (2.7.122)

for all £,& and all 0 < |\ < .

Proof. As before, we write
Hey(§) = L™ LGosa(- = ) (). (2.7.123)
Using Lemma Lemma [2.7.12] and (2.7.119) and recalling (2.7.92))-(2.7.94), we

obtain the estimate

‘L71H50(5)| < KleialglnLilH&)HOO + Ky fOO eialgin”Hﬁo(n”dn

—0o0

< Kle_a|f|C’unifHH50||Lz + K, ffooo e_a|5—77|[(10€—’7|77—50‘d77
< Kye M0, Ky Ree V60l 4 Ky [ eolé=nl Ky ge=TIn—oldy
< KoK e 6%l

(2.7.124)
for some constants K17 > 0 and 25 < «. Using Proposition [2.5.2| and (2.7.119) we
obtain that

(LY Heyllsr < KsV/EKs(Cunig) e~ 710! (2.7.125)
for all n € Z~(. Continuing in this fashion, we see that
(L1 Heo (6)] < KioKiye 7! (2.7.126)
for all n € Z~¢. If we set
X = min{3, N, x, ) (2.7.127)
then for each n € Z~( and each 0 < |A| < X we have
I(=N" (L) He e < 5 (2.7.128)
In particular, it follows that
N
ngzjo(—A)”(Lfl)”Hgo — [T+ ALY 'He, (2.7.129)

. 1 . 1 . . . .
in H as N — oo. Since H -convergence implies point-wise convergence, we conclude
that

o0

22 (=)L) Hey (€)

n=0

© e
2 N EnKjpemleel (2.7.130)
=
&e_a‘f_fol

1-AKq1

= Kjpe—TE—¢l

[I+ALTH T H, (6)] =

IN

IN
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for all £ € R and for some constant K75 > 0.

Combining this estimate with Lemma [2.7.8 and Lemma yields the desired
bound

GAE &) = |Goora(§ = &0) = [[1 + ALY TLLI™ LGoein (- — €0)] (&)
—4 (07, Goo - — £0))2H(€)]

< K,e P16l 4 K e8] K4%e—>2|£o|[(1€—5|£|qu”oo
g Klge_w‘f_go‘
(2.7.131)
for some constants K3 > 0 and w > 0. n
We write
S = {Atiw:we[-Hd ey (2.7.132)

where )\ is defined in the proof of Lemma [2.7.14

Lemma 2.7.15. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Then there exist constants K > 0 and > 0 such that for all A € S we have the bound

IGA(€,&)] < Ke PlEeol (2.7.133)
for all £, &.

Proof. Fix A\g € S. For X\ € S sufficiently close to Ay we have

[L+M+A—A44

- KL+%)O+@+NJHA7M»T1 (2.7.134)

-1

P+ﬂ4

- PA{L+A@—%A—Nﬂ_TL+Aﬂ
In particular, upon writing
Hey(€) = [IL+ M) LG (- = )| (6), (2.7.135)
we see that
GA(6,€0) = Goenr(§ = &0) = [T+ (L+X) " (A= 2)] " Hgy | €).  (2.7136)
Using Lemma [2.7.6] we can pick constants ky, > 0 and «y, > 0 in such a way that

|H£o (£)| < kkoeiakolgl ”Héo ”oo + kx, ffooo e~ o l&=m |(L =+ AO)HEO (Tl)|d77-
(2.7.137)
Recall the constant Cg appearing in Proposition [2.3.3] This allows us to estimate

”H&) ”00 < ||H§0 HH1
Csl| LG, (€ €0) I (2.7.138)
CS,/KS(E*’YKO\_

IN

IN
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This yields the bound

[Hey (€)] < Rngem 8105/ Kse 1800 4 ky, [75, e LG o0 (1, €0)ldi)
< ky e olEl0gy/Kge Mol 4 ky ffo e~ lé Ko K e 01l e =28+ In=%ol g

< k)\o,Qe*a%o;2|§*§o‘
(2.7.139)
for some constants k.2, @x,;2, which may depend on Ao, but not on A. Arguing as in

(12.7.124)), we obtain
|[L + Ao] ™" He, (6)]

IN

]@\06*0‘/\0|§| H [L + /\0]7le0 Hoo
thing [ 7o €018 He, (1) ]dn (2.7.140)

< k)xo;Qk)\oSeiaxo;ngigol

for some constant ky,;3 > 0, which may depend on )y, but not on A. Following the
same steps as the proof of Lemma and setting

o 1 1
€xo = mln{mam}a (2.7.141)

we conclude that

|GA (€, &0) — Goon (€ — o)

[+ 12+ 207 0= 2)] He | )

(2.7.142)
< k)\o.4efa/\0;2‘5*50\

holds for each A € S with |A — Xg| < €,, for some constant ky,.4 > 0, which may
depend on Ag. In particular, we obtain that

IGA(&, &) < kague™@02l8=%0l 4 K, e=Aele=6ol

< k>\0,567a>\0:2|§7§0‘

(2.7.143)

holds for each A € S with |A — XAg| < €),, for some constant ky,5 > 0, which may
depend on Ag.

Since S is compact we can find Ay, ..., A, € S in such a way that

n
S c UPpeC:d=N|<en} (2.7.144)
i=1
Setting
K = max{ky,s:1€{l,..n}},
~ (2.7.145)
B8 = min{ay,2:i€{l,...,n}t}
we conclude that )
[GA(6, &) < Ke Plel (2.7.146)

holds for all A € S and all £,&, € R. [
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2.7.3 Decomposition into stable and center modes

In this final subsection we establish Proposition 2.7.1] In particular, the decomposition
and the exponential bounds for the Green’s function G can be found
by using the splitting of G obtained in This is performed in Lemma [2.7.16
which is based on [I09, Cor. 2.8].

We subsequently carefully study the terms appearing in and show that they
can be interpreted as a spectral decomposition that splits the flow associated to the
linear system into two invariant subspaces. The stable component decays expo-
nentially in a uniform fashion, while the center component can be described explicitly.

Lemma 2.7.16. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. For
any pair t >ty and any j, jo € Z, we have the representation

G (tto) = EP(tto) + Gl (¢ t0) (2.7.147)
in which
ity = [ @ (hio+cto)st(hj+ct) ¥ (hjo+cto)d (hj +ct)
g\ 70 O\ ¢ (hjo + cto)yt(hj +ct) ¥~ (hjo + cto)wt(hj +ct) )’
_ (2.7.148)
while G satisfies the bound
|g~§°(t,to)| < KePt—to) g=Blhj+ect—hjo—cto] (2.7.149)

for some K > 0 and > 0.

