Universiteit

4 Leiden
The Netherlands

Patterns on spatially structured domains
Schouten-Straatman, W.M.

Citation
Schouten-Straatman, W. M. (2021, March 2). Patterns on spatially structured domains.
Retrieved from https://hdl.handle.net/1887/3147163

Version: Publisher's Version
License: Licence agreement concerning inclusion of doctoral thesis in the

Institutional Repository of the University of Leiden
Downloaded from: https://hdl.handle.net/1887/3147163

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/3147163

Cover Page

The handle https://hdl.handle.net/1887/3147163 holds various files of this Leiden
University dissertation.

Author: Schouten-Straatman, W.M.
Title: Patterns on spatially structured domains
Issue Date: 2021-03-02


https://openaccess.leidenuniv.nl/handle/1887/1
https://hdl.handle.net/1887/3147163
https://openaccess.leidenuniv.nl/handle/1887/1�

Patterns on Spatially Structured Domains

Proefschrift

ter verkrijging van
de graad van Doctor aan de Universiteit Leiden,
op gezag van Rector Magnificus prof. dr. ir. H. Bijl,
volgens besluit van het College voor Promoties
te verdedigen op dinsdag 2 maart 2021
klokke 11.15 uur

door
Willem Migchel Schouten-Straatman

geboren te Baarn
in 1992



Promotor:
Prof. dr. Arjen Doelman

Copromotor:
Dr. Hermen Jan Hupkes

Promotiecommissie:

Prof. dr. Peter Bates Michigan State University
Dr. Grégory Faye Université Toulouse IIT — Paul Sabatier
Prof. dr. Erik Van Vleck University of Kansas

Prof. dr. Frank van der Duijn Schouten
Prof. dr. Roeland Merks

(© Willem Schouten-Straatman, 2021
Print: Haveka — www.haveka.nl

Front Cover:
Whitehoune / stock.adobe.com

This work was supported by the Netherlands Organisation for Scientific Research
(NWO), grant 639.032.612.



Contents

1

.......................... 2

[LI1 The FPUT Jatticel . . . .. . . . . ... .. ... .. ... .... 3

[1.1.2 The Nagumo equation| . . . . . . . ... .. ... .. ... .... 4

I1.2  The FitzZHugh-Nagumo system| . . . . . ... .. ... ... ... .... 9
I1.3  Techniques| . . . ... .. . 13
[1.3.1 Linear Fredholm theoryl . . . . . ... ... ... ... ... ... 13

|1.3.2  The spectral convergence method|. . . . . . .. ... ... . ... 16

1.3.3  Exponential dichotomies|. . . . . .. ... .. ... 0. 24

12 Nonlinear stability of pulse solutions for the discrete FitzHugh-Nagumo |
| equation with infinite-range interactions| 29
2.1 Introductionl. . . . . . . . ... L 30
22 Mamvresultd. . . . . . . ... 38
2.3 The singular perturbation| . . . . . . .. ... ... ... ... ... ... 42
2.3.1 Strategy| . . . . . . . . e 45

2.3.2 Preliminariesd . . . .. ... ... ... ... 47

2.3.3  Proot of Proposition|2.3.4] . . . . ... ... ... ... ...... 48

2.4 Existence of pulse solutions| . . . . ... ... ... .. L. 58
2.5 The point and essential spectrum| . . . . . . ... ... ... ... ..., 65
2.6 Theresolvent setl . . . . . . . .. . . .. .. .. 78
2.7 Green’s functionsl . . . . . . ... 85
2.7.1 Construction of the Green’s functionl . . . . . . . .. .. ... .. 87

2.7.2 Meromorphic expansionof G| . . . .. .. ... oL 96

[2.7.3  Decomposition into stable and center modes|. . . . . . . ... .. 105

2.8 Nonlinear stability] . . . . . .. .. ... ... ... ... ... ...... 111

13 Travelling waves for spatially discrete systems of FitzHugh-Nagumo |
| type with periodic coefficients| 133
B.1 Introductionl. . . . . . . . . . ... 134
B2 Mamvresultd. . . . . . . . .. 140
3.3 The limiting system| . . . . . ... ... ... ... ... ... . ..., 145
[3.3.1  Properties of Lo . . . . . ... ... 147

3.4 Transter of Fredholm properties|. . . . . .. ... ... ... ... 149




4 CONTENTS
z OV . e e 153

[3.4.2  Proof of Proposition|3.4.7 . . . . ... ... ... .. ... ... 156

3.5 Existence of travelling waves| . . . ... ... .. ... 0. 164
3.6 Stability of travelling waves| . . . . . .. ... ... .0 L. 171
[3.6.1 The operator Lc| . . . . . . .. 173

[3.6.2  Spectral stability| . . . .. ... oo o oo 175
[4_Travelling wave solutions for fully discrete FitzHugh-Nagumo type |
[equations with infinite-range interactions| 179
M1 Introductionl. . . . . . . . . .. 180
A2 Mammresultl . . . . . ... 186
[4.2.1  The spatially discrete system| . . . . . ... ... ... ... ... 187

[4.2.2  Spatially discrete travelling waves| . . . .. ... .. ... ... 188

[4.2.3  The fully discrete system| . . . .. ... ... ... ... ... 190

[4.2.4  Nonuniqueness and numerical examples| . . . . ... ... .. .. 193

4 Dl o o e e e e e e e e e 195
4.4 The limiting system| . . . . . . .. ... ... Lo 199
4.5 Linear theory for At — 0] . . . . . ... ... ... ... ... ... .. 205
4.5.1  Strategyl . . . . . .. 205

[4.5.2  Spectral convergence| . . . . .. ..o Lo 208

[4.5.3  Exponential decay| . . . . . . ... ... 213

FE6 Proof of main result]l . . . . v v i e e e 218
[46.1 FExistence of solutiond . . ... ... ... ... ... ... .... 219

[4.6.2 Local uniqueness of solutions| . . . . . ... ... ... ...... 227

4. A Auxiliary results] . . . ..o Lo 234

[ Exponential dichotomies for nonlocal differential operators with infinite- |
|  range interactions| 239
BI Tntroductionl. . . . . . . . . .. 240
B2 Mamresultsl. . . . . . . . 247
[0.2.1 Statespaces|. . . . ... 250

[5.2.2 Exponential dichotomics on K. . . . v v o v v vt v v e 252

[5.2.3  Exponential dichotomies on half-lines| . . . . ... ... ... .. 255

5.3 The existence of exponential dichotomies|. . . . . . . . .. .. ... ... 256
B33 Preliminaried . . . . . .. ... 258

5.3.2 Exponential decay| . . . .. .. ... . oo L 259

5.3.3 The restriction operators 7~ and 7= . . . . . ... .. ... ... 265

[5.3.4 Fundamental properties of the Hale inner product| . . .. .. .. 267

[5.3.5  Exponential splitting of the state space X|. . .. ... ... ... 271

5.4 Fredholm properties of the projections Il and HQ| ............ 274
b.0 bxponential dichotomies on halt-lines[. . . . . . ... ... ... 277
F51 Strafegy] . - . . - -« o o 278

5.5.2  Construction of Y(7)|. . . . . . ..o oo 280

5.3 Exponential decay] . . . . . . . . . . . . ... 282

[0.5.4  Projection operators| . . . . . . ... ..o 286

5.6 Degeneracies and their avoidance| . . . . . . . .. .. ... ... ... .. 289




5.6.2 Examples| . . . . ... 295

5.6.3 (Co)-dimension counting]. . . . . . . . . . . ... 300

[5.6.4 Cyclic coefficients|. . . . . . . . . ... .. ... ... ... ... 302

[5.6.5 Nondegeneracy of the Hale inner product| . . . . ... ... ... 304

[5.6.6 The nontriviality condition (HKer]] . . . . . ... ... ...... 309

|6 Parameter-dependent exponential dichotomies for nonlocal differen- |
| tial operators| 311
[6.1 Tntroduction and main resultl . . . .. ... ... ... ... ... .. 311
6.2 One-sided exponential weights|. . . . . . ... .. ... ... ... .... 313
6.3 Construction of exponential splittings| . . . . .. ... .. ... ... .. 318
Bibliograp 329
343
Dankwoord 349

[Curriculum Vitael 351



CONTENTS



Chapter 1

Introduction

Many systems in nature have an underlying spatially discrete structure, which greatly
influences their dynamical behaviour. Often, this broken translational and rotational
symmetry gives rise to interesting and complex behaviour, which is not present for
spatially homogeneous systems. For several systems, this spatially discrete structure is
directly visible. For example, one can think of the movement of domain walls [53] or
dislocations [35] through crystals. However, the spatially discrete structure can also be
more hidden. In particular, let us consider the propagation of electrical signals through
nerve fibres. It is well-known that these signals can only move at appropriate speeds
if the nerve fibres are insulated by a meylin coating. This coating admits regularly
spaced gaps at the so-called nodes of Ranvier [T43], see Figure The signal moves
fast through these coated regions, but loses strength rapidly. In the nodes, the signal
moves much slower, while it recovers strength. In particular, the signal appears to hop
from one node to the next. This phenomenon is known as saltatory conduction [127].

In many of these processes in nature, the propagation of fixed structures through
space and time plays a crucial role. As is the case for spatially continuous systems,
travelling waves form the basic building blocks for the complex behaviour and patterns
spatially discrete systems can exhibit. Travelling wave solutions have a fixed shape,
called the wave profile, and travel through time and space with a fixed wavespeed. The
propagation of electrical signals through nerve fibers is a key example of the significance
of the study of travelling waves in spatially discrete systems.

In we further highlight a few of these discrete systems and discuss the mathe-
matical models that are used to describe their behaviour. In §I.2] we focus entirely on
the FitzHugh-Nagumo system, which is used to model the signal propagation through
nerve fibres and is the main equation under consideration in this thesis. Finally, we
elaborate on the most important mathematical techniques that are used in the analysis
of our systems in
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Figure 1.1: Simplified representation of the meylin coating and nodes of Ranvier in a nerve
azon.

1.1 Scalar LDEs and MFDEs

For systems such as those discussed above, it is essential to incorporate the spatially
discrete structure into the models that aim to describe their behaviour. For this pur-
pose, lattice differential equations (LDEs) form a natural class of systems to model
systems of this type. Indeed, let us consider an infinite chain of particles, indexed by
the one-dimensional lattice j € Z. For the jth particle, we are interested how a specific
quantity u;, for example displacement or electrical potential, evolves in time. Let us
assume, for now, that the rate of change of the quantity u; is only influenced directly by
itself and its nearest neighbours u;41 and u;_1. That is, the evolution of the variables
u; for j € Z is given by the system of equations

wi(t) = flujpa(t), uj—1(t),u;(t)) (1.1.1)

for some function f. We note that the system ([1.1.1)) is, in fact, a collection of infinitely
many, coupled ordinary differential equations (ODEs).

For systems such as , we are mainly interested in travelling wave solutions.
Typically, this means that we aim to find a solution {u;};ez to the system (1.1.1) that
takes the form

Uj(t) = ﬂo(] +Eot), (112)

where U is the wave profile and ¢y is the wavespeed. Usually, an assumed shape of the
solution, called an Ansatz, such as (1.1.2) is accompanied by boundary conditions of

the form
+

lim wp(§) = u, lim wp(§) = wut.

E——o0 §—o0
If u= = ut in ((1.1.3]), we often refer to the travelling wave as a travelling pulse, while
otherwise it is known as a travelling front. In order to establish whether the system

(1.1.1)) admits a travelling wave solution, we need to substitute the Ansatz (|1.1.2]) into

(1.1.3)
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the LDE (1.1.1)) and solve the resulting system. In particular, this procedure yields a
so-called functional differential equation of mized type (MFDE), which is given by

ctp(§) = f(@o(€+1),T0(€ —1),10(§)) (1.1.4)

in which £ = j + ¢gt. The ‘mixed type’ in MFDE refers to the fact that it contains
both advanced (forward) and retarded (backward) shifts. The MFDE ([1.1.4) is called
the travelling wave equation for the LDE (1.1.1)).

LDEs form a relatively young field of interest for mathematicians. In the applied
literature, however, LDEs have appeared significantly more frequently. For systems
with an inherent discrete structure, LDEs can be seen as the natural replacement for
partial differential equations (PDEs). LDEs can both arise as a discretisation of a PDE
or as a system that has no direct spatially continuous equivalent. LDEs have been
shown to display unexpected and complex dynamical behaviour. We will illustrate this
behaviour with a few prominent examples.

1.1.1 The FPUT lattice

The Fermi-Pasta-Ulam-Tsingou (FPUT) lattice is an infinite chain of particles, which
are coupled by identical springs to their neighbours. This system is a generalization of
a system with finitely many particles, which was studied numerically in [49, [72]. The
corresponding FPUT LDE aims to capture the dynamical behaviour of position of these
particles. When the particles are identical, the lattice is called a monoatomic lattice.
In this case, we can derive from Newton’s second law that the FPUT LDE is given by

uj = F(“jﬂ - Uj) — F(u; —uj—1), (1.1.5)

where the function F' represents the spring force. The existence of solitary travelling
wave solutions for the system (|1.1.5), i.e. travelling wave solutions of which the wave
profile decays exponentially, has been shown in [77HRT].

When the particles are not identical, these solitary travelling wave solutions no
longer capture the behaviour of the particles. In particular, let us consider the diatomic
lattice, i.e. when the mass of the particles alternates between the two values 1 and
m # 1, see Figure[[.2] The diatomic FPUT LDE has been studied in various parameter
regimes, such as the small mass m < 1 regime [100], the equal mass m = 1 regime [66]
and the long wave regime [67]. Travelling wave solutions for these systems are usually
constructed as perturbations of travelling wave solutions for a monoatomic lattice. That
it, the travelling wave solution is constructed as the sum of the monoatomic wave and
another part, which is small in terms of the relevant parameter regime. For the small
mass and long wave regimes, the solitary travelling waves are singularly perturbed into
a travelling wave profile which asymptotes into a periodic solution with a very small
amplitude. The amplitude of these “ripples” is small beyond all orders in the relevant
parameter. This category of travelling waves is often referred to as nanopterons, see [21]
for an interesting overview. For the near-equal mass regime, the travelling wave profile
also asymptotes to a periodic solution, but the amplitude of this periodic solution is
only algebraically small. Such a travelling wave profile is called a micropteron.
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i@ 0l -@ -l @ -

Figure 1.2: Illustration of the diatomic FPUT lattice with alternating particles with masses 1
and m.

1.1.2 The Nagumo equation
The Nagumo or Allen-Cahn PDE is given by

Gia,t) = (@) + glulx,t)ir). (1.1.6)

Here the bistable nonlinearity g is, typically, given by the cubic polynomial g(u;r) =
u(l—w)(u—r) with 0 < r < 1. The Nagumo PDE has been commonly used as a model
where two biological species or material states compete in a spatial domain [3]. Due to
its relative simplicity, the PDE has served as a prototype to understand basic
concepts in the theory of reaction-diffusion systems. This system is known to admit
travelling front solutions of the form

u(z,t) = P(x+ct), lim ®(&) = 0, lim (&) = 1, (1.1.7)

{——o0

E—o0

which can be constructed explicitly. This travelling front solution satisfies the travelling
wave ODE

c®'(§) = @"(&)+g(R(&);r). (1.1.8)
In addition, there is a one-to-one correspondence between the wavespeed ¢ and the pa-
rameter 7. Due to the symmetry of the system, travelling waves are pinned for r = %,
i.e. the wavespeed c is 0, while the waves move for r # % It is well-known that these

travelling wave solutions are stable under perturbations that do not need to be small
[73].

The natural way to discretize the Nagumo PDE (|1.1.6) is to consider the LDE

Wi(t) = dujea(t) +ujoa(t) = 2u;(8)] + g(u;(t);7), (1.1.9)

which we will refer to as the Nagumo LDE. There are many similarities and differences
between the PDE (L.1.6) and the LDE (I.1.9). Although the LDE (L.1.9) is no longer
explicitly solvable, it is well-known that it admits travelling wave solutions, which must,
hence, satisfy the travelling wave MFDE

c (&) = d[u(§ +1)4ul-1)— 2u(§)] + g(u(&);r). (1.1.10)

In addition, for a given value of d > 0 the wavespeed c is uniquely determined by the
parameter r [39, 131]. Usually, the comparison principle is used to prove these types
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of results. The comparison principle states, informally, that a subsolution of an elliptic
or parabolic equation stays below a supersolution. The comparison principle can be

applied to both the PDE (1.1.6)) and the LDE (1.1.9)).

However, the relation between the wavespeed ¢ and the parameter r is no longer
one-to-one. In particular, when d > 0 is sufficiently small there is a nontrivial interval
r € [r_,r4] for which the LDE admits travelling wave solutions with wavespeed
¢ = 0. This phenomenon is known as propagation failure and has been shown to be a
common feature of discrete systems [99]. However, we do emphasize that for ¢ # 0 the
r(c) relation remains single-valued.

There are many possible extensions and generalizations to the Nagumo LDE (1.1.9).
Here, we will discuss a few results to showcase the rich behaviour of the Nagumo LDE.
A more comprehensive overview can be found in [105].

Bichromatic waves. In contrast to the PDE (1.1.6), the LDE (1.1.9) has infinitely
many equilibria. Let us consider equilibria of the form

U, if 7 is even,
u;j = (1.1.11)
U, if 7 is odd.

Such a 2-periodic equilibrium must satisfy the system of equations

0 = 2d(ﬁe_ﬂo)+g(ﬂo§7ﬂ)a

(1.1.12)
0 = 2d(u, —e) + g(Ue;T).

For d = 0, the system decouples and immediately yields the solutions %, u, €
{0,r,1}. In particular, the system has 9 distinct solutions for d = 0. As such,
using the implicit function theorem, we can continue these 9 solutions for sufficiently
small d > 0 until these continuations start to intertwine. We say that a pair (e, u,)
which satisfies is of type w € {o,t,1}? if it lies on the branch of the equilibrium
w of for d = 0. We are mainly interested in equilibria of type w € {0, 1}2, since
these equilibria are stable. In particular, let us write o, (r, d) for the solution of
of type o1. Since the equilibrium wu,, (r,d) is stable, a so-called monotonic iteration
scheme [39] can be used to show that the LDE admits so-called bichromotic
waves. That is, solutions of the form

D (j + cor(r,d)t), if jis even,
us(t) = (1.1.13)
@, (j + cor(r,d)t), if j is odd

with boundary conditions

lim (®.,®)(§) = (0,0), lim (., ®0)(§) = uoi(r,d) (1.1.14)

E——o0 §——o0



6 CHAPTERI[ INTRODUCTION

as long as d > 0 remains small enough. See also Figure [[.3] Let us write

doy(r) = sup{d > 0: there exists an equilibrium of (1.1.12)) of type o1},
(1.1.15)

so that bichromatic waves exist for 0 < d < do,(r). A more interesting, and delicate,
question is whether these bichromatic waves are pinned or if they are moving. In
particular, let us write

dor(r)* = sup{d > 0:co (r,d) =0}. (1.1.16)

One of the main results of [I06] is that, if » € (0,1) is sufficiently far away from 0, we
have the strict inequality
dor(r)* < dox(r). (1.1.17)

That is, the bichromatic wave is not pinned for values of d in the nontrivial interval
(do1(r)*,dor(r)). Related results can be found in [107, 159, 160, 162].

Figure 1.3: This bichromatic wave with waveprofiles ®. and ®, connects the homogeneous
state 0 to the heterogeneous state (Ue,uo).

Infinite-range interactions. In [0], Bates, Chen and Chmaj considered a version
of the Nagumo LDE (1.1.9) which features infinite-range interactions. This system is
given by

d() = dkijjlak [tk (1) + w5 () — 205 ()] + g (£); 7). (1.1.18)
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Writing d = #, the system (|1.1.18)) can be seen as an infinite-range discretisation of
the Nagumo PDE (1.1.6)) on a grid with spacing h > 0. By using the Ansatz

uj(t) = Tun(hj+ent), (1.1.19)

the corresponding travelling wave equation is an MFDE which features infinite-range
interactions and is given by

G, &) = & ;i o [ (€ + kh) + (€ — kh) — 2u,(€)] + g(@n(€); 7). (1.1.20)

In order to make sure the discretised Laplacian still behaves like a Laplacian, the
authors impose the following limits on the grow of the coefficients {a }r>1

o0 o0
3 aklk? < oo, S oagk? = 1, (1.1.21)
k=1 k=1

together with the spectral bounds

agcos(kz) > 0, for z €0,27]. (1.1.22)
k=1

In particular, upon defining the operator

Qo)) = 7 3 aw[oe+ k) + ol — kh) — 26(0)], (1123
we have the limit
| Ang = ¢"2@my = 0 (1.1.24)

for sufficiently smooth and bounded functions ¢ as long as the conditions (|1.1.21)-
(1.1.22) hold. Note that not all coefficients {ax }r>1 need to be positive. In particular,
the comparison principle is not necessarily available for the system ((1.1.18]).

Due to the limit (I.1.24), Bates, Chen and Chmaj aimed to find travelling wave
solutions to the LDE@ in the near-continuum regime h < 1. In particular,
the authors constructed travelling waves for as perturbations of the travelling
waves for the PDE (1.1.6). However, the transition from the local second derivative
operator to the nonlocal infinite-range difference operator is highly singular. To resolve
this issue, the authors pioneered a method to lift certain properties of the continuous
system to the spatially discrete system. We will refer to this method as the spectral
convergence method. We will return to this method later in much more detail, as it
plays an essential role in this thesis.

The fully discrete Nagumo equation Even though the spatial coordinate is discre-
tised for LDEs, the temporal coordinate remains continuous. In [IT1], Hupkes and Van
Vleck considered temporal discretisations of the Nagumo LDE @ , or, equivalently,
spatial-temporal discretisations of the Nagumo PDE in order to understand the
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impact of discretisation schemes on the solutions that these schemes aim to approxi-
mate. For the backward-Euler discretisation scheme, the corresponding evolution takes
the form

atlUj(nAt) = Us((n = DAY)] = d[Ujs1 + Uj—1 = 2U5](nAt) + g(Uj (nAt); r),
(1.1.25)
where we have n € Z and At > 0 is called the time-step. Note that the system (1.1.25))
is no longer a differential equation. The backward-Euler discretisation scheme is used
because of several useful stability properties. This discretisation scheme is, in fact, the
first of six so-called backwards differentiation formula (BDF) discretisation methods.

A travelling wave Ansatz for the system ((1.1.25)) with wavespeed ¢ takes the form
Uj(nAy) = (5 + ncAt). (1.1.26)

Therefore, the corresponding travelling wave equation is given by

L0 e —cAn)] = d[B(E+1)+B(E ~ 1)~ 25(6)] +g(@(€);r). (11.27)

Something interesting should be noted: if cAt is a rational number, then the domain
of the equation can be restricted to a rational subset of the real line. This
restriction turns out to be a key ingredient to construct travelling wave solutions to the
system . Indeed, Hupkes and Van Vleck showed that, if M := (cAt)~! is ratio-
nal and sufficiently large, the system mits travelling wave solutions. They

employed the restriction on the domain of ((1.1.27)) to establish an interpolation scheme
to link the system to finitely many copies of the Nagumo MFDE (1.1.10).
Then, the authors used the previously mentioned spectral convergence method to lift
the Fredholm properties of this spatially discrete system to the fully discrete system.

There is an interesting nonuniqueness in the system . Indeed, the travelling
wave profile is constructed as a perturbation of the restriction of the original, contin-
uous wave profile ® to the discrete domain. In particular, this means that for any
irrational phase shift ¥, the profile that is obtained by perturbing off ®(- + @) could
potentially yield a different travelling wave solution to the system with the
same parameter values, see Figure [1.4] However, this phase shift might change the
wavespeed. This nonuniqueness is not present for the Nagumo PDE (|1.1.6) or LDE
(1.1.9).

In addition, Hupkes and Van Vleck showed that for the backward-Euler discretisa-
tion scheme the previously mentioned r(c) relation is multivalued, even for ¢ # 0. This
is in major contrast to the spatially discrete setting. In this part of the analysis, the
authors relied heavily of the inclusion of the system into an MFDE which ad-
mits a comparison principle. This is not possible for the other five BDF discretisation
schemes. To alleviate this, Hupkes and Van Vleck also provided numerical evidence
that the r(c) relation is multivalued for at least the second BDF discretisation scheme.
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(D + )

Figure 1.4: The travelling wave profiles ® and ®(- + 9), defined on the domain D, potentially
yield two different travelling wave solutions to the system for the same parameter
values, but possible different wavespeed.

1.2 The FitzHugh-Nagumo system

Let us return to the propagation of electrical signals through nerve fibres. Naturally,
it is a challenge to find effective equations describing this behaviour. Initially, models
describing this behaviour did not take the discrete structure into account directly.
Based on experiments on giant squids, the first model was formulated in the 1950s and
consists of a system of four nonlinear equations, called the Hodgkin-Huxley equations
[08]. However, due to the high complexity of this system, an analytical approach to
understand the dynamical behaviour of this system turned out to be a major challenge.
Instead, in 1961, FitzHugh formulated a spatially homogeneous system to describe the
potential felt by a single point on the nerve axon as the signal travels by [74]. A few
years later, FitzHugh [76] and Nagumo [137] added a diffusion term to this system to
describe the dynamics on the full line. Indeed, they formulated what is now known as
the FitzHugh-Nagumo partial differential equation (PDE). This PDE is given by

(g = 874,)+g(( t)ir) — w(a,t), (1.2.1)
Ge(x,t) = plu(z,t) — yw(,t)].

In this system, the variable u(z,t) describes the potential felt on the space point x at
the time ¢, while w(x,t) describes a recovery component. The Nagumo PDE (1.1.6])
can be seen as a simplified version of the FitzHugh-Nagumo PDE (|1.2.1)). The bistable
nonlinearity ¢ is, as before, given by the cubic polynomial g(u;r) = u(1 — u)(u — 7).
In addition, p > 0 and v > 0 are positive constants. As early as 1968 [75], FitzHugh
released a computer simulation which clearly shows that the system admits
travelling pulse solutions, which resemble the spike signals found experimentally in the
nerve axon of the giant squid by Hodgkin and Huxley. As such, the FitzHugh-Nagumo
PDE is commonly used as a simplification of the Hodgkin-Huxley equations.

Mathematically, the FitzHugh-Nagumo PDE turned out to be a very interesting
equation due to the combination of the relative simplicity of its structure with the rich
behaviour of its dynamics. Indeed, the mathematical construction and analysis of the
travelling pulse solutions as observed by FitzHugh turned out to be a major challenge
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that is still on-going. In particular, let us set out to find a solution (u, w) to the system
(1.2.1)) that takes the form

(u,w)(x,t) = (Uo,Wo)(x + Tot), (1.2.2)

where Wy and Wy are the wave profiles and ¢y is the wavespeed. The wave profiles ug
and Wy must satisfy the limits

EE&@M%M): (0,0) (1.2.3)

to turn it into a pulse instead of merely a wave. We substitute the Ansatz (1.2.2) into
the PDE (1.2.1)) to obtain the ODE

cotig(§) = (&) + g(uo(§);r) —Wo(§),
cowy(§) = P[%(@*VWO(E)L

where ¢ = z + ¢yt. Travelling pulse solutions to the PDE ( are homoclinic solu-
tions to the ODE (|1.2.4)).

(1.2.4)

Typically, the system has been studied in the p < 1 regime. Then p | 0
limit is singular, as substituting p = 0 in , effectively, yields a scalar equation,
instead of a system of equations. Moreover, if we, instead, first rescale the variable £ in
by p and then take the limit p | 0, we obtain a different limiting system. The
first limiting system is called the fast limiting system, while the second is called the
slow limiting system. As such the system is a so-called fast-slow system. The
analysis of the system (|1 in both p | 0 hmlts has led to the discovery of many new
techniques in the field Of smgular perturbation theory. We refer to [II8] for an inter-
esting overview of these techniques. A recent overview of the existence and stability of
pulse solutions for the PDE can be found in [34]. Finally, we want to mention
that, recently, several results have been developed [92H94] for the existence and nonlin-
ear stability for pulse solutions of FitzHugh-Nagumo systems with added random noise.

However, all previously mentioned results feature the FitzHugh-Nagumo PDE ([1.2.1)).
Since this equation is spatially homogeneous, it does not directly take the discrete prop-
erties of the nerve axon it is aiming to simulate, into account. As such, it has been
proposed [123] to, instead, model the signal propagation through nerve fibres using a
FitzHugh-Nagumo LDE, which is given by the system

uwj(t)

w)(t)

r [Uﬁl( )+ w1 (t) = 2u;(8)] + gu;(t);r) — w;(t),
[ 'ij )]

The variables u; and w; now represent the potential felt and the recovery component
at the jth node respectively. We note that the LDE can be obtained directly
from the PDE (| - 1.2.1)) by using a nearest neighbour dlscretlsatlon of the Laplacian on
a grid with spatial distance h > 0. A travelling pulse solution to the LDE now
takes the form

(1.2.5)

(uj,w;)(t) = (@, @n)(hj +Cnt) (1.2.6)
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for some wave profiles u;, and Wy, and wavespeed ¢,. Substituting the Ansatz (|1.2.6)
into the LDE (1.2.5)) yields the MFDE

en, (€)= pr[un(€4h) +an(€ — h) — 2un(&)] + g@n(§);r) —wWa(8),
cnwy,(§) = plun(€) —ywn(8)],

in which & = hj 4+ ¢ot. We emphasize that, in contrast to the Nagumo system, the
FitzHugh-Nagumo PDE (1.2.1) and LDE (1.2.5) do not admit a comparison principle.

(1.2.7)

In [I08|, 109], Hupkes and Sandstede constructed travelling pulse solutions to the
system and showed that these pulses are nonlinearly stable. They assumed that
they were in the parameter regime where the travelling front solution w for the corre-
sponding Nagumo LDE (1.1.9)) has nonzero wavespeed. The main idea in [I08], [109] is
to use what is known as Lin’s method to combine the travelling front @ and a reflection
of this front u to obtain so-called quasi-front and quasi-back solutions, see Figure [L.5]
These quasi-front and quasi-back solutions have gaps in predetermined finite dimen-
sional spaces, which can be closed by choosing the wavespeed. The existence of these
finite dimensional spaces hinges on the existence of exponential dichotomies for the
linearization of the MFDE (1.1.10)). Exponential dichotomies play an essential role in
this thesis and will be discussed in more detail later, see §1.3.3

gluir) glu;r)
(™, w)

(ut, w)

(u™,w)
(ut,w)

(a) (b)

Figure 1.5: Quasi-front (a) and quasi-back (b) solutions of the FitzHugh-Nagumo LDE. In
both cases, the function u™ is defined on the interval (—oo, 1], while the function u™ is defined
on the interval [—1,00). The difference ut —u™, which is defined on the overlapping interval
[—1,1], should be an element of a predetermined finite dimensional space. The construction of
such a space is provided by the existence of exponential dichotomies for linear MFDEs.

Infinite-range interactions In this thesis, we consider several extensions and gen-
eralizations of the FitzHugh-Nagumo LDE (1.2.5). Our first model arises in the study
of neural field models. Neural field models aim to describe the interactions and dy-
namics in large networks of neurons. These neurons interact with each other over large
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distances through the nerve fibres that connect them [I5, 23] 24, 142]. Due to the
high complexity of these systems, it is a major challenge to find effective equations to
describe this dynamical behaviour. In [23] Eq. (3.31)], a model has been proposed that
features a FitzHugh-Nagumo type system with infinite-range interactions, which takes
the form

() = 3 o fugn(t) g n(0) ~ 205(0] + gy () — w0,y
wit) = plui(t) —yw;()].

Here the coefficients {ay }x>1 should, at the very least, satisfy the conditions —
to ensure Laplace-like behaviour. The system was first studied by Faye
and Scheel in [69]. They constructed travelling pulse solutions to the system
under the assumption that the coefficients {ay }r>1 decay exponentially. Since, at the
time of writing, exponential dichotomies for systems such as (1.2.8]) were not available,
Faye and Scheel were forced to use a different approach than the one employed by Hup-
kes and Sandstede for the finite-range version . Indeed, Faye and Scheel used
a functional analytic approach to circumvent the use of a state space. However, they
did not establish the stability of the pulse solutions they found. In Chapter [2| we ex-
pand the previously mentioned spectral convergence method to establish the existence
and nonlinear stability of travelling pulse solutions to the system in the near-
continuum regime h < 1. The stability of pulse solutions outside the near-continuum
regime remains an open problem. However, we expect that our results on the existence
of exponential dichotomies for MFDEs with infinite-range interactions in Chapters [5Ho|
are a sufficient theoretical foundation to, eventually, solve this open problem.

Spatial periodicity Recent experiments in optical nanoscopy [50, 51l [165] clearly
show that certain proteins in the cytoskeleton of nerve fibres are organised periodically.
In particular, this periodicity manifests itself at the nodes of Ranvier. As such, it is
natural to consider a spatially periodic version of the FitzHugh-Nagumo LDE ([1.2.5]).
This spatially periodic LDE takes the form

wi(t) = djfuji(t) +ujo1(t) — 2u; ()] 4 gus(t); ) — wy(t),
wi(t) = pjlui(t) —yw;(t)],

where the 2-periodic coefficients (d;,r;, p;, ;) satisfy

(1.2.9)

€72, 70, Po, Y for odd j,
(0,00) x (0,1) x (0,1) x (0,00) 3 (d;, 75, ps:7;) {( o Por o)

(1,7¢,pesve)  for even j,
(1.2.10)
where 0 < ¢ < 1. In particular, we have a scale separation between the diffusion
coefficients 1 and 2. The system (1.2.9) does not have a clear continuum limit.
Nonetheless, we obtain the existence and nonlinear stability of travelling pulse solu-
tions to the system in the ¢ < 1 regime by further developing the spectral
convergence method in Chapter



1.3. TECHNIQUES 13

Temporal discretisations Finally in Chapter {4l inspired by the work of Hupkes and
Van Vleck [I11] which was discussed previously, we consider temporal discretisations
of the LDE , using the six BDF discretisation schemes. For the backward-Euler
discretisation scheme, the corresponding evolution is given by

Ait[Uj(nAt) -Uj((n—1)At)] = d[Uj+1 +U;j_1 — 2Uj] (nAt) + g(U;(nAt);r)
—W;(nAt),
Wi (nAt) = Wi((n — DAL)] = p[U;(nAt) — yW;(nAt)],

(1.2.11)
for n € Z and time-step At > 0. We establish the existence of travelling pulse solutions
to the system by carefully combining the different extensions to the spectral
convergence method from [I11] and Chapters The nonuniqueness of this travel-
ling wave solution, which was previously discussed for the Nagumo system 7 is
present here as well due to the possibility of an irrational phase shift. In addition, we are
interested in the r(c) relation for the system (1.2.11]). However, the analytical approach
employed by Hupkes and Van Vleck for the Nagumo system relied heavily on
the comparison principle, which is not available for FitzHugh-Nagumo systems. In-
stead, we use numerical simulations to show that the r(c) relation is multivalued for
the system ([1.2.11]), even for ¢ # 0. This is in major contrast to the FitzHugh-Nagumo

PDE (1.2.1) and LDE (1.2.5)).

1.3 Techniques

The main techniques to analyze our main systems (1.2.8), (1.2.9) and (1.2.11) fall into
two main categories: those that feature the spectral convergence method and those that
feature exponential dichotomies. Both of these techniques rely heavily on the Fredholm
theory for linear MFDEs. In the remaining part of this chapter, we will discuss these
techniques in more detail and explain how they can be applied to our main systems.

1.3.1 Linear Fredholm theory

In the construction and analysis of travelling waves, it is usually essential to understand
the underlying linear system. Often, it is useful to consider the Fredholm properties of
the corresponding linear operators. If X and Y are normed vector spaces, then we say
that a linear operator T': X — Y is a Fredholm operator if the following properties are
satisfied.

(i) The kernel satisfies dim (ker(T)) < oco.
(ii) The range satisfies codim(Range(T)) < oc.
(iii) The range Range(T) is closed.
When T is a Fredholm operator, the Fredholm index of T is given by

Ind(T) = dim (ker(T)) — codim(Range(T)). (1.3.1)
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Let us now consider the linear MFDE given by

c/(§) = dlu+1)+u€—1) = 2u©)] + gu(@);ru(§), (1.3.2)

which arises as the linearization of the Nagumo travelling wave MFDE (|1.1.10)) around
a travelling wave solution w. For clarity, we set d = ¢ = 1. We rewrite this MFDE in
the more suggestive form

W) = u(€—1)+ [gu(@€)ir) — 2]u(€ +0) +u(€ +1). (1.3.3)

The scalar functions 1, g, (u(€); ) —2 and 1 are called the coefficients of the systems and
the real numbers —1,0 and 1 are called the shifts. The linear operator corresponding

to the system is given by
(Au)(€) = /(&) —u(€—1) = [gu(@(&);r) — 2]u(€ +0) — (& +1). (1.3.4)

It is not immediately clear on which space the operator A from (1.3.4]) is posed and
how to determine the Fredholm properties of this operator. It turns out to be a natural
choice to consider the Sobolev spaces

WLP(R;C) = {ueLP(R;C):u' € LP(R;C)} (1.3.5)
for 1 < p < o0, equipped with the Sobolev norm
||“H€V1,p(R;<c) = ||u||1£p(R;<c) + ||u/H1£p(R;cc)- (1.3.6)

In this definition, we use u’ to denote the weak derivative of a function u. For the
space W12(R; C) we often use the shorthand H!(R;C). Using this definition, we view

A from (|1.3.4) as an operator
A:WEP(R;C) — LP(R;C). (1.3.7)

The works by Rustichini [144] [145] and Mallet-Paret [130] contain the main Fredholm
theory for this operator A. We recall that the travelling front u satisfies the limits

fg@wa(g) = 0, glggoﬂ(f) =1 (1.3.8)
and that ¢, (0;r) = —r and g¢,(1;7) = r — 1. Hence, it is natural—and it will also turn
out to be useful—to consider the systems

W(€) = wE—-1)+ lim [g,(@(&);r) - 2]u(€+0) +u(€ +1)
Fomee (1.3.9)
= uw(@-D+[-r=2ul+0) +ul§+1)
and
w(§) = ul@-1)+ Jim [gu(@(€);7) — 2]u(€ +0) + u(€ + 1)
e (1.3.10)

= w(—1)+[r—1-2u(6+0)+u&+1).
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We refer to the systems (1.3.9) and (1.3.10) as the limiting systems of the MFDE
at —oo and oo respectively. We note that the systems (|1.3.9) and (|1.3.10]) are
autonomous, since their coefficients do not depend on . Finding a solution to (1.3.9
or of the form e*¢w is equivalent to finding a root of the so-called characteristic
function

A_(z) = z—e*—[—r—2]e" —¢7,
Ap(z) = z—e*—[(r—1)—2]e" —¢7,

that is, finding z € C for which A_(z) = 0 and A, (z) = 0 respectively. Such a
scalar z is referred to as a spatial eigenvalue. We say that the autonomous system
(1.3.9) or (1.3.10) is hyperbolic if it has no spatial eigenvalues on the imaginary axis,
i.e. A_(iy) # 0 respectively A, (iy) # 0 for all y € R. A short computation shows that
this is, indeed, the case for the systems (1.3.9) and (1.3.10). Systems with this property
are called asymptotically hyperbolic. We write A_ and A, for the linear operators
corresponding to the systems (|1.3.9) and (1.3.10) respectively, which are given by

(A—u)(§) = w'(€) —u(¢—1) = [—r—2Ju(€+0)—u(§+1),
(Aru)(§) = w'(€) —ul—1) = [(r = 1) = 2]u(€ +0) —u(¢ +1).

It turns out that, since the systems (1.3.9)) and (|1.3.10)) are autonomous and hyperbolic,
the operators A_ and A, are invertible as operators from WP(R;C) to LP(R;C),
independently of 1 < p < co. In fact, the inverse operators are given explicitly by the
Green’s function, in the sense that

(AZ'w)(©) = [0 GL(&—n)u(n)dn, (1.3.13)

where the Green’s functions G+ are given by

(1.3.11)

(1.3.12)

Gi(6) = &= [ ems(As(in) dn. (1.3.14)

A non-autonomous system, however, is not necessarily invertible. For example, the
derivative %’ is a kernel element of the system , which can be seen by differenti-
ating the system . The results in [I30] show that linear operators corresponding
to asymptotically hyperbolic systems are automatically Fredholm operators as opera-
tors from WHP(R;C) to LP(R; C). In addition, the Fredholm index of such an operator
A is independent of 1 < p < oo and the range of A can be made explicit by writing

Range(A) = {ue€ LP(R;C): [7_u(&)v(£) =0 for all v € ker(A*)}.  (1.3.15)

Here we have introduced the adjoint operator A*. The operator A* : WHP(R;C) —
LP(R; C) is given by

(Au)(€) = —u'(€) —ul€ = (=1) = [gu(@(€);r) — 2]u(§ — 0) —u(¢ — 1)

(1.3.16)
and is called the adjoint operator because it satisfies the identity

(Au,v)rericy = (U, A"v) r2(ric) (1.3.17)
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for any pair u,v € H'(R;C).

If there exists a homotopy between the systems at —oo and oo and none of the
eigenvalues crosses the imaginary axis during this homotopy, then the spectral flow
theorem [I30, Thm. C] allows us to conclude that the Fredholm index of the corre-
sponding linear operator is, in fact, 0. Such a homotopy is trivially available if the
systems at —oo and oo coincide, for example when linearizing around a travelling pulse
solution. However, even in such a setting it remains a nontrivial challenge to determine
the dimension of the kernel of the linear operator, which is necessary, for example, when
determining the spectrum of the linear operator. In that case, other techniques, such
as appropriate limits or comparison principles are needed to understand these linear
operators in full detail.

For the system (1.3.3)), this homotopy can be made explicit. For 0 < p < 1, we can
consider the linear operator

A, = pA(—o0)+ (1 —p)A(c0). (1.3.18)
The corresponding characteristic function is given by
Ayz) = z—eZ—[p(-r)+ (1 —p)(r—1)—2]e"* —e?, (1.3.19)

which can easily be seen to have no roots on the imaginary axis. In particular, the
system corresponding to the operator A, is hyperbolic for each 0 < p < 1, which means
that the map p — A, is a homotopy between the systems at —oco and co. In partic-
ular, the operator A from is a Fredholm operator with Fredholm index 0. We
already observed that the derivative @’ is a kernel element of A. By the definition of
the Fredholm index, the codimension of Range(A) in LP(R;C) must be at least one.
In addition, the identity yields that the dimension of ker(A*) must also be at
least one. In particular, we have established several strong results on the operator A
and its adjoint A* using relatively simple computations.

We remark that the results in [I31] show that, in this case, the kernels ker(A) and
ker(A*) are, in fact, precisely one-dimensional on account of the comparison principle.

The Fredholm theory as described above has been extended by Faye and Scheel [68]
to include MFDEs which feature infinite range interactions, such as the linearization
of the system (1.1.20). However, their restrictions on the coefficients were more severe
than those featured in (1.1.21)-(1.1.22f). In particular, Faye and Scheel required the
coeflicients to decay exponentially.

1.3.2 The spectral convergence method

As was stated previously, the spectral convergence method was pioneered by Bates,
Chen and Chmaj in [6] in order to construct travelling wave solutions to the Nagumo
LDE with infinite-range interactions. Omne of the main advantages of this
method is that it circumvents the use of a comparison principle or exponential di-
chotomies. As a consequence, it can be applied to a broader class of coefficients than
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many other techniques.

To illustrate the spectral convergence method, we focus on its original application
to the Nagumo LDE by following [6]. We fix, for now, a small constant i > 0.
The main goal of the spectral convergence method is to transfer the known Fredholm
properties of the linearization of the continuous system to an appropiate linearization
of the discrete system. We need to be a bit careful at this point. Since the end goal
is to construct a travelling wave solution to the LDE ([1.1.18]), we cannot consider a
system such as , since it is impossible to linearize around a solution that has not
been found yet. Instead, we let ug be a travelling front solution of the PDE with
wavespeed ¢o and consider the linearizations of both the ODE (1.1.8) and the MFDE
(1.1.20f) around the wave ug. These linearizations yield the linear operators

(Lou)(§) = cou'(&) — u" (&) — guluo(§);r)u(§) (1.3.20)
for the ODE ((1.1.8)) and
(Lru)(&) = cou'(§) = Apu(§) — guluo(&);r)u(f) (1.3.21)

for the MFDE (|1.1.20)). Here we recall that the operator A, is given by .
First, we need to specify on which spaces the operators £y and L, are posed, which
immediately brings us to the first major complication (and, therefore, strength of the
spectral convergence method). The operator £}, can, and should, clearly be viewed as
an operator

Lyn: HI(R;R) — L2(R;R). (1.3.22)
However, since the operator £, features a second derivative, it cannot be a well-defined
operator on H!(R;R). Instead, we view it as an operator

Lo: H3(R;R) — L*(R;R), (1.3.23)
where we have introduced the space
H?2(R;R) = {ue H'R;R):u" € L3 (R;R)} (1.3.24)
with corresponding norm
”u”%P(R;R) = Hu“%{l(R;R) + HU””QLz(R;R)- (1.3.25)

In particular, the operators Ly and L}, act on different spaces, which makes lifting the
Fredholm properties of Ly to £}, a delicate effort.

It is well-known that for each § > 0 the operator Lo+ 9 is a Fredholm operator with
Fredholm index 0. In addition, this operator is invertible for § > 0, while it is has a one-
dimensional kernel, spanned by the derivative ug, for 6 = 0. The standard Fredholm
theory for ODEs implies that the adjoint operator £ also has a one-dimensional kernel,
spanned by some function ¢ , i.e. we have

ker(Ly) = span{ug}, ker(L§) = span{¢, }. (1.3.26)
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Using standard arguments [6, Lem. 3.1], one can show that there exists a constant
C > 0 in such a way that the bound

1(Lo+8) " Wlaeeey < CllYlmma + 3.6 @] (1.3.27)

holds for all § > 0 and all ¢» € L?(R;R). The spectral convergence method aims to
show that for all § > 0 there exists a positive constant ho(d) > 0 such that for all
h € (0, ho(0)) the operator Ly + ¢ is invertible and that the bound

IEn+8) " Wlmmn < Clvlms + 205 meml (1.3.28)

holds for all ¢ € L?(R;R). Here, the constant C should be taken independently of
0 >0and 0 < h < hg(é). Employing the bound , a more or less standard
argument, that resembles the proof of the implicit function theorem, can be used to
construct the travelling wave solutions to the system (1.1.18).

In order to establish the bound ([1.3.28)), Bates, Chen and Chmaj consider the
quantities

A(h,8) = inf L+ 8)dlr2mr) + 2[{(Lh +6)p, b5 ) L2(r:
(h,0) SEH @R Tt =1 [1(Lh + 0)oll e @my + 51{(Ln +0)d, b5 ) L2 memy ]
(1.3.29)
for h > 0 and 6 > 0, together with
A(0) = liminfA(h,0). (1.3.30)

The key ingredient is to construct a lower bound on the quantity A(d), which is uniform
in § > 0. If such a lower bound is found, the invertibility of the operator £, + § and
the bound (|1.3.28]) can be established relatively easily.

We now fix 6 > 0 and consider sequences
{¢i}i>1 C H'(R;R), | ¢jlmery =1, R L0 (1.3.31)

which minimize the quantity A(d). That is, we have the limit
Jim [[(£a; + 0)bill 2 imy + sH(Ln, +0)bj, 00 ) 2w = A9). (1.3.32)

The existence of these minimizing sequences follows directly from the definition of the
quantity A(J). For convenience, we write

i = (L, +0)¢; (1.3.33)

for 7 > 1. In order to properly take the h | O limit, we consider the weak limits ¢ and
1 of the sequences {¢,},;>1 and {1;};>1. The first computational effort is to show that
the function ¢ is an element of the space H?(R;R) and that it is a weak solution of
the equation (Lg+ d)¢ = ¢ [0, Lem. 3.2]. This computation relies heavily on the limit
. As a result, we obtain the lower bound

ol memry < KA(6) (1.3.34)
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for some constant K > 0.
It remains to find a positive lower bound for the norm ||| a2 (R:R)- Indeed, a common
danger when taking weak limits is that the sequence converges to 0 even though the

sequence itself is bounded away in norm from 0. Using the Laplace-like properties of
the operator Ay, we obtain the estimates

(Apv, 'U’>L2(R;]R) = 0, (Apv, U>L2(]R;]R) < 0 (1.3.35)
for any function v € H'(R;R). Employing the bounds (1.3.35) and remembering that
(Ln,; +06)¢; = 1, we can estimate the inner products (¥, ¢}) 12(r;r) using the Cauchy-
Schwarz inequality to obtain a uniform estimate of the form

Al”¢j”%2(R;R) 2 AQH(b;'H%2(R;R)_ASH'Q[JszLz(R;R); (1.3.36)

see [0, Eq. (3.9)].

uo(t)

VT \ ~
/ \ ‘ X \
[ \ / \
| | “j \
| \
| |
L\ | o\
o Ascoli-Arzela \\, //
—gu(uo;7) > a

Figure 1.6: In the spectral convergence method, we pick a compact interval I in such a way
that the sign of —gu(uo(x);r) for x € R\ I is fized. This is allowed because of the bistable
nature of the nonlinearity g. Inside I, we employ the Ascoli-Arzela Theorem, while outside I
we can use the fized sign to aid in our estimates.

At this point in the computation, we employ the bistable nature of the nonlinearity
g. Remembering that the front ug connects 0 and 1, we can pick a sufficiently large, but
bounded, interval I to have —g, (ug(x);7) > a for x outside I for some fixed constant
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a > 0; see Figure|1.6] This allows us to estimate the inner product

(—=9u(u0)®js o) 2@r) = (—9u(0)®j, @j)L2®\1R) + (—9u(U0)dj, 5) L2(1R)

Y

all 172 @ ripy — 190 (o) ool 91221,z

aHQst%?(R;R) (a—l— ||gu(u0)||oo)||¢J”L2(1R

(1.3.37)
Inside I, we can employ the Ascoli-Arzela Theorem to have the limit ¢; — ¢ in L?(I; R).
As such, on account of ([1.3.37) we can estimate the inner products (¢, ¢;)r2(r;r) to
obtain a uniform estimate of the form

Bl”¢]”L2 I;R) Z BQH(ij%%]R{;R) - B3H’(/}j||%2(]R;]R); (1.3.38)

see [6, Eq. (3.10)]. By properly scaling the inequalities (|1.3.36]) and (1.3.38) and adding
them, we obtain a uniform estimate of the form

Cl||¢J||L2 (IR) 2 02||¢j||%2(R;R) + CQ”QJ);'”%?(R;R) - CSHT/JszLz(R;R)- (1.3.39)

Remebering that

165172 m) + 195172 mmy = 105ll7n @) (1.3.40)
=1
the inequality (|1.3.39) reduces to
Cl”d’j”%%[;]}g) > 02*03”7/%”%2(&]1{)- (1.3.41)

Because of the strong convergence ¢; — ¢ in L?(I;R), the bound (1.3.34) and the limit
(1.3.32)) we can take the limit j — oo in (|1.3.41)) to obtain

Cy— C3A(8)2 < Cullé]2arm
< Cillole @z (1.3.42)
< CIKA(5)%

In particular, Bates, Chen and Chmaj obtain

A > e (1.3.43)

which is a positive constant, as desired.

FitzHugh-Nagumo LDE with infinite-range interactions Our first challenge
is to generalize the spectral convergence method to the system . We construct
travelling pulse solutions to this system as perturbations of the travelling pulse solutions
for the FitzHugh-Nagumo PDE in the h < 1 regime. In particular, we only
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need to assume the conditions (1.1.21)-(1.1.22) instead of exponential decay on the
coefficients {ay }x>1. The travelling wave equation for (1.2.8) is given by

(&) = g § K [Wn (€ 4 kh) +n(§ — kh) — 2un(€)] + g(@n(€);r) — wn(€)
2w, (€) [ — ywn (€)].

(1.3.44)
However, the generalization of the spectral convergence method from scalar to system
equations is far from trivial. In particular, when estimating the equivalents of the inner
products (1, ¢;) 12 (r;r) and (Y5, (;5 )L2(R;r) as described above, there are various cross-
terms we need to keep under control Lucklly, we are aided by the relative simplicity

of the second component of ([1.3.44]). In particular, the off-diagonal elements of the
(1.3.44

linearization of the MFDE ([1.3.44]) are constant multiples of each other, which allows
us to combine their contributions and absorb them in the diagonal terms. We also
generalize the spectral convergence method to yield uniform bounds for values of § in
compact subsets of the complex plane C \ {0}.

We write (up,, wy,) for the new-found travelling pulse solution to with wavespeed
cp. The next step is to establish the spectral stability of this travelling pulse solution.
As such, we linearize the MFDE (1.3.44)) around this travelling pulse solution. The
corresponding linear operator is given by

An = gu 1
Lh(g> _ (chpdg h — gu(Un) : d+w><z))’ (1.3.45)
_ n

where we recall the operator Ay, from (|1.1.23)).

We first note that the spectrum of the operator Lj; from is periodic with
period 2mi<:. This period grows to infinity as h | 0, which makes sense since the
spectrum of the operator Ly from is not periodic. That the spectrum is periodic,
can be seen as follows. For p € C, we consider the multiplication operator

[ep0)(§) = ePo(§). (1.3.46)
We fix p = 2m . For k € Z, we observe that phk € 2miZ, so that we can compute
le—plepd(- + kR (€)= e P [ep@](& + hk)
= e PEePtHPkhg (¢ 4 Bk) (1.3.47)
= ¢(&+ hk).

In particular, we see that
e_pAhep = Ah. (1348)

Since we also have

[e—pcn g lepd]] (€) che P e (P9 (€))

(1.3.49)
= cpp(€) + pero(§),
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we can conclude that
e_pLne, = Lp+ peh. (1.3.50)

Since the operators e_, and e, are invertible, this means that L; and Lj + pc, have
the same spectrum, which yields the desired periodicity.

The spectral convergence method does not immediately resolve the spectral stability
question. Indeed, for each individual value of A # 0 we can conclude the invertibility of
Ly, + X for h sufficiently small. However, what we mean by ‘sufficiently small’ depends
heavily on the choice of A and can only be made uniform for A in compact subsets
of C\ {0}. Since the period of the spectrum grows to infinity as h | 0, we can only
apply the spectral convergence method if we exclude spectrum in a region close to 0,
spectrum with a large real part and spectrum with a large imaginary part. We will
discuss these issues in more detail in

Spatially periodic FitzHugh-Nagumo LDE The next extension to the spectral
convergence method is to construct travelling pulse solutions to the system in
the ¢ < 1 regime. The spatial periodicity of this system also returns in the travelling
wave Ansatz, which takes the form

(o, W,)(j + ct) when j is odd,
(u, w);(t) = (1.3.51)
(Ue,We)(j + ct) when j is even.

Using the Ansatz (|1.3.51f), we arrive at the travelling wave MFDE

A, (€) = H(W(E+1) +Ue(E—1) = 2Uo(§)) + 9(Uo(€); 7o) — Wo(E),
(&) = polto(§) = 10Wo(8)];

(&) = (U(E+1)+0(E = 1) = 2c(§)) + g(@e(§);7e) — We(E),
v, (§) = peltc(§) — 7w ()]

Since we consider the € <« 1 regime, we first need to understand the system (|1.3.52)
for e = 0. Multiplying the first line of (1.3.52)) with €2 and taking the limit € | 0 yields

(1.3.52)

0 = Te(E+1)+Te(E —1) — 2u,(€). (1.3.53)

In particular, we can express u, in terms of .. This means that the third and fourth

line of (|1.3.52) become

(€)= 3(@(E+2) + (€ —2) — 20c(€)) + 9(@e(§);7e) — We(£),
C@é(ﬁ) = Pe [ﬂe(g) - ’Yewe(g)h
which we recognise as a scaled version of the regular FitzHugh-Nagumo LDE (1.2.5)).

We emphasize that the system (|1.3.54)) does not contain any odd wave functions, which
means that the system decouples at € = 0. In particular, we know [I08] [109] that the

(1.3.54)
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system ([1.3.54) admits stable travelling pulse solutions (Te., We;0) with wavespeed ¢.
Recalling (1.3.53)), we set

To0(§) = 3 [Tes0(€+1) +Tero(€ — 1)]. (1.3.55)
Finally, we let w,.o be the solution of the linear, inhomogeneous system
Cow,(§) = Poltio0(§) — Yoo (§)]- (1.3.56)

As such, the multiplet Uy = (TWos05 Wo:0, Ue;0, We;0) can be seen as the solution of l)
at ¢ = 0. Note that the identity essentially turns the four-component system
into a three-component system at ¢ = 0. We construct travelling pulse solutions
to the LDE by perturbing them off the function Uy by applying the spectral
convergence method. However, there are a few major differences with the previous
applications of the spectral convergence method. Previously, this method was used to
lift Fredholm properties from a continuous to a spatially discrete system, while here we
use it to lift Fredholm properties from a three-component to a four-component spatially
discrete system. In addition, the different scalings of € for the diffusion coefficients pre-
vent us from making a direct analogue of the inequalities (1.3.35)). Instead, we have to
use different scalings in e for each component to compensate for this imbalance. These
different scalings in € complicate, in turn, the fixed point arguments used to control the
nonlinear terms in the construction of the travelling pulse solutions. This complication
forces us to take an extra spatial derivative of the system .

For the spectral stability of the travelling pulse solutions to the LDE (1.2.9)), we
note that the spectrum is periodic with period 2mic., similarly to the system (|1.2.8]).
Luckily, this period does not blow up in the € | 0 limit here. As such, we only need
to exclude spectrum near 0 and with a large real part before we can apply the spectral
convergence method.

In this analysis, we do not restrict ourselves to the LDE . Instead, we consider
general spatially 2-periodic reaction-diffusion systems with n + k components. Here
n > 1 is the number of components with a nonzero diffusion coefficient, while £ > 0 is
the number of components without diffusion (so n = k = 1 for the FitzHugh-Nagumo
LDE (1.2.9)). In particular, our results also cover the spatially periodic version of
the Nagumo LDE without the use of a comparison principle. However, we
need conditions on the end-states that are slightly stronger than the usual temporal
stability. Indeed, we need certain submatrices of the corresponding Jacobians to be
positive definite, instead of simply spectrally stable. All in all, we have a broad class
of systems to which the spectral convergence method can be applied.

Spatially-temporally discrete FitzHugh-Nagumo system Our final application
of the spectral convergence method is to the system . In fact, to make the anal-
ysis as general as possible, we allow for infinite-range spatial interactions and temporal
discretisations of the general n + k-component reaction-diffusion LDEs discussed pre-
viously.
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In this case, we use the spectral convergence method to lift the Fredholm proper-
ties of the spatially discrete to the fully discrete system. As discussed previously, we
need to assume that M := (cAt)~! is rational to establish an appropriate interpolation
scheme. However, Hupkes and Van Vleck relied heavily on the comparison principle
to understand this interpolated spatially discrete system. As such, we need to prove
several results related to this spatially discrete system from scratch, using the general
Fredholm theory for these systems. In addition, the complications we faced previously
for infinite-range spatial interactions and nonscalar equations in the spectral conver-
gence method needed to be dealt with here as well.

1.3.3 Exponential dichotomies

The second major technique we develop and employ is the splittings given by expo-
nential dichotomies. There are many ways to look at exponential dichotomies. We
take the following general point of view: we say that a linear differential equations is
exponentially dichotomous if the space of initial conditions, called the state space, can
be split into a stable and an unstable part. Continuations of stable initial states need
to decay exponentially in forward time, while those of unstable states need to decay
exponentially in backward time. Let us, for example, consider a linear, autonomous
ODE, given by

du(g) = Au(o) (1.3.57)

where u(c) € CM for o € R. If the M x M matrix A is hyperbolic, i.e. has no spectrum
on the imaginary axis, then the state space CM can be split as

CM = E3oEY, (1.3.58)

where Ef is the generalized stable eigenspace and E{ is the generalized unstable
eigenspace of A. The flow of the ODE is given by ®(0,7) = exp[A(c — 7)].
We note that the spaces Ej and K remain invariant under the flow ®. Moreover, ®
decays exponentially for ¢ > 7 on Ej and for ¢ < 7 on Ej. In particular, hyperbolic,
autonomous, linear ODEs admit exponential dichotomies.

For non-autonomous, linear ODEs, we need the splitting ((1.3.58]) to depend on the
base time 7 € R. In particular, we say that the linear ODE

9e(o) = A(o)ulo) (1.3.59)

admits exponential dichotomies on an interval I € {R, R™R™} if the following properties
are satisfied.

e There exist projection operators { P(7)},c; on CM which commute with the evo-
lution ®(o, 7).

e The restricted evolutions ® (o, 7)P(7) and ®(o,7)(I — P(7)) decay exponentially
for ¢ > 7 and for o < 7 respectively.
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In particular, we have the exponential splitting of the state space CM into the range
of P(7) and the kernel of P(7). From this definition, we see that if a system admits
exponential dichotomies on an interval I € {R,R™R*} then each solution on I can
be decomposed in two parts that decay exponentially in forward and backward time
respectively.

Exponential dichotomies are closely related to the Fredholm properties of the cor-
responding linear operators. In particular, we consider the operator
A: HY(R;CM) — L%(R;CM),
(Au)(o) = (o) — A(o)u(o).

do

(1.3.60)

Then it is well-known that the operator A is a Fredholm operator if and only if the
system admits exponential dichotomies on R~ and R*. In addition, A is in-
vertible if and only if admits exponential dichotomies on R. We refer to the
review by Sandstede [147] for more details.

A very powerful and useful result is the so-called roughness theorem, see [45, Chapter
4]. Informally, this result states that exponential dichotomies are preserved when a
small perturbation is added to the system. For example, let A be a hyperbolic M x
M matrix and let B(o) be a bounded collection of M x M matrices which depend
continuously on o. Then the roughness theorem yields that the system

Ge(0) = Au(o) +38B(0)u(o) (1.3.61)

admits exponential dichotomies on R when § > 0 is sufficiently small. Hence, we can
conclude that the corresponding linear operator A from (|1.3.60) is invertible! This
means that the inhomogeneous ODE

du(g) = Au(o)+dB(o)u(o) + f(o) (1.3.62)
has a unique solution u € H*(R;C) for any function f € L?(R;C). We emphasize that
these powerful results can be derived with hardly any assumptions on the matrices B(o).

For linear MFDESs such as , a few major complications turn up. First, the
space C is no longer sufficient as a state space. Indeed, for determining '(0) in
we need to specify the behaviour of u on the entire interval [—1,1]. As such, one usually
takes Cp([—1,1]; C) as a state space. The second major complication is that MFDEs
are typically ill-posed. That is, given an initial segment there may not be an extension
of that segment that solves the MFDE, or such an extension may not be unique. As
such, there is no equivalent of the evolution operator ® that we defined for ODEs.

These complications were solved simultaneously and independently by Mallet-Paret
and Verduyn Lunel [I33] and by Hérterich, Scheel and Sandstede [96]. We will fo-
cus on the former approach. Mallet-Paret and Verduyn Lunel showed that for linear,
asymptotically hyperbolic MFDEs such as we have the splitting

Cy([~1,1];C) = P(1)+Q(1) +I'(7). (1.3.63)
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Initial segment

N

+
Solution on (—o0, 0] Solution on [0, 00)

Figure 1.7: Visual representation of the splitting Cy([—1,1];C) = P(0) @ Q(0) for linear
MFDEs.

Here P(7) are the initial segments, centered around 7 € R, which can be extended to
solutions of ([1.3.3]) on (—oo, 7], while Q(7) are the initial segments that can be extended
to solutions on [1,00); see Figure One of the main results of [I33] is that
the extensions of the initial segments in P(7) and Q(7) decay exponentially as £ — —oo
and as & — oo respectively. Moreover, writing B(7) = P(7) N Q(7) for those segments
that can be extended to full solutions of (I.3.3)), we can divide the space B(r) out of
P(7) to turn into a direct sum. Finally, the space I'(7) is finite dimensional
and can be made explicit using the so-called Hale inner product [91I]. For the linearized
Nagumo MFDE (.3.3)), this Hale inner product takes the form

0 1

Wedhr = B(O0)+ [ vls+ Dole)ds = [ols - Dolds  (13.64)

for ¢, € Cyp([—1,1]; C). Indeed, the space I'(T) from can be classified by the
identity

P(r)+Q(r) = {¢€Cp(|-1,1;C): (b(r + ), ¢)r = 0 for all b € ker(A*)},
(1.3.65)
where we recall the operator A* from (1.3.16]).

There are two potential concerns that can arise to impact the usefulness of the
identity . First, there may be nonzero kernel elements b € ker(A*) that vanish
on the relevant interval [r — 1,7 4+ 1]. In that case, we have (b(T + -),¢), = 0 for
any function ¢. Second, the Hale inner product may be degenerate, in the sense that
there exists a nonzero function ¢ for which (¢, ¢), = 0 for any function ¢. If both
situations do not occur, then the dimension of the space I'(7) can easily be determined
to be the dimension of the kernel ker(A*). However, if either one of these situations
occurs, we can no longer compute this dimension. Luckily, Mallet-Paret and Verduyn
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Lunel showed that both situations cannot occur if the coefficients corresponding to the
largest and smallest shifts are atomic, i.e. invertible on appropriate time-intervals. This

is clearly the case for the system (1.3.3).

Exponential dichotomies for MFDEs with infinite-range interactions We
extended the results by Mallet-Paret and Verduyn Lunel to include linear MFDEs such
as the linearization of the system (|1.1.20]), which is given by

18

o' (§) = ag [u(€ + kh) + u(§ — kh) — 2u(€)] + gu (@, (€);r)u(€).  (1.3.66)

k=1

To ensure that the Fredholm theory developed by Faye and Scheel in [69] can be used,
we assume that the coefficients {ay }x>1 decay exponentially. For the system m
the appropriate state space is the space Cp(R; C). Since the system (1.3.66) is asymp-
totically hyperbolic, we have the splitting

Cy(R;C) = P(1)+Q(r)+T(7). (1.3.67)

As before, the space P(7) contains those initial segments, centered around 7 € R, which
can be extended to solutions of (1.3.66)) on (—oo, 7], while Q(7) are those segments that
can be extended to solutions of on [1,00). However, extending is not really the
appropriate word, since the initial segments are already defined on the entire line. In
addition, the segments in P(7) decay exponentially as £ — —oo and those in Q(7) decay
exponentially as £ — co. Moreover, dividing out the solution space B(7) = P(7)NQ(T)
from P(7) turns into a direct sum. Finally, we regain the identity

Pr)+Q(t) = {¢pcC,(R;C):(b(r+:),¢); =0 for all b € ker(A*)}, (1.3.68)
where (-, ), is the Hale inner product.

However, the degeneracy issues that were discussed previously are much harder to
solve for systems such as (1.3.66). Indeed, the atomicity condition Mallet-Paret and
Verduyn Lunel used to exclude these degeneracies explicitly references the largest and
the smallest shift. We formulate several new conditions on the coefficients which can,
separately, be used to rule out degeneracies. In particular, for the system one
of these conditions entails that the coefficients {cy }x>1 should be cyclic with respect
to the backward shift operator on ¢?(N;R). That is, the set of sequences {ay }r>n for
N > 1 should span a dense subspace of £?(N;R). This condition is, for example, satis-
fied if the coefficients decay like a Gaussian. However, this condition is not satisfied if
oy, = exp(—k) for each k > 1, since in that case we have {ay }>n is a scalar multiple
of {ay}r>1 for each N > 1.

If the coefficients {ay}r>1 of the the system are positive, we can merely
show that the Hale inner product is nondegenerate for kernel elements of the adjoint
operator. That is, we can show that if (b(7 + -), @), = 0 for all b € ker(A*), we must
have ¢ = 0. In particular, if a = exp(—k) for k > 1, we explicitly construct a nonzero
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function ¢ which has (¢, ¢), = 0 for all functions ¢. Luckily, the nondegeneracy for
kernel elements is sufficient to compute the dimension of the space I'(7).



Chapter 2

Nonlinear stability of pulse
solutions for the discrete
FitzHugh-Nagumo equation
with infinite-range interactions

Sections 2.1 and have been published in Discrete & Continuous Dynami-
cal Systems-A 39(9) (2019) 5017-5083 as W.M. Schouten-Straatman and H.J. Hupkes
“Nonlinear Stability of Pulse Solutions for the Discrete FitzHugh-Nagumo equation
with Infinite-Range Interactions” [150].

Abstract. We establish the existence and nonlinear stability of travelling pulse
solutions for the discrete FitzHugh-Nagumo equation with infinite-range interactions
close to the near-continuum regime. For the verification of the spectral properties, we
need to study a functional differential equation of mixed type (MFDE) with unbounded
shifts. We avoid the use of exponential dichotomies and phase spaces, by building on
a technique developed by Bates, Chen and Chmaj for the discrete Nagumo equation.
This allows us to transfer several crucial Fredholm properties from the PDE setting to
our discrete setting.

Key words: Lattice differential equations, FitzHugh-Nagumo system, infinite-range
interactions, nonlinear stability, nonstandard implicit function theorem.
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2.1 Introduction

The FitzHugh-Nagumo partial differential equation (PDE) is given by

[ = Ugy +9(u;70) —
' (w5 7o) (2.1.1)
we = plu—yw),
where g(+;70) is the cubic bistable nonlinearity given by
g(u;re) = u(l —u)(u—rp) (2.1.2)

and p,y are positive constants. This PDE is commonly used as a simplification of the
Hodgkin-Huxley equations, which describe the propagation of signals through nerve fi-
bres. The spatially homogeneous version of this equation was first stated by FitzHugh
in 1961 [74] in order to describe the potential felt at a single point along a nerve axon
as a signal travels by. A few years later [76], the diffusion term in was added
to describe the dynamics of the full nerve axon instead of just a single point. As early
as 1968 [75], FitzHugh released a computer animation based on numerical simulations
of (]E This video clip clearly shows that (| - ) admits isolated pulse solutions
resembling the spike signals that were measured by Hodgkin and Huxley in the nerve
fibres of giant squids [98].

As a consequence of this rich behaviour and the relative simplicity of its structure,
has served as a prototype for several similar systems. For example, memory
devices have been designed using a planar version of , which supports stable sta-
tionary, radially symmetric spot patterns [120]. In addition, gas discharges have been
described using a three-component FitzHugh-Nagumo system [I38] [148], for which it
is possible to find stable travelling spots [I61].

Mathematically, it turned out to be a major challenge to control the interplay
between the excitation and recovery dynamics and rigorously construct the travelling
pulses visualized by FitzHugh in [75]. Such pulse solutions have the form

(w,w)(z,t) = (Uo,Wo)(x + cot), (2.1.3)
in which ¢ is the wavespeed and the wave profile (g, W) satisfies the limits

lim (7, To)(€) = 0. (2.1.4)

|€]—o0

Plugging this Ansatz into (2.1.1) and writing £ = = + cot, we see that the profiles are
homoclinic solutions to the travelling wave ordinary differential equation (ODE)

cotig(§) = g (&) + g(@o(€);ro) — Wo(€)
cowy(€) = pluo(§) —ywoe(§)].

The analysis of this equation in the singular limit p | 0 led to the birth of many
techniques in geometric singular perturbation theory, see for example [I18] for an inter-
esting overview. Indeed, the early works [31) 07, 117, [119] used geometric techniques

(2.1.5)
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such as the Conley index, exchange lemmas and differential forms to construct pulses
and analyze their stability. A more analytic approach was later developed in [124],
where Lin’s method was used in the rg =~ % regime to connect a branch of so-called
slow-pulse solutions to to a branch of fast-pulse solutions. This equation is still
under active investigation, see for example [32] [33], where the birth of oscillating tails
for the pulse solutions is described as the unstable root rg of the nonlinearity g moves

towards the stable root at zero.

Many physical, chemical and biological systems have an inherent discrete structure
that strongly influences their dynamical behaviour. In such settings lattice differential
equations (LDEs), i.e. differential equations where the spatial variable can only take
values on a lattice such as Z", are the natural replacements for PDEs, see for exam-
ple [6l 109, 130]. Although, mathematically, it is a relatively young field of interest,
LDEs have already appeared frequently in the more applied literature. For example,
they have been used to describe phase transitions in Ising models [6], crystal growth in
materials [28] and phase mixing in martensitic structures [159].

To illustrate these points, let us return to the nerve axon described above and
reconsider the propagation of electrical signals through nerve fibres. It is well known
that electrical signals can only travel at adequate speeds if the nerve fibre is insulated
by a myelin coating. This coating admits regularly spaced gaps at the so-called nodes
of Ranvier [143]. Through a process called saltatory conduction, it turns out that
excitations of nerves effectively jump from one node to the next [127]. Exploiting this
fact, it is possible [123] to model this jumping process with the discrete FitzHugh-
Nagumo LDE

. 1
i = (e wj — 2u5) + glugio) — w;

.J h2 \%j+ J J) J J (2.1.6)
w; = pluj —yw;l.

The variable u; now represents the potential at the 5! node, while the variable w; de-
notes a recovery component. The nonlinearity g describes the ionic interactions. Note
that this equation arises directly from the FitzHugh-Nagumo PDE upon taking the
nearest-neighbour discretisation of the Laplacian on a grid with spacing h > 0.

Inspired by the procedure for partial differential equations, one can substitute a
travelling pulse Ansatz

(ujswi)(t) = (@, @p) (R + cnt) (2.1.7)
into . Instead of an ODE, we obtain the system
cnin(€) = pz[@n(§+h) +n(§ — h) — 2un(&)] + (@ (&) 7o) — Wn(§) 218

cnwy,(§) = plun(§) — ywn ()]

in which & = hj + cit. Such equations are called functional differential equations of
mixed type (MFDEs), since they contain both advanced (positive) and retarded (neg-
ative) shifts.
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In [I08, T09], Hupkes and Sandstede studied and showed that, for small values
of p and r( sufficiently far from %, there exists a locally unique travelling pulse solution
of this system and that it is asymptotically stable with an asymptotic phase shift. No
restrictions were required on the discretisation distance h, but the results relied heavily
on the existence of exponential dichotomies for MFDEs. As a consequence, the tech-
niques developed in [T08, [109] can only be used if the discretisation involves finitely
many neighbours. Such discretisation schemes are said to have finite range.

Recently, an active interest has arisen in nonlocal equations that feature infinite-
range interactions. For example, Ising models have been used to describe the infinite-
range interactions between magnetic spins arranged on a grid [6]. In addition, many
physical systems, such as amorphous semiconductors [87] and liquid crystals [44], fea-
ture nonstandard diffusion processes, which are generated by fractional Laplacians.
Such operators are intrinsically nonlocal and, hence, often require infinite-range dis-
cretisation schemes [43].

Our primary interest here, however, comes from so-called neural field models, which
aim to describe the dynamics of large networks of neurons. These neurons interact with
each other by exchanging signals across long distances through their interconnecting
nerve axons [15], 23] 24] [T42]. It is of course a major challenge to find effective equa-
tions to describe such complex interactions. One model that has been proposed [23]
Eq. (3.31)] features a FitzHugh-Nagumo type system with infinite-range interactions.

Motivated by the above, we consider a class of infinite-range FitzHugh-Nagumo
LDEs that includes the prototype
. _ .2
W= gz e fugpn +ujon — 2u5] + g(ugsro) — wj
k€Z>o (2.1.9)
Wy = pluy —yw],

>

in which & > 0 is a normalisation constant. In [69], Faye and Scheel studied equations
such as for discretisations with infinite-range interactions featuring exponential
decay in the coupling strength. They circumvented the need to use a state space as
in [T08], which enabled them to construct pulses to for arbitrary discretisation
distance h. Very recently [70], they developed a center manifold approach that allows
bifurcation results to be obtained for neural field equations.

In this paper, we also construct pulse solutions to equations such as , but un-
der weaker assumptions on the decay rate of the couplings. Moreover, we will establish
the nonlinear stability of these pulse solutions, provided the coupling strength decays
exponentially. However, both results do require the discretisation distance h to be very
small.

In particular, we will be working in the near-continuum regime. The pulses we
construct can be seen as perturbations of the travelling pulse solution of the FitzHugh-
Nagumo PDE. However, we will see that the travelling wave equations are highly sin-
gular perturbations of , which poses a significant mathematical challenge. On
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the other hand, we do not need to use exponential dichotomies directly in our nonlocal
setting as in [109]. Instead, we are able to exploit the detailed knowledge that has been
obtained using these techniques for the pulses in the PDE setting.

Our approach to tackle the difficulties arising from this singular perturbation is
strongly inspired by the work of Bates, Chen and Chmaj. Indeed, in their excellent
paper [0], they study a class of systems that includes the infinite-range discrete Nagumo
equation

. _ 1.2
o= f5 Y e [ujpn + uj—k — 2uj] + glug;ro), (2.1.10)
k€Z~o

>

in which k > 0 is a normalisation constant. This equation can be seen as a discretisation
of the Nagumo PDE

Uy = Uge + glu;ro). (2.1.11)
The authors show that, under some natural assumptions, these systems admit travel-
ling front solutions for h small enough.

In the remainder of this introduction we outline their approach and discuss our
modifications, which significantly broaden the application range of these methods. We
discuss these modifications for the prototype (2.1.9), but naturally they can be applied
to a broad class of systems.

Transfer of Fredholm properties: Scalar case.
An important role in [6] is reserved for the operator L£p.g...:coe given by

LhitpueiconV(l) = cosct’(€) =15 X e [v(g + hk) 4+ v(& — hk) — 21;(5)}

k€Z~o
—gu(Uo:sc(§); m0)v (),
(2.1.12)

where %g.sc is the wave solution of the scalar Nagumo PDE (2.1.11)) with wavespeed
co:sc- This operator arises as the linearisation of the scalar Nagumo MFDE

CO:scul(g) = % Z e_k2 U(§ + hk) + U(f - hk) - 27}(5):| + gu(EOZSC(g); 7’0)7)(5),

kEZ>o

(2.1.13)

around the wave solution %g.s. of the scalar Nagumo PDE . This operator
should be compared to

Lo;ﬁo;sc;co;scv(g) = CO:sc'U/(g) - ’U”(f) - gu(ﬂo:sc(§)§7‘0)v(§)7 (2114)

the linearisation of the scalar Nagumo PDE around its wave solution.

The key contribution in [6] is that the authors fix a constant 6 > 0 and use the invert-
ibility of Lo:mg..c;co..c 70 t0 show that also L. :co... 0 is invertible. In particular, they
consider weakly-converging sequences {v,} and {w,} with (Lpzmy.eicone + 0)Un = Wy
and try to find a uniform (in 6 and h) upper bound for the L?-norm of v}, in terms
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of the L?-norm of w,. Such a bound is required to rule out the limitless transfer of
energy into oscillatory modes, a key complication when taking weak limits. To obtain
this bound, the authors exploit the bistable structure of the nonlinearity ¢ to control
the behaviour at +o0o. This allows the local L2-norm of v, on a compact set to be uni-
formly bounded away from zero. Since the operator Lz, + § is not self-adjoint,
this procedure must be repeated for the adjoint operator.

H

Transfer of Fredholm properties: System case.
Plugging the travelling pulse Ansatz
(u,w);(t) = (Tp,@Wn)(hj+ cnt) (2.1.15)

into (2.1.9) and writing £ = hj + cit, we see that the profiles are homoclinic solutions
to the equation

(€)= F X e [an(€ + kh) + Tu(€ — kh) = 2m0(€)] + 9(@n(€); ro) — T &)

k>0
i (€)= p(Wn(©) —7mn(©)).
(2.1.16)
We start by considering the linearised operator Kp.,:c, of the system around
the pulse solution (@g,wy) of the FitzHugh-Nagumo PDE with wavespeed ¢g. This
operator is given by

O (1 )0 = (G e bt ) @1

where L3¢, i given by equation (2.1.12)), but with %g.s. replaced by %y and cg.sc by co.

In §2.3|we use a Fredholm alternative as described above to establish the invertibility
of Khag:co +0 for fixed 6 > 0. However, the transition from a scalar equation to a system
is far from trivial. Indeed, when transferring the Fredholm properties there are multiple
cross terms that need to be controlled. We are aided here by the relative simplicity
of the terms in the equation that involve w. In particular, three of the four matrix-
elements of the linearisation have constant coefficients. We emphasize that it
is not sufficient to merely assume that the limiting state (0,0) is a stable equilibrium
of . In [I51], we explore a number of structural conditions that allow these types
of arguments to be extended to general multi-component systems.