Proof. Recall the representation of Q;O from Proposition m Note that G5 (€,&) is

meromorphic for A in the strip {A € C: ReA > —A3,|Im A| < §'} with a simple pole at

A = 0 by Lemma Lemma and Theorem Lemma also implies
that the residue of G (&, &) in A = 0 is given by

5O )t
Res(@r(6 0.0 = <4 (S-E)0G e ) @719

We write
H(,&) = e k(L4 A+ 2mike)e_pr1,Gal( o) (2.7.151)
In a similar fashion as in the proof of Lemma [2.6.1] we see that for k € Z we have
(L+A+2mikf)e oring = € gmip(L+A). (2.7.152)
Therefore, it follows that

H(.7§0) — 627”;%]{:50(_[1—’—)\"'27'(’7;]6%)67271.7;%]@67')\(',50)

" (2.7.153)
= M0e_pri (L + NG o)
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For any f € H' we may hence compute

JH(E,&)f(€o) d&o = [ eXminkéoe=2minbe (L 4+ X)GA(+, €0)(€) f (&) déo
= e 2minkE[e2min ke £ (£)] (2.7.154)

= f(&).
Therefore, by the invertibility of L + A + 2miky, we must have
Giriaming (§,60) = e2FrE-G,(€,&). (2.7.155)

Now recall the constants x, x4+, x— from (the proof of) Proposition and define

N = _A_mc
. ; : (2.7.156)
A = -3 + 717
Writing x = hj + ct,y = hjo + ctp, we see that
X— X+ e 1
J" eMt—tU)G,\(IL‘,y) d\ = f e(>‘+2mﬁ)(t_t°)€_2mﬁ(y_x)G)\(x,y) d\
P ~+
A A (2.7.157)
= [ ttIGy(z,y) dA
X-%—

Hence, if we integrate the function M=) Gy (hj + ct, hjo + cto) along the rectangle

withiedges -2 _ i5e, _%j' i%5,x — i7° and x +i75°, then the integrals from x —i75¢

2
to —% — % and from —% + 1755 to x + 1757 cancel each other out. In particular, again
writing * = hj + ct,y = hjo + ctg, the residue theorem implies

, X+
G(tito) = & [ T0G\(z,y) dA
X%
— 3% - (g - +(x
- & e b (GENG G )
~§-in
(2.7.158)
Using Lemma [2.7.15| we also get the estimate
—3+i%e - i
2 [ AUNG (@) dA £ g Eme Nt Kendleul, (2.7.159)
3o
which yields the desired bound (2.7.149)). [

For any t € R, we introduce the suggestive notation

Ie(t) = &(tt) (2.7.160)
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together with
Is(¢t) = I—TI°(%). (2.7.161)

Recalling the notation introduced in (2.7.12), we set out to show that II°(¢) x II°(¢) =
I1¢(¢) and II°(¢t) « II°(¢) = I1°(¢). Later on, we will view these operators as projections
that correspond to the center and stable parts of the flow induced by G respectively.

To establish the identity I1°(¢) = I1°(¢) = I1°(¢), it suffices to show that
< ¢~ (25,)¢ " (x5) ¥ (o)™ (x;) > _ by ( ¢~ ()¢t (x;) ¢ (i)™ (x) )
¢ (o) () ¥ (o) 0" (25) G\ o (@)Yt (x) ¢ () :
“(@io) T (i) T (w4,)0 (w0)

(e (@io)

DV (@) T (w5,)U (@)
2.7.162)
in which x; = hi + ct for i € Z. We now write our linear operator in the form
LU(E) = U@+ S AOU(E+jh), (2.7.163)
J=—
where
1
oy 0 £ 20
( 0 0 ) if j #
A; = 2.7.164
1 2k Y ata©) 1) (2.7.164
k>0 if j =0.
-pP Y

Before we continue, we first prove a small lemma that will help us to relate discrete
inner products with their continuous counterparts.

Lemma 2.7.17. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. For
all £ € R we have the identity

¢ (£)o7 (&) _ :
C( Y (€)Yt (€) ) = j;}oof B(E+0—hj)A;(E+0—hj)PT(E+0)do
(2.7.165)
where
B() = (85_(5) ?p*(g) ) (2.7.166)

Proof. Our strategy is to differentiate both sides of (2.7.165) and to show their deriva-
tives are equal. Starting with the first component, we pick N € Z- U {oo} and write

LN . . (1)
DIN) = % % [ (§+0—h])[Aj(ﬁw—hj)@(gw)} . (2.7.167)
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For finite NV, we may compute

D(N)

o e N RIS
de 2 Jen© O)][A;0)2+ 0+ hj)| s

N (1)
3 0TO A€ +h) (2.7.168)

(€0)

-3 o(e ) [Ayle - )]

j=—N

Now for j > 0 we have |A;(£)®" (¢ + hj)| < 75|oy], so the partial sums converge
uniformly. Hence, it follows that

D(0)

o) NI
X o @400+ )]

- 2 0m(e h)[Ay(e — n)ot(©) " (2.7.169)
= OO () + () (©OFH(E)
= c(m¢h)(©),
since @ € ker(L) and @~ € ker(L*).

We now set out to show that both sides of (2.7.165)) converge to zero as & — oc.
Pick € > 0 and let N € Z~( be large enough to ensure that

1 il < 3 .
j;thﬂ\aﬂ = 20+ o) [P T (2.7.170)

In addition, let = be large enough to have

o= ()] < e
10+ 5 ey e+ (2.7.171)

for all ¢ > = — N. This = exists since ¢~ € H'. For such ¢ we may estimate
o . A 1)
DD A (5+9—h3)[14j(5+9—h])@ (£+9)} ol < e, (2.7.172)
j=—00

which allows us to compute

lim i fohj ¢ (E+6—hj) [Aj(f +6—hj)PT(E+ 9)}(1)d9 =0

£—o0 j=—c0
Jim o~ (€6 (©).
(2.7.173)

With that we have proved our claim. Furthermore, we can repeat the arguments above
to obtain

@

(YT = 5) Jol v (€40 - hj) [Aj (€+0-hj)ot(c+0) do.
’ (2.7.174)
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m
We are now ready to show that I1¢(¢) * I1¢(¢) = II¢(¢) and TI°(¢) = I1°(¢) = II°(¢).
This result is based on the first part of [I09, Lem. 2.9].

Lemma 2.7.18. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Then T1¢(t) « I1¢(¢) = I1°(t) and II°(¢t) « I1°(t) = II°(¢) for allt € R.