Construction of pulses.

Using these results for Kp.g,.c,, we develop a fixed point argument to show that,
for h small enough, the system has a locally unique travelling pulse solution
(Un(t)); = (un,wp)(hj + cpt) which converges to a travelling pulse solution of the
FitzHugh-Nagumo PDE as h | 0. This procedure is more or less straightforward and
is very similar to the arguments used in [6, §4] which, in turn, closely follow the lines
of a standard proof of the implicit function theorem.
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Spectral stability.

The natural next step is to study the linear operator Kz, ., that arises after linearising
the system (2.1.9) around its new-found pulse solution. This operator is given by

o ()0 = (S )

where L5, is given by equation , but with %.s. replaced by up and cg.sc by
cp. The procedure above can be repeated to show that for fixed § > 0, it also holds
that Kp.,:c, + 6 is invertible for h small enough. However, to understand the spectral
stability of the pulse, we need to consider the eigenvalue problem

Khigynv+ A = 0 (2.1.19)

for fixed values of h and A ranging throughout a half-plane. Switching between these
two points of view turns out to be a delicate task.

We start in by showing that Kpa,.c, and its adjoint Kf 5 ., are Fredholm

operators with one-dimensional kernels. This is achieved by explicitly constructing a
kernel element for K} - ..~ that converges to a kernel element of the adjoint of the op-
erator corresponding to the linearised PDE. An abstract perturbation argument then

yields the result.

In particular, we see that A = 0 is a simple eigenvalue of Kz, ¢, . In §2.6] we estab-
lish that in a suitable half-plane, the spectrum of this operator consists precisely of the
points {k2m'ch% : k € Z}, which are all simple eigenvalues. We do this by first showing

that the spectrum is invariant under the operation A — X\ + %7 which allows us to

restrict ourselves to values of A with imaginary part in between —% and % Note
that the period of the spectrum is dependent on h and grows to infinity as A | 0. This
is not too surprising, since the spectrum of the linearisation of the PDE around its
pulse solution is not periodic. However, this means that we cannot restrict ourselves
to a fixed compact subset of the complex plane for all values of h at the same time. In
fact, it takes quite some effort to keep the part of the spectrum with large imaginary

part under control.

It turns out to be convenient to partition our ‘half-strip’ into four parts and to
calculate the spectrum in each part using different methods. Values close to 0 are an-
alyzed using the Fredholm properties of K.z, ¢, exploiting many of the results from
values with a large real part are considered using standard norm estimates, but
values with a large imaginary part are treated using a Fourier transform. The final
set to consider is a compact set that is independent of h and bounded away from the
origin. This allows us to apply a modified version of the procedure described above
that exploits the absence of spectrum in this region for the FitzZHugh-Nagumo PDE.

Let us emphasize that our arguments here for bounded values of the spectral pa-
rameter A strongly use the fact that the PDE pulse is spectrally stable. The main
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complication to establish the latter fact is the presence of a secondary eigenvalue that
is O(p)-close to the origin. Intuitively, this eigenvalue arises as a consequence of the
interaction between the front and back solution to the Nagumo equation that are both
part of the singular pulse that arises in the p | 0 limit. In the PDE case, Jones [I117] and
Yanagida [166] essentially used shooting arguments to construct and analyze an Evans
function £(A) that vanishes precisely at eigenvalues. In particular, they computed the
sign of £'(0) and used counting arguments to show that the secondary eigenvalue dis-
cussed above lies to the left of the origin. Currently, a program is underway to build
a general framework in this spirit based on the Maslov index [10, 37, [I0T], which also
works in multi-dimensional spatial settings. In [46] [47], this framework was applied to
an equal-diffusion version of the FitzHugh-Nagumo PDE.

An alternative approach involving Lin’s method and exponential dichotomies was
pioneered in [124]. Based upon these ideas, stability results have been obtained for
the LDE (2.1.6) [109] and the PDE (2.1.1) [32] in the nonhyperbolic regime rg ~ 0.
The first major advantage of this approach is that explicit bifurcation equations can
be formulated that allow asymptotic expansions to be developed for the location of the
interaction eigenvalue discussed above. The second major advantage is that it allows
us to avoid the use of the Evans function, which cannot easily be defined in discrete
settings, because MFDEs are ill-posed as initial value problems [144]. We believe that
a direct approach along these lines should also be possible for the infinite range system
as soon as exponential dichotomies are available in this setting.

Nonlinear stability.

The final step in our program is to leverage the spectral stability results to obtain a
nonlinear stability result. To do so, we follow [I09] and derive a formula that links the
pointwise Green’s function of our general problem to resolvents of the opera-
tor Kpa,e, in Since we have already analyzed the latter operator in detail, we
readily obtain a spectral decomposition of this Green’s function into an explicit neutral
part and a residual that decays exponentially in time and space. Therefore, we obtain
detailed estimates on the decay rate of the Green’s function for the general problem.
These Green’s functions allow in to use multiple fixed point arguments to, eventu-
ally, show the nonlinear stability of the family of travelling pulse solutions Uj. To be
more precise, for each initial condition close to U (0), we show that the solution with
that initial condition converges at an exponential rate to the solution Uj(- 4 6) for a
small (and unique) phase shift 6.

We emphasize that by now there are several techniques available to obtain nonlinear
stability results in the relatively simple spectral setting encountered in this paper. If
a comparison principle is available, which is not the case for the FitzHugh-Nagumo
system, one can follow the classic approach developed by Fife and McLeod [73] to show
that travelling waves have a large basin of attraction. Indeed, one can construct explicit
sub- and super-solutions that trade-off additive perturbations at t = 0 to phase-shifts
at t = oo. In fact, one can actually use this type of argument to establish the existence
of travelling waves by letting an appropriate initial condition evolve and tracking its
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asymptotic behaviour [38 I10]. For systems that can be written as gradient flows,
which is also not the case here, the existence and stability of travelling waves can be
obtained by using an elegant variational technique that was developed by Gallay and
Risler [82].

In the spatially continuous setting, it is possible to freeze a travelling wave by pass-
ing to a co-moving frame. In our setting, one can achieve this by simply adding a
convective term —co0,(u, w) to the right hand side of . The main advantage
is that one can immediately use the semigroup exp[tLo] to describe the evolution of
the linearised system in this co-moving frame, which is temporally autonomous. Here
Ly is the standard linear operator associated to the linearisation of around
(Wo, Wo); see . For each 1 € R one can subsequently construct the stable mani-
fold of (o (-+ 1), Wo (- +v)) by applying a fixed point argument to Duhamel’s formula.
Upon varying 9, these stable manifolds span a tubular neighbourhood of the family
(o, Wp) (- + R). This readily leads to the desired stability result; see e.g. [121] §4]. We
remark here that these stable manifolds are all related to each other via spatial shifts.

In the spatially discrete setting, the wave can no longer be frozen. In particular,
the linearisation of around the pulse leads to an equation that is tempo-
rally shift-periodic. In [4I], the authors attack this problem head-on by developing a
shift-periodic version of Floquet theory that leads to a nonlinear stability result in £°°.
However, they delicately exploit the geometric structure of £°° and it is not clear how
more degenerate spectral pictures can be fitted into the framework. These issues are
explained in detail in [I09] §2].

In [I3], the authors found a way to express the Green’s function of the temporally
shift-periodic linear discrete equation in terms of resolvents of the linear operator L,
associated to the pulse . Based on this procedure, it is possible to follow the
spirit of the powerful pointwise Green’s function techniques pioneered by Zumbrun and
Howard [I68]. Indeed, in [II], a stability result is obtained in the setting of discrete
conservation laws, where one encounters curves of essential spectrum that touch the
imaginary axis. Using exponential dichotomies in a setting with extended state-spaces
L?([—h, h]; R?) x R?, pointwise A-meromorphic expansions were obtained for the op-
erators [£;, — A]7!. This allowed the techniques from [I2] to be transferred from the
continuous to the discrete setting. A slightly more streamlined approach was developed
in [I09], which does not need the extended state-space and avoids the use of a variation-
of-constants formula. However, exponential dichotomies are still used at certain key
points.

In our paper, we follow the spirit of the latter approach and extend it to the present
setting with infinite-range interactions. In particular, we show how the use of exponen-
tial dichotomies can be eliminated all together, which is a delicate task. In addition,
we need to be very careful in many computations since integrals and sums over shifts as
in can no longer be freely exchanged. We emphasize, here, that our techniques
do not depend on the specific LDE that we are analyzing. All that is required is the
spectral setting described above and the fact that the shifts appearing in the problem
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are all rationally related.

Let us mention that it is also possible to bypass the construction of the stable
manifolds altogether and employ a direct phase-tracking approach along the lines of
[167]. In particular, one can couple the system with an extra equation for the phase.
To close the system, one chooses this extra equation in such a way that the resulting
nonlinear terms never encounter the nondecaying part of the relevant semigroup. Such
an approach has been used in the current spectral setting to show that travelling waves
remain stable under the influence of a small stochastic noise term [92].

2.2 Main results

We consider the following system of equations

: 1
Uj = 13 Y Qpluipk + ui—k — 2u;] + g(uy) —w;

! Mise ! ! v (2.2.1)
wj = pluy —ywl,

which we refer to as the (spatially) discrete FitzHugh-Nagumo equation with infinite-
range interactions. Often, for example in [I08] [109], it is assumed that only finitely
many of these coefficients aj, are non-zero. However, we will impose the following much
weaker conditions here.

Assumption (Hal). The coefficients {ay }rez., satisfy the bound

> Jonlk? < oo, (2.2.2)
E>0
as well as the identity
> opk? = L (2.2.3)
k>0
Finally, the inequality
A(z) = Y ag (1 - cos(kz)) > 0 (2.2.4)
k>0

holds for all z € (0, 27).

We note that (2.2.4)) is automatically satisfied if a; > 0 and o > 0 for all k € Z+;.
The conditions in (Hal) ensure that for ¢ € L>(R) with ¢” € L?(R), we have the limit

lin s 2 x|+ k) + 0 = b) = 200)] = 6"l 2 sy = 0, (2.25)

see Lemma In particular, we can see (2.2.1)) as the discretisation of the FitzHugh-
Nagumo PDE (2.1.1)) on a grid with distance h. Additional remarks concerning the

assumption (Hal) can be found in [0, §1].

Throughout this paper, we impose the following standard assumptions on the re-
maining parameters in (2.2.1)). The last condition on 7 in (HS) ensures that the origin
is the only j-independent equilibrium of (2.2.1)).
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Assumption (HS). The nonlinearity g is given by g(u) = u(1 — w)(u — r¢), where
0 < rp < 1. In addition, we have 0 < p < 1 and 0 < v < 4(1 — ) 2.

Without explicitly mentioning it, we will allow all constants in this work to depend
on rg, p and . Dependence on h will always be mentioned explicitly. We will mainly
work on the Sobolev spaces

Hl(]R) = {f:R—>]R|f,f’EL2(R)},
H'R) = {f:R—RIf.f,f" € I2R)}, (22.6)
with their standard norms
1
2
e = (IR + 1 ) 1 .
2
Wl = (11 + 1 ey + 15 ay)

Our goal is to construct pulse solutions of (2.2.1) as small perturbations to the
travelling pulse solutions of the FitzHugh-Nagumo PDE. These latter pulses satisfy the
System

cotty = g + g(to) — Wo (2.28)

cowy = p(to —YWo) h
with the boundary conditions

lim (7o, wo)(§) = (0,0). (2.2.9)

|€]—00

If (@, wp) is a solution of (2.2.8)) with wavespeed ¢y, then the linearisation of (2.2.8])
around this solution is characterized by the operator Lo : H?(R) x HY(R) — L?(R) x

L?(R) that acts as
d d? =
4 _d g 1
Lo ( v ) g ~ ez ~ 9u(T0) J < Y ) : (2.2.10)
w —p Coge TP w
The existence of such pulse solutions for the case when p is close to 0 is established

in [118, §5.3]. Here, we do not require p > 0 to be small, but we simply impose the
following condition.

Assumption (HP1). There exists a solution (@, wy) of (2.2.8) that satisfies the con-
ditions (2.2.9) and has wavespeed ¢y # 0. Furthermore, the operator £y is Fredholm

with index zero and it has a simple eigenvalue in zero.

Recall that an eigenvalue A of a Fredholm operator L is said to be simple if the
kernel of L — X is spanned by one vector v and the equation (L — A)w = v does not have
a solution w. Note that if L has a formal adjoint L*, this is equivalent to the condition

that (v, w) # 0 for all nontrivial w € ker(L* — \).

We note that the conditions on £y formulated in (HP1) were established in [I17] for
small p > 0. In addition, these conditions imply that %, and w{, decay exponentially.
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We emphasize, however, that there exists a choice of parameters for which the condition
(HP1) is not satisfied [34].

In order to find travelling pulse solutions of (2.2.1)), we substitute the Ansatz
(w,w);(t) = (Tn,Wp)(hj~+ cut), (2.2.11)
into to obtain the system
THE) = X ar[Enl€ + k) + T (€ — hk) — 204(6)] + 9 (@ (€)) — T (€)

k>0
awy,(§) = plan(€) —yon(§)],
(2.2.12)
in which &€ = hj 4+ cpt. The boundary conditions are given by
im (@, ws)(€) = (0,0). (2.2.13)

|€]— o0
The existence of such solutions is established in our first main theorem.

Theorem 2.2.1 (see §2.4). Assume that (HP1), (HS) and (Hal) are satisfied. There
exists a positive constant h, such that for all h € (0,h,), the problem with
boundary conditions admits at least one solution (cp,Un, W), which is locally
unique in R x HY(R) x HY(R) up to translation and which has the property that

lhiﬁ} (ch — co,Un — o, Wy, —Wo) = (0,0,0) in R x HY(R) x H'(R). (2.2.14)

Note that this result is very similar to [69, Cor. 2.1]. However, Faye and Scheel
impose an extra assumption, similar to (Ha2) below, which we do not need in our proof.
This is a direct consequence of the strength of the method from [6] that we described

in {21)

Building on the existence of the travelling pulse solution, the natural next step is
to show that our new-found pulse is asymptotically stable. However, we now do need
to impose an extra condition on the coefficients {ay }r>o-

Assumption (Ha2). The coefficients {ag } x>0 satisfy the bound

> Jagle™ < oo (2.2.15)
k>0

for some v > 0.

Note that the prototype equation (2.1.9) indeed satisfies both assumptions (Hal)
and (Ha2). An example of a system which satisfies (Hal), but not (Ha2) is given by
;= 5 Alujar +ujok — 2uj] 4+ g(uy) — w;
! PSR ! ! v (2.2.16)

wj = pluy —ywj],

in which k = % is the normalisation constant.
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Moreover, we need to impose an extra condition on the operator Ly given by (2.2.10)).
This spectral stability condition is established in [63, Thm. 2] together with [I66, Thm.
3.1] for the case where p is close to 0.

Assumption (HP2). There exists a constant A, > 0 such that for each A € C with
Re A > —A, and X # 0, the operator

Lo+ A HQ(R) X HI(R) — LQ(R) X LQ(R) (2.2.17)
is invertible.

To determine if the pulse solution described in Theorem is nonlinearly stable,
we must first linearise ([2.2.12)) around this pulse and determine the spectral stability.
The linearised operator now takes the form

4 Ay —gu(@) 1
Lh( v ) _ | onde — An gu(T) 4 < N ) (2.2.18)
w —p Chge +yp w

Here the operator Ay, is given by
Andl) = it X ok (BL€ + bk + 6(€ — k) — 26(¢) ). (2.2.19)

k>0

As usual, we define the spectrum, o(L), of a bounded linear operator L : H*(R) x
HY(R) — L*(R) x L2(R), as

o(L) = {AeC:L - \isnot invertible}. (2.2.20)

Our second main theorem describes the spectrum of this operator Ly, or rather of — Ly,
in a suitable half-plane.

Theorem 2.2.2 (see §2.6). Assume that (HP1),(HP2), (HS), (Hol) and (Ha2) are
satisfied. There exist constants Az > 0 and hy. > 0 such that for all h € (0, hys), the
spectrum of the operator —Ly, in the half-plane {z € C: Re z > —\3} consists precisely
of the points k2m'ch% for k € Z, which are all simple eigenvalues of Ly,.

We emphasize that A3 does not depend on h. The translational invariance of
guarantees that A = 0 is an eigenvalue of —Lj;. In Lemma [2.6.1] we show that the
spectrum of the operator L, is periodic with period 27rich%, which means that the
eigenvalues k2m'ch% for k € Z all have the same properties as the zero eigenvalue.

Our final result concerns the nonlinear stability of our pulse solution, which we
represent with the shorthand

[Uh(t)} = (U, wn)(hj + cnt). (2.2.21)

j
The perturbations are measured in the spaces ¢P, which are defined by

e o= (Ve ®RE:|V]ew:= [;Zn/j\p]; < o0} (2.2.22)

for 1 < p < oo and
(o = (Ve ®)*: [Vl = sup|Vj] < ool (22.23)
JEL
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Theorem 2.2.3 (see §2.8)). Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are
satisfied. Fix 0 < h < hyy and 1 < p < co. Then there exist constants 6 > 0, C > 0
and B > 0, which may depend on h but not on p, such that for all initial conditions

U° e 7 with |U° — Up(0)||er < 8, there exists an asymptotic phase shift 6 € R such
that the solution U = (u,w) of with U(0) = U° satisfies the bound

IU() = Tnlt+0)ller < Ce P U0 = T(0)]| (2.2.24)

for allt > 0.

2.3 The singular perturbation

The main difficulty in analysing the travelling wave MFDE (2.2.12) is that it is a
singular perturbation of the ODE (2.2.8). Indeed, the second derivative in (2.2.8) is
replaced by the linear operator Ay, : H'(R) — L?(R) that acts as

Andle) = 7 3 an(9(6+Rk) + Bl€ — hE) — 20(6)). (2.3.1)

k>0

We will see in Lemma that for all ¢ € L>®(R) with ¢” € L*(R), we have that
1}%101 |Ard — @”||L2 = 0. Hence, the bounded operator A, converges pointwise on a

dense subset of H!(R) to an unbounded operator on that same dense subset. In par-
ticular, the norm of the operator A grows to infinity as h | 0.

Since there are no second derivatives involved in (2.2.12]), we have to view it as an
equation posed on the space H!(R) x H!(R), while the ODE ({2.2.8)) is posed on the
space H?(R) x H*(R). From now on we write

H' = H'R)x H'(R),

) (2.3.2)
L = L%*R) x L3 (R).
The main results in this section will be used in several different settings. In order
to accommodate this, we introduce the following conditions.

Assumption (hFam). For each h > 0 there is a pair (i, @) € H" and a constant
¢, such that (ap, wr) — (o, Wo) — 0 in H' and &, — ¢y as h | 0.

In the proof of Theorem we choose (@, wp) and é to be (g, Wo) and ¢q for
all values of h. However, in §2.5[ we let (@, @p) be the travelling pulse (@p,wy) from
Theorem [2.2.1) and we let ¢, be its wave speed cy,.

If (hFam) is satisfied, then for § > 0 and h > 0 we define the operators

(2.3.3)

)

7o Ehd% —Ap —gu(ln) +0 1
h. —p hige +p+ 0
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and

~ d ~
— —Chge — An — gu(tin) +90 —p
Lns = ( ) dé ad s ) (2.3.4)
dé

These operators are bounded linear functions from H' to L?. We see that L), s is the

adjoint operator of ZZ,& in the sense that

(6,9). Lns(0.X)) = (Lps(d,),(6,X) (2.3.5)
holds for all (¢,4), (6, x) € H'. Here we have introduced the notation
(6,9),0,%) = (6,0)+ (¥, x)

= [ (6@)00) + vlen(@)d

— 00

(2.3.6)

for (¢,v), (0,x) € L*.

Since, at some point, we want to consider complex-valued functions, we also work
in the spaces H2(R), H}(R) and LZ(R), which are given by

HER) = {f+gilf.gc H*R)},
H{R) = {f+gilf,g € H(R)}, (2.3.7)
LE(R) = {f+gilf.ge L*R)}.

These spaces are equipped with the inner product

0.0) = J(h@)+ign@)(f) - ig())de (2.3.8)
for ¢ = f1 +ig1,v¥ = fo +igs. As before, we write
He = HUR) < HLR) .
L¢ = LZ(R)x LA(R).

Each operator L from H' to L? can be extended to an operator from H¢ to L by
writing

L(f +ig) = Lf +iLg. (2.3.10)

It is well-known that this complexification preserves adjoints, invertibility, inverses,
injectivity, surjectivity and boundedness, see for example [146]. If A € C then the op-
erators Zh7 y are defined analogously to their real counterparts, but now we view them
as operators from HL(R) x HE(R) to LE(R) x LA(R). Whenever it is clear that we are
working in the complex setting we drop the subscript C from the spaces Hé and L%
and simply write H' and L.
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We also introduce the operators £F : H?(R) x H'(R) — L*(R) x L*(R), that act
as

d d? —

L — 2 — g, 1

o= | i ae Y (o) ] (2.3.11)
-p Coge TP
and 2

P R A

o= |, coge ~ dgz — Yu(Uo) .y . (2.3.12)
Co dé + YpP

. . —+
These operators can be viewed as the formal & | 0 limits of the operators £, ;. Upon
introducing the notation

(b5 0d) = rars— (2.3.13)

Il (@6, wo) 2 ?
we see that L7 (¢, v¢) = 0 by differentiating (2.2.8)).

To set the stage, we summarize several basic properties of Eoi. The proof of this
result follows the standard procedure described in [0 Lem. 3.1] and, as such, will
be omitted. The last property references a spectral set M, on which we impose the
following condition.

Assumption (hM). The set M C C is compact with 0 ¢ M. In addition, recalling
the constant A, appearing in (HP2), we have Rez > —\, for all z € M.

In the set M will be fixed as the final region of our spectral analysis, which we
will refer to as Ry.

Lemma 2.3.1. Assume that (HP1), (HS) and (Hal) are satisfied. Then the following
results hold.

1. We have that (¢8,d) € HX(R) x HY(R) and ker(L{) = span{(¢¢, v )}-
2. There exzist (¢y ,%y ) € HA(R) x HY(R) with ||(¢g ,¥g )| gz = 1, with
(@, Wo), (60, ¥ )) > 0 and ker(Ly) = span{(¢g , ¥y )}-

3. For every (0,x) € L* the problem LT(p,1) = (0,x) with (¢,4) € H*(R) x
HYR) and <(¢,1/}),(¢§,1/}3E)> = 0 has a unique solution (p,v) if and only if
((0,x), (6§ ,%g)) = 0.

4. There ezists a positive constant Cy such that
@)@ mm < CUILT (0,9 (2:3.14)
for all (¢,4) € HX(R) x H'(R) with (¢, %), (4, ¥i)) = 0.

5. There exists a positive constant Coy and a small constant 69 > 0 such that for all
0 <0 < dy we have

(2% +8) 100 s ) < Ca 00 52 + 31030, (6F D]
(2.3.15)
for all (0, ) € L*.
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6. If (HP2) is also satisfied, then for each M C C that satisfies (hM), there exists a
constant Cs > 0 such that the uniform bound

(L5 + N0, 0 B2 xmr@) < Csll(0, )| 22 (2.3.16)

holds for all (0, x) € L& and all \ € M.

The main goal of this section is to prove the following two propositions, which
transfer parts (5) and (6) of Lemma to the discrete setting.

Proposition 2.3.2. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. There
exists a positive constant C, and a positive function h{(-) : RT — R, depending only
on the choice of (tp, wp,) and ¢, such that for every 0 < 6 < g and every h € (0, h{(9)),
the operators Zhﬁ are homeomorphisms from H* to L* that satisfy the bounds

|Zns) @0l < ChlI0,0lzz + 310X, (6T, v (2:3.17)

for all (8,x) € L.

Proposition 2.3.3. Assume that (hFam), (HP1),(HP2), (HS) and (Hal) are satisfied.
Let M C C satisfy (hM). Then there exists a constant has > 0, depending only on M
and the choice of (tp, W) and ¢, such that for all 0 < h < hpy and all X € M the

-+ . .
operator L, \ is a homeomorphism from H' to L.

2.3.1 Strategy

Our techniques here are inspired strongly by the approach developed in [6l, §2-4]. In-
deed, Proposition and Proposition are the equivalents of [6], Thm. 3] and
[0, Lem. 3.2] respectively. The difference between our results and those in [0] is that
Bates, Chen and Chmaj study the discrete Nagumo equation, which can be seen as the
one-dimensional fast component of the FitzHugh-Nagumo equation by setting p = 0 in
(2.2.1). In addition, the results in [0] are restricted to A € R, while we allow A € C in
Proposition [2.3.3] These differences play a crucial role in the proof of Lemma
below.

Recall the constant §g > 0 appearing in Lemma|[2.3.1] For 0 < § < §y and h > 0 we
define the quantities

—-—+ . —+ —+
Kooy = it (1T e+ [(hoa(6,0), 65 03] (2318)
together with N .
AT () = lirn inf A (h, ). (2.3.19)
Similarly for M C C that satisfies (hM) and h > 0 we define
—+ —=+
A (h, = inf Ly, (0, 0) ||| 3.
(hary =k a6, e (2.3.20)
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together with
(M) = limiani(h,M). (2.3.21)

The key ingredients that we need to estabhsh Propositions [2.3.2] and [2.3.3] are lower

bounds on the quantities A (6) and A (M). These are provided in the result below,
which we consider to be the technical heart of this section.

Proposition 2.3.4. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. There
exists a positive constant Cy, depending only on our choice of (tp,wy) and é,, such

that Ki((;) > Cy for all 0 < § < §g. Similarly if M C C satisfies (hM), then there
exists a positive constant Cpyr, depending only on M and our choice of (G, wy) and ¢,

such that Ki(M) > Cyy.

Proof of Proposition|2.3.4 Let § > 0 be fixed and set C{, = C% Since Ki(é) > C%,),
the definition (2.3.19) implies that there exists h{(5) such that A(h,5) > C%,) for all
h € (0, h{(0)]. Now pick h € (0, hg(9)].

First of all, Zi(; is a bounded operator from H' to L*. Since Ki(h,é) is strictly

positive, this implies that Zié is a homeomorphism from H' to its image Zi(;(Hl).
. — —* .
Furthermore, the norm of the inverse (£,j:5)_1 from Eh s(HY) C L? is bounded by

m < (. Since ﬁh s is bounded, it follows that Eh s(H ) is closed in L2.

For the remainder of this proof, we only consider the operators ZZ}(;, noting that

their counterparts Z,; s can be treated in an identical fashion.

Seeking a contradiction, let us assume that Z;(;(Hl) # L2, which implies that there
exists a nonzero (6, x) € L? orthogonal to Z;;é(Hl). For any ¢ € C°(R), we hence

obtain
0 = (Cis(6,0),(0.)
= (¢’ — An¢ — gu(tin)¢ + 6¢,0) + (—pd, x) (2.3.22)
= (¢, 0) + (¢, —Anf — gu(Un)0 + 30 — px).
By definition this implies that 6 has a weak derivative and that ¢80’ = —Ap0—g, (ap)0+
50 — px € L?(R). In particular, we see that § € H'(R).

For any ¢ € C°(R) a similar computation yields

0 = (Cys(0.9).(6,x)
= (¥,0) + (e + (vp+0)Y, X) (2.3.23)
cn(Y’, x) + (1,0 + (yp 4 9)x)-

Again, this means that x has a weak derivative and in fact ¢x’ = 0 + (yp+ d)x. In
particular, it follows that xy € H'(R).
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We, therefore, conclude that

0 = (L 45(6.9). (6,%)
= <(¢u¢)7(2;,6(67><)>

(2.3.24)

holds for all (¢,v) € H'. Since H' is dense in L* this implies that Ly, 5(0,x) = 0.
Since we already know that Z,;(; is injective, this means that (6, x) = 0, which gives a
contradiction. Hence, we must have Z;(; (H') = L?, as desired. [

Proof of Proposition [2.3.3. The result follows in the same fashion as outlined in the
proof of Proposition above. [

2.3.2 Preliminaries

Our goal here is to establish some basic facts concerning the operator Ay. In particular,
we extend the real-valued results from [6] to complex-valued functions. We emphasize
that the inequalities in Lemma [2.3.6] in general do not hold for the imaginary parts of
these inner products.

Lemma 2.3.5 ([0l Lem. 2.1]). Assume that (Hal) is satisfied. The following three
properties hold.

1. For all ¢ € L*°(R) with ¢"" € L*(R) we have 1’11?3 AR — ¢"|| L2 = 0.

2. For all ¢ € H'(R) and h > 0 we have (App,¢') = 0.
3. For all ¢,v € L*(R) and h > 0 we have (Apd, ) = (¢, Aptb) and (Apo, @) < 0.

Lemma 2.3.6. Assume that (Hal) is satisfied and pick f € HE(R). Then the following
properties hold.

1. For all h > 0 we have Re (—Anf, f) > 0.
2. For all h > 0 we have Re (Anf, f’) = 0.
3. We have Re(f, f') = 0.

4. For all A € C we have Re (A f, f') =2 (ImA)(Re f,Im f').
Proof. Write f = ¢ + it with ¢,1 € H'(R). Lemma implies that

Re <_Ahf7 f>

Re [ (= And— it (2) (6 — i) (2)d
J(~810) (@)(x) + (~Anth) () () da
(~And, 8 + (~Anth, ¥)

0.

(2.3.25)

Y
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Similarly we have

Re(Anf, f') = (=An¢, &) + (=Anh,¢)

W (2.3.26)

For A € C we may compute

Re(M,f) = Re [ (Ao(@) + Niv(@)) (¢/(2) - it/ (2) ) de
= (ReA)(d ¢) + (ImA) () — ImA) (i, &) + (Re A){, 0)
= 042 (ImA){p,9') +0

= 2 (ImA) (¢, ¢).
(2.3.27)
Taking A = 1 gives the third property. [

2.3.3 Proof of Proposition [2.3.4

We now set out to prove Proposition In Lemmas and we construct
weakly converging sequences that realize the infima in (2.3.18))-(2.3.21)). In Lemmas
)

2.3.942.3.11} we exploit the structure of our operators (2.3.3) and (2.3.4) to recover
bounds on the derivatives of these sequences that are typically lost when taking weak
limits. Recall the constant Cy > 0 defined in Lemma which does not depend on
4> 0.

Lemma 2.3.7. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. Consider
the setting of Proposition [2.3.4] and fit 0 < & < &g. Then there exists a sequence
{(hj, ®j,%;)}i>0 in (0,1) x H' with the following properties.

1. We have im;_ oo hj =0 and ||(¢;, ;)| =1 for all j > 0.

2. The sequence (6;,x;) = sz75(¢j,wj) satisfies
limj o (165,35 52 + 20850, (65 v )| = K'(0).  (2:328)

3. There exist (¢,1)) € H' and (0,x) € L* such that (¢;,v;) — (¢,v) weakly in H'
and such that (0;,x;) — (0, x) weakly in L? as j — oo.

4. We have (6;,45) = (6,) in L2,o(R) x L2, (R) as j — .

5. The pair (¢,1) is a weak solution to (Z&Ir +0)(o,0) = (6, x).

6. We have the bound

(&, V) ey (m) < CQK+(6). (2.3.29)

The same statements hold upon replacing Zi(;, A and Z§ by Ly 5, N and L, .
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Proof. Let 0 < § < dp be fixed. By definition of K+(5) there exists a sequence
{(hj, ¢j,%4)} in (0,1) x H' such that (1) and (2) hold. Taking a subsequence if
necessary, we may assume that there exist (¢,v) € H' and (,x) € L? such that
(¢j,%5) — (¢,2) in L2 (R) x L% _(R) and weakly in H' as j — oo and such that
(05,x5) — (0, x) weakly in L2. By the weak lower-semicontinuity of the L%-norm, we
obtain

10, ) Iz + 310, (65,05 N < K7 (8). (2.3.30)
For any pair of test functions ((1,¢2) € C°(R) x C°(R) we have

(0;,x7), (C1.C2)) = (L, 5(65,), (C1,C2))

Y (2.3.31)
= ((95,%5), Ln,; 5(C1,C2))-

Since g is a bounded function, the limit @, — %o — 0 in H' implies that also @, — o

in L*. In particular, we can choose A’ > 0 and N > 0 in such a way that || < N

and [ug| < N for all 0 < h < h'. Since g, is Lipschitz continuous on [—N, N], there is a

constant K > 0 such that |g,(z) — gu(v)| < K|z —y| for all z,y € [-N, N]. We obtain

tn lga @) = gu @3 = Tim [(gu(in) — gu (o) Pd

lim [ K2(d), —ao)2%dx

1@0 22 ~( B 02) (2.3.32)
i [ — o[z

0,

INCIN

together with

li i — a.(u < 1 un) — Gu (i
lim lgu(@n)C1 — gu(To)Cille < i €1l ool g (@n) — gu(To)|| 2 (2.3.33)
= 0.

Furthermore, we know that ¢, — ¢o as h | 0, which gives

. ~ /. / — . ~ !/ !
lhlﬁ} et — coCillze lﬁfg len¢s — coallre (2.3.34)
= 0.
Finally, Lemma implies
. " —
1}%?{} ARG = ¢{le2 = 0, (2.3.35)
which means that
1Lh,5(C1,G2) = (Lo +0)(Ci Gz — 0 (2.3.36)

as j — o0o. Sending j — oo in (|2.3.31]), this yields

((0,x),(C1,¢2)) = {(9,4),(Ly +0)(C1,¢2))- (2.3.37)
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In particular, we see that (¢,1)) is a weak solution to (Z&Ir +9)(¢,9) = (6, x). Since
o€ HY e L? e L?and

¢ = cod — gu(Uo)p+ ¢+ — 0, (2.3.38)

we get ¢’ € L? and, hence, ¢ € H?. Since we already know that 1y € H', we may
apply Lemma |2.3.1| and (2.3.30]) to obtain

1& W)l mz@yxme < Call(@, X)Lz + 51((0, %), (69, %0 )]
Coh T (6).

A

(2.3.39)

IN

The next result is the analogue of Lemma for the setting where we are con-
sidering a spectral set M C C that satisfies (hM). The proof is omitted as it is almost
identical to that of Lemma [2.3.7] We recall the constant C5 > 0 from Lemma [2.3:1]
which only depends on the choice of the set M C C.

Lemma 2.3.8. Assume that (HP1),(HP2), (HS) and (Hal) are satisfied. Let M C C
satisfy (hM). There exists a sequence {(\;,hj, ¢j,1;)} in M x (0,1) x H" with the
following properties.

1. We have lim h; =0, lim \; = X for some A € M and ||(¢;,¢;)||m =1 for all
j—00

) j—00
j.
) —+ .
2. The pair (0;,x;) = ﬁhj,/\j(qﬁj, ;) satisfies

T

Jim (165,00l = A (M). (2.3.40)

3. There exist (¢,1) € H" and (0, x) € L* such that as j — 0o (¢,%;) — (¢,%) in
L} (R) x L% _(R) and weakly in H' and such that (0;,x;) — (6, x) weakly in L*.

loc loc

4. The pair (¢,v) is a weak solution to (Za_ + A (o, 0) = (6, ).
5. We have the bound

(&, V)2 @yxmr@®) < CsA T (M). (2.3.41)

The same statements hold upon replacing Z;;,\j, AT (M) and ZJ by Z;/\j, A and L, .

In our arguments below, we often consider the sequences {(h;,¢;,1;)} and
{(N\j,; hj, ¢j,%;)} defined in Lemmas and in a similar fashion. To streamline
our notation, we simply write {(\;, h;, ¢;,1;)} for all these sequences, with the under-
standing that A; = § when referring to Lemma As argued in the proof of Lemma
it is possible to choose h > 0 in such a way that

¢ = inf = |en] > 0,
Oshsh i (2.3.42)
gx = SUP0<h§E”gu(uh)”oo < 0.



2.3. THE SINGULAR PERTURBATION o1

By taking a subsequence if necessary, we assume from now on that h; < h for all j.

It remains to find a positive lower bound for ||(¢,)]|r2. An essential step to ac-
complish this is to keep the derivatives (¢’ v’) under control. This can be achieved by
exploiting the results for Ay, derived in §2.3.2]

Lemma 2.3.9. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. Consider
the setting of Proposition[2.3.7) and Lemma[2.3.7 or Lemma[2.5.8 Then there exists a
constant B > 0, depending only on M and our choice of (tp,wy) and ¢, such that for
all j we have the bound

B|l(¢5,¢i)llz = Ell(¢5, ¥)IIT2 — 4105, x5)l17e- (2.3.43)

Proof. We first consider the sequence for A Using Z:ﬁ)\j(qﬁj,vﬁj) = (0;,x;) and
Re (An;¢j,¢5) = 0 = Re(¢;,d;) = Re(¢;,¢), which follow from Lemma we
obtain
Re ((0;.x). (¢,0)) = Re(Ly, x, (0,95). (#).4})
= Re(Cn; ¢} — An; 5 — gultn,)d; + Ajdj + b5, )
+Re (—po; + Cn, v + vpib + Njiy, )
= &, |0 1172 — Re(gulln,) oy, &) + Re (5, ¢)
+Re (\jd;, ) — pRe (¢;, 1))
+en, 1951172 + Re (e, ¥5)
= o, (85, i3z — Re (gultn,)bj, ¢5) + (1 + p) (), ¢5)
+Re (Aj(d5,95), (¢,15))-
(2.3.44)

We write Apax = ¢ in the setting of Lemma Or Amax = max{|z|: z € M} in
the setting of Lemma We write

G = Amaxll(¢5, )2 ll(8}, V)2 + gulldjll 2 165, ¥5) e (2.3.45)

Using the Cauchy-Schwarz inequality, we now obtain

G > Amaxll (25, ¥3) L2 (85, ¥5) Lz + [lgu(@n, )l L=l @5l L2 195 2

> sign(en,)( — Re (N (85,9), (6),))) + Re (g (iin, )65, 9))

= sign(n, ) (en, (65, )12, + (1 + p)Re (5, 6}) — Re {(8;,X,), (9}, ¥))))
> (e, 1665 )IZs = (1 o)l lzellég e — 1065, e (0], ) e

> (6582 — (L p) sl 165, 9l — 1853 el (@) ) e

(2.3.46)
This implies

(@ ¥iliee < gelldjllne + (L + p)l[wsllee + 1165, x5) luz + Amaxl| (5, %) (L2
(2.3.47)
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Squaring this equation and using the standard inequality 2uw < p? + w?, this implies
that

@5 ¥lE: < 4g2l165l172 + 41+ p)? 145117

(2.3.48)
40105, %) 172 + ANl (5, 95) 172

In particular, we see

4(max{g2, (14 )%+ M (03 )12 = 2165w 12 — 41165, x5) 12
(2.3.49)

We now look at the sequence for A . Using L, 5 (¢;,%;) = (6;, x;) and Re (A, ¢, ¢}) =
0 = Re(¢;,¢;) = Re (15, v}), which follow from Lemma we obtain

Re ((0;,x7): (¢,97)) = Re(Ly, x,(85,%5), (¢},97))
= Re(—Cn; &) — Ap; &5 — gu(Un)dj + Njdj — pij, @)
+Re (¢ — Ent + v + Ay, 05)
= i, [195117: — Re (gu(@n) ey, ¢;) — pRe (15, ¢)
+Re (\jdj, ;) + Re (¢5,95)
—Cn, 51172 + Re (Ajabj, %)
= i, 105, ¥5) 152 — Re{gu(@n)dy, &) + (1 + p) {5, )

+Re (Nj(d5,95), (95, ¥5))-
(2.3.50)
We write

G = Amaxll(@5, i) ll2ll(85, ¥) Lz + gelldjll L2 1(8], ¥5) e (2.3.51)

Using the Cauchy-Schwarz inequality we now obtain

G > Al (65,8 Iz 105 ¥l + g in, )l oe 165122165 22
> —sign(n,) (— Re (% (65, ,). (¢},4))) + Re {guiin,)6;.)))
— —sign(@n,) (= &, 10 )2 — (L+ p)Re (5. 6) — Re (65,3:). (. ¥))))
> (18 0112 — (1+ pIsllaalldhlize — 11065, x5) 2 () )l
> (@5 ¥ — X+ Pl lle2ll(8), ¥ Iz — 1105, x5) Lz [l (85, ¥7) e
(2.3.52)
This is the same equation that we derived for At Hence, we again obtain
Bll(¢5, ¥)lf2 = (@5 ¥l — 405, x5) 1z, (2.3.53)

where
B = 4(max{g% (1+p)} + N ) (2.3.54)
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The next step is to show that the L%-mass of ¢; can be concentrated in a compact
interval. We heavily exploit the bistable structure of the nonlinearity g to accomplish
this. Moreover, we are aided by the fact that the off-diagonal elements are constant,
which allows us to keep the cross-terms under control. In fact, one might be tempted

to think that it is sufficient to note that the eigenvalues of the matrix ( :‘Z u(0) ip )

all have positive real part, as then one would be able to find a basis in which this matrix
is positive definite. However, passing over to another basis destroys the structure of
the diffusion terms and, therefore, does not give any insight.

Lemma 2.3.10. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. Consider
the setting of Proposition[2.3.7] and Lemma[2.5.7 or Lemma[2.3.8 There exist positive
constants a and m, depending only on our choice of (ap,wy), such that we have the
following inequality for all j

Hato) [ fos@ltde = (dminfo. 07) 4 A (6500 s
z|<m
1
—smmga oy 105 X0)lIz2 — B”(vaXj)”(%;é .
Here we write Apin = 0 in the setting of Lemma Or Amin = min{Re\ : A € M}
in the setting of Lemma(2.3.8 together with

_ 1-p 1
b= ST (2.3.56)

Proof. Again we first look at the sequence for A", We know that Up—To — 0in H' as
h | 0. Hence, it follows that @y, —ug — 0 in L and, therefore, also g, () — g, (o) — 0
in L*> as h | 0. By the bistable nature of our nonlinearity g, we can choose m to be a
positive constant such that for all & € [0, ] (by making h smaller if necessary)

MmNz >m [—gu(Un(7))] > a = %ro > 0. (2.3.57)

Here 79 is the constant appearing in the choice of our function g in (HS). Then we
obtain, using Re (¢}, ¢;) = Re (¢},%;) = 0 and Re (—Ap;¢;,¢;) > 0, which we know
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from Lemma that

Re (6, ;) (65,4)) = Re(Ly 5 (67,%5), (65,9;)

> Re(—gultn;)9j, ¢5) + Re (1, d5)
—pRe (15, 85) +vpll¥il172 + Aminll (85,4512

> minjg s {—gu(ln, ()} [ 5, 165 (2)[dz
~[Igu(@n, )|l o |w\‘£m |5 (2)[Pdz + (1 — p)Re (¥5, 6;)
0015122 + Aminl (5, 0)]12

> algill: —(a+g.) [ loi(@)Pde+ (1 — p)Re vy, b))

lz|<m

H1ol¢51172 + Aminll(65, ¥5)1I-
(2.3.58)
We assumed that 0 < p < 1 so we see that 1_;; < 0. We set

+ 1
Bj T 4z 3vptvptRe )’ (2.3.59)

Now we obtain

Re (x;,v;) < IIXmellwg'HLz
T T Pl 250 90+ Re )l
< 1= ,,ﬂlererRe)\ 151172 + (25370 +vp +Re X)) ly]172
= B/ lIxil7= + (25570 + 70+ Re Aj)l|4;7--
(2.3.60)
Note that the denominator 4(ﬁ§'yp +vp + Re )\;) is never zero since we can assume
that A, is small enough to have Re \; > —A, > —vyp. Using the identity
Xj = —pPj 0+ py 4+ Aty (2.3.61)
and the fact that Re (¢}, ;) = 0, we also have
Re(x;,9;5) = —pRe(d;,95) + (vo +ReXj)||v;ll7 (2.3.62)

Hence, we must have that

(1= p)Re(g5,0) = 22(=Re (x5, 65) + (9 + Re ) [45]22)
(= BFIxG13s = (25 370 + 70 + Re Xy) 113

+(vp+ Re X513 )
= 2255513 — Svplgsle.

Y

(2.3.63)
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Combining this bound with (2.3.58]) yields the estimate
Re ((05,%,), (¢5,%5)) = allgjlli. —(a+g) [ [6j(x)dz+ (1 - p)Re (¥, ;)

lz|<m

0l 172 + Aminll(65, )17

> allll7. - (a+g*)‘ lf |6;(2)|dw
z|<m
+37Pl95 1172 + Aminll (@7, 951> = 5287 X172
(2.3.64)

We now look at the sequence for A . Let m and a be as before. Then we obtain,

using Ly, 5 (¢5,%5) = (05,%5), Re (¢, ¢5) = Re (¢, ;) = 0 and Re (=Ap,dj, ;) > 0
that

Re (( J7XJ) (¢J7wj>> = Re<zi:j,6(¢j7wj)7(¢jij)>

> Re(—gu(in)dj, ¢;) + (1 — p)Re (¢}, d;) (2.3.65)
+pllei 172 + Aminll (65, ¥5) 122
We set - X
B = 4(5 Ty +typtRe ;) (2.3.66)

Arguing as in (2.3.60) with different constants, we obtain
Re(0;,05) = —0;llc2l16;ll2>
> —iarreny l0ill7: — (a+ Redj) ;117 (2.3.67)
= =B 10;l17: — (a+ReX;)|l¢]l7:-

Note that the denominator 4(a + Re \;) is never zero since we can assume that A, is
small enough to have Re \; > —\, > —a. Using the identity

Qj = _éhj (ﬁ; — Ah¢j — gu(ﬂh)cﬁj =+ Aj¢j — p¢j (2.3.68)
and the fact that Re (¢}, ¢;) = 0, we also have
Re eadj = Re(-A ¢a¢ + Re (- u U (]S,d)
<J J> < h®j J> < g ( h) j J> (2.3.69)

+Re ;19|72 — pRe (b;,15).
Hence, we must have that
(1 —p)Re(g;,¥;) = 1_Tp ( —Re(b;,¢;) + Re (—Anopj, ¢;5)
+Re (—gu(tn)g;, ¢;) + Re >\j||1/fj||2L2)
15 (= 816,122 — (a+Red;) 5113
+Re (—gu(tin)9;, ¢;) + Re >\j||1/)j||%2)

= 22 ( = 871013 — allgs 3 + Re (~gu(@)d5, ).
(2.3.70)

v
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Combining this with the estimate (2.3.65)) and noting that “Tp +1= % yields

Re ((05,%5): (85,95)) = sRe(=gu(@n)es. d;) + Aminll (05, ¥5) 172
+rollel3. — at52165117. — 5255 105113

> L (mingeysm{—gu(@0 (D)} fiy5, 105 Pde
lguin)lle [ 1652z + Aminll(@5,05) 25
\:v\<m
+ollvil3: — atSL 6517 — L85 1105112
> allgjlz: = s(a+gs) [ 1oilPdz +ypllel7a
|z|<m
Fmin [l (05, 95) 132 — 52685 1105113
(2.3.71)
Upon setting
_ 1— : 1 1
p = Tpmm{ 425 37p+7p+FAmin) * 4(a+Amin) }’ (2.3.72)

we note that 17—”,6;" < B and I*Tp ,Bj_ < B for all j since p < 1 and since B;f and ﬂj_ are
maximal for Re A\ = A\in. Therefore, in both cases, we obtain

pate) [ Vst@lde = al;ls + sovivilh: - Redy ). (65, 45)
) =B, x|z + Aminll (5, 95) 172
(minfa, 37} + A )15 )13

95.x5)llp2 :
— s fmin{a, 37 (6. ¥3) s
=518 X))l

Y

(2.3.73)
and thus, again using the inequality 2uw < p? + w? for p,w € R,

Yatg) [ 1o5@)Pde = (minfa, 3oy} + Auin ) 165, 65)12

|z|<m
Sy e (RPN
—Lmin{a, 2oy }(¢5,95) 1122 — BII(B5, X522
= (3minfa, 5o} + Auin ) (05, 6 2

~ sy 105, X3 = B ]7xj>||L(2, |
2.3.74
as desired. -

Lemma 2.3.11. Assume that (hFam), (HP1), (HS) and (Hal) are satisfied. Consider
the setting of Proposition and Lemma or Lemma|2.3.8. There exist positive
constants Cyq and Cs, depending only on M and our choice of (tp,wy) and ¢, such
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that for all j we have
La+g) [ 183(@)de > Co—Cs(85, %)% (2.3.75)

lz|<m

Proof. Without loss of generality we assume that %min{a, % Y} 4 Amin > 0. Write

i ir 71 +Amin
§ o= % (2.3.76)

Adding p times equation (2.3.43)) to equation (2.3.55|) gives
Slat+gs) [ loi(@)Pde > pcZ||(¢5,95)Ee — 4ull (95, x5) 13

jal<m
+z(min{a, 507} + Amin) (65, ¥5) 17 (2.3.77)

o 2(min{a,%1pfy}+)\min) 1065, x5) H%?
—BI1(05, x5) 12 — Bull(¢5,%5)lI3--
We hence obtain
%<“+9*)‘ |£ |9j(x)Pde > —Cs]1(0,x5) 152 + nez (8, ¥5)13 2
_ +3(min{a, 5pv} 4+ Amin) (65, ¥5) 7. (2:3.78)
—Bull(¢5,%5)I11:

where

_ 1
A e (2.3.79)
> 0.
This allows us to compute
Ya+g) [ l6@)de

x| <m

Y

—Cs1(05, x5) 72 + ne (5, )17
+3(min{a, 307} + Amin) (65, ¥5) 17 2
=Bl (65, ¥5)lIE
= —Cs]l(05, x5)|If2 + pe2ll (8}, ¥5) 2 (2.3.80)
+(uled + B) = Bu)ll(¢5,%5) 122
= ucEll(d5, ¥)llg — Csll(85,x5) 17
= Cy—Csll(95,x5) 1132
where Cy = uc? > 0. n

Proof of Proposition [2.3.4) We first choose 0 < § < §p and consider the setting of
Lemma Sending j — oo in (2.3.75)), Lemma [2.3.7] implies

—+ .
Cy—CsA (6 < 04_05j1g20H(9j7Xj)Hi2

< slat+g) [ lofde

1 ol (2.3.81)
< Slat g)ll@ 2 my ()
< La+g)CEKT(6)2.
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Solving this quadratic inequality, we obtain

—-—* C
> P 2 S
AQ) =/ 1agee (2.3.82)

= (Co.
The analogous computation in the setting of Lemma [2.3.8] yields

<t Cy
KM 2\ i Sere (2.3.83)

= CM

2.4 Existence of pulse solutions

In this section, we prove our first main result, Theorem|[2.2.1] In particular, we construct

solutions to (2.2.12)) by writing
(tn,wn) = (o, Wo) + (Pn,¥n) (2.4.1)

and exploiting the linear results of Here (o, W) is the pulse solution of the PDE
(12.1.1).

The arguments presented in this section are strongly reminiscent of a standard proof
of the implicit function theorem. However, the singular nature of the h | 0 limit requires
some minor adjustments pertaining to the linearisation that is used. In particular, we
fix a small § > 0 that will be determined later and consider the linear operator

L, H'Y = 12 (2.4.2)

defined by

d —

coge — An — gu(to) +6 1

Lis = T 0 s 1 (2.4.3)
P Co d€ + P +

This operator arises as the linearisation of (2.2.1)) around the pulse solution (U, W)
of (2.1.1)). A short computation shows that our travelling wave triplet (cp, ¢n,¥n) €
R x H" must satisfy

£Z,5(¢h7¢) = R(ch7¢h7wh)u (244)

where

Ric,¢,9) = ((CO —o)(@ +¢') + (A — %)ﬁo + 3¢ + N (T, ¢), (co — ) (W + 1//))
(2.4.5)
Here we have introduced the nonlinearity

N(to,¢) = g(to + ¢) — g(to) — gu(To)¢- (2.4.6)
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Corollary 2.4.1. Assume that (HP1), (HS) and (Hal) are satisfied. There exists a
positive constant Cy and a positive function ho(-) : RT — RY such that for all § > 0
and all h € (0,ho(0)), the operator E;’é is a homeomorphism for which we have the
bound

1) 00 < Coll(0,X)lz2 (2.4.7)
for all (0,x) € L* that satisfy (6, x), (¢5 %)) = 0.

Proof. This is immediate by choosing (up,w,) = (T, Wo) and é, = ¢ for all h in
(hFam) and applying Proposition m [

Let 1 be a small positive constant to be determined later. We define

Xy = {(@v) eH (6, 9)m <0} (2.4.8)

For every (¢,1) € X,,, we define ¢, = c(¢, ) to be the constant

_ (Anuo—ug ,¢q ) +6{¢,$g )+ (N (To,¢),05 )
en($) = o+ (2.4.9)

When this expression is well-defined, this choice ensures that

We define T': X,, ¢ H' — H' by
T(p.0) = (Lif5) "Rlcn(e,v), ¢, 9). (2.4.11)

Our goal is to show 7" maps X,, into itself and is a contraction, since then the fixed
point (¢n, 1) leads to a travelling pulse solution of (2.2.12)) via (2.4.1) and (2.4.9)).

Exploiting (2.4.10)), Corollary implies that there exists a constant Cy > 0 such
that for all ¥ = (¢, ) € X,, we have the bound

IT(@)ler < CollR(en(¥), ¥)||Le, (2.4.12)
while for all ¥1 = (¢1,91), Vs = (¢2,%2) € X,, we have the bound
[T(¥1) = T(P2)[ler < CollR(en(W1), ¥1) — Ricn(V2), ¥a)l|pe. (2.4.13)

In the remainder of this section we, therefore, set out to estimate the right-hand
sides of (2.4.12)) and ([2.4.13]). We start by estimating the nonlinear term N (uy, -).

Lemma 2.4.2. Assume that (HP1), (HS) and (Hal) are satisfied. Then there exists
a constant K > 0 such that for all 0 < n < 1, (¢,¥) € X,,(¢1,¢1) € X,, and
(p2,12) € X,, we have the pointwise inequalities

W (o, ¢)] < Knlgl,

(2.4.14)
N (o, p1) — N (o, p2)] < nK|p1 — ¢al.
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Proof. To estimate the nonlinear term N (T, ¢), we first recall the embedding ||¢]| L~ <
[¢lla: < m < 1for every (¢,9) € X,). Setting K = max{6, sup|,<|m,|.. [Juu(s)|}, a
Taylor expansion around g allows us to obtain the pointwise inequalities

W (@0, 9)| = | —g(to+ ¢)+ g(do) + gu(To)|
= | = 9(@) — ¢gu(To) — 56> guu(§) + 9(to) + gu(To)|
= | = 36%9uu(€)] (2.4.15)
< Kn|gl
< Kmnlgl,

where ¢ is between uy and ug + ¢. Note that g, = 6 is constant. Furthermore, for
(p1,91) € X, and (p2,v2) € X,;, a Taylor expansion around Uy yields the pointwise
inequalities

N (@0, 61) = N (@0, 02)| - = | = 9(To + 61) + g(Ti0) + 9u (o)1
+9(uo + ¢2) — g(to) — gu(ﬂo)ébz’

| = $0uu(10)63 + 3900 (@0)83 = $9uua(61)6% + §guun (2)03

< lgun(@)l[|01llgr — éal + |6alldr — o]
+o1ll67 — B3|+ |P1 — dal| 3]
< %%K[qusl - ¢2|} + 77[277|¢1 - ¢2|} +12|d1 — ¢of
< nK[gr — éal,
(2.4.16)
where & is between uy and ug + ¢1 and &5 is between ug and wg + ¢o. [ ]

Pick (¢,v) € X,. Recall that we chose (¢, ) so that ((¢q %y ), (T, wy)) > 0.

Let s > 0 be defined as X
M o NN, (2.4.17)

For notational compactness, we write
o(¢, ) = (U, dg) + (&', g ) + (W, g ) + (¥, ) (2.4.18)
for (¢,v) € X,,. We also write
no = min{l,s 1} (2.4.19)

Lemma 2.4.3. Assume that (HP1), (HS) and (Hal) are satisfied. Fiz 0 < n < ng.
Then for all U = (¢,v) € X, U1 = (¢1,¢1) € X, and ¥y = (p2,12) € X,, we have the
bounds

0 < [o(U)]t < s, (2.4.20)
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together with
o(W1) —o(¥2)| < (|07 — W5 (2.4.21)

Proof. Using Cauchy-Schwartz, we obtain that

a(g,) = (Uy ¢g) + (@00 ) + (W, 1g ) + (V')
> 257+ (¢, 0), (0, ¥y
(¢, ¢"), (%0, %0 )) (2.4.22)
> 2571 -
> sl
which yields (2.4.20)). In particular we see that
st S s (2.4.23)
The remaining inequality (2.4.21)) follows immediately from Cauchy-Schwarz. [ ]

Lemma 2.4.4. Assume that (HP1), (HS) and (Hal) are satisfied. Recall the constant

K from Lemma and the constant s from . Then for all 0 < n < 19,
Ve X, ¥ X, and ¥y € X;, we have the inequality

len(0) — co| < s(HAhHO — @ + O+ Kn2), (2.4.24)
together with

en(@1) = en (W)l < sl 01— ol (5] Anio — Tllze + 205+ Kn)).  (24.25)

Proof. By ([2.4.20) we have that [o(¥)]~! < s for all ¥ € X,. By definition of ¢, (¥)
and Lemma [2.4.2] we obtain for all ¥ = (¢,v) € X,, that

e (1) — | = ‘(Ahﬂo—%/#’(;>+5§?’$3>+(/\/(Hoa¢)7¢3>
< sl(Biio — T, 65) + (6, é5) + (N (7o, 6), 65 )
< s (1T — @ lrllgg llze + oIl e llég llze) + sKnllallzs
< s (1T — @l (@ 05 ) e + o8l zell(65 v )liee) + sKnllollzs
= s(I1anm — Tl 22 + 86le + Knll o2
< s(llantio = lle + (5 + Kn)n).

(2.4.26)
For notational compactness we write

d(¥) = (Anto — g, ¢g ) + (¢, ¢g ) + N (o, 0), &g )- (2.4.27)
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Then we obtain with (2.4.20) that for all U1 = (¢1,v¢1) € X, and ¥y = (d2,v2) € X,

d(¥1) _ d(¥2)
o(¥1)  o(¥2)

’ d(¥1)o(U3)—d(¥2)o(¥;)
o(¥1)o(Va)
|d(P2)]|o (V) =0 (¥1)|+|d(P1)—d(T2)||o(¥s)]
lo(T1)]lo(W2)]

< $2d(0a)l|o(W2) — o (V1)] + s]d(¥1) — d(¥2)].

len (1) —en(V2)| =

(2.4.28)

<

Observe, using Lemma that

|d(P2)] < [|ApTo —Tg |l 2 + 6| P2l 22 + |V (To, d2) || L2
< [|Apto — g |2 + 0n + Knl|¢2| 2 (2.4.29)
< |Anto —ag |2 + o0+ Kn?
and
|d(¥1) —d(Vy)| < by — b2z + [|N (to, ¢1) — N (To, #2)| 2
< Sl — d2llz +nK|¢1 — P22 (2.4.30)
< (04 Kn)llér — g2l L2

Using Lemma we hence see that

len(W1) = en(V2)] $2[d(¥2)||o(V2) — o (W) + s[d(P1) — d(T2)]

IA

IN

5? (Il anTo — |2 + 61+ Kn? ) lo(¥2) — o (1)
+s(0+ Kn)[[or — 2| L2

5? (Il anTo = Tllzz + 6+ Kn?) |0y — Wsllgn
+5(6 4+ Kn)l[¢1 — 2 2

Iy = Wallens (sl AnTio — g 12 + (6 + Kn)(1 + s))

Iy = Wallgrs (sl AnTo — g2 + 206+ Kn)).

IN

IN

IN

(2.4.31)

Lemma 2.4.5. Assume that (HP1), (HS) and (Hal) are satisfied. Recall the constant

K from Lemma[2.4.9 and the constant s from . Then for all 0 <n < ny, ¥ €
X, ¥ € Xy, and Yy € X, we have the inequality

IREn(®) Wl < [1+s(abllee + T2 +n) | [1AnT0 Tl + o0+ Kor?],
(2.4.32)
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together with
IR(en(W1), B1) = R(en(¥2), Wa)llze < 193 — Wall g (24 26 + sl s + w2 )

X (s||Ahﬂo — || e + 205 + Kn)).
(2.4.33)

Proof. For any ¥ = (¢,¢) € X,, Lemma together with the definition of
R(cp(P), ), allows us to estimate

IR(n(©), D)llz < leo = en(W)|([T@pllzz + 19/ 122 ) + 1 AnTo — T 22 + 6 + Kn?
+leo = en(®)] (I@pllzz + 1)1 22)
<

s(I1 Ao = g2 + on+ K ) (b 22 + @]l 22 + )
+[[AnTo — gl 2 + on + Kn?

[1+ s (Iaallze + whlce + )] [1AnTo —Tgllre + o0 + K2
(2.4.34)
For W1 = (¢1,¢1) € X, and ¥y = (¢2,12) € X,, we write

d(\l/hqu) = ||R(Ch(\111),\1/1) 7R(Ch(\P2),\IJ2)HL2. (2435)
Substituting , we compute
AW, W) < {|((eo = en(@))(0 — 6) + (en(Ws) = (W)l — 1)
361~ 62) + (N (@0, 62) = N (7o, 61))|

y
[(eo = en(@1) (@1 = 0) + (en(¥1) = en(W2)) @t - v1) |
< (len(w1) = col + 8+ Kn) |61 = éall
(bl + ) en(®1) = e (W2)| + [en(W1) = ol = allan
(I l12 + ) |en (1) = en(w2)]:
(2.4.36)

Another application of Lemma, yields the desired bound
a1, W) < (s(IAnTo — e + 6+ K)n) +8+ Kn)llé1 = 62/l
(b2 +m)sl 101 = Wollen (sl| Anio — Tllzz +2(0 + Kn))
(11 An0 — aglls + (6 + Kn)n ) [ = ol

(b2 +m)s? |91 = s len (180T — |2 +26(6 + K) )

IA

191 = Wl (2+ 25+ sl@b |2 + slwh)122)

x (sHAhao — || pe + 205 + Kn)>.
(2.4.37)
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With these estimates in hand, we can choose our parameters ¢ and 7 to ensure that
the map T maps X, into itself and is a contraction. This allows us to prove our first
main theorem.

Proof of Theorem [2.2.1 We let

Cs = max{Co(l + s|[@h |z + sl@h| 2 + s),C’o(4 + s|@ |2 + s||mgHL2) }
(2.4.38)
which is independent of §, h and 7 € (0, s~!]. Using Lemma together with
and (2.4.13), we see that for all 0 < n < o, ¥ = (¢,¢) € X,,,¥1 = (¢1,¢1) € X,, and
Uy = ((ﬁg,’l/]g) S ,X77 we have

I7@) I < Co(llAnTo — ez + 80+ Kn?) (2.4.39)
and
IT(@) = T()lle < Co(sAnto — Tl +2(6 + K) ) [ ¥1 = Wollg.  (24.40)

We fix

5=
8¢ ) (2.4.41)
n = mln{no,m},

so that indeed 1 < n9. Using the notation from Corollary we pick 0 < hy < ho(0)
in such a way that

SUPpe(0,n.) [ AnT0 — T llz2 < g (2.4.42)

Then we see for h € (0, h,) that

1Tl < Co(||AwT0 = g |12 + 00 + Kn?)
1 1
< 7
and
IT) =Tl < Co(sll Ao =T + 205+ K) ) 191 = allen
< cﬁ(sﬁw(ﬁjwm))ml_\112||H1 (2.4.44)
< 2wy — Wyl

In particular, 7" maps X,, into itself and is a contraction. The local uniqueness of the
family (cp,up,wy,) follows directly from the uniqueness of fixed points of contraction
mappings. This completes the proof. ]
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2.5 The point and essential spectrum

In this section, we discuss several properties of the operator that arises after linearising
the travelling pulse MFDE around our wave solution (@p,wp). The main goals
are to determine the Fredholm properties of this operator. In particular, we show that
both the linearised operator and its adjoint have Fredholm index 0 and that they both
have a one-dimensional kernel. Moreover, we construct a family of kernel elements of
the adjoint operator that converges to (¢ , %, ), the kernel element of the operator £, .

P1ck 0 < h < min{h,,h}, where h, is given in Theorem and h is characterized
by . We recall the operator Ly : H' — L2, mtroduced in which acts as

4 Ay —gu(@) 1
Ly = [ Cde—An— @) L . (2.5.1)
-P Chgg 7P
In addition, we write L, : H' — L? for the formal adjoint of Lj, which is given by
—orL A, — g (T —
LZ _ Ch dé h gu(uh) P ., ' (252)
1 —Chgg TP

We emphasize that L; and Lj correspond to the operators Z;;O and L}, , defined in
§2.3 respectively upon writing

(U, @n) = (Un,Wn),
| (2.5.3)
Ch = cp
for the family featuring in (hFam). Finally, we introduce the notation
o = (of.0f)) = m(ﬂﬁwwﬁﬁ
o = (é9.%0) (2.5.4)
®y = (¢0,%0)-

The results of this section should be seen as a bridge between the singular pertur-
bation theory developed in §2.3] and the spectral analysis preformed in Indeed,
one might be tempted to think that most of the work required for the spectral analysis
of the operator L; can already be found in Proposition and Proposition [2.3.3
However, the problem is that we have no control over the §-dependence of the interval

(0, h(6)), which contains all values of h for which Ly + 6 = 2275 is invertible. In par-

ticular, for fixed A > 0 we cannot directly conclude that f; s is invertible for all ¢ in a
subset of the positive real axis.

Our main task in this section is, therefore, to remove the é-dependence and study
Ly and Lj directly. The main conclusions are summarized in the results below.

Proposition 2.5.1. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. Then
there exists a constant X\ > 0 such that for all X € C with Re A > —Xand all 0 < h <
min{h,, h} the operator Lj, + X is Fredholm with index 0.
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Proposition 2.5.2. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. Then
there exists a constant hy, > 0, together with a family ®, = (¢, ,¢~) € H', defined
for 0 < h < hu, such that the following properties hold.

1. For each 0 < h < h,, we have the identities

ker(L,) = span{®;}
; (2.5.5)
= {VelL :(¥,0)=0 for all © € Range(L})}
and
ker(Ly) = span{®,
(£3) ¢ Z} (2.5.6)
= {VTelL:(¥,0)=0 for all © € Range(Ly)}.
2. The family ®, converges to ®; in H' ashlO0.
3. Upon introducing the spaces
X, = {6cH:(d,,0)=0} (2.5.7)
and
Y, = {0@€L’:(®,,0)=0} (2.5.8)

the operator Ly : X, — Y}, is invertible and there exists a constant Cyunir > 0 such
that for each 0 < h < hy, we have the uniform bound

L5, By, x0) < Cunit- (2.5.9)

A direct consequence of these results is that the zero eigenvalue of Ly, is simple. In
addition, these results allow us to construct a quasi-inverse for Lj that we use heavily

in and
Corollary 2.5.3. Assume that (HP1), (HS), (Hal) and (Ho2) are satisfied. Then for
any 0 < h < hy, the zero eigenvalue of Ly, is simple.

Proof. We can assume that (®,, <I>Z> % 0 for all 0 < h < h., since by Proposition

(@, , @) = (P, Pf) # 0. Equation (2.5.6) now implies that ®; ¢ Range(Ly),
which together with (2.5.5)) completes the proof. L]

Corollary 2.5.4. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. There
exist linear maps
I - R
. (2.5.10)
™. rr - H,
such that for all © € L? and each 0 < h < hyx the pair

(1, ¥) = (w6, Ly"e) (2.5.11)
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18 the unique solution to the problem
Lpy¥ = ©+~9) (2.5.12)
that satisfies the normalisation condition

(®,,0) = 0. (2.5.13)

Proof. Fix 0 < h < hy, and O € L2 Upon defining

. ,0
,-Yh[@] = _<;*h (I)+>)7 (2514)

h’>"h

we see that O+~ [@]@; € Y},. In particular, Proposition implies that the problem

Lpy¥ = ©+7,[0)0) (2.5.15)
has a unique solution ¥ € X}, which we refer to as inm@. n

The results in [68], 130] allow us to read off the Fredholm properties of L, from the
behaviour of this operator in the limits & — foo. In particular, we let Lj o, be the
operator defined by

d . _
e — Ap — lim gy, (up(§)) 1

Lh,oo = < & §—o0 d

-’ Chiag TP (2.5.16)
N Chdig*Ahfgu(O) 1
—p chge Tp )’
This system has constant coefficients. For A € C we introduce the notation

Lhoox = Lpco+ A (2.5.17)

We show that for A in a suitable right half-plane the operator Lj . is hyperbolic in
the sense of [68, [130], i.e. we write

ALh,txu)\ (Z) = |:Lh;00§>\ezgi| (O)
Cchz — #[ > oy (ekhz + e khz _ 2)} —g.(0)+ X 1
= E>0
—p chz+yp+ A
(2.5.18)

and show that det(Az, ., (iy)) # 0 for all y € R. In the terminology of [68, 1301,
this means that L; + A is asymptotically hyperbolic. This allows us to compute the
Fredholm index of Ly, + .

Remark 2.5.5. From this section onward we assume that (Ha?2) is satisfied. This is
done for technical reasons, allowing us to apply the results from [68]. In particular, this
condition implies that the function Ap, _ ,(z) defined in is well-defined in a
vertical strip |Re (2)| < v .
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Lemma 2.5.6. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. There exists
a constant X\ > 0 such that for all0 < h < min{h,, h} and all X € C with Re A\ > —\ the
operator Ly oo:x s hyperbolic and thus the operator Ly + A is asymptotically hyperbolic.

Proof. Remembering that —g,,(0) = ro > 0 and picking y € R, we compute

cpiy + %[ > ak(Q - 2cos(khy))] +ro+A 1

ALh,oo;A (Zy) = k>0 ’
—p criy +7p
_ iy + x A(hy) +ro+ A 1
—p chiy+yp+A )’

(2.5.19)
where A(hy) > 0 is defined in (Hal). We hence see

det(Ar, (@) = (eniy+ 2 A(hy) + 70+ ) (eniy +yp+A) +p. (2520

Let A = imin{~yp,ro} and assume that Re A > —X. If y # —102 then we obtain

Ch

Im (det(ALhm (z’y))) = (cay +TmA)(yp + Re )
+(#A(hy) + 7o+ ReN)(cpy +Im ) (2.5.21)
= (eny +ImA)(yp + 7z A(hy) + 70 + 2Re \)
# 0,
since yp + ,L%A(hy) +ro+ReA>0. Fory = —Ir;;\ we obtain
Re (det(ALhm;A (zy))) = (%A(hy) + 179+ Re )\) (’yp + Re )\) +p
> p (2.5.22)
> 0.
In particular, we see that det(Ar, _, (iy)) # 0 for all y € R, as desired. L]

Before we consider the Fredholm properties of L, + A, we establish a technical
estimate for the function Ay, _ ., which we need in §2.7| later on.

Lemma 2.5.7. Assume that (HP1), (HS), (Hal) and (Ho2) are satisfied. Fix 0 <
h < min{h.,h} and S C C compact in such a way that Re \ > —X forall X € S. Then
there exist constants k > 0 and I' > 0, possibly depending on h and S, such that for all
z=x+1y € C with |x| <k and all A € S we have the bound

|det(AL, .. (2)] = £ (2.5.23)
Proof. Using assumption (Ha2), we can pick k1 > 0 and I’y > 0 in such a way that the
bound

AR = | an(2- e — e ]|
k>0
< # S |ak|(ehk|x\ +3) (2.5.24)
E>0
< Iy
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holds for all z = x + iy € C with |z| < k1.

Observe that for z =z + iy € C and )\ € S we have

Re (det(ALhmA(z))) = (chx + 7=Re A(hz) + ro + Re /\> (chx +79p+Re A)
—(cny + Im A)? = (cpy + Im A) 75 (Im A(hz)) + p.
(2.5.25)

Since S is compact we can find Y > 0 such that for all z = z + iy € C with |y| > YV
and |z| < ky and all A € S we have

’Re(det(ALh,m;A(z)))’ > 56y’ (2.5.26)
> %C,QLYQ.

Seeking a contradiction, let us assume that for each 0 < k < k1 and each ' > 0
there exist A € S and z = x + iy € C with |z| < k and |y| <Y for which

|det(Ar, ., (2))] < & (2.5.27)

Then we can construct a sequence {kn, zn, An} with 0 < &, < k; for each n, k, — 0,
An € S for each n and z, = x, + iy, € C with |z,| < &k, and |y,| < Y in such a
way that [det(Apr, ., (2n))| < % for each n. By taking a subsequence if necessary we
see that A, — A for some A € S and z, — iy for some y € R with |y| < Y. Since
det(Arg, .., (2)) is continuous as a function of A and z, it follows that

det(AL, (1)) = 81520 AR Ly 0, (21)) (2.5.28)

which contradicts Lemma Hence, we can find x > 0 and I" > 0 as desired. =

Proof of Proposition |2.5.1, We have already seen in Lemma that Ly 4+ X is
asymptotically hyperbolic in the sense of [68, [I30]. Now according to [68, Thm. 1.6],
we obtain that Ly 4+ A is a Fredholm operator and that the following identities hold

dim (ker(Lh n A)) — codim (Range(L;; + X)),
codim (Range(Lh + A)) = dim (ker(L’;l + X))7 (2.5.29)
ind(Lp, + A) = —ind(L} + \),

where
ind(L, +\) = dim (ker(Lh + /\)> - codim(Range(Lh n )\)) (2.5.30)
is the Fredholm index of Lj, + .

We follow the proof of [I30, Thm. B]. For 0 < ¢ < 1, we let the operator L”(h) be
defined by
LP(h) = (1—=9)(Ln+A) +9(Lhoo + A). (2.5.31)
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Note that the operator LY(h) is asymptotically hyperbolic for each ¥ and thus [68,
Thm. 1.6] implies that these operators L”(h) are Fredholm. Moreover, the family
L?(h) varies continuously with ¢ in B(H',L?), which means the Fredholm index is
constant. In particular, we see that

ind(Lp, +A) = ind(Ljpeo + A)
(2.5.32)
= 0,
where the last equality follows from [68, Thm. 1.7]. L]

We can now concentrate on the kernel of Lj. The goal is to exclude kernel elements
other than <I)Z'. In order to accomplish this, we construct a quasi-inverse for L; by
mimicking the approach of [IT1I} Prop. 3.2]. As a preparation, we obtain the following
technical result.

Lemma 2.5.8. Assume that (HP1), (HS) and (Hal) are satisfied. Recall the constant
0o from Lemma m Let 0 < X < min{3,00} be given. Then there exist constants
0 < h} < min{h., h} and & > 0 such that for all 0 < h < h} we have

@y, (L +N)1ed) Yoy, o)

> I
> Xl (2.5.33)
> 0.

Proof. We know from Lemma that (®,,®¢) > 0. Since @} converges to & in
L?, it follows that (®;,®;") converges to (&, ®;) > 0. Fix hi < min{h., h, hj(\)} in
such a way that

o dF
o — il < 350 (25:34)

holds for all 0 < h < h}, where
C(ulﬂif = 406 (2535)

and C} is defined in Proposition [2.3.2] The factor 4 in the definition is for technical
reasons in a later proof. We assume from now on that 0 < h < hj. Using Lhéz =0

we readily see
(L + N7l = X lof. (2.5.36)

Recall that ||®; ||z = 1. Since 1 < A~ we may use Propositionm to obtain

I(Zn+ 07100 =A@ L = [[(Zn+ A) 7P — @]

IN

Cunit 107 — @5 2 + A~ |(@5 — @, 5]
< ComrA7H0F = @F g (1+ 05 12
zcunif/\il‘lq)g_ - (I)Z||L2'

(2.5.37)
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Remembering (®,, @Z} > 0 and using Cauchy-Schwarz, we see that

|<<q>‘bq>+> (Lp +N)71of) — A1 = |<%’ (Ly + 27107 — A~107)]
< Pl aCuer Tt ef — @ o
= (¥ <1>+ 2CunitA” 1%<2Cj§>
= AL
Hence, we must have (2.5.38)
(@, (Ln+N)7H8G) > 3A7H By, B) > 0. (25.39)
|

Lemma 2.5.9. Assume that (HP1), (HS) and (Hal) are satisfied. There exists 0 <
hex < min{h,, h} together with linear maps

AL - R

(2.5.40)
qunv L2 N Hl,
defined for all 0 < h < hy,, such that for all ©® € L* the pair
(1 9) = (,Li™e) (2.5.41)
18 the unique solution to the problem
Ly = ©+~0f (2.5.42)
that satisfies the normalisation condition
(®y,¥) = 0. (2.5.43)

In addition, there exists C > 0 such that for all 0 < h < hy, and all © € L* we have
the bound

550l + L™ 0l m < ClO] . (2.5.44)

Proof. Fix 0 < A < min{3, 80} and let 0 < h < min{h., h, hj(A)} be given, where hf(X)
is defined in Proposition [2:3:2] For now, all constants will not depend on our choice of
A. We define the set

Z' = {VecH:(d;,T)=0}. (2.5.45)

Pick © € L?. We look for a solution (v, ¥) € R x Z' of the problem
U = (Lp+ )70 +~dF + V. (2.5.46)

By Lemma we have (9, (L + A\)~'®f) # 0. Hence, for given © € L? ¥ ¢
Z1, h, \, we may write

_ (g (Lt (0w
Y0,k ) = -l Ol (2.5.47)
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which is the unique value for « for which
(Ln +A) 7O +~4@F +AV] € Z% (2.5.48)
Recall the constant Cypir from (2.5.35). With Proposition we obtain

(@5 (Ln+ ) O+ M) <195 2 Cuit 10 + AWz + (0 + AW, 5
< 1195 lls Cumi [ (1+ HIOllgz + AWz
< C1[Alle + AW

(2.5.49)
for some C; that is independent of A, A\. Here we used that A < 1 and thus 1 + % < %
Exploiting A < % and applying Lemma we see that

1

_ — —1
|’7(\Ilv®vha )‘)‘ - |<(I)O 7(Lh+)‘) (6+ALII)>|\(<D(;,(L;1+A)*1<I>SF)\

< 01[/\71“@HL2+/\||‘1’||L2}W ( )
: o 2.5.50

< Ci[nll s + w22 ¥l

< Cofllfe + X2 e -

Here we used that (®;,®,) converges to (®,,®J) > 0, which means that (@, , ;)
can be bounded away from zero. For ¥ € Z' we write

t¥) = O+7(¥,0,hN)Pf + AT (2.5.51)

and
T(U) = (Lyn+A)"'H(D). (2.5.52)

For ¥ € Z! Proposition implies

1T < Clamie [0+ (2, ©, AN @G + AWl
+3KO + (W, 0,h, \@f + AT, 07)] .
< Cs[310lle + A ¥lle] h
< Co[4l1lks + APl
For Uy, ¥, € Z!, a second application of Proposition yields
(W10, 2) = (2, €, )| = |2l Lo ive))
o gy Coe (A — Pl
+4I = ATy, 05) ] (25.54)
< CaMw = Wafls +0]
< CaN|| Wy — Wal|gpn.
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Applying Proposition [2.3.2] for the final time, we see

1700 = T(Wa)llr < Conie[[H(¥1) = £(W2) [ + 1(2(1) — 1), &)

< Clanie [[#(21) = 8(2) |2
+3((V(W1,0,h,A) = 4(V2,0,h, ) F, By )
3 - 92),07)]

< Cunif[ut(xp )= 4l + 3 (CaA? W1 = ol +0)]

< CunitCaN?[| 01 — W [gg1 + Cunie A W1 — Wa |
+Cunit CaA[[ W1 — Vo g

< GsA[|¥ — Wy

(2.5.55)
In view of these bounds, we pick A to be small enough to have C3\ < % and CsA < %
Since this A is now fixed, we can allow the constants in the final part of the proof to
depend on A. In addition, we write h., = min{h}, h((A\)} and pick 0 < h < h.,. Then
T:7Z L — Z' is a contraction, so the fixed point theorem implies that there is a unique
L™ (©) € Z' for which

LI™(©) = (Lp+MN)te+q(L qu(e),e,hA)@g+A£giHV(@)]. (2.5.56)

Furthermore, we have

LS O) e < (1= AC)||LE™ ()]s
< G270 (2.5.57)
< GsllO]lre.