Proof. For k € Z we write x;, = hk + ct. In addition, for notational convenience we

write B;(6) = [Aj (0)T (0+hyj)] W for j € Z and 0 € R. Using the results from Lemma
[2.717 we may compute

00 oo hj

¢ 8 oT@iotm) = 35 (ot 0 hi)B,(a+ 0~ hi)dh
- ¥ 5 | o 0)B;0)d0

oo o0

> [ o (0)B,(6)de,

j=—00—00

(2.7.175)
where we were allowed to interchange the two infinite sums because
N oz oo
|2 T o @B@@| < | [ 600 .1.176)
| < o~ lhpzlioglllet [l

holds for all N € Z~y and j € Z. This expression is summable over j, allowing us to
apply Lebesgue’s theorem. On the other hand, we have

oo oo oo hj
¢ | 67(6)97(¢) de J Py J¢_(§+9—hj)Bj(£+9—hj)d9 de
oo hj oo
= X [ [ ¢7(€+0—hj)B;j(§+ 60— hj) dedo
T (2.7.177)
= X [ ] ¢ (€= hj)B;(& — hj)dEdd

J=—00 0 —oo

e} o
= X hj [ ¢7(6—hi)By(€ — hj)de.
j=—00 —00
Interchanging the integral with the sum was allowed since ¢~ and ¢* decay exponen-
tially, say |¢~(z)| < ke~l*l and |¢*(2)| < ke~%Il. In particular, for each N € Zs
and each £ € R we have

N hj =)
| X ST (€+0-h)Bi(E+0—hj)do| < X hrZe*El]jay |7,
j=—N 0 j=—00
(2.7.178)
which is integrable in £. Furthermore, the interchanging of the two integrals was al-
lowed, since by the exponential decay of ¢~ we also see that for each j € Z,& € R and
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0 € (0, hy) we have

0= (E+ 60— hj)Bj(E+0—hj)| < ke dIEF0-hil|g |0 . (2.7.179)

This is an integrable function for (£,0) € R x (0, hj), allowing us to apply Fubini’s
theorem.

In particular, we see that

J @@ de = b T 6 @et @), (27.180)
In the same way we obtain

Tt de = b 5 v @t ). (27.181)
By writing out the sums it now follows that indeed holds. ]

Proof of Proposition|2.7.1. The calculations above imply that E(t, to) = E (¢, to)*I1¢(to),
which means that we must also have E(t, %) * II*(tg) = 0.

¢t (hj + ct)
1/J+(hj + ct)

). Hence, by the definition of the

Observe that for any ¢y € R, the function V;(t) := <

¢t (hj + cto)
YT (hj + cto)

) is the unique

solution to (2.7.6) with V;(to) = (

Green’s function G(t,ty) we see that
V() = Gt to)«V(to) (2.7.182)
for all t € R. Furthermore, we recall that
E(to,to) = V;(to)®~ (hjo + cto). (2.7.183)

For j, jo € Z we may hence compute

J i€
= h it to); * Vi(te) P (hj t
Ql%:ZgJ(, 0)i * Vi(to)®~ (hjo + cto) (2.7.184)
= %Vj(t)q)i(hjo + ctp)

= &Nt to).

g(t,to)*HC(to)}jO = Y Gilt,to) * E°(t,to)

In particular, we obtain G(t,to) * II°(tg) = E(t, tp) and thus

g(t, to) * Hc(to) = g(t, to) * Hc(to) — 5(t, LLQ) * Hc(t())
= E(t,to) — E(t,to) (2.7.185)
= 0.
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Therefore, we must have
Gt,te) = E(tto)+G(t,to)

E(t,to) * (Hc(to) + Hs(to)) +G(t to) * (Hc(to) + ns(to)) (2.7.186)

E(t o) * TI(to) + G(t, to) + I (t),

which completes the proof. [

2.8 Nonlinear stability

In this section, we will finally prove Theorem along the lines of the approach
described in [I09]. The main contribution here is that we give a detailed description of
the manner in which one can account for the shift-periodicity of the underlying problem
when constructing the stable manifolds for the family U(- + o).

Recall from that the space ¢ is defined by

= {VeR) |V = 3 [V;I? < oo} (2.8.1)
j€Z
for 1 <p < oo and
0 = {Ve R V] = sup|Vj| < oo}. (2.8.2)
JEZ

In addition, we recall the notation (U);(t) = (T(hj + ct), w(hj + ct)) and we let § > 0
be the constant appearing in Proposition

Exploiting Lemma [2.7.8 we see that
It to)ll < CremPlharertin e (283)

for some constant C; > 0. Lemma [2.7.18| hence allows us to define T1¢(t) € B(¢?; ¢P)
and II°(t) € B(¢P, £P) by writing

°(t)V E(t,1) +V,

o = ool (2.8.4)

The proof of our nonlinear stability result proceeds in two main steps. In particular,
we first construct the stable manifolds of the solutions (@, w)(- —6) for each # € R. This
result is based on the first half of the proof of [I09, Prop. 2.1].

Proposition 2.8.1. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists a constant n > 0, independent of p, such that for each 6 ¢ R and each
W, € Range(I1°(0)) with |Wy|le» < 1 there is a unique function U (W) : [0,00) — €7
such that
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1. Ut)=TU(t+0) —H/If(WS)(t) is a solution of for allt >0,

2. US(W,)(t) decays exponentially to 0 as t — oo,

3. I8 ()2 (W,)(0) = W,.

In addition, there exist constants Cg > 0 and C13 > 0, independent of p, such that the
estimate

[TE@Ue (W) (O)lew < ColWal2 (2.8.5)

holds for all § € R and each W, € Range(IT*()) with |W,||e» < 1, while the estimate

I (@)Ul (WE(0) = T@)UE(W2)O)llr < Cus[IWEller + W21

< [IW2 = W2ler + 161 — 6]
~ ~ ~ (2.8.6)
holds for all W} € Range(II*(61)), all W2 € Range(IT*(03)) and all 6 € R and 6, € R
with |Wille <n, [WZller < and |03 — 61| <.

It then suffices to show that the space around the family of travelling pulse solutions
can be completely covered by these stable manifolds. We remark that 6 in the result
below will correspond with the asymptotic phase shift.

Proposition 2.8.2. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Then there exists a constant 6 > 0, which does not depend on p, such that for all initial
conditions U° € (P with, |[U® — T (0)||e» < & there exists 6 € R and W, € Range(IT*(0))
such that

U° = U0)+Ul(W,). (2.8.7)

We write the LDE ([2.2.1]) as

V) = f(V(t)), (288)
where
Fv) = % e 2 e |[V0 + V0 - 27 0] + v ) - v 0
J p[Vj(l) (t) - ,7‘/;_(2)@)}

(2.8.9)
Then we see that A(t) = D]:(ﬁ(t)), where A(t) is defined in (2.7.6). We now write

N (t, V(t)) - f(V(t) LU+ 9)) —FU(t+0) - D]-"(U(t + 9))V((t2) -

and set out to solve the differential equation

V) = DF(U+0)VE) +No(Lv(). (2.8.11)
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Indeed, if V satisfies (2.8.11]), then we see that

GO0 +v@e) = F(OC+0)+DF(TC+0) V) +No(s V()

= FOe+0)+vE),
B (2.8.12)
which means that U(- + 6) + V is indeed a solution of (2.2.1)).