Writing 3, (0) = v(L{™(0), 0, h, \), we compute

7 (©)] < GOz + A?[O)L2]
< C7||@||L2

Flnally we see that (2.5.46) is in fact equivalent to m, so in fact L™ (©)

and 7, F(0) do not depend on . In addition, the constants hys, Cg and Cy above only
depend on the one fixed A and, as such, do not depend on h or ©. ]

(2.5.58)

Lemma 2.5.10. Assume that (HP1), (HS), (Hal) and (Hoa2) are satisfied. Let 0 <

h < hyy be given. Then we have the inclusion
span{®} C ker(Ly)

" , (2.5.59)

= {PeL :(V,0)=0 for all © € Range(L;)},

where L} is the formal adjoint of Ly,.
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Proof. By differentiating the differential equation we see that L,®} = 0. We
know that (@, W) — (o, W) — 0 € H'. Since (), w,) decays exponentially, we get
(ug, wp) € L2. Hence, we can assume that h,, is small enough such that <I>2' € L2 for
all 0 < h < hy.. Since Lp®F = 0 we obtain from the differential equation that also
(®5)" € L?. In particular, we see that ®,” € H' and, hence, ®,” € ker(L,). L]

Lemma 2.5.11. Assume that (HP1), (HS), (Hal) and (Hoa2) are satisfied. Let 0 <
h < hyy be given. Then we have

ker(L,) = span{®;} (25.60)
= {UelL?:(V,0)=0 forall © € Range(L})}, o
where Lj, is the formal adjoint of Ly,.

Proof. We show that dim(ker(Ly)) = 1. Since ®, € ker(Ly), we assume that there

exists ¥ € ker(Ly,) in such a way that ¥ is not a scalar multiple of ®;.
Suppose first that (¥, ®;) = 0. Then Lemma yieds by linearity of izinv that

U= Lo
= O7

(2.5.61)

which gives a contradiction. Hence, we suppose that (¥, ®;) # 0. In the proof of
Lemma we saw that (@), ®;) # 0. As such, we can pick a,b € R\ {0} in such a
way that

(a®F +b¥,®5) = 0. (2.5.62)

Again it follows from Lemma that a@j + b¥ = 0 which gives a contradic-
tion. Therefore, such a kernel element ¥ does not exist. Since we already know that
®;" € ker(Ly,), we must have dim (ker(Ly)) = 1, which completes the proof. L]

The remaining major goal of this section is to find a family of elements ®," € ker(L})
which satisfies ®, — ®; as h | 0. To establish this, we repeat part of the process
above for the adjoint operator Lj. The key difference is that we must construct the
family ®, by hand. This requires a significant refinement of the argument used above
to characterize ker(L).

First we need a technical result, similar to Lemma

Lemma 2.5.12. Assume that (HP1), (HS) and (Hal) are satisfied. Fiz 0 < X\ < 3
and 0 < h < min{h.., h{(N)}, where hi;(\) is defined in Proposition [2.3. Then we
have

(@F, (L + N)'ap) > (Beta)y- (2.5.63)



2.5. THE POINT AND ESSENTIAL SPECTRUM 75

Proof. Lemma implies that (®f,®;) > 0. Remembering that

Ly — Ly = ( (co— Ch)d% —(Ap — d%) + (gu(@o) — gu(Tp)) )

0 (co —cp d%
(2.5
and that L{®, = 0, we obtain

(L + N[+ 01— (L4 07105 ] = @ — g+ (L~ L)Ly + X'y
= (- LA
(2.5.65)
Recall the constant Cynir from (2.5.35)). Proposition yields

I(Lh + 27105 = (L + ) 05 lle < Cunie[I(Ef, — LAT105 e

H{(L, = LA 2g, @)

S Cunif(1+)‘ )”(L* ))‘ 1(I)O HL2
(2.5.66)
Using Lemma and the fact that ¢;, converges to ¢o and gy, (Tp) to g, (o), it follows
that

Coanit(L+ AL = LYA P52 — O (2.5.67)

as h | 0. Possibly after decreasing h{(\) > 0, we hence see that

(OF, (LE +N)710y) = (DF, (L +N)7100) + (B, (Li + N1y — (L +A)~1d;)
= ATHOE, D) + (B (L + M) Ry — (L + N1 o)
> <<I> <I> >)\ 1
(2.5.68)
holds for all 0 < h < min{h..., hi(A)}. =

Lemma 2.5.13. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. Fiz 0 <
h < hyx. There exist linear maps

=72
v, L — R,
" (2.5.69)
Ly r* — H'
such that for all © € L? the pair
(7, ¥) = (5,0,L;"™0) (2.5.70)

s the unique solution to the problem

LV = O+4%; (2.5.71)
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that satisfies the normalisation condition
(@F,0) = 0. (2.5.72)

Furthermore, there exists C* > 0, such that for all 0 < h < hy. and all © € L? we
have the bound o
A0l + 1L ™0l < €[04 (2.5.73)

Proof. We define the set
zZ' = {VeH:(d,T) =0} (2.5.74)
Pick © € L?. We look for a solution (v, ¥) € R x Z! of the problem
U = (L; + 27O +4®, + 0. (2.5.75)

Lemma [2.5.12] implies that (®7, (L} + \)~'®;) # 0. Hence, for given © € L*| ¥ €
Z1, h, \, we may write

_ (@F (LN~ HO+AD)
Y(W,0,h,0) = =S ST (2.5.76)

which is the unique value for ~ for which
(Ly + M) 7O + @5 +AP] € Z%. (2.5.77)

From now on the proof is identical to that of Lemma [2.5.9] so we omit it. ]

Lemma 2.5.14. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. For each
0 < h < hyy there exists an element ®; € ker(L;) such that the family ®, converges
to @y in H' ash ] 0.

Proof. We repeat some of the steps of the proof of Lemma [2.5.11} but now for Lj.

Fix 0 < h < h. Since dim(ker(L})) = 1 by Proposition and Lemma [2.5.11
we can pick ® € ker(L;) with ® # 0. If we would have (®,®7) = 0, then we would

obtain )
0 = Ly*™o]

= @

(2.5.78)

)

which leads to a contradiction. Hence, we can define the kernel element ®," of L} as
follows: @, is the unique kernel element of L} with (®, ,®J) = (®,,®J). Since we
see that

(®y — @, ,2f) = 0, (2.5.79)

we obtain, upon defining
0, = L;®,, (2.5.80)

that .
Oy — @, = LyTO,]. (2.5.81)
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Using Lemma [2.5.13] we can estimate

Oy — 0 |l = L™ (O8]
1@ — @, [l 1Ly [©n]lln (2.5.82)
< C-|On]lL:-
From the proof of Lemma [2.5.12| we know that ©; — 0 as h | 0 in L2. Therefore, we
see that @, — ®; as h | 0 in H'. n

In the final part of this section we establish item (3) of Proposition To this
end, we recall the spaces

X, = {0cH':(d,,0)=0} (2.5.83)
and

Y, = {0€L?:(®,,0)=0} (2.5.84)
together with the constant Cyp;s from (2.5.35)).

Lemma 2.5.15. Assume that (HP1), (HS), (Hal) and (Ha2) are satisfied. For each
0 < h < hys we have that Ly, : Xy — Y}, is invertible and we have the uniform bound

1L, < Cunit- (2.5.85)

Proof. Fix 0 < h < hyy. Clearly Ly : X;, — Y}, is a bounded bijective linear map, so
the Banach isomorphism theorem implies that L;l : Yy — Xj, is bounded. Now let
6 > 0 be a small constant such that 6Cynir < 1. Without loss of generality we assume
that 0 < hy < hg(6) and that || @, — @ |l < 0 for all 0 < h < hy,. This is possible

by Lemma [2.5.14

Pick any ¥ € X};,. Remembering that (¥, ®,") = 0 and (L, ¥, ®,) = 0, we obtain
the estimate

H(Tn+0)T,05) = H((Ln+08)T, 05 — ;)]
sI(Ln +6)W|lL20 (2.5.86)
[ Lr |z + OV | g

IN

IN

Applying Proposition [2:3:2] we hence see
Wl < 3Cunielll(Ln + 6)¥lr2 + $/{(Ln + 6)¥, &5 )]
1Cunit [2[| L ¥ |2 + 26]| 9| (2.5.87)
3Cunit | Lol + 5[]l
We, therefore, get the bound
[Pl < Cunitl Lo WllLe, (2.5.88)

IN

IN

which yields the desired estimate || L, || < Cynit. L]

Proof of Proposition[2.5.2 This result follows directly from Lemmas [2.5.11] 2.5.14) and
n
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2.6 The resolvent set

In this section, we prove Theorem [2:2.2] by explicitly determining the spectrum of the
operator — Ly, defined in (2.2.18)) in a suitable half-plane. Our approach hinges on the
periodicity of this spectrum, which we describe in our first result.

Lemma 2.6.1. Assume that (HP1), (HS), (Hal) and (Hoa2) are satisfied. Fiz 0 <
h < hyx. Then the spectrum of Ly, is invariant under the operation A\ — X + QWich%.

In particular, we can restrict our attention to values with imaginary part in be-
tween —5 and 2. We divide our ‘half-strip’ into four regions and in each region
we calculate the spectrum. Values close to 0 (region R;) will be treated in Proposition
2.6.2) values with a large real part (region Rs) in Proposition and values with a
large imaginary part (region Rj3) in Proposition In Corollary we discuss
the remaining intermediate subset (region Ry4), which is compact and independent of

h. The regions are illustrated in Figure 2.1] below.

Im A

len]
okl

R3 R2

—As A

j Re A

Ty
%

_ﬂ‘ch‘
h

Figure 2.1: Illustration of the regions Ri, R2, R3 and R4. Note that the regions Ro and Rs
grow when h decreases, while the regions R1 and R4 are independent of h.

From this section onward we need to assume that (HP2) is satisfied. Indeed, this
allows us to lift the invertibility of Lo+ A to Ly, + A simultaneously for all A in appropriate
compact sets.

Proof of Lemma . Fix k € Z and write p = 27m'k%. We define the exponential shift
operator e, by
e V](x) = e**V(x). (2.6.1)
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For any A € C, ¥ = (¢,v) € H' and = € R we obtain
(e—pAnep)p(r) = e PTAp(epd)(w)
= 2 a(eo(z +1h) + e P o(x — lh) — 2(x))
>0
= 5o 2 al¢(@ +1h) + ¢(x — 1h) — 2¢(x))

>0

= A}L¢(x)a

since plh € 2miZ for all [ > 0. In particular, we can compute

(2.6.2)

[efp(Lh - )\)ep\I/](x) = e P[(Ly — )‘>6p\1}] (z)
e R0~ Baleyie)
e+ an (@)

—pa{ —Gu(Tn)ePT () + eP¥eh(z) — AePT ()
(L hermi(a) ~ Aeri(a) )
_ ( pend(w) + cnd () — gu(Tn)(w) + () )

—pp(x) + peptp(x) + cpy)’ () + ypp(x) — Mp(x)
—App(z) — Ad(z)
(o™ )

= (Ln—A+pcn)¥(z).

(2.6.3)
Since e, and e_,, are invertible operators on H' and L? respectively, we know that the
spectrum of Lj, equals that of e_,Le, and thus that of Lj, + pc. =

Region R;.

Since Ly has a simple eigenvalue at zero, it is relatively straightforward to construct
a small neighbourhood around the origin that contains no other part of the spectrum.
Exploiting the results from it is possible to control the size of this neighbourhood
as h | 0.

Proposition 2.6.2. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists a constant Ay > 0 such that for all 0 < h < h.. the operator Lp + X :
H' — L? is invertible for all A € C with 0 < |\ < Xo.

Proof. Fix 0 < h < he. and © € L% We recall the notation (y,[0], L™ O) from
Corollary for the unique solution (v, ¥) of the equation

L,y = ©++®) (2.6.4)

in the space

Xy, {6 cH' : (®,,0) =0} (2.6.5)

Also recall the space
YV, = {0e€l’®:(%;,0)=0}. (2.6.6)
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Now, for A € C with |\| small enough, but A # 0, we want to solve the equation
Lp¥ = \VU + ©. Upon writing

T = LIO 4+ Ay, [0)0) + 7, (2.6.7)

with ¥ € X, we see that

(Ln =NT = (L= NLF™O + ALy — M n[0]@) + (L — \) ¥ (2.6.8)
= O+ 7[O)D)} — ALI™O — 4, [0)0) + (L, — M. -
In particular, we must find a solution ¥ € X, for the equation
Lpy¥ = AU+ AL, (2.6.9)
which we can rewrite as
[I—AL® = AL 'LY™e. (2.6.10)
Note that L;l : X — X, is also a bounded operator since X; C Y. Since
Li'V0lg < Cuniel ¥|p2
1L, ¥la V|, (2611)
< Cunif”\IJHHla
we obtain
1Ly B xS Cunit- (2.6.12)

We choose \q in such a way that 0 < A\gClynir < 1. Then it is well-known that I — )\Lgl
is invertible as an operator on X, for 0 < |A| < Ag. Since AL, 'LI™O € X, we see

that (2.6.10|) indeed has a unique solution e X,. Hence, the equation (L;, —A)¥ = ©
always has a unique solution. Proposition [2.5.1| states that L, — A is Fredholm with
index 0, which now implies that L; — A is indeed invertible. [

Region R,.

We now show that in an appropriate right half-plane, which can be chosen indepen-
dently of h, the spectrum of —Lj is empty. The proof proceeds via a relatively direct
estimate that is strongly inspired by [6, Lem. 3.1].

Proposition 2.6.3. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists a constant \y > 0 such that for all A € C with Re XA > A1 and all0 < h <
hs« the operator Ly + X\ is invertible.

Proof. Write
Moo= l14g.+3(1-)p), (2.6.13)
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where g, is defined in ([2.3.42)). Pick any A € C with ReA > A and any 0 < h < h.y.
Let U = (¢, 1)) € H' be arbitrary and set © = L, ¥ + AW. Then we see that

1)z O]l > Re(Ln¥ + AT, 0)
> Re(—Ang, d) — llgu(@n)l = I6]I3
—(1 = p)[Re (¢, V)| + 7pll¥]122 + Re A W2,

> —g.lgl2. — (1 = p)|Re (¢, V)| + pllvol|22 + Re M| W2,

> —gulol2. — (1= p)lollc2ll¢llze +vpllel22 + Re A ¥|2,

> —(ge+ 31— )7 + Re A2,
(2.6.14)

Hence, we obtain
(ReA= (9o + 30 = )W)z < [O]xe: (2.6.15)

Since ReA > 1+ g, + (1 — p), we obtain the bound ||¥|g2 < [|O]|pz.

In particular, if © = 0 then we necessarily have ¥ = 0, which implies that Lj + A
is injective. Since also ind(L; + A\) = 0 by Proposition this means that Lp, + A is
invertible. ]

Region Rjs.

This region is the most delicate to handle on account of the periodicity of the spec-
trum. Indeed, one cannot simply take Im A — +oo in a fashion that is uniform in h.
We pursue a direct approach here, using the Fourier transform to isolate the problem-
atic part of Ly + A, which has constant coefficients. The corresponding portion of the
resolvent can be estimated in a controlled way by rescaling the imaginary part of A\. We
remark that an alternative approach could be to factor out the periodicity in a more
operator-theoretic setting, but we do not pursue such an argument here.

Pick A € C with Ao < [Im A| < %l and write
A = A+ idim (2.6.16)

with Ar, Aim € R. Introducing the new variable 7 = Im A{, we can write the eigenvalue
problem (Lj, + A)(v,w) = 0 in the form

cpor (1) = ﬁ kgo g [U(T + khAim) + (T — kEhAim) — 21}(7’)}
5k gu (T(7) ) o) = iv(7) = s Ao(r) - shw(r),  (26.17)
cnr(r) = 5i(pv(r) = pyw(r) + du()).

Our computations below show that the leading order terms in the appropriate |Ajm| —
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oo limit are encoded by the ‘homogeneous operator’ Hj, » that acts as

Hpo(r) = cpur(r) +iv(r) — ﬁ > ag {’U(T + kEhA) +v(1 — khA) — 21}(7‘)}.
k>0
(2.6.18)
Writing Hp, » for the Fourier symbol associated to Hj, x, we see that
Hpa(lw) = cpiw—+1i— ﬁ S ay [exp(ihk)\imw) + exp(—thkA\mw) — 2}
k>0

cpiw + 1 — ﬁ k§>:0 g {cos(hk)\imw) — 1} )
(2.6.19)

Lemma 2.6.4. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist small constants € > 0, hy > 0 and wg > 0 so that for all N € C\ R,
all0 < h < hy and all w € R, the inequality

IIm Hpa(iw)] < e (2.6.20)

can only be satisfied if the inequalities

leno|] <3
2 (2.6.21)
wl = wo
both hold.
Proof. Note that
ImHpa(iw)] = |cpw +1]. (2.6.22)
In particular, upon choosing € = i, we see that
ImHp A (iw)] < € (2.6.23)
implies
llenw| = 1] < Jeww+1] < e (2.6.24)
and hence
I < 1-¢ < || < 14e < 3 (2.6.25)
Since ¢, — ¢g # 0 as h | 0, the desired inequalities (2.6.21)) follow. =

Lemma 2.6.5. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. Then
there exists a constant C > 0 such that for all w € R and 0 < h < hyy and all X\ € C
with |A| > Ao and [Im A\| < %77, we have the inequality

[Haa(iw)] > &. (2.6.26)

Proof. We show that Hj, »(iw) is bounded away from 0, uniformly in h, A and w. To do
so, we show that the real part of Hj x(iw) can be bounded away from zero, whenever
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the imaginary part is small, i.e. when (2.6.21]) holds.

Recall the function A(y) = > ai[l —cos(ky)] defined in Assumption (Hal), which
k>0
satisfies A(y) > 0 for y € (0,27). A direct calculation shows that A’(0) = 0 and

A" 0) = 3 ank?
k>0 (2.6.27)
= 1.

Hence, we can pick dg > 0 in such a way that

%A(y) > do (2.6.28)
holds for all 0 < |y| < 2.
Writing p = hA\jnw, we see
ReHp a(iw) = % > ag [1 - cos(ku)}
L. k>0 (2.6.29)
= 2w A(p).

Now fix w, h, A for which |ImHj, (iw)| < €. The conditions (2.6.21) now imply that
|w| > wo and |p| < h‘c—,ﬂw|w| < 37. Using (2.6.28), we hence see that

[ReHna(iw)] = 253 Alu)]
> 9 mlw?do (2.6.30)
Z 2)\0w8d07
which shows that #Hj, »(iw) can indeed be uniformly bounded away from zero. ]

Proposition 2.6.6. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist constants Ao > 0 and A3 > 0 such that for all A € C with Ay < |ImA| <

%2# and —A3 < |Re | < Ay and all 0 < h < hy the operator Ly + X\ is invertible.
Proof. Since Proposition implies that L + A is Fredholm with index zero, it

suffices to prove that Ly + A is injective.

Let A3 = min{1p7, A, A}, where A, is defined in (HP2) and X is defined in Propo-

sition Pick A € C with A\g < [Im )| < %Qﬂ' and —A3 < |ReA| < A\, Write
A = A + iAim as before. Suppose ¥ = (v, w) satisfies (Lp + A\)¥ = 0.

Write ¢ and @ for the Fourier transforms of v and w respectively. For f € L? with
Fourier transform f, the identity

Hpyv = f (2.6.31)
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implies that
Hpaliw)i(iv) = fliw). (2.6.32)

In particular, we obtain

(i) = s W), (2.6.33)
which using Lemma implies that

[ollz < Cllfllee (2.6.34)

for some constant C' > 0 that is independent of h, A and w.

Since VU is an eigenfunction, hence yields
[l < Opit(gs + D0l 2z + C iy lwll - (2.6.35)
Furthermore, applying a Fourier Transform to the second line of , we find
Aimcpiw(iw) = po(iw) — pyw(iw) + b (iw). (2.6.36)

Our choice A3 < % pvy implies that —py 4+ A, is bounded away from 0. We may hence
write

w(iw) = m_)\rﬂ(wl}\imch_)\im)pf)(iw), (2.6.37)
which yields the bound
lwllrz < C'|vl|rz (2.6.38)

for some constant C’ > 0. Therefore, we obtain that
ol < €' slvlle (2.6.39)

for some constant C”, which is independent of A\, h and v. Clearly this is impossible
for v # 0 if

|>\im‘ Z Ag = 20”. (2640)
Furthermore, if v = 0, then clearly also w = 0. Therefore, we have ¥ = 0, allowing us
to conclude that Lj; + X is invertible. n

Region R,.

We conclude our spectral analysis by considering the remaining region R4. This
region is compact and bounded away from the origin, allowing us to directly apply the
theory developed in

Corollary 2.6.7. Assume that (HP1),(HP2), (HS), (Hal) and (Ho2) are satisfied.
For all X € C with |A| > Ao, =3 < |[ReX| < A1 and [ImA| < Ay and all 0 < h < R
the operator Ly + X is invertible.

Proof. The statement follows by applying Proposition with the choices (@, W)
= (ﬂ}“@h), C¢p = cp and M = Ry. |
Proof of Theorem [2.2.2 The result follows directly from Lemma Proposition
Proposition Proposition and Corollary n
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2.7 Green’s functions

In order to establish the nonlinear stability of the pulse solution (@, W), we need to
consider two types of Green’s functions. In particular, we first study G (&, &), which
can roughly be seen as a solution of the equation

(Ln+ NG &) (€) = 3(¢ — o), (2.7.1)

where ¢ is the Dirac delta-distribution. We then use these functions to build a Green’s
function G for the linearisation of the LDE ([2.2.1) around the travelling pulse solution.

An important difficulty in comparison to the PDE setting is caused by the discrete-
ness of the spatial variable j. In particular, we cannot use a frame of reference in which
the solution (@, wy,) is constant without changing the structure of the equation .
The Green’s function G will hence be the solution to a non-autonomous problem that
satisfies a shift-periodicity condition. Nevertheless, one can follow the techniques in
[13] to express G in terms of a contour integral involving the functions Gy.

A significant part of our effort here is concerned with the construction of these latter
functions. Indeed, previous approaches in [I1, [109] all used exponential dichotomies or
variation-of-constants formula’s for MFDEs with finite-range interactions. These tools
are no longer available for use in the present infinite-range setting. In particular, we
construct the functions G, in a direct fashion using only Fredholm properties of the
operators Ly + A. This makes it somewhat involved to recover the desired exponential
decay rates and to properly isolate the meromorphic terms of order O(A~1).

From now on, we will no longer explicitly use the h-dependence of our system. To
simplify our notation, we fix 0 < h < h,, and write

L = Lh,

Ly = Lh;oo;

U = (uw) = (up,wp), (2.7.2)
O = (¢%,0F) = (9, Up);

C = Cp-

We emphasize that from now on all our constants may (and will) depend on h.

We will loosely follow §2 of [109], borrowing a number of results from [I3] [102] at
appropriate times. In particular, we start by considering the linearisation of the original
LDE ({2.2.1)) around the travelling pulse solution U(t) given by . To this end,
we introduce the Hilbert space

L2 = {V e (Mats(R))*: %:Z|V(j)\2 < oo}, (2.7.3)

in which Maty(R) is the space of 2 x 2-matrices with real coefficients which we equip

V(l,l) V(l’Q) >

with the maximum-norm |- |. For any V € L?, we often write V = ( pey P2
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when we need to refer to the component sequences V(%7) ¢ ¢2 (Z;R). For any t € R we
now introduce the linear operator A(t) : L2 — L2 that acts as

A(lvl) t A(Lz) t V(l)l) V(Lz)
Aty v = 1 ( A@J)Et? A(272)Et; > ( LeD pe2) > : (2.7.4)
where
(AT ()0); = & 3 ok[vipr +viok — 20] + gu (ﬂ(hj + ct))vj
k>0
( (thw); i (2.7.5)
(ACD(t)); = py;
(A2 (H); = —pyw;

for v € (?(Z;R) and w € ¢*(Z;R). With all this notation in hand, we can write the
desired linearisation as the ODE

4yt) = A@t)-V(t) (2.7.6)
posed on L2.
Fix ty € R and jy € Z. Consider the function
Rt Gho(tt) = {GP(tto)}jez € L2 (2.7.7)

that is uniquely determined by the initial value problem

G°(to,to) =01 o
Here we have introduced
, 1if j = jo
§lo — 2.79
J {O else, ( )

where I € Maty(R) is the identity matrix. We remark that gjfo (t,to) is an element of
Matq(R) for each j € Z.

This function G is called the Green’s function for the linearisation around our trav-
elling pulse. Indeed, the general solution of the inhomogeneous equation

V= A(t)- V() + F(t)
{5(0) ~ (2.7.10)

where now V() € ¢2(Z;R?) = (?(Z; R?**1) and F(t) € (?(Z;R?) = (%(Z; R**1), is given
by

V](t) = Z g]jo(t?())vj% Jrfot Z ggo(tatO)Fjo(tO) dto. (2.7.11)
Jo€Z Jo€Z
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Introducing the standard convolution operator %, this can be written in the abbreviated
form
Vo= G(t,0)% VO + [ G(t,to) * F(to) dto. (2.7.12)
The main result of this section is the following proposition, which shows that we can
decompose the Green’s function G into a part that decays exponentially and a neutral
part associated with translation along the family of travelling pulses.

Proposition 2.7.1. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
For any pair t > ty and any j, jo € Z, we have the representation

G (t:to) = EP(t,t0) + G (t o), (2.7.13)
in which
gt tg) = & ¢~ (hjo + cto)pt (hj +ct) ¢~ (hjo + cto)p™ (hj + ct)
g \»o O\ ¢ (hjo + cto)yt(hj +ct) ¢~ (hjo + cto)wt(hj +ct) )’
} (2.7.14)
while G satisfies the found
G (tto)] < KemS(tmto)emdlhitet=hio—cto| (2.7.15)
for some K >0 and § > 0. The constant Q > 0 is given by
Q = (&,0T). (2.7.16)
Furthermore, for any t >ty we have the representation
gjo(tyto) - Z [gj(tvtO)ngO(thto) +g;(t7t0)(5301_530(t07t0)):|7 (2717)
1EZ
which can be abbreviated as
Glt,to) = E(t,to) * Elto,to) + G(t,to) + (I = Elto.to) ) (2.7.18)

2.7.1 Construction of the Green’s function

In this subsection, we set out to define the functions G in a more rigorous fashion. In
addition, we use these Green’s functions to formulate a powerful representation formula
for G, see Proposition below, following the approach developed in [13].

A key role in our analysis is reserved for the operator Lo.;» and the function Ay,
from Lemma We will show that L.,.) has a Green’s function Go.;» which takes
values in the space Mato(R) and has some useful properties. To this end, we recall the

constant A from Lemma For each A € C with Re A > —%, we may now define
Gooix : R = Mats(R) by writing

Goon(§) = 55 [T €™ (AL (in) " dn. (2.7.19)
We also introduce the notation
Goo = Guop- (2.7.20)

Here (Ha?2) is essential to ensure that these Green’s functions decay exponentially.
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Lemma 2.7.2. Assume that (HP1), (HP2), (HS), (Hal) and (Ha2) are satisfied. Fix

A € C with Re X > —%, The function Geo.x is bounded and continuous on R\ {0} and

Cl-smooth on R\ hZ. Furthermore, (Lo + A)Goon(- — &) is constantly zero except at
& =&y + hZ and satisfies the identity

S5 (oo + NG = €0)]©F(€) dg = f(&) (2.7.21)
for all€ € R and all f € H'.

Finally for each x > 0 there exist constants K, > 0 and B, > 0, which may depend

on x, such that for each A € C with —% < ReX < x and |Im )| < % we have the
bound
|Goon (€ = &)| < K.emP-le%ol (2.7.22)

for all £,& € R.
Pick A € C\ o(—L) with Re A > —%. Observe that

L—Le = ( 0_9"@) +1o 8 > (2.7.23)

We know that Goor (- — &) € L?(R, Maty(R)) since it decays exponentially. This means
that we also have the inclusion

[L — Loo|Goon(- — &) € L*(R,Mats(C)). (2.7.24)
Hence, it is possible to define the function G by writing
Gr(§&0) = Goon(€—8&) = [(A+ L)L = Log]Goon (- = &0) [(§). (2.7:25)

The next result shows that G can be interpreted as the Green’s function of L + A. Tt
is based on [109, Lem. 2.6].
Lemma 2.7.3. Assume that (HP1), (HP2), (HS), (Hal) and (Ha2) are satisfied. For

A € C\ o(—L) with ReX > —% we have that Gy(-,y) is continuous on R\ {y} and
Cl-smooth on R\ {y + kh : k € Z}. Furthermore, it satisfies

S [A+ DG (95 ds = £(&) (2.7.26)
for all € € R and all f € H.

The link between our two types of Green’s functions is provided by the following
key result. It is based on [I3} Thm. 4.2], where it was used to study one-sided spatial
discretisation schemes for systems with conservation laws.

Proposition 2.7.4. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Let x > Aunir be given, where A\unir is as in Lemma [2.71 For all t > to the Green’s
function QJJO (t,to) of is given by

Gl(t,t)) = —35 J | M=) Gy (hj + ct, hjo + cto)dA (2.7.27)

X~ "h

where Gy, is the Green’s function of A+ L as defined in .
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Our first task is to collect several basic facts concerning the operators Ly and L,
that will allow us to establish Lemma’s[2.7.2]and [2.7.3} In particular, we need to isolate
and explicitly compute the part of the Fourier integral (2.7.19) that behave as |n|~*
and |n|=2 as  — £o0, as these lead to the discontinuities in G and its derivative.

Lemma 2.7.5. Assume that (Hal) and (Ho2) are satisfied. Consider any bounded
function f : R — R which is continuous everywhere except at some £y € R. Then Ay f is
continuous everywhere except at {{o+hk : k € Z}. Moreover, if f is differentiable except
at &y and [ is bounded, then Ay, f is differentiable everywhere except at {{o+hk : k € 7}

and [Anf]'(€) = [Anf)(E).

Proof. For convenience we set {g = 0. Pick £ € R with £ ¢ {kh : kK € Z}. Then f
is continuous in each point £ + kh for k € Z. Choose € > 0. Since f is bounded and

(o)
o] < 00, we can pick K > 0 in such a way that
J ) p y
j=1

2| flloo 7z ZI oy < 5 (2.7.28)
For j € {1,..., K — 1} we can pick ¢; > 0 in such a way that

#Iaj\f(§+y+hj)—f(£+hj)‘ < oEm (2.7.29)

for all y € R with |y| < 6;. Let § = min{d; : 1 < j < K} > 0. Then for y € R with
ly| < § we obtain

ATE+ D) = MA@ < 7 3 gl (17(€ + -+l +15(E + 1)
e z Iag\‘f&yﬂh) 7€+ 1)
o (2.7.30)
< & 2 lallflle + Z pLsa
j=K J=1
< 5+5
= e
So Ay f is continuous outside of {kh : k € Z}.
Writing
1€ = gl X g [F(E+RG) + (€~ ha) ~27(€)] (2.7.31)
for n € Z~(, we can compute
F©) = g L o[+ k) + 7€~ k) 2] (2.7.32)

J

This allows us to estimate

A0~ (AnEl < & Xl (2.7.33)

j=n+1
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In particular, the sequence {f/} converges uniformly to Ay, f’ from which it follows that

! _ 1 = . / . / _ S /
BufV(© = b Xy |1/€+ i)+ 7€ = hi) = 21€)] 27,38
= (Anf")(©).
"
Proof of Lemma[2.7.3 Pick x > 0 and set
R = {)\GC:f% <ReA < yand |ImA| < %} (2.7.35)

The proof of Lemma [2.5.7] implies that we can choose 3, > 0 and K, > 0 in such a way
that
— K*
[ALn (D)7 < (2.7.36)

for all A € R and all z € C with |Rez| < 28,.. In particular, it follows that (y —
Ar . (iy)™') € L3*(R). By the Plancherel Theorem it follows that Gy is a well-
defined function in L2 (R). In particular, it is bounded. Shifting the integration path
in in the standard fashion described in [103} [130], we obtain the bound

|Goor (€ — &o)| < K,emFrle—%0l (2.7.37)
for all £,£, € R and )\ € R.

We loosely follow the approach of [102] §5.1], which considers a similar setting for
Green’s functions for Banach space-valued operators with finite range interactions. Pick
A € R. We rewrite the definition of Az __, given in (2.5.18]) in the more general form

%ALOO;A (Z) = z—- Boo;)\ez.a (2738)
For a € R close to 0 we introduce the expression Rp__ ;o by
Rinia(?) = cAp,(2)71 = fLy - B2l (2.7.39)

for z € C unequal to « and |Re z| < 28,. Since we can compute

CALOOA (Z)_l - |:Z —a+ (a - Boo;/\ez.):| B
= (=) 1+~ a) (@ = Bupe®)] B
= (z—a)t [1 —(z— a)—l(a _ BOO;)\ez.) +O((z - a)_Q)}
(2.7.40)

we obtain the estimate
Riwaal)] < e (2.7.41)

for all y € R, possibly after increasing K.

Exploiting the decomposition ([2.7.39)), we write
_ 1 1
Goox = Mo+ Ra, (2.7.42)
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where we have introduced

_ 1 (oo g 1 Boone' —a
Ma(§) = 5 meni(m_a— in—a)? )dn’ (2.7.43)
Ra(€) = 5= [T €™ R alin) dn

for any o € R\ {0} and £ € R. Using [102], Lem. 5.8] we can explicitly compute

Ma€) = —eSH(=€) = [Boin —a] (e H (=) (©), (2.7.44)
where we have introduced the Heaviside function H as
I, £€>0
HE) = {1 ¢=0 (2.7.45)
0, £<0.

Since & + £e®CH(—£) is continuous everywhere and differentiable outside of & = 0,
Lemma [2.7.5] implies that M, is continuous everywhere outside of £ = 0 and differen-
tiable out51de of {hk : k € Z}. Moreover, we have the jump discontinuity

Mo (0F) = My(07) = 1 (2.7.46)
and we can easily compute
ML) = aMa(€) = [Buo — al [ H(=)] ©), (2.7.47)
from which it follows that
cLooaMa(§) = M(6) = BooxMal(§)
~ae®H (=€) = o[ Boepn — a (- e H(=)) (&)
~[Boon = a] [ H(=)|(€) + Buor [ H(=)|(6)  (2.7.48)
+Booa | [Boox = a] (- e H(=)) ()] (©)
= [Boor — | [Booir — a] (- e H(=)) ()] (©).

Since Ri . ;a0 € L'(R) we see that R, is continuous. Therefore, Goo.y is continuous
outside of £ = 0. Similarly to [I02] Eq. (5.79)] we observe that

e —a 2
%ALOC; ( )RLOO,\, ( ) - %7&)2), (2749)
which yields

%Loo,/\Ra(g) = R;(g)_Boo;)\Ra(f)
— L[ etAL (iy)RLm,\;a(iy)dy

— ’L (Boo - )
- 2r f— Ly nye a)? i dy

= ~[Boer — al[[Booir — a] (- e H(=)) (9] (©),

(2.7.50)
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using [102, Lem. 5.8]. In particular, we see that
LooaGooia(§) = 0 (2.7.51)

for all ¢ outside of {hk : k € Z}. Lemma subsequently shows that Gy is C*'-
smooth outside of {hk : k € Z}.

Fix f € H'. For any § > 0 we may compute

0 =[5 [LoenGun ()] © £

o0 - (2.7.52)
= [Gurf], = 57 cCoun(©F(€) + (B Gool (O ©).
together with

0 = [cGu, kf] -~ OF(E) + [BaonGoon|(©)F(6). (2753

Using we can hence compute

S -0
fjooo |:Loo;)\Goo;)\('):| (f)f(g)df hm&LO |:CGoo;)\f:|6 - |:CG00;)\fi| . (2754)
= f(0).

Lemma 2.7.6. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. Fix

A € C with Re A > —%. Then there exist constants K > 0 and B > 0 so that for any
g € L% and f € H! that satisfy (L + \)f = g, the pointwise bound

£ < Ke 8l fllo + K [ e In=¢lg(n)dn (2.7.55)

holds for all £ € R.

Proof. On account of Lemma we can lift the results from [I30, Prop. 5.2-5.3] to
our current infinite range setting. The proof of these results are identical, since the
estimate [I30, Eq. (5.4)] still holds in our setting on account of (Ha2). A more detailed

description for this procedure can be found in [20, Lem. 4.1-Lem. 4.3]. =
Proof of Lemma[2.7.3 Pick A € C\ o(—L) and compute

A+ L)GA(, &) = (A+L —&o L—-L —&o

( )GA (o) ( )Goon(- = &o) — | 00l Gooin (- = o) (2.7.56)

= (A Loo)Goor(- = &o)-

The last statement follows immediately from this identity.

Write X
Goon(- —=&) = [L— Leo|]Goon(- —&0)- (2.7.57)
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We have already seen that Goo.x(- — &) € L2(R, Maty(C)). Hence, it follows that
A+ L) 'Gooir(- — &) € H'Y(R,Maty(C)). (2.7.58)

In particular, this function is continuous. Together with Lemma we obtain that
Ga(+,&p) is continuous on R\ {&}.

gAY .2)

Set H = (A + L) 'Gooir and write H = ( ey ge

>. Using the definition

of L we see that

cikH = —MH—-Go—H, (2.7.59)
where
j;[ . _ _AhH(lvl) — gu(ﬂ)H(lvl) + H(211) AhH(LZ) — gu(ﬂ)H(1’2) _|_ H(272)
- pr(lvl) +rypH(271) pr(l'rQ) +')/pH(212)

(2.7.60)
Since @ € H' and, hence, @ is continuous, we must have that % is continuous. As
argued before Ay HYD and A, H12) are also continuous. Hence, we see that cd%H

is continuous on R\ {£} and thus that d%H is continuous on R\ {&p}. Therefore, we
obtain that G(-,&p) is C'-smooth on R\ {& + kh : k € Z}. "

We now proceed to the verification of the integral representation (2.7.27). As a
preparation, we need to show that whenever A has a sufficiently large real part, the
function G is bounded uniformly by a constant. This result is based on [I3, Lem. 4.1].

Lemma 2.7.7. Assume that (HP1),(HP2), (HS), (Hal) and (Ho2) are satisfied. Then
there exist constants K and Aunir so that the Green’s function Gy enjoys the uniform
estimate

1GA(&: %) < K, (2.7.61)
for all €&y € R, whenever Re A > Aypis.

Proof. We write L = Cchg + B with

B = (:?h_gu(“) ip)' (2.7.62)

We introduce G as the Green’s function of (X + cdi) viewed as a map from H' to L.
Luckily, it is well-known that this Green’s function admits the estimate

(€ 6)| < e Nl (2.7.63
We can look for the Green’s function G as the solution of the fixed point problem

Gr(&,&) = GR(& &)+ [z GA(E 2)(BGY)(2, &) dz. (2.7.64)

Since A + L is invertible by Theorem G must necessarily satisfy the fixed point
problem ([2.7.64)).
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. , AL 4(1,2)

For a matrix A € Mat2(C) we write A = 4@ 4@2) ) We make the decom-
position

B = B+ B, (2.7.65)

where

(2.7.66)

We estimate

[(BoG)(€, &) = ARG (€, &)Y
= X [;Tle\ajl (\Gﬁ(ﬁ + by, &) ID] + G (€ — hy, &) Y]
J:
+2(G3(€ &) 1))
< ﬁj; [h—lzlaj\ (e‘ReMth—fol/lc\ 4 e~ReAlE—hj—¢ol/Icl
+28—R9/\If—fo|/|0\>]
(2.7.67)
and observe that
J2I(BoGR)(&: &)l € < i( > 4[,32|aj|m1/c])
=t (2.7.68)
= h2£4{e/\ E o]
j=1
We now fix G € L>°(R? Maty(C)) and consider the expressions
. SRy
L = J[6EaBa)E0)]  ds
i an (2.7.69)
L = f[oeamede)]

Using Fubini’s theorem for positive functions to switch the integral and the sum, we
obtain the estimates

|Zo|

IN

Gl Jg (BoGR)(2,€0)]| dz

00 (2.7.70)
< [IGllL= % Zl |aj|
]:

A
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and
Tl < Gl i (l9u @EDIICS (2 60) D] + pIGS (2 60) D)
(14 70)|G8 (2, &) 3] ) d2
< NG~ fo (9@ + p+1+p)eReN==l/d)dz (2.7.71)
< 161~ (lau @l + 0+ 14 70) ()
< NGl (9. + o+ 1+70) (55)

Similar estimates hold for the other components of [, G(§, 2)(BGY)(z,&y)dz. Therefore,
the mapping G — [, G(&,2)(BGY)(z,&)dz is a contraction in L>(R?, Maty(C)) for
ReX > Aunit for Aynir large enough, with Aypnir possibly dependent of h € (0, hyx).
Hence, we get a unique bounded solution of , which must be G. The desired
bound on G is now immediate. n

Proof of Propositionm Fix jo € Z and ty € R. Since (2 is merely a linear ODE
in the Banach space L2, it follows from the Cauchy—Llpschltz theorem that
indeed has a unique solution V : [ty, 00) — L2. For any Z € C2°(R;1L?), an integration
by parts yields

~Zit0) = ST 5 [0 - (A0 V0);) 20t = 510 Vi (1) 210
= 22 [ Fovo - A0 v,z d.

JEZ |:

' (2.7.72)

We want to show that the function Vj(t) := Gi°(t,to) defined by coincides
with V on [tg, 00). To accomplish this, we define

- s = [ V0 - (AW - V), 0] (2.7.73)

and show that V is a weak solution to (2.7.8]) in the sense that
I = —Z;(t) (2.7.74)

holds for all Z € C°(R;1L?). Indeed, the uniqueness of weak solutions then implies
that V = V.

Note first that V(t) = 0 for ¢ < o, which can be seen by using (2.7.61)) and taking
X — 00 in lb We write y = hjg + ctg, x— —X—ﬂ and x+ = x + % ire  We see
that

1= S [ ovi - @ vzm)d (2.7.75)
since V (t) = 0 for ¢t < to. Moreover, we write

G;(t) = Ga(hj+ct,y). (2.7.76)
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Using our definition of V'(¢), we have

[ = - f ZZ[ A A)dt} dx, (2.7.77)
where
Tit) = 00| = G5 (1) - (AW®) - G1);Z()] (2.7.78)

The permutation of the summations and integrations is allowed by Lebesgue’s theorem,
because Z and % are compactly supported and G is uniformly bounded by ([2.7.61]).
Fix x— < A < x4 and j € Z. Using the change of variable 2z = hj + ¢t we obtain

c

=00 (2.7.79)

() o) 20

Zi(z,\) = eMa—hi/e—to) 7. (;hﬂ) (2.7.80)

_}o end = L[ [chJ(“ hﬂ)dzf + G, (" ’”)Zj(x,x)

where

Exploiting the fact that Z; and, therefore, Z; is compactly supported, (2.7.26]) yields

oo

_{O Z;(t, \)dt = L f_ (L + NG (z,y) Z;(x, \)]dx (2.7.81)

= 1Z(y).

Now since Z; is compactly supported, we can exchange sums and integrals in equation
(2.7.77)). This allows us to compute

X jEZ 0o
= —3u f > Z(y, A)dA
_ JEZL
W A0k o (hjo—hg) | 4 ) g
~ mic f JZG:ZQ ° ]( o T 0) (2.7.82)
_ 27”C Z f )\(hJo hJ)Z ((h](l hj) +t )d)\
JELX -
_ 2mc Z 2mc5JOZ ((hjoc—hj) +t0)
= Zjo(to)
as desired. n

2.7.2 Meromorphic expansion of G

In this subsection we set out to explicitly isolate the pole at A = 0 in the meromorphic
expansion of G. In addition, we show that both parts of this decomposition decay
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exponentially in a A-uniform fashion. This will allow us to shift the integration path in

(2.7.27) to the left of the imaginary axis. The decomposition (2.7.13)) for the Green’s
2.7.15))

function G together with the exponential decay estimates (| can subsequently be
read off from the shifted contour integral.

Lemma 2.7.8. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.

There exist constants K1 > 0, K5 > 0,0 > 0 and 6 > 0 such that
[©F(©)] < KieHl|ot|,

N (2.7.83)

[©7(6)] < Koe H[[07 ||

for all € € R.

Proof. We obtain from Lemma [2.7.0] that there are constants § > 0 and K; > 0 for
which
W) < Kie WVl + Ky [7 e ?0(n)|dn (2.7.84)

holds for each ¥ € H', where © = LV. Since L&' = 0 we conclude that
[@F(©)] < Kie oty (2.7.85)

for all . Note that the operator L* is also asymptotically hyperbolic. Hence, there are
6 > 0 and K5 > 0 for which

W(E)| < Koe Sl + Ko [ e 060 (n)|dn (2.7.86)

holds for each ¥ € H!, where © = L*W¥. Since L*®~ = 0 we obtain that
@7(8)] < Ko del[|o o (2.7.87)
for all €. .

Lemma 2.7.9. Assume that (HP1),(HP2), (HS), (Hol) and (Ho2) are satisfied. Then
there exist constants K3 > 0 and § > 0 such that

[(@*)(&)] < Kze oK (2.7.88)
for all € € R.

Proof. Lemma [2.7.8 implies that

[Anpt (€] < Ky X lon|(e7?ITIK 4 e 7olemREL 4 9= 0lel)

N k>0
2.7.89
< Kie Kl 3 Jagl(2e°MF +2)), ( )
k>0

where the last sum converges by (Ha2), possibly after decreasing § > 0. Using the fact

that A gt o N
(@+) = i(pﬁ_ﬁjﬁuw —¥ ) (2.7.90)
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we hence see that there exists a constant K3 > 0 such that

(@)(©) < Kae k. (2.7.91)
The proof for the bound on (®7)" is identical. ]
We recall the spaces
X = X, = {6cH:(d,0)=0}
\ (2.7.92)
Y =Y = {6cL°:(®2,0)=0}

together with the operators L~! in the spaces B(X, X) and in B(Y, X) that were de-
fined in Proposition We also recall the notation L9"™O that was introduced in
Corollary 2.5.4] for the unique solution ¥ of the equation

L = - kot (2.7.93)

in the space X, which is given explicitly by

Live = Lo - ok q>+} (2.7.94)

We now exploit these operators to decompose the Green’s function of A + L into a
meromorphic and an analytic part. This result is based on [109, Lem. 2.7].

Lemma 2.7.10. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists a constant 0 < X\ < Ao such that for all 0 < |A| < XA we have the represen-
tation

Gr& &) = Ea(6.&)+Gal6&) (2.7.95)
Here the meromorphic (in \) term can be written as
_ 1 [ ¢ (&)eT(E) v (E0)e"(€)
B = 3 ( FEn® v e ® ) (2:7:96)

and the analytic (in \) term G is given by

GA(6.60) = Goonl§ = &) = [L+ ALY 1LI™(L = Loo) G- = €0)](€)

— (P, Goor (- — &))@ (8).
(2.7.97)
Here we recall the notation
Q = (&7,0T). (2.7.98)

Proof. Pick A € C with 0 < |A| < Ag. By the proof of Proposition we see that
(L+MN)710 = A\ 1@ O+ | favvg — [[ 4 ALY ~INL-IL9vE  (2.7.99)
for © € L2. We now compute

(@7, (L = Loo)Goor(- = &0)) = (27, =LocGooin(- — &0))

(2.7.100)
= —@7(60) + /\<¢7, Goo;k(' - 50)>
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In particular, writing

L = L-Lg, (2.7.101)
we obtain

iy L6t @)t
(LA NT Ll —40) = Alﬂ(¢—(§o)w+ w—(fo>w+>

+<‘I’7LQA(‘—50)>@+ + LqinVﬁGm;)\(. — &)
[+ ALY IALT LA™Y LGoon (- — &o).

(2.7.102)
We may hence write
Gi(6.&) = Ex(&&)+Ga6 &) (2.7.103)
e @) (©) v (E)oH()
a1 9 (&)eT (&) YT (&) (€
Er&io) 0 ( o~ (@t (E) v (&)t (©) ) (27.104)
and
é)\('a 50) = Goo;A(' - EO) - Lqinv-i/Goo;)\(' - 50)
+[I + ALY TIAL T LI LG oon (- — &)
—%(@‘,Gw;,\(- — &))@t (2.7.105)
= Goon(- = &0) = [ + AL LA™ LG oon (- — &)
7%<(I)77 Goo;)\(' - €O)>(I)+
Clearly E) is meromorphic in A, while G is analytic in A in the region |A| < Ao. L]

We fix x > Aunif, where Aynir was defined in Lemma [2.7.3] and set
R = {AeC:-3 <ReA<yand [Im)| < ™9}, (2.7.106)

We now set out to obtain an estimate on the function G from Lemma [2.7.10| by
exploiting the asymptotic hyperbolicity of L. We treat each of the terms in (2.7.97)
separately in the results below.

Lemma 2.7.11. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist constants Ky > 0 and X > 0 such that for all A € R

(87, (L — Loo)Goor (- — &0))| < KqeXléol. (2.7.107)

Proof. We reuse the notation L = L — L, from the previous proof. Lemma
implies that we can pick constants £, > 0 and K, > 0 in such a way that

|Goon (€ = &) < K.e P15l (2.7.108)
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for all values of &,&;. Recall the constants K5,6 from Lemma and set K3 =
K5||® ||oo- Then we obtain

(O, LGoor (- — &0))| < [ Kze lg I e Pr1e-80l gg

- Kgg*K*< L (=060l 4 g=Bulbol) 4 _L_(e=0l60l _ g=Bultol)

548 B.—0
_1 —min{8,5. }|€ol L _9e—min{8,5.} ol
< KsgoK.(5h-2e e )
= K467>2‘£0‘
(2.7.109)
for some K4 > 0 and x > 0. [

Lemma 2.7.12. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist constants K19 > 0 and 7 > 0 such that for all A € R

‘ [LqinV(L — Loo)Goon(- — 50)} (5)’

Kige~71él =71l

IN

(2.7.110)

A

Kyge V¢l

Proof. We reuse the notation L = L— Ly from the previous proof. Recall the constants
K,6 from Lemma [2.7.8] Writing

He () = [L9™EGan(-— )] (), (2.7.111)
we may use Lemma [2.7.0] to estimate
[He, ()] < Kie || He, || + K1 [

(oo}
—o0
Recalling (2.7.92)-(2.7.94)), we obtain
[Heolloo < [ He, [l

e 1= LHe, (n)|dn. (2.7.112)

Cunif”-i/Goo;A(' — &) — w(ﬁﬂﬁ?

D7 |12 7
Gt (14 L2120 12 ) | LG ocin (- = o) 2
K5 ||LGoor (- = &0)ll2

for some constant K5 > 0.

IN

(2.7.113)

IN

IN

Using Lemma [2.7.8| we see that there exists a constant K¢ > 0 for which

e = |57 ) de|
J& R @ )| oe W de (2.7.114)
= K6€76|€|

IN

holds for all £ € R. Recall that

L = (ag“(u)“"o O). (2.7.115)

)
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Observe that —g,,(0) + ro = 0. Then we obtain that

| — gu(@(€)) + 7ol < Kre ok (2.7.116)
for all £ € R and for some constant K7 > 0. Lemma implies that

Goor(§ = &0)| < K.emFele0l (2.7.117)
for all £ € R. Therefore, we must have

||£GM;A(' - 50)”%2

IN

Je K2K?2e= 208l 28165l ¢
< Kge 216l

(2.7.118)

for some constants Kg > 0, ¥ > 0 with 7 < B, ¥ < %5 and 7 <
obtain the estimate

%)2. In particular, we
[Heylloo < Ksy/Kge V1l (2.7.119)
In a similar fashion, using Lemma [2.7.11] we see that

LHg, () < [[LGwn(- — )] () - E-Egat=tlat(g)|
< K7K*e—5|f|e—/3*|5—5o\ + $K4€_X‘50|K1€_6|5| (2.7.120>

IN

Ko [efﬁlﬁ\efﬁlﬁf&o\ 4 ew\so\efmq

for all £ € R and some constant Kg > 0. Combining (2.7.112) with (2.7.113) and
(2.7.118)), we hence obtain

[He ()] < Kie B[ He, |l + K1 [Z e8| LH, (n)]dn
< Kie 9l Ky /Kge V¢l
K [ et {e—zwe—w—m n e—ﬂsde—wq dn
Kie 98 Ky /Kge 7160l 4 K, fi’ooo e &= K ge—TInle=I¢l gy
< KigeTEle=7l6ol

S Kloe*:ﬂf*fo\

IN

(2.7.121)
for some constant K19 > 0. =

Remark 2.7.13. In the proof of Lemma|2.7.12} in particular in (2.7.116)), we explicitly
used that U is a pulse solution, instead of a traveling front solution. If one would want

to transfer these results to a more general system where the waves have different limits
at £ = oo, then Lemma would only hold for £, > 0. However, the definition
(2.7.25)) remains valid upon using the reference system at £ = —oo instead of £ = +o0.
This new formulation allows the desired estimates for £y < 0 to be recovered.
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Lemma 2.7.14. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exist constants K13 > 0 and w > 0 such that the function Gy from Lemma

satisfies the bound
IGA(6, &) < Kygemwle—%ol (2.7.122)

for all £,& and all 0 < |\ < .

Proof. As before, we write
Hey(§) = L™ LGosa(- = ) (). (2.7.123)
Using Lemma Lemma [2.7.12] and (2.7.119) and recalling (2.7.92))-(2.7.94), we

obtain the estimate

‘L71H50(5)| < KleialglnLilH&)HOO + Ky fOO eialgin”Hﬁo(n”dn

—0o0

< Kle_a|f|C’unifHH50||Lz + K, ffooo e_a|5—77|[(10€—’7|77—50‘d77
< Kye M0, Ky Ree V60l 4 Ky [ eolé=nl Ky ge=TIn—oldy
< KoK e 6%l

(2.7.124)
for some constants K17 > 0 and 25 < «. Using Proposition [2.5.2| and (2.7.119) we
obtain that

(LY Heyllsr < KsV/EKs(Cunig) e~ 710! (2.7.125)
for all n € Z~(. Continuing in this fashion, we see that
(L1 Heo (6)] < KioKiye 7! (2.7.126)
for all n € Z~¢. If we set
X = min{3, N, x, ) (2.7.127)
then for each n € Z~( and each 0 < |A| < X we have
I(=N" (L) He e < 5 (2.7.128)
In particular, it follows that
N
ngzjo(—A)”(Lfl)”Hgo — [T+ ALY 'He, (2.7.129)

. 1 . 1 . . . .
in H as N — oo. Since H -convergence implies point-wise convergence, we conclude
that

o0

22 (=)L) Hey (€)

n=0

© e
2 N EnKjpemleel (2.7.130)
=
&e_a‘f_fol

1-AKq1

= Kjpe—TE—¢l

[I+ALTH T H, (6)] =

IN

IN
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for all £ € R and for some constant K75 > 0.

Combining this estimate with Lemma [2.7.8 and Lemma yields the desired
bound

GAE &) = |Goora(§ = &0) = [[1 + ALY TLLI™ LGoein (- — €0)] (&)
—4 (07, Goo - — £0))2H(€)]

< K,e P16l 4 K e8] K4%e—>2|£o|[(1€—5|£|qu”oo
g Klge_w‘f_go‘
(2.7.131)
for some constants K3 > 0 and w > 0. n
We write
S = {Atiw:we[-Hd ey (2.7.132)

where )\ is defined in the proof of Lemma [2.7.14

Lemma 2.7.15. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Then there exist constants K > 0 and > 0 such that for all A € S we have the bound

IGA(€,&)] < Ke PlEeol (2.7.133)
for all £, &.

Proof. Fix A\g € S. For X\ € S sufficiently close to Ay we have

[L+M+A—A44

- KL+%)O+@+NJHA7M»T1 (2.7.134)

-1

P+ﬂ4

- PA{L+A@—%A—Nﬂ_TL+Aﬂ
In particular, upon writing
Hey(€) = [IL+ M) LG (- = )| (6), (2.7.135)
we see that
GA(6,€0) = Goenr(§ = &0) = [T+ (L+X) " (A= 2)] " Hgy | €).  (2.7136)
Using Lemma [2.7.6] we can pick constants ky, > 0 and «y, > 0 in such a way that

|H£o (£)| < kkoeiakolgl ”Héo ”oo + kx, ffooo e~ o l&=m |(L =+ AO)HEO (Tl)|d77-
(2.7.137)
Recall the constant Cg appearing in Proposition [2.3.3] This allows us to estimate

”H&) ”00 < ||H§0 HH1
Csl| LG, (€ €0) I (2.7.138)
CS,/KS(E*’YKO\_

IN

IN
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This yields the bound

[Hey (€)] < Rngem 8105/ Kse 1800 4 ky, [75, e LG o0 (1, €0)ldi)
< ky e olEl0gy/Kge Mol 4 ky ffo e~ lé Ko K e 01l e =28+ In=%ol g

< k)\o,Qe*a%o;2|§*§o‘
(2.7.139)
for some constants k.2, @x,;2, which may depend on Ao, but not on A. Arguing as in

(12.7.124)), we obtain
|[L + Ao] ™" He, (6)]

IN

]@\06*0‘/\0|§| H [L + /\0]7le0 Hoo
thing [ 7o €018 He, (1) ]dn (2.7.140)

< k)xo;Qk)\oSeiaxo;ngigol

for some constant ky,;3 > 0, which may depend on )y, but not on A. Following the
same steps as the proof of Lemma and setting

o 1 1
€xo = mln{mam}a (2.7.141)

we conclude that

|GA (€, &0) — Goon (€ — o)

[+ 12+ 207 0= 2)] He | )

(2.7.142)
< k)\o.4efa/\0;2‘5*50\

holds for each A € S with |A — Xg| < €,, for some constant ky,.4 > 0, which may
depend on Ag. In particular, we obtain that

IGA(&, &) < kague™@02l8=%0l 4 K, e=Aele=6ol

< k>\0,567a>\0:2|§7§0‘

(2.7.143)

holds for each A € S with |A — XAg| < €),, for some constant ky,5 > 0, which may
depend on Ag.

Since S is compact we can find Ay, ..., A, € S in such a way that

n
S c UPpeC:d=N|<en} (2.7.144)
i=1
Setting
K = max{ky,s:1€{l,..n}},
~ (2.7.145)
B8 = min{ay,2:i€{l,...,n}t}
we conclude that )
[GA(6, &) < Ke Plel (2.7.146)

holds for all A € S and all £,&, € R. [
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2.7.3 Decomposition into stable and center modes

In this final subsection we establish Proposition 2.7.1] In particular, the decomposition
and the exponential bounds for the Green’s function G can be found
by using the splitting of G obtained in This is performed in Lemma [2.7.16
which is based on [I09, Cor. 2.8].

We subsequently carefully study the terms appearing in and show that they
can be interpreted as a spectral decomposition that splits the flow associated to the
linear system into two invariant subspaces. The stable component decays expo-
nentially in a uniform fashion, while the center component can be described explicitly.

Lemma 2.7.16. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. For
any pair t >ty and any j, jo € Z, we have the representation

G (tto) = EP(tto) + Gl (¢ t0) (2.7.147)
in which
ity = [ @ (hio+cto)st(hj+ct) ¥ (hjo+cto)d (hj +ct)
g\ 70 O\ ¢ (hjo + cto)yt(hj +ct) ¥~ (hjo + cto)wt(hj +ct) )’
_ (2.7.148)
while G satisfies the bound
|g~§°(t,to)| < KePt—to) g=Blhj+ect—hjo—cto] (2.7.149)

for some K > 0 and > 0.

Proof. Recall the representation of Q;O from Proposition m Note that G5 (€,&) is

meromorphic for A in the strip {A € C: ReA > —A3,|Im A| < §'} with a simple pole at

A = 0 by Lemma Lemma and Theorem Lemma also implies
that the residue of G (&, &) in A = 0 is given by

5O )t
Res(@r(6 0.0 = <4 (S-E)0G e ) @719

We write
H(,&) = e k(L4 A+ 2mike)e_pr1,Gal( o) (2.7.151)
In a similar fashion as in the proof of Lemma [2.6.1] we see that for k € Z we have
(L+A+2mikf)e oring = € gmip(L+A). (2.7.152)
Therefore, it follows that

H(.7§0) — 627”;%]{:50(_[1—’—)\"'27'(’7;]6%)67271.7;%]@67')\(',50)

" (2.7.153)
= M0e_pri (L + NG o)
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For any f € H' we may hence compute

JH(E,&)f(€o) d&o = [ eXminkéoe=2minbe (L 4+ X)GA(+, €0)(€) f (&) déo
= e 2minkE[e2min ke £ (£)] (2.7.154)

= f(&).
Therefore, by the invertibility of L + A + 2miky, we must have
Giriaming (§,60) = e2FrE-G,(€,&). (2.7.155)

Now recall the constants x, x4+, x— from (the proof of) Proposition and define

N = _A_mc
. ; : (2.7.156)
A = -3 + 717
Writing x = hj + ct,y = hjo + ctp, we see that
X— X+ e 1
J" eMt—tU)G,\(IL‘,y) d\ = f e(>‘+2mﬁ)(t_t°)€_2mﬁ(y_x)G)\(x,y) d\
P ~+
A A (2.7.157)
= [ ttIGy(z,y) dA
X-%—

Hence, if we integrate the function M=) Gy (hj + ct, hjo + cto) along the rectangle

withiedges -2 _ i5e, _%j' i%5,x — i7° and x +i75°, then the integrals from x —i75¢

2
to —% — % and from —% + 1755 to x + 1757 cancel each other out. In particular, again
writing * = hj + ct,y = hjo + ctg, the residue theorem implies

, X+
G(tito) = & [ T0G\(z,y) dA
X%
— 3% - (g - +(x
- & e b (GENG G )
~§-in
(2.7.158)
Using Lemma [2.7.15| we also get the estimate
—3+i%e - i
2 [ AUNG (@) dA £ g Eme Nt Kendleul, (2.7.159)
3o
which yields the desired bound (2.7.149)). [

For any t € R, we introduce the suggestive notation

Ie(t) = &(tt) (2.7.160)
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together with
Is(¢t) = I—TI°(%). (2.7.161)

Recalling the notation introduced in (2.7.12), we set out to show that II°(¢) x II°(¢) =
I1¢(¢) and II°(¢t) « II°(¢) = I1°(¢). Later on, we will view these operators as projections
that correspond to the center and stable parts of the flow induced by G respectively.

To establish the identity I1°(¢) = I1°(¢) = I1°(¢), it suffices to show that
< ¢~ (25,)¢ " (x5) ¥ (o)™ (x;) > _ by ( ¢~ ()¢t (x;) ¢ (i)™ (x) )
¢ (o) () ¥ (o) 0" (25) G\ o (@)Yt (x) ¢ () :
“(@io) T (i) T (w4,)0 (w0)

(e (@io)

DV (@) T (w5,)U (@)
2.7.162)
in which x; = hi + ct for i € Z. We now write our linear operator in the form
LU(E) = U@+ S AOU(E+jh), (2.7.163)
J=—
where
1
oy 0 £ 20
( 0 0 ) if j #
A; = 2.7.164
1 2k Y ata©) 1) (2.7.164
k>0 if j =0.
-pP Y

Before we continue, we first prove a small lemma that will help us to relate discrete
inner products with their continuous counterparts.

Lemma 2.7.17. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. For
all £ € R we have the identity

¢ (£)o7 (&) _ :
C( Y (€)Yt (€) ) = j;}oof B(E+0—hj)A;(E+0—hj)PT(E+0)do
(2.7.165)
where
B() = (85_(5) ?p*(g) ) (2.7.166)

Proof. Our strategy is to differentiate both sides of (2.7.165) and to show their deriva-
tives are equal. Starting with the first component, we pick N € Z- U {oo} and write

LN . . (1)
DIN) = % % [ (§+0—h])[Aj(ﬁw—hj)@(gw)} . (2.7.167)
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For finite NV, we may compute

D(N)

o e N RIS
de 2 Jen© O)][A;0)2+ 0+ hj)| s

N (1)
3 0TO A€ +h) (2.7.168)

(€0)

-3 o(e ) [Ayle - )]

j=—N

Now for j > 0 we have |A;(£)®" (¢ + hj)| < 75|oy], so the partial sums converge
uniformly. Hence, it follows that

D(0)

o) NI
X o @400+ )]

- 2 0m(e h)[Ay(e — n)ot(©) " (2.7.169)
= OO () + () (©OFH(E)
= c(m¢h)(©),
since @ € ker(L) and @~ € ker(L*).

We now set out to show that both sides of (2.7.165)) converge to zero as & — oc.
Pick € > 0 and let N € Z~( be large enough to ensure that

1 il < 3 .
j;thﬂ\aﬂ = 20+ o) [P T (2.7.170)

In addition, let = be large enough to have

o= ()] < e
10+ 5 ey e+ (2.7.171)

for all ¢ > = — N. This = exists since ¢~ € H'. For such ¢ we may estimate
o . A 1)
DD A (5+9—h3)[14j(5+9—h])@ (£+9)} ol < e, (2.7.172)
j=—00

which allows us to compute

lim i fohj ¢ (E+6—hj) [Aj(f +6—hj)PT(E+ 9)}(1)d9 =0

£—o0 j=—c0
Jim o~ (€6 (©).
(2.7.173)

With that we have proved our claim. Furthermore, we can repeat the arguments above
to obtain

@

(YT = 5) Jol v (€40 - hj) [Aj (€+0-hj)ot(c+0) do.
’ (2.7.174)
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m
We are now ready to show that I1¢(¢) * I1¢(¢) = II¢(¢) and TI°(¢) = I1°(¢) = II°(¢).
This result is based on the first part of [I09, Lem. 2.9].

Lemma 2.7.18. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Then T1¢(t) « I1¢(¢) = I1°(t) and II°(¢t) « I1°(t) = II°(¢) for allt € R.

Proof. For k € Z we write x;, = hk + ct. In addition, for notational convenience we

write B;(6) = [Aj (0)T (0+hyj)] W for j € Z and 0 € R. Using the results from Lemma
[2.717 we may compute

00 oo hj

¢ 8 oT@iotm) = 35 (ot 0 hi)B,(a+ 0~ hi)dh
- ¥ 5 | o 0)B;0)d0

oo o0

> [ o (0)B,(6)de,

j=—00—00

(2.7.175)
where we were allowed to interchange the two infinite sums because
N oz oo
|2 T o @B@@| < | [ 600 .1.176)
| < o~ lhpzlioglllet [l

holds for all N € Z~y and j € Z. This expression is summable over j, allowing us to
apply Lebesgue’s theorem. On the other hand, we have

oo oo oo hj
¢ | 67(6)97(¢) de J Py J¢_(§+9—hj)Bj(£+9—hj)d9 de
oo hj oo
= X [ [ ¢7(€+0—hj)B;j(§+ 60— hj) dedo
T (2.7.177)
= X [ ] ¢ (€= hj)B;(& — hj)dEdd

J=—00 0 —oo

e} o
= X hj [ ¢7(6—hi)By(€ — hj)de.
j=—00 —00
Interchanging the integral with the sum was allowed since ¢~ and ¢* decay exponen-
tially, say |¢~(z)| < ke~l*l and |¢*(2)| < ke~%Il. In particular, for each N € Zs
and each £ € R we have

N hj =)
| X ST (€+0-h)Bi(E+0—hj)do| < X hrZe*El]jay |7,
j=—N 0 j=—00
(2.7.178)
which is integrable in £. Furthermore, the interchanging of the two integrals was al-
lowed, since by the exponential decay of ¢~ we also see that for each j € Z,& € R and
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0 € (0, hy) we have

0= (E+ 60— hj)Bj(E+0—hj)| < ke dIEF0-hil|g |0 . (2.7.179)

This is an integrable function for (£,0) € R x (0, hj), allowing us to apply Fubini’s
theorem.

In particular, we see that

J @@ de = b T 6 @et @), (27.180)
In the same way we obtain

Tt de = b 5 v @t ). (27.181)
By writing out the sums it now follows that indeed holds. ]

Proof of Proposition|2.7.1. The calculations above imply that E(t, to) = E (¢, to)*I1¢(to),
which means that we must also have E(t, %) * II*(tg) = 0.

¢t (hj + ct)
1/J+(hj + ct)

). Hence, by the definition of the

Observe that for any ¢y € R, the function V;(t) := <

¢t (hj + cto)
YT (hj + cto)

) is the unique

solution to (2.7.6) with V;(to) = (

Green’s function G(t,ty) we see that
V() = Gt to)«V(to) (2.7.182)
for all t € R. Furthermore, we recall that
E(to,to) = V;(to)®~ (hjo + cto). (2.7.183)

For j, jo € Z we may hence compute

J i€
= h it to); * Vi(te) P (hj t
Ql%:ZgJ(, 0)i * Vi(to)®~ (hjo + cto) (2.7.184)
= %Vj(t)q)i(hjo + ctp)

= &Nt to).

g(t,to)*HC(to)}jO = Y Gilt,to) * E°(t,to)

In particular, we obtain G(t,to) * II°(tg) = E(t, tp) and thus

g(t, to) * Hc(to) = g(t, to) * Hc(to) — 5(t, LLQ) * Hc(t())
= E(t,to) — E(t,to) (2.7.185)
= 0.
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Therefore, we must have
Gt,te) = E(tto)+G(t,to)

E(t,to) * (Hc(to) + Hs(to)) +G(t to) * (Hc(to) + ns(to)) (2.7.186)

E(t o) * TI(to) + G(t, to) + I (t),

which completes the proof. [

2.8 Nonlinear stability

In this section, we will finally prove Theorem along the lines of the approach
described in [I09]. The main contribution here is that we give a detailed description of
the manner in which one can account for the shift-periodicity of the underlying problem
when constructing the stable manifolds for the family U(- + o).

Recall from that the space ¢ is defined by

= {VeR) |V = 3 [V;I? < oo} (2.8.1)
j€Z
for 1 <p < oo and
0 = {Ve R V] = sup|Vj| < oo}. (2.8.2)
JEZ

In addition, we recall the notation (U);(t) = (T(hj + ct), w(hj + ct)) and we let § > 0
be the constant appearing in Proposition

Exploiting Lemma [2.7.8 we see that
It to)ll < CremPlharertin e (283)

for some constant C; > 0. Lemma [2.7.18| hence allows us to define T1¢(t) € B(¢?; ¢P)
and II°(t) € B(¢P, £P) by writing

°(t)V E(t,1) +V,

o = ool (2.8.4)

The proof of our nonlinear stability result proceeds in two main steps. In particular,
we first construct the stable manifolds of the solutions (@, w)(- —6) for each # € R. This
result is based on the first half of the proof of [I09, Prop. 2.1].

Proposition 2.8.1. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists a constant n > 0, independent of p, such that for each 6 ¢ R and each
W, € Range(I1°(0)) with |Wy|le» < 1 there is a unique function U (W) : [0,00) — €7
such that
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1. Ut)=TU(t+0) —H/If(WS)(t) is a solution of for allt >0,

2. US(W,)(t) decays exponentially to 0 as t — oo,

3. I8 ()2 (W,)(0) = W,.

In addition, there exist constants Cg > 0 and C13 > 0, independent of p, such that the
estimate

[TE@Ue (W) (O)lew < ColWal2 (2.8.5)

holds for all § € R and each W, € Range(IT*()) with |W,||e» < 1, while the estimate

I (@)Ul (WE(0) = T@)UE(W2)O)llr < Cus[IWEller + W21

< [IW2 = W2ler + 161 — 6]
~ ~ ~ (2.8.6)
holds for all W} € Range(II*(61)), all W2 € Range(IT*(03)) and all 6 € R and 6, € R
with |Wille <n, [WZller < and |03 — 61| <.

It then suffices to show that the space around the family of travelling pulse solutions
can be completely covered by these stable manifolds. We remark that 6 in the result
below will correspond with the asymptotic phase shift.

Proposition 2.8.2. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Then there exists a constant 6 > 0, which does not depend on p, such that for all initial
conditions U° € (P with, |[U® — T (0)||e» < & there exists 6 € R and W, € Range(IT*(0))
such that

U° = U0)+Ul(W,). (2.8.7)

We write the LDE ([2.2.1]) as

V) = f(V(t)), (288)
where
Fv) = % e 2 e |[V0 + V0 - 27 0] + v ) - v 0
J p[Vj(l) (t) - ,7‘/;_(2)@)}

(2.8.9)
Then we see that A(t) = D]:(ﬁ(t)), where A(t) is defined in (2.7.6). We now write

N (t, V(t)) - f(V(t) LU+ 9)) —FU(t+0) - D]-"(U(t + 9))V((t2) -

and set out to solve the differential equation

V) = DF(U+0)VE) +No(Lv(). (2.8.11)
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Indeed, if V satisfies (2.8.11]), then we see that

GO0 +v@e) = F(OC+0)+DF(TC+0) V) +No(s V()

= FOe+0)+vE),
B (2.8.12)
which means that U(- + 6) + V is indeed a solution of (2.2.1)).

Our goal is to construct decaying solutions to ([2.8.11)) for multiple values of € using
a single Green’s function. To this end, we write

MI(0,6,V) = No(t,V(®) + DF(T(t+6))V(t) ~ DF(T(t+6) ) V().
(2.8.13)
This allow us to rewrite as

avity = DF(TUE+0)V(H)+ M (0,tV). (2.8.14)

Lemma 2.8.3. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. Then
MPO(0,t,-) maps (P into itself and there exists a constant Cy > 0, independent of p and

0, so that we have the estimate

IMOO,,V)ller < CallVIIZ, + Calf = O]V [en, (2.8.15)
for Ve 7 with ||V, < 1 and § € R with |§ — 0] < 1, together with
IME (01,4, V2) = MO (03,8, Vo) lo < CallVi = Valle [ Vil + 1Vl
+16— 61 + 162 — ]
+Cal0y = 8ol [|[Valer + [[Valle
T (28.16)
for Vi e P, Vo € 7,601 € R and 02 € R with ||Vi|ler < 1, |[Valler < 1,100 — 0] < 1 and
|6, — 0] < 1.
Proof. A Taylor expansion around U(l) (t+ 0~) yields the pointwise identity
M0tV = L (g(vO 1TV (e +0)) = g, (Tt +0)) v - g(TV (e +0)))
—(1 —(1 ~
(39O + [0, (Tt +0)) = 9 (TV 0+ 0) v D)
— 1 J— 1 ~
= 1 (30wl (VOP + 10 (@) [TVt +0) - TV + 5|V
7(1) ~
(390 (E)(VD)? + Lguu(&2) [ £TV(3)] 0 — BV D) |

(2.8.17)
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where &1 is between U(l)(t—l—é) and U(l)(t—&—é) +V, & is between U(l)(t—l—g) and U(l)(t)
and &3 is between t + 6 and ¢t + 6. For a bounded function f, we have the pointwise
bound

|guu(f)| = |6f+27"0 +2|

< 6||f||oo + 279 + 2.

(2.8.18)

Therefore we get the pointwise bound

~ a7 i _N
MOV < i%(§6ullm+2ro+2)llu ol — BV )'
. ( (BIV® e + 6llloc + 20 +2) (VD)2 >|
c?2
0
< %(6||u||oo+2m+2)||a'||m|o v

+ i 3 6]V e + 6][]| oo + 210 +2)| (VD)2
(2.8.19)

Furthermore, for 1 < p < oo we see

W2 (1)2 '
1 Yo = (zvj |P>
JEZ
] (2.8.20)
((z |vj“’|p> (supsez |vj‘”|p)>
JEZL

IVIIZ

IN

IN

which clearly also holds for p = co upon skipping the intermediate two steps. We hence
obtain the bound

MO0, VYo <y (Bl1Toc + 20 + 2) [ [l — IV v
2 461 + 200+ 8) V3, (2.8.21)
< G|V + Calo = Ol[[V ler,

for some constant Cy > 0, which is independent of p and 6.

‘We now write

amM

Mé(el,t, Vl) —Mé(ez,t,w)
1 ( gV + T +00) = 0 (T +0) 1Y - o (T +01)) )
0

c

1 ( —g (VQ(” T+ 92)) + gu (U(l)(t + é)) v+ g(U(l)(t + 92))

(2.8.22)
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Using Taylor expansions around T (t+61) and U(l)(t + 603), we obtain the pointwise
identities

g(VV 4T+ 00) =g (TV+00) = L))
+50u T+ 0) (V)2
+0u (T (1 4+ 00)) V),
(Vi + T+ 02) = 9TV +02) = Lguna(&)(VE)?
+30u T+ 02)) (V)2

+gu (T 0+ 02) )1,
(2.8.23)
where & is in between T (t+0;) and Vl(l) +o (t+01) and &, is in between T (t+62)

and U(l)(t + 63) + V5. This allows us to collect all terms of the same order together

and write
dM = dMy + dMs + dMs, (2.8.24)

where

dM, =

o=

< 29 €) AN = Fgun(@) ()P >
0 )

dM, = ( %guu((ﬂ >(t+9 ))( vy _ lg (U(l (t+ 0 ))( Y2 )
c O ,
0

+1< —[gu(ﬁ(l)(t+92)) gu(U( )(t+9))} v
“\ o

(2.8.25)

. —@ .
Note that gy, = 6 is constant. A Taylor expansion around U ( )(t + 61) yields the
pointwise identity

ag? = 1 (3 (9@ 4+ 00) — 9T (1 4 02)) ) (KV)2)
+1 (~30u@ 4 8 (1572 - (1K)?))
= L (3(0" t+00) - TVt +02)) ("))
1 (0@ 0+ 02) ()2 - (1K)
= 130 €0 - o) (K")?)

+1 (<2 @ e+ 00 ()2 = (1K)2)).

(2.8.26)
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where £3 is in between t + 61 and ¢t + 6. Using Taylor expansions around U(l)(t + 69)

and T (t 4 ), we obtain the pointwise identity

e . {gu (Uu)(t N 91)) . (U(l)(t + é))} o

o (V4 02) 0 (T 0 40)) 127 (2.8.27)
= 1 (g€ @ = 0)[ViV = |gua(s) (02~ )| V),

where £, is in between U(l)(t + 61) and U(l)(t + 02) and &5 is in between U(l)(t) and
ot (t + 62). We estimate

ldMiller < 1 lIVEP =V ler

IN

B IValle=lVE = VE o + Vi = Vallew [VE s

B [1Ville [IViller + 1Vallen | 1V = Vallen + V2 = Valln V2l .
(2.8.28)

IN

together with

77(1)
ldMalle < H[BI@M) ()0 - 0)lllVll
+ (61l + 270 +2) [IVille= 1V = Vallew + [1Vi = Valles | Valle
< H[BIEllen - BallvalE,
+(6lalloc + 270 +2) [[Valles + 1 Valles | 1V2 = Valler |
(2.8.29)
and
ldMsle < lgun€a)@r = 0) o lViller + ll9uu(&5) (02 = DllocllVi = Vallor |
< L6l +2r0 +2) 101 = 0 1IVi s
+ (61l + 270 +2)182 — BlIVi = Valler .
(2.8.30)
Combining these estimates yields
ldMler < Ca|[Valles + 1 Vallew + 10— 03] + 162 = 01 V2 = Valles
(2.8.31)

+Calfr = Bl Vil + [ Valle -

Lemma 2.8.4. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. Then
there exists a constant Cs > 0, independent of p, such that for V € P we have the bound

1G(t to)V]ew < Cse PtV ||, (2.8.32)
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for all t,ty € R.

Proof. We let f(t,tg); = e~ Plet=ctothil and write V; = |V;| for V € 2. Using Lemma
[277.16 and Young’s inequality we obtain

IG(tto)V e < 8Ce™ =0 £(t,t0) 5 V]low (z.2)

< SCe_B(t_t") Il £, tO)HZl(Z,R) ||‘~/||ZP(Z,R) (2.8.33)
= 8CeAlt=to)| (4, to)llerzr) |V e»
< Ce 0|V,
where
Cg = 80 Supme[o] ]%:Zeiﬂlhjdhvl < 0. (2834)
Note that C3 is independent of p. [

From the defining system (2.7.8)), it is clear that for each 6 € R the Green’s function
of the linearisation of (2.2.1) around the wave U(- + 6) is given by G(t + 6, to + 6).

Fix W, € Range (HS (é)) and consider the fixed point problem

V() = Gt+0,0W,+ [IG(t+0,to+0)T(to + é)Mé(G,to, V(t0)>dt0

+ L E(+ 6t + O)TT°(to + é)Mé(e, to, V(to))dto.
(2.8.35)
We aim to construct decaying solutions to ([2.8.14]) by solving this fixed point problem
in the space

BC_j,5([0,00),7) = {V € C([0,00),07) : [V|_z5 < o0}, (2.8.36)
where
B
VI g2 = Subeefoo0) €2CIV(E)ler (2.8.37)

Here the integrals are taken component-wise, but we see that for each 1 < p < oo this
component-wise integral corresponds to the Bochner integral.