Our goal is to construct decaying solutions to ([2.8.11)) for multiple values of € using
a single Green’s function. To this end, we write

MI(0,6,V) = No(t,V(®) + DF(T(t+6))V(t) ~ DF(T(t+6) ) V().
(2.8.13)
This allow us to rewrite as

avity = DF(TUE+0)V(H)+ M (0,tV). (2.8.14)

Lemma 2.8.3. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. Then
MPO(0,t,-) maps (P into itself and there exists a constant Cy > 0, independent of p and

0, so that we have the estimate

IMOO,,V)ller < CallVIIZ, + Calf = O]V [en, (2.8.15)
for Ve 7 with ||V, < 1 and § € R with |§ — 0] < 1, together with
IME (01,4, V2) = MO (03,8, Vo) lo < CallVi = Valle [ Vil + 1Vl
+16— 61 + 162 — ]
+Cal0y = 8ol [|[Valer + [[Valle
T (28.16)
for Vi e P, Vo € 7,601 € R and 02 € R with ||Vi|ler < 1, |[Valler < 1,100 — 0] < 1 and
|6, — 0] < 1.
Proof. A Taylor expansion around U(l) (t+ 0~) yields the pointwise identity
M0tV = L (g(vO 1TV (e +0)) = g, (Tt +0)) v - g(TV (e +0)))
—(1 —(1 ~
(39O + [0, (Tt +0)) = 9 (TV 0+ 0) v D)
— 1 J— 1 ~
= 1 (30wl (VOP + 10 (@) [TVt +0) - TV + 5|V
7(1) ~
(390 (E)(VD)? + Lguu(&2) [ £TV(3)] 0 — BV D) |

(2.8.17)
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where &1 is between U(l)(t—l—é) and U(l)(t—&—é) +V, & is between U(l)(t—l—g) and U(l)(t)
and &3 is between t + 6 and ¢t + 6. For a bounded function f, we have the pointwise
bound

|guu(f)| = |6f+27"0 +2|

< 6||f||oo + 279 + 2.

(2.8.18)

Therefore we get the pointwise bound

~ a7 i _N
MOV < i%(§6ullm+2ro+2)llu ol — BV )'
. ( (BIV® e + 6llloc + 20 +2) (VD)2 >|
c?2
0
< %(6||u||oo+2m+2)||a'||m|o v

+ i 3 6]V e + 6][]| oo + 210 +2)| (VD)2
(2.8.19)

Furthermore, for 1 < p < oo we see

W2 (1)2 '
1 Yo = (zvj |P>
JEZ
] (2.8.20)
((z |vj“’|p> (supsez |vj‘”|p)>
JEZL

IVIIZ

IN

IN

which clearly also holds for p = co upon skipping the intermediate two steps. We hence
obtain the bound

MO0, VYo <y (Bl1Toc + 20 + 2) [ [l — IV v
2 461 + 200+ 8) V3, (2.8.21)
< G|V + Calo = Ol[[V ler,

for some constant Cy > 0, which is independent of p and 6.

‘We now write

amM

Mé(el,t, Vl) —Mé(ez,t,w)
1 ( gV + T +00) = 0 (T +0) 1Y - o (T +01)) )
0

c

1 ( —g (VQ(” T+ 92)) + gu (U(l)(t + é)) v+ g(U(l)(t + 92))

(2.8.22)
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Using Taylor expansions around T (t+61) and U(l)(t + 603), we obtain the pointwise
identities

g(VV 4T+ 00) =g (TV+00) = L))
+50u T+ 0) (V)2
+0u (T (1 4+ 00)) V),
(Vi + T+ 02) = 9TV +02) = Lguna(&)(VE)?
+30u T+ 02)) (V)2

+gu (T 0+ 02) )1,
(2.8.23)
where & is in between T (t+0;) and Vl(l) +o (t+01) and &, is in between T (t+62)

and U(l)(t + 63) + V5. This allows us to collect all terms of the same order together

and write
dM = dMy + dMs + dMs, (2.8.24)

where

dM, =

o=

< 29 €) AN = Fgun(@) ()P >
0 )

dM, = ( %guu((ﬂ >(t+9 ))( vy _ lg (U(l (t+ 0 ))( Y2 )
c O ,
0

+1< —[gu(ﬁ(l)(t+92)) gu(U( )(t+9))} v
“\ o

(2.8.25)

. —@ .
Note that gy, = 6 is constant. A Taylor expansion around U ( )(t + 61) yields the
pointwise identity

ag? = 1 (3 (9@ 4+ 00) — 9T (1 4 02)) ) (KV)2)
+1 (~30u@ 4 8 (1572 - (1K)?))
= L (3(0" t+00) - TVt +02)) ("))
1 (0@ 0+ 02) ()2 - (1K)
= 130 €0 - o) (K")?)

+1 (<2 @ e+ 00 ()2 = (1K)2)).

(2.8.26)
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where £3 is in between t + 61 and ¢t + 6. Using Taylor expansions around U(l)(t + 69)

and T (t 4 ), we obtain the pointwise identity

e . {gu (Uu)(t N 91)) . (U(l)(t + é))} o

o (V4 02) 0 (T 0 40)) 127 (2.8.27)
= 1 (g€ @ = 0)[ViV = |gua(s) (02~ )| V),

where £, is in between U(l)(t + 61) and U(l)(t + 02) and &5 is in between U(l)(t) and
ot (t + 62). We estimate

ldMiller < 1 lIVEP =V ler

IN

B IValle=lVE = VE o + Vi = Vallew [VE s

B [1Ville [IViller + 1Vallen | 1V = Vallen + V2 = Valln V2l .
(2.8.28)

IN

together with

77(1)
ldMalle < H[BI@M) ()0 - 0)lllVll
+ (61l + 270 +2) [IVille= 1V = Vallew + [1Vi = Valles | Valle
< H[BIEllen - BallvalE,
+(6lalloc + 270 +2) [[Valles + 1 Valles | 1V2 = Valler |
(2.8.29)
and
ldMsle < lgun€a)@r = 0) o lViller + ll9uu(&5) (02 = DllocllVi = Vallor |
< L6l +2r0 +2) 101 = 0 1IVi s
+ (61l + 270 +2)182 — BlIVi = Valler .
(2.8.30)
Combining these estimates yields
ldMler < Ca|[Valles + 1 Vallew + 10— 03] + 162 = 01 V2 = Valles
(2.8.31)

+Calfr = Bl Vil + [ Valle -

Lemma 2.8.4. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. Then
there exists a constant Cs > 0, independent of p, such that for V € P we have the bound

1G(t to)V]ew < Cse PtV ||, (2.8.32)
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for all t,ty € R.