Lemma 2.8.5. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. If
the function V € BC’_B/Q([O,OO),KP) satisfies the fized point problem , then V

satisfies and, hence, V(t) + U(t + 0) is a solution of .
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Proof. If V (t) satisfies this fixed point problem then we see that

4(Ge+0.0m,) = DF(T(+8))G(t+6,0)W,

+Df(U(t + é))e(t +0,0)1(6)W,
%(5@ +0, é)HC(é)WS) (2.8.38)
= DJ—'(U(t + é)) G(t+60,0)W,+0—0
- DF(U(t + é)) it +6,0)W,
Writing
D) = Lv(t)- %(G(t—ké, é)WS), (2.8.39)
we can comptte
D) = [ & [Q( t+0,to+ 0)II (t0+é)/\/t5(9 to, V (to ))}dto
8+ Ot + O)TIE(t + )M (0,10, V (10) ) dto
+G(t+0,t + 0I5 (t + 0) M"(e tV(t )
FE(t+ 0, + O)II(t + 0) M9(9 tV(t ) (2.8.40)

=y &[0+ 0,0 + O (to + B)MP (6,10, V(1) )|t
)4 [Q(t 0,1 + O (8 + O) MO (e,to, V(to)ﬂdto
LG+ 0,1+ O)MC (e,t,V(t)).

Exploiting G(t 4 0,t 4+ 0) = I, this yields

D) = |, D]-'( (t+ 6))Q(t + 0, to 4+ O)II* (to + é)./\/lé(e,to, V(to))dto
+ [ Df( (t + 9))Q(t 40, to + 0)II(t + é)Mé(G,tO, V(to))dto
+M9(0 t V(t))

D]—"( (t+6) ) [5Gt + 8,10 + O)IT% (to + é)Mé(e,to, V(t0)>dt0
+Df( (t+0) ) JLE(t+0,t0+ O)TTe(tg + é)M‘j(e, to, V(to))dto
+ MO (9, t, V(t))

(2.8.41)
and thus

dy = Df(U(t+§))V(t)+Mé<0,t, V(t))

- D]-'(U(t n 9)) V() + Ny (t, V(t)) . (2842)
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Lemma 2.8.6. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There exists n > 0, independent of p and 0, so that for all Wy € Range (H"’(é)) that

have [|[Wsller < m and all |6 — 0| < n, the fized point problem has a unique
solution Wf;e(WS) in the space BC_5 ([0, 00), (7).

Proof. We first rewrite (2.8.35)) as

vV o= T(W,V), (2.8.43)
where
T(We,V) = G(t+6,0)Ws+ [5Gt + 0,0 + O)II°(to + O)M? (é, to, V(to))dto
+ [ E+0,t0 + 0T (to + ) M° (9, to, V(to))dto.
(2.8.44)
Pick V€ BC_j,((0,00),£7) with [[V[_j5,, < 1. Writing
T = [7G(t+0,to+ )Tty + HM? (9, to, V(to))dto, (2.8.45)

Lemma [2.8:3] and Lemma [2.8.4] imply
IZler < JoIG(E+ .t + O)MP (0,10, V (ko) ) v dto

<y Cae P MO (0,10, V(10) ) v o

< Jo Ce PG|V (ko) v [V (t0) v + 16— 8]t

< fg C3e—ﬁ(t—to)c2HV”_B/Qe—/?to/Q [e—ﬁto/QH‘/H_B/z + 10 — 5\]6[750
< GOVt PV + 277210~ 6]

(2.8.46)

Observe that if we multiply this final function with eBt/2 e still have a bounded
function. Since this holds for all p we see that

IZ0_gje < CallVll_gpa[IVIl_g/2+16 - 61] (2.8.47)
for some constant Cy, which is independent of p.

We write
Tty = [ZE(t+0,tg+0)T(to + O)MP (9, to, V(to))dto. (2.8.48)
Mimicking the computation above and using the explicit expression ([2.8.3]), we see that

1T (@)]ev

IA

t 3 = -
fw0102||V||7B/26 ﬁto/Q{e 5t0/2||VH7,@/2+|9—9|]dt0 (2849)
= GVl [3e P IVI_g + 3272160 - ],
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Observe that if we multiply this final function with eét we still have a bounded function.
Since this holds for all p we see that

1T 5s < CsIVI_gya[IVIl_g)2 +16 - 8] (2.8.50)
for some constant C'5, which is independent of p.

Finally, Lemma yields the bound
IG(t+0,0)Waller < Cse P Weller, (2.8.51)

which means ) o
”g(t"_e?a)WSH_,é/z S 03||W5H£P~ (2.8.52)

This yields the bound

ITWa V) _gjs < Cal[Wellew + (04+Cs)||VH_ﬁ~/2[||V||_B/2 110 _eﬂ.
(2.8.53)
Let Vi € BC_5,,([0,00),£7) and V3 € BC_5 ,([0,00),¢7) with [[Vi]|_5,, < 1 and
||V2||_B/2 < 1. Again, we write

M = Mé(e,t, Vl(t)) - M (e,avz(t)). (2.8.54)
Using Lemma it follows that
[dMller < Co[[Vallen + [Vallen + 16 = 61 V3 = Vallor (2:8.55)

Mimicking the above computations, this yields

IV Vi) = TV Vo)l 50 < (Cat Co)Vi = Vall o [IVAIL o + V235

+Ho— é’@.
(2.8.56)
We now fix
§ = min{l, getreny ) (2.8.57)
and
n = min{geiey 1830 (2.8.58)
For each V' € BC_j 5([0,00),£7), Vi € BC_j5([0,00),£7) and Vo € BC_j5 5([0, 00), £7)

with [[V]|_5,, < 0, [[V1ll_g/, < & and [[V2|[_j,, < 0, each 6 € R with |6 — 6] < n and
each W, € (P with ||[Ws||¢» < 1, we now obtain

ITWeV)l_ge < §+8[4+
<

} (2.8.59)

N

and

ITWo Vi) = TWe, Vol g <[54+ 3]IVi—Vall_g o (2.8.60)
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Hence we see that the equation (2.8.35)) has a unique solution Wf;e(Ws). n

Lemma 2.8.7. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.

For each Wy € Range(HS(9)> with |Wlle» < n and each |0 — 8] < 1 we have

Hs(é)Wf;e(WS)(O) = W and HHC(HN)Wf;G(WS)(O)ng < C||Ws||2, for some constant
Cs > 0, which is independent of p and 6.

Proof. 1t is clear that

(2.8.61)

I (O)W (W) (0) = TI*(6)G(8,0)W,

+ [2 T (0)E(, to + O)TI(t + H)M? (9, to, Wf;g(Ws)(to))dto
= W,+0

= Wsa
(2.8.62)
together with

()W (We)(0) = T(B)G(8,0)W,
f

HI°(0) [y G (B, to + O)TI* (to + ) M? (0, to, Wf;e(Wg)(to)>dt0
FII(6) 2 £(8, o + O)II(to + )M (9, to, Wf;o(Ws)(t0)>dt0

— 2 £, to + )T (tg + O)M? (9,t0, Wf;e(Ws)(to))dto.
(2.8.63)
We assume without loss of generality that 7 is small enough to ensure

(Ca+ CoWE Wl Ve Wy +10 =01 < SIWELWI g0
(2.8.64)
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Using (2.8.53)), we obtain

13 €0, to + )T (t + B)MP (0,00, WG (W) (ko) )dtollr < Cs [IWE(Wa) g
+16 — 6
< 4CsCE|W|1Z
= Col|Wll7-
(2.8.65)
This yields the desired estimate
e @OWE,(Wa)ller < CollWil|3, (2.8.66)
| |
Exploiting Lemma [2.7.8 and Lemma [2.7.9] we pick C7 > 0 in such a way that
DE()] + [(@F) ()] < Cre Pkl (2.8.67)

holds for all £ € R, decreasing 3 if necessary.

Lemma 2.8.8. Assume that (HP1),(HP2), (HS), (Hal) and (Ho2) are satisfied. Then
there exists a constant Cy > 0, independent of p such that for each 8 € R we have the
bound

[@F(h-+0)]er < Co. (2.8.68)

In addition, for each § € R and each sequence {£(j)} with |||« < 1, we have the
bound
(@) (h-+E( )l < Co. (2.8.69)

Proof. Note that for each k € Z we have
[@F(h-+00)Ilp = jez |@F(hj+01)P

hj + hk + (6, — ))Ip
)|p (2.8.70)

- JGZ |(I>+

(
]EZ|<I>+(h]+ (01 —
J@* (146 — 1) )1,

Hence we assume without loss of generality that || < 1. We see with (2.8.67)) that
there is a constant Cg > 0 such that

@+ (h-+cB)]lew < Cslle P10z m)
< Cg\le‘g‘h"eﬁw”Hzp(z,R)
o = 1
< Cgeﬂlel\||efﬂp|h.|‘|éol(Z’R) (2.8.71)
< 2Cgmax{1, e ™|z p)}

= Cg,
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|61

if we assume that B is small enough such that eBlonl < e? < 2. A similar calculation

yields i
(@) (h-+€( Dl < Cslle™ PO g gy
< 08“@_6“1"6&”@1(2,11@)
< C’seBIIe_glh'lHel(z,R) (2.8.72)
< 2Csmax{1, e~ Mgz}
= Cy.
|
We have
OV); = & X (@ (hjo+ch), Vj,) ¥ (hj + ch). (2.8.73)

Jo€Z
For notational compactness we write
eV = X@0) (V)0 (h- +ch). (2.8.74)

Lemma 2.8.9. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied. For
V e tP and 01,05 € R with |03 — 01] < 1 we have the bounds

”HC(QI)HS(GQ)V”ZP < ClO|01 — 02|||VH[P (2875)

and
ITI2(0)II¢(02)V ||er < Ci0|01 — O2|||V || e» (2.8.76)

for some constant C19 > 0 which does not depend on p.

Proof. Writing

P = Xc(al)(ns(ag)v), (2.8.77)
we obtain
1Pl = 1% ZGIZ@*(hjo+691),(HS(92)V)J'0>|

Jo
= Q71| 3 (2 (hjo + cbr) — @ (hjo + ), (I1°(62)V) o)

o s o . (2.8.78)
< Q ZZ\‘P (hjo + cf1) — @~ (hjo + cBa)||(TI°(62) V), |

Jo€E

< QY@ (h- 4cby) — (B +cb)|p [[TT°(62) V]| e
< Q0L = Oaf[[c(@7) (B - +EC)) e [T1°(02) V[ ev,

where each £(j) is in between cf; and cfs. Thus we obtain with Lemma and
Lemma [2.8.8

IO (62) Ve < GColel|0r — 02| (TT° (62) V)| Co
S %Cg‘CHOl — 92|C3HV||,€:DCQ (2879)
< 10|61 = 02|V ]|er
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for some constant C1y > 0 which is independent of p.

Furthermore we can compute
(0.1 (6)V = [I - HC(Gl)} [I - HS(QQ)} 1%
— V _TI(0,)V — II5(6s)V + II9(0,)IT* (62)V (2.8.80)
—  _II(0,)V + TI9(62)V + TI¢(6,)TT* (62) V.

This allows us to estimate

=L 00)V + 10)V[ler < [N (@1)(V) = X (02) (V)12 (61)]|ev
+AB) |27 (61) — DT (62)]r
< Golby = 02| Col[V ][ er
+Colba10y — 02 [[(7) (h - +n () llex |V []ev
< ol = 02|Co[V||er + Co|02]|01 — 02| Col|V||ev
< %Clowl — Oa||V ]| v,
(2.8.81)
where each 7(j) is between cf; and cf. We thus obtain
III°(01)II°(02)V]er < Ciolbr — 02|V ||er- (2.8.82)
"
Proof of Proposition[2.8-1. We set
U, = W) (2.8.83)

for all § € R.

Fix § € R and pick # € R with |§ — §] < 5 and pick W, € Range(IT*(#)) with
IWs|ler < m. By uniqueness of the solution to (2.8.35]) it follows that
UW) = Wo(W?) (2.8.84)

for some W? € Range (HS (é)) . Since IT* (é)Wf;a(-)(O) is the identity map on Range (HS (é)) ,
it follows that

WO = IE(@U(WL)(0). (2.8.85)
We now see
W =We = IEOU(W)(0) W,
= Hs(?) UL (W,)(0) — Wi | + Hs(é)Wj - W, (2.8.86)
= TI%(0)I¢(O)US (W) (0) + W — TI¢(0) Wy — W
= I(O)I(O)U (W) (0) — TI°(6)I1* (6) W
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Lemma hence implies

WO = Wller < Cuol@ = 0[UL (W)(0)[er + Ciold — 6| W, v

IN

Ciol6 — 0] [IIWsllezﬂ + CaIIWSII?p} + Ciol0 — 0[|Weler  (2.8.87)
C1110 — 0| W[ v

IN

Now fix Wf € Range (Hs(é)) with ||Wngp < 7. Then we can compute

T(O)UL (W) (0) = TEOUI(WE)(0) = UL(W,)(0) = W, — TTE(B)V? ,(WP)

S

= W, (W0)(0) = Wy = W0 (W)(0) + W!
= WO — W+ WE,(W0)(0)

0 0 7 é
W, — W*;é(WS )(0) + W7.
(2.8.88)
Writing

Vi o= Wi,
o (2.8.89)

we can mimic the steps in (2.8.56|) to obtain the estimate

IVi(0) = W2 = Va(0) + Willw < Cua[IVAll_gpo + IVall o+ 10— 01| IVi = Vall g

+C12lf = 01 [IVAl g5 + V2l 5 2]
(2.8.90)
for some constant Cyo > 0, which is independent of p and §. Without loss of generality
we can assume that 7 is small enough to ensure

Clz[HVlll,g/QJrHVQII,B/2+|9~—0\} < L (2.8.91)
An estimate similar to (2.8.56) therefore yields
Vi =Vall g < Ca|W2=W!|e
+Cra|IVAll gz + IVall_g o +18 = 01] IV = Vall_g s

+C12|0 — 6| _HV1||_B/2 + HV2||_B/2_
C3| Wy = W|ow + Cs||[Wy — W0|pw + 1

IN

Vi =Vall_z,s
+C12|0 — 6 _HV1||75/2 + HV2|LB/2_
Cs| W = Wlew + CaCnilf — 6][Willer + 51Vi = Vall g

IN

+Cn2lf = 0] IIVAll 52 + V2l 5,2
(2.8.92)
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and thus

IVi=Vall_gs < 2Cs|[We = W +2C5C1110 — 0| W] er
(2.8.93)

+2C121f — 01[IVAll g2 + V2l 2]

Exploiting (2.8.65]), this yields

dP = IEO)UL(W)(0) — TE(OUL(WE)(0)]|er
< Culd = OlIWiller + Cua [IVAll_g o + IVll_g o + 16 = 61} V2 = Vall_g o
+Calf = 01 [Vl 32 + V2l 3 )
< Cus|IWaller + IW2ew + 16 = 0] Wy = WEler
+Ci310 = 01| Willew + W2
i (2.8.94)
for some constant C3, which is independent of p and 6. [

We now expand upon the ideas developed in the second half of [109, Prop. 2.1] to
foliate the state space surrounding the travelling pulses U (- +6) by the stable manifolds
constructed above. We proceed by showing that these stable manifolds depend contin-
uously on 6. This allows us to set up an appropriate fixed point problem to establish

Proposition [2.8:2

We write i
U@l) = T0)— 60 0)+NY. (2.8.95)

Lemma 2.8.10. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Then we have the bounds i
M ller < Cuab? (2.8.96)

and
INY2 = NPl < Cus(|61] + 102])161 — Bal, (2.8.97)

for 9~, 9~17 0y € [—n,n] and for some constants C14 > 0 and Cy5 > 0, which do not depend
on p.

Proof. Using Lemma we see that there exists a sequence {&;} with |¢;| < || such

that ) .,
M Nl = 3I{O°T (&) Hlew
< OBl
< 1opf2ePledl| {e-RInaly|, (2.8.98)
< Crf?|{e Py,

= 014527
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where C14 does not depend on p as before. We can hence write

T@h) = T)- 6T (0)+N? (2.8.99)
with ) )
M ller < Cuab?. (2.8.100)

Furthermore, using Lemma we see that we can find sequences {¢;} and {n;}
with &; between hj + cf; and hj + 002 and n; between hj and hj + 6y so that

N2 = AT e = ([T(61) + 6:T(0) = T(8) — 62T (0)s
-

< o =GP IT ) ler + 161 — 6][|T(0) = T (61) v

< = Gl I{T ) lew + 161 — Ba]162]1{T” () Hl o

< Cus(|61] + 162])[61 — 2,

(2.8.101)
similarly to the calculations from Lemma [2.8.3 [
We write ) ) . }
NI(W) = ulase)w)(o) — IO w (2.8.102)

for W € Range(IT*(0)) with ||[II*(8)W||s» < 1. We note that Lemma implies that
this inequality holds if [|[Wle < &.

Lemma 2.8.11. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
Recall the constants Cg and C13 appearing in Proposition and Lemma|2.8.4. Then

for any 0 € [-n,n] and W € Range (HS(0)> with [[W e < & we have the bound

INEW)lew < Col[VI[20- (2.8.103)

In addition, for any 01,05 € [—n,n] and Wy, W, € Range(HS(O)) with [Whlle < &
and [|[Wa|[e» < ¢, we have

ING?(Wo) = NP (Wo)ller < Cha[IWaller + [IWallen + 161 = 0] [ W1 = Wl
+Cil6y = 0| [ Wil + [Welle]-

(2.8.104)
Proof. Note that ~
T @NIW) o, (2.8.105)
so that
q — @)U’ —I°(O)11° (0
NG (W) = TO)UL(W)(0) — TI(0)I1°(0) W (2.8.106)

= IEOUI(W)(0).
Therefore, both bounds follow from Proposition [2.8.1 [
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Let 6 > 0 be > a small constant, which we will determine later. Pick U° in such a
way that |[U® — U(0)|e < 6. We write U° = U(0) + V.

Our goal is to find a small W € Range (HS ) and a small 0 in such a way that

VO+T(0) = U(0)+UIE(@)W)(0). (2.8.107)
Using our notation from above we see that
T0) + UIIs@)W)(0) = T@)+I5@0)W + NI(W)
— T(0) + 00 (0) + NV + I ()W + N (W)
= T(0)+ 60 (0) + NP + W — TI*(O)W + N (W),

(2.8.108)
which means that (2.8.107) can be written as
VO = GU(0) + N+ W —TI°(O)W + NE(W) (2.8.109)

We write A : Range(I1°(0)) — R for the map MU/ — p. This allow us to rephrase
(12.8.109) as the fixed point problem

{ 115(0) VO = I(O)NF + W — I15(0)I1°(d) (W) + I15(0 (/\/29 (W) )

X [HC(O)VO} = G+ [HC(O)Nf] X {HC(O)HC(@)(W)} + /\C[ (0 )(N(’( ))}

We show that equation has a solution in the space R
X.op = {V €Range(II*(0)) : [V < 5} x [—e0, 0] (2.8.111)

for some &, g9 which we will determine later. Without loss of generality we assume that
K, are small enough such that all previous inequalities hold.

Lemma 2.8.12. Assume that (HP1),(HP2), (HS), (Hal) and (Ha2) are satisfied.
There are small constants 6 > 0 k > 0 and €9 > 0, independent of p, such that for
each VO € 0P with |[V°||;» < § the fized point problem (m has a unique solution
(W, 9) € Xy.eo- Moreover there is a constant Cig > 0 such that we have the bound

Wil < Crol|[VO][ev. (2.8.112)

Proof. We show that the map
I1%(0) VO — I1* (0)N} + L1*(0)I1°(0) (W) — II* (0) (N (W)
T:(W8) = ( X [me(owe] - 3 me()A7 ] )

0
i ( X[ meue@)w)| = X e W ()]
(2.8.113)
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maps X, ., into X, ., and is a contraction. Recall the constant C; from (2.8.3). Note
that

IO (B)(W) = 1°(0)(W) — LI°(0)I1* () (W)

S (2.8.114)
= —II°(0)II*(9)(W)
We see, using Lemma Lemma and Lemma [2.8.11] and setting
Cie = C1 Y e Pt (2.8.115)
JEZL
that
IT(W,0)Dllr < (1+C1e)[[VO = N = NE(W)lev + Cao[6]]|W v
< (14 Cig) (V0 + C1af? + Col W3, ) + CrolOlIW v
< Cur[IVOllew + 02 + W3, + 1011 W o]
(2.8.116)
and
T, < ConllV lis +Cual+CollW ) (14 Can)Con FUIW Lo
i i (2.8.117)
< Cur[IIVOller + 8+ W, + 101IW s
for some constant C';7 > 0, which is independent of p. Note that
I1¢(0o) (W) — I1¢(61) (W) = TI¢(Ha) Wy — I1(61) Wy + T1¢(6, ) (W1 — Wh)

= T%(0y)Wo — II¢(0,) Wa
HIT¢(0,) (W, — Wa) — TI¢(0) (W — Wh).
(2.8.118)
Using Lemma (2.8.81), Lemma and Lemma we obtain
172,60 = T(Wa, 02)Dler < (14 Cag) (AT = ATl
[T (02) (W) — T1(01) (Wh) [ev
NG (W) — A5 (W) o)

< (14 Cue) (015(|§1\ +102))16> — 61
+C10[01 — Oa] [Wal| + Cuol6r[[|Wr — Wal|
+Ci[[Willes + IWallew + 161 = 8ol | [ W3 = Wall s
+Caalfz = 0 [|Waller + [Wall])

< Cis[|f] + 18] + Wil + Vel

x[181 = 8ol + W1 = Walw]
(2.8.119)
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together with

T(Wh, 6@ — T(Wa, 6)®)] O [N —NJ 11 (By) (W) —T1°(81) (Wi )-+N5 2 (W) =NG (W) o

IN

Q

A

Cus [|01] + 18] + [Willew + [ Waloo]

X [|91 — 92| + ||W1 — W2||[p:|
(2.8.120)
for some constant Cig > 0, which is independent of p. First we let 0 < kmax < 1 and
0 < Omax < 1 be constants such that all inequalities above hold for all |k| < Kpax and
all 10| < Omax. In particular, we demand that Kmax < 7, Kmax < Cis and Opay < 7.
Finally we write

§ = Kk = e = gomin{Amax,Omax; g7 gt > 0- (2.8.121)

With these choices we obtain the estimate

ITW,0)Vler < Car[[VOler + 62 + [[WII3, + |9~|||W||ep}
< skt gkt a5kt a5k (2.8.122)
< %/@.
Furthermore we see that R
IT(W,0)?] < 1lep. (2.8.123)

Hence we see that the map T indeed maps X, ., into X, .,.

In addition, (2.8.119)) implies
IT (W, 80)® = T(We, 02) Ve < Cas[|1] + 182 + (Wil + [Walle

x 01 = B + [ W3 — Walr |

< %ml - §2| + %HWl — Waller,
(2.8.124)
while [£.8.120) yields
TV, 0)® — T(Wo,Bo)D| < Sy — o] + S Wh — Wallow (28.125)

Therefore the map 7' is a contraction and thus the fixed point problem (2.8.110)) has a
unique solution (W, ). Moreover we see that

I(W.0)llerxz < IT(W,8) = T(0,0) e + [T(0,0)l|erxre

L (2.8.126)
< SIW,0)]lerxr + 2C17][ VO v,

which yields

A

I(W,0)llerxm < AC17[|VOer

(2.8.127)
= CupllVYew
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as desired. [ ]

Proof of Proposition . It (W, é) satisfies (2.8.110]) then we see from (2.8.108)) that
v = U00)+V°

. - (2.8.128)

= U(0) +Ul(W)(0),

as desired. -

Proof of Theorem , Let U be the solution of (2.2.1) with an initial condition
U(0) = U° for which |[U® — U(0)||» < §. By Proposition [2.8.2| and by uniqueness of
the solution we see that

U = T@6)+u’(w) (2.8.129)
for some small € R and W € P with
[Wllee < Ciol|U® —T(0)] ¢ (2.8.130)
Hence we obtain

U () — Tt +)|er

IN

e 3tul (@) (W) )l
2Cse™ 5| 1(0) (W)l

IN

5 (2.8.131)
26367515016””/”@

IN

2C5C16C19|| U — T(0)|| e3¢,

IN

as desired. n
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Chapter 3

Travelling waves for spatially
discrete systems of
FitzHugh-Nagumo type with
periodic coefficients

This chapter has been published in SIAM Journal on Mathematical Analysis 54(4)
(2019) 3492-3532 as W.M. Schouten-Straatman and H.J. Hupkes “Travelling waves for
spatially discrete systems of FitzHugh-Nagumo type with periodic coefficients” [I51].

Abstract. We establish the existence and nonlinear stability of travelling wave
solutions for a class of lattice differential equations (LDEs) that includes the discrete
FitzHugh-Nagumo system with alternating scale-separated diffusion coefficients. In
particular, we view such systems as singular perturbations of spatially homogeneous
LDEs, for which stable travelling wave solutions are known to exist in various settings.

The two-periodic waves considered in this paper are described by singularly per-
turbed multicomponent functional differential equations of mixed type (MFDEs). In
order to analyze these equations, we generalize the spectral convergence technique that
was developed by Bates, Chen and Chmaj to analyze the scalar Nagumo LDE. This al-
lows us to transfer several crucial Fredholm properties from the spatially homogeneous
to the spatially periodic setting. Our results hence do not require the use of comparison
principles or exponential dichotomies.
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Key words: Lattice differential equations, FitzHugh-Nagumo system, periodic coeffi-
cients, singular perturbations.
3.1 Introduction

In this paper we consider a class of lattice differential equations (LDEs) that includes
the FitzHugh-Nagumo system

Uy = dj(ujen w1 = 2uy) + g(ugsag) — w;,
! T ’ ’ nen (3.1.1)
wj = pjluj —jw;]
with cubic nonlinearities
g(u;a) = u(l—u)(u—a) (3.1.2)

and two-periodic coefficients

(5727(10,007’70) for odd j,

(0,00) X (Oa 1) X (Oa 1) X (0,00) > (djaajapj;'}/j) = ’
(17 ae>pea'ye) fOY even j.

(3.1.3)
We assume that the diffusion coefficients are of different orders in the sense 0 < ¢ < 1.
Building on the results obtained in [I08], [I09] for the spatially homogeneous FitzHugh-
Nagumo LDE, we show that admits stable travelling pulse solutions with sepa-
rate waveprofiles for the even and odd lattice sites. The main ingredient in our approach
is a spectral convergence argument, which allows us to transfer Fredholm properties
between linear operators acting on different spaces.

Signal propagation The LDE (3.1.1) can be interpreted as a spatially inhomoge-
neous discretisation of the FitzHugh-Nagumo partial differential equation (PDE)

U = Uge +g(usa) —w,
(3.1.4)
wy = p[u - ryw] ;

again with p > 0 and v > 0. This PDE was proposed in the 1960s [74] [76] as a
simplification of the four-component system that Hodgkin and Huxley developed to
describe the propagation of spike signals through the nerve fibers of giant squids [98].
Indeed, for small p > 0 admits isolated pulse solutions of the form

(u,w)(z,t) = (To,Wo)(x + cot), (3.1.5)
in which ¢ is the wavespeed and the waveprofile (g, W) satisfies the limits

|€§]—o0
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Figure 3.1: (a) Simplified representation of the system as an electrical circuit in a
nerve fiber, analogous to [24, Fig. 1.11]. In this paper, the resistances R, and R, as well as
the capacitances C, and C. in the cell membrane alternate between the even and odd mem-
branes. The resistivity of the intracellular fluid R is constant. (b) Schematic representation
of the u-component of a travelling pulse for the system , which alternates between two
waveprofiles.

Such solutions were first observed numerically by FitzHugh [75], but the rigorous
analysis of these pulses turned out to be a major mathematical challenge that is still
ongoing. Many techniques have been developed to obtain the existence and stability
of such pulse solutions in various settings, including geometric singular perturbation

theory [31), 07, 117, 119], Lin’s method [32] [33] [124], the variational principle [36] and
the Maslov index [46, [47].

It turns out that electrical signals can only reach feasible speeds when travelling
through nerve fibers that are insulated by a myelin coating. Such coatings are known
to admit regularly spaced gaps at the nodes of Ranvier [I43], where propagating signals
can be chemically reinforced. In fact, the action potentials effectively jump from one
node to the next through a process called saltatory conduction [127]. In order to include
these effects, it is natural [123] to replace (3.1.4) by the FitzHugh-Nagumo LDE

Wy = pluy —yw].
In this equation the variable u; describes the potential at the node j € Z node, while
w; describes the dynamics of the recovery variables. We remark that this LDE arises
directly from (3.1.4) by using the nearest-neighbour discretisation of the Laplacian on
a grid with spacing € > 0.

In [I08][109], Hupkes and Sandstede studied (3.1.7) and showed that for a sufficiently
far from % and small p > 0, there exists a stable locally unique travelling pulse solution

(uj,wj)(t) = (@,w)(j+ct). (3.1.8)
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The techniques relied on exponential dichotomies and Lin’s method to develop an
infinite-dimensional analogue of the exchange lemma. In [69], the existence part of
these results was generalized to versions of that feature infinite-range discretisa-
tions of the Laplacian that involve all neighbours instead of only the nearest neighbours.
The stability results were also recently generalized to this setting [I50], but only for
small € > 0 at present. Such systems with infinite-range interactions play an important
role in neural field models [15] 23], [24] [T42], which aim to describe the dynamics of large
networks of neurons.

Our motivation here for studying the 2-periodic version of the FitzHugh-
Nagumo LDE comes from recent developments in optical nanoscopy. Indeed,
the results in [50} [51], [T65] clearly show that certain proteins in the cytoskeleton of nerve
fibers are organized periodically. This periodicity turns out to be a universal feature
of all nerve systems, not just those which are insulated with a myelin coating. Since
it also manifests itself at the nodes of Ranvier, it is natural to allow the parameters in
to vary in a periodic fashion. This can be understood by considering the generic
circuit-models that are typically used to model nerve axons; see Figure

The results in this paper are a first step in this direction. The restriction on the
diffusion parameters is rather severe, but the absence of a comparison principle forces
us to take a perturbative approach. We emphasize that the scale separation in the
diffusion coefficients means that there is no natural continuum limit for that
can be recovered by sending the node separation to zero.

Periodicity Periodic patterns are frequently encountered when studying the be-
haviour of physical systems that have a discrete underlying spatial structure. Examples
include the presence of twinning microstructures in shape memory alloys [I7] and the
formation of domain-wall microstructures in dielectric crystals [I58].

At present, however, the mathematical analysis of such models has predominantly
focused on one-component systems. For example, the results in [39] cover the bistable
Nagumo LDE

= dj(ujpr +ujo1 — 2uy) + g(uy;a;) (3.1.9)

with spatially periodic coefficients (d;,a;) € (0,00) x (0,1). Exploiting the comparison
principle, the authors were able to establish the existence of stable travelling wave so-
lutions. Similar results were obtained in [89] for monostable versions of (3.1.9)).

Let us also mention the results in [65] [67, [I00], where the authors consider chains
of alternating masses connected by identical springs (and vice versa). The dynamical
behaviour of such systems can be modelled by LDEs of Fermi-Pasta—Ulam type with
periodic coefficients. In certain limiting cases the authors were able to construct so-
called nanopterons, which are multicomponent wave solutions that have low-amplitude
oscillations in their tails.
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In the examples above, the underlying periodicity is built into the spatial system
itself. However, periodic patterns also arise naturally as solutions to spatially homoge-
neous discrete systems. As an example, systems of the form with homogeneous
but negative diffusion coefficients d; = d < 0 have been used to describe phase tran-
sitions for grids of particles that have visco-elastic interactions [29] [30] [159]. Upon
introducing separate scalings for the odd and even lattice sites, this one-component
LDE can be turned into a 2-periodic system of the form

ifj = de(wj +wj_1 — 2”]’) - fe(vj)7 (3 1 10)
wj = do(vj+1+’l]j—2wj) _fO(wj)

with positive coefficients d. > 0 and d, > 0. Systems of this type have been analyzed in
considerable detail in [26] [160], where the authors establish the co-existence of patterns
that can be both monostable and bistable in nature.

As a final example, let us mention that the LDE with positive spatially ho-
mogeneous diffusion coefficients d; = d > 0 can admit many periodic equilibria [129].
In [I06], the authors construct bichromatic travelling waves that connect spatially ho-
mogeneous rest-states with such 2-periodic equilibria. Such waves can actually travel
in parameter regimes where the standard monochromatic waves that connect zero to
one are trapped. This presents a secondary mechanism by which the stable states zero
and one can spread throughout the spatial domain.

Wave equations Returning to the 2-periodic FitzHugh-Nagumo LDE (3.1.1f), we use
the travelling wave Ansatz

(To,W,)(j + ct) when j is odd,
(u,w);(t) = (3.1.11)
(Ue,We)(j + ct) when j is even,

illustrated in Figure to arrive at the coupled system
@y(€) = H(W(E+1) +e(€—1) — 2o(€)) + 9(@o(€): a0) — Wo(£),
C@:)(f) = po[ao(g) - ’yowo<§)]7
caig(§) = (Uo(§+1)+Uo(§ —1) = 20c(§)) + g(Te(§); ac) — We(S),
v (§) = pelte(§) — vewe(E)]-

Multiplying the first line by £? and then taking € | 0, we obtain the direct relation

o) = g[Ue(€+1) +T(E~1)], (3.1.13)

which can be substituted into the last two lines to yield

a,(€) = 5(We(€+2) +T(€—2) —2(€)) + g(Te(€); ac) — We(€),
CE/@(E) = pelte(§) — veWe(§)]-

(3.1.12)

(3.1.14)
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All the odd variables have been eliminated from this last equation, which, in fact,
describes pulse solutions to the spatially homogeneous FitzHugh-Nagumo LDE (3.1.7)).
Plugging these pulses into the remaining equation, we arrive at

W, (&) + povoWo(§) = Fpolte(&+1) +Te(€—1)]. (3.1.15)

This can be solved to yield the remaining second component of a singular pulse solution
that we denote by -
Uo= (HO;OawO;Oaﬂe;OawaO)' (3116)

The main task in this paper is to construct stable travelling wave solutions to (3.1.1))
by continuing this singular pulse into the regime 0 < ¢ < 1. We use a functional an-
alytic approach to handle this singular perturbation, focusing on the linear operator
associated to the linearization of with € > 0 around the singular pulse. We
show that this operator inherits several crucial Fredholm properties that were estab-
lished in [T09] for the linearization of |i around the even pulse (He;o,ﬁe;o).

Our results are not limited to the two-component system (3.1.1). Indeed, we con-
sider general (n+ k)-dimensional reaction diffusion systems with 2-periodic coeflicients,
where n > 1 is the number of components with a nonzero diffusion term and k& > 0 is
the number of components that do not diffuse. We can handle both travelling fronts
and travelling pulses, but do impose conditions on the end-states that are stronger than
the usual temporal stability requirements. Indeed, at times we will require (submatri-
ces of) the corresponding Jacobians to be negative definite instead of merely spectrally
stable. We emphasize that these distinctions disappear for scalar problems. In partic-
ular, our framework also covers the Nagumo LDE , but does not involve the use
of a comparison principle.

Spectral convergence The main inspiration for our approach is the spectral con-
vergence technique that was developed in [6] to establish the existence of travelling
wave solutions to the homogeneous Nagumo LDEE| (3.1.9) with diffusion coefficients
dj =1/? > 1. The linear operator

L) = av'(§) = & [v(€+9) +v(E — ) = 20(9)] — qu@o(Eia(©)  (3.117)

plays a crucial role in this approach, where the pair (cp,%g) is the travelling front
solution of the Nagumo PDE

e = Uy + g(u;a). (3.1.18)
This front solutions satisfies the system

cotip(§) = u(§) +9(m§);a),  Uo(=o0) = 0,  TUp(+00) =

)

1
(3.1.19)

1The power of the results in [6] is that they also apply to variants of (3.1.9) with infinite-range
interactions. We describe their ideas here in a finite-range setting for notational clarity.
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to which we can associate the linear operator

[Lovl(€) = cov'(€) = 0"(€) — gu(W(E): a)0(6), (3.1.20)

which can be interpreted as the formal ¢ | 0 limit of (3.1.17)). It is well-known that
Lo+ 6 : H? — L? is invertible for all § > 0. By considering sequences

wj = (Le; +0)v;,  vjllyn = 1L, & — 0 (3.1.21)
that converge weakly to a pair
woy = ([,0 + (5)’00, (3122)

the authors show that also L. + 6 : H' — L? is invertible. To this end one needs to
establish a lower bound for ||wo||, -, which can be achieved by exploiting inequalities of
the form

(v(-+e)+v(-—e) —2v(-), v(-)>L2 < 0, (W' )2 = 0 (3.1.23)
and using the bistable structure of the nonlinearity g.

In [I50], we showed that these ideas can be generalized to infinite-range versions of
the FitzHugh-Nagumo LDE . The key issue there, which we must also face in
this paper, is that problematic cross terms arise that must be kept under control when
taking inner products. We are aided in this respect by the fact that the off-diagonal
terms in the linearisation of are constant multiples of each other.

A second key complication that we encounter here is that the scale separation in
the diffusion terms prevents us from using the direct multicomponent analogue of the
inequality . We must carefully include e-dependent weights into our inner prod-
ucts to compensate for these imbalances. This complicates the fixed-point argument
used to control the nonlinear terms during the construction of the travelling waves. In
fact, it forces us to take an additional spatial derivative of the travelling wave equations.

This latter situation was also encountered in [T12HIT4], where the spectral conver-
gence method was used to construct travelling wave solutions to adaptive-grid discreti-
sations of the Nagumo PDE (3.1.18]). Further applications of this technique can be
found in [IT1], 152], where full spatial-temporal discretisations of the Nagumo PDE
(3.1.18) and the FitzHugh-Nagumo PDE are considered.

Overview After stating our main results in §3.2] we apply the spectral convergence
method discussed above to the system of travelling wave equations in and
§3.4l This allows us to follow the spirit of [6, Thm. 1] to establish the existence of
travelling waves in In particular, we use a fixed point argument that mimics the
proof of the standard implicit function theorem.
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We follow the approach developed in [I50] to analyze the spectral stability of these
travelling waves in In particular, we recycle the spectral convergence argument to
analyze the linear operators £, that arise after linearizing (3.1.12)) around the newfound
waves, instead of around the singular pulse U defined in (3.1.16)). The key complication
here is that for fixed small values of € > 0 we need results on the invertibility of £, 4+ A
for all A\ in a half-strip. By contrast, the spectral convergence method gives a range
of admissible values for € > 0 for each fixed A\. Switching between these two points of
view is a delicate task, but fortunately the main ideas from [I50] can be transferred to
this setting.

The nonlinear stability of the travelling waves can be inferred from their spectral
stability in a relatively straightforward fashion by appealing to the theory developed in
[109] for discrete systems with finite range interactions. A more detailed description of
this procedure in an infinite-range setting can be found in §2.7)2.8

3.2 Main results

Our main results concern the LDE
wj(t) = djDlujpa(t) +uj1(t) = 2u;(8)] + f(ui(t), wy(t)),
wj (t) = 9j (U’j (t)v wy (t)) )

posed on the one-dimensional lattice j € Z, where we take u; € R" and w; € R¥ for
some pair of integers n > 1 and k£ > 0. We assume that the system is 2-periodic in the
sense that there exists a set of four nonlinearities

(3.2.1)

fo : RMHE L R fo :R"TF 5 R™, go : R"E L RF, ge : R 5 RF
(3.2.2)
for which we may write

(672, fo,9o)  for odd j,
(dj, fj 95) = { (3.2.3)

(1, fes ge) for even j.

Introducing the shorthand notation

Fou,w) = (folu,w), go(u, w)), Fo(u,w) = (fe(u,w),ge(u,w)), (3.2.4)

we impose the following structural condition on our system that concerns the roots of
the nonlinearities F, and F,. These roots correspond with temporal equilibria of
that have a spatially homogeneous u-component. On the other hand, the w-component
of these equilibria is allowed to be 2-periodic.

Assumption (HN1). The matrix D € R™*" is a diagonal matrix with strictly positive
diagonal entries. In addition, the nonlinearities F,, and F. are C3-smooth and there
exist four vectors

Us = (ug,wr)e R U = (uf,wk) e R (3.2.5)

e o o
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for which we have the identities u; = u; and ul = u, together with
F,(Uf) = F.(UFf) = o (3.2.6)

We emphasize that any subset of the four vectors Ur and UZ is allowed to be
identical. In order to address the temporal stability of these equilibria, we introduce
two separate auxiliary conditions on triplets

(G,U,UT) € CH(R"F;R"F) x R"TF x R, (3.2.7)

which are both strongerﬂ than the requirement that all the eigenvalues of DG(U™) have
strictly negative real parts. As can be seen, the block structure of this matrix plays an
important role in (hg), which is why we have chosen to state our results for arbitrary
values of n >1 and k > 0.

Assumption (ha). The matrices —DG(U~) and —DG(U™) are positive definite.

Assumption (hB). For any U € R"™* write DG(U) in the block form

G1a(U) G12(U) )

DG) = <G2,1(U) G (U) (3:28)

with G11(U) € R™"™. Then the matrices —G11(U™),—G11(U"), —G22(U~) and
—G22(U™T) are positive definite. In addition, there exists a constant I' > 0 so that
G12(U) = fFG’gJ(U)T holds for all U € R"*k,

As an illustration, we pick 0 < a < 1 and write
Ghgm(u) = u(l—u)(u—a) (3.2.9)

for the nonlinearity associated with the Nagumo equation, together with

thn;p,'y(u, U}) = ( U(l N U) (u - a) Y > (3210)
plu—yu]

for its counterpart corresponding to the FitzHugh-Nagumo system. It can be easily
verified that the triplet (Gpgm,0, 1) satisfies (ha), while the triplet (Gfnn;p,y,0,0) sat-
isfies (hf) for p > 0 and v > 0 with I' = p~!. When a > 0 is sufficiently small, the
Jacobian Dthn;p,»y(O, 0) has a pair of complex eigenvalues with negative real part. In
this case (ha) may fail to hold.

The following assumption states that the even and odd subsystems must both satisfy
one of the two auxiliary conditions above. We emphasize, however, that this does not
necessarily need to be the same condition for both systems.

Assumption (HN2). The triplet (F,, U, ,U,") satisfies either (ha) or (hS). The same
holds for the triplet (F., U, ,U}).

2See the proof of Lemma for details.
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We intend to find functions
(ue,we) : R — £°(Z;R™) x £°(Z; RF) (3.2.11)
that take the form
(Tore, Wore)(j + cot), for odd
(e, w2, () = (3.2.12)

(ese, Wese)(j + cet)  for even j

and satisfy (3.2.1) for all ¢+ € R. The waveprofiles are required to be C'-smooth and
satisfy the limits

limfﬁioo (ﬂ0(5)7w0(§)) = (uf)tvwét)v lim5—>i<>0 (ﬂe(f),we(f)) = (ug:a wét)
(3.2.13)

Substituting the travelling wave Ansatz (3.2.12) into the LDE ({3.2.1)) yields the coupled
system

ClUpe(§) = ZDAwix[Tose, Teie) (€) + fo (Tose () Wore (€)),
cWoe(§) = Go(Toie(§), Wose(§)),

Ty (§) = DAwix[Tese, Toie) (€) + fe (Tese (€), Weie (€)),
W) = ge(Tere(€),Weie (€)),

in which we have introduced the shorthand

Amix[d, 9](€) = ¥(E+1) +¥(6—1) —2¢(S). (3.2.15)

Multiplying the first line of (3.2.14) by €2 and taking the formal limit £ | 0, we
obtain the identity

(3.2.14)

C
C

0 = DAnix[Uo0, Tes0](§), (3.2.16)
which can be explicitly solved to yield
Uo(§) = %56;0(5 +1)+ %ﬂe;o(g = 1). (3.2.17)

In the € | 0 limit, the even subsystem of (3.2.14}) hence decouples and becomes

COa’e;o(O = %D[ﬂe;O(g + 2) + Ue;O(f - 2) - 2ﬂe;0(€):| + fe (ﬂe;O(g)awe;O(g))v

COE/@;O(S) = ge(ﬂe;o(f),ﬁe;o(ﬁ))-
(3.2.18)
We require this limiting even system to have a travelling wave solution that connects
U to Uf.

Assumption (HW1). There exists co # 0 for which the system (3.2.18) has a Cl-
smooth solution Ue,g = (Ue,0, Wey0) that satisfies the limits

lime s too (e (), We(€)) = (u, w). (3.2.19)
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Finally, taking € | 0 in the second line of (3.2.14]) and applying (3.2.17)), we obtain
the identity

CO@;;O(@ = 90(%ﬂ€;0(§ + 1) + %ﬂe;o(f - 1)7w0;0(§))5 (3-2-20)
in which W,y is the only remaining unknown. We impose the following compatibility

condition on this system.

Assumption (HW2). Equation (3.2.20) has a C''-smooth solution Woyo that satisfies
the limits

limg 400 Woo(§) = wi. (3.2.21)
Upon writing
UO = (Uo;OaUe;O) = (ﬂo;Oawo;O;Ee;Oawe;O)a (3222)

we intend to seek a branch of solutions to (3.2.14) that bifurcates off the singular
travelling wave (Ug, ¢p). In view of the limits

lim (Ugo,Ue0)(€) = (U, US), (3.2.23)
E—+too
we introduce the spaces
H! = H) = H'(RR")x H'(RRY), 221
L2 = L2 = L*R;R") x L?(R;R¥) -

to analyze the perturbations from Uy. The subscripts e and o in the spaces above are
used solely for notational convenience.

Linearizing (3.2.18)) around the solution ﬁe;o, we obtain the linear operator L. :

H! — L2 that acts as
D(S2—2) 0
, (3.2.25)
0 0

Le = Cod% — DF.(Ucp) —

(SIS

in which we have introduced the notation

[S20](§) = @(§+2) +¢(§—2). (3.2.26)

Our perturbation argument to construct solutions of (3.2.14)) requires L. to have an
isolated simple eigenvalue at the origin.

Assumption (HS1). There exists 6. > 0 so that the operator L. + ¢ is a Fredholm
operator with index 0 for each 0 < § < J.. It has a simple eigenvalue in § = 0, i.e., we
have Ker(L.) = span(U;;O) and U;;o ¢ Range(L,).

We are now ready to formulate our first main result, which states that (3-2.14)
admits a branch of solutions for small € > 0 that converges to the singular wave (Uog, o)
as € | 0. Notice that the e-scalings on the norms of ®. and ®/ are considerably better

than those suggested by a direct inspection of (3.2.14)).
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Theorem 3.2.1 (See §3.5)). Assume that (HN1), (HN2), (HW1), (HW2) and (HS1)
are satisfied. There exists a constant €, > 0 so that for each 0 < € < €, there exist
c: €R and . = (Dpe, Pee) € H! x H! for which the function

U. = Ug+ ®. (3.2.27)

is a solution of the travelling wave system (3.2.14) with wave speed ¢ = c.. In addition,
we have the limit

lime o {HE‘I’Z;EHLg + 119 L2 + [[9L]|Lzxwz + |Pc L2 xr2 + lec — CO|} =0

_ (3.2.28)
and the function U, is locally unique up to translation.

In order to show that our newfound travelling wave solution is stable under the flow
of the LDE , we need to impose the following extra assumption on the operator
L.. To understand the restriction on ), we recall that the spectrum of L. admits the
periodicity A — A + 27icg.

Assumption (HS2). There exists a constant A\, > 0 so that the operator L. + A :
H! — L? is invertible for all A € C\ 2micyZ that have Re A > —\..

Together with (HS1) this condition states that the wave (U0, co) for the limiting
even system (|3.2.18)) is spectrally stable. Our second main theorem shows that this can
be generalized to a nonlinear stability result for the wave solutions (3.2.12)) of the full

system (3.2.1).

Theorem 3.2.2 (sce §3.6). Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and
(HS2) are satisfied and pick a sufficiently smalle > 0. Then there exist constants 6 > 0,
C >0 and 8> 0 so that for all 1 < p < oo and all initial conditions

(u®, w°) € (P(Z;R™) x (P(Z;R¥) (3.2.29)
that admit the bound
Ey = [u® —uc(0)llrzrrn) + [0° = we(O)ler(zmry < 9, (3.2.30)

there exists an asymptotic phase shift 0 € R such that the solution (u,w) of with
the initial condition (u,w)(0) = (u°, w®) satisfies the estimate

u(t) = us(t + 0) ||z mny + |W(E) — welt + O)|pzmry < Ce P'Ey  (3.2.31)
for allt > 0.

Our final result shows that our framework is broad enough to cover the two-periodic
FitzHugh-Nagumo system . We remark that the condition on v, ensures that
(0,0) is the only spatially homogeneous equilibrium for the limiting even subsystem
(3.1.14). This allows us to apply the spatially homogeneous results obtained in [I08],
109].
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Corollary 3.2.3. Consider the LDE and suppose that v, > 0 and p, > 0 both
hold. Suppose, furthermore, that a. is sufficiently far away from %, that 0 < v, <
4(1 — ae)~2 and that p. > 0 is sufficiently small. Then for each sufficiently small
e > 0, there exists a nonlinearly stable travelling pulse solution of the form
that satisfies the limits

lime 400 (Wo(£), Wo(€)) = (0,0), lime, 400 (Te(€), Te(§)) = (0,0).
(3.2.32)

Proof. Assumption (HN1) can be verified directly, while (HN2) follows from the discus-
sion above concerning the nonlinearity Gen;p~ defined in . Assumption (HW1)
follows from the existence theory developed in [108], while (HS1) and (HS2) follow from
the spectral analysis in [I09]. The remaining condition (HW2) can be verified by noting
that the nonlinearity g, is, in fact, linear and invertible with respect to w,,o on account
of Lemma [3.3.5 below. "

3.3 The limiting system
In this section we analyze the linear operator that is associated to the limiting system

that arises by combining (3.2.18)) and (3.2.20). In order to rewrite this system in a

compact fashion, we introduce the notation

[Si0](§) = (€ +1i) + (& —1) (3.3.1)
together with the (n + k) x (n + k)-matrix Jp that has the block structure
D 0
Jp = ( - ) . (3.3.2)

This allows us to recast (3.2.25)) in the shortened form

Ze = Codi& - %JD(SZ - 2) - DFe(Ue;O)' (3'3'3)

One can associate a formal adjoint L, ~ : H! — L2 to this operator by writing

LY = —cofk — 1Io(S:—2) = DE(Ueo)"- (3:34)

(&)

Assumption (HS1), together with the Fredholm theory developed in [130], implies
that ‘
ind(Z.) = —ind(Z*Y) (3.3.5)

holds for the Fredholm indices of these operators, which are defined as
ind(L) = dim (ker(L)) — codim(Range(L)). (3.3.6)
In particular, (HS1) implies that there exists a function

U € Ker(Z2") ¢ H! (3.3.7)
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that can be normalized to have

— —ad]
<U:i;0’q)e;OJ>Lz = 1 (338)

We also introduce the operator L, : H'(R;R*) — L?(R;R¥) associated to the
linearization of (3.2.20)) around U, which acts as

Lo = coge = D2go(Uosyp). (3.3.9)

Here we introduced the notation Dag, to refer to the k x k Jacobian of g, with respect
to the final k entries. In order to couple the operator L, with L., we introduce the
spaces

H! = H(R;RF) x H., L2 = L2(R;R¥) x L2, (3.3.10)
together with the operator
Los -H. — L2 (3.3.11)
that acts as o
Lo+9 0
Los = _ . (3.3.12)
0 Le+6

Our first main result shows that L.s inherits several properties of L.+ 6.

Proposition 3.3.1. Assume that (HN1), (HN2), (HW1), (HW2) and (HS1) are sat-
isfied. Then there exist constants 0, > 0 and C, > 0 so that the following holds true:

(i) For every 0 < & < d,, the operator L, s is invertible as a map from HL to L2.

(ii) For any ©, € L2 and 0 < § < d, the function ®, = E;}@o € H! satisfies the
bound

—adj
I@alleny < Co[l€alluz + 4[(0a, (0, B0 )rz]]- (3.3.13)

If (HS2) also holds, then we can consider compact sets A € M C C that avoid the
spectrum of L.. To formalize this, we impose the following assumption on M and state
our second main result.

Assumption (hM,,). The set M C C is compact with 2wicoZ N M = @. In addition,
we have Re A > —)\g for all A € M.

Proposition 3.3.2. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2)
are all satisfied and pick a sufficiently small constant A, > 0. Then for any set M C C
that satisfies (hMy, ) for Ao = Ao there exists a constant Co.pr > 0 so that the following
holds true:

(i) For every A\ € M, the operator L, » is invertible as a map from HY to L2.

(ii) For any O, € L2 and A\ € M, the function ®, = L;i@o € H! satisfies the bound

[Pl < Copnrl|Osllrz- (3.3.14)
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3.3.1 Properties of L,

The assumptions (HS1) and (HS2) already contain the information on L. that we
require to establish Propositions and Our task here is, therefore, to under-
stand the operator L,. As a preparation, we show that the top-left and bottom-right
corners of the limiting Jacobians DF,(UF) are both negative definite, which will help
us to establish useful Fredholm properties.

Lemma 3.3.3. Assume that (HN1) and (HN2) are both satisfied. Then the matrices
le#(U;#t) and Dgg#(U;) are all negative definite for each # € {o,e}.

Proof. Note first that D; fy and Dags correspond with G 1, respectively, Ga.2 in
the block structure |) for DFy. We hence see that the matrices Dy f#(U;E) and

Dgg#(Ui) are negative definite, either directly by (hg) or by the fact that they are
principal submatrices of DF#(U;;)7 which are negative definite if (ha) holds. m

Lemma 3.3.4. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. Then
there exists A, > 0 so that the operator L, + \ is Fredholm with indezx zero for each
A € C with Rel > —)\,.

Proof. For any 0 < p <1 and A € C we introduce the constant coefficient linear
operator L, » : H'(R;RF) — L2(R;R¥) that acts as

Lyx = coge = pD2go(U;) = (1= p)Dago(Us) + A (3.3.15)
and has the characteristic function
Ap,\(2) = coz—pD2go(U;) = (1= p)Dago(Us) + A (3.3.16)
Upon introducing the matrix

Bp = _pDQ.go(Uo_) - (1 - p)DQQO(Uj) - pD2go(Uo_>T - (1 - p)DZ.go(Uzj_)Ta
(3.3.17)
which is positive definite by Lemma we pick A, > 0 in such a way that B, — 2,
remains positive definite for each 0 < p < 1. It is easy to check that the identity

Ap,,(iy) +Ap, (iy)! = B,+2Re) (3.3.18)

holds for any y € R. Here we use the symbol t for the conjugate transpose matrix. In
particular, if we assume that Re X > —\, and that Ay, (iy)v, = 0 for some nonzero
v, € C*, y € Rand 0 < p < 1, then we obtain the contradiction

0 = Re [v:f) [ALP (iy) + Ar, (iy)f]vo]
= Rev][B, + 2Re)]v, (3.3.19)
> 0.

Using [130, Thm. A] together with the spectral flow principle in [I30, Thm. C], this
implies that L, + A is a Fredholm operator with index zero. [
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Lemma 3.3.5. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied and pick
a sufficiently small constant A, > 0. Then for any A € C with ReA > —\, the operator
Lo + X is invertible as a map from H'(R;R¥) into L?(R;R¥). In addition, for each
compact set

Mc{\:Rex>-X,}CC (3.3.20)
there exists a constant Kp; > 0 so that the uniform bound
Lo+ A" Yol mrry < KarllXollL2@mzr) (3.3.21)
holds for any x, € L*(R;R¥) and any A € M.

Proof. Recall the constant A\, defined in Lemma and pick any A € C with
ReX > —),. On account of Lemma it suffices to show that L, + )\ is injective.
Consider therefore any nontrivial 1 € Ker(L, + A), which necessarily satisfies the
ordinary differential equation (ODE)E|

WO = LDage(Tool©)(E) - 20(E) (3.3.22)

posed on CF. Without loss of generality we may assume that ¢y > 0.

Since U o0(€) — UF as € — +oo, Lemma allows us to pick a constant m > 1
in such a way that the matrix —Dsg, (UO;O(f)) —2M, is positive definite for each || > m,
possibly after decreasing the size of A\, > 0. Assuming that Re A > —)\, and picking
any & < —m, we may hence compute

= ZRe(D2go(Uo0(€)) (&), (§))cr — 2BEA()(€), (E))er (3.3.23)
< —Bely(o))%,

which implies that

(ez%”5\¢(g)|2)/ < 0. (3.3.24)

Since 1 cannot vanish anywhere as a nontrivial solution to a linear ODE, we have

2

WEOR > S Opm)2 > 0 (3.3.25)

for & < —m, which means that (&) is unbounded. In particular, we see that ¢ ¢
H'(R;R¥), which leads to the desired contradiction. The uniform bound (3.3.21)) fol-
lows easily from continuity considerations. [

Proof of Proposition |3.3.1. Since the operator L, defined in (3.2.25) has a simple

eigenvalue in zero, we can follow the approach of [I50, Lem. 3.1(5)] to pick two constants
8o > 0 and C > 0 in such a way that L. + ¢ : Hl — L? is invertible with the bound

— _ —ad]
1T+ 0 Oexlllim < C 10Xz + 5100 xe) Betdnz| | (3:3.26)

3The discussion at https://math.stackexchange.com/questions/2668795/bounded-solution-to-
general-nonautonomous-ode gave us the inspiration for this approach.
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for any 0 < 6§ < 0, and (6., %) € L2. Combining this estimate with Lemma m
directly yields the desired properties. ]

Proof of Proposition[3.3.4 These properties can be established in a fashion analo-
gous to the proof of Proposition |3.3.1
n

3.4 Transfer of Fredholm properties

Our goal in this section is to lift the bounds obtained in §3.3]to the operators associated
to the linearization of the full wave equation around suitable functions. In
particular, the arguments we develop here will be used in several different settings. In
order to accommodate this, we introduce the following condition.

Assumption (hFam). For each £ > 0 there is a function U, = (U,.., U,.c) € H) x H!
and a constant ¢, # 0 such that U. — Up — 0 in H) x H} and é: — ¢p as € | 0. In
addition, there exists a constant K,y > 0 so that

|55| + |6;1| + HﬁE S Kfam (341)

o0

holds for all € > 0.

In we will pick U. = Uy and & = ¢ in (hFam) for all ¢ > 0. On the other
hand, in we will use the travelling wave solutions described in Theorem to
write ffs =U. and é = c.. We remark that implies that there exists a constant
Kp > 0 for which the bound

||DF0(UO§5)||00 + ||D2F0(UO§5)||00 + ||DF€(U9§5)||00 + ||D2FE(U€§5)||OO S RF
(3.4.2)
holds for all € > 0.

For notational convenience, we introduce the product spaces
H' = H!xH], L2 = L2xL2 (3.4.3)

Since we will need to consider complex-valued functions during our spectral analysis,

we also introduce the spaces
L2 = {®+iV:0,V¥cL?},
N (3.4.4)
H. = {®2+:iV:9,¥ecH'}

and remark that any L € £(H';L?) can be interpreted as an operator in £(H{;L2)
by writing
L(®+iV) = L&+4iLV. (3.4.5)

It is well-known that taking the complexification of an operator preserves injectivity,
invertibility and other Fredholm properties.
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Recall the family (U.,é.) introduced in (hFam). For any ¢ > 0 and A\ € C we
introduce the linear operator R
L.y:Hg — LE (3.4.6)

that acts as

P G+ 5Jp — DF,(Use) + A —%JpS) )
e —JpSy Cek +2Jp — DF,(Us.c) + A
(3.4.7)
In order to simplify our notation, we introduce the (2n2 + k) x (2n + 2k) diagonal
matrices
ML = diag(e,1,1,1),
M2 = diag(l,e,1,1), (3.4.8)
ML? = diag(e,e,1,1).
In addition, we recall the sum S; defined in (3.3.1) and introduce the operator
i i —2Jp JpSi
Jle - ( JDSI _2J'D B (349)

which allows us to restate (3.4.7)) as

Loy = &g =M} odmix — DF(U) + A (3.4.10)

)

Our two main results generalize the bounds in Proposition [3:3.1] and Proposition [3.3.2]
to the current setting. The scalings on the odd variables allow us to obtain certain key
estimates that are required by the spectral convergence approach.

Proposition 3.4.1. Assume that (hFam), (HN1), (HN2), (HW1), (HW2) and (HS1)
are satisfied. Then there exist positive constants Co > 0 and dg > 0 together with a
strictly positive function eq : (0,00) — Rso, so that for each 0 < 0 < §p and 0 < € <
eo(0) the operator ENE,(; is invertible and satisfies the bound

—ad]
M@l < Co[IME2O]Ice + 3(6, (0, T5g))re | (3.4.11)

for any ® € H! and © = E~575<I>.

Proposition 3.4.2. Assume that (hFam), (HN1), (HN2), (HW1), (HW2), (HS1) and
(HS2) are all satisfied and pick a sufficiently small constant A\g > 0. Then for any set
M C C that satisfies (hMy, ), there exist positive constants Cas > 0 and epr > 0 so that
for each A € M and 0 < € < gy the operator ﬁe,,\ is invertible and satisfies the bound

1@y < CumlOllL: (3.4.12)

for any ® € H{:. and © = Ee,,\q).

By using bootstrapping techniques it is possible to obtain variants of the estimate
in Proposition Indeed, it is possible to remove the scaling on the first component
of @ (but not on the first component of ®').
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Corollary 3.4.3. Consider the setting of Proposition|3.4.1, Then for each 0 < & < dg
and 0 < e < g9(9), the operator L. 5 satisfies the bound

—adj
IME20 e + [M20s < Co[IME2O]Ics + 310, (0,F50)ee]|  (34.13)

for any ® € H! and © = EE,5<I>, possibly after increasing Cy > 0.

Proof. Write ® = (¢, %0, ¢, Pe) and © = (0o, Xo,0e, Xe). Note that the first
component of the equation © = L. ;P yields

2D¢0 = IDSI(ZSe - 5255(1%) + 52D1fo(ﬁo;6)¢o + 52D2f0(00;5)¢0 - 552¢o + 5200-
R ~ (3.4.14)
Recall the constants K,y and Kp from (3.4.1) and (3.4.2), respectively, and write

Anin = mini<j<p,D; 4, Anmax = Mmaxi<i<nDi;. (3.4.15)

We can now estimate

A

2dmin||ollL2@rr)y < 2( Dol L2 (RiRm)
DS1¢ellL2mirny + €le|llePpl L2 (rirm)
+el| D1 fo(Uoie) oo lle@oll 2 (i)
+el| D2 fo(Uose) oo lletboll L2 rirr)
+eolledol 2 m;rny + €ll€bol| L2 (rirm)
< |2 + =(Riam + 2K + 80)| [|ML2®] g, + 2| ML)

(3.4.16)
The desired bound hence follows directly from Proposition [3.4.1 [

IN

The scaling on the second components of ® and ®' can be removed in a similar
fashion. However, in this case one also needs to remove the corresponding scaling on

O.

Corollary 3.4.4. Consider the setting of Proposition|3.4.1, Then for each 0 < & < do
and 0 < e < go(9), the operator L. 5 satisfies the bound

—ad]
M o+ [ Blle < Co[IM2O]a + 3[(©, (0, T30 )ns | (3.4.17)

for any ® € H! and © = Es,(;CI), possibly after increasing Cy > 0.
Proof. Writing ®, = (¢,,%,) and ©, = (0,,X,), we can inspect the definitions

(13.4.7) and (3.3.12)) to obtain
(Lo + 8o = D19o(Upe)bo + Xo- (3.4.18)

Using Lemma we hence obtain the estimate

[P0l (mimry < Ci[HDlgo(Uo;s)||oo||¢o||L2<R;Rn)+||xo||L2(R;Rk> (3.4.19)
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for some C{ > 0. Combining this with (3.4.13)) yields the desired bound (3.4.17]). [

Our final result here provides information on the second derivatives of ®, in the
setting where © is differentiable. In particular, we introduce the spaces

H2 = H2 = H2(R;R") x H2(R;RF), H2 = H2xH2 (3.4.20)

(&

We remark here that we have chosen to keep the scalings on the second components
of ®” and ©’ because this will be convenient in Note also that the stated bound
on ||®||¢: can actually be obtained by treating L. s as a regular perturbation of L, ;.
The point here is that we gain an order of regularity, which is crucial for the nonlinear
estimates.

Corollary 3.4.5. Consider the setting of Proposition [54-1) and assume furthermore
that ||U’||oo is uniformly bounded for ¢ > 0. Then for each 0 < § < &g and any
0 < e <eo(d), the operator EE’,; H? — H' is invertible and satisfies the bound

adj
IME28 | + Bl < Col|M2O]lce + [ MO 2 + 1[40, (0, 850z |

R (3.4.21)
for any ® € H? and © = L. 5@, possibly after increasing Cy > 0.

Proof. Pick two constants 0 < 6 < §p and 0 < € < g0(0) together with a function
d = (®,,®.) € H' and write © = L. 5 € L2 If in fact & € H?, then a direct
differentiation shows that

© = L. —D*F(U.)[UL @], (3.4.22)

which due to the boundedness of ® implies that © € H!. In particular, /35,5 maps H?
into H'. Reversely, suppose that we know that © € H'. Rewriting (3.4.22)) yields

&P = O =50 + M}, Juix® + DF(U.)® + D?*F(U.)[U., @]. (3.4.23)

Since ¢ is bounded, this allows us to conclude that ® € H?2. On account of Proposition
we hence see that L. 5 is invertible as a map from H? to H!.

Fixing 0pef = %60, a short computation shows that

Les @ = O+ DF[UL,®]+ (der — 6)P'. (3.4.24)
By (3.4.17) we obtain the bound
ad]j
M [0l < CofIMIOls + 30, 0T Dsl]. 3a25)

On the other hand, (3.4.13) yields the estimate
M2 ||z + M2l < Co[IIM§’2®’\IL2 + | ML2D?FUL, 92
HIME2 (Brer — 0|l

. - (3.4.26)
Col(e' - D2F(0.)[0, 9]

—adj

*(5ref - 5) (O q)e 0)>
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Since U. and U'E’ are uniformly bounded by assumption, we readily see that
IME2D2F(U)UL Dl < |ID*FO)[UL ]l < Cf[[ Pl (3.4.27)

for some C] > 0. In particular, we find

IM22®"|[L2 + M2 L2 < Cf [||M§’29’||L2 +I@llge + M2

(3.4.28)
+|O¢llLz + (|9 [|L2
for some C% > 0. Exploiting the estimates
[Pl < M2 < [IMIDe, 1Ol < [IM22OLe,
(3.4.29)
together with
[@l. < |MEY|| L, + [ M2 . s (3.4.30)

the bounds (3.4.25) and (3.4.28) can be combined to arrive at the desired inequality

3.4.21)). [

3.4.1 Strategy

In this subsection we outline our broad strategy to establish Proposition [3.:4.1] and
Proposition As a first step, we compute the Fredholm index of the operators
L. » for X in a right half-plane that includes the imaginary axis.

Lemma 3.4.6. Assume that (hFam), (HN1), (HN2), (HW1) and (HW2) are satisfied.
Then there exists a constant Ao > 0 so that the operators L. x are Fredholm with index
zero whenever Re A > —\g and € > 0.

Proof. Upon writing

F{Y) = pDF,(U;) + (1 — p)DF,(UF), (3.4.31)
Fl}) = pDF.(U;) + (1 - p)DF.(U;)

for any 0 < p < 1, we introduce the constant coefficient operator L. » : H<1c — L%
that acts as

~ d 2 (1) 1

= 4+ 5 Jp — Fo: A —=JpS

Lp;e)\ = e dé * e P » + _ E; b1 (1) (3432)
l —Jpsl ngfg + 2JD - F, 3P + A

and has the associated characteristic function

Gzt 2Jp—FY + A —LJp [ez + e—z]

Ar,..(2) =
pieA —Jp [ez + B*Z} Cez +2Jp — Fé;? + A

(3.4.33)
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Upon writing

1)
1 Fo.p 0O
FY = ( . 2 PO > (3.4.34)
together with
_ Jp —Jp cos(y)
Aly) = (—Jpcos(y) Jp , (3.4.35)

we see that
MEEAL (iy) = iy + NME +24(y) — MEPFSD. (3.4.36)
For any y € R and V € C2("*%) we have
ReViciyM3V = o, (3.4.37)

together with
ReVTA(y)V > 0. (3.4.38)

In particular, we see that

ReVIMLZAL  (iy)V > —2Re[VI(FS) — MV,] — Re [VI(FS) — MV
(3.4.39)
Let us pick an arbitrary Ao > 0 and suppose that Az, _, (iy)V = 0 holds for some
V € C?"+tR)\ {0} and Re X > —\g. We claim that there exist constants ¥; > 0 and
%9 > 0, that do not depend on Ag, so that

1
~ReVL(FL) — MV > (02— 0120)[Vgl? (3.4.40)
for # € {o,e}. Assuming that this is indeed the case, we pick Ag = ﬁ and obtain the
contradiction
0 = ReVIMIPAL _ (iy)V
> 30 [E?Vo]? + [Vel?] (3.4.41)
> 0.

The desired Fredholm properties then follow directly from [130, Thm. C].

In order to establish the claim (3.4.40), we first assume that Fl satisfies (ha). The
negative-definiteness of F;l)p then directly yields the bound

ReVE(F) = MVg < (Ao —0)|Vgl? (3.4.42)
for some 5 > 0.

On the other hand, if F satisfies (h3), then we can use the identity

(eciy + Nwy — [Filaowy = [Fi)Javy (3.4.43)
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to compute
Re V] ( ?F(l)] EF%W )v# ~ ReV} ( ' T )V#
#ipl21 [Fypl2a O
= Re { — 1"1);27E [Fqgf)p]T W + wL [Fi;]z,w#}
= (1 I‘Rew#[ #)p]glv#
= (1-T Rew#[cazy—i—)\}w#

)
)
~(1 = D)Rewl, [F§) ] pwy
= (1-TD)ReAwyl?

~(

1- I‘)Rew#[F()} 2,2W.

(3.4.44)
In particular, Lemma [3.3.3| allows us to obtain the estimate
ReVL(F) —\Vy = —TReMwgl? + TRewl, [F)) ] ywy
—ReAvg|* + Revl, [F( ) D220y (3.4.45)
< (T +1)Ao|Vil? — 02|V
for some 195 > 0, as desired. =
For any ¢ > 0 and 0 < é < §, we introduce the quantity
. ~ —adj
Ae6) = inf [ ME2Le 5@l + 3[(Ze,0®, (0.F50)re |, (3.4.46)
DEH ML 2| g1=1
which allows us to define
A(5) = liminf A(e,d). (3.4.47)
l0 e
Similarly, for any € > 0 and any subset M C C we write
A, M) = inf MU2L_\D|p2,
(e, M) %HMEM’HM;%HHQII e Le A P|Le (3.4.48)
together with
A(M) = liminf A(e, M). (3.4.49)
el0 T

The following proposition forms the key ingredient for proving Proposition [3.4.1
and Proposition It is the analogue of [0 Lem. 3.2].

Proposition 3.4.7. Assume that (hFam), (HN1), (HN2), (HW1), (HW2) and (HS1)

are satisfied. Then there exist constants 6g > 0 and Cy > 0 so that
AQ) = & (3.4.50)

holds for all 0 < 6 < 6.
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Assume furthermore that (HS2) holds and pick a sufficiently small \g > 0. Then
for any subset M C C that satisfies (hMy, ), there exists a constant Cps so that

AM) > A (3.4.51)

Proof of Proposition [3.4.1 Fix 0 < § < &y. Proposition [3.4.7] implies that we can
pick £9(d) > 0 in such a way that A(e,0) > Cio for each 0 < € < €¢(d). This means
that 28’5 is injective for each such e and that the bound (3.4.11)) holds for any ® € H'.

Since L. is also a Fredholm operator with index zero by Lemma 3.4.6L it must be
invertible. L]

Proof of Proposition|3.4.2 The result can be established by repeating the arguments
used in the proof of Proposition [3.4.1} noting that the operator M!? is invertible. m

3.4.2 Proof of Proposition [3.4.7

We now set out to prove Proposition In Lemma [3.4.8] and Lemma [3.4.9] we
construct weakly converging sequences that realize the infima in (3.4.46)(3.4.49). In
Lemmas we exploit the structure of our operator (3.4.10)) to recover lower
bounds on the norms of the derivatives of these sequences that are typically lost when
taking weak limits. First recall the constant &, from Proposition [3.3.1]

Lemma 3.4.8. Consider the setting of Proposition [3.4.7 and pick 0 < § < &,. Then
there exists a sequence

{(ej,®;,0;)};>1 C (0,1) x H! x L2 (3.4.52)
together with a pair of functions
d c H', 0 e L? (3.4.53)
that satisfy the following properties.

(i) We have ]lggo ej = 0 together with
. —adj
Jim [[|M226, 1z + 3[(€;. 0.8z | = A). (3.4.54)

(ii) For every j > 1 we have the identity
L., s®; = 6 (3.4.55)

together with the normalization

M@l = 1. (3.4.56)

(iii) Writing ® = (¢o, VYo, Pe, Ve ), we have ¢, = 0.
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(iv) The sequence Mgffbj converges to ® strongly in leoc and weakly in H'. In
addition, the sequence ./\/l;]’?@j converges weakly to © in L2.

Proof. Ttems (i) and (ii) follow directly from the definition of A(§). The normal-

ization (3.4.56) and the limit (3.4.54) ensure that [ME2® [ and [ ML26;]|Lz are
t

bounded, which allows us to obtain the weak limits (iv) after passing to a subsequence.

In order to obtain (iii), we write ®; = (¢o,j,%0,j, P j, Ve,;) together with ©; =
(00,55 Xo,j,0e,j» Xe,j) and note that the first component of (3.4.55) yields

2D¢o,j - DSlgbe,j = _E?EEJ /07_7' + E?leo(ﬁo;aj)¢o,j

) . ) ) (3.4.57)
+€jD2fO(UO;Ej)wO,j - 56j¢o,j + Ejeo,j-
The normalization condition (3.4.56)) and the limit (3.4.54)) hence imply that
11mj~>oo||2D¢o;j - DSl(ﬁeJ ||L2(]R;]Rn) = 0. (3458)

In particular, we see that {¢o,;};>1 is a bounded sequence. This yields the desired
identity
¢0 = hm €j¢o,j =0.
Jj—o0
[

Lemma 3.4.9. Consider the setting of Proposition[3.4.7 and pick a sufficiently small
Ao > 0. Then for any M C C that satisfies (hMy, ), there exists a sequence

{(Aj’gjvq)j?@j)}jzl Cc Mx (0, 1) x H! x Lz, (3459)
together with a triplet
d € H!, O e L2, \e M, (3.4.60)
that satisfy the limits
S (D VY |ME26,(IL — A(M) (3.4.61)
as j — oo, together with the properties (ii)-(iv) from Lemma[3.4.8, with & replaced by
A in |

Proof. These properties can be obtained by following the proof of Lemma [3.4.8| in
an almost identical fashion. [

In the remainder of this section, we will often treat the settings of Lemma [3.4.8 and
Lemma 3.4.9|in a parallel fashion. In order to streamline our notation, we use the value
Ao stated in Lemma and interpret {\;};>1 as the constant sequence \; = § when
working in the context of Lemma [3.:4.8] In addition, we write Apmax = o in the setting
of Lemma [3.4.8 or Apax = max{|A| : X € M} in the setting of Lemma [3.4.9]

Lemma 3.4.10. Consider the setting of Lemma [3.4.8 or Lemma [3.4.9 Then the
function ® from Lemma[3.].§ satisfies

[l < CoA(6), (3.4.62)
while the function ® from Lemma[3.].9 satisfies
[®e: < ComA(M). (3.4.63)
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Proof. In order to take the ¢ | 0 limit in a controlled fashion, we introduce the

operator
Loy = lim M;?‘ijy)\j' (3.4.64)

j—o0

Upon introducing the top-left block

~ 2D 0
Ly, = — - 3.4.65
[ 0’)\]1’1 ( *Dlgo(Uo;O) Lo + A ) ’ ( )
we can explicitly write
. [Loahi1 —JDS;
Loy = _ . (3.4.66)
—JDS1  coge +2JD — DF(Ucp) + A

Note that EO;A and its adjoint Egi{ are both bounded operators from H' to L2.
In addition, we introduce the commutators
Bj = LejaML2—MM2L. 5. (3.4.67)

A short computation shows that

B - [Bjlia (5%. - E%)JDSH (3.4.68)
J (1 —Ej)Jpsl 0 ’ o

in which the top-left block is given by

[Bilin = (1—€j)( —Dlg:)(Uo-g,) D2f°f)U°;EJ‘) ) (3.4.69)

Pick any test-function Z € C°°(R; R?"*2k) and write
T = (MbLe s ML) Z)re. (3.4.70)

Using the strong convergence

L MLZ — LGNZ el (3.4.71)
we obtain the limit
o
7; = <M;;2<I>j,£€jjAngsz>L2
— (D, L3 7) (3.4.72)
= (Loa®, Z)e

as j — 0.
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In particular, we see that
I; = <Mi3/\4§;2/35j,xj ), Z)re + (M Bj®;, Z)re
= <M;§M;f@j, Z)pe + <M;§qu>j, Z)p2 (3.4.73)
= (M§©,Z)12 + ((— DS1¢e, =D190(U0:0) b0, DS166,0), Z )1 -
It hence follows that
Los® = MO+ (—DSi¢e, —D190(Uoi0) o, DS165,0). (3.4.74)
Introducing the functions
Do = (Yo, e, Ve), O = (Xos0esXe)s (3.4.75)
the identity ¢, = 0 implies that
Lo ®s = 0O,. (3.4.76)

In the setting of Lemma we may hence use Proposition to compute

1o |y

IN

Co[ 106z + 3](0s., (0.Fe) )z |

i (3.4.77)
Co[l@]ls + 110, (0, 850 re ]

IN

The lower semi-continuity of the L?-norm and the convergence in (iv) of Lemma m
imply that B
I©lLz + 2[(0, (0,20))re| < A(9). (3.4.78)

In particular, we find
[0l = Dl < CoA(), (3.4.79)
as desired. In the setting of Lemma the bound follows in a similar fashion. [
We note that
MFO; = &M+ MZ (= DF(U,) + ) ®) = Juix®;, (3.4.80)

in which Jyix is given by (3.4.9) and in which

F(ﬁa) = ( ODFO(Uo;E) (Z))Fe(ﬁe;e) ) . (3481)

Lemma 3.4.11. Assume that (HN1) is satisfied. Then the bounds

e<_Jmix(I)7(I)/>L2 = 0,

R
(3.4.82)
Re <*Jmix(I)7 CI)>L2 > 0

hold for all ® € HL.
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Proof. Pick ® € H. and write ® = (®,, ®.). We can compute
Re <—Jmix(I), (I’/>L2 = Re <2JD‘I)O, (I);>L(2) — Re <JDS1(I)6, (I)£)>L§
—Re (JpS1®,, @)Lz + 2Re (JpPe, DL )12 (3.4.83)

since we have Re (JpS1®, ;)2 = —Re (JpS1P,, @, )12. Moreover, we can estimate
Re <7=]mix(1)7(b>L2 = Re <2J'D(I)o;q)o>L(2) — Re <JD51(I)ea(I)0>Lg

—Re <JD51 d,, (I)G>Lz + 2Re <JD(I)E, (I)e>L£
2|V Ip®oll7, + 21V IpPellf2 — 4V IDPo|lL2 IV TDPellr2
2|V I3 + 2V To Pl

~4(3IVT®o 2, + SIVTDII, )

Y

Y

(3.4.84)

Lemma 3.4.12. Consider the setting of Lemmal[3.4.8 or Lemma[3.4.9 Then the bound
[Re(ML* (= DF(U,) + )25, 25} o] < 20K p 4 Mna) [ME?@ e | M5

(3.4.85)
holds for all j > 1.
Proof. We first note that
Re<MiéZ( - DF(ﬁ )(I) P’ >L2 = Re 5]( DFo(ﬁo;aj) + )‘j)q’o,jagjq)i;,j)Lg
J
+Re<(*DFe(Ue;sj) +Aj)®e ;5 (I)/e,j>L§
(3.4.86)

Using Cauchy-Schwarz we compute

[Re(ML* (= DF(U,) + 2) 25, 25} o] < (K + Amas) 125 %0 5 2 12,®5 2
+([~(F + /\maX) ||(I)e,j||L§ H(I):zjl L2
< 2(KF + Amax) [ME20; |2 [ ML)
(3.4.87)
as desired. n

Lemma 3.4.13. Consider the setting of Lemma or Lemma possibly de-
creasing the size of \g > 0. Then there exist strictly positive constants (a,m, g) together
with a constant 3 > 0 so that the bound

Re<M;§(—DF(UE_,.)+AJ-)<I>J-,<I>J->L2 > al|ML20;|2, — g { ML20;|2
szt
(3.4.88)
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holds for all j > 1.