Proof. We let f(t,tg); = e~ Plet=ctothil and write V; = |V;| for V € 2. Using Lemma
[277.16 and Young’s inequality we obtain

IG(tto)V e < 8Ce™ =0 £(t,t0) 5 V]low (z.2)

< SCe_B(t_t") Il £, tO)HZl(Z,R) ||‘~/||ZP(Z,R) (2.8.33)
= 8CeAlt=to)| (4, to)llerzr) |V e»
< Ce 0|V,
where
Cg = 80 Supme[o] ]%:Zeiﬂlhjdhvl < 0. (2834)
Note that C3 is independent of p. [

From the defining system (2.7.8)), it is clear that for each 6 € R the Green’s function
of the linearisation of (2.2.1) around the wave U(- + 6) is given by G(t + 6, to + 6).

Fix W, € Range (HS (é)) and consider the fixed point problem

V() = Gt+0,0W,+ [IG(t+0,to+0)T(to + é)Mé(G,to, V(t0)>dt0

+ L E(+ 6t + O)TT°(to + é)Mé(e, to, V(to))dto.
(2.8.35)
We aim to construct decaying solutions to ([2.8.14]) by solving this fixed point problem
in the space

BC_j,5([0,00),7) = {V € C([0,00),07) : [V|_z5 < o0}, (2.8.36)
where
B
VI g2 = Subeefoo0) €2CIV(E)ler (2.8.37)

Here the integrals are taken component-wise, but we see that for each 1 < p < oo this
component-wise integral corresponds to the Bochner integral.

Lemma 2.8.5. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. If
the function V € BC’_B/Q([O,OO),KP) satisfies the fized point problem , then V

satisfies and, hence, V(t) + U(t + 0) is a solution of .
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Proof. If V (t) satisfies this fixed point problem then we see that

4(Ge+0.0m,) = DF(T(+8))G(t+6,0)W,

+Df(U(t + é))e(t +0,0)1(6)W,
%(5@ +0, é)HC(é)WS) (2.8.38)
= DJ—'(U(t + é)) G(t+60,0)W,+0—0
- DF(U(t + é)) it +6,0)W,
Writing
D) = Lv(t)- %(G(t—ké, é)WS), (2.8.39)
we can comptte
D) = [ & [Q( t+0,to+ 0)II (t0+é)/\/t5(9 to, V (to ))}dto
8+ Ot + O)TIE(t + )M (0,10, V (10) ) dto
+G(t+0,t + 0I5 (t + 0) M"(e tV(t )
FE(t+ 0, + O)II(t + 0) M9(9 tV(t ) (2.8.40)

=y &[0+ 0,0 + O (to + B)MP (6,10, V(1) )|t
)4 [Q(t 0,1 + O (8 + O) MO (e,to, V(to)ﬂdto
LG+ 0,1+ O)MC (e,t,V(t)).

Exploiting G(t 4 0,t 4+ 0) = I, this yields

D) = |, D]-'( (t+ 6))Q(t + 0, to 4+ O)II* (to + é)./\/lé(e,to, V(to))dto
+ [ Df( (t + 9))Q(t 40, to + 0)II(t + é)Mé(G,tO, V(to))dto
+M9(0 t V(t))

D]—"( (t+6) ) [5Gt + 8,10 + O)IT% (to + é)Mé(e,to, V(t0)>dt0
+Df( (t+0) ) JLE(t+0,t0+ O)TTe(tg + é)M‘j(e, to, V(to))dto
+ MO (9, t, V(t))

(2.8.41)
and thus

dy = Df(U(t+§))V(t)+Mé<0,t, V(t))

- D]-'(U(t n 9)) V() + Ny (t, V(t)) . (2842)
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Lemma 2.8.6. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists n > 0, independent of p and 0, so that for all Wy € Range (H"’(é)) that

have [|[Wsller < m and all |6 — 0| < n, the fized point problem has a unique
solution Wf;e(WS) in the space BC_5 ([0, 00), (7).

Proof. We first rewrite (2.8.35)) as

vV o= T(W,V), (2.8.43)
where
T(We,V) = G(t+6,0)Ws+ [5Gt + 0,0 + O)II°(to + O)M? (é, to, V(to))dto
+ [ E+0,t0 + 0T (to + ) M° (9, to, V(to))dto.
(2.8.44)
Pick V€ BC_j,((0,00),£7) with [[V[_j5,, < 1. Writing
T = [7G(t+0,to+ )Tty + HM? (9, to, V(to))dto, (2.8.45)

Lemma [2.8:3] and Lemma [2.8.4] imply
IZler < JoIG(E+ .t + O)MP (0,10, V (ko) ) v dto

<y Cae P MO (0,10, V(10) ) v o

< Jo Ce PG|V (ko) v [V (t0) v + 16— 8]t

< fg C3e—ﬁ(t—to)c2HV”_B/Qe—/?to/Q [e—ﬁto/QH‘/H_B/z + 10 — 5\]6[750
< GOVt PV + 277210~ 6]

(2.8.46)

Observe that if we multiply this final function with eBt/2 e still have a bounded
function. Since this holds for all p we see that

IZ0_gje < CallVll_gpa[IVIl_g/2+16 - 61] (2.8.47)
for some constant Cy, which is independent of p.

We write
Tty = [ZE(t+0,tg+0)T(to + O)MP (9, to, V(to))dto. (2.8.48)
Mimicking the computation above and using the explicit expression ([2.8.3]), we see that

1T (@)]ev

IA

t 3 = -
fw0102||V||7B/26 ﬁto/Q{e 5t0/2||VH7,@/2+|9—9|]dt0 (2849)
= GVl [3e P IVI_g + 3272160 - ],
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Observe that if we multiply this final function with eét we still have a bounded function.
Since this holds for all p we see that

1T 5s < CsIVI_gya[IVIl_g)2 +16 - 8] (2.8.50)
for some constant C'5, which is independent of p.