Proof. We first note that
Re<./\/li;2( - DF([?’S]') + )‘j)q)jﬂ (I)j>L2 = 52N0;j +N€;j’ (3-4-89)

in which we have defined

for # € {o,e}.

Let us first suppose that Fy satisfies (b3) and let I'yx be the proportionality constant
from that assumption. We start by studying the cross-term

Cyj = —Re(Dafy (U#;Ej ¥, ¢#,j>L2(R;Rn)

- (3.4.91)
—Re(D1gy (Usie,) 05> V0) 12 -
Recalling that

Xai = G,V — Dy (Upe))bpj — Dgspo(Uppse Vg j + Njtbge o (3.4.92)
#,

we obtain the identity

— D)Re(D1gs (Ugie, )b > Vs.5) 12 k)

Caj = Iy
= (Tp — DRe(Ce, ¥y ; — Dags(Uppie, Wi + Ao j — Xotoj» Vsj) L2(RiRY)
= E&j (F# - 1)Re<w;$,j7 w#yj>L2(R;R’“)

+(Ty — DRe (—Dags (Upie, Vs j + Nithsr i — Xojr Yt j) 2Rk
= (1—Ty)Re (Dags (Usic, ) s s Vs ) L2 (rokE)

+(T = 1) [Re A [l

2
Ly <X#,j7 w#;j>L2(R;Rk)i| .

(3.4.93)
In particular, we see that

Ngj = TuReMtuj, s ;) r2mee) — DaRe (Dags (Usie, s ¥ ) 12w
+Re Mo j, b, L2 mirn) — Re (D1 f(Useie, )b g e ) L2 (Rsmem)

— (T — D5 Yog) L2 (RiRY) -
] (3.4.94)
Recall that U, — U in L™, UO;Ej (&) = UF and U, (£) = UZ for ¢ — +oo. Using
Lemma and decreasing \¢ if necessary, we see that there exist a > (I'y +1)Ag > 0
and m > 1 so that

3a|®4 (P < —Re(Di1fy(Usic, ()5 (8), .5 (€))gn

. (3.4.95)
—T4Re(Dagy (Ugee, (€)) 4.5 (€)s V4.5 (€)) g
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for all |£] > m. We hence obtain

Ngjg = 20 [0 1P (O1P d€ = (T + 1) (Kr + Amax) Siej<m 14,5 (6] dE
—(Ty + Dllx.sllc2@er) 19#.51 L2 mirr)
> 20|y jlgs — Cp + 120+ Kr + Anax) Jig<m [,5(€)[ de

—(Tg + Dlixg il L2 morry 14,5 L2 (rir) -
(3.4.96)
Using the standard identity zy < ﬁ:ﬁ + zy? for 2,y € R and z > 0, we now find

N = al®yllE — Ty + )20+ Kr + Mnax) Jiecpm [P35 (€)1* d€ (3.4.97)
—ﬁ(r# + 1) HX#J||L2 (R;R*)?

which has the desired form.

In the case where Fy satisfies (ha), a similar bound can be obtained in an analo-
gous, but far easier fashion. [

Lemma 3.4.14. Consider the setting of Lemma or Lemma [3.4.9 Then there
exists a constant k > 0 so that the bound

AIMEPR;lE. > |ME2® 3. — 2KF

fon [ME?65122 (3.4.98)
holds for all j > 1.

Proof. For convenience, we assume that ¢.. > 0 for all j > 1. Recalling the

decomposition (3.4.80f), we can use Lemma [3.4.11) and Lemma [3.4.12| to compute
Re(./\/l;f@j,/\/l;f@);)m = EEjRe<M;;2<I>;-,M§;2¢>;->L2 + Re(—Jmix®j, P12
+Re(M (= DF(U.,) + X)) ®;, @)1
J

> =2(Kp + Amax) M7 ;|12 ML D] 2
+ee, [|MEP @51
(3.4.99)
We hence see that
Ce, IMEPR)IIZ < 2(Kp + Amax) ML D5 |2 | ML D 12 (3.4.100)
+[| MOz || ML P e h
Dividing by ||M;;2<I>;.HL2 and squaring, we find
~ 2
Z MR < 8(Kr + Amax) [MEP®][F + 2IML264]17 ., (3.4.101)

as desired. -
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Recall the constants (g, m,a,8) introduced in Lemma [3.4.13] Throughout the re-
mainder of this section, we set out to obtain a lower bound for the integral

I = g [ ML) de. (3.4.102)
g[<m

Lemma 3.4.15. Consider the setting of Lemmal[3.4.8 or Lemmal[3.{.9. Then the bound
I, > gIMIER . - (& + 8) M6, (3.4.103

holds for all j > 1.

Proof. Recall the decomposition (3.4.80)). Combining the estimates in Lemma|3.4.11
and Lemma |3.4.13| and remembering that Re(./\/l;fq);, M;;2¢j>L2 =0, we find
I; > alME2;)7. — Re(M220;, MI2®;))12 — B ML26;]I1.
> a| ME2®[7. — [IMZ20)llLe [ ME2 @2 — BIIMZ 26515 ..

(3.4.104)

Using the standard identity zy < ng + iy2 for z,y € R and z > 0 we can estimate
L 2 gIMER 3. - (5 + 8) 1ML, (3.4.105)
as desired. L]

Proof of Proposition [3.7. ﬂ Introducing the constant v = we add v times

(3.4.98)) to (3.4.103) and find

—_a
2(k+1)?

+ g IMERe, 2, > %IIM&?%II&—(ﬁw)llMif@jH%a

ak}
sy M2, s — 2R 1202,
(3.4.106)
We hence obtain
I”(2
i = oeaplIMEPe e - (ﬁ + B+ g(nf?'f))||/\4§}2@j||iz (3.4.107)
= 1 - CQHM;]?@J'”LZ'
Letting j — oo in the setting of Lemma [3.4.8] yields
Oy — CA(0)? < gw{ |D(6)2de < gC2A(0)%. (3.4.108)
As such, we can conclude that
AQ) > & (3.4.109)

for some Cy > 0, as required. An analogous computation can be used for the setting

of Lemma [3.4.9] [ ]
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3.5 Existence of travelling waves

In this section we follow the spirit of [6, Thm. 1] and develop a fixed point argument
to show that admits travelling wave solutions of the form (3.2.12). The main
complication is that we need e-uniform bounds on the supremum norm of the wave-
profiles in order to control the nonlinear terms. This can be achieved by bounding the
H'-norm of the perturbation, but the estimates in Proposition feature a prob-
lematic scaling factor on the odd component. Fortunately, Corollary does provide
uniform H'-bounds, but it requires us to take a derivative of the travelling wave system.

Throughout this section we will apply the results from to the constant family

(05’65) = (U(),CO)’ (351)

which clearly satisfies (hFam). In particular, we fix a small constant 6 > 0 and write
L. s for the operators given by (3.4.7) in this setting. We set out to construct a branch
of wavespeeds ¢, and small functions

D, = (Do, Pec) € H (3.5.2)

in such a way that Uy + ®. is a solution to (3.2.14). A short computation shows that
this is equivalent to the system

Les(P) = Fslee, Pe), (3.5.3)

which we split up by introducing the expressions

R(C, (P) = (CO — 0)85 (Uo + @),
50 = < - JCOU;;O + JFO(UO;O)7 0)7 (354)
Ny(@y) = Fu(Ugo+Py) — DF(Up0)®Py — Fy(Ugo)

for # € {0, e} and writing
Fs(ee,®e) = R(ce, @) + & + (No(Pose ), Ne(Pere)) + 69 (3.5.5)

Notice that R contains a derivative of ®. It is hence crucial that E;é gains an order of
regularity, which we obtained by the framework developed in

For any € > 0 and ® € H? we introduce the norm
2 12920 2
lolk, = [mi2oze||  +lieli . (3.5.6)
which is equivalent to the standard norm on H2. For any n > 0, this allows us to

introduce the set
Xpe = {2eH”:|?]x. <n} (3.5.7)
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For convenience, we introduce the constant 7, = [2||<I>2g{'||1,g]71, together with the
formal expression
—adj, 1-1 —adj —adj
es(@) = ot [1+ (P, Trighra] [ 0(0e, Tuighrz + (N (@), Bz .

(3.5.8)

Lemma 3.5.1. Assume that (HN1), (HN2), (HW1), (HW2) and (HS1) are satisfied
and pick a constant 0 < n < n.. Then the expression is well-defined for any
e >0 and any ® = (P,, P.) € X,;c. In addition, the equation

(Fs(e,®),(0,800))y. = 0 (3.5.9)

has the unique solution ¢ = c5(P).

Proof. We first note that

—adj

—ad]
<8€(I)eaq)e;0>Lg > - Haéq)eHLg (I)e;(; > _%’ (3510)

L?

which implies that (3.5.8) is well-defined. The result now follows by noting that
(€0, (0,3°0))> = 0 and that

—adj —  —adj —adj
<R(C, ¢)7(O7<D€;OJ)>L2 = (CO —C) (<U0;e7q>e;(g>Lg + <af¢)ea(pe;g>14§> (3 5 11)
—adj o
= (CO — C) (1 + <35(I)ea q)e;O‘]>L§>7
which implies that
(Fs(e,®),(0,800))y, = (co— C)(l + <3£‘I’e§:§>L’é> + (20, B )iz (3.5.12)
+<Ne(@€)762§0j>145'
|

Consider the setting of Corollary and pick 0 < § < §p and 0 < € < g¢(6). Our

goal here is to find solutions to (3.5.3) by showing that the map 7 s : X,,.. — H? that
acts as

T.5(®) = (Les) ' Fs(cs(®e), @) (3.5.13)
admits a fixed point. For any triplet (®, 4, &) X%;E, the bounds in Corollary [3.4.5

imply that

ITes(@)llx, < Col [|MEFs(es(e), @) | + | M220eF5 (e5(De), @)|2 ]
(3.5.14)
together with

|To5(@%) ~ Tos(®P)|| < Co HM; <}'5 (cs(@A), DAY — Fy(cs(DF), @B))‘

+Cy HM;:Q(?E (]:5 (05((1):24)7 (I)A) By (06(@63), ;;)) ’
(3.5.15)

L2’
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In order to show that 7} 5 is a contraction mapping, it hence suffices to obtain suitable
bounds for the terms appearing on the right-hand side of these estimates.

We start by obtaining pointwise bounds on the nonlinear terms. To this end, we
compute

DN, (B,) = (DFO(UO;O +®,) — DF,(Upy) — D2FO(U0;O)<I>O>U;;O
_ B (3.5.16)
+ (DFO(UO;O Lo, - DFO(UO;0)>85<I>O

and note that a similar identity holds for J¢ N (®.). In addition, we remark that there
is a constant Kz > 0 for which the bounds

IDE4(Ug0 + P4)lloo + 1D*Fy(Ugo + Py)lloo + [D?Fy(Ugo + P4)lloc < Kp
(3.5.17)
hold for # € {o0,e} and all & = (®,, ®.) that have ||P||g < 4.

Lemma 3.5.2. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
ezists a constant K, > 0 so that for each ® = (®,,®.) € H' with ||®|/g: < 1., we have
the pointwise estimates

No(@o)] < K|, (3.5.18)
Ne(@e)] < K]
Proof. Using [55, Thm. 2.8.3] we obtain
No(®o)| < $Kp|®2 (3.5.19)
The estimate for N, follows similarly. n

Lemma 3.5.3. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
ezists a constant K, > 0 so that for each ® = (®,,®.) € H' with ||®|/m: < ., we have
the pointwise estimates

‘65-/\[0((1)0)‘ < Kp(|a£q)0||¢’0‘ + |(I)0|2>7 (3 5 20)
ONe(@e)] < Kp (|0 Pel|Pe| + [2c]?).
Proof. We rewrite (3.5.16)) to obtain
85./\/’0(‘1)0) = DFO(UO;O + @0)8€(U0;0 +®,) — DFO(UO;o)ag(UO;O + (I)O)
_D2F0(U0;0)[q)07 aE(UO;O + (PO)] + D2FO(UO;O)[(I)O7 6§¢0].
(3.5.21)
This allows us to use [55, Thm. 2.8.3] and obtain the pointwise estimate

—

0eNo(®o)] < 5K p|@o* (U0l + 10:Dol) + Kp|@o||0 D, (3.5.22)

< KP(|8§¢O||@0| + |CI)0|2)'

The estimate for N, follows similarly. n
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Lemma 3.5.4. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
exists a constant K, > 0 so that for each pair

o4 = (0,0 c H', o8 = (o8 98) c H! (3.5.23)

that satisfies || @4 ||z < 1. and || @8 ||gr < 1., we have the pointwise estimates

No(@5) = No(@F)] < Kp[|of] + |27 [][@F — 27, (3.5.24)
Ne(@F) = Ne(@D)] < Kp[|@f] +[@7[]|0f — @7). -
Proof. We first compute
No(@3) = No(@F) = Fo(Uoo + @7 + (25 — 7)) = Fo(Uoro + 27)

—DF,(Uoo +05) (95 — 7))
+[DF, (U + ®F) — DF,(Usyp)] (05 — ©F).

(3.5.25)
Applying [55, Thm. 2.8.3] twice yields the pointwise estimate
N(@) = No(@F)] < K |}|of - 0F[2 + 08|04 — oF||
(3.5.26)
< 2Kp[|0f] + @[] 0] — @F.
The estimate for N, follows similarly. n

Lemma 3.5.5. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
exists a constant K, > 0 so that for each pair

o4 = (¢, 04 € HY, o8 = (08 oB) c H! (3.5.27)

that satisfies || @4 ||gr < 1. and || @8 ||g < 1. we have the pointwise estimates

N4 (@) = DN4 (@D < K |10+ |0 + 02| + 07| |2 - @]
K, ||04] + [0F]|[0e(0 - @)
(3.5.28)
for # € {o,e}.
Proof. Differentiating (3.5.25)) line by line, we obtain

85./\/0((1);4) - 85/\/0((1)5) = dy+dy+ds (3.5.29)
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with
dy = DF,(Uyo+®8 + (92 — 02)) (U, + 008 + 9 (02 — @7))
—DF,(Ugyp + 8)0: (Uoyo + ©F),
dy = —D’Fy(Uso+ @) (2 — 7, 0:(Uoo + 7))

_DFO(UO;O + @f)@g(@f - ‘1)5)7
dy = [DF,(Upo+ ®B) — DF,(Usy0)] 0 (92 — ®F)
+D?F, (Ui + ®F)[0¢(Uoo + ©F), 02 — @5]
~D2F,(U00) [Ugyo, @5 — 7).
Upon introducing the expressions
di = DF,(Ugpo+ ®F + (82 — 5))9: (Usyo + ®F)
—DF,(Uop + ®8)0: (Uoio + ®F)
—D?Fo(Uoo + 7)) [@5 — 7, 0c(Uoio + 7)),

(3.5.30)

dir = [DF,(To0+ 08 + (8} — ) — DF, (U0 + 8F) | 0 — 02),
(3.5.31)
we see that
di+dy = dy+dpj. (3.5.32)
Applying [55, Thm. 2.8.3] we obtain the bounds
di| < LKp|®A— ®B2[|T. |+ [0:D5],
dir] < Kp|®) — @7[|0:(®5 — @7)|-
In addition, the expressions
dIII = [DFO(UO;O_F@OB) _DFO(UO;O)]af((b:)A - (I)g)a
drv = DQFO(UO;O + (I)OB)[UIO;O» (1)104 - q)oB] - DQFO(UO;O)[U;;W (I)f - (I)oB]v
dy = D?F,(Ugo+ ®P)[0:2F, 02 — @F]
(3.5.34)
allow us to write
d3s = di+div+dy. (3.5.35)
Applying [55, Thm. 2.8.3] we may estimate
ldirr] < Kpl®Z||0:(0F — 2],
ldiv| < Kpl®J[|®) — 27, (3.5.36)

dv] < Kplo:7 |25 — o).

These bounds can all be absorbed into ((3.5.28). The estimate for N, follows simi-

larly.
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With the above pointwise bounds in hand, we are ready to estimate the nonlinear-
ities in the appropriate scaled function spaces. To this end, we introduce the notation

N(@) = (No(®,), Ne(®e)) (3.5.37)
for any ® = (®,,®,) € H.

Lemma 3.5.6. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. There
exists a constant Ky > 0 so that for each 0 < n < 1., each € > 0 and each triplet
(@, ®4, ®B) € X3 _ we have the bounds

| MIN (@) < Ky,

| 20N (@) | < Ky,

IMEN (@) =N (@F)) gz < Kyrl|eh = @8pz,
|ME20g (W (@) = N (@2)) Iz < Ky (|04 = @Bz + 9(@4 — @) r2).

(3.5.38)

Proof. All bounds follow immediately from Lemma Lemma, upon using
the Sobolev estimate ||¢||o < Cfl|d]|g1 to write

[Polle < Cim, [0:Polloc < 0/27
! ¢ ; (3.5.39)
[Pelloc < O, [10:Pels < Cinm,
with identical bounds for ®4 and ®F. n

Lemma 3.5.7. Assume that (HN1), (HN2), (HW1) and (HW2) are satisfied. Then
there exists a constant Kg > 0 so that for each € > 0 we have the bound

[IMi&|lL2 + [M2?0collr: < eKe. (3.5.40)

Proof. The structure of the matrix J allows us to bound

IMiEolle < eliEls M0kl < clBebolle . (35.41)
The result hence follows from the inclusions
U,, € H., F,(Usyp) € HL. (3.5.42)

The first of these can be obtained by differentiating (3.2.18) and (3.2.20). The second
inclusion follows from the fact that U, converges exponentially fast to its limiting
values, which are zeroes of F,. [

Lemma 3.5.8. Assume that (HN1), (HN2), (HW1), (HW2) and (HS1) are satisfied.
Then there exists a constant K. > 0 in such a way that for each 0 < n < 1y, each
e >0, each § > 0 and each triplet (®,®4, ®B) € X3 _ we have the bounds

n;e
|C6((I)e) - CO‘ < K. [577 + 7]2]7 (3 5 43)
les(@F) = cs(PP)] < Ke(0+n)[|24 — &Pl -
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Proof. Since we only need to use regular L?-norms for these estimates, the proof of
Lemma also applies here. n

Lemma 3.5.9. Assume that (HN1), (HN2), (HW1), (HW2) and (HS1) are satisfied.
Then there exists a constant Kr > 0 in such a way that for each 0 < n < 1y, each
0<e<1, each § >0 and each triplet (&, ®4, ®B) € X3 we have the bound

;€
[MEIR(c5(Pe), @)L + [|ML2OeR(cs(Pe), ®)||lL> < Krl[on+1n?]. (3.5.44)
Writing
AR = R(cs(®2),®4) — R(cs(®F), dB), (3.5.45)

we also have the bound
[MEIAABR|L2 + [ML20:AupRll: < Kr(5+n)||@* — &Pl
KR (1 +6)[|0g(®4 — ©P)| L2
+nKR (1 + 0) [ ML20Z (24 — ©F)| .

(3.5.46)
Proof. Using Lemma [3.5.8| we immediately obtain the bound
IMIR(es(@e), @)z < Kelon + 7] (MLDe® s + | METG s ) s
< Ke[on+ 2] (n+ 1000 ),

together with

—
IME20eR(cs(@e), @)l < Ke[on+ ] (|ME2020 2 + | ML2Tg s )
< Ke[on+2] (n+ 100 l2).
(3.5.48)
In addition, we may compute
AapR = (cs(®B) — cs(92))0: (Up + @4
B (cs(@F) = c5(2£)) 0 (Uo + 24) (3.5.49)

+(co — ¢5(®P)) 9 (24 — @B),

which allows us to estimate

IMIAARRIe < Ko(6+n)[@4 — 8|2 (|MLITgl|Lz + [|MLO D412 )
K[+ n?] | MLOe (@4 — B)||e
< K.(6+n)]2* — @Bz (|Tglle +n)

K[54 7] ]| 0 (@4 — DP)]| 2,
(3.5.50)
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together with

—/
[ML20:AapRlL2 < Ke(0+ 1)@ — @82 (|IME2TUyILe + [|ME20:04|12)
+ K [0+ n?] [ ME20Z(@4 — @F)||L

—//
< K (0+n)|@* = P2 (|02 + 1)
+E [0 + n?] || MZ20e (24 — D) e
(3.5.51)
These terms can all be absorbed into (3.5.46)). [

Proof of Theorem (3.2.1] Using Lemma Lemma [3.5.7] and Lemma to-
gether with the decomposition (3.5.5) and the estimates (3.5.14)-(3.5.15)), we find that
there exists a constant K7 > 0 for which the bounds

172.5(®) 1, < Kr|in+iP+e),
(3.5.52)
I725(@%) = Ts(@P) | < Kr[o+n) |04 — 05,

hold for any n < 7., any 0 < £ < £0(6) and any triplet (®,®4, &F) ¢ X%;E. As such,
we fix
§ = gg n=min{n, g} (3.5.53)

Finally, we select a small positive €, such that e, < g¢(0) and e, < ﬁn. We conclude
that for each 0 < € < €., T 5 maps X,,. into itself and is a contraction. This completes
the proof. [

3.6 Stability of travelling waves
Introducing the family
(U.,6.) = (Uee), (3.6.1)

which satisfies (hFam) on account of Theorem we see that the theory developed
in applies to the operators

L.y:H' — L2 (3.6.2)

that act as

Lopn = coge —Miadmix — DE(U:) + A (3.6.3)

We emphasize that these operators are associated to the linearization of the travelling
wave system ((3.2.14]) around the wave solutions (U.,c.). For convenience, we also
introduce the shorthand

Lo = Lo = coge— M} odmic— DF(U.). (3.6.4)
We remark that the spectrum of £, is 2mic.-periodic on account of the identity

(Lo +A)e*™ = ¥ (Lo + X+ 2mice). (3.6.5)
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As a final preparation, we note that there exists a constant K > 0 for which the
bound

IDF,(Uoie)lloo + 1D*Fo(Uoie) oo + [DFe(Ueie)lloo + ID*Fe(Uee)low < Kr
(3.6.6)
holds for all 0 < € < &,.

Our main task here is to reverse the parameter dependency used in In par-
ticular, for a fixed small value of € > 0 we study the behaviour of the map A — L. ».
This allows us to obtain the main result of this section, which lifts the spectral stability

assumptions (HS1) and (HS2) to the full system (3.2.14)).

Proposition 3.6.1. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2)
are satisfied. Then there exists a constant €., > 0 so that the following properties hold
for all 0 < € < €.

(i) We have
Ker(L.) = span(U;) (3.6.7)

together with U; ¢ Range (L. ).
(i) For each A € C\ 2mic.Z with Re\ > —\., the operator L. \ is invertible.

These spectral stability properties can be turned into a nonlinear stability result
by applying the theory developed in [I09]. The main idea is to consider a temporal
Green’s function for the LDE and spatial Green’s functions for the travelling
wave equation (3 . These Green s functions can be related to each other using an
integral representation. Our detailed knowledge of the spectrum of the operator L.
allows us to shift the integration path and split the temporal Green’s function for the
linearization of (3 around the wave U, into two cornponents. The first corresponds
to the neutral part of the flow along the eigenfunction U. -, while the second encodes
the exponentially decaying stable part of the flow. The full orbital neighbourhood of
the travelling wave U, can now be spanned by the family of stable manifolds for the
shifted waves U.(- + 99), which all have codimension one. In particular, every initial
condition in this neighbourhood converges exponentially to a shifted version of U..

Proof of Theorem[3.2.2 For j € Z we introduce the new variables
(uj;o’wj;ov“j;eij;e) = (u2j+1vw2j+1vu2jaw2j)» (3.6.8)

which allows us to reformulate the 2-periodic system ({3.2.1) as the equivalent 2(n + k)-
component system

) = S Dujrne(t) +ujie(t) = 2ujio(t)] + fo(usio(t), wyio(t)),
Wio(t) = Go(ujio(t), wjo(t)),
Y ) = D[uj;o(t) +uj_1,0(t) — 2uj;e(t)] + fe (uj;e(t), wj;e(t)),
Wje(t) = ge(ujie(t), wjie(t)),

(3.6.9)
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which is spatially homogeneous.

On account of Theorem and Proposition it is clear that [3.6.9] satisfies
the conditions (HV), (HS1)-(HS3) from [109]. An application of [I09, Prop. 2.1] im-
mediately yields the desired result. [

3.6.1 The operator L.

Observe first that £, is a Fredholm operator with index zero on account of Lemma
[3:4:6] Our goal in this subsection is to establish the characterization of the kernel and
range of this operator given in item (i) of Proposition We note that this state-
ment implies that the zero eigenvalue of L. is simple.

At times, our discussion closely follows the lines of [I50], sects. 4-5]. The novel
ingredient here, however, is that we do not need to modify the spectral convergence
argument from §3.4] to ensure that it also applies to the adjoint operator. Indeed, we
show that all the essential properties can be obtained from the following quasi-inverse
for L., which can be constructed by mimicking the approach of [I11], Prop. 3.2].

Lemma 3.6.2. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied and pick a sufficiently small constant e, > 0. Then for every 0 < € < g,
there exist linear maps

e : L2 R
—qiny (3.6.10)
L, . L2 - H!,
s0 that for all © € L? the pair
(7) \I’) = (WE@,ZSIH"@) (3611)
18 the unique solution to the problem
LU = ©+47, (3.6.12)
that satisfies the normalisation condition
((0,234), W) = 0. (3.6.13)

In addition, there exists C' > 0 such that for all 0 < & < 4, and all © € L? we have
the bound
[7.0] + [MULTO) L2 + L2770 < C||MLO)re. (3.6.14)
Proof. The proof of [I50, Lem. 4.9] remains valid in this setting.
[

We can now concentrate on the kernel of £.. The quasi-inverse constructed above

allows us to develop a Liapunov-Schmidt argument to exclude kernel elements other
—/
than U..
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Lemma 3.6.3. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. Then for all sufficiently small € > 0 we have

ker(£.) = span{U.}. (3.6.15)

Proof. This result can be obtained by following the procedure used in the proof of
[150, Lem. 4.10-4.11]. [

We now set out to show that the eigenfunction U/E is, in fact, simple. As a technical

preparation, we obtain a lower bound on 7%.(U,), which will help us to exploit the
quasi-inverse constructed in Lemma [3.6.2

Lemma 3.6.4. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. Then there exists a constant v, > 0 so that the inequality

holds for all sufficiently small € > 0.

Proof. We note first that the limit U, — Uy in L? and the inequality <U;;O, q):i)jhg #
0 imply that there exists a constant v, > 0 so that

(UL, (0,582 > (3.6.17)

for all small € > 0.

We now introduce the function
v, = T (3.6.18)
The uniform bound shows that we may assume an a-priori bound of the form
[Pellg: < Cf (3.6.19)

for some C7 > 0.

For any sufficiently small 6 > 0 and 0 < & < g¢(9), the explicit form of 7_ given in
[150, eq. (4.47)] implies that

ST - <(o,<1>:j‘g),(25+5)_1 (U%+5\115)>L2
= (0,229, (Z-48) Ty)_,
{0067 T+ (Zo40) owL)

(.28, (2-45) Ty,

(3.6.20)

Since (ZE + 5)715‘1’5 is uniformly bounded in L? for all sufficiently small § > 0 and
0 < & < g9(d) on account of Corollary [3.4.4] and (3.6.19)), we can use the lower bound
(13.6.17) to assume that § > 0 is small enough to have

(0, ®2%), 67 T. + (Lo +6)60.) | > Cho! (3.6.21)
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for all such (g, ). Moreover, the uniform bound in Corollary also yields the upper
bound

(0, 02%), (L. +6) "' Up)pa| < CiA+67Y) (3.6.22)
for all such (e, ). This gives us the lower bound
= c! -1

|rYEUE| > 0721-(?-6—1 B (3623)

for some 7, > 0 that can be chosen independently of § > 0. [

Lemma 3.6.5. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. Then for all sufficiently small € > 0 we have U; ¢ Range(L.).

Proof. Arguing by contradiction, let us suppose that there exists ¥, € H' for which
the identity

/
g

LY. = U (3.6.24)

holds. The observation above allows us to add an appropriate multiple of U; to U, to
ensure that (¥, (0, ‘1)2?8)>L2 = 0. In particular, Lemma implies that
5.0, = o0, gl = w., (3.6.25)

€ €

which immediately contradicts Lemma [3.6.4] ]

3.6.2 Spectral stability

Here we set out to establish the statements in Proposition for A ¢ 2mic.Z. In
contrast to the setting in [I50], the period 2mic. can be uniformly bounded for € | 0.
In particular, we will only consider values of € > 0 that are sufficiently small to ensure
that

%CO < e < %CO (3626)

holds. Recalling the constant A\ introduced in Proposition this allows us to
restrict our spectral analysis to the set

R = {AeC:ReX > —X, [Im\| < 3mco} \ {0}. (3.6.27)

On account of Lemma the operators L. ) are all Fredholm with index 0 on this
set. We hence only need to establish their injectivity.

It turns out to be convenient to partition this strip into three e-independent parts,
which we illustrate in Figure The first part (red) contains values of A that are close
to 0, which can be analyzed using the theory developed in The second part
(blue) contains all values of A for which ReA is sufficiently large. Such values can be
excluded from the spectrum by straightforward norm estimates. The remaining part
(green) is compact, which allows us to appeal to Proposition
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ImA

27ce

Figure 3.2: Illustration of the decomposition of the spectrum into e-independent regions.

Lemma 3.6.6. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. There exists constants A\ > 0 and ey > 0 so that the operator EE s H = L2
is injective for all A € C with 0 < |A| < Ar and 0 < ¢ < ¢;.

Proof. We argue by contradiction. Pick a small A\; > 0 and 0 < € < &,, and assume
that there exists ¥ € H' and 0 < |A\| < A\; with ¥ # 0 and

LV = \U. (3.6.28)
Aiming to exploit the quasi-inverse in Lemma we use (3.6.17)) to decompose ¥ as
U = KU.+ Ut (3.6.29)

for some k € R and U+ € H! that satisfies the normalisation condition

((0,28), ¥ ) = 0. (3.6.30)
In view of Lemma [3.6.2] the identity (3.6.28]) implies that
Ve [n/\U'E +AUL] = 0, /;qmv[ AU, + AU = wk (3.6.31)

On account of the uniform bound (3.6.14]), we can assume that A; is small enough to
have .
MIES seensy < L (3.6.32)

Since |A| < Az, this means that we can rewrite (3.6.31)) to obtain

Ul = [T ALY [eAT). (3.6.33)
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In particular, the first identity in (3.6.31)) allows us to write

0 = F[RATL+ A1 = A28 T Z AT o0
: . 3.6.34
= T[T+ Al - A2 T2 T

We note that the restriction (3.6.32f) ensures that the second identity in (3.6.31]) has no
nonzero solutions ¥+ for x = 0. In particular, (3.6.34) implies that we must have

7.0 = ). [[I SVl v [U’E]] (3.6.35)

On account of we hence obtain the estimate
RO < CHA < Cin (3.6.36)
for some C7 > 0. However, Lemma shows that the left-hand side remains bounded

away from zero, which yields the desired contradiction after restricting the size of A\;. =

Lemma 3.6.7. Assume that (HN1), (HN2), (HW1), (HW2), (HS1) and (HS2) are
satisfied. There exist constants A\rr > 0 and err > 0 so that the operator L.  : H! - 12
1s injective for all A € R with Re A > A\jr and 0 < e < gypy.

Proof. The identity L. \® = 0 implies that
c:® = Mj 2Juix® + DF(U:)® — \O. (3.6.37)
. . . 1,2 ;
Taking the inner product with M_;"®, we may use Lemma 3.4.11| to obtain

0 < —Re(Juix®, ®)r:
Re (DF(U.)®,M*®)12 — Re X ||ML20|, (3.6.38)
< (Kp—Re)) [ Mb2Q|_,.

For Re A > K this hence implies ® = 0, as desired. ]

Proof of Proposition [3.6.1. On account of Lemmas [3.6.0} [3.6.513.6.7}, it remains to
consider the set

M = {AeR:|A>ALReA< A} (3.6.39)

Since this set satisfies (hM),), we can apply Proposition to show that for each
sufficiently small € > 0, the operators L.  are invertible for all A € M. [
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Chapter 4

Travelling wave solutions for
fully discrete
FitzHugh-Nagumo type
equations with infinite-range
interactions

Sections {.IHA. 5] and [£. Al have been submitted as W.M. Schouten-Straatman and H.J.
Hupkes “Travelling wave solutions for fully discrete FitzHugh-Nagumo type equations
with infinite-range interactions” [I52].

Abstract. We investigate the impact of spatial-temporal discretisation schemes
on the dynamics of a class of reaction-diffusion equations that includes the FitzHugh-
Nagumo system. For the temporal discretisation we consider the family of six backward
differential formula (BDF) methods, which includes the well-known backward-Euler
scheme. The spatial discretisations can feature infinite-range interactions, allowing us
to consider neural field models. We construct travelling wave solutions to these fully dis-
crete systems in the small time-step regime by viewing them as singular perturbations
of the corresponding spatially discrete system. In particular, we refine the previous
approach by Hupkes and Van Vleck for scalar fully discretised systems, which is based
on a spectral convergence technique that was developed by Bates, Chen and Chmaj.

179
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Key words: Travelling waves, FitzZHugh-Nagumo system, singular perturbation, spatial-
temporal discretisation.

4.1 Introduction

In this paper, we consider spatial-temporal discretisations of a class of reaction-diffusion
systems that contains the FitzHugh-Nagumo partial differential equation (PDE). This
PDE is given by
" e + i) —w (4.1.1)
wy = plu—yw).
Here g is the bistable, cubic nonlinearity g(u;r) = w(1 —u)(u—r) with r € (0,1), while
p > 0and v > 0 are positive constants. In particular, our goal is to show that travelling
waves for the system persist under these spatial-temporal discretisations. As
such, we contribute to the broad study of numerical schemes and their impact on the
solutions under consideration, which has produced an immense quantity of literature.
The main distinguishing feature is that we are interested in structures that persist for
all time, while almost all of the studies in this area focus on finite time estimates.

Pulse propagation The system was introduced in the 1960s [74] [76] as a
simplification of the Hodgkin-Huxley equations, which were used to describe the prop-
agation of spike signals through the nerve fibers of giant squids [98]. After observing
similar pulse solutions for the system numerically [75], a more rigorous, analyt-
ical approach to understanding these pulse solutions turned out to be rather delicate.
Indeed, many new tools have been developed, some even very recently, to construct
these pulses and analyse their stability in various settings. These techniques include
geometric singular perturbation theory [31], 97, 117, 119], the variational principle [36],
Lin’s method [32, [33] 124], and the Maslov index [46, [47]. Pulse solutions for the system

[@.1.1)) take the form

(u,w)(x,t) = (ug,wo)(x + cot) (4.1.2)
for some wavespeed ¢y and smooth wave profiles ug, wy that satisfy the limits
i (uo, wo)(§) = 0. (4.1.3)

Spatially discrete systems It is well-known that electrical pulses can only move
through nerve fibres at appropriate speeds if the nerves are insulated with a myelin
coating. This coating admits regularly spaced gaps at the so-called nodes of Ranvier
[143]. In fact, through a process called saltatory conduction, excitations of these nerves
appear to jump from one node to the next [127]. Since the FitzHugh-Nagumo PDE
does not take this discrete structure into account directly, it has been proposed
[123] to, instead, model these phenenomena using a so-called lattice differential equation
(LDE). For example, by applying a nearest-neighbour spatial discretisation to ,

we arrive at ( ) ( )
w; = T(Ujp1 +uj—1 — 2uy) +g(uj;r) —wj
J J J J J J (4.1.4)

w; = plu; —yws),
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where the variable j ranges over the lattice Z. In the system , the variable u;
represents the potential at the jth node of the nerve fibre, while the variable w; de-
scribes a recovery component. Finally, we have 7 ~ h™2, where h > 0 is the distance
between subsequent nodes. We emphasize that the time variable remains continuous.

Spatialy discrete travelling pulses for the system (4.1.4]) take the form
(u,w);(t) = (do,Wo)(j + Cot), (4.1.5)

for some wavespeed ¢, again with the limits (4.1.3]). Plugging the Ansatz (4.1.5)) into
the LDE (4.1.4) yields the functional differential equation of mixed type (MFDE)

cotig(§) = Tuo(§+1) +1o(§ — 1) — 2uo(§)] + g(T@o(§); ) — Wo(§)
Cowy (&) plio (&) — ywo(&)]

in which £ = j +¢pt. In [108, [109], Hupkes and Sandstede developed an infinite dimen-
sional version of the exchange lemma to show that the system admits nonlinearly
stable travelling pulse solutions. They relied heavily on the existence of exponential di-
chotomies for MFDESs, which were established in [96] 133]. In addition, we established
the existence and nonlinear stability of pulse solutions for a spatially periodic version
of [151] by building on a spectral convergence method developed by Bates, Chen
and Chmaj [6]. The spectral convergence method plays an important role in this paper
as well and will be treated in more detail later on.

(4.1.6)

Infinite-range interactions Neural field models aim to describe the dynamic be-
haviour of large networks of neurons. In neural networks, neurons interact with each
other over large distances through their interconnecting nerve axons [15, 23| 24} [142].
It has been proposed [23] Eq. (3.31)] to capture these long distance interactions using
an infinite-range version of the system . To be concrete, we focus our discussion
on the prototype system

. —m2
W o= T >, e [Ujgm + Uj—m — 2uj] + g(uy; ) — w;

meZoo (4.1.7)
wy = plu; —yw;l.

This system can also be obtained directly from the PDE (4.1.1) by using an infinite-
range spatial discretisation.

We emphasize that infinite-range interactions also arise naturally when considering
discretisations of fractional Laplacians [43]. Indeed, such operators are intrinsically
nonlocal and are used in many physical systems that feature nonstandard diffusion
processes, such as amorphous semiconductors [87] and liquid crystals [44].

Substituting the travelling pulse Ansatz (4.1.5) into (4.1.7) now yields the MFDE
Wip(€) = T X e ™ (A& +m) +To(€ —m) — 2o (€)] + g(To(€); ) — Wo(€)

meEZso
Cowy (§)

plao(§) —vwo ()],
(4.1.8)
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which features infinitely many shifts. Since exponential dichotomies for MFDEs with
infinitely many shifts have only been established very recently [149], the techniques
used by Hupkes and Sandstede for the LDE have not yet been fully developed
for the system . Instead, Faye and Scheel [69] used a functional analytic approach
to construct pulse solutions for the system . In addition, by applying the previ-
ously mentioned spectral convergence method, we were able to show that these pulses
are nonlinearly stable [I50] for 7 > 1, which corresponds to fine discretisations of the
PDE . As of now, no comprehensive result has been found for the system .

Spatial-temporal discretisations Our main goal here is to understand the impact
of temporal discretisation schemes on the behaviour of travelling wave solutions of the
system . This is a relatively novel area of study, although a handful of results
have been established for scalar problems. For example, Bambusi, Faou, Greébert and
Jézéquel constructed solutions to fully discrete Schrodinger equations with Dirichlet or
periodic spatial boundary conditions in [4, [64]. Most other studies have focused on
spatial-temporal discretisations of the Nagumo PDE

Uy = Uge + glu;r), (4.1.9)
or, equivalently, temporal discretisations of the Nagumo LDE
;= T(ujp1 +ujo1 — 2uy) + glugr). (4.1.10)

The PDE (4.1.9)) and the LDE (4.1.10]) can be seen as scalar versions of the FitzHugh-
Nagumo PDE (4.1.1) and LDE (4.1.4)) respectively.

The early works by Elmer and Van Vleck [58H60] provided ad-hoc techniques to un-
derstand the impact of spatial-, temporal- and spatial-temporal discretisations of the
PDE (4.1.9)) on the dynamics of travelling waves. In addition, Chow, Mallet-Paret and
Shen [42] established the existence of travelling wave solutions to temporal discretisa-
tions of the LDE by considering Poincare return maps for the dynamics of this
LDE. These results were later expanded by Hupkes and Van Vleck [111], whose meth-
ods allowed them to address issues of uniqueness and parameter-dependence. Let us
also mention the recent series of papers [112H114] by Hupkes and Van Vleck, who study
spatial discretisation schemes with an adaptive grid. That is, the authors consider a
time dependent moving mesh method which aims to equidistribute the arclength of the
solution under consideration.

In order to introduce the temporal discretisation schemes that we study in this
paper, we briefly discuss the test problem

b o= v (4.1.11)

with A < 0. Applying the forward-Euler discretisation scheme with time-step At > 0
yields
Unt1 = Up+ AAtv, = (14 AAt)v,, (4.1.12)
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where n € Z. Since a nontrivial solution of the test problem converges to zero
as t — oo, the convergence v, — 0 should also be enforced. However, this yields the
restriction 0 < At < 2|A| 7!, which cannot be satisfied for all A < 0 for a fixed time-step
At > 0. In contrast, these issues do not occur for the backward-Euler discretisation
scheme. For the test problem , this scheme yields

Upt1 = Up+ AAtvpy, (4.1.13)

or equivalently
Unr1 = (1 —=MAt) lu,. (4.1.14)

In particular, we see that v, — 0 for any value of A\ < 0 and time-step At > 0. A
numerical scheme is called A(«) stable if this property holds for all A in the wedge
{z € C\ {0} : Arg(—=2) < a}. We note that the backward-Euler discretisation is A(F)
stable.

In fact, the backward-Euler discretisation scheme is one of six so-called backwards
differentiation formula (BDF) methods. These BDF methods are all A(«) stable for
various coefficients 0 < o < § and have several convenient analytical properties. For
this reason, we have to chosen to focus on these temporal discretisation schemes in this
paper. We do, however, emphasize that there are other stable discretisation schemes
which we could have used, see for example [90].

Applied to the Nagumo system, the backward-Euler discretisation scheme yields the
evolution

ﬁ U](nAt) — U]((n — 1)At):| = T[Uj.H + Uj_l — 2Uj] (nAt) =+ g(U]’(TLAt);T).
(4.1.15)
A travelling wave solution for the system (4.1.15]) with wavespeed ¢ takes the form
Uj(nAt) = @(j + ncAt), (4.1.16)
with the limits _ _
lim ®&) = 0, lim (&) = 1. (4.1.17)
{——o0 §—o0

As such, the travelling waves need to satisfy the system
LB ~ Be —can]| = [B(E+ 1)+ B(E— 1) 22()] +9(@():r). (4118)

Hupkes and Van Vleck showed [IT1I] that, for sufficiently large, rational values of
M = (cAt)~!, the system admits travelling wave solutions with wavespeed
c. These travelling waves are constructed as perturbations of travelling wave solutions
of the LDE (4.1.10)). The corresponding transition from the semi-discrete setting to the
fully discrete setting is highly singular, since a derivative is replaced by a difference.
The rationality of M plays a key role here, as it ensures that the domain of the variable
¢ in the system is a discrete subset of the real line. This restriction arises
naturally in the analysis, since it ensures we can use finitely many interpolations to go
from a fully discrete to a spatially discrete setting.
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Spectral convergence In order to analyse this singular perturbation, Hupkes and
Van Vleck relied heavily on the previously mentioned spectral convergence method,
which also plays an important role in [9, [T2HIT4] 150 I5I]. This method was in-
troduced in [6] to construct travelling wave solutions to an infinite-range version of
the Nagumo LDE (4.1.10) in the near-continuum regime, i.e. when the discretisation
distance h ~ 72 is sufficiently small. A key role in [6] is reserved for the family of
operators

Lyo(€) = cov'(€) = gz [v(€ +h) +v(§ = h) = 20(8)] = gu(@o(§);r)v(€), (4.1.19)

which arise as the linearization of the travelling wave MFDE corresponding to the LDE
(4.1.10) around the travelling wave solution (cg,ug) to the PDE (4.1.9). The main
question is what properties these operators inherit from their continuous counterpart

Lov(€) = cov'(§) —v"(&) — gu(@o(§);r)v(§). (4.1.20)

In particular, the authors in [6] fixed a constant 6 > 0 and used the invertibility of
the operator Ly + d to establish the invertibility of the operator £ + § for h > 0
sufficiently small. Indeed, they considered weakly converging sequences {v,} and {w,}
with Lyv, +0v, = w, and tried to find a uniform (in » and §) lower bound on the norm
of v/, in terms of the norm of w,,. Such a lower bound prevents the limitless transfer of
energy into oscillatory modes, a common concern when dealing with weakly converging
sequences. The bistable nature of the nonlinearity g was used to control the behaviour
at 400, while the local L?-norm can be bounded on the remaining compact set. We
emphasize that this method requires a detailed understanding of the limiting operator
Lo.

In [111], this method was lifted to the fully discrete Nagumo equation (4.1.18).

Writing M = % with ged(p, ¢) = 1, the corresponding limiting operator resembles a g

times coupled version of the operator L given by (4.1.19). For ¢ = 2, this limiting
operator takes the form
Kgo(C,€) = /(68 —[o(C+ 3.6+ D) +0(C - 56— 1) —20(¢, )]
—g9u (H(é-)’ T>U(C7 5)7

where u is the travelling wave solution of the LDE (4.1.10)) with wavespeed ¢. Here
the domain of the variables ¢ and ¢ is given by ¢ € {0,1} and ¢ € R, with the
convention that v({+1,£) = v(¢,€). Since the MFDE corresponding to (4.1.21)) admits
a comparison principle, the Fredholm properties of the operator K, follow directly from

the general results in [I10]. Hupkes and Van Vleck generalized the spectral convergence
method to lift the Fredholm properties of the operator K, to the operator

- U(C7€ - M_l)]
CHLe+1-IM Y +o(C—-3,6-14+3IM1) —20((,€)]
gu (@(€);r)v(¢.€),

(4.1.21)

Kav(C,§) = eM[v(C,¢

—T|V

—~ —

(4.1.22)
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in the regime M >> 1, again with ¢ € {0, 3} and £ € M ~'Z. The operator Ky arises
as the linearisation of the fully discrete system (|4.1.18]) around the travelling wave u,
using the additional ¢ variable to ensure that all {-shifted arguments are multiples of
M-t

Results In this paper, we consider reaction-diffusion LDEs such as (4.1.7)) and replace
the temporal derivative by one of the six BDF discretisation schems. For example,
applying the backward-Euler method to (4.1.7]), we arrive at the prototype system

LU (nAL) — Uj((n — 1)At)] e [Ujim + Uj—m — 2U;] (nA2)
+9(Uj(nAt);r) — Wi(nAt)

LW, (A — Wy((n— DAY] = plU;(nAL) — v W, (nAD)]

I
\]
M8

(4.1.23)
Our main result states that systems such as admit travelling wave solutions.
To achieve this, we extend the spectral convergence method that was developed in [I11]
for scalar LDEs with finite-range spatial interactions to the current setting, which fea-
tures multi-component systems with infinite-range interactions. This generalisation is
far from trivial and requires several technical obstructions to be resolved.

The first main obstacle is that the spectral convergence method hinges on the un-
derstanding of the corresponding limiting operator. Indeed, the analog of the operator
Ky from for our system does not admit a comparison principle, since
this is not available for FitzHugh-Nagumo type systems. As such, very limited a-priori
knowledge is available for this limiting operator, which forces us to prove many of its
properties from scratch. For this, we mainly employ techniques from harmonic analysis.

The second main obstacle is that the system setting introduces several cross-terms
that need to be controlled. Several key techniques from our earlier works [I50, [I51]
concerning spatially discrete systems can be adjusted to handle these cross-terms in
the present fully-discrete setting. However, several crucial points in the analysis still
require these terms to be handled with special care.

The remaining obstacles are directly related to the infinite-range interactions, which
introduce several convergence issues that need to be overcome. It also requires us to
establish more refined estimates on the decay rates of solutions to our limiting MFDE.
We achieve this by employing an explicit representation of the corresponding inverse
linear operator that was first introduced in [I50].

Loss of uniqueness In [I11], Hupkes and Van Vleck extensively studied the unique-
ness and parameter-dependence of the travelling wave solutions of . The key
observation is that the rationality of the variable M = (cAt)~! breaks the translational
symmetry in the travelling wave problem, potentially allowing a family of solutions to
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exist. For example, one can apply an irrational phase shift to the continuous wave-
profiles for that underlies the perturbation argument discussed above. In this
fashion, one could construct a different fully discrete wave for the same detuning pa-
rameter value r in the nonlinearity g(-;r). However, this is a very delicate issue. In
particular, M = (cAt)~! is fixed in the analysis, so additional work is required to ob-
tain results for fixed time-steps At > 0.

For the backward-Euler discretisation scheme, this nonuniqueness can be made fully
rigorous. In particular, Hupkes and Van Vleck showed that, for a fixed time step At > 0
both the r(c) relation and the ¢(r) relation can be multi-valued. In particular, for a
fixed value of ¢ there can be multiple values of r for which a solution to the system
(4.1.15)) exists and vice-versa. This can be achieved by embedding the system
into an MFDE that admits a comparison principle, allowing it to be analysed using the
techniques developed by Keener [122] and Mallet-Paret [131].

By contrast, the ¢(r) relation for travelling wave solutions to the PDE and
the LDE are both single-valued. The same holds for the r(c¢) relation, with
the single exception that it can be multi-valued for in the special case ¢ = 0
[57,[99]. This reflects the well-known wave-pinning phenomenon caused by the broken
translational symmetry of the lattice [16], [56] 62] Q9] 122} [132].

In this paper we study the r(c) and the ¢(r) relation for a fully-discrete version of
the FitzHugh-Nagumo system. For the corresponding PDE and LDE ,
numerical evidence [34], [125] suggests that both these relations are at most 2-valued.
In addition, theoretical results [32] for this PDE usually yield a locally unique 7(c)
relation. For the system @ a comparison principle is not available, rendering a
direct analysis similar to the one in [ITI] infeasible. Instead, we run several numerical
simulations to investigate these issues. These computations indicate that both the r(c)
and the ¢(r) relation are typically multi-valued. Indeed, the points (r, ¢) points at which
we were able to find solutions appear to map onto a surface instead of a curve. That is,
there exists an entire spectrum of travelling wave solutions with different wavespeeds
to the same fully discrete system.

4.2 Main result

Our main goal is to study the impact of several important temporal discretisation
schemes on travelling wave solutions of reaction-diffusion LDEs of the form

Uy = 7% am[Ujpm +Ujm — 20,1 + G(U;; 7). (4.2.1)

m>0

This LDE is posed on the one-dimensional lattice j € Z, but may have multiple com-
ponents in the sense that U; € R? for some integer d > 1. We start by discussing
the structural conditions that we impose on the LDE (4.2.1)) and its travelling wave

solutions in respectively In §4.2.3 we introduce the appropriate temporal
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discretisation schemes and formulate our main result. Finally, we discuss some nu-
merical results concerning the nonuniqueness of the fully discrete travelling waves in

@24

4.2.1 The spatially discrete system

Besides a handful of exceptions [6, 68|, 69, [88] [149] [150], almost all results concerning
LDEs of the form assume that only finitely many of the coefficients «,, in
are nonzero. However, following [6l [150], we will impose the following much
weaker conditions.

Assumption (HS1). The coefficients {am}mez., are diagonal d x d matrices and
7 > 0 is a positive constant. There exists 1 < dgig < d so that for each 1 < i < dgig we

have oz,(f@’i) # 0 for some m € Z~q, while a%j’j) =0 foralln € Z-o and all dgig < j < d.
The coefficients {a, }mez., satisfy the bound

mZ>IO ame™ < oo (4.2.2)

for some constant v > 0, as well as the identity

S ol Im? = 1 (4.2.3)

m>0

for each 1 < < dgig. Finally, the inequality

A(z) = aﬁfl’“(l—cos(mz)) > 0 (4.2.4)

m>0
holds for all z € (0,27) and all 1 <i < dg;g.

In particular, the diffusion matrices {am }mez., only act directly on the first dgig
components of U;. For example, for the FitzHugh-Nagumo LDE

Uj = 7Y (Ui + Ui — 2u5] + (1 — ) (uy — 1) —w;
. 30 (4.2.5)
wj = p[u] — ’}/’LUJ} 3

we have d = 2 and dg;¢ = 1, while for the Nagumo LDE

ﬂj = T Z>O am[uj+m + Ujm — 2Uj] + Uj(l - ’U,j)(Uj — T) (426)

we have d = dgig = 1.
We note that 1) is automatically satisfied if ali? > 0 for all m € Z~o and

ol £ 0. The conditions in (HS1) ensure that for ¢ € L®(R;R) with ¢” € L*(R;R)
and 1 <1 < dgig, we have the limit

lhifol I 3 ali[6( + hm) + é(- — hm) — 26(-)] — ¢" || L2m) = 0; (4.2.7)
m>0
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spatial discretisation of the FitzHugh-Nagumo PDE (4.1.1]) on a grid with distance h,
where 7 = % Additional remarks concerning this assumption in the scalar case d = 1
can be found in [6] §1].

see [6, Lem. 2.1]. In particular, (HS1) ensures that (4.2.5) can be interpreted as the
(.11

We now turn to the spatially homogeneous equilibrium solutions to (4.2.1), which
are roots of the nonlinearity G. We will assume that there are two r-independent
equilibria P*, but emphasize that they are allowed to be identical.

Assumption (HS2). The parameter dependent nonlinearity G : R? x (0,1) — R? is
C%-smooth. There exist P¥ € R? so that G(P*;r) = 0 holds for all r € (0,1).

The temporal stability of these two equilibria P* plays an essential and delicate
role in our analysis. Indeed, it does not suffice to simply require that the eigenvalues of
DG(P%) have strictly negative real parts, see the proof of [I51, Lem. 4.6] for details.
Following [I51], we consider two auxiliary assumptions on the triplet (G, P~, PT) to
address this issue. Recalling the constant 1 < dgig < d from (HS1), we first write
DG(U;r) in the block form

(4.2.8)

DG(U:r) = (g“’”(Uar) 9[1’2](U;7"))

GEir) GRAUsr)
for any U € R? and r € (0,1), taking DGH(U; ) € Raieexdairr,

Assumption (HS37). The triplet (G, P~, PT) satisfies at least one of the following
conditions.

(a) The matrices —DG(P~;7) and —DG(P™;7) are positive definite.

(b) The matrices —GL1(P~;7), —gILU(P*;7), —GI22(P~;7) and —GP22(P*;7) are
positive definite. In addition, there exists a constant I' > 0 so that GIM2/(U;7) =
~TG2U(U;7)T holds for all U € R%.

To illustrate these assumptions, we consider the nonlinearity

u(l—u)(u—r)—w)

4.2.9
] (4.29)

G (u,w;r) = (

corresponding to the FitzHugh-Nagumo LDE (4.2.5)). The triplet (G, 0,0) can easily
be seen to satisfy (HS3 ) with ' = % However, when r > 0 is sufficiently small the

Jacobian DGy, (0;7) has a pair of complex eigenvalues with negative real part. In this
case, the condition (HS37(a))) may fail to hold.

4.2.2 Spatially discrete travelling waves

Our final two assumptions for (4.2.1)) concern the existence and stability of travelling
wave solutions that connect the equilibria P~ and PT. These solutions take the form

Uj(t) = Uolj+cot) (4.2.10)
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for some smooth profile Uy and nonzero wavespeed €. Substituting the Ansatz (4.2.10)
into 1) and writing £ = j + Cot, we see that the pair (¢, Ug) must satisfy the
travelling wave MFDE

QUo(€) = 7 % am|To(&+m)+To(§ —m) *QUo(f)} +G(Uo(&);r), (4.2.11)

m>0

together with the boundary conditions

lim Uy(¢) = P*. (4.2.12)

§—+too

Assumption (HW1;). There exists a waveprofile Uy and a wavespeed ¢y # 0 that
solve the travelling wave MFDE (4.2.11)) for » = 7, together with the boundary condi-

tions (4.2.12)).

We now turn to the spectral stability of these travelling wave solutions. To this end,
we introduce the operator Lo : H'(R;R?) — L?*(R;R?) for the linearisation of (4.2.11)
around the travelling wave U, which acts as

Ly = ang — Ay — DUQ(UO;F). (4.2.13)

Here the operator A : L?(R;R?) — L?(R;RR?) is given by

Ay = ngoam[TawTo—mf?}, (4.2.14)
where
(To®)(§) = @(E+1). (4.2.15)

In addition, we introduce the formal adjoint L§ : H'(R;R?) — L?(R;R?) of Ly that
acts as
Ly = —de — Ao — DyG(tg;7)" . (4.2.16)

We remark that the spectrum of Ly is 2micg-periodic on account of the identity
(Lo +A)e?™ = ¥ (Lo + A+ 2mico), (4.2.17)

see [I50, Lem. 5.1]. We impose the following condition on the spectral properties of
this operator Lg.

Assumption (HW27). There exist functions dF € H'(R;R?), together with a con-
stant A > 0 so that the following properties hold for the LDE (4.2.1) with » = 7.

(i) We have the identity
of = T, (4.2.18)

together with the normalisation

(f,Pg ) r2mmrey = 1. (4.2.19)
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(ii) The spectrum of the operator —Lg in the half-plane {z € C : Rez > —\} consists
precisely of the points 2wimecy with m € Z, which are all eigenvalues of L.
Moreover, we have the identities

ker(Lg) = span{®7}
= {ge€ L*(R;R?) : (g, ¥) 2 pae) = 0 for all ¥ € Range(L)}
(4.2.20)
and
ker(L§) = span{®,}
= {g€ L*R;R%) : (g, ¥)12rpa) = 0 for all ¥ € Range(Lo)}.
(4.2.21)

Recall that an eigenvalue A of a Fredholm operator L is said to be simple if the
kernel of L — X is spanned by one vector v and the equation (L — \)w = v does not have
a solution w. Note that if L has a formal adjoint L*, this is equivalent to the condition
that (v,w) # 0 for all nontrivial w € ker(L* — ). In particular, the normalisation
(4.2.19) implies that the eigenvalues 2micyZ are all simple eigenvalues of —Ly.

For the FitzHugh-Nagumo system (4.2.), the assumptions (HW[I7) and (HW2z)

are both satisfied for all sufficiently small discretisation distances & > 0 and sufficiently
small p > 0, see [I50, Thm. 2.1, Thm. 2.2, Prop. 4.2]. If the shifts have finite-range,
i.e. ay, = 0 for all sufficiently large m, then these assumptions are satisfied [108, Thm.
1]-[I09, Prop. 5.1] for sufficiently small p > 0 without any restriction on the discretisa-
tion distance h. There are, however, conditions on r and - in both cases.

4.2.3 The fully discrete system
We aim to approximate solutions to (4.2.1)) at discrete time intervals ¢ = nAt by

Uj (nAt) ~ Wj (nAt) (4222)

We need to apply an appropriate discretisation scheme to the temporal derivative in
. Although there are many different approximation schemes available, we mainly
focus on the six so-called BDF methods. These methods are based on interpolation
polynomials of different degrees. In particular, the BDF method of order k € {1,2, ...,6}
approximates U’ in at t = nAt by first constructing an interpolating polynomial
of degree k through the k + 1 points {W((n — n/)At)}%,_, and then computing the
derivative of this polynomial at W (nAt). As such, the temporal discretisations of the
LDE under consideration are of the form

k
Bk_lé '20 on ik W (nAt — (k- n’)At) = T Z>0 o [Wjgm (nAt) + Wi_p, (nAt)
—2W; (nAt)]

+Q(Wj(nAt); r).
(4.2.23)
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sk k=1|k=2|k=3|k=4|k=5|k=6
nmol-1 |3 |23 [-&[#
it [ & |8 (& [-&
n= HEIEEE
n=1 TEE
n=>5 1 _%
n==~06 1

B |1 3 i | ® | |1

Table 4.1: The coefficients pn;r and B associated to the BDF discretisation schemes as given
by (4-2.24).

The coefficients Sy, and {p,x} in (4.2.23) are given implicitly by the identities

k

S o ((n— KA = 3 [972](0),
n=0 ”',:1 (4224)

k
Bk = Zolf«n;k(n - k),

which must hold for any scalar function v. Here we have introduced the notation

[0v](nAt) = v(nAt) —v((n—1)At). (4.2.25)

k
This definition yields that > pn. = 0, which allows us to identify
n=0

k k
B = > pmk(n—m) = > pnin. (4.2.26)
n=0 n=1

For convenience, the values of the coefficients 8y and g, can be found in Table @
We note that the BDF method of order 1 is the well-known backward-Euler method.

Our main goal is to study travelling wave solutions to the fully discrete system
(4.2.23]), utilizing our assumptions for the spatially discrete system (4.2.1)). Such solu-
tions are given by the Ansatz

W;(nAt) = @(j + ncAt), (4.2.27)
for some wave speed ¢ and profile ® with the boundary conditions

d(+o00) = P*, (4.2.28)
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in a sense that we make precise below.

For notational convenience, we introduce the quantity M = (cAt)~!. Substituting
the Ansatz (4.2.27) into (4.2.23) yields the system

cDem®) (&) = 7 Z;O am[®(§ +m) + (€ —m) = 20()] + G(2()i7),  (4.2.29)

for all ¢ that can be written as £ = n+ jM ~! for (j,n) € Z2. Here we have introduced
the discrete derivatives

[Dem®)(6) = B'M ioﬂn’;kq)(f(k‘n/)Ml), (4.2.30)

for k € {1,2,...,6}. From [II1] eq. (2.13)] we obtain the useful estimate
‘[Dk,M‘b](é) - ‘I’l(f)| < ClM_l SUP_ka-1<6<0 |‘I)(l+1)(f + 9)|, (4.2.31)

for all integers 1 < [ < k and all ® € C'*1(R;RY), in which the constant C; > 1 is
independent of k£, ® and M. Indeed, this estimate shows that the regular derivative can
be approximated by the discrete derivatives as the time step At shrinks to zero. We
emphasize that BDF discretisation schemes of order k > 2 do not allow for a compari-
son principle, even when the original LDE does allow for one. This is a consequence of
the existence of coefficients ji,,;, > 0 that have n < k.

Most of our results, including our main theorem, require a restriction on the values
of M that are allowed. In particular, upon fixing an integer ¢ > 1, we introduce the set

My = {Z:peNhasged(p,q) =1andp =g} (4.2.32)

Often, we introduce M = % € M, which implicitly defines the integer p = p(M) = ¢M.
Moreover, we see that the natural domain for the values of £ in the system (4.2.29)), as
well as in the boundary conditions (4.2.28), is precisely the set p~'Z.

Theorem 4.2.1. Assume that (HS1) and (HS2) are satisfied and pick T in such a way

that (H, (H and (H are satisfied. Fiz a pair of integers 1 < k < 6 and
q > 1. Then there exist constants M, > 1 and §, > 0 so that for any M = % e M,

with M > M, there exist continuous functions
ey RX[F=6,,T+6,] — R,
_ (4.2.33)
Uy :Rx[F—6,,7+6,] — (°(p1Z;R?)

that satisfy the following properties.

(i) For any (0,r) € R X [F — §,,7 + 4,], the pair ¢ = cp(0,7) and U = Upr(0,7)
satisfies the system

c[DrmUNE) = 7 3 an[UE+m)+UE—m)—20()]+G(U(E);r)

m>0
(4.2.34)
for € € p~1Z, together with the boundary conditions

: 7T _ +
§—>j:olol,r£n€p*12U(£) = P= (4.2.35)
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(ii) For any (0,7) € R x [F — 6,,7 + 0,], the solution U = U p(0,r) admits the
normalisation

> [(e5+0.T© -Toc+0) | = o (4.2.36)

fep=tZ
(1ii) For any (0,7) € R X [F — 6,,7 + d,], we have the shift-periodicity

CM<0+p_1aT) = CM(07T)7

_ . - » (4.2.37)
Unm(O@+p~*,7)(E) Um(@,7m)(E+p ).

In addition, there exists & > 0 such that the following holds true. Any triplet (c,U, ) €
R x £>°(p~1Z;R%) x R that satisfies (4.2.34)) for some pair (r, M) € (0,1) x M, with

lr—7 < 4, M =5 > 51 > M, (4.2.38)
and also enjoys the estimate

p 5 [0©) - Tol6 +0)P + DunT(€) — DenTole +0)2] < 82,
Eep—1Z
’ (4.2.39)

must actually satisfy ¢ = cM(é, r) and U = UM(é, r) for some 6 cR.

The factor p~! in (4.2.39) is used to compensate the growing number of terms as
p — oo. In particular, we can view this as a uniqueness result with respect to a scaled
L?-norm that will be specified later.

4.2.4 Nonuniqueness and numerical examples

Fixingr € [F—6,,7+6,], M = £ > M, and 0 € R, the travelling wave (car (6, ), Un(6,7))
is constructed as a perturbation of the travelling wave (¢, Ug(- + 6)) on the domain
p~17Z. Since the wave profiles Ug (- +6) and Ug(-+6+p~!) are simply translates of each
other on this domain, the shift-periodicity follows easily. However, it is not
clear how, specifically, the travelling wave depends on . Indeed, in [ITT], §5], Hupkes
and Van Vleck show that it is reasonable to expect that the derivative dpcpr(6,7) is
exponentially small in M. As such, it is unclear how to further analyse this dependence.

We emphasize that in general the travelling wave solution will not necessarily be
unique, even up to translation. In particular, fixing @ € (0, p~1), we note that the waves
Ug and Ug(- +6) are different on the domain p~!Z. One might be tempted to conclude
that if M is sufficiently large, the wave profiles U (0,7) and Uz (0, 7) are different
as well. However, a larger value of M means that the grid p~'Z becomes finer. In
particular, since the travelling waves U (0,7) and U (6, r) are perturbations of the
waves Uq and Uy (- + ), it could be that these perturbations cancel out the difference
between Uq and Ug(- + ).
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In addition, since the constant M = (cAt)~! is fixed in the statement of Theorem
fluctuations in ¢ automatically lead to changes in At. This complicates our un-
derstanding of the fully discrete system for a fixed timestep At > 0. Our main goal
here is to show that the wavespeed ¢ and the detuning parameter » do not depend on
each other in a locally unique fashion, which is in major contrast to the corresponding
continuous and semi-discrete systems.

However, the lack of a comparison principle for FitzHugh-Nagumo systems heavily
complicates a direct analysis. As such, we have chosen to, instead, use numerical
simulations to illustrate these phenomena. In particular, we focus on the backward-
Euler discretisation of the FitzHugh-Nagumo MFDE, which takes the form

(hA)~Hu(§) —u(€ —cAt)] = h2[u(€+1) +u(€ — 1) — 2u(§)] + g(u(§);r) — w(§)

(hA) M u(€) —ul€ —cAt)] = plu(§) —yw(€)].
(4.2.40)
Here we fix p=0.01, y =5, h = % and we let g be the bistable nonlinearity

glu;r) = w(@l—u)(u—r). (4.2.41)

Upon fixing the timestep At = 2, we repeatedly solved the system (4.2.40) with Neu-
mann boundary conditions on the interval [—80, 80] for different values of the parame-
ters (¢,r) € Q x (0,1).

These simulations turned out to be rather delicate, since the quality of the initial
condition heavily influenced whether a solution could be found. In many cases, the
simulation returned the zero solution. Simply augmenting an extra nontriviality con-
dition often produced no solution at all. In addition, the value of ¢ greatly determines
the number of points £ € R for which the values (u,v)(€) need to be determined. In
particular, upon writing

¢ = 48t (4.2.42)

we needed to consider the points in the set p~!Z N [—~80,80], which rapidly grows in
number as p increases. We considered values of ¢ of the form (4.2.42)) for values of
p€{1,2,..,8}and q € {1,2, ..., 2p} with ged(p, ¢) = 1, while the values of r were taken
in 2-7N(0, 1)

100 15/

Figure depicts the pairs (c,r) for which such a numerical solution could be
found. It is highly likely that a solution still exists at some of the other parameter values
that we investigated. In any case, our simulations clearly show that the parameters ¢
and r depend on each other in an intricate fashion. In particular, our results suggest
that travelling wave solutions to the system are not unique, since we were able
to find solutions with a range of different wavespeeds at the same value for r. We refer
to [34] and [125] for the corresponding dependence for the FitzHugh-Nagumo PDE and
LDE respectively. In both cases, this dependence is given by a curve in the (¢, r)-plane
that resembles the symbol N.
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0.6
0.5F :-’A:u(x)
0.4}
0.3f
0.2f
0.1f

0 J L)

0 0.1

Figure 4.1: (a) Numerical computations of the pairs (c,r) for which travelling wave solutions
to the system exist. We emphasize that there may be parameter values where we could
not find a solution, but where a solution exists nonetheless. These simulations clearly show
that the relationship r(c) is multi-valued. (b) A plot of one of the travelling waves found in
this numerical procedure with r = 0.11 and ¢ = 0.3125.

4.3 Setup

The fully discrete travelling wave equation (4.2.29) is a highly singular perturbation of
(211

the semi-discrete travelling wave MFDE (4.2.11)), which is the key complication for our
analysis. In order to tackle this issue, we start by studying the linear operators that
arise when linearizing the fully discrete travelling wave equation around the
semi-discrete travelling wave (¢p, Up). In particular, we define the linear expressions

Lim®(E) = @[Dru®|(€) — Ag®(€) — DuG(Uo(£))P(8). (4.3.1)

Our aim is to establish that the operators Ly s inherit several useful properties from
the operator Ly defined in (4.2.13)) in the small timestep regime At < 1.

In this section we summarize and adept the setup from [I11], sticking to the same
notation as much as possible. In order to formulate our results, we need to define
several function spaces. For any n € R, we write

BC,(R; R?) {F € C(R;RY) | SUPgeR e‘"‘5‘|F(§)\ < o0},

1(m. Id _ 1(m. d —nl¢| / (4‘3'2)
BC,(R;RY) = {F € CHR;RY) | supecg e " F ()] + [F'(§)]] < oo}

In addition, given a Hilbert space H and any p > 0, we define the corresponding
sequence space

1
G = {o:p7 2~ HI ol = 0,0) 4, < o (4.3.3)

which is a Hilbert space equipped with the inner product

wam = m Y (E),w(@)n. (4.3.4)
Een1Z
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For now, we fix two integers ¢ > 1 and 1 < k < 6, together with a constant
M = % € M,. To streamline our notation, we write Vs to refer to the space fg(Rd),
ie.,

Yu = g?)(Rd), <@, \IJ>);M = <(I>, \I/>42(Rd). (435)

Moreover, we introduce the space y,; > which differs from Y;s only by its inner product.
To be more precise, we write

yli,JV[ = gi(Rd)a

(4.3.6)
(@, W)yr =~ = (2, W)2ga) + (D, ®, Die,ns V)2 (ra)-

In addition, for f € BC_,(R;R?) with > 0, we write my,, for the sequence

[Ty f1(€) = f(&), €Eep'Z (4.3.7)

If moreover f € BC’L?(R; R?) and we wish to be explicit, we often write Ty1 Mf to
refer to the restriction (#.3.7)). The restriction operators my,, and Tyi,, are bounded,
see Lemma [4.A 1]

We can now consider the operators Ly p appearing in (4.3.1) as bounded linear
maps

L s Vi — Y (4.3.8)

Our goal is to define new sequence spaces, which allow us to pass to the limit M — oo
in a controlled fashion. The basic idea is to use L2—interpolants for functions in YV,
and H'-interpolants for functions in y,; > S0 that the sequences in these spaces can
be compared regardless of the different values of M. The main difficulty is to control
terms of the form v(¢ 4+ p~") — v(§) for v € Vi ), with M = £, which is impossible to
extract solely from the behaviour of Dy, arv.

To tackle this issue, we need to perform ¢ separate interpolations. Each of these
interpolations must bridge a gap of size M ! = %. In particular, upon fixing an integer
g > 1 and writing

Z, = {0,1,2,...q},
! (4.3.9)
Z; = {1727"'7q_1}7
we introduce the space
é;l = {®:¢7'Z, » R}, (4.3.10)
equipped with the inner product
@W)e = ¢ [1oOw0) + e+ ¥ eQUO] (4311

Ceq™1Zy

Upon introducing the notation ®(¢, &) = [®(£)](¢) for @ € Z?W(ELQLJ_) with ¢ € ¢7'Z,
and £ € M~'Z, we define the space

Hy = {peB(2)): B, =20,+M ) forall{ € MTIZ},  (4.3.12)
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equipped with the inner product

(@, W)y = M7Y 3 (R(56),9(E))e - (4.3.13)
ceM-17 '

For any n > 0 and any f € BC_,(R;R%), we now write w3, f € Huy for the
function

[’/T,HJ\/If](C7£) = f(€ + CMﬁl)a C S qiqu, f e M~ 17Z. (4314)
We extend the operators Dy ar to Hps by writing
Dea®(C,) = [Dear®(C,)](E). (43.15)

Note that these operators act only on the second component of ®. This allows us to
define our final space

Hin = Hu, (4.3.16)

equipped with the inner product
(@, W)pr = (2, W30y + (Dremr® Die s W)y, - (4.3.17)

In fact, we can relate the spaces H; and 7-[,1@’ Yo the spaces defined earlier. To see
this, we define the isometries

Tu Vv — Hu, T Ve = Mo (4.3.18)
for M = g € Mg, which both act as

[Tu®](C,€) = [Tem®l(¢,€) = ®(E+M'Q), (4.3.19)
for ¢ € ¢7'Z, and € € M~1Z, see Lemma Note that my,, = Tumy,,-

Our goal is to interpret Ly ps as a map from ’H,lc’ a into Hpr. To this end, we pick
n € Z and 0 < ¥ <1 in such a way that

1 = (n+o)M". (4.3.20)
Since M = % € M,, we see that ¥ = %, which yields
nM~t = 1-9M~ 1 v € q'Z, \ {0}. (4.3.21)
In fact, because ged(p, ¢) = 1, it follows that ged(p, ¥q) = 1.

With these preparations in hand, we now write K s : ’Hi u — Has for the linear
operator that acts as

Ko ®](C,6) = @[Dem®](¢,€) — [Anm®] (¢, &) — DuG(Uo(€ + CM*);F)EI)(C,Q“),)
4.3.22
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for ¢ € ¢71Z, and £ € M~1Z. Here the operator A is given by

Ay = 73 am Ty +Ty" —2}, (4.3.23)

m>0

where we have introduced the twist operator Ths : Har — Hs that acts as
[Tu®)(¢,€) = @(C+9,6&+nM1), (4.3.24)
taking into account the convention
D(C£1,6) = @M. (4.3.25)

In particular, we see that the shift ¢ acts as a rotation number, connecting the different
components of ® in the {-direction. The inequality

(Ap®, @), < 0 (4.3.26)
for ® € Hjs is almost trivial to verify in the finite-range setting, but turns out to
be much harder to establish when dealing with infinite-range interactions; see Lemma
4.A.D)

Finally, we introduce the notation
DG (4, Uo;T) : Hu — Hu (4.3.27)
to refer to the multiplication operator
(Dm0, ToiT) 8. 6) = DuG(To(¢ + M1y )B(C.€). (43.28)
In fact, it is easy to see that
KemTiy = JImLiw, (4.3.29)

which shows that IC pr and Ly p are equivalent.

Since the operator Ky »s is not self-adjoint, we need to introduce the formal adjoint
K e H,lc’M — Hr of Ky, ar by writing

Kin® = @[Dfy® — Au® — DG (w0, Uo;T)' @, (4.3.30)
in which we have defined
k
[D; m®1(C,€) = B,'M Zoun/;k@(ﬁ + (k—n")M™1). (4.3.31)

Moreover, we introduce the space

0o = {082 :9(1)=0(0)}, (4.3.32)
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together with the map
[T f1(¢€) = f&), (e€q'Zy, EER, (4.3.33)

which constructs a function 7, f € L*(R, 53,1_;00) from a function f € L?(R;R%).

Taking the limit M — oo, while keeping ¥ and ¢ fixed as in (4.3.20]), we see that
Kk,m and K, ), formally approach the limiting operators

Koot H'RZ | ) — LXR2 ),

I L (4.3.34)
Koo HH (R ) — LARE ),
that act as _ _
Kq 90O = ang@ — Aqﬂ9® — Dg(WHMUO;?)@,
. (4.3.35)
/Cqﬁ@ = —C00:0 — Ay 90O — Dg(ﬂ'q.[M UO;F) O.
Here the operator A, g is given by
Aq,ﬁ = T Z Qm |:T;719 + T(;gl - 2] ) (4336)

m>0

in which we have introduced the twist operator
[T,.00](¢,6) = O(C+9,6+1), (4.3.37)
for ¢ € ¢7'Z, and £ € R. In the same spirit as (4.3.25), we here make the convention

O(¢C+ 1,8 = ®((,£). Notice that the limiting operator K, y reduces to the operator
Lg defined in (4.2.13)) for {-independent functions.

4.4 The limiting system

Our goal here is to exploit our understanding of the operator Ly in order to determine
the Fredholm properties of the limiting operator K, ». Due to the lack of a comparison
principle we cannot immediately appeal to a general Frobenius-Peron-type result as
was possible in [IT1I]. The theory in this section aims to fill these gaps and can be
considered the key technical contribution of this paper. We collect the main results in
the following Proposition, which plays an essential role in Lemma [£.5.3] below.

Proposition 4.4.1 (cf. [ITI, Lem. 3.6]). Assume that (HS1) and (HS2) are satisfied

and pick T in such a way that (H$3s), (HWLH) and (HW25)) are satisfied. Fiz an integer
q > 1, together with a constant 9 € ¢~'Z, that has ged(9q,q) = 1. Then the operators

Kq9 and E;ﬁ are both Fredholm operators with index 0 and we have the identities
ker(Kq9) = span{r ®f},  ker(K,,) = span{r ®;}. (4.4.1)

Moreover, recalling the constant A appearing in (H, the operator K,.9 + X is in-
vertible for each X € C that has Re X > —\ and )\ ¢ 2micoq ‘7. Finally, there exists
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constants C > 0 and 6y > 0 so that for each 0 < § < 6y and each © € L2(R,€37l;oo) we
have the bound

1Ko+ 0 Ollmee, ) < ClIOlge., )+ H(O787) 2mez |-
(4.4.2)

The first step towards proving Proposition is to find the eigenvalues of the
operator Kqﬂg. After that, we will focus on the essential spectrum of this operator. The
idea behind the proof of Lemma below can best be illustrated by considering the
case ¢ = 2. In this case, we have ¢ = %, together with

[1,,10](¢,6) = O(¢C+3.6+1). (4.4.3)
Upon writing
[MB](¢) = ©(0,8)+6(5,8), [Le]E) = (0, -06(3,8), (444)
one may verify the commutation relations
[Tole®](§) = [MoT530](6),  [THILO](§) = —[IhT,;0](§).  (44.5)

In particular, if © is in the kernel of Ky 1 + A, the functions

Xo(¢) = [O]), Xi(§) = e ™ [ILOE) (4.4.6)

are eigenfunctions of the operator Ly with eigenvalues —\ and —\ — ¢y7i respectively.
Since —\ and —\ — ¢g7mi cannot both be eigenvalues of Ly at the same time in view of
(H, this means that at least one of the functions Xy or X; is identically 0.

Without loss, we assume that Xy = 0. In this case, the function © can explicitly
be identified as

0(0,8) = 1emXi(¢), O, = —3emEX (). (4.4.7)

As such, the eigenfunctions of Eqﬂ can be expressed in terms of those of Ly, thus
providing an upper bound on the dimension of the corresponding eigenspace.