Finally, Lemma yields the bound
IG(t+0,0)Waller < Cse P Weller, (2.8.51)

which means ) o
”g(t"_e?a)WSH_,é/z S 03||W5H£P~ (2.8.52)

This yields the bound

ITWa V) _gjs < Cal[Wellew + (04+Cs)||VH_ﬁ~/2[||V||_B/2 110 _eﬂ.
(2.8.53)
Let Vi € BC_5,,([0,00),£7) and V3 € BC_5 ,([0,00),¢7) with [[Vi]|_5,, < 1 and
||V2||_B/2 < 1. Again, we write

M = Mé(e,t, Vl(t)) - M (e,avz(t)). (2.8.54)
Using Lemma it follows that
[dMller < Co[[Vallen + [Vallen + 16 = 61 V3 = Vallor (2:8.55)

Mimicking the above computations, this yields

IV Vi) = TV Vo)l 50 < (Cat Co)Vi = Vall o [IVAIL o + V235

+Ho— é’@.
(2.8.56)
We now fix
§ = min{l, getreny ) (2.8.57)
and
n = min{geiey 1830 (2.8.58)
For each V' € BC_j 5([0,00),£7), Vi € BC_j5([0,00),£7) and Vo € BC_j5 5([0, 00), £7)

with [[V]|_5,, < 0, [[V1ll_g/, < & and [[V2|[_j,, < 0, each 6 € R with |6 — 6] < n and
each W, € (P with ||[Ws||¢» < 1, we now obtain

ITWeV)l_ge < §+8[4+
<

} (2.8.59)

N

and

ITWo Vi) = TWe, Vol g <[54+ 3]IVi—Vall_g o (2.8.60)
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Hence we see that the equation (2.8.35)) has a unique solution Wf;e(Ws). n

Lemma 2.8.7. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.

For each Wy € Range(HS(9)> with |Wlle» < n and each |0 — 8] < 1 we have

Hs(é)Wf;e(WS)(O) = W and HHC(HN)Wf;G(WS)(O)ng < C||Ws||2, for some constant
Cs > 0, which is independent of p and 6.

Proof. 1t is clear that

(2.8.61)

I (O)W (W) (0) = TI*(6)G(8,0)W,

+ [2 T (0)E(, to + O)TI(t + H)M? (9, to, Wf;g(Ws)(to))dto
= W,+0

= Wsa
(2.8.62)
together with

()W (We)(0) = T(B)G(8,0)W,
f

HI°(0) [y G (B, to + O)TI* (to + ) M? (0, to, Wf;e(Wg)(to)>dt0
FII(6) 2 £(8, o + O)II(to + )M (9, to, Wf;o(Ws)(t0)>dt0

— 2 £, to + )T (tg + O)M? (9,t0, Wf;e(Ws)(to))dto.
(2.8.63)
We assume without loss of generality that 7 is small enough to ensure

(Ca+ CoWE Wl Ve Wy +10 =01 < SIWELWI g0
(2.8.64)
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Using (2.8.53)), we obtain

13 €0, to + )T (t + B)MP (0,00, WG (W) (ko) )dtollr < Cs [IWE(Wa) g
+16 — 6
< 4CsCE|W|1Z
= Col|Wll7-
(2.8.65)
This yields the desired estimate
e @OWE,(Wa)ller < CollWil|3, (2.8.66)
| |
Exploiting Lemma [2.7.8 and Lemma [2.7.9] we pick C7 > 0 in such a way that
DE()] + [(@F) ()] < Cre Pkl (2.8.67)

holds for all £ € R, decreasing 3 if necessary.

Lemma 2.8.8. Assume that (HP1),(HP2), (HS), (Hal) and (Ho2) are satisfied. Then
there exists a constant Cy > 0, independent of p such that for each 8 € R we have the
bound

[@F(h-+0)]er < Co. (2.8.68)

In addition, for each § € R and each sequence {£(j)} with |||« < 1, we have the
bound
(@) (h-+E( )l < Co. (2.8.69)

Proof. Note that for each k € Z we have
[@F(h-+00)Ilp = jez |@F(hj+01)P

hj + hk + (6, — ))Ip
)|p (2.8.70)

- JGZ |(I>+

(
]EZ|<I>+(h]+ (01 —
J@* (146 — 1) )1,

Hence we assume without loss of generality that || < 1. We see with (2.8.67)) that
there is a constant Cg > 0 such that

@+ (h-+cB)]lew < Cslle P10z m)
< Cg\le‘g‘h"eﬁw”Hzp(z,R)
o = 1
< Cgeﬂlel\||efﬂp|h.|‘|éol(Z’R) (2.8.71)
< 2Cgmax{1, e ™|z p)}

= Cg,
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|61

if we assume that B is small enough such that eBlonl < e? < 2. A similar calculation

yields i
(@) (h-+€( Dl < Cslle™ PO g gy
< 08“@_6“1"6&”@1(2,11@)
< C’seBIIe_glh'lHel(z,R) (2.8.72)
< 2Csmax{1, e~ Mgz}
= Cy.
|
We have
OV); = & X (@ (hjo+ch), Vj,) ¥ (hj + ch). (2.8.73)

Jo€Z
For notational compactness we write
eV = X@0) (V)0 (h- +ch). (2.8.74)

Lemma 2.8.9. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. For
V e tP and 01,05 € R with |03 — 01] < 1 we have the bounds

”HC(QI)HS(GQ)V”ZP < ClO|01 — 02|||VH[P (2875)

and
ITI2(0)II¢(02)V ||er < Ci0|01 — O2|||V || e» (2.8.76)

for some constant C19 > 0 which does not depend on p.

Proof. Writing

P = Xc(al)(ns(ag)v), (2.8.77)
we obtain
1Pl = 1% ZGIZ@*(hjo+691),(HS(92)V)J'0>|

Jo
= Q71| 3 (2 (hjo + cbr) — @ (hjo + ), (I1°(62)V) o)

o s o . (2.8.78)
< Q ZZ\‘P (hjo + cf1) — @~ (hjo + cBa)||(TI°(62) V), |

Jo€E

< QY@ (h- 4cby) — (B +cb)|p [[TT°(62) V]| e
< Q0L = Oaf[[c(@7) (B - +EC)) e [T1°(02) V[ ev,

where each £(j) is in between cf; and cfs. Thus we obtain with Lemma and
Lemma [2.8.8

IO (62) Ve < GColel|0r — 02| (TT° (62) V)| Co
S %Cg‘CHOl — 92|C3HV||,€:DCQ (2879)
< 10|61 = 02|V ]|er
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for some constant C1y > 0 which is independent of p.

Furthermore we can compute
(0.1 (6)V = [I - HC(Gl)} [I - HS(QQ)} 1%
— V _TI(0,)V — II5(6s)V + II9(0,)IT* (62)V (2.8.80)
—  _II(0,)V + TI9(62)V + TI¢(6,)TT* (62) V.

This allows us to estimate

=L 00)V + 10)V[ler < [N (@1)(V) = X (02) (V)12 (61)]|ev
+AB) |27 (61) — DT (62)]r
< Golby = 02| Col[V ][ er
+Colba10y — 02 [[(7) (h - +n () llex |V []ev
< ol = 02|Co[V||er + Co|02]|01 — 02| Col|V||ev
< %Clowl — Oa||V ]| v,
(2.8.81)
where each 7(j) is between cf; and cf. We thus obtain
III°(01)II°(02)V]er < Ciolbr — 02|V ||er- (2.8.82)
"
Proof of Proposition[2.8-1. We set
U, = W) (2.8.83)

for all § € R.

Fix § € R and pick # € R with |§ — §] < 5 and pick W, € Range(IT*(#)) with
IWs|ler < m. By uniqueness of the solution to (2.8.35]) it follows that
UW) = Wo(W?) (2.8.84)

for some W? € Range (HS (é)) . Since IT* (é)Wf;a(-)(O) is the identity map on Range (HS (é)) ,
it follows that

WO = IE(@U(WL)(0). (2.8.85)
We now see
W =We = IEOU(W)(0) W,
= Hs(?) UL (W,)(0) — Wi | + Hs(é)Wj - W, (2.8.86)
= TI%(0)I¢(O)US (W) (0) + W — TI¢(0) Wy — W
= I(O)I(O)U (W) (0) — TI°(6)I1* (6) W
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Lemma hence implies

WO = Wller < Cuol@ = 0[UL (W)(0)[er + Ciold — 6| W, v

IN

Ciol6 — 0] [IIWsllezﬂ + CaIIWSII?p} + Ciol0 — 0[|Weler  (2.8.87)
C1110 — 0| W[ v

IN

Now fix Wf € Range (Hs(é)) with ||Wngp < 7. Then we can compute

T(O)UL (W) (0) = TEOUI(WE)(0) = UL(W,)(0) = W, — TTE(B)V? ,(WP)

S

= W, (W0)(0) = Wy = W0 (W)(0) + W!
= WO — W+ WE,(W0)(0)

0 0 7 é
W, — W*;é(WS )(0) + W7.
(2.8.88)
Writing

Vi o= Wi,
o (2.8.89)

we can mimic the steps in (2.8.56|) to obtain the estimate

IVi(0) = W2 = Va(0) + Willw < Cua[IVAll_gpo + IVall o+ 10— 01| IVi = Vall g

+C12lf = 01 [IVAl g5 + V2l 5 2]
(2.8.90)
for some constant Cyo > 0, which is independent of p and §. Without loss of generality
we can assume that 7 is small enough to ensure

Clz[HVlll,g/QJrHVQII,B/2+|9~—0\} < L (2.8.91)
An estimate similar to (2.8.56) therefore yields
Vi =Vall g < Ca|W2=W!|e
+Cra|IVAll gz + IVall_g o +18 = 01] IV = Vall_g s

+C12|0 — 6| _HV1||_B/2 + HV2||_B/2_
C3| Wy = W|ow + Cs||[Wy — W0|pw + 1

IN

Vi =Vall_z,s
+C12|0 — 6 _HV1||75/2 + HV2|LB/2_
Cs| W = Wlew + CaCnilf — 6][Willer + 51Vi = Vall g

IN

+Cn2lf = 0] IIVAll 52 + V2l 5,2
(2.8.92)
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and thus

IVi=Vall_gs < 2Cs|[We = W +2C5C1110 — 0| W] er
(2.8.93)

+2C121f — 01[IVAll g2 + V2l 2]

Exploiting (2.8.65]), this yields

dP = IEO)UL(W)(0) — TE(OUL(WE)(0)]|er
< Culd = OlIWiller + Cua [IVAll_g o + IVll_g o + 16 = 61} V2 = Vall_g o
+Calf = 01 [Vl 32 + V2l 3 )
< Cus|IWaller + IW2ew + 16 = 0] Wy = WEler
+Ci310 = 01| Willew + W2
i (2.8.94)
for some constant C3, which is independent of p and 6. [

We now expand upon the ideas developed in the second half of [109, Prop. 2.1] to
foliate the state space surrounding the travelling pulses U (- +6) by the stable manifolds
constructed above. We proceed by showing that these stable manifolds depend contin-
uously on 6. This allows us to set up an appropriate fixed point problem to establish

Proposition [2.8:2

We write i
U@l) = T0)— 60 0)+NY. (2.8.95)

Lemma 2.8.10. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Then we have the bounds i
M ller < Cuab? (2.8.96)

and
INY2 = NPl < Cus(|61] + 102])161 — Bal, (2.8.97)

for 9~, 9~17 0y € [—n,n] and for some constants C14 > 0 and Cy5 > 0, which do not depend
on p.

Proof. Using Lemma we see that there exists a sequence {&;} with |¢;| < || such

that ) .,
M Nl = 3I{O°T (&) Hlew
< OBl
< 1opf2ePledl| {e-RInaly|, (2.8.98)
< Crf?|{e Py,

= 014527
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where C14 does not depend on p as before. We can hence write

T@h) = T)- 6T (0)+N? (2.8.99)
with ) )
M ller < Cuab?. (2.8.100)

Furthermore, using Lemma we see that we can find sequences {¢;} and {n;}
with &; between hj + cf; and hj + 002 and n; between hj and hj + 6y so that

N2 = AT e = ([T(61) + 6:T(0) = T(8) — 62T (0)s
-

< o =GP IT ) ler + 161 — 6][|T(0) = T (61) v

< = Gl I{T ) lew + 161 — Ba]162]1{T” () Hl o

< Cus(|61] + 162])[61 — 2,

(2.8.101)
similarly to the calculations from Lemma [2.8.3 [
We write ) ) . }
NI(W) = ulase)w)(o) — IO w (2.8.102)

for W € Range(IT*(0)) with ||[II*(8)W||s» < 1. We note that Lemma implies that
this inequality holds if [|[Wle < &.

Lemma 2.8.11. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Recall the constants Cg and C13 appearing in Proposition and Lemma|2.8.4. Then

for any 0 € [-n,n] and W € Range (HS(0)> with [[W e < & we have the bound

INEW)lew < Col[VI[20- (2.8.103)

In addition, for any 01,05 € [—n,n] and Wy, W, € Range(HS(O)) with [Whlle < &
and [|[Wa|[e» < ¢, we have

ING?(Wo) = NP (Wo)ller < Cha[IWaller + [IWallen + 161 = 0] [ W1 = Wl
+Cil6y = 0| [ Wil + [Welle]-

(2.8.104)
Proof. Note that ~
T @NIW) o, (2.8.105)
so that
q — @)U’ —I°(O)11° (0
NG (W) = TO)UL(W)(0) — TI(0)I1°(0) W (2.8.106)

= IEOUI(W)(0).
Therefore, both bounds follow from Proposition [2.8.1 [
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Let 6 > 0 be > a small constant, which we will determine later. Pick U° in such a
way that |[U® — U(0)|e < 6. We write U° = U(0) + V.