Lemma 4.4.2. Consider the setting of Proposition [{.{.1 Then for any X\ € C with
Re\ > —\ and \ ¢ ¢o2miq~'7Z, we have the identity

ker(K,0 +2A) = {0}. (4.4.8)
In addition, we have the identity

ker(K,9) = span{m ®F}. (4.4.9)

_ Proof. Fix A € C with Re A > —X. Suppose that © is in the kernel of the operator
Kq9 + A Forn € {0,...,q — 1} we set

mele) = 5 are(.e), (4.4.10)

n’=0
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together with

27rin£

Xn(§) = e v *[L0](¢)

with {, = exp[27i/q] the ¢-th root of unity. Recalling that ged(dq, ¢q) = 1, it follows
that this sum contains each of the functions @(0, f), - @((q —1)g 4, 5) exactly once.

Recalling the definitions of the operators Ty and 759 from (4.2.15) and (4.3.37)), we
can compute

[ToI1,0](¢) = [MO](+1)

¢; " I,0](8), (4.4.11)

= q/ilo an’@(n/197£+ 1)
= qfo ¢ (Ty,00) (' — 1)9,€) (4.4.12)

n’'=

q—1 /
= G X G VL) (0 - 10,

= ¢ Ty,90](8),

which implies
ToX,(6) = ¢ VT, e]¢ +1)

= MY, T, 40](€) (4.4.13)

This allows us to obtain the identity

(Lo+ NXa(6) = 2X0(E) = BoXn(6) = DG (To(€)57) Xa(€) + AXa(€)
= 2¢O (§) — 22X, () — ¢ "ML A 9O (E)
6" DuG (Uo(©):7) L,O](€) + ¢ ™AL O (€)
= G (K + 18] (€) — 20222 X, (6)

= X, ().

(4.4.14)

Suppose first that A ¢ 2¢ymig~'Z. Then it follows from (HW25)) that —2gming™—\

is no eigenvalue of Lg for all 0 < n < g — 1. In particular, we must have X,, = 0 for all

0 <n < g—1. This means that the functions IT,,© for 0 < n < ¢—1 are also identically

0. Since the ¢ x ¢ Vandermonde matrix Z given by Z,, ,» = Cg'"l is invertible, we obtain
©(nd,-) =0 for all 0 <n < ¢ — 1 from which follows.

1 1

Turning to the case A = 0, we see that —2¢yming™" — A = —2¢yming™ " can only
be an eigenvalue of Ly when ng~! € Z on account of (H Since ng=! ¢ Z for
1 <n<q—1, we have X,, = 0 for those values of n. In addition, we have Xg = /ﬂI)g
for some p € C. Recalling the invertible matrix Z given by Z, ,» = Cg”’/, we obtain
the identity

(@(0,~),@(19,~),....,@((q71)19,~)>T = 771 (u®t,0,...,0)" (4.4.15)
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In particular, the kernel kgr(fqﬂg) is one-dimensional. Since Lo®§ = 0 by (HW_25), it
follows immediately that K, 97, ®7 = 0, which implies |D [

We now shift our attention to the Fredholm properties of Eqﬂg, which we aim to
extract from those of Ly in a similar fashion. The results in [68], 130] show that it
suffices to consider the limiting operators

Ki,2000 = 0060 — Ay 90 — DG(PE7)0,
(4.4.16)
Lix® = ©0¢O — Ag® — DG(P*;7)0,

which have constant coefficients. For A € C and 0 < p < 1 we introduce the notation

K OpA = K< 9,—00 (1 — K 9,00 T A,
or P (= r)kq (4.4.17)
L = pL_se+ (1= p)Leo + A

We set out to show that for A in a suitable right half-plane and 0 < p < 1, the operators

Kq.9,p:x and L5 are hyperbolic in the sense of [68 [130]. In particular, we write
Agopn(z) = {Kqﬂ?,p;kezg] (0), Apa(z) = [Lp;kezg} (0) (4.4.18)

and establish that det (Aqﬂg’p;)\(iy)) # (0 for all y € R by first showing that det (Ap;)\(iy)) #*
0. We can subsequently use the spectral flow principle to compute the Fredholm index
of Kgv + A

We start by considering the characteristic function A,.» from (4.4.18). For nota-
tional convenience we set

DG, = ng(P_;?) +(1- p)DQ(P"';?) (4.4.19)

for 0 < p <1 and use the definition (4.2.4]) to write

Bpalig) = Toly =7 53 a["V o7 — 2] = DG, 4 )
m>0
= Ciy+T Y am {2 - 2C0s(my)} — DG, + A (4.4.20)
m>0

= Coiy+27A(y) — DG, + \.

For any V = (vq,...,v4) € C? we may exploit the inequality (4.2.4) to obtain

d
ViAWV = 213 |[v;|?A;(y) > 0. (4.4.21)

j=1
Here we introduced 1 for the conjugate transpose.

In order to prove that L.+ A\ is hyperbolic, we need to distinguish between the set-
ting where the triplet (G, P, P¥) satisfies (HS37](a)) and where it satisfies (HS3:(b)).
A similar computation was performed in [I51, Lem. 4.6].
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Lemma 4.4.3. Assume that (HS1) and (HS2) are satisfied and pick T in such a way
that (HWL) and (HW24) are satisfied. Assume that the triplet (G, P~, Pt) satisfies
(HS3. Pick A € C with ReX > —X and 0 < p < 1. Then we have det (A (iy)) #
0 for all y € R.

Proof. For fixed y € R we introduce the matrix

X = %[Ap;)\(iy) + Apak(iy)T] (4.4.22)
= 7A(y) — DG, — DGT + Re A, -
By decreasing N if necessary, we can assume that —DG, — DQZ + Re A is positive def-
inite. It follows that X is the sum of a positive semi-definite matrix and a positive
definite matrix and as such, it is positive definite itself. As a consequence, A, is
positive definite as well and hence we obtain det (A,;x(iy)) # 0. (]

Lemma 4.4.4. Assume that (HS1) and (HS2) are satisfied and pick T in such a way
that (HWL) and (HW24) are satisfied. Assume that the triplet (G, P~, Pt) satisfies
(HS3. Pick A € C with ReA > —X and 0 < p < 1. Then we have det (A,x(iy)) #
0 for all y € R.

Proof. We recall the proportionality constant T' > 0 from (HS3:{(b))). In particular,
upon writing
[1,1] [1,2]
DG, - ( ggfm] ggfw ) , (4.4.23)
p p

we have Dg,[)l’z] = —F(DQ,[?’H)T. Suppose that A, (iy)V = 0 for some V € C?. Write
V = (u,w) where u contains the first dg;¢ components of V. Then we can compute

0 = ReVTA,\(iy)V
= Re [ — VAV = VIDG,V + A|V|?
— Re [ — VAV — ut DGy — ut DGy (4.4.24)
—wTDQE’l]u — wTDQ,[,2’2]w + AMul? + )\|w|2} .
The second component of the equation A, (iy)V = 0 is equivalent to
DG = —DGFHw + Mw. (4.4.25)

As such, we can rewrite the cross-terms in (4.4.24]) to obtain

Re [~ u'DG)w —w! DG ] = Re(1-T)| ~w! DGl

— Re(l—1) { — wtDGP%w + )\|w\2] .
(4.4.26)
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As a consequence, (4.4.24) reduces to
0 = Re [ — VAV — ot DG + Au? — Twi DG 2w + F)\|w|2] . (4.4.27)

By decreasing \ if necessary, we can assume that —Dg[1 U4 Re ) and I‘Dg[2 2L TRe A
are positive definite. Therefore, we must have V = 0, from which it follows that

det (A, (iy)) # 0. "
Lemma 4.4.5. Consider the setting of Proposition . Pick X € C with Re A > —\
and 0 < p < 1. Then we have det (Ag,9,p;x(iy)) # 0 for all y € R.

Proof. Suppose there exists V € (2 and y € R for which

q,L;00
Aqﬁ’p;)\(iy)v = 0. (4428)
We then write ‘
W(2,&) = eV (D) (4.4.29)
for 0 < n < g — 1. The definition of the characteristic function yields
Kq,ﬂ,p;AW = et ’Cq,ﬁ,p;Aeiyév] (0)
_ eiyqu,g,p;A(iy)V (4.4.30)
= 0.
Recalling the projections (4.4.10f), we write
Xa(€) = e TEmWE) (4.4.31)
and use a computation similar to (4.4.14) to find
—2zin sl - 27min
Lp;)\Xn (5) = € a ¢ [Hn’Cq,ﬁ,p;AW] (E) —Co 2TX7L(£)
i (4.4.32)
= aZinX,(6).

On account of Lemmas [4.4.3 it follows from the spectral flow theorem [68, Thm.
1.6] and [68, Thm. 1.7] that L,.\_z,2ring-1 is hyperbolic. Applying [150, Lem. 6.3],
which is a generalization of [I30, Thm. 4.1], yields that L, _z 2rine is invertible as
a map from WH(R;RY) to L>(R;RY). Therefore, we must have X, = 0 for all
0 < n < ¢g—1. This implies that W(%,f) =0 for all 0 < n < ¢—1 and thus that
V =0, which yields the desired result. [

Proof of Proposition |4.4.1 These results, except the bound (4.4.2), follow from
combining Lemma [4.4.2] Lemma [4.4.5| and the spectral flow theorem [68, Thm. 1.6-
1.7]. The bound (4.4.2) can be obtained by following the proof of [6, Lem. 3.1]. L]
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4.5 Linear theory for At — 0

In this section, we apply the spectral convergence method to lift the Fredholm properties
of the semi-discrete system to the fully discrete system in the small timestep regime
At < 1. In particular, we establish the main result below, which gives a quasi-inverse
for the operators Ly ;. This turns out to be the key ingredient in the construction
of the discrete waves, which can subsequently be proved by means of a standard fixed
point argument.

Proposition 4.5.1 (cf. [I11, Prop. 3.2]). Assume that (HS1) and (HS2) are satisfied

and pick T in such a way that (H$3+), (HWl7) and (HW27) are satisfied. Fiz a pair of
integers 1 < k <6 and q > 1, together with a sufficiently small n > 0 and sufficiently
large constants M, € My and C > 0. Then for each M € M, with M > M, there
exist linear maps

Ve Y = R Vi VYu = Vi (4.5.1)
so that for all ¥ € Yy the pair
V) = em¥Viu¥) (4.5.2)
18 the unique solution to the problem
LemV = VU +ymy, DinUo (4.5.3)
that satisfies the normalisation condition
(1, Py, V)y, = 0. (4.5.4)
In addition, for all ¥ € Yy, we have the bound
eI+ IVEM Yy, < Cll¥llya- (4.5.5)

In order to facilitate the reading, we first outline our strategy and formulate two
intermediate results in §4.5.1] This strategy heavily follows the program in [I11], al-
lowing us to simply refer to these results in many cases. However, due to the lack of
a comparison principle and the many cross-terms we need to control, there are several
key points in the analysis that need a fully new approach, which we develop in
In addition, the infinite-range setting forces us to obtain an extra order of regularity
on the operator (Lo + §) !, which we achieve in

4.5.1 Strategy

Recalling the spaces s and Hy, », from (4.3.12) and (4.3.15)), we introduce the quan-
tities

Er,m(9)
51:7]\/[(6) = lnf”{)”Hi M:l [”KZ,M(I) + 6q)||7'lM + 61 7T'HM(I)0+7 ’CZ,M@ + 6<I)>'HM H )
’ (4.5.6)

WHNI(I)E,ICth) + (5<I>>HM

ian@H 1 =1 ”Kk,M(I) + 6‘1)”711\/1 +467!
Hi, M

I
I
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together with

#(6) = lim infMﬁoo,MGMq 5k,M(5)v
o (4.5.7)
k*(6) = lminfa oo mrenm, Sz,M(‘S)

for 8 € (0, 5).

The key step towards proving Proposition is the establishment of lower bounds
for these quantities. This procedure is based on [6, Lem. 3.2]. Our strategy to prove
it is essentially the same, but some major modifications are needed to incorporate the
difficulties arising from the discrete derivatives.

Proposition 4.5.2 (cf. [I11 Prop. 3.7]). Assume that (HS1) and (HS2) are satisfied
and pick T in such a way that (H, (H and (HW@ are satisfied. Fir a pair of
integers 1 < k <6 and g > 1. Then there exists kK > 0 such that for all 0 < § < dg we
have

k(0) > &, K*(0) > k. (4.5.8)

We are now ready to start our interpolation procedure. For any ¢ € R, we pick two
quantities 51%4 (¢€) € M~'Z in such a way that

Eu(€) < & < &9,  &uO)—&u6) = M (4.5.9)

Using these quantities, we can define two interpolation operators

n : —  L*(R,¢?
I,I;M : sz — Hl((Rggio::) (4.5.10)
that act as
Zelc. ) = o(CEn(®),
Zh 0166 = M[(&5&(5>)¢>(<,5L<s))+<@<@5)¢(<,5;4<5>)!, |
4.5.11

for all ¢ € ¢7'Z, and all £ € R. These operators can be seen as interpolations of order
zero and one respectively, both acting only on the second coordinate of ¢. We refer to
111, Lem. 3.10-3.12] for some useful estimates involving these interpolations.

With these preparations in hand, we start the proof of Proposition using the
methods described in the proof of [6l Lem. 3.2]. We focus on the quantity x(J) defined
in , noting that £*(d) can be treated in a similar fashion. In particular, we find
a lower bound for x(9) by constructing sequences that minimize this quantity. At this
point it becomes clear why we work on the spaces H'(R, €2 | ) and L*(R,£2 ), as we
exploit the fact that bounded closed subsets of these spaces are weakly compact.

Lemma 4.5.3 (cf. [I11, Lem. 3.16-3.17]). Assume that (HS1) and (HS2) are satisfied

and pick T in such a way that (H, (H and (H are satisfied. Fix a pair of
integers 1 <k <6 and ¢ > 1, as well as 0 < § < dg. Then there exist two functions

d, € H'RA,.), U, € LARZ, ), (4.5.12)

1 g, L;00 » g, ;00
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together with three sequences
{Mj}jen C Mg, {®jljen C Hjagy, {Piljen € Hag (4.5.13)
and two constants 9 € q~*Z, \ {0} and K1 > 0 that satisfy the following properties.
(i) We have lim;_,o. M; = oo and ||@j||Hllc,1va =1 for all j € N.

(i) The identity
v, = ICk,Mj(I)j +0P; (4.5.14)
holds for all j € N.
(iii) Recalling the constant k(0) defined in ({.5.7), we have the limit
AO) = limyosoo [I1Char®; + 60l + 07 (mrss, @5 K, @5 + 505)a0,, ]
(4.5.15)

(iv) As j — oo, we have the weak convergences

L@ — B eH'(RL2),

(4.5.16)
IR/IJ\I/]- - U, e LZ(R,E?LL).
(v) For any compact interval T C R, we have the strong convergences
1 1 ) 2 2
(Ik:,Mj?IImMj)(I)J - ®. e LT, ), (45.17)

(I9,.19,)¥; = V.eI*T,2))
as j — 0o.
(vi) The function ®, is a weak solution to (Ky.9 + 8)®. = V. and we have the bound

||(I’*HH1(]R,Z(2LL;DO) < Kik(9). (4.5.18)

Proof. In view of Proposition [£:4.1] and Lemma [I.A76] we can follow the proof of
[111l Lem. 3.16-3.17] almost verbatim. ]

In order to prove Proposition [4.5.2] we need to establish a lower bound on the norm
| D ”Hl(R’Zi,Lm) on account of (4.5.18)). In Proposition we follow the approach of

[I1T, Lem. 3.18] in order to obtain this lower bound. Here we have to deal with both
the cross-terms arising from the system setting as well as the infinite-range interactions.

Proposition 4.5.4 (see §1.5.2)). Consider the setting of Lemmal[/.5.3 Then there exist
constants Ko > 1 and K3 > 1 so that for any 0 < § < g, the function ®, satisfies the
bound

1Pz = Ko = Ksr(9)* (4.5.19)
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Proof of Proposition . Combining the bounds (4.5.18]) and (4.5.19)) immediately
yields

Ky — K3:(8)2 < K2r(6)2. (4.5.20)

Solving this quadratic inequality, we obtain

Ko —
k(6) > iR, T (4.5.21)
The lower bound on £*(§) follows in a similar fashion. L]

In order to establish Proposition[£.5.1] we need more control on the operator Ly than
in [I50]. In particular, due to the infinite-range interactions it is not immediately clear
that this operator preserves the exponential decay properties of the function spaces
(4.3.2)).

Proposition 4.5.5. Assume that (HS1) and (HS2) are satisfied and pick T in such a

way that (H$3), (HWLH) and (HW24) are satisfied. Fiz a sufficiently small constant
n > 0. Then there exist constants d, > 0 and K > 0, so that for each 0 < § < 6, and

each G € BC!, (R;R?) we have the bounds
(Lo +0)'Gllsc_, mire K5 YGllpe_, @mrd)
I[(Lo +0)'Gl lpo_,@ray < K6 'Glpe_,@mra (4.5.22)
(Lo +0)'Gl"lpe_,@ray < Ko7 'Glpor (mpa)-

A IA

Proof of Proposition[{.5.1 On account of Proposition we can follow the pro-
cedure developed in [I11] §3.3] to arrive at the desired result. ]

4.5.2 Spectral convergence

In this section we set out to prove Proposition |4.5.4] using the spectral convergence
method. The main idea is to derive an upper bound for the discrete derivative Dy ar, @,
together with a lower bound for ®; restricted to a large—but finite—interval. This pre-
vents the 7-[,167 M, ~horm of ®; from leaking away into oscillations or tail effects, providing
the desired control on the limit . All constants introduced in Lemmasm
and Proposition are independent of 0 < § < .

Lemma 4.5.6. Consider the setting of Lemma [[.5.3. Then there exists a constant
C1 > 0 so that the bound

2019515, +2C11125113,, > @Dk, 513, (4.5.23)
holds for all j € N.

Proof. We will assume ¢y > 0, noting that the case where ¢y < 0 can be treated in
a similar fashion. In view of the identity

ICk,Mj<I>j+5<I>]- = Uy, (4.5.24)
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we can compute

(U5 Dint; @030, = CollPint; 5130, = (At 5 Doty @5)3u,
_<Dg<7THMj UO? F)(I)jv Dk,Mj (I)j>HMj + 6<(Pj7 Dkij (I)j>'HMj :
(4.5.25)
Writing B
K = IDG(U0:T)loc +47 3 Jom| (4.5.26)

and remembering that 0 < § < §p < 1, we may use the Cauchy-Schwarz inequality to
obtain

K@ 013000, 1Dk, 0t Rsll2eas, = (Anty @5 Dieoat, @),
HDG (345, Uos ) s Dio, vty ®j) 3,
—0(®j, Dre.nt; )4,
= 0l Dt @513, = (V5 Dint; @) 30,
> CollDrnty @530, = 1W5 1120, [ Dr, 2ty @il 34, -
(4.5.27)
This yields the bound
151300, + Kl ®jllae0, = CollDiong; ®jllaen, - (4.5.28)
Squaring this inequality gives the desired estimate . [

Lemma 4.5.7. Consider the setting ofLemma and assume that the triplet (G, P~, PT)
satisfies (HS3;{@|). There exist positive constants u, C3, Cyq and C5 so that the bound

M > 25,015 = Call@ill3,, — Call¥;l3,, - Cs M || Dy, ar, @513,
EM; i< " ’ ’ ’

(4.5.29)
holds for all j € N.
Proof. Invoking Lemma and Lemma we can estimate
(W, )mn, = ([Kint, + 0195, Rj)ry
= Co(Dr,n; 5, ®j)a00s, — (An; By R,
—(DG (7300, Uos T) @, @) s, + 0113, (4.5.30)
>

0 (Di,at; @, )30, — (DG (340, Ui T) @5, @),
> —CoM;H|Diar, @53, — (DG (mra, UoiT) 85, @5)aes,

for some Cy > 1. Since —DG (Pi;F) is positive definite and —DG is continuous, we
can choose y > 0 and a > 0 in such a way that the matrix

B(&) = —DG(Uo(&);T) —a (4.5.31)
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is positive definite for all || > u. Using the definition of this matrix and writing

T = (IDG(Uo;7) oo + a)M; > ‘q)j('7§)|§2L’ (4.5.32)
SeM; Tl < v o

we can estimate

_<Dg(ﬂ-’H1v[jU01F)(DJ7 (I>J>HM]

al| @513, — (B®j: ®j)a,,

> a3, - MY X IBEO®;EE
’ ceM 'z @
> |y, ~T
(4.5.33)
In particular, we can combine (4.5.30) and (4.5.33) to obtain
(U5, ®)nn, = all®sl,,, —Z = CoM [ Dias, @53, - (4.5.34)
We can hence rearrange (4.5.34]) and estimate
T > al|®l3,, —CoaM; Dk, @53, — (%5 @), (45.35)

> 5l1®5l5,, — 21Vl - CzMj_1||Dk,Mj¢’jH3{Mj7

which yields the desired bound.

Lemma 4.5.8. Consider the setting ofLemma and assume that the triplet (G, P~, P™)
satisfies (HS3;@), Then there exist positive constants p, Cs, Cy and Cs so that the
bound

MY 60k > G, G,
geM; L)€ <p v ) (4.5.36)
_C5Mj7 ||Dk’qu)j||'2HMj

holds for all j € N.
Proof. Recall the proportionality constant I' > 0 from (HS37(b)). In particular,

upon writin,
P & Dg[l,l] Dg[l,z]
DG = DGl pgl22l ) (4.5.37)

we have DGI2 = —T'(DGZU)T. For each M € M,, we introduce the decomposition
Hy = MU xHE (4.5.38)

which splits every ® = (¢, 6) € Hjs in such a way that ¢ € Hg\l/f] contains the first dgig
components of ®, while 8 € 7—[%24] contains the other d — dg;g components. For each
J >0 we write ®; = (¢;,6;) and V; = (¢, x;) with ¢;,1; € /Hg\l/[]j and 0, x; € Hg\z/[]J
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Using this decomposition, we can expand the inner product as

(DG (340, U0sT) 5, @) 3y, = —(DGM (w30, Uo) by ¢j>H[X)j +C (15.39)
—(Dg22 (7T7-£Mj Uo)b;, 0j>,H5\24]j, o
where we have introduced the cross-terms
C = —(DGMA(mu,, Uo)b;, ¢j>H53)j — (DGR (3, Uo)%,@jm[ﬁj- (4.5.40)
Recalling DGM2 = —T'(DG>T and exploiting the identity
Xi = Dm0 — DG (ms,, Uo)d; — DGE2 (s, Uo)b; + 005, (4.5.41)

we can rewrite the cross-terms to obtain
_<Dg[1,2](7rrHMjU0)9j,¢j>,HE\}]‘ — <Dg[2’1](7rHMjU0)¢j’9j>7-ﬂf),

= —(1=T)UDGEN(my,, Uo)dy, 0;)y21 (4.5.42)
= (= 1)(@Dx,n,0; — DG (34, Uo)b; + 605 — X, 05)

C

2] .
)

The identities (4.5.39) and (4.5.42)) allow us to expand the inner product

(W, @idan, = ([Kiopgy + 0195, Rj)n,
= Co(Dr,nt; Ry Pj)rns, — (At sy Bj) s,
—(DG (710, UoiT) @, ®5)3,, + 0] 2513,
= Eo<Dk,M,¢ja¢j>Hl;)j +F50<Dk,Mj‘9j:9j>H[@j = (An; @5, ©j) e,
(DG (w3, Uo) gy, idul) — D(DG™ (7, Uo)b;, O30
—(I' = 1) {x;, 0j>H5’;‘}j + 5”%”;% + 5FH9j||H[A241j-

(4.5.43)
As such, we can use Lemma, and Lemma to estimate

(W), )30, = Co(Dr,ng, b5, ¢j>H[ﬁ)j tFEOwk’Mj 9j76j>%531]j —
—(Dglt-1 (Trar, U0)bjs ) g — (DGl (M0, U0)05, 05y 12
—(D + 1)”Xj||7—[56,]j Heﬂ‘”%%
> —(1+ D)0 M [ Di, 513,
~(DGIN (14, U0)05s 8303y — D(DGE (mr0s,, T0)0505) i
=~ Dz 185l

(4.5.44)
for some Cy > 1.
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Since —DGL(P*) and —DG?2(P*) are positive definite and —DG is continuous,
we can choose 1 > 0 and a > 0 to be positive constants such that the matrices

Bi(§) = —-DGIM(Ts(€)) —a,  Ba(§) = -TIDGRA(Uy(¢)) —a (4.5.45)
are positive definite for all |¢| > p. Defining 7 as in (4.5.32)), this allows us to estimate
_<Dg[171](7T'HMjU0)¢j7¢j>’;{5&1]' = aH¢3H2 u +<B1¢]’¢J>H[1]
J M
> all®yll, - M7 X IBl( )6 (5 Ol |
’ ¢eM; 'z @
> ||, T,
(4.5.46)
together with
fF<DQ[2’2}(7THMon)9j791)@;{2 > allb ||H[z - IT. (4.5.47)
Combining the estimates (4.5.44), (4.5.46) and (4.5.47|) yields the bound
(5, 9502,, > all®l3,, —Q+D)T—(1+T)CoM; Dy, @3,
! (4.5.48)

=T+ D)l ||9 IIHIQ :

Hence we obtain
1+D)Z = al®l3,, — @+TD)CM; [ Dia, @513,
(W, D), oy Dl 163y
> 51l — (G + %)H‘%‘H%M (14 1) M Dk ar, @, il

(4.5.49)

which yields the desired bound. ]
Proof of Proposition |4.5.4. Rescaling (4.5.23) yields

0 > =G [P oI, 200190, ~ 2104, | @550

which can be added to (4.5.29) or (4.5.36) to obtain

M > |‘I>j('7f)|§3l > Cs]|®l5,, — Call¥li,, —CsM 1HD/€M(I)||HM.
geM;  7:1¢|<p '

+ 2+20 [cOHDkM 13, —2C1119513,,,
21513, |
= gt 1Dk, 51, + 112513
T g2 ke, My =5 T I Ha;

[04 + ﬂ%} 1915,
—Cs M | Draa, @513, -

(4.5.51)
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Remembering that ||®;{l3 =1, we can pick constants Cg > 0, C7 > 0 and Cs > 0,
which all are independent of 0 < 0 < dp, in such a way that

M7t 89l = Co— O, - CsMy

cer TZilel< (4.5.52)

The strong convergence 3y ®; — @, € L*([~p—1,u+1];£2 | ) now yields the limiting
behaviour

= +Mt 2
M ok, = [0 [m o], d
4 2 : e
geM;  Zilg|<p 2
2
+1

< Jh \[I&j%](uf)\[%dg (4.5.53)

ptl 2 '

q)* K d ,

- Lo, de

as j — oc. In view of the bound limsup, . [|¥;3,,, < s(5)?, this gives the desired
J
inequality

2
2 p+1
”(I)*”Hl(wi,ﬂ > fﬁu ‘(I)*(af) €2L

d¢ > Cs— Crr(6)2 (4.5.54)

4.5.3 Exponential decay

In this section we set out to prove Proposition [£.5.5] The main ingredient to establish
this result is to show that for 0 < § < & the map (Lo + 6)~' maps BC, (R;R?) into
the space

BC?,(R;RY) = {F € BO_;(R;R?) : supeeg e "C[|F () + |F' (&) + | F"(§)]] < o0}
(4.5.55)
This is not immediately clear, since if we have

F = (Ly+0)"'G (4.5.56)

with G € BC’ln(R; R?), it is impossible to express F as a local function of G' due to the

infinite-range interactions. We first establish this result for the subspaces H!(R;R%)
and H?(R;R9).

Lemma 4.5.9. Assume that (HS1) and (HS2) are satisfied and pick T in such a way
that (H37), (HW17) and (HWRH) are satisfied. Then for each 0 < § < &y and each
G € HY(R;R?) we have

(Lo+06)"1G € H2(R;RY). (4.5.57)
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Proof. Fix 0 < 6§ < §y and G € H*(R;RY). Write F = (Lo +6)7'G € HY(R;R?).
Then we can rewrite the equation (Lo + §)F = G in the form

E()F/ = G + A()F + DUg(U(),?)F —0F. (4558)

From this representation it immediately follows that F’ € L>°(R;R?). Differentiating
both sides yields

@F" = G+ (AF) + DuG(Uo;7)F + D*G(Uo; 7)[Uy, F] — 6F'.  (4.5.59)
Writing

F.(x) = 1 izl m [F(:r +m)+ F(z —m) — 2F(gc)} (4.5.60)

for n € Z~(, we can compute

Flz) = 73 am [F’(ac +m)+ F'(z —m) — 2F’(x)] . (4.5.61)
m=1
This allows us to estimate
o0
[F(z) — (Do F')(z)] < 47 30 [am|[|F] e (4.5.62)
m=n-+1

In particular, the sequence {F),} converges uniformly to AgF”, from which it follows
that

(BoF)(x) = 7% aw[F'(e+m)+Flz—m)—2F ()] = (AoF)().
m=1
(4.5.63)
Since F,G € H'(R;RY), these considerations yield that F” € L?(R;R9), from which
the desired result follows. [

We now turn to the desired exponential decay. The assumptions (H and
(H yield the following useful properties of the operator Ly.

Lemma 4.5.10. Assume that (HS1) and (HS2) are satisfied and pick T in such a way

that (H$3), (HWL) and (HW23) are satisfied. Then the following properties hold for
the LDE with r =T.

(i) The functions ®& and ®, together with their derivatives decay exponentially.
(i) Upon introducing the spaces
Xo = {Fe HYR;R?): (@g s F) L2(r;ray = 0} (4.5.64)

and
Yo = {GeL*®R;RY):(D;,G)r2@rae) =0}, (4.5.65)

the operator Lo : Xo — Yy is invertible.
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In addition, there exists a constant 1 > 0 in such a way that for each 0 < n < 7 the
map Lo maps BCEW(R;R‘I) into BC_, (R; R%).

Proof. The proof of the statements (1) follows the procedure described [I50,
Lem. 4.15, 6.8, 6.9] and will hence be omitted. It hence suffices to prove that Ay maps
BC_,(R;Rdaift) into itself for 1 small enough. Upon picking F' € BC_,(R; R%itr) and
K € Ry in such a way that the bound

|F(€)] < Kemkl (4.5.66)

holds, we estimate

|AOF(§)| S T Z |am|K(6777|§+m| + 6*77|§*m\ —+ 2677”5')
m>0 (4.5.67)
< 7Y || Ke el (26’7”‘ + 2).
m>0

We can hence set 77 = v, where v is defined in (HS1). A computation similar to the proof
of [I50, Lem. 6.5] yields the continuity of Ag f, from which the desired result follows. m

We now recall the notation LI™ G that was introduced in [I50, Cor. 4.4] for the
unique solution F' of the equation

_ (2 7G>L2<md> +
LoF = G et g) (4.5.68)

in the space X, which is given explicitly by

LgiHVG _ Lal G- (®g G>L2(R]Rd) ‘I)(T:| (4569)

(2 <I’o >L2(]R Rrd)

The proof of [I50, Prop. 5.2] provides the representation

-1 _ -1 <(1)0 ’G>L2(Ru§d) + —1 yqinv

for each 0 < ¢ < dp and each G € L?(R; Rd). In addition, we can use Lemma [4.5.10| to
pick constants K > 0 and & > 0 in such a way that

®§ (2)] < Ke ol (4.5.71)

holds for all € R. Let 77 > 0 be the constant from Lemma |4.5.10} Using [I50, Lem.
6.6], which is a generalization of [I30, Prop. 5.3], we can pick constants K; > 0 and
0 < o < min{7, &} in such a way that

IL§™G)] < Kiem || LE™ Gl

(4.5.72)

©  _qlz— (24 ,G) d
[ el Gly) — g () dy

holds for each G € L?(R;R%). The following three results use (4.5.70) and (4.5.72) to
establish the desired pointwise bound for (Lo + 6)~!
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Lemma 4.5.11. Assume that (HS1) and (HS2) are satisfied and pick T in such a
way that (HPH), (HWl) and (HW27) are satisfied. Recall the constant o > 0 from

and fir 0 < n < «. Then there exists a constant K > 0 so that for each
G € BCY, (R;R?) we have the bound
IL§™G(z)] < K|Gllpc_,@zrae M. (4.5.73)
Proof. Pick 0 <n <« and G € BC’ln(R; R?). Recalling (4.5.72), we can estimate

L5 Glloo < ILG™ Gl (rire)

- (20 ,G) 12 g.rd

< Lo Hleo.xollG = ﬁ‘bm‘ﬁ(&ﬂ%d) (4.5.74)
—1

< L5 e o) (14 gty ) IClltme

Combining these estimates yields the bound

LG < KoL e (V4 a1 Gl

+K <||G||Bc,n(R,Rd) + KW ||G||L2(R;Rd))

L2(1R;1Rd)|
© —alz—y|,—n|z]
x [T e e dy

IN

—a|T —1 1
Kyemel#l||Lg ||£(Y0,Xo)(1+m)HGHm(R;Rd)
+K (”G”BC,W(R,Rd) + K+I|G||L2(R;Rd))e*”|m\

|<(I>(J7’®(JJF>L2(JR;]R‘1)|

K (HGHBCW(R;W) + ||G‘|L2(R;Rd))€_"|’”‘.

IN

(4.5.75)
Finally, we note that |G| 2gre) < K3[|G| Bc_, (rire) for some constant K3 > 0, which
implies the desired result. n

Lemma 4.5.12. Consider the setting of Lemma |4.5.11 Then there exist constants
0 < b, <&y and K > 0 so that for each 0 < § < 6, and each G € BCEH(R; Rd) we
have the bound

1 +0Ly " |7 L§™G(2)| < K|Glpo_, @mzne ", (4.5.76)

Proof. Pick G € BCL7 (R; R%). For n € Z~g a calculation similar to (4.5.74)) yields

(g LE™ Gl < ||L61H7Zz§}0,xo)(1+W)HG”H(R;R% (4.5.77)

>L2(]R:Rd)

Using [150, Lem. 6.6] and Lemma [4.5.11] we obtain
Kie= | Lo L™ G oo + K1 [,

< Ki(14+ 15 e 0 ) KNG 5o e,

e—alz—y|

Lo Lg™ G (x)]

IN

Lgim’G‘dy

A

(4.5.78)
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Continuing in this fashion we see that the estimate

(Lo ")"LE™G(z)| < KSKHG||Bc,n(JR;W)B_"W| (4.5.79)
holds for all n € Z~ o and for some constant Ky > 0. If we set
_ . 1 1
5* - mln{607 ”L71H <1+ R ) ) E}? (4.5.80)
o llc(yy,Xo) ‘<‘I>()7’¢CT>L2(R;]R‘1)‘
then for each n € Z~q and each 0 < § < 6, we have
(=)™ (Lg )" L™ Gl < 311Gl @z (4.5.81)
In particular, it follows that
S (=) (LgH"LI™G - [I+6Ly Y 'LI™G (4.5.82)
n=0

in H'(R;RY). Since H!(R;R%)-convergence implies pointwise convergence we see that

I+ 6Ly ' ILE™G(2)| = | 20(—5)"(L61)"L8m0($)|
& e on ol 45.83
< ngoé*KKz 1GllBc_, rraye =] ( )
< K3HG||BC,W(R;RGL)€7”‘I|~

Corollary 4.5.13. Consider the setting of Lemma [[.5.13 There exists a constant
K >0 so that for each 0 < § < 0, and each G € BC!, (R;R?) we have the bound

|(L0 + 5)_1G($)| S K(S_l”GHBC_,,(R;Rd)e_an‘?
|[(L0 +5)71G]/(1’)| < Kail||G||Bcin(R;Rd)€7n|x‘, (4584)

(Lo +8)7'G)"(@)] < K& Y|Glger paye 1",

Proof. Fix 0 < § < 6. and G € BCY, (R;RY). Write F = (Lo + 0)"'G. The
representation (4.5.70) together with Lemma [4.5.12[ immediately yields the bound
< -1 1
|F(m)| =9 |<¢57‘1’0+>L2(R;Rd)

< TUKG|Gllpe, wmraye "

= n

‘ |Gl 2@ rayKe %! + K||G| g, mpaye 1!

(4.5.85)
In addition, the representation (4.5.58]) together with the bounds (4.5.67)) and (4.5.85))

yields that

[F'(z)] < K6 '|Gllpo_,@mae ! (4.5.86)

for some constant K > 0. Similarly, the representation (4.5.59)) yields the bound
[F'(2)] < K& YIGlpor mmaye . (4.5.87)
[

Proof of Proposition[{.5.5. Corollary implies the desired result. n
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4.6 Proof of main result

In this section we mainly follow the approach of [IT1] §4.1]. We lift the computations
from [I1I] in a more detailed fashion, in order to ensure that the multi-component
nature of the nonlinearity G does not cause any issues. Luckily, we only need to take
care of some minor, technical difficulties. For example, due to the higher generality of
the nonlinearity G, we can no longer refer to [52, Lem. App.IV.1.1] to conclude that
G depends continuously on the perturbation. Instead, we need to prove this continuity
in a direct fashion, carefully employing the exponential decay of the travelling wave U
and the perturbations involved.

Let us fix an integer ¢ > 1, together with a constant M = % € M. Our goal is to

construct a solution U to the nonlinear problem

c[DrmUE) = 7 3 an[UE+m)+UE—m) =20+ G(UE)r), (46.1)

m>0
where ¢ € p~1Z, that has the form
UE€) = Uo+0)+2(&), ¢Eep'zZ, (4.6.2)

for some 8 € R and some ® € Yj;. Note that this form automatically ensures that U
satisfies the boundary conditions

li [ = P=
§~>:to<§g1€p*12U(£) (4.6.3)

For notational compactness, we introduce the functions

Us(§) = Tol6+0), 25(6) = @(E+0), (&) = O5(5+0),
together with the linear operators 64
Liaro : Vi = Y, (4.6.5)
that act as
Liao®(€) = Co[De,m®](€) — AoV(€) — DuG(Uo(€ + 0);7) 8 (€), (4.6.6)

where ¢ € p~1'Z. Naturally, these operators satisfy the properties described in Propo-
sition m provided all occurrences of ®; and ®, are replaced by ®; and ®, respec-
tively. In particular, we write

Vot Ym = R,

1 (4.6.7)
V]:,M;@ : yM — yk;,M

for the maps appearing in that result, as well as M.,y and Cy for the corresponding
constants. Since the nonlinearity G(-;7) and the travelling wave Uy are continuous, it
is clear that the map

0 = Liae € Ly V) (4.6.8)
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is continuous. The representations [I11, Eq. (3.149)] and [I11, Eq. (3.150)], therefore,
imply that the maps
0 — g € LOMR)

0 = Viane € LV, Vi)

are continuous as well. As such, the constants M,,s and Cy can be chosen to depend
continuously on 6. Our goal is to find a lower bound for these constants. For 8 € R
we write Sg for the shift operator f — f(- + 6). For any M € M, we observe that
S1 and S_; map y,i, o and Yy into themselves and that these maps are isometric
isomorphisms. Moreover, we observe that for each # € R we have the identity

(4.6.9)

Liae = SiLiap-15-1. (4.6.10)

As such, we can restrict ourselves to the values of M,.p and Cy for 6 € [0,1]. Since
[0,1] is compact and Mg and Cyp depend continuously on 6, we can pick an uniform
quantities Cypnif > 0 and Mypir in such a way that the bounds

RISYEYARS HVI:,M;eny;M < Cunit[| flly (4.6.11)

and
|7;,M;9f - <7T37M(I)(;a TV f>yM| < CunifMil ”fHL?(R;Rd) (4612)

hold for all sufficiently small n > 0, all M € M, with M > My, all f € BCEH(R; R)
and all 8 € R.

4.6.1 Existence of solutions

Substituting the Ansatz (4.6.2) into (4.6.1]), we obtain

Dy wr®)(€) + D nTol(€) = AoTo(€) + 20@(€) +G(Ta(€) + 2(€)i7).
(4.6.13)
The proof of Theorem proceeds in two main steps. In particular, we first show the
existence of wave solutions to before we turn to the uniqueness. The existence
results are summarized in the following proposition.

Proposition 4.6.1. Assume that (HS1) and (HS2) are satisfied and pick T in such a

way that (HP), (HWLH) and (HW25) are satisfied. Fiz a pair of integers 1 < k < 6
and g > 1. Then there exist constants M, > 1 and 6, > 0 so that for any M = % e M,
with M > M,, there exist continuous functions

ey Rx[F=6,,7T+4,] — R
Uy :Rx[F=06,,7+6,] — (°(p1Z,RY),
that satisfy properties|(i) of Theorem [{.2.1]

For any V € R% and (£,6,7) € R x R x (0,1) we consider the nonlinear expression

(4.6.14)

No(Vi€,0,r) = g<ﬁ9(f)+v;7‘)*Q(Ug(f);r)fDUg(ﬁg(f);r)V. (4.6.15)
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Plugging this expression into (4.6.13]) we arrive at

Dy r®)(€) + cDeaTol€) = AoTo(€) + 20®(€) + DG (Ta(€)i7) (¢
+G(To()i) + No(@():.6,7)

+DuG(Ta(€)ir) @(6) — Dug (Ts(€)i7) 2 (6).
B (4.6.16)
Exploiting that Uy is a wave solution of the semi-discrete equation, i.e. that

U&= AoUa(€) +6(Te(©)i7), (4.6.17)
we find that the pair (¢, ®) must satisfy the equation

Liao® = (20— 0)[DeauUs)(€) + [Rale, ®)](E)

(4.6.18)
+[Rp(2;0,7)](€) + [Re (6, M)](E).

Here we have introduced the quantities
Ralc.®)©) = (c0—Drar(©)
Ri(:0.7)€) = Dug(Ts(©)ir)@(€) — DuG(To(€);7) @ (¢)
+6(Ta(€)i7) = 9(Ta(€)i7) + No(@(©):¢.6.7)

= G(T0() +@(€)ir) = G(Ta(€) + BE):T) + No(®(£):,0.7),
(4.6.19)
together with

Re(0.M))(€) = —colDuaTol(€) + ATo(€) + G (To(©):7)

. [U; - D,“MUQ} ©. (4.6.20)

Note that the term R g incorporates the effects caused by varying the parameters in our
equation, while the term R describes the effect of moving from the regular derivative
to the discrete derivative.

Note that in our current notation the normalization condition (4.2.36[) reduces to
<7T37M (Da( + 0)7U - ﬂ-yMﬁO(' + 9)>3’M = 0 (4621)

Proposition and our considerations above show that solutions (¢, ®) to (4.6.18))
must satisfy the fixed point problem

G- = are|Rale,®) +Rp(®:0,7) + Re(0, M) o)
o — Ve {RA(C,cp) +Rp(v;0,7) +Rc(9,M)]. -
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Lemma 4.6.2 ([I11} Lem. 4.1)). Assume that (HS1) and (HS2) are satisfied and pick
T in such a way that (H, (H and (H are satisfied. Fix a pair of integers

1< k<6 and q> 1. There exists a constant C' > 1 so that for all M = % € M, and
d e y,i,M we have the bound

[®)lc = fsygz@(ﬁ)l < Clely,,,- (4.6.23)

Lemma 4.6.3 (cf. [III, Lem. 4.2]). Assume that (HS1) and (HS2) are satisfied

and pick T in such a way that (H, (H and (H are satisfied. Fix a pair
of integers 1 < k < 6 and q > 1. There exists a constant C > 1 so that for all
M =2¢e M, dal(0,r) € Rx(0,1) and ¢ € Vi with [@llyr,, <1 we have the

bound
IRp(@:0.7)ly; < Clr—7+ @]y, ]y - (4.6.24)

Proof. The restriction on ®, together with Lemma yields the bound
[l < C (4.6.25)
for some C; > 0. For each £ € p~'Z we get using a Taylor expansion the uniform
estimate -
No(@():€,0,7)] = [R1(Uo(), 2(€))]
< Gal2(9)P,

for some remainder term Ry (U (€), ®(€)). Note that Co > 0 can be chosen independent
of £, ®,0, M and r, see for example [55, Thm. 2.8.3]. This allows us to estimate

INo(®();, 0,73, = p7' X INo(®(£):€0,7)

(4.6.26)

Eep~1Z
< [CQPp*ISZZI@(@\‘* ( |
ep—t 4.6.27
< [CPp iR X (@9
gepizZ
< Gilol2, (o3,

for some C3 > 0.

Using a Taylor expansion we can write

G(To(€) + 0(©)ir) = 6(To(©) + @(€):7) = D2g(Ta(€) +@(€),¢()) (r = 7)

(4.6.28)
where ((§) is in between 7 and r.
With Lemma we pick C4 > 0 and a > 0 in such a way that
Uo(©] < Cueeld (4.6.29)

holds for all £ € R. The limiting value ) lim Ugy(¢) = P~ implies that for £ < 0 we can
——o00

write

Ug(6)— P~ = [* Ty(€)de'. (4.6.30)
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This allows us to compute
[ Caen€ g
1C4eot (4.6.31)

= L0gemeldl

Uo() — P~

A

for £ < 0. The limiting value 5lim Uoy(€) = P implies that for £ > 0 we can write
—00

Ug(&)— PT = [ZTo(€)de, (4.6.32)
which allows us to do the analogous computation to obtain

Uo(¢) = PT| < LCueekl (4.6.33)
for £ > 0.

Note that DaG(P*,p) = 0 for all 0 < p < 1 and that D;DyG(V, p) is bounded for
V| < [|[Up|leo + C1 and 0 < p < 1. Therefore, we can pick a constant Cs > 0 in such a
way that

|ID2G(V,p)| < Csmin{|V —P~|,|[V - PT|}, (4.6.34)

for |[V| < ||Up|lee + C1 and 0 < p < 1. As such, we can estimate

d = [D:G(To(€) +2(6).C(6)) 113,
< pt 2 Cmin[Ta() + (&) — PP, [To(€) + (6) — PP}
fep~'Z
< 205p7t Y [min{Wg(f)—P*|27\U9(5)—P+|2}+|<I>(g)|2] (4.6.35)
fep~'Z
< 205 [[@lvy 497 S ECseol]
gep~'z
< Gy

for some constant Cg > 0. The desired bound on Rp now follows from combining

(4.6.27)) with the representation (4.6.28)) and the bound (4.6.35]). [

Lemma 4.6.4 ([IT11, Lem. 4.2)). Assume that (HS1) and (HS2) are satisfied and pick
T in such a way that (H, (H and (H@ are satisfied. Fix a pair of integers
1< k<6 andq>1. There exists a constant C' > 1 so that for all M = s € Mg, all

(c,0) € R xR and & € Y, with [®lly: | <1 we have the bounds

Rale,®)llyz ,, < le—=CollDrar @y

4.6.36
IRc(®.M)lyy,, < CM. (1:0:30)

Lemma 4.6.5 (cf. [I11, Lem. 4.3]). Assume that (HS1) and (HS2) are satisfied and
pick T in such a way that (H$3+), (HWl7) and (HW27) are satisfied. Fix a pair of
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integers 1 < k < 6 and ¢ > 1. Then there exists a constant C > 1 such that for any
pair of constants 0 < 6. <1 and 0 < dy < 1 and any multiplet

(@1, @2,01,02,7‘,9) S y];]w X y,i,M xR xR x (O7 ].) xR (4637)
with
[@allyz ,, +[1®2llyr,, < ds (4.6.38)
ler — o + [Co — c2f < e,

we have the bounds

[Ra(er, ®1) = Ralea, P2)lyz dglcr — cal + 0c||De,nt [P1 — Pollys s

IRB(®1;0,7) = Rp(P2;0,7)lly; ,, < Clr =T7[[|®1 = Pally,, + Cop[[P1 — Pally,,-
(4.6.39)

IN

Proof. The estimate for R4 is immediate. Lemma implies that || P/ +
|P2]loc < C1dy for some Cy > 0. Using two Taylor approximations, we write

AN = [No(®1(6):€,0,7) — No(®2(8): &, 0,7)]
G(T0(6) + @2() + (21(8) = @2(6)):7) — G(Ta(€) + @a(e)i)
~DuG(Ta(€) + Pa()ir) (21(6) = ©:(6))
+[DuG(To(€) + a()57) = DuG (To(©):) | (21(6) - 2:(0))|
= [Ra(T() + @2(6). 91() — s ))( 1(6) ~ 2(6))
R (T0(€), @2(8) ) (@1(6) - @2(6)) .

(4.6.40)

for some remainder terms R, (U@(f) + $3(8),D1(8) — @2(5)) and Ro (Ug({), @g(f)).
Using [55, Thm. 2.8.3] we can pick a constant C; > 0 in such a way that

Ry (To(€) + 82(6), 01(6) - 22(0))| < Cal1(6) — @2(6)] < 2016, o
R2(To(6). 22(9))| < Ci[@a(©) S
We, therefore, obtain the pointwise inequality
AN < 3C164|®1(8) — D2(8)], (4.6.42)

which allows us to compute

INo(@1(£);€,0,7) = No(®2(8): €, 0,713, < p1 3 [Co]?03]@1(€) — 22(8)I?

Eep—tZ
[301]2635H<I>1 - <I>2||§)M.

(4.6.43)
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Similarly to (4.6.28), we can now write
dg = G(Ta(©) + 1(&)i7) - G(To(e) + 21(6);7)
~G(To(©) + @2(€):7) + G (Tol©) + @2(&):7) (4.6.44)
= D26 (To(&) + ©2(6),01(8) ) = D26(To(©) + 1(6). 2(9)),

where (1 (§) and (2(€) are both in between r and 7. Similarly to (4.6.34]) we can pick a
constant Cy > 0 in such a way that

|D2G (U1, p) — D2G(Us, p)| < Co|Ur — Un, (4.6.45)

for Uy, |Us| < ||Uglloo + C1d4 and 0 < p < 1. Thus we can immediately estimate
ldgllyy, < Col|®1 = allyy,, (4.6.46)
which yields the desired bound for Rp. ]

Lemma 4.6.6 (cf. [I11, Lem. 4.4]). Assume that (HS1) and (HS2) are satisfied and

pick T in such a way that (H, (H and (HV[@ are satisfied. Fix a pair of
integers 1 <k <6 and g > 1. For all M = % € Mg, the function

No: Vi xRx(0,1) — Yy (4.6.47)

given by

Wo(@:0,1)(6) = No(@(€):&.0,r),  €ep iz (4.6.43)
18 continuous.

Proof. Fix (®,0,7) € Y}y x R x (0,1) and let € > 0 be a small constant. Pick
any triplet (¥,0,7) € Vi X Rx (0,1) with [|[® — \PHJJ%,M < 1. Lemma yields
that ||® — ¥||s < C; for some C; > 0. Since G is C2-smooth, we can pick a constant

Cy > 0 in such a way that for any V,W € R? with |V|,|W| < ||Ug|l«~ + 2C; and any
0 < 71,79 < 1 we have the bound

g(v;rl)fg(w;rl)‘ < Glvow

)

(4.6.49)
DG(Viry) = DG(Wyrz)| < Ca|(Vry) = (Wara)].
Moreover, using two Taylor approximations we write
A6y = G(Us(€) + ():r) ~ G(Ts(6) + W(E):7)
= G(Us(©) +2(€)ir) — G(Tpl) + w(©)ir)
D26 (T(6) + W(€): 2(¥(),9)) (r = 7),
(4.6.50)

dGy = Q(Ug(f);r —
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where (1(€) and (2(¥(€),€) are both in between r and 7. Similarly to (4.6.34) we can
pick a constant C3 > 0 in such a way that

[D2G(V,p)| < Caminf{|V — P~[, [V — P*[} (4.6.51)

for any 0 < p < 1 and |V| < |Up|leo + 2C;. This allows us to obtain the pointise
estimate

dN

\Wo(@; 0,7)](€) — [No(¥:0, f)](s)\
< dGi+dGs + |<I>(§)|(DQ(U9(£);7") - Dg<ﬁé(f);’~'>‘
() - w(©)|| g (Tg(6)57) |

< Ca|Ua() + () ~TUgle) - (O]
+Cy(r = Amin{[T5(€) + w(§) — P~|, [T+ w(&) - P*|}
+Co|To(€) = Tg(©)| + Car — Pmin{|T5(6) ~ P, [T, - P*|}
()| To(€). ) — T5(6). 7)| + [2(6) — w(©)|

< 262|U0(6) = Tpl&)| + (1 + Co)|@(6) - W(g)|

(14 W) Calr — Pmin{ [T(6) = P1,[T5 — P}

+(©)I[|Ta(€) ~ Tg(©)| + | — 7]
(4.6.52)
Since Uy decays exponentially to its limits, we can pick 0 < § < 1 in such a way that
for each f € R with | — 6| < § and each ¢ ~'Z we have the bound

|U‘9(§) - U§(§)| S mln{ 30(?52\7“ ) 30(||q>‘|ylj\j+l)2|”\ } (4653)

This yields the estimates
2050 Ceep12|U0(6) - Ug(6)|
P Ceep 121001 Ta(6) - Ty()| <

Moreover, similarly to (4.6.33)) we pick Cy > 0 in such a way that the pointwise estimate

IN
o

(4.6.54)

(Sl

mind [T5(€) = P1,[T5(6) — PH|} < Lyl (4.6.55)

holds for any € € R and any 6 € R with |§ — 0| < 0. As such we can pick C5 > 0 in
such a way that the bound

Imin{ [T5 = P71, 1T = P*{}ly < Cs (4.6.56)

holds for any 6 € R with | — 0] < 4.
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Then we obtain for each triplet (¥,6,7) € Vi X Rx (0,1) with [|® — Yllyr <

min{1, M}, |0 — 0] <6 and |r — 7| < min{ SATCC0 5(\|<I>||§;M+1)} that

||d/\~/||yA4 = ||[~/\70(CD;97T)] - [-/\7'0(\1/;@7 F)]H)}M

é % + (1 + 02) 5(1ic2) + (]. + Cl)C375(1+Cf)C3C5 05 (4 6 57)

+% + H(I’HyMWM-H)
< e

Therefore, the function N is continuous in the point (®,0,r), which yields the desired
result. ]

Proof of Proposition[].6.1. Recall the constants Cyuir > 1 and M ,i¢ € My, together
with the bounds (4.6.11) and (4.6.12). We let C' > 1 be the constant from Lemmas
4.6.3 For any 0 < 04 < 1 and 0 < d. < 1 we introduce the space

Zs.6, = (@) ERX YLy tle—To| < 50 and [®fys | <305}, (4.6.58)

together with the map

T5c,5¢ : ch,gd) — R x y,;M,
Vit [Ra(@o — e, ®) + R (9:6,7) + (0, M)
(c,;®)
Viara [Rale, ) + Ru(@:0,7) + Re(6,M)]
(4.6.59)
Upon setting
fixing M, € My with M, > My in such a way that the bound
M~ < we—e (4.6.61)
holds for all M € M, with M > M,, together with the constant
o = 3203,,“0545’ (4.6.62)

we use Lemmas to compute

1T 0 (e ®)lxyy,, < Cunit[le = ol [Pk @y,
+Clr =71 + Cll@lly, 1 lly; ,, +CM~]
< Cunit [|c —all®lly;,, +Clr =7l +Cllel3, + CM*}
< Cunit| 1589 + Croeime % + Crizinod + Cractns ]

1096
(4.6.63)
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for any (c,®) € Z5.5,, any 6 € R, any r € [F —4,,7 +,] and any M € M, with
M > M,. As such, we have Ts_s;,(c,®) € Zs,5,. Moreover, using Lemma we
obtain the estimate

dT' = ||Ts,s,(c1, 1) = Ts, 5, (c2, @2)lmxyy ,,
< 2Cumit {5¢|C1 — ca| + 26 [|®y — ‘I)2||y,1M

+Cr = 71121 = @y , + Cooll@1 — ol |

IN

2C it {ﬁkl - 02| + 2%”@1 — (I)QHy;’M (4664)

+Cqa,me 101 = 2lly; |, + Cogroll®1 — ‘I’QH%,M]
= qgler —cal + 51 @1 = Pallyy

< gllen, @1) = (e2, @2)llrxyy s

for any (c1,®1), (c2, ®2) € 25,5, any 0 € R, any r € [T — §,,7 + J,] and any M € M,
with M > M,, which shows that Tj, s ,» 1s a contraction. The fixed point theorem now
implies that the map 75, s,, and therefore the fixed point problem , has a unique
fixed point (c},(0,7), ®3,(6,7)). By construction the pair (car(6,7),Un(6,7)) =
(C*M 0,7),Ug + ®4,(0, r)) satisfies with the boundary conditions .

The solution to this fixed point problem depends continuously on the parameters
(0,7) on account of Lemma and our observations concerning the continuity of the
functions 6 — 7j /.o and 6 — Vi /. In addition, the normalisation @ follows
from the normalisation of the function Vi, M6 in Proposition Finally, it is clear
that the pair (¢}, (0 +p~',r),®3,(0 +p~t,r)(- —p~')) is also a solution to the fixed
point problem , which by the uniqueness of solutions yields the shift-periodicity
EZ30. .

4.6.2 Local uniqueness of solutions

We now turn to the uniqueness claim in the statement of the main theorem. The main

issue is to obtain the decomposition (4.6.66) below. Indeed, this implies that (4.2.39)
ensures that (¢, U, 0) is captured by the fixed point argument associated to the phase

0.

Proposition 4.6.7. Assume that (HS1) and (HS2) are satisfied and pick T in such a

way that (H, (H and (H are satisfied. Fix a pair of integers ¢ > 1 and
1 < k < 6. Then there exists a small constant 6 > 0 so that for each M = % e M,

with M > M, and any (c,U,0) € R x {*(p~1Z;R) x R that satisfies
U — UeH%M < 4, (4.6.65)

the function U can be decomposed as

U = 7TyMU0~+<I> (4.6.66)
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for some ® € y,;M with (my, @5, ®)y,, =0 and some 0 close to 0.

Using a Taylor approximation we can pick for each 6 € R a sequence {G (™ n) tnez,
with (5(p~'n) in between p~'n + 6 and p~'n + 6 for each n € Z in such a way that

Us(€) =Ty = (0—0)Tp(€) + (6 —0)2T,((6)) (4.6.67)

holds for all ¢ € p~!Z. For 6 € R we denote 6 for the unique element of [0, 1) which
has@—@o € Z and pick n € Z in such a way that 6y = 6§ — n. For any 6 € R with
|§ — 6] < 1 we can compute

— _ — _
<7T37M UeaﬂyMcI)g >37M = <7T37M U@o’ﬂ—yM¢§_nh>yM' (4668)

Lemma 4.6.8. Assume that (HS1) and (HS2) are satisfied and pick 7 in such a way
that (H$3), (HWls) and (HWRF) are satisfied. Fiz a pair of integers ¢ > 1 and
1 <k < 6. Then there exists a constant £ > 0 in so that for any M € M, with
M > M, and any pair (6,0) € R x R with |6 — 0] < 1 we have the lower bound
— B
<7T)7M Ué)v TYm (I)g >yM > I (4669)

K

Proof. On account of Lemma [4.5.10 we can pick constants C7; > 0 and a > 0 in
such a way that the bounds

Ty < Crekl,
Tl < e, (4.6.70)
|Dg (6)] < Cre @kl
[(®5) (&) < Cre el

hold for all ¢ € R. For any § € R with |§ — 6] < 1 we hence obtain
o (&) < Cre—oléti-nl < Cpeolf-nlg=alel < (Cpe2ac—alél (4.6.71)

which yields
||(I)9j_n||BC_a(R;R) < C’162a. (4672)

A similar computation provides the bounds

IN

61162047
-/
1U gl BO_o (R:R) Cre*, (4.6.73)

||(<I’~ )||BC SRR S Cre*.

—/
1Ug, |l BC_ o (RiR)

IN

On account of Lemma and the fact that (UO, 0 )L2(Rjrd) > 0, we can assume
without loss of generality that M, is large enough for the bound

_ -
(M Uos myn @5 )y > (4.6.74)
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to hold for all M € M, with M > M,, all € R, all § € R with |§ — 0] < 1 and for
some constant x > 0, as desired. n

Fix a small constant 0 < 8 < 1. In order to find a 6 close to € in such a way that
<Q) - 7r37MUév TryM(D9?>yM = 0, (4675)

we aim to solve the fixed point problem

0—0 = Fys,(0)

— o — _
= _<7ryM Uy, 7ryM(I)9“ >y,}4 [((I) =Ty U, Ty, (I)g >yM (4.6,76)

+(0 - 9)2<7ryMU/9/ (Cé('))vﬂyM q>9j>yM}
on the space [0 — &y, 0 + dg].
Lemma 4.6.9. Assume that (HS1) and (HS2) are satisfied and pick 7 in such a way

that (H, (H and (H are satisfied. Consider the setting of Proposition
[4.6.7] Then there exist constants Co > 0 and C3 > 0 so that the bound

Foy (@) < r[6Cs +53Cy| (4.6.77)

holds for all 6 € [0 — 85,0 + 8.

Proof. For 0 cRand M € M, with M > M, we can estimate

—1 _ _ —1 _
{myn Ug (C5())s ™0 @5 00| < 1 1§ZZ\U0(C§(€))H‘I’§(§)I
ep—1
— _
< NUpllee@mp™ 2 125 ()]
-/ 5617_12
= Tl map X195 (©)
gep~1z
—// n
< IIUolle(R;R)p’l S Creelétool (4.6.78)
— sep iz 5
< N0gllee@ryp™ > Ce*foe—alél
— gepmiz
< Cie*?||[Ugllpe@mp™ X ek
Eep~1Z
< Oy

for some constant Cy > 0, since p~! 3> e ¢l is bounded as p — oo. A similar
§€Ep1L
calculation yields the existence of a constant C's > 0 for which the bounds

||7TyMcI)gj HyM < CSa (4 6 79)
., .6.
||7TyJWUé||yM < (3
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hold for all § € R and M € M, with M > M,. The Cauchy-Schwarz inequality now
yields the bound

|Fos,(0)] < n[éC’ng(@fé)zCQ] < H[acﬁagcg} (4.6.80)

for all 6 € [0 — &g, 6 + ). .

Lemma 4.6.10. Assume that (HS1) and (HS2) are satisfied and pick T in such a way
that (H$3), (HWlz) and (HW25) are satisfied. Consider the setting of Proposition
[£.6.71 Then there exist constants Cy > 0 and C7 > 0 so that the bound

|Fo50(01) = Fos, (1)) < ]2 — 65 [504 + 5907} + K2C5C,|0; — s [503 + agcz}
o (4.6.81)
holds for all 61,05 € [0 — g, 6 + dg].

Proof. Fix 9~1, 0, € [0 — g, 0 + dg] and write

6, = (61)o+n (4.6.82)

with (91)0 € [0,1) and n € Z. Using a Taylor approximation we pick a sequence
{C(€) : € € p~1Z} in such a way that ((€) is in between € + (61)o and & 4 65 — n and
we have the identity

(@, = 2-n)©) = ((B1)o = (@2 —m))(@ ) () (4.6.83)

= (6 —92>( )'(<(£>)
The Cauchy-Schwarz inequality now yields the estimate
d% = |<‘I) - 71'3;]\4?9,773}1\4 ((1)9?1 o (ng)>yM|2
< Flpt X e, -, )©)P
[ tep-1Z 01 02 :|
=t s e, -, )@F
|: ccp—1Z (01)0 02—n }
= [p‘l > (6, —92>(<I>gz,n)’(c<£))|2] (4.6.84)
Eep1Z
52‘51—9~2|2{p_1 > cle—m\c(s)q
Eep~17Z

0152|§1—§2|2[p_1 > 6—204‘6‘6204(1-‘4-69)}
gep—t

IN

IN

< (Ca)?6%|01 — bo)?

for some constant Cy > 0, since dp < 1 and p~' 3. e 2l is bounded as p — oo.
fep L
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Moreover, we obtain the estimate

dy = ‘(9 _é1)2<7TyMU/0~/1 (C§1(.))’ﬂy’”q)9j1>yM
—(6— 52)2<7TyMU/9/(C§2(‘))77T)1M ‘I’g;)yM‘
< (0 - 51)2 H <7TyMUI§/1 (<§1 ()) - 7rlVMng (Céz ())’ TV (1)9?1 >yM

- (4.6.85)
{0 T5, (66, 00)s 730 7, = 790007, |
(102 = 01+ 102 = 01]18: = Bal| my,, T (63, () 7940 07, )9
< 03[ds + di + 200101 — 02(C,
where we introduced
ds = ‘(WyMUg(Cél(')) — U0 (G, ())s T3 5 ) | (46.56)
dy = ‘<7TyMUg(Cél('))»7fyM‘I’9fl NN SRR a

Again using a Taylor approximation we pick a sequence {¢(¢) : € € p717Z} in such
a way that () is in between & + (1) and & + 62 —n and we have the identity

The definition (4.6.67)) of (5 and (;, and the Cauchy-Schwarz inequality allow us to

estimate

_ ~ ., 2
B = |ty s, = Tg, + 01— 02)T), 7, @5 )|
< 18— BP(C) + (G S 1B - BT, ()P (46.89)
5 B Eep~1z
< (C5)*|61 — 62

for some constant Cs > 0 using a calculation similar to (4.6.84])). Moreover, upon
combining the ideas behind (4.6.78]) and (4.6.84]) we arrive at

dy < Csl0 — 05 (4.6.89)

for some constant Cg > 0. This yields the bound

dy < 63 [d3 + d4} + 269|601 — 05]Cs
< 83101 — ] [Cs + Co] + 260161 — 02 (4.6.90)
< Cr04|61 — 65

for some constant C'; > 0. The Cauchy-Schwarz inequality combined with the estimate

[@6.84) yields
— B B
ds = |<7T)/M Uev TYnm CI)Q”I — TYm (I)§2>yM |

R (4.6.91)
< C3C4)6, — 62
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We therefore can estimate

— -1 — -1
dg = ‘<7TyMU077TyM(b§1>yM - <7T37MU077T37M¢)§2>)}M
_ _ __ds _ ‘ (4.6.92)
<7TyMU9,7Ty1W<I)9.1>yM<7Ty1\/IU9,7TyM‘I>9.2>yM

S H2C3C4‘él — ég|

Combining all these estimates yields

[Bo(00) = Fogy )] < w[dy 4] +do [5C5 + 530,
< k|6 — s [504 + 5007} + K2C5Ca|6) — 6] [503 + 5302} .
(4.6.93)
u
Proof of Proposition[{.6.7. Upon fixing

59 = min{l’ 2R1C'2 ’ 8&1077 8&20210304 }’

5 s L . (4.6.94)
= min{ 2kC3 * 8rCy * 8RZ(C3)2C, 2

we obtain, using Lemma and Lemma [4.6.10} for any 0, 6;,05 € [0 — b9, 0 + 69| the

estimate }
Foss(@) < k[0Cs+83Ca] < a0, (4.6.95)

together with

IA

|F9’59 (9~1> — F9,59 (ég)‘ Ii|9~1 — ég| {(504 + (5907} + K203C4|¢§1 — ég‘ {603 + (5302}

1101 — 05].

A

(4.6.96)
Therefore, the map Fy 5, maps [0 — dg, 0+ dp] into itself and is a contraction, so that the
fixed point problem (4.6.76 has a unique solution 6. By construction this 6 satisfies
the property that upon defining

® = U-U; € Vi (4.6.97)

we have the identity
<7Ty1\4 (1)9?7 (I)>yM = 0. (4698)
n

Proof of Theorem |4.2.1] The items (i)-(iii) follow from proposition Let § > 0
be the constant from Proposition fix M =2 € M, with M > M, and fix a triplet

c,U,0) € R x £>°(p~1Z,R) x R that satisfies (4.2.34) and (4.2.39). With Proposition
h 2

7lwe fix a § € R close to 6 in such a way that U can be decomposed as

U = 7TyMU9~—|—(I) (4.6.99)
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for some ® € ) 5, with (M @5, @)yy, = 0.
Using a Taylor approximation as before, we note that
IT6 = Tgllper mmy < 216 —6]Cre. (4.6.100)
On account of Lemma [4.A.1| we pick a constant C; > 0 in such a way that

1®lly,, < NU="0Uslly:,, +1IUs = Usllyy ,,

< d+CillUg — Ugllper  mem)

< 6+ C12|0 — 6|Ce (4.6.101)
< 5+ C2C1€%296

= 0+ Cadyp.

Recall the constant C\yir from (4.6.11)) and we let C > 1 be the constant from Lemmas
Now we decrease dg > 0, while letting § > 0 be given by (4.6.94)), in such a

way that

6 = 232‘37
Clunit {6 + 0269} < 3 (4.6.102)
20wt C [0+ Cady] < 4a.
In particular, we see that
[@llyr,, < 6+C2bs
-5 {1 + 0225;03} (4.6.103)

= 035
Inspecting the first line of the fixed point problem (4.6.22f), yields that we can write
G-c = (@, é(Dk,be) Y é(RB@; d,r) + R, M)). (4.6.104)

Since we assumed Cunie[[®[lyr =< % we can solve this equation for ¢ = ¢(®) as

—1 - -
o—c®) = [T 5 (Pa®)] 570 (Re@:0,1) + Ro(@, M),
(4.6.105)
Finally, our earlier estimates yield

Co — c(®) < 20umiC [@ Oy + M*l}
< Lo+ 15+ L4, (4.6.106)
< 36
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Therefore, we see that (c(®), ®) € Z;5, 5, and that T, 5, (c(®), ®)
c

uniqueness of the fixed point of Ts_ s5,, we obtain ¢(®) = }‘W(é, r),®
implies

(¢(®), ®). By the
= ®%,(,r), which

c = cpm(0,r), U = Un(0,r) (4.6.107)

as desired. n

4.A Auxiliary results

In this section we collect several useful results that we use throughout this paper. The
first three results concern the sequence spaces Vs and yk s and their associated inner

products (4.3.5) -

Lemma 4.A.1 ([IT1} Lem. 3.1)). Fiz a pair of integers 1 < k < 6 and q > 1, together
with a constant n > 0. Then there exists a constant C > 1 for which the bounds

A

H7Tny||yM = CllfHBCfn’

(4.A.1)
lmys 9lvr,, < Cllgllser,

hold for all M € Mg and all functions f € BC_,(R;R) and g € BC!, (R;R).

Lemma 4.A.2 ([I11, Lem. 3.4]). Fiz an integer ¢ > 1. Then there exists C > 1 so
that the bound

|(f, 9) Le@ray — Ty fr Ty Dyns| < CM_lHf”BCin(R;]Rd)Hg”BCin(R;Rd)
(4.A.2)
holds for all M € M, and all functions f,g € BCL, (R; R%).

Lemma 4.A.3 ([111, Lem. 3.5]). Fiz an integer ¢ = 1. For any M =2 € M, the

operators Jy; and ._7,€17M defined in are isometries between YV and Hy and
between y,;M and H,IC,M respectively.

The following results can be seen as the fully discrete generalizations of the well-
known facts

() = 0, (Whu) < 0 (4A.3)

that hold for smooth, localized functions u. When dealing solely with nearest-neighbour
interactions as in [I11] the inequality (AP, ®)y,, < 0 follows immediately from the
Cauchy-Schwarz inequality. However, in our setting, some of the coefficients aj may
not be positive definite, preventing us from taking them out of the inner product. This
motivates the indirect approach that is taken in the proof of Lemma [L.A5]

Lemma 4.A.4 ([I11, Cor. 3.15]). Fiz a pair of integers 1 < k <6 and q > 1. There
exists a constant K > 1 so that for all M € My and all ® € 7-[;1€7M we have the bound

(@, Dp @y | < KM Dpm®ll3,,- (4.A.4)
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Lemma 4.A.5 (cf. [I11, Lem. 3.13]). Assume that (HS1) is satisfied. Fix an integer
q > 1 and pick M € M,. Then the bound

(Ap®, @)y, < 0 (4.A.5)
holds for each ® € H ;.

Proof. Pick ® € H s and define the stepwise interpolation function ® € L2 (R; RY)
by setting

P(E+CM P +e) = @(¢€) (4.A.6)
forEe M7, ¢ € q*1Z2 U{0} and 0 < e < M~'q~'. Upon recalling that
o= B, nM~t = 1-9M~! (4.A.7)
and observing that
1 = plgt = ((p—ng)+ng)M g, (4.A.8)

we may compute
Tyd(e+ (MY = d(E+CM +m)

= B(E+mnM 4 (C+m(p—ng)g )M)
(

= ®(C+mp—ng)g ', E+mnM1) (4.A.9)
- (C+m19,§+m—m19M_)
= T3¢ ¢)

for arbitrary € € M~'Z, ¢ € q—lzg U {0} and m € Z. In particular, for m € Z we
obtain the identity
(15", &) p2mmay = ¢ 'M7' Y > (TR (E+ M), (6 + M) o
EEM 1L Ceq—1Z3U{0}

= ¢ ‘Mt ¥ > (THP(C€),2(C,8) )pa

§eM—1Z¢eq~25U{0}
= <TJ7\7/11(I)’ ) -
(4.A.10)
We hence obtain

(80P, @) popmay = T Zo O [(T®, ®) 2y + (T5 "' ®, B) p2mpey
m> .
_2<(I)7 (I)>L2(R;]Rd)}
T Z O [(TX’}@, (I)>7'lM + <T]\}m(1), q)>7-lM - 2<(b’ CI)>HM]

m>0
(4.A.11)
The desired result now follows from [6], Lem. 2.1]. L]

We now show that Ky, s approaches K, 9 in a more rigorous fashion. The infinite-
range interactions cause complications here, because we need to interchange a limit and
an infinite sum. For M € M, we introduce the notation ¢(M) to refer to the value of

0 in (4.3.20) with M = M.
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Lemma 4.A.6. Assume that (HS1) is satisfied. Fix an integer ¢ > 1 and consider any
sequence {Mj}jen in Mg with the property that lim;_,oc M; = co and 9(M;) =0 for
all j € N and some 9 € q7'Z, \ {0}. Then for any Z € C°(R; (2 ) CCE(R; 42 )

17g,Lj00
we have the limit

;s ool|Ar, Z = DgwZr2we ) = O (4.A.12)

L)

Proof. Fix any test function Z € C°(R; Zg’J_;OO) C C(R; Zg’J_) and pick a suffi-
ciently large p € N for which supp(Z) C [—pu, u]. Without loss of generality we assume
that [|Z]| 22 ) =1. Pick € > 0, together with K € Z, in such a way that

T 2 Aan| < & (4.A.13)
m>K—pu
Moreover, by the strong continuity of the shift-semigroup [61, Example 1.5.4], we can
pick J € N in such a way that for each j > J and each |m| < 4K + 4l we have the
bound

a3} Z = T Z 2 ) = Tlaml|Z(+mn M) = Z(+m)| 2@ |

< BLIR)
(4.A.14)
together with
;M1 —1] < 4. (4.A.15)

Here we introduced n; for the value of n in (4.3.20) with M = M;. Fix j > J. Since
supp(Z) C [—p, p], we obtain

M 206 = BoZ(€) = T 5 an[ZE—mmM;) = Z(E—m)]  (@Aa16)

for any ¢ > K, which allows us to estimate

|Ang, Z — Aq’ﬁZ”L"’((K,oo),Z;L) < Tm>;_u2|am‘HZ”LZ(R’Z;l) < £
(4.A.17)
A similar computation yields
15
”AM]'Z - Aq,ﬁZHLz ((7007710,43#) < I (4.A.18)

Finally, for € € [-K, K] we see that
4l4+4K
B, 2(6) = BgoZ(€) = 7 X om (206 + mn; ;) — 26+ m)
+2(¢ = mn; M) = Z(6—m)|

4l+4K
T% aw TR Z(€) ~ TPy 2(6) + T 2(6) — T, 2(9)|.

m=1
(4.A.19)
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On account of (4.A.14)), we can, hence, estimate

4l14+4K

|An, Z — A‘WZHB([_K,K],Z;J < T 7n2:1 |t | ||TﬁjZ — Tc;,nﬁZHB(R,Z;L)
T3 2 - T3 2 e |
- £
5
(4.A.20)
Combining these estimates yields the bound
1AM, Z - Aq,ﬁZ”LQ(R,e;L) < & (4.A.21)

from which the desired limit follows. n
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Chapter 5

Exponential dichotomies for
nonlocal differential operators
with infinite-range interactions

This chapter has been submitted as W.M. Schouten-Straatman and H.J. Hupkes “Ex-
ponential Dichotomies for Nonlocal Differential Operators with Infinite Range Interac-
tions” [149].

Abstract. We show that MFDEs with infinite range discrete and/or continuous
interactions admit exponential dichotomies, building on the Fredholm theory developed
by Faye and Scheel for such systems. For the half line, we refine the earlier approach
by Hupkes and Verduyn Lunel. For the full line, we construct these splittings by gener-
alizing the finite-range results obtained by Mallet-Paret and Verduyn Lunel. The finite
dimensional space that is ‘missed’ by these splittings can be characterized using the
Hale inner product, but the resulting degeneracy issues raise subtle questions that are
much harder to resolve than in the finite-range case. Indeed, there is no direct analogue
for the standard ’atomicity’ condition that is typically used to rule out degeneracies,
since it explicitly references the smallest and largest shifts.

We construct alternative criteria that exploit finer information on the structure
of the MFDE. Our results are optimal when the coefficients are cyclic with respect
to appropriate shift semigroups or when the standard positivity conditions typically
associated to comparison principles are satisfied. We illustrate these results with explicit
examples and counter-examples that involve the Nagumo equation.

239
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Key words: Exponential dichotomies, functional differential equations of mixed type,
nonlocal interactions, infinite-range interactions, Hale inner product, cyclic coefficients.

5.1 Introduction

Many physical, chemical and biological systems feature nonlocal interactions that can
have a fundamental impact on the underlying dynamical behaviour. A typical mech-
anism to generate such nonlocality is to include dependencies on spatial averages of
model components, often as part of a multi-scale approach. For example, plants take
up water from the surrounding soil through their spatially-extended root network, which
can be modelled by nonlocal logistic growth terms [84] [85]. The propagation of cancer
cells depends on the orientation of the surrounding extracellular matrix fibres, which
leads naturally to nonlocal flux terms [I55]. Additional examples can be found in the
fields of population dynamics [25] [86] [153], 154 [157], material science [5l [8 [71] [164] and
many others.

A second fundamental route that leads to nonlocality is the consideration of spatial
domains that feature some type of discreteness. The broken translational and rotational
symmetries often lead to highly complex and surprising behaviour that disappears in
the continuum limit. For example, recent experiments have established that light waves
can be trapped in well-designed photonic lattices [136} [163]. Other settings where dis-
crete topological effects play an essential role include the movement of domain walls
[63], the propagation of dislocations through crystals [35] and the development of frac-
tures in elastic bodies [I56]. In fact, even the simplest discretizations of standard scalar
reaction-diffusion systems are known to have far richer properties than their continuous
local counterparts [40, 42}, [105].

Myelinated nerve fibres A commonly used modelling prototype to illustrate these
issues concerns the propagation of electrical signals through nerve fibres. These nerve
fibres are insulated by segments of myelin coating that are separated by periodic gaps
at the so-called nodes of Ranvier [I43]. Signals travel quickly through the coated re-
gions, but lose strength rapidly. The movement through the gaps is much slower, but
the signal is chemically reinforced in preparation for the next segment [127].

One of the first mathematical models proposed to capture this propagation was the
FitzHugh-Nagumo partial differential equation (PDE) [76]. This model is able to re-
produce the travelling pulses observed in nature [75] and has been studied extensively
as a consequence. These studies have led to the development of many important math-
ematical techniques in areas such as singular perturbation theory [3TH33], 07, 117, 119
variational calculus [36], Maslov index theory [10} 37, 46}, 47, [101] and stochastic dynam-
ics [92H94]. However, as a fully local equation it is unable to incorporate the discrete
structure in a direct fashion.
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In order to repair this, Keener and Sneyd [123] proposed to replace the FitzHugh-
Nagumo PDE by its discretized counterpart

U; = wjyr +uj—1 —2uj + g(uj;a) —w;,
.J j j J j j (5.1.1)
w; = plu; —wyl,

indexed on the spatial lattice j € Z. Here the variable u; describes the potential on
the j*" node of Ranvier, while w; describes a recovery component. The nonlinearity
can be taken as the bistable cubic g(u;a) = u(l — u)(u — a) for some a € (0,1) and
0 < p < 1 is a small parameter. Such an infinite system of coupled ODEs is referred
to as a lattice differential equation (LDE)—a class of equations that arises naturally
when discretizing the spatial derivatives in PDEs.