Our goal is to find a small W € Range (HS ) and a small 0 in such a way that

VO+T(0) = U(0)+UIE(@)W)(0). (2.8.107)
Using our notation from above we see that
T0) + UIIs@)W)(0) = T@)+I5@0)W + NI(W)
— T(0) + 00 (0) + NV + I ()W + N (W)
= T(0)+ 60 (0) + NP + W — TI*(O)W + N (W),

(2.8.108)
which means that (2.8.107) can be written as
VO = GU(0) + N+ W —TI°(O)W + NE(W) (2.8.109)

We write A : Range(I1°(0)) — R for the map MU/ — p. This allow us to rephrase
(12.8.109) as the fixed point problem

{ 115(0) VO = I(O)NF + W — I15(0)I1°(d) (W) + I15(0 (/\/29 (W) )

X [HC(O)VO} = G+ [HC(O)Nf] X {HC(O)HC(@)(W)} + /\C[ (0 )(N(’( ))}

We show that equation has a solution in the space R
X.op = {V €Range(II*(0)) : [V < 5} x [—e0, 0] (2.8.111)

for some &, g9 which we will determine later. Without loss of generality we assume that
K, are small enough such that all previous inequalities hold.

Lemma 2.8.12. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There are small constants 6 > 0 k > 0 and €9 > 0, independent of p, such that for
each VO € 0P with |[V°||;» < § the fized point problem (m has a unique solution
(W, 9) € Xy.eo- Moreover there is a constant Cig > 0 such that we have the bound

Wil < Crol|[VO][ev. (2.8.112)

Proof. We show that the map
I1%(0) VO — I1* (0)N} + L1*(0)I1°(0) (W) — II* (0) (N (W)
T:(W8) = ( X [me(owe] - 3 me()A7 ] )

0
i ( X[ meue@)w)| = X e W ()]
(2.8.113)
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maps X, ., into X, ., and is a contraction. Recall the constant C; from (2.8.3). Note
that

IO (B)(W) = 1°(0)(W) — LI°(0)I1* () (W)

S (2.8.114)
= —II°(0)II*(9)(W)
We see, using Lemma Lemma and Lemma [2.8.11] and setting
Cie = C1 Y e Pt (2.8.115)
JEZL
that
IT(W,0)Dllr < (1+C1e)[[VO = N = NE(W)lev + Cao[6]]|W v
< (14 Cig) (V0 + C1af? + Col W3, ) + CrolOlIW v
< Cur[IVOllew + 02 + W3, + 1011 W o]
(2.8.116)
and
T, < ConllV lis +Cual+CollW ) (14 Can)Con FUIW Lo
i i (2.8.117)
< Cur[IIVOller + 8+ W, + 101IW s
for some constant C';7 > 0, which is independent of p. Note that
I1¢(0o) (W) — I1¢(61) (W) = TI¢(Ha) Wy — I1(61) Wy + T1¢(6, ) (W1 — Wh)

= T%(0y)Wo — II¢(0,) Wa
HIT¢(0,) (W, — Wa) — TI¢(0) (W — Wh).
(2.8.118)
Using Lemma (2.8.81), Lemma and Lemma we obtain
172,60 = T(Wa, 02)Dler < (14 Cag) (AT = ATl
[T (02) (W) — T1(01) (Wh) [ev
NG (W) — A5 (W) o)

< (14 Cue) (015(|§1\ +102))16> — 61
+C10[01 — Oa] [Wal| + Cuol6r[[|Wr — Wal|
+Ci[[Willes + IWallew + 161 = 8ol | [ W3 = Wall s
+Caalfz = 0 [|Waller + [Wall])

< Cis[|f] + 18] + Wil + Vel

x[181 = 8ol + W1 = Walw]
(2.8.119)
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together with

T(Wh, 6@ — T(Wa, 6)®)] O [N —NJ 11 (By) (W) —T1°(81) (Wi )-+N5 2 (W) =NG (W) o

IN

Q

A

Cus [|01] + 18] + [Willew + [ Waloo]

X [|91 — 92| + ||W1 — W2||[p:|
(2.8.120)
for some constant Cig > 0, which is independent of p. First we let 0 < kmax < 1 and
0 < Omax < 1 be constants such that all inequalities above hold for all |k| < Kpax and
all 10| < Omax. In particular, we demand that Kmax < 7, Kmax < Cis and Opay < 7.
Finally we write

§ = Kk = e = gomin{Amax,Omax; g7 gt > 0- (2.8.121)

With these choices we obtain the estimate

ITW,0)Vler < Car[[VOler + 62 + [[WII3, + |9~|||W||ep}
< skt gkt a5kt a5k (2.8.122)
< %/@.
Furthermore we see that R
IT(W,0)?] < 1lep. (2.8.123)

Hence we see that the map T indeed maps X, ., into X, .,.

In addition, (2.8.119)) implies
IT (W, 80)® = T(We, 02) Ve < Cas[|1] + 182 + (Wil + [Walle

x 01 = B + [ W3 — Walr |

< %ml - §2| + %HWl — Waller,
(2.8.124)
while [£.8.120) yields
TV, 0)® — T(Wo,Bo)D| < Sy — o] + S Wh — Wallow (28.125)

Therefore the map 7' is a contraction and thus the fixed point problem (2.8.110)) has a
unique solution (W, ). Moreover we see that

I(W.0)llerxz < IT(W,8) = T(0,0) e + [T(0,0)l|erxre

L (2.8.126)
< SIW,0)]lerxr + 2C17][ VO v,

which yields

A

I(W,0)llerxm < AC17[|VOer

(2.8.127)
= CupllVYew
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as desired. [ ]

Proof of Proposition . It (W, é) satisfies (2.8.110]) then we see from (2.8.108)) that
v = U00)+V°

. - (2.8.128)

= U(0) +Ul(W)(0),

as desired. -

Proof of Theorem , Let U be the solution of (2.2.1) with an initial condition
U(0) = U° for which |[U® — U(0)||» < §. By Proposition [2.8.2| and by uniqueness of
the solution we see that

U = T@6)+u’(w) (2.8.129)
for some small € R and W € P with
[Wllee < Ciol|U® —T(0)] ¢ (2.8.130)
Hence we obtain

U () — Tt +)|er

IN

e 3tul (@) (W) )l
2Cse™ 5| 1(0) (W)l

IN

5 (2.8.131)
26367515016””/”@

IN

2C5C16C19|| U — T(0)|| e3¢,

IN

as desired. n
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