Since we are mainly interested in the propagation of electrical pulses, we introduce
the travelling wave Ansatz

(uj,w;)(t) = (@) +ct), (@, @) (£00) = 0. (5.1.2)

Here c is the speed of the wave and the smooth functions (7,w) : R — R? represent the
two waveprofiles. Plugging (5.1.2)) into the LDE (/5.1.1]) yields the differential equation

(o) = o +1)+ 7o~ 1) - 2u(0) + g(u(o):a) ~ W(o). (5.13)
a'(o) = pla(o) —w(o)]

in which o = j + ct. Since this system contains both advanced (positive) and retarded
(negative) shifts, such an equation is called a functional differential equation of mixed
type (MFDE).

In [108, T09] Hupkes and Sandstede established the existence and nonlinear stability
of such pulses, under a ‘nonpinning’ condition for the associated Nagumo LDE

’llj = Ujp1 +Uuj—1 — 2uj +g(uj;a)' (514)

This LDE arises when considering the first component of (5.1.1)) with w = 0. It admits
travelling front solutions

uj(t) = . (j + i), Uy (—o00) =0, Uy (+00) =1 (5.1.5)
that necessarily satisfy the MFDE
et (o) = U(o+1)+ux(oc—1) — 2u.(o) + g(u.(0); a). (5.1.6)

The ‘nonpinning’ condition mentioned above demands that the wavespeed c,—which
depends uniquely on a [I31]—does not vanish. In the PDE case this is automatic for
a # %, but in the discrete setting this is a nontrivial demand due to the energy barriers
caused by the lattice [16, [56, [62] 99| 122 132].
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The main idea behind the approach developed in [108, [109] is to use Lin’s method
[104] 128] to combine the fronts (5.1.5) and their reflections to form so-called quasi-
front and quasi-back solutions to . Such solutions admit gaps in predetermined
finite-dimensional subspaces that can be closed by choosing the correct wavespeed.
The existence of these subspaces is directly related to the construction of exponential
dichotomies for the linear MFDE

ci'(0) = ulo+1)+u(oc—1)—2u(o) + gu(u«(o);a)u(o), (5.1.7)

which arises as the linearization of ([5.1.6)) around the front solutions (5.1.5)).

Exponential dichotomies for ODEs Roughly speaking, a linear differential equa-
tion is said to admit an exponential dichotomy if the space of initial conditions can be
written as a direct sum of a stable and an unstable subspace. Initial conditions in the
former can be continued as solutions that decay exponentially in forward time, while
initial conditions in the latter admit this property in backward time. In order to be
more specific, we first restrict our attention to the ODE

Ly = Ao)u, (5.1.8)

referring to the review paper by Sandstede [I47] for further details. Here u(c) € CM
and A(c) is an M x M matrix for any o € R. Let us write ®(o,7) for the evolution
operator associated to (5.1.8]), which maps u(7) to u(o).

Suppose first that the system is autonomous and hyperbolic, i.e. A(o) = A4
for some matrix A that has no spectrum on the imaginary axis. Writing Ej§ and E} for
the generalized stable respectively unstable eigenspaces of A, we subsequently obtain
the decomposition

cM = EjoEY. (5.1.9)

In addition, each of these subspaces is invariant under the action of ® (o, 7) = exp[A(c—
7)], which decays exponentially on E§ for ¢ > 7 and on E} for o < 7.

In order to generalize such decompositions to non-autonomous settings, the splitting
will need to vary with the base time 7 € I. Here we pick I to be one of the three
intervals R=, Rt or R. In particular, is said to be exponentially dichotomous
on [ if the following properties hold.

e There exists a family of projection operators {P(7)},e; on CM that commute
with the evolution ®(o, 7).

e The restricted operators ®*(o,7) := ®(o,7)P(7) and ®“(0,7) := ®(0,7)(id —
P(T)) decay exponentially for o > 7 respectively o < .

Many important features concerning these dichotomies were first described by Palmer
in [I39] 140]. For example, the well-known roughness theorem states that exponential
dichotomies persist under small perturbations of the matrices A(c). In addition, there
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is a close connection with the Fredholm properties of the associated linear operators.
Consider for example the family of linear operators

AN : HY(R;CM) —  L2(R;CM), u o~ Lu— Alo)u— Au, (5.1.10)
defined for A € C. Then A(A) is a Fredholm operator if and only if the system

Ly = Alo)u+u (5.1.11)
admits exponential dichotomies on both Rt and R™. In addition, A()) is invertible if
and only if (5.1.11) admits exponential dichotomies on R. Since systems of the form
(5.1.11)) arise frequently when considering the spectral properties of wave solutions to
nonlinear PDEs, exponential dichotomies have a key role to play in this area. In fact,
the well-known Evans function [63], [139H141] detects precisely when the dichotomies on
R~ and RT can be patched together to form a dichotomy on R.

Exponential dichotomies for MFDEs Several important points need to be ad-
dressed before the concepts above can be extended to linear MFDEs such as .
The first issue is that MFDEs are typically ill-posed [I44], preventing a natural ana-
logue of the evolution operator ® to be defined. The second issue is that CM is no
longer an appropriate state space. For example, computing u'(0) in requires
knowledge of w on the interval [—1,1]. These issues were resolved independently and
simultaneously by Mallet-Paret and Verduyn Lunel in [133] and by Héarterich, Scheel
and Sandstede in [96] by decomposing suitable function spaces into separate parts that
individually do admit (exponentially decaying) semiflows.

Applying the results in [I33] to (5.1.7), we obtain the decomposition
C([-1,1;R) = P(r)+Q(7) +T'(7) (5.1.12)

for each 7 € R. Here I'(7) is finite dimensional, while functions in P(7) and Q(7)
can be extended to exponentially decaying solutions of the MFDE on the inter-
vals (—oo, 7] respectively [7,00). In particular, the intersection P(7) N Q(7) contains
segments of functions that belong to the kernel of the associated linear operator

[Lo](o) = = (o)+v(c+1)+v(o—1)—20(0)+ gu(Us(o);a)v(o). (5.1.13)

After dividing these segments out from either P or @, the decomposition ([5.1.12)) be-
comes a direct sum. Similar results were obtained in [96], but here the authors use the
augmented statespace CM x L2([-1,1];R).

In many applications, it is crucial to understand the dimension of I'(7). A key tool
to achieve this is the so-called Hale inner product [91], which in the present context is
given by

0

W, 6), = z[w<o>¢<0>+fw<s+1>¢<s>ds—g’¢<s—1>¢<s>ds] (5.1.14)

-1
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for two functions ¢, € C([—1,1];R). Indeed, one of the main results achieved in [133]
is the identification

P(r)+Q(r) = {¢eC(-1L,1;R): (b(r+-),¢), =0 for every b € ker L*}.
(5.1.15)
Here L£* stands for the formal adjoint of £, which arises by switching the sign of ¢ in

G.1.13).

There are two potential issues that can impact the usefulness of this result. The first
is that the Hale inner product could be degenerate, the second is that kernel elements
of L* could vanish on large intervals. For instance, [52] Ex. V.4.8] features an example
system that admits compactly supported kernel elements, which are often referred to as
small solutions. Fortunately, both types of degeneracies can be ruled out by imposing
an invertibility condition on the coefficients related to the smallest and largest shifts in
the MFDE. This is easy to check and obviously satisfied for .

These results from [96, [133] have been used in a variety of settings by now. These
include the construction of travelling waves [TI08| [1T15], the stability analysis of such
waves [I1] [109], the study of homoclinic bifurcations [83, [104], the analysis of pseu-
dospectral approximations [22] and the detection of indeterminacy in economic models
[48]. Partial extensions of these results for MEDEs taking values in Banach spaces can
be found in [I02], but only for autonomous systems at present.

Infinite-range interactions In recent years, an active interest has arisen in systems
that feature interactions that can take place over arbitrarily large distances. For exam-
ple, diffusion models based on Lévy processes lead naturally to fractional Laplacians in
the underlying PDE [2, [I4]. These operators are inherently nonlocal and often feature
infinitely many terms in their discretization schemes [43]. Systems of this type have
been used for example to describe amorphous semiconductors [87], liquid crystals [44],
porous media [I9] and game theory [I8]; see [27] for an accessible introduction. Exam-
ples featuring other types of infinite-range interactions include Ising models to describe
the behaviour of magnetic spins on a grid [6] and STR models to capture the spread of
infectious diseases [126].

Returning to the study of nerve axons, let us now consider large networks of neurons.
These neurons interact with each other over large distances through their connecting
fibres [15} 23] 24], [T42]. Such systems generally have a very complex structure and finding
effective equations to describe their behaviour is highly challenging. One candidate that
has been proposed [24] involves FitzHugh-Nagumo type models such as

;= h=2 3 ek’ Witk + uj—k — 2uj] + g(uj;a) — w;,
keZmo (5.1.16)
wj = plu; —w;l.

Here the constant h > 0 represents the (scaled) discretization distance. Alternatively,
one can replace or supplement the sum in (5.1.16)) by including a convolution with a
smooth kernel.
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The travelling wave Ansatz
(uj,wj)(t) = (ﬂh,@h)(hj + Cht), (ﬂh,ﬁh)(ioo) =0 (5.1.17)

now yields the MFDE

cpiy (o) = h72 kezZ: e ¥ [n (o + hk) + Tn (o — hk) — 25 (o))
+9(Tn(0); a) — Th(0) (5.1.18)
nTh(0) = plan(o) — (o)),

which includes infinite-range interactions. In particular, it is no longer possible to apply
the exponential splitting results from [96] [133]. Nevertheless, Faye and Scheel obtained
an existence result for such waves in [69], pioneering a new approach to analyze spatial
dynamics that circumvents the use of a state space. Extending the spectral convergence
technique developed by Bates, Chen and Chmaj [6], we were able to show that such
waves are nonlinearly stable [I50], but only for small 4 > 0. In any case, at present
there is no clear mechanism that allows finite-range results to be easily extended to
settings with infinite-range interactions.

Infinite-range MFDEs In this paper we take a step towards building such a bridge
by constructing exponential dichotomies for the non-autonomous, integro-differential
MFDE

i0) = % A0)elo+r))+ [ K(Eo)alo +E)de, (5.1.19)

j=—00

which is allowed to have infinite-range interactions. Here, we have z(c) € CM for t € R
and the scalars r; for j € Z are called the shifts. Typically, we use C,(R) as our state
space, but whenever this is possible we use smaller spaces to formulate sharper results.
This allows us to consider settings where the shifts are unbounded in one direction only.
This occurs for example when considering delay equations.

The Fredholm properties of the linear operator associated to have been
described by Faye and Scheel in [68]. We make heavy use of these properties here,
continuing the program initiated in the bachelor thesis of Jin [116], who considered au-
tonomous versions of . In such settings, it is possible to extend the techniques
developed by Hupkes and Augeraud-Véron in [102] for MFDESs posed on Banach spaces.
However, it is unclear at present how to generalize these methods to non-autonomous
systems.

on the full line. Our main result essentially states that the decomposition (|
the characterization (5.1.15) remain valid for the state space Cp(R). In addition, we
explore the Fredholm and continuity properties of the projection operators associated

Splittings on the full line In §5.3 we construct exponential splittings for (5.1.19))
5.1.12f) and
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to the splitting (5.1.12)). Our arguments in these sections are heavily based on the
framework developed by Mallet-Paret and Verduyn Lunel in [I33]. However, the un-
bounded shifts raise some major technical challenges.

The primary complication is that the iteration scheme used in [I33] to establish the
exponential decay of functions in P(7) and Q(7) breaks down. Indeed, the authors
show that there exist L > 0 so that supremum of the former solutions on half-lines
(—00, 7] is halved each time one makes the replacement 7, — 7. — L. To achieve this,
they exploit the fact that the behaviour of solutions on the latter interval does not ‘see’
the behaviour at 7,. This is no longer true for unbounded shifts and required us to
develop a novel iteration scheme that is able to separate short-range from long-range
effects.

A second major complication arises whenever continuous functions are approxi-
mated by C!-functions. Indeed, in [I33] these approximations automatically have
bounded derivatives, but in our case we can no longer assume that these functions
live in W1°°(R). This prevents a direct application of the Fredholm theory in [68],
forcing us to take a more involved approach to carefully isolate the regions where the
unbounded derivatives occur.

The final obstacle is caused by the frequent use of the Ascoli-Arzela theorem in
[133]. Indeed, in our setting we only obtain convergence on compacta instead of full
uniform convergence. Fortunately, this can be circumvented relatively easily by using
the exponential decay to provide the missing compactness at infinity.

Splittings on the half line We proceed in by constructing exponential di-
chotomies for on the half-line RT. In particular, for any 7 > 0 we establish the
decomposition

Cpy(R) = Q(1)® R(7). (5.1.20)

Here Q(7) contains (shifted) exponentially decaying functions that satisfy on
[7,00), while (shifts of) functions in R(7) satisfy on [0, 7]. This generalizes the
finite-range results obtained by Hupkes and Verduyn Lunel in [I04], which we achieve
by following a very similar strategy.

Besides the general complications discussed above, the main technical obstruction
here is that the construction of half-line solutions to inhomogeneous versions of
becomes rather delicate. Indeed, the approach taken in [I04] modifies the inhomoge-
neous terms outside the ‘influence region’ of the half-line of interest. However, in our
setting here this region encompasses the whole line, forcing us to revisit the problem
in a more elaborate—and technical—fashion.

Degeneracies In order to successfully exploit the characterization (5.1.15]) in appli-
cations, it is essential to revisit the degeneracy issues related to the Hale inner product
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and the kernel elements of £*. Unfortunately, the absence of a ‘smallest’ and ‘largest’
shift in the infinite-range setting prevents an easy generalization of the invertibility
criterion discussed above. We explore this crucial issue at length in §5.6]

In order to sketch some of the issues involved, we discuss the MFDE

NgH

c (o) = Ye[u(o + k) + u(o — k) — 2u(0)] + gu (U« (0); a)u(o), (5.1.21)

k

1

which can be interpreted as an infinite-range version of the MFDE that arises
by linearizing the Nagumo LDE around a travelling wave w,. In particular, we again
assume the limits . This MFDE fits into our framework provided that the coef-
ficients 7, decay exponentially.

For the case v, = e~*, we construct an explicit nontrivial function v that satisfies
(1, ) = 0 for each ¢ € Cp(R), where (-, -), denotes the appropriate Hale inner product
for our setting. In particular, even for strictly positive coefficients there is no guaran-
tee that the Hale inner product is nondegenerate. We also provide such examples for
systems featuring convolution kernels.

One way to circumvent this problem is to focus specifically on the kernel elements
in . If these can be chosen to be nonnegative along with the coefficients 7, then
we are able to recover the relation between the dimension of I'(7) in (5.1.12) and the
dimension of the kernel of the operator L* associated to the adjoint of . Fortu-
nately, such positivity conditions follow naturally for systems that admit a comparison
principle.

We also explore a second avenue that can be used without sign restrictions on the
coefficients 5. This requires us to borrow some abstract functional analytic results.
In particular, whenever the collection of sequences {7 }x>n obtained by taking N € N
spans an infinite dimensional subset of £2(N;C), we show that the Hale inner product
is nondegenerate in a suitable sense. Fortunately, this rather abstract condition can
often be made concrete. For example, we show that it can be enforced by imposing the
Gaussian decay rate vy, ~ exp[—k?].

5.2 Main results

Our main results consider the integro-differential MFDEE

i) = % Aj(0a(t 4 13) + [ K(E Dt + ) (5.2.1)

j=—o00

n the interest of readability we use t as our main variable throughout the remainder of this paper,
departing from the notation o that we used in However, the reader should keep in mind that
this variable is related to a spatial quantity for most applications.
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where we take z € CM for some integer M > 1. The set of scalars R := {r; : j € Z} C R
and the support of (-;t) need not be bounded. In fact, we pick two constants

— o0 S T'min S 0 S Tmax S oo, Tmin < Tmax (522)
in such a way that

7i € (Tmin, max), for all j € 7Z,
X 7;1 (5.2.3)
Supp(lC(-; t)) C (Tmina rmax), for all t € R,

while |rmin| and |rmax| are as small as possible. One readily sees that potential solutions
to (5.2.1)) must be defined on intervals that have a minimal length of ryax — Tmin-

Naturally, one can always artificially increase the quantities |rmin| and |rmax| by
adding matrices A; = 0 to with large associated shifts |r;| > 1. However, we
will see that this only weakens the predictive power of our results by needlessly enlarg-
ing the relevant state spaces.

A more general version of (5.2.1]) might take the form

i) = [ do(t, 00t +0), (5.2.4)

Tmin

where dy(t, ) is an M x M matrix of finite Lebesgue-Stieltjes measures on (rmin, "max)
for each t € R. However, the adjoint of the system (5.2.4)) is not always a system of
similar type, so to avoid technical complications we will restrict ourselves to the system
(5.2.1).

We now formulate our two main conditions on the coefficients in (5.2.1), which
match those used in [68]. As a preparation, we define the exponentially weighted space

L}’(R, (CMXA/I) = {V S Ll(R; (CMXM) ||677HV(-)HL1(R;(CM><M) < OO} (525)
for any n > 0, with its natural norm
Wiy = e V)l e (5.2.6)

We note that the conditions on R below are not actual restrictions as long as the closure
R is countable. Indeed, one can simply add the missing shifts to R and write 4; =0
for the associated matrix.

Assumption (HA). For each j € Z the map t — A;(t) is bounded and belongs to
CH(R; CM*M) Moreover, there exists a constant 7 > 0 for which the bound

o)

2 14Ol < oo (5.2.7)

j=—o0

holds. In addition, the set R is closed with 0 € R.
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Assumption (HK). There exists a constant 7 > 0 so that the following properties
hold.

e The map t — K(-;t) belongs to C' (R; Lj;(R; CM*M)).
e The kernel K is localized in the sense that

supl|KC(-; )17 + supl| (1) 5 < oo,
teR teR

4 (5.2.8)
sup(|K(-;¢ —)l7 +sup|| GK(st =)l < oo
teR teR

Our third structural condition involves the behaviour of the coefficients in (5.2.1))
as t — £oo. Following [68), [130], we say that the system (5.2.1) is asymptotically
hyperbolic if the limits

Aj(Fo0) = lim A;(1), K(§+o0) = lim K(&t) (5.2.9)

t—=oo
exist for each j € Z and ¢ € R, while the characteristic functions
A%(z) = 2l — [ K(& +o0)e™dE — ]_ZQOOA (£o0)e*"s (5.2.10)
associated to the limiting systems
M0 = 3 AjCeoc)a(t ) + [ K(E Roc)a(t + e (211)

satisfy
det A*(iy) # 0 (5.2.12)

for all y € R. In fact, we require that these limiting systems are approached in a
summable fashion.

Assumption (HH). The system (5.2.1]) is asymptotically hyperbolic and satisfies the
limits

hm Z |A;(t) — Aj(£o0)|emsl =0, (5.2.13)
X j=—00
together with
Jim [[K(56) = K(5x00)]l; = 0, i [[K(58 =) = K(5+00)ll = 0.
(5.2.14)

Bounded solutions to the system (5.2.1) can be interpreted as kernel elements of
the linear operator A : W1 (R) — L*°(R) that acts as

(A2)(t) = @)= > AOalt+r) - J (& talt + de (5.2.15)

j=—o00
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We will write A* : WH°(R) — L>°(R) for the formal adjoint of this operator, which is
given by

A )(t) = -9 — > Ajt—rp)ylt—r) N LGIELITERIS

Jj=—00
(5.2.16)
using 1 to denote the conjugate transpose of a matrix. Indeed, one may readily verify
the identity

( Az)2m)y = (A, 2)2m) (5.2.17)
whenever z,y € H'(R).

For convenience, we borrow the notation from [104] 133] and write
B = ker(A), B* = ker(A*). (5.2.18)

The following result obtained by Faye and Scheel describes several useful Fredholm
properties that link these kernels to the ranges of the operators A and A*.

Proposition 5.2.1 ([68, Thm. 2]). Assume that (HA]), (HK|) and (HH) are satisfied.
Then both the operators A and A* are Fredholm operators. Moreover, the kernels and
ranges satisfy the identities

Range(A) = {heL>*[R f y(t)Th(t)dt =0 for every y € B*},
< (5.2.19)
Range(A*) = {heL>®[R)| [ zt)Th(t)dt =0 for every x € B}
and the Fredholm indices can be computed by
ind(A) = —ind(A*) = dimB —dimB*. (5.2.20)
Finally, there exist constants C > 0 and 0 < a <1 so that the estimate
b(t)] < Ce®H||b]|s (5.2.21)
holds for any b € BUB* and any t € R.
5.2.1 State spaces
Let us introduce the intervals
Dx = (Fmin,max), Dy = (~Tmax, ~Tmin), (5.2.22)
together with the state spaces
X = Cy(Dx), Y = Cy(Dy), (5.2.23)

which contain bounded continuous functions that we measure with the supremum norm.
Suppose now that = and y are two bounded continuous functions that are defined on
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(at least) the interval ¢ + Dy respectively ¢ + Dy. We then write z; € X and y* € Y
for the segments

i (0) = wz(t+0), y'(0) = y(t+0), (5.2.24)

in which 8 € Dx respectively 8 € Dy . This allows us to introduce the kernel segment

spaces
B(r) = {¢€X|¢=ua, for some z € B},

B*(r) = {¢eY |y =y for somey € B*}

for every 7 € R. Observe that B(7) and B*(7) are just shifted versions of B and B* if
T'min = —00 and Tmax = 00 both hold.

(5.2.25)

The Hale inner product [91] provides a useful coupling between X and Y. The
natural definition in the current setting is given by

(W ¢) = ¥(0)'6(0) - 4 i }?w(s —r)TA;(t+ s —r;)p(s)ds
p 770 (5.2.26)
—gglﬁ(s — ) (st + s — r)p(s)dsdr

for any pair (¢,%) € X xY. Note that, by decreasing 7 if necessary, we can strengthen

(5.2.7) to obtain

o0

> 14O llolrle™il < oo (5.2.27)

j=—o00
Together with ([5.2.8]), this ensures that the Hale inner product is well-defined. In
Lemma [5.3.12 below we verify the identity

aWhee = yiOM]() + [A)(t) () (5.2.28)

for z,y € W1°°(R), which indicates that the Hale inner product can be seen as the
duality pairing between A and A*.

An important role in the sequel is reserved for the subspaces
Xt(r) = {peX |, o), =0 for every ¢ € B*(1)}, (5.2.29)
which have finite codimension
B(r) = codimxX*(r) < dimB*(r) < dimB*. (5.2.30)

In the ODE case rmin = Mmax = 0, so one readily concludes that §(7) = dim B*. How-
ever, in the present setting it is possible for the Hale inner product to be degenerate
or for kernel elements to vanish on large intervals. In these cases, the first respectively
second inequality in could become strict.

In the finite range setting of [I33], the authors ruled out these degeneracies by
imposing an atomic condition on the matrices {A4;} corresponding to the shifts rmin
and rpax. However, there is no obvious way to generalize this condition when |ryin| or
max are infinite. As an alternative, some of our results require the following technical
assumption.



252CHAPTER[A EXPONENTIAL DICHOTOMIES FOR INFINITE-RANGE MFDES

Assumption (HKer). Consider any nonzero d € BUB* and 7 € R. Then d does not
vanish on (—oo, 7] and also does not vanish on [r, 00).

A similar assumption was used in [II, Assumption H3(iii)], where the authors re-
move the |[rmin| = rmax restriction from the exponential dichotomy constructions in [96].
However, this condition is naturally much harder to verify than the previous atomicity
condition. We explore this issue at length in §5.6 where we present several scenarios
under which (H[Ker) can be verified.

We highlight one of these scenarios in the result below, which requires sign con-
ditions on elements of B and B*. Fortunately, for a large class of systems—including
the linearization of the Nagumo LDE—these are known consequences of the
comparison principle.

Proposition 5.2.2 (see Prop. [5.6.10). Assume that (HA)), (HK|) and (HH) are sat-

isfied. Assume furthermore that there exists Keonst € Z>1 for which the following
structural conditions are satisfied.

(a) We have rj = j for j € Z, which implies rmin = —00 and max = 00.
(b) The function A;(-) is constant and positive definite whenever |j| > Kconst-
(c) For any |€] > Keonst the function K(&;-) is constant and positive definite.

(d) We either have B = {0} or B = span{b} for some nonnegative function b. The
same holds for B*.

Then the nontriviality condition ( is satisfied.

In §5.5 we explore some of the consequences of (HKer|). In addition, we propose
weaker conditions under which equality holds for one or both of the inequalities in
(5.2.30). However, for now we simply state the following result.

Corollary 5.2.3 (cf. [I33, Cor. 4.7], see §5.6). Assume that (HA]), (HK|), (HH) and
( are all satisfied. Then the identities

dim B(r) = dimB, B(r) = dimB*(r) = dimB* (5.2.31)

hold for every T € R.

5.2.2 Exponential dichotomies on R

We now set out to describe our exponential splittings for (5.2.1)) on the full line R. To
this end, we introduce the intervals

D? = (—oo7 T+ rmax)a D?_B = (7’ + Tmin, OO) (5232)

for each 7 € R. Following the notation in [104] [133], this allows us to define the solution
spaces

P(r) = {xz€Cy(DP) |z is abounded solution of (5.2.1)) on (—oo, 7]},

(5.2.33)
Q(r) = {x e Cy(DP) |z is a bounded solution of (5.2.1)) on [, 00)},
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together with the associated initial segments

P(r) = {¢€X|¢=u, for some z € P(1)},

Q(r) = {pe X |¢=ux, for some z € Q(7)}. (5.2.34)

For 7 € R we call z € P(7) a left prolongation of an element ¢ = z, € P(7), with
a similar definition for right prolongations. Note that, if rp;,, = —oo, each ¢ € P(7)
is simply a translation of a function in P(7). The corresponding result holds for Q(7)
and Q(7) if ryax = 00.

Again following [133], we also work with the spaces

ﬁ(T) = {zeP(7) ] T+}maxy(t)Tx(t)dt = 0 for every y € B},
-0 (5.2.35)

o0

(1) = {z€Q(r)| [ wyt)z(t)dt =0 for every y € B},

T+Tmin

\O)

together with

P(r) = {¢eX | =2, forsomexeﬁ(T)},

~ (5.2.36)
{p € X | ¢ =z, for some z € OQ(7)}.

Q>
2
I

The integrals in ([5.2.35)) convergence since functions in B decay exponentially. Finally,
we write

S(r) = P(n)+Q(r), S(r)=P(r)+Q(r). (5.2.37)

Our first two results here provide exponential decay estimates for functions in 73(7')

and @(7’), together with a direct sum decomposition for S(7). In addition, we show
that the latter space can be identified with X (7) from (5.2.29). We remark that the
structure of these results matches their counterparts from [91] almost verbatim.

Theorem 5.2.4 (cf. [133, Thm. 4.2], see §5.3). Assume that (HA)), (HK) and (HH)

are satisfied and choose a sufficiently large 1. > 0. Then there exist constants Kgec > 0
and « > 0 so that for any 7 < —7, and p € P(7) we have the bound

@+ 160 < Kaeee® ™ Ipr o, t<m, (5.2.38)

while for any T > 7, and g € Q(7) we have the corresponding estimate

lg@)| +1d(t)] < Kaece I gr]|so, t> 1 (5.2.39)

In addition, the bounds - also hold for any p € ﬁ(T) and q € @(T),

now without any restriction on the value of T € R, but with possibly different values of
Kyee and «.
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Theorem 5.2.5 (cf. [133, Thm. 4.3], see §5.3). Assume that (HA)), (HK) and (HH)
are satisfied. For each T € R the spaces P(T), Q(7), S(1) and their counterparts P(1),

@(T), §(T) are all closed subspaces of X. Moreover, we have the identities

P(r) = P(m@B(r), Q@) = Q(r)&B(7),
Sr) = P(n)eQ(r), Skr) = S(r)eB() (5.2.40)
= P(m®Q(r)e B(r)
Finally, we have the identification
S(r)y = X*(r), (5.2.41)

where X+ (1) is defined in .

However, these theorems provide no information on how the spaces P(7) and Q(7)
depend on 7. In order to address this issue, we need to study the projections from the
state space X onto the factors P(7) and Q(7) using the decomposition in . To
be more precise, for a fixed 7p € R we write

X = P(rn)®Q(r)ar (5.2.42)

for a suitable finite dimensional subspace I' C X. This allows us define projections Il 5
and Il onto the factors P(7o) respectively Q(7o).

In addition, we are interested in the limiting behaviour as 7 — Z£oo. To this
end, we apply Theorem to the two limiting systems ([5.2.11)), which leads to the
decompositions

X = P(—00)®Q(—0) = P(c0)® Q(cx). (5.2.43)

We write 11 p and ﬁQ for the projections onto the factors P(—oo) and Q(—o00) respec-
tively, together with ﬁp and HQ for the projections onto the factors P(oco) and Q(o0).

Theorem 5.2.6 (cf. [133, Thm. 4.6], see §5.4). Assume that (HA)), (HK) and (HH)
are satisfied. Then the spaces ﬁ(’]’), @(T) and §(7) vary upper semicontinuously with
T, while the quantities dim B(7) and (1) vary lower semicontinuously with T.

In particular, fir 79 € R and consider any 7 sufficiently close to 19. Then the
restrictions

~

Is:P(r) — IUs(P(r)) C P(m),
H@:@(T) — H@(@(T))C@(m)

of the projections associated to the decomposition ([5.2.42)) are isomorphisms onto their
ranges, which are closed. Moreover, the norms satisfy

(5.2.44)

Jim [T =Tlplp [l =0, dim I =Tglgll = 0, (5.2.45)
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in which I denotes the inclusion of P(t) or Q(t) into X.
In addition, we have the identities

(5.2.46)
Ho(Q(r) = Q)

for sufficiently negative values of T in the first line of and for sufficiently
positive values of T in the second line of . The associated norms satisfy the

limits
Tgrjloolll—ﬁp\w)ll = 0, }LH;OHI—HQW(T)” = 0. (5.2.47)

These results can be strengthened if we also assume that ( holds. Indeed,
Corollary implies that the codimension of S(7) remains constant. This can be
leveraged to obtain the following continuity properties.

Corollary 5.2.7 (cf. [133, Cor. 4.7, see §5.6). Assume that (HA)), (HK]), (HH) and
( are all satisfied. Then the spaces P(1) and Q(7) vary continuously with T,

i.e. the projections Il and 15 from (5.2.44]) are isomorphisms onto ]3(70) and @(TO)
respectively. The same conclusion holds for their counterparts P(1) and Q(1).

5.2.3 Exponential dichotomies on half-lines

In many applications it is useful to consider exponential dichotomies on half-lines such
as [0,00), instead of the full line. Our main goal here is to show to prove the natural
generalisation of Theorem to this half-line setting, along the lines of the results
in [104].

In particular, we set out to obtain decompositions of the form
X = Q)@ R(7), (5.2.48)

where Q(7) is defined in and segments in R(7) should be ‘extendable’ to solve
(5.2.1) on [0, 7]. Since this is a finite interval however there is no longer a ‘canonical’
definition for R(7). In fact, we define these spaces in a indirect fashion, by constructing
appropriate subsets

R(7) C {r € C4(D?) | r is a bounded solution of (5.2.1)) on [0, 7]} (5.2.49)

and writing

R(r) = {¢p€ X |¢p=ux, for somez € R(7)}. (5.2.50)

In order to achieve this, we exploit continuity properties for the projection operators
that are stronger than those obtained in Theorem[5.2.6] In particular, we again impose
the nontriviality condition ( However, we explain in how this condition
can be weakened slightly. For example, we need less information concerning the kernel
space B to apply our construction.
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Theorem 5.2.8 (cf. [104, Thm. 4.1], see §5.5). Assume that (HA), (HK]), (HH) and
(HKer)) are satisfied. Then for every 7 > 0 there ewists a closed subspace R(T) C

Cy(DY) that satisfies the inclusion (5.2.49) together with the following properties.

(i) Recalling the spaces (5.2.34]) and (5.2.50), the splitting (5.2.48)) holds for every
T>0.

(i) There exist constants Kqec > 0 and o > 0 so that the exponential estimate
lz(t)] < Kaece |z, || 0o (5.2.51)
holds for every x € R(7) and every pair 0 <t < 7.

(i3) The spaces R(T) are invariant, in the sense that x, € R(t) holds whenever x €
R(7) and 0 <t < 7. The corresponding statement holds for the spaces Q(T).

(iv) The projections Mgy and Tlg(ry associated to the splitting (5.2.48|) depend con-
tinuously on 7 > 0. In addition, there exists a constant C' > 0 so that the uniform
bounds [[llg(|| < C and |z || < C hold for all T > 0.

5.3 The existence of exponential dichotomies

Our goal in this section is to establish Theorems The strategy that we fol-
low is heavily based on [I33], allowing us to simply refer to the results there from time
to time. However, the unbounded shifts force us to develop an alternative approach at
several key points in the analysis. We have therefore structured this section in such a
way that these modifications are highlighted.

The first main task is to show that functions in the spaces P(7) and Q(7), together
with their derivatives, decay exponentially in a uniform fashion. When the shifts are
unbounded, the methods developed in [I33] can no longer be used to establish this
exponential decay. In particular, the bound below was obtained in [133], but
one cannot simply make the replacement ., — o0 and still recover the desired expo-
nential decay of solutions. Indeed, the iterative scheme in [I33] breaks down, forcing
us to use a different approach.

The key ingredient is to show that the cumulative influence of the large shifts decays
exponentially. The following preliminary estimate will help us to quantify this.

Lemma 5.3.1. Assume that (HA|), (HK) and (HH) are satisfied. Then there exist
three constants (p, Kexp, @) € R for which the bound

S 4()[en] 4+ TIK(E )letlds < Kepe 2l (5.3.1)

5 2>|t] [t]

holds for allt < —p and all s € R. In addition, if rmax < 00, then we can pick p = rpax-
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Proof. Suppose first that rmax = 0o. Setting a = Z, we can derive from 1] that

3

34 llece®mil < em20t ST A5 ()] o]
= = i (5.3.2)
< et S A ()| soed!
j=—o00

for |¢| sufficiently large. The second term in (5.3.1)) can be bounded in the same fashion
using (5.2.8). If ryax < 0o then (5.3.1)) follows trivially for p = ryax, since the left-hand
side is always zero for t < —p and s € R. =

Our first main result generalizes the bound to the setting where rp.x = co.
This is achieved by splitting the relevant interval [7,00) into two parts |7, 7 + p] and
[T 4+ p,00) that we analyze separately. We use the ideas from [I33] to study the first
part, while careful estimates involving allow us to control the contributions from
the unbounded second interval.

Proposition 5.3.2. Assume that (HA|), (HK]) and (HH) are satisfied, recall the con-
stants (p, Kexp, ) € ]R?;O from Lemma and pick a sufficiently negative T_ < —1.
Then there exists a constant o > 0 so that for each T < 7~ and each x € P(T) we have
the bound

2] < max{} sw  j2(s), Kep sw e Oa(s)|}, 1< o7
S€(—00,7+p] s€[p+T,00)

(5.3.3)

when rpax = 00, or alternatively

lz()] < L sup lz(s)], t<—-o+7 (5.3.4)

S€(—00, 7+ max]

when rmax < 00. The sam bounds hold for x € 73(7'), but now any T € R is permitted.

The second main complication occurs when one tries to mimic the approach in [133]
to study the properties of S(7). Although it is relatively straightforward to show that
this space is closed and has finite codimension in X, the explicit description
for S(7) is much harder to obtain. The arguments in [I33] approximate elements of
X1(7) by C*-smooth functions and apply the Fredholm operator A to (extensions of)
these approximants. However, when Dx is unbounded this approach breaks down,
because C''-smooth functions in X need not have a bounded derivative. One can hence
no longer directly appeal to the useful Fredholm properties of A.

Our second main result provides an alternative approach that circumvents these
difficulties. The novel idea is that we split such problematic functions into two parts
that both confine the regions where the derivatives are unbounded to a half-line. This
turns out to be sufficient to allow the main spirit of the analysis in [I33] to proceed.

Proposition 5.3.3. Assume that (HA]), (HK]) and (HH) are satisfied. Fiz 7 € R and
let X+(7) be given by . Then there exists a dense subset D C X*(7) with
D c S(7).

2Naturally, one may need to change the value of the constant ¢ > 0.
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Besides these two main obstacles, we encounter smaller technical issues at many
points during our analysis. For example, the lack of full uniform convergence on un-
bounded intervals from the Ascoli-Arzela theorem requires significant attention. In
addition, manipulations involving the Hale inner product on unbounded domains raise
subtle convergence issues that must be addressed.

5.3.1 Preliminaries

In this subsection, we collect several preliminary properties satisfied by the spaces
introduced in (5.2.25)), (5.2.33)) and (5.2.34). In particular, we discuss whether functions
in P(7) or Q(7) have unique extensions in P(7) and O(7) and study the intersection

P(r) N Q(r).

Lemma 5.3.4. Assume that (H4)), (HK) and (HH) are satisfied and fix 7 € R. Then
the spaces defined in have the following properties.

(i) We have the inequalities dim B(7) < dim B < oo and dim B*(7) < dim B* < co.
In addition, if |Tmin] = Tmax = 00, then dim B(7) = dimB and dim B*(7) =
dim B*.

(ii) The inclusions P(r) C P(r), Q(r) C Q(r), P(r) C P(7) and Q(r) C Q(r) have
finite codimension of at most dim B.

(i11) We have B(t) = P(1) N Q(T).

Proof. Ttems (i) and (i) are clear from their definition and Proposition [5.2.1] For
item (iii) we note that the inclusion B(7) C P(7) N Q(7) is trivial. Conversely, for
¢ € P(t)NQ(7) we pick € P(7) and y € Q(7) with ¢ = &, = y,, so that = y on
Dx + 7. This allows us to consider the function z that is defined on the real line by

z(t), t<Tmax+T
z(t) = (5.3.5)
y(t)v t 2 Tmin + 7.

It is now easy to see that z € B, which implies ¢ € B(7). (]

Lemma 5.3.5. Assume that (HA)), (HK]) and (HH) are satisfied. Then there exists
u- € (—o0,00] such that every ¢ € P(T) with 7 < u~ has a unique left prolongation
in P(7). Similarly, there exists u* € [—o00,00) such that every ¢ € Q(7) with T > u*
has a unique right prolongation in Q(7). On the other hand, any element of ﬁ(T) and
@(T) has a unique left respectively right prolongation, this time for any T € R.

Proof. We only consider the left prolongations. If r;, = —oo, then both results are
trivial with = = oo. If, on the other hand, ry;, > —oo, then we can follow the proof
of [I33] Props. 4.8 and 4.10] to arrive at the desired conclusion. [
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5.3.2 Exponential decay

Our task here is to furnish a proof for Proposition and to use this result to
establish Theorem Our approach consists of three main steps: constructing a
uniform limit for a sequence that contradicts (5.3.3)), showing that this limit satisfies

one of the asymptotic systems (5.2.11]) and subsequently concluding that this violates
the hyperbolicity assumption (he main technical novelties with respect to [I33]
are contained in the first two steps, where we need to take special care to handle the
tail contributions arising from the unbounded shifts.

Lemma 5.3.6. Consider the setting of Proposition and let {op}n>1, {Tn}n>1

and {1, }n>1 be sequences with the following properties.

(a) We have o, > 0 for each n, together with o, 1T 0.

(b) We either have x,, € P(1,) and 7, < 7— for each n or x, € 73(7'n) and 7, € R
for each n.

(¢) For each n > 1 we have the bound
|0 (=00 +T0)| = %a (5.3.6)
together with the normalization

sup lz,(s)] = 1.
s€(—oorrntp] (5.3.7)

(d) If rmax = 00, then we have the additional bound

rulcon bl 2 Koge' ot s el (5ag)
sE€[p+7n,00)

Then upon defining z,(t) = x,(t — o, + 7,) and passing to a subsequence, we have
zn — z uniformly on compact subsets of R. Moreover, we have z # 0 and |z] <1 on R.

Proof. We ﬁrgt consider the case rh.x = oo and treat the two possibilities x,, €
P(rn) and z,, € P(7,) simultaneously. In particular, we establish the desired uniform
convergence on the compact interval I, = [—L, L] for some arbitrary L > 1, which is
contained in (—op,on) for some sufficiently large N.

For n > N and t € I, we have |z,(¢)| < 1. In addition, upon writing

ij(t) = Ajt—on+m)an(t —on+ 10 +15), (5.3.9)
Kn(&t) = K&t —opn+70)Tn(t —op + 70 +6), o
we obtain
)] = JEat—ont+m) < X ’Zj,n(t)|+g|fn(£;t)’df~ (5.3.10)
j=—o00
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We now split the sum above over the two sets

Jot) = {je€Z|rj<p+to.—t} C {je€Z]|r;<p},

) (5.3.11)

{jeZ|rj>p+o,—t} C {j€Z]|r;>—-L+o,+p}

For j € J,, (t) we have t — o), + 7, +7; < T, +p, which in view of the normalization

(5.3.7)) allows us to write

4] < 145 lloo- (5.3.12)
On the other hand, for j € J;7(t) we may use (5.3.7)-(5.3.8)) to obtain
[Ajn®)] < 14O lsc Kape® et tmomtmt g, (—oy + 1)
< A oo Kape™e™ (5.3.13)
< A Ol Kapete™.

In particular, we may use (5.3.1)) to estimate

2 4@ <0 2 14O+ X A4 leo Kape® e
j=—o0 JETn (t) JETT ()
< 24Ol + e 2elbmonpltal (5.3.14)
TjisPp
= 2 A ()lloo + e BL72P=20m),
i <p

In a similar fashion, we obtain the corresponding bound
_ P
K& t)|de < Slég [ IK(&; 5)|dE + exBL=2p=20m), (5.3.15)
s —0o0

We hence see that both {z,},>n and {%,},>n are uniformly bounded on Iy.

Using the Ascoli-Arzela theorem, we can now pass over to some subsequence to
obtain the convergence z, — z uniformly on compact subsets of R. Moreover, since
2,(0) > £ for each n, we obtain 2(0) > 1 and thus z # 0. The bound on z,(t) obtained
above implies that also |z| <1 on R.

If rmax < 0o then this procedure can be repeated, but now one does not need the
second terms in (5.3.14) and (5.3.15)). In particular, the argument reduces to the one
in [133]. ]

Lemma 5.3.7. Consider the setting of Proposition and Lemma [5.3.6 If the
sequence {—on + Tptn>1 5 unbounded, then the limiting function z satisfies one of
the limiting equations . If, on the other hand, the sequence {—o,, + Tntn>1 s
bounded, then there exists B € R in such a way that the function x(t) = z(t— ) satisfies
x € B.
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Proof. Without loss of generality we assume that —o,, + 7, — oo if the sequence
{=0n + Tn}n>1 is unbounded or —o, + 7, — S if the sequence {—o, + 7, }n>1 is
bounded. For convenience, we (re)-introduce the expressions

Ain(s) = Aj(s—on+Tn)zn(s+rj),
o ’ reme (5.3.16)
Kn(&s) = K(&s—on+m)em(s+9)
and use the integrated form of (5.2.1)) to write
z2(te) — 2(t1) = nll)n;o zn(t2) — 2, (t1)
ta oo
= lim [ 3 Aju(s)ds+ lim f f/c (&; 5)deds (5:3.17)
n—oop 7
= Ja+Jk
for an arbitrary pair ¢t; < to that we fix. Upon introducing the tail expression
to o o
Exn = lim [ 3 Aj.(s)ds (5.3.18)

n—00 ljl=N+1

for any IV > 0, we readily observe that

123

Ja = ,}gl;of 5 Ajn(s)ds + Ean
N (5.3.19)
= f Z Aj(00)z(s +1j)ds + Ean
i1 j=—N
if the sequence {—o, + 7, }n>1 is unbounded, while
Ja = f Z Aj(s + B)z(s +7j)ds + Ean (5.3.20)

ty j=—N

if the sequence {—oy, + Ty }n>1 is bounded. Here we evaluated the limit using the
convergence —o,, + T, — 00 or —o, + 7, — (. Slightly adapting the estimate ({5.3.14])
with L = max{|t1], |t2]}, we find

1€an] < (t2—t1) 3 1JAj()]loo + limy—so0(ta — t1)e™ 207 e(3L=2p)

(ta —t1) J§N||A (e (5.3.21)

l7]>N

which yields 4.5 — 0 as N — oo. Since |z| <1 on R, we can now use the dominated
convergence theorem to conclude that

ta oo
Ja = [ X Aj(x)z(s+rj)ds (5.3.22)
ty j=—o0
if the sequence {—o, + 7, }n>1 is unbounded, while

Ja = f Z Aj(s+ B)z(s+rj)ds (5.3.23)

t1 j=—o0



262CHAPTER[A EXPONENTIAL DICHOTOMIES FOR INFINITE-RANGE MFDES

if the sequence {—oy,, + 7, }n>1 is bounded. A similar argument for Ji hence shows
that z is a solution of the limiting system (5.2.11]) at +oc. [

Proof of Proposition |5.3.4 Arguing by contradiction, we assume that - or
- ) fails. We can then Construct sequences {0y, }n>1, {Tn}n>1 and {7, },>1 that
satisfy properties (i)- (1V) of Lemma [5.3.6] If the sequence {—0y, 4 7y }n>1 is also un-
bounded, then Lemma yields that z is a nontrivial, bounded solution of one of
the limiting equations , contradicting the hyperbolicity of these systems.

If on the other hand the sequence {—o, + 7, }n>1 is bounded, we can assume that
—0op + Ty — (B for some B € R. Slnce necessarily 7,, — oo, this can only happen if
Ty € P(Tn> for each n. Lemma[5 yields that z,, = = unlformly on compact subsets
of R and that 0 # x € B. On account of Proposition we find that = decays
exponentially. By definition of P we, therefore, obtain

o0

0 = [ a@®)z,(t)dt — f lz(t)|?dt, (5.3.24)
which yields a contradiction since x # 0. ]

We now shift our attention to the proof of Theorem In particular, we set
up an iteration scheme to leverage the bound and show that solutions in P(7)
decay exponentially. As a preparation, we provide a uniform bound on the supremum
of such solutions.

Lemma 5.3.8. Assume that (HA)), (HK) and (HH) are satisfied. Recall the constant
w- from Lemma and fit 7= < p~. Then there exists C > 0 in such a way for
each 7 <77 and each x € P(1) we have the bound

lzlle,pey < Cllzrlloo- (5.3.25)
The same bound holds for any x € 73(7'), with a possibly different value of C, where
now any T € R is permitted.

Proof. The bound ([5.3.25) is in fact an equality with C' = 1 if ry;, = —o0, so we
assume that ryi, > —oo. If rpa < 0o the final part of the proof of [133] Thm. 4.2]
can be repeated, hence we also assume that 7. = 0.

Arguing by contradiction, we consider sequences {z,}n>1,{Tn}n>1 and {Cp}n>1
with C,, — oo and

with either z,, € P(r,,) and 7,, < 7~ for each n or z,, € 73(7’n) and 7, € R.
We want to emphasize that due to the lack of a natural choice for the sequence

{0n}n>1 which satisfies (a) of Lemma [5.3.6] we cannot immediately apply this result.
However, we will follow more or less the same procedure to arrive at a slightly weaker
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conclusion. Note that the function z,(t) = z,(t + 7,) is a solution of (5.2.1)) on the
interval (—oo, 0] for each value of n. In addition, we note that

sup  |zn()] < [l@n)rlle = Cit (5.3.27)

tE[Tmin,00

We can now follow the proof of Lemma/|5.3.6} using (5.3.27) to control the behaviour
of z, on [0,00), and pass to a subsequence to obtain z, — z uniformly on compact
subsets of (—o00,0]. In addition, allows us to extend this convergence to all
compact subsets of R, with zyp = 0. For each n > 1 we pick s, in such a way that
|€n(—8n +7n)] = 1. On account of Proposition the set {sp }n>1 is bounded, which
means that z is not identically zero.

Suppose first that the sequence {7, },>1 is unbounded. Since each function z, is a
solution of (5.2.1] - on (—o0, 0], we can follow the proof of Lemma“ 5.3.7to conclude that
z is a bounded solution of one of the limiting equations (5 on (—oo,0]. Moreover,
since zg = 0 it follows that z is also a solution of the limiting equation on
[0,00). Hence z is a nontrivial, bounded solution on R of one of the limiting equations
(5.2.11)), which yields a contradiction.

Suppose now that {7, },>1 is in fact a bounded sequence. Then after passing to a
subsequence we obtain 7,, — 7. Following the proof of Lemma we see that the
function z(t) = z(t — 79) is a nontrivial, bounded solution of on (—oo,Tp]. Since
zo = 0, we get that ,, = 0 and therefore z is a nontrivial, bounded left prolongation
of the zero solution from the starting point 7p. If 79 < p—, this gives an immediate
contradiction to Lemma [5.3.5) “ If on the other hand 79 > p~ > 77, then our assump-
tions allow us to conclude that z,, € P(Tn) for all n. A computatlon blmllar to 5.3.24)

shows that € P (), which contradicts Lemma This establishes . ]

Lemma 5.3.9. Assume that (HA), (HK) and (HH) are satisfied. Recall the constant
= from Lemma and fix T~ < p~. Then there exist constants K > 0 and & > 0
so that the bound

2B < Kettal g, e (5.3.28)
holds for all T <77, allx € P(7) and all t < T+ p.

Proof. The proof of [I33, Thm. 4.2] can be used to handle the case rpax < 00,
so we assume here that rp.x = oo. Pick any = € P(7), which we normalize to have
[#|[c,(pey = 1. Recalling the constants from Proposition we assume without loss
of generality that

Kexp > 1, Kegpe™ @0t < 1, (5.3.29)

For t < —o + 7, this allows us to estimate

lz(t)] < max{% sup  |x(9)], Kexp SUp e_a(s_t)|x(s)|}
s€(—o00,7+p] s€[p+7,00)

< max{%,KeXpe_a(p"l‘T""U_T)} (5’3'30)

1
3
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We aim to show, by induction, that for each integer m > 0 we have the bound
lz(t)] < 2-(mth) t < tm, (5.3.31)
where we have introduced
tm, = —-m(oc+p) —o+T (5.3.32)
Indeed, if holds for each m € Z>(, then we obtain the desired estimate
()] < Keft=7) (5.3.33)

for any t < 7 with & = % and K = e*“*P) which concludes the proof.

The case m = 0 follows from ([5.3.30)), so we pick M > 1 and assume that (5.3.31)
holds for each value of 0 < m < M — 1. Since x € P(7) and since ¢ > 0 and p > 0, we

must have x € P(tpr + o) as well. Fix t < t;. Then Proposition yields the bound

lz(®)] < max{% sup |2(8)], Kexp sup e_o‘(s_t)|x(s)|}.
S€(—o00,tpr+o+p) s€[tpm+o+p,00)
(5.3.34)

Since ty + 0+ p = ty—1, we may apply (5.3.31) with m = M — 1 to obtain

I osup o fa(s)] < g27M = 2m(MD, (5.3.35)
S$E(—00,trm+0+p)

In addition, we may use (5.3.29)) and ([5.3.31]) to estimate

Kexp sup e—a(s—t)lx(s)l < Kexpefa(tm*tM)2—m
Se[tmﬂ:mfl]

Koxpe™ @M=m)(pta)o—m

(5.3.36)
< @
< 2-(MHD,
for 0 < m < M — 1. Finally, we can estimate
Koy sup e @6 p(s)] < Kegpe *(T—ota)
s€[1—0,00) = Kogpe @M@+o) (5.3.37)
< 9-(M+1),
Combining with — now yields the bound
lz(t)] < 27D, (5.3.38)
as desired. (]

Proof of Theorem [5.2.4] We only show the result for the P-spaces; the result for
the Q-spaces follows analogously. If rpa < 00, the proof of [133, Thm. 4.2] can be
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repeated, so we assume that rp.x = co. Pick any z € P(7). From Lemma we
obtain the bound

2B < K Dlg e (5.3.39)
for all t < 7+ p. Since x € P(7), we can write
B(t) = 3 Aj®z(t+r) + [ K& Dt + E)dS (5.3.40)
J=—0C

for t < 7. Lemma allows us to estimate

| S AWatrrdel € T 14O |eKe ) o

Jj=—0o0 t+r; <t+p
+ 2 14Ozl
t+r;>7+p
< 2 4Ol K|z oo 4 Kepe® 7 12| o
t+r; <t
< 2 A Ollece T Ke T oo + Kexpe® ™7 2] 0
Jj=—00
(5.3.41)
for any ¢t < 7. Using a similar estimate for the convolution kernel, we obtain the bound
~ [ee]
i) < Ke*Dlafle 3 [4;()loce™! + Kexpe®* 2] 0
j=—00 (5.3.42)

+E 0|2 o SUp|I K5 8) 17 + Kexpe® 7] o0
seR

for any ¢ < 7. Since rya.x = 00, we can derive from Lemma that

[#llc = lzllc,pey < Cllorlloo- (5.3.43)
The bounds ([5.3.42)-(5.3.43]) together establish the desired result. [

5.3.3 The restriction operators 7" and 7~
It is often convenient to split the domain Dy into the two parts

Dy = (rmin0), Dy = (0,7max) (5.3.44)
and study the restriction of functions in X to the spaces

X- = Cy(Dy), Xt = Cy(DY). (5.3.45)
In particular, we introduce the operators 7+ : X — XT and 7~ : X — X~ that act as

(=N = f@), t € Dx. (5.3.46)

Moreover, for a subspace F C X we let 7Tj—§ and 7 denote the restrictions of 7 and 7~
to F. We obtain some preliminary compactness results below, leaving a more detailed
analysis of these operators to
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Proposition 5.3.10 (cf. [I33] Thm. 4.4]). Assume that (HA), (HK) and (HH) are
satisfied. Then for every T € R, the operators 7T'P(T) Q(T) 7TA( ) and 71'@(7_) are all
compact.

Proof. Suppose first that rpi, = —oo and fix 7 € R. Let {¢,},>1 be a bounded
sequence in 13(7') and write {x,,}»>1 for the corresponding sequence in 73(7') that has
(n)r = ¢pn for each n > 1. After passing to a subsequence, the exponential bound
(5.2.38)) allows us to obtain the convergence x,, — z uniformly on compact subsets
of (—o00,0]. For any ¢ > 0, we can use (5.2.38) to pick L > 1 in such a way that
|z (t)| < § and hence |z(t )| < § holds for all + < —L. The uniform convergence on
[—L, 0] now allows us to pick N >> 1 so that |z, () —z(t)| < e forallt <0and n > N.
In particular, {x,},>1 converges in X, which shows that T5 ) is compact.

The case where ry, > —oo can be treated as in the proof of [133, Thm. 4.4] and
will be omitted. The compactness of 7% ") follows by symmetry. Finally, the operators

— + . . . . . —
Tp(r) and To(r) 1€ compact since they are finite-dimensional extensions of TB(r) and
775 ) respectively. ]

The second part of Corollary [5.3.11| below references the subpaces P(£o0) C X and
Q(£o00) C X, being the spaces corresponding the limiting equations (5.2.11) with the

decomposition given in ([5.2.40)). Since the systems ({5.2.11) also satisfy the conditions
(, ( and (, we can apply the results from the previous sections to the
subspaces P(+o00) and Q(+00).

Corollary 5.3.11 (cf. [133, Cor. 4.11]). Assume that (HA)), (HK]) and (HH) are
satisfied and let {dn}tn>1 and {Yn}n>1 be bounded sequences, with ¢, € P(r,) and

Yy € P(19) for each n > 1. Suppose furthermore that 7, — 79 and that the sequence
{7 (¢n, — Yn)}n>1 converges in X. Then after passing to a subsequence, the differ-

ences {¢n —Yn}n>1 converge to some ¢ € 13(7'0), uniformly on compact subsets of Dx .

The conclusion above remains valid after making the replacements
{P(1,), P(10),70} = {P(), P(—00), —00}. (5.3.47)
In addition, the analogous results hold for the spaces Q\ and Q after replacing © by
T~ and —oo by +o00.

Proof. For each n > 1 we let y,, € 73(7'n) and z, € 73(7'0) denote the left prolonga-
tions of ¢, and v, respectively. Moreover, we write x,,(t) = y,(t + 7, — 70) — zn(t) for
t <79 + Tmax. Then z,, satisfies the inhomogeneous version of (5.2.1)) given by

i) = Y A(Oan(t+ry) + [ K(E Ot + ) + halt), (5.3.48)
Jj=—00 R
in which h,, is defined by
hn(t) = io: (Aj(t+Tn—To)—Aj(t))yn(t+7‘j+Tn—T0)
j=—o0 (5.3.49)

f( f t+7-n_7—0) (g;t))yn(t+£+7-n_7-0)d€'
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oo
Because x,, satisfies the inhomogeneous equation ([5.3.48), since > ||4jllcc — 0 as
lil=N
N — o0, since sup||K(:;¢)|l7 < oo, and since both y, and z, enjoy the uniform ex-
teR

ponential estimates in Theorem we see that the sequence {z,},>1 is uniformly
bounded and equicontinuous. Hence we can apply the Ascoli-Arzela theorem to pass
over to a subsequence for which z,, — z uniformly on compact subsets of (—o0, 7g].
Moreover, z is bounded and the convergence z,, — z is uniform on D}E + 79 since
{7 (¢n — tn) }n>1 converges in X . However, in contrast to [133] we cannot conclude
that this convergence is uniform on D, since this interval is not necessarily compact.

We see that h,, — 0 in L'(I) for any bounded interval I C (—oo, 7], again using
the limit > [|4jllcc = 0 as N — oo, the bound sup||K(-;t)||5 < co and the fact that
l51=N teR
the sequence {y,},>1 is bounded uniformly on D§. Similarly to the proof of Lemma
we obtain that z : DY — CM is a bounded solution of (5.2.1)) on (—oc, 7o), which
yields z € P(79). Finally, for every w € B we obtain

Tn+Tmax T0+Tmax
0 = S w®Tya®dt — [ w(t) Tz (t)dt
S i T
= [ w®)z,()dt— [ (w(t) —w(t -7, —70)) yu(t)dt  (5.3.50)
7o+ i o
- [ wt)Tz(t)dt,

since w decays exponentially on account of Proposition Therefore we must have
x € P(70) and thus ¢ := z,, € P(7).

The result for P(7,) where 7, — —oo follows a similar proof. We now use the

estimate ([5.2.38)), which is valid for sufficiently small 7. Naturally, the integral compu-
5.3.50)

tation (5.3.50)) is not needed in this proof. The remaining results follow by symmetry. =

5.3.4 Fundamental properties of the Hale inner product

We now shift our focus towards the Hale inner product, which plays an important role
throughout the remainder of the paper. In particular, we establish the identity ,
which requires special care on account of the infinite sums. In addition, we study the
limiting behaviour of the Hale inner product and establish a uniform estimate that
holds for exponentially decaying functions.

Lemma 5.3.12. Assume that (HA]), (HK)) and (HH) are satisfied and fiz two functions
x,y € Cp(R). Suppose furthermore that x and y are both differentiable at some time
t € R. Then we have the identity

%(yt,xtﬁ = yf(t)[Az](t) + [A*y](t)Tz(t). (5.3.51)

In particular, if y € B* and either x € P(1) or x € Q(7) for some T € R, then
%(yt, x¢) = 0 for allt < 7 or all t > 7 respectively.
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Proof. For any t € R we can rewrite the Hale inner product in the form

W = y(O)z(0)— > fy (s =) TA;j(t + 5 — rj)zi(5)ds

j=—0o0 0
— [ [yt (s = r)TK(rst + s — r)ae(s)dsdr
o oo T (5352)
yOTe) = 3 [ yls = 1) Ails —r)als)ds
= s = s = (s

We aim to compute the derivative %(yt, Z¢)t, so the main difficulty compared to [133]
is that we need to interchange a derivative and an infinite sum as well as a derivative
and an integral instead of a derivative and a finite sum. Since we can estimate

o t+rj oo
2 i [ uls )M A(s ()| = X0y A (Bt + 1)

—y(t —rj)TA;(t —r;)z(t)

2/|zllcollylloc D= 145 ()lloc,

j=—o00

IN

(5.3.53)
we see that this series converges uniformly. In a similar fashion we can estimate

t+r

f‘dt f y(s — )T K(r;s — r)a(s)ds|dr

IVONSGORGES

—y(t —r)TK(r;t — r)z(t)|dr
< IIwHooHylloo[SupllK( )l
+sup||/C( —)llz]-

(5.3.54)
We can hence freely exchange a time derivative with the integral and sum in (5.3.53))
to obtain

Lyt a), = ) z(t) + y(t)i(t)
- i": [y TA;()x(t +ry) —y(t —r)TA;(t —rj)x(t)]
fﬂ{y O (r; )z (t + r)dr — H{y(t — )t — r)x(t)dr]
=y (O)[Az](t) + [A*y] () Tz (t).
(5.3.55)

The final statement follows trivially from (5.3.51]). [

A

Lemma 5.3.13. Assume that (, (I—@ and (f@ are satisfied and fix two functions
z,y € Cp(R). Suppose furthermore that y(t) decays exponentially as t — co. Then we
have the limit

lim (yt, x); = 0. (5.3.56)

t—o0
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The corresponding estimate holds for t — —oo if y(t) decays exponentially as t — —oo.

Proof. Pick 0 < B < 7) and K > 0 in such a way that |y(t)| < Ke Pt for t > 0.
Upon choosing a small ¢ > 0, we first pick N € Z>; in such a way that the bound

> riAi(s —ri)lllzllsollyllos + J rK(ris = r)llzllocyllocdr < §
[jl=N+1 (—00,—N]U[N,00)
(5.3.57)

holds for all s € R. We pick "> N in such a way that also T' > max{|r;| : =N < j <
N} and that we have the estimates

wlm

QI IEZ|S <

N
Ke? 50 el ds(s) o)l
J==

Ke Pt fivN Pl ek (r; s — 1) ||| sodr

(5.3.58)

IN
2l

IN
o

for all t > T and all s € R. In particular, we can estimate

t+r;

[ y(s = )T A;(s — ry)a(s)ds|
[e%¢] t
t+r;

| [ y(s—r;)TAj(s —rj)a(s)ds|
! 00 t+r;

+ X | [ yls—r)TA(s —rj)a(s)ds|

\JI N+1

sup Z Kmax{e™?, e 0=} r; Aj(s — 1)) ]2 o
seER j=—N

I
J

le 138

(5.3.59)

IN

o0

+sup 50 [rA;(s —ry)lllzfleolylloo
SER |j|= N+1

IN

Ke Pt sup Z 65“'\7’] i(s =rilllellee + §
SGR]_—
< 3

for any ¢t > T. In a similar fashion, we obtain the estimate

o+

+7r
[ y(s —r)IK(r; s — r)a(s)ds|dr
¢

IQ =

e,

|
N  t+r )
= 7{\[‘ Lt[ y(s—r) K(T;S—T)w(s)ds|dr (5.3.60)
t+r
+ [ yls=n)IK(rs = r)a(s)ds|dr
(—o00,~N]JU[N,00) t

INA
wlm
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for ¢ > T. The representation (5.3.52) now allows us to estimate

t+7‘j

[y a)el < ly@lla@®)]+ X | f ly(s — 1)1 Aj(s — rj)a(s)|ds|
]——oo
+/ T s = )15 — Pya(s)|ds]ar (5.3.61)
<yt )lelloo +1'1 + 1,
< g
for any ¢t > T, as desired. n

Lemma 5.3.14. Assume that (HA), (HK]) and (HH) and (HKe1)) are satisfied. Suppose

furthermore that rmi, = —o0o and consider a pair of constants (Ko, ag) € RZ,. Then
there exists a positive constant B > 0 so that the estimate

[($ym0)ol < Bll¢llsollyrlloce™" (5.3.62)

holds for any 7 > 0, any ¥ € Y and any y € Cy(DS) that satisfies the exponential
bound

ly(t) < Koe TV |y, |, t<T. (5.3.63)

Proof. Recall the constants (Kexp, @, p) € RS from Lemma By lowering o
and increasing Kexp if necessary, we may assume that o < ag and Kexp > Ko. A first
crude estimate yields

|5 Jatsmrpasters -] < el 1400 [

j=—000 Jj=—00
(5.3.64)
Splitting this sum into two parts and using the decay (5.3.63]), we obtain the bound

5 14,0 Vool fo()ds| = 5 14;0)llne] [ w(s) (S)ds| + 5 1450 ||oo;f|y<s>|ds

== 0 T <T 0 r7 T
= S FVOT R AP Ofe—a =9)ds|
L 3 1450l ol
<5 1A Olloe Ko [l oo L[5~ — ¢=o]

+Kexpe ™ [[yolloo

oo
< KeXpHyTHOOée_O‘T Z HAJ'(')HOO+KeXp€_2aTHyr||om

j=—00
(5.3.65)
where we used ryin = —00 to conclude ||yolloo < ||Yr|loo- A similar computation for the

convolution term yields the desired bound (5.3.62]). ]
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5.3.5 Exponential splitting of the state space X

In the remainder of this section, we set out to establish Proposition [5.3.3] and com-
plete the proof of Theorem [5.2.5] In particular, the main technical goal is to establish
the identity . We start by considering the inclusion X (7) C S(7), which will
follow from Proposition and the closedness of S(7). In particular, we show that
CY(Dx) N X*(7) is contained in S(7).

Again, the main complication is that the derivatives of functions x in this subset
need not be bounded, which hence also holds for Axz. However, we do know that & — Ax
is bounded, which allows us to use a technical splitting of x to achieve the desired
result. In order to establish the consequences of this splitting, we will need to exploit
the fundamental properties of the Hale inner product from

Lemma 5.3.15. Assume that (HA)), (HK|) and (HH) are satisfied. Fiz T € R and pick
a differentiable function x € Cy(R) N CH(R) with ¢ := x, € X+(7). Recall the operator
A from , write h = Ax and consider the functions h— and hy given by

R (I A S

Then there exists a decomposition x = x_ + x4 with x_,x, € Co(R)NCY(R) for which
we have the inclusions

h_ —Az_ € Range(A), hy —Azy € Range(A). (5.3.67)

Proof. We choose the decomposition z_ + x4 = x with 1 € Cy(R) N C*(R) in
such a way that x_ = 0 on [7 4+ 1,00), while z; = 0 on (—oo,7 — 1]. Although the
derivative of x_ need not be bounded on (—oo, 7], while the derivative of x; need not
be bounded on |7, 00), we do claim that

h_—Ax_ € L®[R), hy—Az, € L®(R). (5.3.68)

To see this, we note that by construction Az~ is bounded on [r,00), while Az is
bounded on (—oo, 7]. In particular, hy — Az™ is automatically bounded on (—oo, 7].
On the other hand, for ¢ > 7 we may compute

he(t) - [Aas](t) = (1) - [Aa)(t) + [Aa_)()) = [Az_](0), (5.3.69)
which shows that hy — Az, is also bounded on [7,00). The claim for z_ follows by

Symietry.

We now set out to show that hy — Az, € Range(A) by exploiting the characteriza-
tion (5.2.19)). In particular, pick any u € B* and consider the integral
o0

Z = [ ut)[he(t) — (Azg)(t)]dt

— 00

= Ju! [ () — e )@]de+ [ (o) [he(o) — (Azy)(0)]dr
= It+7I.

(5.3.70)
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Exploiting (5.3.69) we obtain

TH = Ju®i[i()— % A (t+r5) — [K(E )z (t+E)de]dt
A I=m R (5.3.71)

= ) [Ae_)()dt.

Since A*u = 0 we can immediately exploit the fundamental property of the Hale inner
product from Lemma [5.3.12] to obtain

It = [u@)[Azx_](t)dt

(u(t)T[Ax,](t) + [A*u](t)x,(t)) dt

giu’s (@=)e)edt
- tli¥£10<“tv (x)e)e — (u, (2-)r)r
= —<’LLT, ($7)7>T'

The final equality follows in consideration of Lemma [5.3.13] since the function u € B*
decays exponentially on account of Proposition In a similar fashion, we obtain

(5.3.72)

I
g g g

I = =W, (x4)r)r- (5.3.73)

As such, we can use ¢ € X(7) to compute

I = I+ = —(W,z), = —W,¢), = 0. (5.3.74)
The identity (5.2.19)) now yields the desired conclusion. [

Proof of Proposition [5.3.3 Inspecting the definition of the Hale inner product
, we readily see that the map ¢ — (1, @), is continuous for any 7 € R and any
¢ € B*(7). In particular, the space X+ (7) is closed and has finite codimension in X.
We now write

& = CY(Dx)NX(r) (5.3.75)

and note that € is indeed dense in X*(7) by [I33, Lem. 4.14]. Pick any ¢ € £ and
extend it arbitrarily to a bounded C* function z : R — CM that has 2, = ¢. Recalling
the functions hy and x4 from Lemma we use this result to find a function
§ € Wb that has Aj = hy — Azy. Writing y = § + 24 € Cy(R), we see that

[Ayl(t) = he(t) (5.3.76)

which vanishes for ¢ < 7. In particular, we have y € P(7). In a similar fashion, we can
find a function z € Q(7) with Az = h_.

Writing w = 2z — y — z € C3(R), we readily compute

Aw = h—hy—h_ = 0, (5.3.77)



5.3. THE EXISTENCE OF EXPONENTIAL DICHOTOMIES 273

which implies w € B and hence
o = xr = yr+tz,+tw, € P(r)+Q(r)+B(r) = S(7), (5.3.78)

as desired. [ ]

We now turn to the remaining inclusion S(7) € X*(7). As before, we exploit the
fundamental identity ((5.2.28)). Combined with the exponential decay of functions in
P(7) and Q(7), this will allow us to show that both spaces are contained in X (7).

Lemma 5.3.16. Assume that (HA)), (HK)) and (HH) are satisfied. Then for each T € R
we have the inclusion S(7) C X+(7).

Proof. By symmetry, it suffices to show that P(7) C X1 (7). To this end, we pick
x € P(7) and y € B* and note that

e = 0 (5.3.79)

for all ¢ < 7 by Lemma [5.3.12] Since z(¢) is bounded as t — —oo while y(¢) — 0 at an
exponential rate, we may use Lemma [5.3.13| to obtain

Whor)r = lim (Y2 = 0, (5.3.80)

t——o0

as desired. -

The remainder of the proof of Theorem [5.2.5( uses arguments that are very similar
to those in [133]. The main point is that the compactness properties obtained in §5.3.3

allow us to show that ]3(7) and @(T) are closed, which allows the computations above
to be leveraged.

Lemma 5.3.17. Assume that (HA)), (I@ and (HH) are satisfied. Then for each
T € R, the spaces P(7), Q(7), P(T) and Q(T) are all closed subspaces of X.

Proof. Let {¢p}n>1 be a sequence in P(7) that converges in X to some ¢ € X.
Picking 7,, = 7 and 1, = 0 in Corollary then immediately implies that {¢n }n>1
converges uniformly on compact sets to some ngS € ]3(7’) By necessity we hence have
¢ = &, which means that P(7) and by symmetry Q(r) are both closed. This subse-
quently must also hold for the finite dimensional extensions P(7) and Q(7). ]

Lemma 5.3.18. Assume that (HA)), (HK)) and (HH) are satisfied. Then for each T € R
the spaces S(7) and S(7) are closed subspaces of X. Moreover, the decompositions

(5.2-40) hold.

Proof. In view of Proposition [5.3.10] and Lemma [5.3.17] the result can be obtained
by following the proof of [133, Prop. 4.12 & Prop. 4.13], together with the first part of
the proof of [I33, Thm. 4.3]. [
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Proof of Theorem . Every statement except the identity m ) follows from
Lemma and Lemma 5.3.18] In addition, Lemma [5.3.16] yields the inclusion
S(7) ¢ X*(r), while Proposition yields the inclusion D C S(7) for some dense
set D C X+ (7). Since S(7) is closed, we immediately obtain (5.2.41)). ]

5.4 Fredholm properties of the projections Il and
1~
Q

The goal of this section is to understand the projection operators I and H@ associ-
ated to the decomposition . In contrast to the previous section, we can follow
the approach from [133] relatively smoothly here. The main difficulty is that the argu-
ments in [133] often use Corollaryto conclude that certain subsequences converge
uniformly, while we can only conclude that this convergence takes place on compact
subsets. The primary way in which we circumvent this issue is by appealing to the
exponential estimates in Theorem [5.2:4]

As a bonus, we also obtain information on the Fredholm properties of the restriction
operators 7% introduced in §5.3.3] In particular, besides proving Theorem we
also establish the following two results.

Proposition 5.4.1 (cf. [I33) Thm. 4.5]). Assume that (HA)), (HK) and (HH) are
satisfied. Then the operators 77;( ) o ol 7t and = , are all Fredholm for every

™ TP(r Qr
7 € R. Recalling the function B(7) defined in , the Fredholm indices satisfy the
identities

1nd(7rP( )) +ind(rg ) = —M +dim B(7) — 5(7),

())+lnd(ﬂ'@(_r)) = —(M +dimB(7) + 8(7)).

Proposition 5.4.2 (cf. [133, Thm. 4.6]). Assume that (HA|), (HK]) and (HH) are
satisfied. Fiz 79 € R and consider the projections 115 and H@ associated to the decom-

position (5.2.42)). Then we have the identities
) = ind(m
) = ind(m

ind(r (5.4.1)

ind(w
ind(w

() (5.4.2)

>| “u>+

QT)

Moreover, the quantities ind(ﬂ'gm) and ind (7% vary upper semicontinuously with

)
Q(7)
7. In addition, we have the identities

md(wﬁ( )) +dimB(1) = 1nd(7rP(T)) = ind(w;(ioo)),

1nd(7r@( ))+dimB(T) = ind(w ind(m

for sufficiently negative values of T in the first line of and for sufficiently positive
values of T in the second line of .

(5.4.3)

Tom) = Q(s0))>
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We first need to study the projection operators 7™ and 7~ from (5.3.46]) in more
detail. We proceed largely along the lines of [I33], taking a small detour in order to
establish that the ranges are closed.

Lemma 5.4.3. Assume that (HA), (HK]) and (HH) are satisfied. Then the operators
ﬂ'g(T) and Wé(ﬂ have finite dimensional kernels for each 7 € R.

Proof. This can be established by repeating the first half of the proof of [133] Lem.
3.8]. m

Lemma 5.4.4 (cf. [133, Lem. 3.8]). Assume that (HA)), (HK]) and (HH) are satisfied.

Then the operators T~ and ©= _ have closed ranges for each T € R.

P(7) Q(7)
Proof. By symmetry, we pick 7 € R and restrict attention to the operator 7rP "

We fix a closed complement C' C P(7) for the finite dimensional space ker(m% o)

P(’r))’

that ﬁ( ) = ker(wﬁ( )) @ C. We now consider a sequence {¢,}n>1 C C and suppose

that the restrictions v,, = 71'; (T)¢” satisfy the uniform convergence ¢, — ¥ on D%. If
the sequence {¢y, }n>1 is bounded, then an application of Corollary [5.3.11| immediately

yields that ¢, — ¢ € ]3( ) uniformly on compacta, after passing to a subsequence.

This implies that ¢ = 7rA d) and thus ¢ € Range(wﬁ( )) as desired.

Let us assume therefore that ||¢n||es T 00 and consider the rescaled sequence ¢, =
|#n ||t drn, which satisfies

”E(T)&" = |I¢nlltn — 0 (5.4.4)
uniformly on D}. We may again apply Corollary [5.3.11| to obtain qgn — gzNS € ﬁ(T)
uniformly on compacta, with 77¢ = 0. In contrast to the setting of [133, Lem. 3.8],

this convergence is not immediately uniform on the (possibly unbounded) interval Dy
On account of Proposition [5.3.10, the operator W;(T) is compact, so we can pass to yet

another subsequence to obtain the limit QNSn — q~$ uniformly on Dy. As such, (;)n — ¢~>
umformly both on Dy and on D %> So the convergence is umform on Dx. Moreover,

;( )gb =0, so (b € ker(wA( )). Since the convergence d)n — ng is uniform on Dy we
get ||¢||OO =1, as ||énlloo = 1 for each n. However, C' is closed and én € C for each
n, so ¢ € C. Therefore, ¢ is a nontrivial element of ker(ﬂ'l3 ") ) N C, which yields a

contradiction. -

Proof of Proposition- The proof is identical to that of [133, Prop. 4.12] and, as
such, will be omitted. It uses Theorem [5.2.5] together with Lemmas [5.4.3] and [5.4.4]

Lemma 5.4.5. Assume that (HA), (HK) and (HH) are satisfied. Fiz 79 € R and
consider the projections Il 5 and H@ associated to the decomposition (5.2.42)). Then for
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T sufficiently close to Ty, the restrictions
II;: P(r) — Hp(P(r)) C P(r),

. _ _ (5.4.5)

I5:Q(r) — I5(Q(1)) € Q7o)
to the subspaces 13(7') and @(T) are isomorphisms onto their ranges, which are closed.
Moreover, we have the limits

lim HI Hp|p(7-)|| = 0, TILIEIOHI HQ|Q(T ” = 0, (5.4.6)

T—T0

in which I denotes the inclusion of P(t) or Q(7) into X.

Proof. By symmetry, we only have to consider the projection IIs. In order to
establish the limit (5.4.6), we pick an arbitrary bounded sequence {d)n}n>1 that has

¢n € P(7,) and 7, — 7. Using the decomposition (5.2.42)), we write
Sn = pot+Unton, (5.4.7)

with p, € ﬁ(ro), vy € @(To) and o, € I' for each n. Then each of the sequences
{pn}tn>1, {¥n}tn>1 and {0y }n>1 is bounded. It is sufficient to show that ¢, — p, — 0
for some subsequence. Note that this also establishes the claim that the restriction in
(5.4.5) is an isomorphism with closed range.

By Proposition and the finite dimensionality of I', we can pass over to a
subsequence for which both {7% . Y tn>1 and {0, bu>1 converge. As such, {7+ (¢, —
) > >

Pn) }n>1 converges, so Corollary |5.3.11f implies that ¢, — p, = ¢ € ]3(7'0) uniformly on
compact subsets of Dy after passing to a further subsequence. In particular, we obtain

the convergence v, + 0, — ¢, uniformly on D} and uniformly on compact subsets of
Dy.

If 7min # —o0 then the convergence ¥, + 0, — ¢ is in fact uniform on Dy, allowing
us to follow the approach in [I33]. In particular, we obtain ¢ € (QTO ®T)n PT0 and
hence ¢ = 0 as desired. Assuming therefore that rp,;, = —00, we use the convergence of
{0 }n>1 to conclude that 9, — ¥ uniformly on D} and uniformly on compact subsets
of (—00,0]. For any n > 1 we write y,, € @(TO) for the right-extension of v, i.e.,
¥n = (Yn)ry- Using the uniform estimates in Theorem for large positive ¢, we can
use the Ascoli-Arzela theorem to pass to a subsequence that has y,, — y, uniformly on
compact subsets of R. Necessarily we have

Yyro(t) = (1), t € (=1, rmax)- (5.4.8)

Since 1, — 1 uniformly on D % it follows that v, — y uniformly on 79 + D}. We
can hence follow the proof of Lemma |5.3.7| “ to see that y is a solution of - on
[70,00) and therefore 1) € Q(7y). Similarly to the proof of Corollary [5.3.11] we even get
¥ € Q(r). This yields ¢ € (Q(Tg) ol)n P(70) and therefore ¢ = 0. L]
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Proof of Theorem . The first statement and (5.2.45)) follow from Lemmam
while the lower semicontinuity of dim B(7) and S(7) and the limit in (5.2.47)) can be
established in a fashion similar to the proof of [I33] Thm. 4.6].

It remains to show that (5.2.46) holds. Following [133], it suffices to find a bounded
function y : R — CM that satisfies the inhomogeneous system

gt = S AD@ylt+ry) + [ KO EDy(t+ €)dg + hO(1), (5.4.9)
R

j=—o0

in which we have introduced the coefficients

i Ai(t+7), t <0, . K&t + 1), t <0,

A; )(t) = {AJ(—OOS t>0, Kt )(E;t) = {]C(f _007). t>0,
J P b )

(5.4.10)

together with the inhomogeneity

o]

W) = 3 (A5(1) — Aj(—o0))a(t +r5) + [ (KT(&1) — K(& —o0))a(t + £)dE.
j=—00 R
(5.4.11)
This can be achieved by following the same steps as in [133], but now using the proof
of [68, Lem. 3.1 (step 3)]E| instead of the results in [130]. L]

Proof of Proposition . The proof is identical to that of [133], Thm. 4.6] and, as
such, will be omitted. It uses Theorems and [

5.5 Exponential dichotomies on half-lines

In this section, we adapt the approach of [104] to obtain exponential splittings for
(5.2.1) on the half-line [0,00). The main idea is to explicitly construct suitable finite-
dimensional enlargements of P(7) for 7 > 0. The extra functions {y,)}->0 satisfy
5.2.1) on [0, 7], but not on (—oo,7]. In fact, we will exploit the fundamental identity
5.2.28) to guarantee that the segments {(y(-))-} are not contained in S(7).

In order to achieve this, we need to construct inverses for the Fredholm operator
A restricted to half-lines. In the ODE case one can write down explicit variation-of-
constants formula’s to achieve this, but such constructions are problematic at best in
the current setting. Instead, we follow [104] and solve Az = h by appropriately modi-
fying h outside the half-line of interest in order to satisfy (y,h)r2 = 0 for all y € B*.
In order to ensure that such a modification is not precluded by degeneracy issues, we
need to assume that ( holds.

3The matrices AT and K7 need not be continuous, while in [68] the coefficients are assumed to be
continuous. However, the continuity is not used in the parts of the proof that are relevant for us.
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The main complication in the setting rp;, = —oo is that this modification of h
is visible directly in the equation satisfied by z, rather than only indirectly via the
Fredholm properties of A as in [I04]. This raises issues when using a standard boot-
strapping procedure to obtain estimates on @. Naturally, the unbounded shifts also
cause technical problems similar to those encountered in but fortunately the
same tricks also work here.

Remark 5.5.1. In fact, in this section it suffices to assume a weaker version of the
nontriviality condition ( In particular, we do not need the condition that each
nonzero d € B vanishes on the intervals (—oo, 7] for 7 < 0 or [r,00) for 7 > 0. This
is because the formulation of Theorem references the specific half-line RT, rather
than arbitrary half-lines.

5.5.1 Strategy

In order to ensure that the spaces we construct are invariant with respect to 7, we need
to slightly modify the 7-dependent normalization condition used in ([5.2.35)). Indeed,
upon writing

= {xeP(1)] fmm(ﬂrrma" 0) y(t)Tx(t)dt = 0 for every y € B},
{z € 9(r) | fmax(rwmmo) y(t)Tz(t)dt = 0 for every y € B},
= {¢pe X | ==z, for some z € P(1)},

)
Q(r) = {¢pe€X|¢=ux, for some z € O(1)},

Bl

T

(7)
(1)
P(r)
(

[\

(5.5.1)

we see that the upper bounds for the defining integrals are now constant for 7 > 0 and
7 < 0 respectively. In view of the nontriviality assumption (, all the conclusions
from the previous sections remain valid for these new spaces. In particular, we have
the following result.

Corollary 5.5.2 (cf. [104, Prop. 4.2]). Assume that (HA), (HK]), (HH) and (HKer))
are satisfied. Recall the spaces S(7) from Theorem . Then we have the direct sum

decomposition } 3
S(r) = P(r)®Q(r)® B(r) (5.5.2)
for any T € R.

Our first goal is to find an explicit complement for the space S(7) in X. In view
of the identification S(7) = X*(7), we actually build a duality basis for B*(r) with
respect to the Hale inner product; see (5.5.3)).

Proposition 5.5.3 (cf. [104] Lem. 4.3]). Assume that (, (HK), (HH) and (HKer))

are satisfied. Write ng = dim(B*) and choose a basis {d" : 1 < i < ng} for B*. Then
there exists a constant ro > 0, together with a family of functions yfT) € Cy(DY),
defined for every T > 0 and every integer 1 < i < ng, that satisfies the following
properties.

(i) For any 7 > 0 and any integer 1 < i < ng we have [AyéT)](t) = 0 for every
t € (00, —ro) U0, 7].
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(i) For any 0 <t <7 and any pair 1 <1i,5 < ng we have the identity

((d")?, (yg.,_))t>t = 0. (5.5.3)

(iii) For any fized constant t > 0 and fized integer 1 < i < ng, the map 7 (yET))t 18
continuous from the interval [t,00) into the state space X.

(iv) For any triplet 0 <t <71 < 19 and any integer 1 < i < ng, we have the inclusion

[Yir) = Yirn), € P(2). (5.5.4)
(v) For any 7 > 0 and any integer 1 < i < ng, the integral condition

12 bty ®dt = 0 (5.5.5)
holds for all b € B.

Upon using the functions in Proposition [5.5.3] to introduce the finite-dimensional
spans

V() = span{y{,}"), Y(r) = span{(y},)-}."), (5.5.6)
we can now define the spaces R(7) and R(7) that appear in Theorem by writing
R(t) = P @Y(r), R(r) = P aY(r). (5.5.7)

The identities in ((5.5.3)) show that the dimension of the space Y (7) is precisely ng.
Moreover, in combination with Theorem they yield

S(rynY(r) = {0}, (5.5.8)
which means that we have the direct sum decomposition
X = P(neY(n)eqQ(r) (5.5.9)

for any 7 > 0.

Our final main result here generalizes the exponential decay estimates contained
in Theorem to the half-line setting. The main obstacle here is that it is more
involved to control the derivative of functions in Y(7), preventing a direct application
of the Ascoli-Arzela theorem. Indeed, these functions have a nonzero right-hand side
on the interval [—ro, 0] when substituted into (5.2.1).

Proposition 5.5.4 (cf. [104, Prop. 4.4]). Assume that (HA]), (HK), (HH) and (HKer))

are satisfied. Then for any T > 0, every function x € R(7) is Ct-smooth on (—oco,7].
In addition, there exist constants Kqec > 0 and o > 0 in such a way that for all 7 >0
and all t < 7 we have the pointwise estimate

‘$(t)| + |l‘(t)| < Kdeceia(Tit)HxTHoo (5510)

for every x € R(T).
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5.5.2 Construction of Y(7)

In order to construct the functions {y } from Proposmon | we will use the freedom
we still have to choose complements for the range and the ernel of the operator A.

Lemma 5.5.5 (cf. [104, Lem. 3.4]). Assume that (HA)), (HK), (HH) and (HKer)) are
satisfied and fix T € R. Write ng = dim(B*) and choose a basis {d* : 1 < i < ng} for
(7)

B*. Then there exists a constant vy’ > 0, together with functions

{$r) 11 <i<na} CClr,7 107, {{r) 1< i< na} CGylr - “({)’T] )
5.5.11
that satisfy the identities
T+r((JT)
f dz( ) ¢(7—)() = 5i,jv
(5.5.12)
Jodwil,md = 6y
T— T(T)
for any 1 <1i,j < ng, together with
Y _ 4 (7)
0 = (T)(T) = ( )(7'+7’ ), (55.13)
0 = ?T)(T - T(()T)) = (T) (1),

forany 1 < j < ngy.

Proof. By symmetry, we only consider the construction of the functions {1/1%7_) 1<
i < ng}. We first note that the restriction operator

B* = Cyl—ry” +7,7],  de dl_, (5.5.14)

)+‘r 7]

is injective for some r(()T) > 0. This follows trivially from ( and the fact that B*

is finite dimensional.

Let us denote [-, -], for the integral product
[V, ¢, = f( ) P(t)To(t)dt. (5.5.15)
T— TOT

Consider any set of functions {1’ : 1 <i < ng} C Cy[r — r((f), 7] with
0 = Pi(r—r") = Pi(r), (5.5.16)

for which the ng x ng-matrix Z with entries Z;; = [di|[7r(7)+7 7 ﬁj]T is invertible. This
0 s

is possible on account of the linear independence of the sequence {di|[7r<7> b 1<
0 )

i < ngq}. For any integer 1 < j < ng we can now choose

P ndg .
n = kglzkjlwk. (5.5.17)
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By construction, we have ’(/Jj (T - r((JT)) = ng)(T) = 0 and we can compute

Jod@il,md = [0, ]

Ty

_ W T

B k; Zij {d”[fré%r,r]”/’ L (5.5.18)
ng

= Y Z' Zu
k=1

= 0ij

for any 1 <i,j5 < ng, as desired. m

Lemma 5.5.6 (cf. [104, Pg. 13]). Assume that (HA), (HK), (HH) and (HKe1)) are

satisfied and fix T € R. Then there exist bounded linear operators

A_T_}T : L ([r,00); CM) — WLe(D%;,CcM),

1 (5.5.19)
AL L((—o0, 7 CM) 5 Wh(DE;CM)
with the property that the identities
AALA®) = f(t), t>T,
- (5.5.20)

[AAZLgl(s) = g(s) t<T
hold for f € LOC([T, oo);(CM) and g € LOO((—OO,T];(CM).

Proof. By symmetry, we will only construct the operator A_T_}T. We write R =
Range(A) and K = B. Let Rt and K= be arbitrary complements of R and K respec-
tively, so that we have

Whe(R,CM) = KoK+, L*(R;CM) = R®R*. (5.5.21)

Let 7 and 7z denote the projections corresponding to this splitting. Then A : K+ —
R is invertible, with a bounded inverse A~! € L(R, K+).

We let T(T) > 0 and {1/)2 : 1 <4 < ng} be the constant and the functions from

Lemma 5| for this value of 7. For 1 < i < ng we write g( ) € L>=(R; CM) for the

function that has g(T) = Q/J(T) on [— 7“(() )41, 7], while g(T) =0 on (—oo, —r,g )+T)U(T, 00).
Since we have ng) ¢ R for 1 < i < nyg by Proposition and these functions are

linearly independent, we can explicitly choose the projection w1 to be given by

rrif = ii[f_ di()t f(t)dr] g, (5.5.22)

Upon writing 1(; ) for the indicator function on [7,00), we can define the inverse
of A on the positive half-line |7, 00) by

A7LF = A lnplp e f (5.5.23)
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By construction, we have ng)(t) =0forallt>7andall 1 <i<nyg. Assuch, we

have [Tr1 L 00)f](t) = 0 for any ¢ > 7 and any f € L*([r,00); CM). Hence a short
computation shows that we have

for t > 7 and f € L>([r,00); CM), as desired. n
For notational convenience, we write

ro = 1", o= P, (5.5.25)

for the constant and functions obtained in Lemma, for 7 = 0. As in the proof of
Lemma we also write g* € L (R; CM) for the function

‘ Pi(t), t € [-rp,0]
g'(t) = (5.5.26)
0, t € (00, —1o] U [0, 00).

On account of the identity (5.5.13), we note that the function ¢ is continuous.

Proof of Proposition . For any k € Z>, we write A:lk for the inverse operator

constructed in Lemma [5.5.6| for the half-line (—oo, k], together with yfk) = A:_lkgi.
Assumption ( implies that any basis of B remains linearly independent when

restricted to the interval (—oo,0]. As such, we can add an appropriate element of B to
Y(x) to ensure that the integral condition (5.5.5) is satisfied. For any integer 1 < j < ng,
Lemma |5.3.12[ and the exponential decay of the function d? allow us to compute
j i t j i
<(d])ta (y(k))t>t = f,oo a’ (S)T [Ay(k)} (s)dt

— (Y @i(s)g 5.

= f_m di (s)Tgi(s)ds (5.5.27)

= &
for any 0 < ¢t < k. We now pick a continuous function x : [0,00) — [0, 1] that is zero
near even integers and one near odd integers. Upon defining

Yy = XCYm+ 1= XY, a9 (5.5.28)

in which [7] denotes the closest integer larger or equal to 7, it is easy to see that
properties (i) through (v) are all satisfied. ]

5.5.3 Exponential decay

We now focus on the exponential decay of functions in )(7), noting that Theorem
already captures the corresponding behaviour for functions in P (7). The technical is-
sues that we encountered during the proof of Theorem [5.2.4] persist in this half-line
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setting. In particular, we need to control the behaviour of functions in Y(7) on a left
half-line and a right half-line at the same time.

In addition, in the proof of the corresponding result in [I04], the authors were ex-
plicitly able to avoid the region where AyfT) is nonzero when considering the states

(sz))T. This is of course no longer possible in our setting when |rpi,| is infinite. As

such, we need to control the value of AyET) in a more rigorous fashion.

Our first result can be see as the analogue of Lemma but now the goal is to
obtain estimates on Ay, for bounded sequences {y, € Y(7,)}. As a preparation, we
recall from the proof of Proposition that the identity

na
Ay = _;g%(d")o,ywo (5.5.29)
holds for y € Y(7). In addition, we recall the constants p > 0, Kexp > 0 and a > 0

introduced in Lemma [£.3.1]
Lemma 5.5.7. Assume that (HA|), (HK), (HH) and (HKe1)) are satisfied and let

{on}n>1, {Un}tn>1 and {7, }n>1 be sequences with the following properties.
(a) We have o, > 0 for each n, together with o, T oc.
(b) We have yy, € Y(7,) and 1, > 0 for each n.
(¢) For each n > 1 we have the bound
lyn(—om + 1) > 3, (5.5.30)
together with the normalization

sup |yn(s)] = 1. (5.5.31)
S€(—o00,Tn+p]

(d) If rmax = 00, then we have the additional bound

[Yn(=0m +70)| > Kepe® ot sup  e= |y, (s)]. (5.5.32)
SE[p+7n,00)

(e) The limit —o,, + 1, — Bo holds for some 5y € R.
Then the set of scalars {{((d")°, (yn)o)o} is bounded uniformly forn > 1 and 1 < i < ng.

Proof. Suppose first that rp,x = co. Fixing n € Z>; and 1 < ¢ < ng, we can use
the bounds ([5.5.30)) and ([5.5.32)) to estimate

(@, adobol < 1O ()] + | 5 f57 (s = 1) A5 (5 = 1)y (5)ds|

+’ fR for di(s —r)TK(r;s — T)y(s)dsdr‘
< |di(0)] + Sy(i,n) + Sa(i,n) + Ss(i,n)

+Il(i, n) + Ig(i, TL) + Ig(i, TL),
(5.5.33)
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in which we have defined

Si(i,n) = <Z+ | o7 di(s —r;)TAj(s —r;)ds|,
r; <p+Tn
. +Tn i
Sa(i,n) = >Z+ | Jo T di(s = 1) T Ay (s — 1) (5.5.34)
Tj>PTTn
Sa(i,n) = X |01, di(s =) A(s — ) Epen e ds|,
T >p+Tn "

together with the corresponding expressions I3 (i,n), I2(i,n) and I3(i,n) related to the
integrals involving K.

We easily obtain the bounds

|S1(i,n)| < max1<k<nd . |fg] |d¥(s —7;)TAj(s —r; |d8|

|S2(i,m)] < maxi<k<n, 72>:p fo |d¥ (s — T])TA (s —7j)lds, (5.5.35)
[I(i,n)] < maxicren, fg | fo [d¥(s — r)TK(r; s — r)|ds|dr,

|L(i,n)] < maxi<gp<n, fpoo I 1dR (s = r)TK(ry s — 7)|dsdr,

which are uniform in ¢ and n. Turning to the remaining expressions, we pick a small
€ > 0 and assume that n is large enough to have |8y + o, — 7| < €. This allows us to
estimate

|S3(i,n)‘ < Ke—xi)ea(an—m) Z ||Aj||oo|7"j|€arj”di‘|oo
rj>ptTn )
< Koqe® 0 Kogpe 20t m)||di| (5.5.36)
< e_2a(p+7n)eaﬁ0+asmaxlfk§nd||dk||o<>a

with a corresponding bound for I3. In particular, both S5(i,n) and I3(i,n) converge to
0 as n — o0, so they can be bounded from above uniformly in ¢ and n.

In the case where r,.x < 00, we can repeat this procedure with p = rya.c. The
quantities S3(i,n) and I5(i,n) are identically zero in this case. ]

Lemma 5.5.8. Assume that (, (@, (1—@) and ( are satisfied and suppose

that rmax = 00. Then for each T > 0 and each y € Y(7) we have the bound

ly(t)] < max{% sup  |y(s)|, Kexp sup e‘a(s_t)\y(s)\}, t<—o+T.

s€(—o0,7+p] sE€[p+T,00)
(5.5.37)
If rmax < 00, then the same statements hold with replaced by

SE€(—00, T+ max)

Proof. Arguing by contradiction, let us consider sequences {0y, }n>1, {Tn}n>1 and
{yn}n>1 that satisfy properties (a)-(d) in Lemma If the sequence {—oyp, + T Fn>1
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is unbounded then we can follow the proof of Proposition to arrive at a contra-
diction, since the interval [—rg, 0] on which Ay, might be nonzero gets ‘pushed out’
towards +oo.

Suppose therefore that —o, +7, — By € R, possibly after passing to a subsequence.
Combining Lemma [5.5.7] with (5.5.29) shows that {Ay,},>1 is uniformly bounded,
which allows us to apply the Ascoli-Arzela theorem to conclude that 3, — v, uniformly
on compact subsets of R. A computation similar to the proof of Lemma [5.3.7| shows
that [Ay.](t) = 0 for every ¢ > 0, since the functions g* vanish for these values of .
In particular, we must have (y.)o € Q(0). On account of Theorem we obtain
(y«)o € X+(0), which yields

(@)% (y)o)o = 0 (5.5.39)

for each 1 <14 < ng. In view of (5.5.29) this means that Ay, — 0 uniformly on every
compact subset of the real line. In particular, we must have Ay, = 0 on the entire
real line, which implies that y, € B. However, this contradicts the integral condition
(15.5.5). n

Lemma 5.5.9. Assume that (HA), (HK]), (HH) and (HKer)) are satisfied. Then there

exists C > 0 so that for all 7 > 0 and all y € Y(7) we have the bound
lvllc,ipey < Clyrllos- (5.5.40)

Proof. The bound is in fact an equality with C = 1 if rp;, = —oo.
Hence we assume that ry;, > —o0o. Arguing by contradiction, we can pick sequences
{Yn}tn>1, {Tn}tn>1 and {Cy}n>1 with C,, — oo with 7,, > 0 and y,, € Y(7,,) for each n
in such a way that we have the identity

||yn||Cb(D9n) = Cn”(yn)‘r" o = L (5.5.41)

If the sequence {7, }»>1 is unbounded we can follow the first half of the proof of Lemma
(3.8 to arrive at a contradiction.

Hence we suppose that, after passing to a subsequence, we have 7,, — 7, > 0. Since
the bounds on the functions {y,},>1 are stronger than those in (5.5.30) or (5.5.32),
we can repeat the procedure from Lemma [5.5.7) to conclude that vy, — y. uniform
on compact subsets of (—oo,7.]. For each n > 1 we pick s, in such a way that
|yn(—=8n + 7)| = 1. On account of Lemma [5.5.8] the set {s,}n>1 is bounded. Hence,
we obtain that

y«(t) # 0, for some t € (rmin + Tw, 0 + Tx). (5.5.42)

In addition, we have (y,),, — 0 uniformly as n — 0o, so we even obtain that y, — .
uniformly on D;r( + 7o If Pax < 00, we set y. = 0 on (rmax + 7x,00). In particular,
we have (y.)r, = 0 and thus [Ay.](¢t) = 0 for any ¢ € [ry,00). Moreover, we have
[Ay.](t) = 0 for any t € [0, 7], since Ay, is zero for these values of ¢ for each n € Z>1.
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This means that y. € Q(0) and, as before, this yields a contradiction. [ ]

Proof of Proposition[5.5.4) Using Lemmas and [5.5.9] we can extend the proof
of Theorem to also include functions in V(7). As such, for all 7 > 0 and = € R(7)
we have the pointwise estimate

lz(t)] < Kaece T2 0o, t<T. (5.5.43)

The exponential decay of & for = € ]3(7') follows directly from Theorem Let us
therefore consider an arbitrary y € Y (7), which satisfies the exponential bound ([5.3.63)).
Recalling the constant B > 0 from Lemma [5.3.14] we write

o0

C = 3 40 +sup[K(;8)las
i e IR (5.5.44)
B = Be““;l\(dz)o\\ml\gillw
Recalling the bound (5.3.62) and the identity ([5.5.29)), we obtain that
ng o
|Ayl(t) = !Zlgl«d’)o,ydol
1=
nq
< 7 oo dl 0’
< Slg ol o)l 5545
<

nqg X .
B Zl||gllloo||(d’)°||oo||y7||oo€’“
= ~
< e TIByr o

for any —rg <t < 0. Since gi(t) = 0 for t > 0 and ¢ < —rg and since g’ is continuous,
we see that (5.5.45)) is, in fact, valid for any ¢ < 7. As such, we immediately obtain

90 < Kaeee 0 (C 4+ B) el t<r (5.5.46)
for any 7 > 0 and any y € V(7).

For the final statement we first recall the identity (5.5.29). Since the coefficients
A;(t) and K(-;t) depend continuously on ¢ and since the functions g’ are continuous,

the identity (5.5.29) yields that & is continuous on (—oo, 7] for any « € R(7) and any
72> 0. u

5.5.4 Projection operators

In order to complete the proof of Theorem [5.2.8] we need to consider the behaviour of
several projection operators. In particular, we recall the splitting

X = P(o0)® Q(0) (5.5.47)
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corresponding to the hyperbolic limiting system (5.2.11f) at 400, together with the

notation ﬁp and ﬁ@ for the projections onto the factors P(o0) and Q(c0). In addition,
we recall the decompositions

X = R(n)eQ(r) = PreY(r)eQ(n), >0 (5.5.48)

obtained above in this section and write II P(r)> [y (r) and Il ;) for the corresponding
projections.

Our first result can be seen as a supplement for the bound ([5.2.47) in Theorem
Indeed, together these bounds allow the full structure of the two decompositions
above to be compared with each other for 7> 1.

Lemma 5.5.10 (cf. [104, Lem. 4.5]). Assume that (HA|), (HK]), (HH) and (HKer))

are satisfied. Then we have the limit
Tim |7 — Hplremll = o (5.5.49)

Proof. If 7min > —oo then we can follow the proof of [I04, Lem. 4.5] to obtain the
desired result, so we assume that r,;;, = —o0o. Recalling the positive constants Kqec
and « from Proposition [5.5.4] we write

C = ¥ 40 e+ igﬂg”’c(‘;t)”a + 2 4 (c0)eVil 4 [|K (5 00) -
j=—00 J=—00
(5.5.50)
Fix an arbitrary € > 0 and pick 79 > 1 in such a way that the bounds

4Kdec(1 + C)e*‘”o < %’
2 A1) = AF (00)| + 1K (58) = K(500)la + K5t =) =K(500)la < §
j=—0o0

(5.5.51)

hold for all ¢ > 7. Recall the constant ry from (5.5.25)) and fix any 7 > 279 + p + ro.
First we pick any y € R(7) and write ¢ = y, € R(7). We now set out to show that

Hodle < C'lllocs (5.5.52)

for some constant C’ > 0. Indeed, this upper bound implies that
I -Telymll = IHolvml < Ce (5.5.53)

which yields the desired result.

On account of Proposition [5.5.4] we note that y is continuously differentiable on
(—o0, 7], which yields that ¢ is continuously differentiable on (—oc0,0]. In addition,
Proposition implies that both ¢ and d) decay exponentially for ¢ — —oo. which
means that ¢[_. g € C} ((—oo, 0]) We can hence approximate ¢ by functions {¢y }x>1
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in C}(Dx) which have ¢y(t) = ¢(t) for any t € (—00,0]. These functions can be
extended to Cl-smooth functions {yx}>1, defined on R, which have (yx), = ¢r. As
such, they have yg (t) = y(t) for any ¢t < 7. Due to the uniform bound on both y and y
from Proposition we can pick the functions {yx }x>1 in such a way that the bound

GO+ )] < AKaeee™ 0 (140) [lgelloc (5.5.54)
holds for any ¢t < 0 and any k € Z>;.

We now introduce the Heaviside function H, that acts as H.(t) = [ if t > 7 and
zero otherwise, together with the operator

Awzl(t) = ()= > Aj(c)alt+71)) — [y K(s;o0)a(t+s)ds.  (5.5.55)

j=—o00

Recalling the splitting (5.5.47), we observe that for any function z € C} (R) we have
(A H Az) € P(o0), (AL — Hy]Aso) . € Q(o0), (5.5.56)

together with
Ty = (AgolHTAoox)T + (A = He]Asoz) . (5.5.57)

As such, we have the representation
Howr = (AL HoAwz). (5.5.58)
for any C'-smooth function z. For any ¢ € R and any k € Z>1, we observe that
Ao (®) = [Aul(®) + 3 [A;(0) = Aj(00)Jyu(t +75)
+ [ ( (s,t) K(s;00))yi(t + s)ds.

Since [Ayg](t) = [Ay](t) =0 for 70 <t < 7 and any k € Z>1, we may hence estimate

(5.5.59)

17— HAwoyklloo < Sup [lyk()\+0||ytlloo]+ sup %Il(yk)tlloo
< 4K 14+ Qe o7—0)
< dec( Je ||¢k||oo 2H¢k||oo (5.5.60)
< AKgee (14 C)em ™ ||dk oo + £llék oo
< el|¢rlloo-

By the boundedness of the operator A}, we find that there exists a constant C’ > 0
that allows us to write

1Mookl = IALE = HolAwpe) oo < eC'll0n]oc: (5.5.61)
The operator HQ is continuous, so we can take the limit £ — oo to obtain

Hodlle < eC'lldlloo (5.5.62)
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This yields the desired bound
I -Telvnll = ITalvinl < Ce (5.5.63)

Lemma 5.5.11 (cf. [104, Lem. 4.6]). Assume that (HA|), (HK]), (HH) and (HKer))

are satisfied and fixr 19 > 0. Then we have the limits

=Tl = 0 as™—m,
||[I— HY('ro)]lY(T)H —- 0 asT— 70, (5564)

||[I_HQ(T0)]|Q(T)|| — 0 asT— 719

Proof. The first and the third limit follow from Theorem [5.2.6, The second limit
follows from the finite dimensionality of the spaces Y and from item (iii) of Proposition

0.0.0) ]

Lemma 5.5.12 (cf. [104, Lem. 4.7]). Assume that (HA|), (HK]), (HH) and (HKer))
are satisfied. Then the projections gy from Lemmal|5.5.11| can be uniformly bounded

for all T > 0.

Proof. The proof is identical to that of [104] Lem. 4.7] and, as such, will be omitted.
It uses Proposition [5.5.10] together with Lemmas [5.5.10] and [5.5.11] ]

Corollary 5.5.13 (cf. [104, Cor. 4.8]). Assume that (HA|), (HK)), (HH) and (HKer))

are satisfied. Then the projections g,y and g,y corresponding to the first splitting
in (5.5.48)) depend continuously on T € R>g. In addition, we have the limits

lim Mgy — ol = 0, i [Ty — Tpl| = 0. (5.5.65)

Proof. The proof is identical to that of [I04, Cor. 4.8] and, as such, will be omitted.
It uses Lemmas [5.5.10 and £.5.12 n

Proof of Theorem . Upon defining the space R(7) by (5.5.7), the exponential
decay rates follow from Theorem [5.2.4] and Proposition [5.5.4] The continuity of the

projections follows from Corollary [5.5.13] while the uniform bounds on the projections
follow from Lemma [5.5.12 n

5.6 Degeneracies and their avoidance

In this section, we set out to prove Corollaries and In fact, our main result
below formulates alternative conditions that can be used instead of ( to obtain
the same conclusions. These alternatives involve the Hale inner product, which we
require to be (partially) nondegenerate in the following sense.
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Definition 5.6.1. Let FF C Y be a subset with 0 € F and fix T € R. We say that the
Hale inner product is left-nondegenerate at T for functions in F if v = 0 is the only
function ¢ € F for which (1, @), = 0 holds for every ¢ € X.

Definition 5.6.2. Let E C X be a subset with 0 € E and fir 7 € R. We say that the
Hale inner product is right-nondegenerate at T for functions in E if ¢ = 0 is the only

function ¢ € E for which (¢, ¢), = 0 holds for every ) €Y.
Proposition 5.6.3 (cf. [133, Cor. 4.7]). Assume that (HA|), (HK) and (HH) are

satisfied. Suppose furthermore that at least one of the following three conditions is
satisfied.

(a) The nontriviality condition (HKer]) holds.

(b) We have |rmin| = rmax = 00 and the Hale inner product is left-nondegenerate for
functions in B*(7) at each 7 € R.

(c) We have Tmin < 0 < rmax and for each 7 € R the Hale inner product at T is both

left-nondegenerate for functions in B*(7) and right-nondegenerate for functions
in B(T).

Then the identities
dim B(r) = dimB, B(r) = dimB*(r) = dimB* (5.6.1)

hold for every T € R. Moreover, the four Fredholm indices appearing in are
independent of T and given by . In addition, the first equation in becomes

ind(7f ) +ind(rg,) = —M +ind(A) (5.6.2)

with A as in . Finally, the spaces P(7), Q(7), P(t) and Q(7) all vary contin-
uwously with respect to T.

In we provide various structural conditions on the system that allow
the conditions (a)-(c) above to be verified. They turn out to be closely related, as
illustrated by the examples that we provide in §5.6.2] We establish our main result
in where we also describe how partial results can be obtained under weaker
conditions.

5.6.1 Structural conditions

In order to use Proposition to compute the codimension of the space S(7) in X,
we either need to establish the nondegeneracy of the Hale inner product or show that
the nontriviality condition ( is satisfied. However, it is by no means clear how
this can be achieved in practice for concrete systems. Our goal here is to describe sev-
eral more-or-less explicit criteria that can be used to verify these nondegeneracy and
nontriviality conditions.
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Some of these criteria reference the adjoint of the system (5.2.1]), which is closely
related to the operator A* defined in (5.2.16)). This system is given by

9t = — % Alt—r)lylt—r;) fiCét—) y(t — &)de. (5.6.3)

j=—00

Most of our conditions impose the following basic structural condition, which demands
that the coefficients corresponding to large shifts are autonomous. This is valid for
many common reaction-diffusion systems such as those studied in [6 150]. Indeed,
the large shifts usually arise from discretizations of the diffusion, which is typically
autonomous. The nonautonomous reaction terms are typically localized in space.

Assumption (hB). There exists a constant Keonst € Z>1 together with families of
diagonal matrices

{A;:j € Z with |j] > Kconss } € C™*M, {K(¢) : € € R with €] > Kconss } C CM**M,
(5.6.4)
so that the following structural conditions are satisfied.

(a) We have r; = j for j € Z, which implies rmin = —00 and rmax = 0.
(b) We have A;(t) = A; for all t € R whenever |j| > Keonst-
(c) We have K(¢&;t) = K(€) for all t € R whenever [¢] > Keongt-

Remark 5.6.4. The assumption ( can be relaxed by assuming that there exists
a basis for CM on which the matrices flj for j < —Kconst are diagonal, together with
a separate basis on which the matrices flj for 7 > Keonst are diagonal. However, for
notational simplicity, we do not pursue such an approach.

Remark 5.6.5. The condition (HB) can be relaxed to include shifts r; with [r;| <
Keonst that are not equidistant. In addition, there does not need to be any limit on the
number of these small shifts. However, for notational simplicity we do not pursue such
a level of generality.

We divide our discussion into several scenarios for the unbounded coefficients that
we each discuss in turn. Our general results are formulated at the end of this subsection.

5.6.1.1 Bounded shifts and compact support

The methods from [I33] can be applied almost directly when the nonlocal terms all
have finite range, except that we need to take care of accumulation points of the shifts.
In any case, it is straightforward to formulate the appropriate atomic condition at a
point 7 € R.

Assumption (hFin). We have |ruyin| + mmax < 00 and there is a small § > 0 so that
the convolution kernel K(+;t) is supported in the interval [rmin + J, max — 9] for each
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t € R. In addition, neither 7y, nor ryay is an accumulation point of the set of shifts
R and there are unique integers jmin, jmax that satisfy

Tmin = T Tmax = T (5.6.5)

Finally, we have det (4;,,.,(t)) # 0 for a dense set of ¢ € [T + Tmin, T — T'min], together
with det (A;,.. () # 0 for a dense set of ¢ € [T — rmax, T + Fmax]-

5.6.1.2 TUnbounded shifts and compact support

We here consider the case where the discrete shifts are unbounded, but the convolution
kernels all have finite support. For convenience, we formulate this as an assumption.

Assumption (hShl). Assumption ( is satisfied. In addition, /C(+;t) is supported
in the interval [—Keonst, Kconst] for each t € R.

Our approach here exploits the functional analytic framework of cyclic vectors for
the backward shift operator on ¢2, which was first described in [54]. This framework
allows us to find sufficient conditions under which the nontriviality condition (HKer)
holds and the Hale inner product is nondegenerate for exponentially decaying func-
tions. Reversely, we also provide a condition that guarantees the Hale inner product
to be degenerate, even for exponentially decaying functions; see Proposition [5.6.6| below.

Let us first collect the necessary terminology. We consider the backward shift op-
erator S on the sequence space £?(Ng; C), defined by

SZKQ(N();(C) — EQ(NQ;C), (an)nzo — (an)nzl. (566)

We call a vector a = (a,)n>0 € €2(No;C) cyclic if the span of the set {SNa : N > 0}
is dense in £?(No; C). Our main condition here demands that the diagonal elements of

the matrices A; can be used to form such cyclic sequences. Our first result shows that
this is in fact essential for the nondegeneracy of the Hale inner product.

Assumption (hSh2). Upon writing j, = Kconst + 7 together with

a® = (AWM (N C) B = (AFM) (N 0),
(5.6.7)
the sequences a*) and ) are cyclic for the backwards shift operator for any 1 < k <

M.

Proposition 5.6.6 (see §5.6.5). Assume that (HA), (HK) and (HH) and (HSh1)) are
all satisfied. If the cyclicity condition ( 1s not satisfied, then there exists a nonzero

function i € Y that decays exponentially and satisfies (¢, ) = 0 for every ¢ € X and
each T € R.

n>0 n>0

For the backward shift operator on ¢?(Ny;C), the criterion for an exponentially
decaying sequence to be cyclic can be made explicit; see §5.6.4] This allows us to for-
mulate two results that can be used to verify (hSh2]).
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Lemma 5.6.7 (see §5.6.4). Assume that (HA)), (HK]) and (HH) and ({Sh1) are all

satisfied. Consider the functions f*) and g**) that are defined on their natural domain
by

X ~(k,k) s x ~(k,k) 5
fP(z) = P> AT W) = iy _A§- )2, (5.6.8)

Then the cyclicity condition ( is satisfied if and only if the functions f*) and g(*)
are not rational functions for any 1 <k < M.

Lemma 5.6.8 (see §5.6.4). Assume that (HA)), (HK) and (HH) and (HSh1) are all
satisfied and consider the sequences o'®) and B*) defined in (5.6.7). Then the sets

{SNa®) = N > 0} and {SNB*) : N > 0} are both infinite dimensional for each
1 <k < M if and only if the cyclicity condition ( 1s satisfied.

5.6.1.3 Bounded shifts, unbounded support

We now consider the reverse of the setting discussed in §5.6.1.2 In particular, we
assume that the discrete shifts are bounded.

Assumption (hCycl). Assumption ( is satisfied, with A; = 0 whenever |j| >
Kconst-

In this case, one is interested in the translation semigroup {S;}+>0 on the space L',
which acts as

(Sef)(s) = f(s+1) (5.6.9)
for f € L' ([O, 00); (C). A function f € L! ([0, 00); (C) is said to be cyclic for the transla-
tion semigroup if span{S;f : t > 0} is dense in L' ([0, 00); C). We impose the following
counterpart to (hSh2)), which will allow us to establish (HKer]) together with the non-
degeneracy of the Hale inner product for bounded functions.

Assumption (hCyc2). For any 1 < k < M, the functions
f®(s) = K(Keonst + )5, g®(s) = K(—Keonst —5)*FF)  (5.6.10)

are cyclic for the translation semigroup on L! ([O, 00); (C).

It is well-known that there exist kernels that satisfy ( and (, see Lemma
below. In addition, translates of such kernels remain cyclic. However, we are
unaware of any criterion to explicitely characterize them. This prevents us from for-
mulating a result analogous to Lemma |5.6.7]

5.6.1.4 Positive-definite coefficients

Our final scenario requires information on the sign of the coefficient functions
and the kernel elements in B*. Such information can typically be obtained by applying
Krein-Rutman type arguments, see for example [39] 110, [131]. In each of these examples
the kernels B and B* are at most one-dimensional. Notice that our main condition here
is weaker than the requirements formulated in Proposition [5.2.2] For convenience we
split the conditions on the coefficients and the kernels into separate assumptions.
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Assumption (hPosl). Assumption (HB) is satisfied and the matrices (5.6.4) are all
positive semidefinite. Finally, at least one of the following two conditions holds.

(a) For egch m > Kconst there exist ¢ > m and j < —m for which the matrices /L‘
and Aj; are positive definite.

(b) The map s IC(S) is continuous on (—00, —Kconst] U [Keonst; ©0). In addition,
for each m > Kconst there exists s > m and » < —m for which the matrices K(s)
and K(r) are positive definite.

Assumption (hPos2). The adjoint kernel satisfies B* = {0} or B* = span{b} for
some nonnegative function b.

In Proposition [5.6.10] below, we show that the nontriviality condition ( is
satisfied if (WPosl)) holds, while (WPos2)) holds both for the system (5.2.1) as well as its

adjoint ((5.6.3). On the other hand, the left-nondegeneracy of the Hale inner product
follows from the positivity condition (hPosl|) without any additional assumptions on B
or B*.

5.6.1.5 Summary of results

Our main results for this subsection can now be formulated as follows.

Proposition 5.6.9 (see §5.6.5). Assume that (HA)), (HK|) and (HH) are satisfied.

Then we have the following implications.

(i) If the atomic condition ( is satisfied at some point T € R, then the Hale
inner product (-,-); 1is left-nondegenerate at T for functions in Y and right-
nondegenerate at T for functions in X.

(ii) If the cyclicity conditions (HSh) and (HSh2) are satisfied, then at each T € R
the Hale inner product (-,-), is left-nondegenerate and right-nondegenerate for
exponentially decaying functions.

(iii) If the cyclicity conditions (HCycl]) and (HCycd) are satisfied, then at each 7 € R
the Hale inner product (-,-), is left-nondegenerate for functions in'Y and right-
nondegenerate for functions in X.

(iv) If the positivity condition (HPosl)) is satisfied, then at each T € R the Hale in-
ner product (-,-), is left-nondegenerate and right-nondegenerate for nonnegative
functions.

In each of the cases|(i) the quantity in (5.2.30) satisfies (1) = dim B*(7). This
also holds for case provided that the positivity condition ( is satisfied.

Proposition 5.6.10 (see §5.6.6). Assume that (HA|), (HK]) and (HH) are satisfied.

Then we have the following implications.

(i) If the atomic condition ( is satisfied at each T € R, then the nontriviality
condition (HKer)) is satisfied for the system .



5.6. DEGENERACIES AND THEIR AVOIDANCE 295

(ii) If the cyclicity conditions (RSh1) and ( are satisfied, then the nontriviality
condition (HKer)) is satisfied for the system .

(iii) If the cyclicity conditions (HCycl|) and (RCyc2) are satisfied, then the nontriviality
condition (HKer)) is satisfied for the system

(iv) If the positivity condition (HPosd|) is satisfied and (HPos3) holds both for
and its adjoint (5.0.5), then the nontriviality condition (HKer)) is satisfied for the

system .

Note that the nontriviality condition ( does not directly imply that the the
Hale inner product is nondegenerate in some form. Instead, it enables us construct an
explicit complement to the space S(7). In particular, the nondegeneracy of the Hale
inner product is useful, but not necessary to compute the codimension 8(7).

5.6.2 Examples

In order to illustrate the results above, we consider the infinite-range nonlinear MFDE

a(t) = > ywlult+k)+ult—k)—2ult)]+ f9 u(t+ &) +u(t — &) — 2u(t)]dé
k=1
+g(u(t);a),
(5.6.11)
in which the nonlinearity g is given by the cubic nonlinearity

g(u;a) = u(l —u)(u — a), a € (0,1), (5.6.12)

while the sequence v and the function 6 decay exponentially. This MFDE can be
interpreted as the travelling wave equation for a nonlocal version of the Nagumo PDE.
One is typically interested in the front solutions, which satisfy the limits

Jim ut) = 0, limu@) = L (5.6.13)
Results concerning the existence of such these solutions in a variety of settings can be
found in [6l [95] [122] [[31]. For our purposes here, we will simply assume such a solution
exists and consider the associated linearization of (5.6.11]), which is given by

wt) = > wlul+k)+ult —k) —2ut)] + f() ult + &) + ult — &) — 2u(t)]d¢
+gu((t); a)u(t).
(5.6.14)
We remark that a simple differentiation automatically yields %ﬂ e B.
In this setting, the Hale inner product is given by
oo O
(W, 0)r = 1(0)¢(0) + I; ],; O(s + k) (s)ds — wa s — k) vk o (s)ds

—fj%(s O(Ir)o(s)dsdr,
RO
(5.6.15)
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which is independent of 7 and the function u. With the exception of (hPos2|), we can
hence investigate the validity of our assumptions and the nondegeneracy of the Hale
inner product without any knowledge regarding the wave @ besides the limits ((5.6.13)).

For example, we note that ( is automatically satisfied with K.onst = 1 and

A = K = 0(¢) (5.6.16)

for [j| > 1 and £ # 0. In addition, we have
Aot) = -2 kE Ve — 2 [y 0(£)dE + gu(u(t); a). (5.6.17)
=1

In particular, it is clear that (HA) and (HK]) hold. However, one needs additional in-
formation on the coefficients in order to verify the hyperbolicity assumption (

We consider various choices for v and 6 in our discussion below. In each case we are
able to distinguish whether or not the Hale inner product is degenerate. For each of
the two degenerate cases, we construct an explicit nontrivial function 1 € Y for which
(¥, ¢)r =0 for all p € X and all 7 € R. However, we emphasize again that this does
not prevent us from showing that (HKer) holds.

5.6.2.1 Positive coefficients

Consider the system and suppose that the coefficients {vx}>1 and the convo-
lution kernels 6(§) are positive. The bistablity of the nonlinearity g then allows us to
conclude that the hyperbolicity condition ( is satisfied. In addition, ( holds
and hence the Hale inner product is nondegenerate for nonnegative functions.

These positivity conditions imply that a comparison principle holds for .
In such a setting, one can typically derive that the kernels B and B* are both one-
dimensional and spanned by a strictly positive function. For example, the wave @ is
typically monotonically increasing and the associated derivative %H spans B and is
strictly positive. Results of this type have been proven in various settings, see for

example [7, [8, [38]. In each case, the system (5.6.14) together with its adjoint (5.6.3)
satisfy (HPos2). In particular, the nontriviality condition (HKer]) holds.

5.6.2.2 noncyclic shift coefficients

Consider the system (5.6.14) with 6(¢) = 0 for each t € R and v, = e~ ¥ for k > 1. This
system satisfies ( . Since the coefficients {7 }r>1 are positive, the results from
§5.6.2.1| show that (HH) is satisfied and that the Hale inner product for the system

[5.6.14)) is nondegenerate for nonnegative functions.

However, it is easy to see that

Z ,ykzk = eiz’ (5618)

k>1
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which is a rational function. Hence, this system does not satisfy ( on account of
Lemma Alternatively, letting S denote the backwards shift operator on ¢?(Ng; C),
the sequence a = (7yx)g>1 satisfies SNa = e Na for any N > 0. In particular, the set
span{S¥a : N > 0} is one-dimensional, which in view of Lemma again shows
that ( is not satisfied. In particular, Proposition implies that the Hale inner
product is not nondegenerate for all exponentially decaying functions.

To make this more explicit, we consider the continuous, bounded function ¢y : R — R
that has

P(s) =0 for s <1, w(g) =1, w(;) = —e, Y(s) =0 for s >3 (5.6.19)

and is linear in the missing segments. This choice is motivated by the fact that
B=(1,-e¢,0,0,..) € (*(Ny;C) (5.6.20)

is perpendicular to the set span{S™a : N > 0} and ensures that

fj VE+k+1-m)y = de™m—e-e(mtD) = o, (5.6.21)

k=m
for any m € Z>; and any § € [0,1). For an arbitrary s < 0 we make the decomposition
s = s5+1-m (5.6.22)
for some integer m > 1 and § € [0,1). Applying , we now compute

> stk = X Y@E+k+l-m)y = 0 (5.6.23)

k>1—s k>m—s

since the final sum in fact ranges over k > m.

Since 1(s) = 0 for s < 1, the Hale inner product reduces to

I
Ngk
—o

(¢, ) P(s + k)vkg(s)ds

=~
Il
—
|

(5.6.24)
U(s + k)yeo(s)ds,

I
M8
f%oaﬂ

=~
Il
—
|

iR

for ¢ € Cp(R) and 7 € R. The dominated convergence theorem allows us to interchange
the sum and the infinite integral, which yields

W) = | T be+Rmelsds — 0. (5.6.25)

—oo k>1—s

for any ¢ € Cy(R) and 7 € R. Since v, > 0 for any k € Z>1, this example shows that
a naive generalization of the atomic condition ( is not sufficient to establish the
nondegeneracy of the Hale inner product.
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5.6.2.3 noncyclic convolution kernel

Consider the system (5.6.14) with 6(¢) = exp(—¢) and v, = 0 for k > 1. This system
satisfies (hCycl]). Since the kernel 6 is positive, the results from §5.6.2.1] again show
p.6.14

that (HH)) is satisfied and that the Hale inner product for the system (5.6.14]) is non-
degenerate for nonnegative functions.

However, the identity

Ot +¢&) = exp(=t)d(€), (&1) € RS, (5.6.26)

directly implies that span{6(- +¢) : ¢t > 0} is one dimensional in L'([0,00);C). In
particular, the cyclicity condition ( fails to be satisfied. While we cannot appeal
to a general result here, we can show by hand that the Hale inner product is degenerate
for an exponentially decaying function.

To this end, we consider the bounded, continuous function ¢ : R — R that has

P(s) =0 for s <0, P(1) = -1, ¥(2) =0, Y(3) = €2, P(s) =0for s >4
(5.6.27)
and is linear in the missing segments. By construction, the identity

:fow(r)e(r—s)dr = exp(s)

Y(r)f(rydr = 0 (5.6.28)

holds for any s < 0. For any ¢ € Cp(R) we can again use the dominated convergence
theorem to compute

(W0), = $(0)9(0) D{of“_’"m (r)(s)dsdr

co 0

= —bf*f Y(s+1r)10(r)¢(s)dsdr
0 oo

= ] [ Metrop (s +1)10(r)o(s)drds (5.6.20)
0 oo

= —7f !¢(s+r)f9(r)¢(s)drds
0 oo

= f_f Ofw(r)TG(rfs)cb(s)drds

=0

for any 7 € R.

5.6.2.4 Cyclic shifts with mixed coefficients

For our final example, we choose # = 0 and consider a sequence ~ that admits Gaussian
decay. In particular, we write

T = gzcnexp(—k?), h >0, (5.6.30)
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for some bounded sequence {cj }r>1 that can have both positive and negative elements,
but must be uniformly bounded away from zero. In particular, ( is satisfied,
but this may not hold for the positivity condition ( In order to verify the
hyperbolicity condition (, it suffices to impose the restriction

IcZ>:O Ck exp(—k;Q)(l — cos(k‘z)) > 0, z € (0,2m); (5.6.31)

see [I50, Lem. 5.6]. This can be interpreted as the statement that the sum in (5.6.14)
is spectrally similar to the Laplacian.

We now set out to establish the cyclicity condition (hSh2)) by appealing to Lemma
5.6.81 Recalling the backward shift operator ([5.6.6), we consider the vector e =
(en)n>0 € £3(Ng; C) given by

ex_1 = cpexp(—k?), k>1 (5.6.32)
and set out to show that the set
A = span{SVe: N >0} (5.6.33)
is an infinite dimensional subspace of £2(Ny; C).

Arguing by induction, we pick ¢ > 1 and assume that the vectors e, Se, ..., S* e are
linearly independent. Suppose now that we have a nonzero multiplet (X, ..., A¢) € C**!

for which ,
S AiSte = 0. (5.6.34)
i=0

Let 0 <, < ¢ be the smallest integer with A;, # 0. Our assumption on ¢ implies that

the sequence {| o [}x>1 is uniformly bounded away from zero, which implies that the
quotient

[Z=t] = [ [exp(2k +1) (5.6.35)

Ck+1
grows to infinity as k — oco. In particular, by picking a sufficiently large index K > 1
we obtain the bound

¢ _ ¢
I > N(S'e)x| < > [Nextl
i=int1 =il
< Inercon (5.6.36)
= M. (S™e)kl,

which contradicts the K-th component of the identity (5.6.34). In particular, Proposi-
tion yields that there is no exponentially decaying ¢ € Y that has (¢, ¢), = 0 for
each ¢ € X.

If h > 0 is sufficiently small, then the existence of a travelling front solution for
(5.6.11) is guaranteed by [6, Thm. 1]. One can subsequently use Proposition [5.6.10| to
conclude that the nontriviality condition (HKer)) is satisfied.
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5.6.3 (Co)-dimension counting

The main goal of this subsection is to establish the identities concerning the
dimensions of B(7) and B*(7) and the codimension of S(7). The remainder of the
statements in Proposition follow readily from these computations, using the main
results in We aim to use as little information as possible, providing partial results
under weaker conditions.

Lemma 5.6.11. Assume that (HA|), (HK) and (HH) are satisfied. Fiz 7 € R and
suppose first that the Hale inner product is left-nondegenerate at T for functions in
B*(7). Then the identity

B(r) = dimB*(7) (5.6.37)

holds. Alternatively, if the nontriviality condition ( is satisfied, then the identity
is valid for all T € R.

Proof. In the first case, this follows directly from the characterisation of S(7) given
by . In the second case, the statement for 7 > 0 follows from the direct sum
decomposition and the identities in . Using symmetry arguments this can
be extended to 7 < 0. n

Lemma 5.6.12. Assume that (HA|), (HK]) and (HH) are satisfied. Fiz 7 € R and
suppose first that any nonzero d € BU B* does not vanish on (—oo, 7] and does not
vanish on [1,00). Then we have the identities

dimB(r) = dimB, dim B*(7) = dimB*. (5.6.38)

In particular, if the nontriviality condition (HKer]) holds then is valid for each
T eR.

Proof. Since the statements hold trivially if |rmpin| = Tmax = 00 on account of
Lemma we will use symmetry to assume without loss that rp,x < co. Arguing
by contradiction to establish the first identity, let us consider a nontrivial kernel element
x € B that has x; = 0. If rp;, = —o0, this means that x vanishes identically on DY
and hence (—oo, 7], violating our assumption. On the other hand, if ry;, > —co we
can assume without loss that = does not vanish on (rpax,00). Upon introducing the
new function

.’E(t), t > 7+ Tmin,
z(t) = (5.6.39)
0, t < T+ Tmin,

we see that T is a nontrivial element of B that vanishes on DY, again violating our

assumption. The second identity in ([5.6.38]) can be obtained in a similar fashion. [

Lemma 5.6.13. Assume that (HA|), (HK) and (HH) are satisfied and that rpim < 0 <
Tmax- Suppose that for each 7 € R the Hale inner product is left-nondegenerate for
functions in B*(7). Then we have the identity

dimB*(r) = dimB* (5.6.40)
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for any T € R. Similarly, if for each 7 € R the Hale inner product is right-nondegenerate
for functions in B(T), then the identity

dimB(r) = dimB (5.6.41)
holds for each T € R.

Proof. Both identities follow trivially from Lemma if |rmin| = Tmax = 00. By

symmetry we only consider the identity ([5.6.40[). Suppose that ([5.6.40) fails, allowing us
to pick a nonzero y € B* that has y™ = 0 for some 7 € R. Possibly after increasing 7, we

may assume by symmetry that ry,i, > —oo and that there exists a small 0 < & < |[rpin]
so that

Yy(T —rmin +96) # 0 (5.6.42)

holds for each 6 € (0,¢). In particular, 0 # y™™¢ € B*(T + ¢), so by the left-
nondegeneracy of the Hale inner product at 7 4+ &, we can pick ¢ € X with

Y ¢)rte # 0. (5.6.43)

Without loss, we can assume that ¢ is differentiable, allowing us to pick a differentiable
function z € Cp(R) that has ¢ = z,4.. On account of Lemma |5.3.12| we can compute

St = vy At + [Ayl(txt) = 0 (5.6.44)

for any t € (T — Pmax, T — Tmin), since y™ = 0 and since y € B*. As such, (yt,x;); is
constant on (T — Tmax, T — Tmin]. Since y” = 0, it follows that (y", ), = 0. However,
this yields the identity

0 = W Tric)rie = Y O)rte, (5.6.45)
which contradicts (5.6.43)). n

Proof of Proposition [5.6.5 We first aim to establish (5.6.1). If the nontriviality
condition (HKer]) holds, this follows by combining Lemmas [5.6.11] and Lemma [5.6.12

Alternatively, if|(b)[holds, then (5.6.1]) follows by combining Proposition[5.6.9{with Lem-
mas|[5.3.4)and[5.6.11] Finally, if[(c)|holds, then (5.6.1) follows by combining Proposition
E.6.9 with Lemmas [5.6.11] and 5.6.13

Turning to the Fredholm indices, we remark that the right-hand side of is
now constant in 7. Since both ind(W;(T)) and ind(7, (r ) are upper semi-continuous by
Proposition[5.4.2] both these factors must be constant as well. By Theorem[5.2.5]the in-
clusions P(7) C P(7) and Q(7) C Q(7) have constant codimension dim B(7) = dim B.
Hence the indices ind(W;Br (T)) and ind(wé (T)) are also constant. Moreover, these four
subspaces vary continuously in 7. Finally, the identity (5.6.2) follows from and
(5.6.1), using the value of ind(A) given in Proposition ]

Proof of Corollaries and[5.2.7 These results follow directly from Proposition
0.0.0) [
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5.6.4 Cyclic coefficients

In this subsection, we collect several results from the literature concerning the cyclicity
of the backwards shift operator and the translation semigroup. In addition, we translate
these results into our setting and explore their consequences.

Proposition 5.6.14 ([54, Thm. 2.2.4, Rem. 2.2.6]). Consider a sequence o =
(an)n>0 € (2(Ng; C) that decays exponentially and write f for the associated function

flz) = i::o 2", (5.6.46)

defined on its natural domain in C. Then the sequence « is cyclic for the backwards
shift operator (5.6.6) if and only if f is not a rational function. In fact, if o is not
cyclic, then span{SNa : N > 0} is finite dimensional in ¢*(Ng;C).

Lemma 5.6.15. For any T > 0 and any function f € Ll([O,oo);(C) that is cyclic for
the translation group (Si)i>o defined in (5.6.9), the shifted function s — f(s+T) is also
cyclic for (S¢)i>o0. In addition, for any 7 > 0, there exists a function f € L}?([O, 00); (C)
that is cyclic for the translation group (Si)i>o0. In particular, there exists a convolution

kernel that satisfies both (1@ and (

Proof. The first statement follows directly from [134, Lem. 1]. Turning to the exis-
tence claim, we fix 7 > 0 and let (T});>0 be the translation semigroup on L}] ([0, 00); C).

It follows from [I35, Thm. 1(i)] that there exists f € L},([O, 00); C) that is supercyclic
for (T})1>0, which means that {AS(¢)f : ¢t > 0, A € R} is dense in L}’([O, 00); C). Such
a function is clearly also cyclic for (7});>0 (with respect to the norm ||-||5). We write

D = span{T(t)f:t>0} = span{S(¢)f:t > 0}. (5.6.47)

Since L}] ([0, 00); (C) contains all compactly supported functions, we see that L}i ([O7 00); (C)
is dense in L' ([0, 00); C) with respect to the usual norm ||-[|;1. Hence it is sufficient to
show that D is dense in L} ([0, 00); C) with respect to [|-[|z1. Fix any g € LL([0, 00); C)
and let {g,}n>1 be a sequence in D with

Jim [lgn —gll5 = 0. (5.6.48)
For n € N we can compute
lgn = glls = Jo €"lgn(€) — 9(€)Id¢
> Jglgn(§) — g(&)|d€ (5.6.49)
= Hgn - g”Ll»

which immediately implies that also g, — g in L! ([O, 00); (C)7 as desired. Hence f is
cyclic for the translation group (S;)¢>0. In particular, the convolution kernel

Kgt) = f(el) (5.6.50)
satisfies both (HK]) and (WCyc2)). n



5.6. DEGENERACIES AND THEIR AVOIDANCE 303

Lemma 5.6.16. Let {D,,},>0 be an exponentially decaying sequence of M x M diagonal
matrices. Then the following statements are equivalent.

(i) There exists a nonzero sequence y € £*(No; CM) that satisfies

> ¢ Dnyn = 0 (5.6.51)

n=0
for each N € Z>y.
(i) There exists at least one 1 < k < M for which the sequence (ng’k))nzo s not
cyclic for the backwards shift operator on ¢?(Ny; C).

In addition, if these statements hold, then the sequence y in can be chosen to decay
exponentially. Finally, if these conditions do not hold, then they also do not hold for
the shifted sequence {Dy}n>n, for any N € Z>¢.

Proof. As a preparation, we introduce the sequences

. k)N ki
aPhiN (a%) Jn>0 = (D’I(’L+]\),)n20

€ *(Ny; C) (5.6.52)
forany N > 0 and any 1 < k < M. In addition, we define the associated subspaces
D®) = span{a®N | N >0} (5.6.53)
for1<k<M.
Let us first assume that (i) holds, but that fails. Then the subspaces D*) are

all dense in ¢?(Np;C). In addition, our diagonality assumption together with ([5.6.51))
implies that

(k) (k)N = 0
<y S >Z2(N0;C) (5.6.54)
for any N € Z>p and 1 < k < M and thus
WP, d) ey = 0 (5.6.55)

for any d € D*) and 1 < k < M. Together these two properties yield the contradiction
y=0.

Let us now assume that holds. Then Proposition implies there exists
1 < ko < M for which the subspace D*0) defined in is finite dimensional, with
a basis that consists of exponentially decaying sequences. In particular, we can pick an
exponentially decaying sequence 1 € £?(Np; C) that satisfies (1, d) (No;c) = 0 for any
d € D*0). Upon writing y = (0, ...,0,%,0, ...,0) € £2(Ng; CM), where ¢ takes the k"
position, we hence see that is satisfied by construction.

The final statement follows from the characterization in Proposition [5.6.14] which

implies that (non)-cyclicity is preserved under translation. Indeed, if the function f
defined in ([5.6.46)) is not a rational function, then the function

) = NI - T ane] (5.6.56)
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associated to the shifted sequence SV« is also not rational. [

Proof of Lemmas and [5.6.8 Both results follow directly from Proposition
£.6.14 and Lemma [5.6.16] n

5.6.5 Nondegeneracy of the Hale inner product

In this subsection we show how the nondegeneracy of the Hale inner product can be
derived from the conditions formulated in In particular, we establish Proposi-
tions [5.6.6] and [5.6.9

As a convenience, we first connect the right-nondegeneracy properties for the system
to the left-nondegeneracy properties for the adjoint system . This will
allows us to focus solely on the left-nondegeneracy of the Hale inner product with
respect to functions in B*(7).

Lemma 5.6.17. Assume that (HA|), (HK) and (HH) are satisfied. Fiz 7 € R and
E C X with 0 € E. Then the Hale inner product for the system at T is right-
nondegenerate for functions in E if and only if the Hale inner product for the adjoint
system at T is left-nondegenerate for functions in E.

Proof. For any ¢ € X, ¢ € Y and 7 € R, the Hale inner product for the adjoint

system ([5.6.3)) is given by

GO = OO+ ¥ f O(s +75)T44(r + 5 =))W (s)ds
j==o0 (5.6.57)
d(s —r)TK(s —r;7 + s —r)Top(s)dsdr.

Ct—3

+/

A short computation shows that

GO = w0~ 5 [uts—n)a(r sl
—f f V(s —r)IK(r; 7+ s —r)p(s)dsdr (5.6.58)
= W
which directly implies the desired result. (]

We proceed by discussing the cyclicity criteria in introduced in §5.6.1.2|and §5.6.1.3
The following preparatory result will help us to link the discussion in §5.6.4] to the
degeneracy properties of the Hale inner product.

Lemma 5.6.18. Assume that (HA]), (HK)), (HH) and (HB) are satisfied and fix T € R.
Pick any ¢ € Y that does not vanish on D;Z and satisfies (¥, ), =0 for every ¢ € X.

Writing

o =inf{s € DY | ¢¥(s) # 0}, (5.6.59)
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there exist € > 0 and Ny € Z>k so that the identity

const

f;ozp(s A N+ f W(s+ 1) R(—r — N)dr = 0 (5.6.60)

holds for almost every s € (0,0 +€) and every integer N > Ny. In addition, if flj =0
for each j < —Ny, then we in fact have

[0 +m)iR(—r—0)dr = 0 (5.6.61)
0

for all (reals) 6 > Ng + €.

Proof. We first pick an arbitrary s < 0 with s ¢ Z. Using a sequence of functions
supported on small intervals that shrink to the singleton {s}, we can use (5.2.26) to
conclude that

S (s —TAj(T+s—j)+ f P(s—r)IK(r;7+s—r)dr = 0. (5.6.62)

j<s

Imposing the further restriction s < —K¢onst, this can be rephrased as

> (s —5)TA; + f (s = r)IK(r)dr = 0. (5.6.63)
j<s
We now choose € > 0 to be so small that (0,0 + €) contains no integers. Then
for any sufficiently large integer NV > 1, we can combine (5.6.63|) together with the
definition of ¢ to conclude that

> (s —5)TA; + f (s—n)fK@r)dr = 0 (5.6.64)

j<s—o

for all s € (0 — N,0 + ¢ — N). This yields (5.6.60)) upon introducing new variables
(8/7j/7rl) = (8+N7 _j —N, _T_N) (5665)

and dropping the primes, noting that [0 — s'] = 0. The final statement follows from
the fact that we no longer need to rule out integer values of s’ above, together with the
replacement r — r + o — s. L]

Lemma 5.6.19. Assume that (HA|), (HK]) and ( w are satisfied and fir 7 € R.
Assume moreover that the cyclicity conditions (RShl| ( are satisfied. Then the
Hale inner product at 7 is left-nondegenerate for exponentzally decaying functions.

Proof. Assume that ¢ € Y decays exponentially and has (¢, ¢), = 0 for every
¢ € X. Exploiting symmetry, we assume further that ¥ does not vanish on D; and set
out to find a contradiction. Recalling the setting of Lemma [5.6.18| and remembering
that £ = 0 on (=00, —Kconst], we obtain from that the identity

f:ow(s +)A ;N = 0 (5.6.66)
P
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holds for almost every s € (0,0 + ) and every N > Ny > Kconst-

By ( and the invariance of cyclicity under translations, the sequences (fl(fjk) )i>N
are cyclic for each 1 < k < M. In particular, Lemma [5.6.16] implies that that the se-
quence (s + Ng) € £2(Ng; CM) and hence also the first coordinate 1(s) must vanish
for all s € (0,0 + ¢). This contradicts the definition of o. (]

(Agk))jz Keonee 18 DOt cyclic for the backwards shift operator. Lemma [5.6.16| then
allows us to pick an exponentially decaying nonzero sequence

Yy = (Un)nzo € £2(No; CM) (5.6.67)

Proof of Proposition [5.6.6, Assume without loss of generality that the sequence
o

for which the identity
Syldjn = 0 (5.6.68)
§j=0

holds for all integers N > Kconst-

We now define a continuous, bounded function ¢ : Dy — CM by writing
¥(s) = 0, s € (—00, Keonst), (5.6.69)
together with
@) = 0, Y+3) = YKeom J € L>Keonee (5.6.70)

and performing a linear interpolation between these prescribed values. This construc-
tion implies that

) _ ) t =S i
’(/J(S +7+ Keonst — N) A*j = S Z yjAfoj = 0, (5671)
=N

J

for any integer N > K ongt and any § € [0,1).

Let us now consider an arbitrary s < 0 and make the decomposition

s = 5+ Keonst — N (5.6.72)
for some integer N > K onst and § € [0,1). Applying (5.6.71]), we now compute
Z 1/}(8 + j)A*J = Z w(g +] + Keonst — N)Afj = 0 (5673)
5> Keonst—s >N—3

since the final sum in fact ranges over j > N.

For any ¢ € X, we note that ([5.2.26]) reduces to

Wde = — 5 Ju(s— i) As(r+5 — Hls)ds
j==000 (5.6.74)

— [ [¥(s—)TK(rit + s —7)p(s)dsdr
RO
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since 1(0) = 0. Exploiting (, this can be further simplified and recast as

—Keonst J

W.d)r = — X [ols— i) A;e(s)ds
e (5.6.75)

- X [ (s + )T A_;o(s)ds.

J=Kconst 0

The dominated convergence theorem allows us to interchange the infinite sum and the
integral, which yields

— 00

o)y = — [ ¥ s+ A es)ds = 0 (5.6.76)
0 j>Kconst—5
on account of . n

Lemma 5.6.20. Assume that (HA), (HK) and (HH) are satisfied and fix 7 € R.
Assume moreover that the cyclicity conditions (HCycl))-(HCyc) are satisfied. Then the
Hale inner product at T is left-nondegenerate for functions in'Y .

Proof. Assume that ¢ € Y has (¢, ¢), = 0 for every ¢ € X. Exploiting symme-
try, we assume further that 1) does not vanish on D; and set out to find a contradiction.

We pick 1 < k < M for which ¥*) does not vanish on D;Z. Recalling the setting
of Lemma [5.6.18| and remembering that A; = 0 for each |j| > Keonst, We obtain from
(5.6.61) that the identity

V(o +r)K(=r—0)dr = 0 (5.6.77)

holds for every 8 > N + . We introduce the subspace

D = span{t—> K*F (—t —7r)|r> N +e}, (5.6.78)
which is dense in L' ([0, 00); C) by (HCyc2) and Lemma|5.6.15 We therefore have
[ (o +r) f(rydr = 0 (5.6.79)
0

for every f € D.

We fix any f € L'([0,00);C) and let {f,}n>1 be a sequence in D*) with f,, — f.
Using (5.6.79) we can estimate

‘ ?¢(k)(g+r)*f(r)dr‘ = ‘ T¢(k)(g+r)*(f(r) — fn(r))dr‘
0 0 (5.6.80)
< Ylls Of |f(r) = fu(r)ldr,
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which converges to 0 as n — oco. Hence (5.6.79) holds for any f € Ll([O, oo);(C). In
particular, we pick s € (0,0 +¢) for which ¢*)(s) # 0 and we let f € L*([0, 00); C) be
a sufficiently small peak function, centered around s — . This immediately yields

(o +r) f(r)dr # 0, (5.6.81)

which contradicts (5.6.79). =

Lemma 5.6.21. Assume that (HA|), (HK]) and (HH) are satisfied and fix 7 € R.
Assume moreover that the positivity condition ( is satisfied. Then the Hale inner
product at T is left-nondegenerate for nonnegative functions.

Proof. Assume that 1 € Y is nonnegative and has (¢, ¢), = 0 for every ¢ € X.
Exploiting symmetry, we assume further that 1 does not vanish on D}JZ and set out to

find a contradiction. Recalling the setting of Lemma [5.6.18, we obtain from ([5.6.60))
that the identity

o0

S s+ HTA_ N+ T U(s+r)K(=r—=N)dr = 0 (5.6.82)

7=0 o—s
holds for almost every s € (0,0 + ¢) and every N > Ny > Kconst- In addition, the
definition of o allows us to conclude ¥(s) > 0 for s € (0,0 + ¢).

Since the matrices (5.6.4]) are all positive semidefinite, we have

W(s+HtA_n)™ > o, s€(0,0+¢) (5.6.83)
forall j > 0,1 <k <M and N > Ny, together with

((s +7)TK(=r — N))(k)
forallr > o0 —s, 1<k < Mandall N > Ny. On the other hand, fixing j = 0
and r = 0, item (a) and (b) in (HPosI]) allow us to find N > Ny for which one or both
of the inequalities ([5.6.83))-(5.6.84)) are strict. This immediately contradicts (5.6.82)). m

> 0, s € (0,0 +¢) (5.6.84)

Lemma 5.6.22. Assume that (HA)), (HK|) and (HH) are satisfied. Assume moreover
that the atomic condition ( is satisfied at some point T € R. Then the Hale inner
product at T is left-nondegenerate for functions in Y .

Proof. The proof is identical to that of [133, Prop. 4.16] and, as such, will be
omitted. -

Proof of Proposition [5.6.9. The statements [[D}[(iv)| follow from Lemmas
5.6.19] [5.6.20] [5.6.21] and [5.6.22] The final statement follows from the representation
(5.2.30), applying Proposition for |(ii){(iii)| or using the nonnegative B*(7)-basis
for |(iv)| L]
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Remark 5.6.23. The conclusion in Lemma [5.6.19] that the Hale inner product is non-
degenerate for exponentially decaying functions cannot easily be generalized to bounded
functions. Indeed, the key argument is that the sequence (s + Ng)*) is perpendicular
to a dense subspace of £2(Np; C). This sequence is in ¢2 itself on account of the expo-
nential decay of ¥ and must therefore vanish. However, it is possible for nontrivial £°°
sequences to be perpendicular to a dense subspace of ¢£2(Ng; C); see the discussion at
[1]. In a similar fashion, we do not expect Lemma to be easily generalizable.

5.6.6 The nontriviality condition (HKer]
In this final subsection we show how the nontriviality condition ( can be verified.

Lemma 5.6.24. Assume that (, (I@ and (F@ are satisfied. Suppose that the
atomic condition (HFinl) holds for the system at each T € R. Then the nontriv-
iality condition (HKerl) is also satisfied.

Proof. By symmetry and the fact the adjoint system also satisfies (, it
suffices to show that any nonzero d € B cannot vanish on (—oo,0]. Arguing by contra-
diction, we assume that d = 0 identically on (—oo,0]. Defining o = inf{s € R : d(s) #
0}, we have 0 < 0 < co by construction.

Recalling the constant § > 0 from (7 we pick 0 < € < § sufficiently small to
have d(o +¢) # 0 and 7 + € < rmax for any j € Z with 7; # rmax. Evaluating (5.2.1))
at t = 0 + € — Tmax Now yields

0 = —d(t)+ S Aj(O)d(t+7r)) + [K(Et)d(t + €)de
j=1 R
= Aj . (c+e—rmax)d(o+e).

(5.6.85)

Since the matrix A;  (0+¢&—rmax) is nonsingular, we obtain the desired contradiction

d(oc+¢)=0. "

Lemma 5.6.25. Assume that (, (@ and (}@ are satisfied, together with the
cyclicity conditions (HShI)-(HShY). Then the nontriviality condition (HKer)) also holds.

Proof. By symmetry and the fact the adjoint system (5.6.3)) also satisfies (WSh1)-
(hSh2)), it suffices to show that any nonzero d € B cannot vanish on (—o0,0]. Writing
o =inf{s € R:d(s) # 0}, we have 0 < 0 < oo by construction. Recalling the constant

Keonst € Z>¢ from (, we use (5.2.1]) to conclude that

0 = —d(s)+ %:ZAj(s)d(s—i-j)—&-H{IC(Qs)d(s—&-é)df
= Y Aid(s+j)

jzo—s

(5.6.86)

for any s € (—o00, —Kconst)-
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We now pick an integer Ny and a constant € > 0 in such a way that Ny > 0+ Kconst
and d(o + ¢) # 0 both hold. Then for any integer N > Ny and any s € (0,0 + ¢), we
can use ([5.6.86)) to conclude

oo}

Sd(s+4) AN = 0, (5.6.87)
j=0
which closely resembles (5.6.66). We can hence follow the proof of Lemma |5.6.19 to
obtain the contradiction d = 0. m

Lemma 5.6.26. Assume that (HA)), (HK) and (HH) are satisfied. Suppose that the
cyclicity conditions (HCycl)-(HCyc3) are satisfied for the system (5.2.1). Then the

nontriviality condition (HKer|) is satisfied for the system .
Proof. By symmetry and the fact the adjoint system (5.6.3)) also satisfies (HCycl|)-

(hCyc2), it suffices to show that any nonzero d € B cannot vanish on (—o0,0]. We can
follow the proof of Lemmas [5.6.20] and [5.6.25| to arrive at a contradiction. m

Lemma 5.6.27. Assume that (HA|), (HK|) and (HH) and (HPosl)) are satisfied. Sup-
pose furthermore that the positivity condition (HPos3) holds for both the system

and the adjoint system . Then the nontriviality condition ( 1s also satis-
fied.

Proof. By symmetry, it suffices to show that any nonzero, nonnegative d € B
cannot vanish on (—oo,0]. Write o = inf{s € R : d(s) # 0} and recall the constant

Keonst € Z> from ( Using (5.2.1]) we see that
0 = —d(s)+ X Aj(s)d(s+ )+ [ K(& s)d(s + €)dg
R

e oo (5.6.88)
= > Ad(s+j)+ [ K(€d(s +&)dE

j>o—s o—s

for any s € (—00, —Kconst)-

We now pick an integer Ny and a constant € > 0 in such a way that d(o +d) # 0 for
each 0 < & < e and Ny > 0+ Konst +¢ both hold. If (a) holds in (, we pick N >
Ny in such a way that Ay is positive definite. Picking s =o+¢c— N € (=00, —Kconst],
we arrive at the contradiction

0 > (And(e+2)" > 0 (5.6.89)

for some 1 < k < M. On the other hand, if (b) holds in (hPosl)), we pick # > Ny in
such a way that Ky is positive definite whenever || < 7 Picking s =0+ 5 -0 ¢€
(—00, —Kconst], we obtain

0 > C inf {do+t)®} > 0
tels, 3] (5.6.90)
for some constant C' > 0 and some 1 < k < M, a contradiction. [ ]

Proof of Proposition[5.6.10. This follows directly from Lemmas n



Chapter 6

Parameter-dependent
exponential dichotomies for
nonlocal differential operators

6.1 Introduction and main result

In this short, final chapter, we extend parts of the theory from Chapter p|to include
MFDEs such as that depend smoothly on a parameter . For each individual
1 one can construct the corresponding exponential splitting using our previous results,
but this construction contains some noncanonical choices that do not necessarily pre-
serve the smoothness in . Often in applications, this smoothness is necessary in order
to obtain uniform estimates and close bifurcation arguments.

For example, exponential dichotomies play a major role in the construction and
stability analysis [I08], [109] of travelling pulse solutions to the FitzHugh-Nagumo LDE
. In particular, Hupkes and Sandstede consider a family of linearisations of the
Nagumo MFDE of the form

(o) = ulo+1)+u(oc—1)—2u(o)+ g.(0(9,c,p)(0),a)u(o). (6.1.1)

Here, the relevant parameters are the wavespeed c¢, which should be close to the
wavespeed of the travelling front solution , the parameter p from the correspond-
ing FitzHugh-Nagumo system, which should be close to 0, and a phase shift 9. Using
exponential dichotomies for 7 the authors construct quasi-front and quasi-back
solutions to (5.1.1)).

311
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Since we work in more or less the same setting as in Chapter [5| and use several key
results from that chapter, we will reuse the notation and assumptions introduced there.
In particular, we consider the parameter-dependent system

i) = % A )t )+ [ KOE 6 )

j=—00

= L(t, )z,

(6.1.2)

Here the parameter p takes values in an open set U C RP, for some integer p > 1
and the notation z; was introduced in (5.2.24). The corresponding linear operators
Ap) : Whee(R; CM) — L°°(R; CM) are given by

(A(p)2)(@) = :b(t)*io: Aj(tswat+ry) — [K(Etwa(t+8)ds. (6.1.3)

j=—00 R
We assume that the system (6.1.2)) depends C*-smoothly on p in the following sense.

Assumption (HC). The linear operators A(u) corresponding to the system
depends C*-smoothly on the parameter u € U for some integer k > 0. In addition,
Assumption ( holds for some pg € U, while Assumptions (, (HK]) and (HH))
hold uniformly for p € U. That is, the constant 77 and the upper bounds for the
quantities in and can be chosen independently of u € U. Finally, the
limiting operators Ao (p) depend C*-smoothly on p € U.

Our main result below shows that the exponential splittings which were obtained
in §5.5] can be constructed in such a way that the smoothness in the parameter p is
preserved. The concession we have to make is that the space R(7; u) will be no longer
invariant in the sense of Theorem We view the results in this chapter as another
step in the ongoing effort to close the gap between MFDEs with finite-range and with
infinite-range interactions. In particular, we expect our results to play an important
part in the stability analysis of the FitzHugh-Nagumo LDE with infinite-range inter-
actions (5.1.16), which, at present, is an open problem if i > 0 is sufficiently far away
from O.

Theorem 6.1.1 (cf. [104, Thm. 5.1]). Assume that (HQ) is satisfied. Then there
exists an open neighbourhood po € U' C U in such a way that for any p € U' and any
T > 0 there exist subspaces Q(7, 1), R(T, 1) C X that satisfy the following properties.

(i) We have the direct sum decomposition

X = Q(r;p) ® R(7; ) (6.1.4)

(i) Each ¢ € Q(7; ) can be extended to a solution E. ,¢ of on the interval
[T,00), while each ¥ € R(7; ) can be extended to a solution E; 1 of on
the interval (—oo, —ro] U [0, 7]. E|

1Here the constant rg > 0 is defined Proposition W
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(iii) The maps p + Ilg(r.,y and p = Ilp(r,, are C*-smooth and all derivatives can
be bounded uniformly for T > 0.

(iv) There exist constants K > 0 and o > 0 in such a way that we have the pointwise
exponential estimates for each ¢ € X and each integer 0 < ¢ < k

IDLE Mgrnel(t) < Kel||g|lo, for every t >,
DB prnél(t) < Ke l¢|lo, for every t <, (6.1.5)
|A() Bz gy 01 () Ke "¢, for everyt <.

IN

Our results are primarily based on the approach from [104] §3,5], where Hupkes and
Verduyn Lunel construct exponential splittings for parameter-dependent MFDEs with
finite-range interactions. The main difficulty here is that in [104] these splittings are
obtained by solving a linear equation on a space of functions, defined on the interval
DP . with an exponential weight. However, several operators that are involved in this
linear equation, such as the inclusion of the space Q(7) into such an exponentially
weighted space, lose their boundedness if ry,;, = —oo. As a workaround, we reconsider
the problem on a space with a one-sided exponential weight. However, this change

complicates several of the key technical computations.

6.2 One-sided exponential weights

We start by expanding the Fredholm theory from [68] for the system (5.2.1]) to spaces
with a one-sided exponential weight. For any n € R and f € L (R; CM) we introduce
the function

lef fl@) = e f(a), (6.2.1)
where
z, x>0,
o= (6.2.2)
0, x<0.

This allows us to define the spaces

L (R;CY) = {f € L, (R;CM) [eT, f € L=(R; CM)}, e
WP (R CM) = {f € L, (R;CM) | e, f € Wh=(R;CM)},
with the corresponding norms
Ifllzee, @erry = lleX, fllpoomeny, 624)
Il ey = ety flwnemen. -

For sufficiently small |5| we can consider the shifted operator A,  : Wh(R; CM) —
L>(R; CM) that acts as
Ap iz = e:]rAei'nx. (6.2.5)
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Lemma 6. 2 1. Assume that (HA), (HK|) and (HH) are satisfied. Pick _an

with |n) < Wrztmg A* m+ Jor the characteristic equations defined in (5.2.1

operator , we have the identities
Afi(z) = Atz-n), A, () = A (2).
In addition, the adjoint operator (An#)* s given by
(An#)* = ;\v*fn7+~
Proof. For j € 7 we see that
et g=nlt+rt  —  g—nry
for ¢ sufficiently positive, while
et e—nlt+r))™  _ 4
for ¢ sufficiently negative. Similarly for z € W>°(R; CM) we can compute
(e z(t) = —pe 1 x(t) 4 e 12! (1)
for ¢ sufficiently positive, while
(e_"(ﬁ)x(t))/ = 2/(t)
for ¢ sufficiently negative. Finally for x € W1 >°(R; CM) we see that
0D [R(E e w1 t)de = e [TLK(E (€ + t)de
+ [T t)e S a(E + t)dE
for t positive, while

1) [LK(E)e e (¢ +t)de = [T K(& (€ + t)dE

neR
for the

(6.2.6)

(6.2.7)

(6.2.8)

(6.2.9)

(6.2.10)

(6.2.11)

(6.2.12)

+eT [7 K (& t)e M w (€ + t)dE

for t negative. These computations directly imply the identities (6.2.6]).

In addition, a short computation shows that

(W, Ay p2)e@ery = [yl (Aed, z)(t)dt
Sy @) (Ae_nx)( )dt
= [(A*efy)(t) e a(t)dt
S, Aety)(t) a(t)dt

= <A**77,+y7x>L2(]R;CM)7

(6.2.13)

(6.2.14)
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which implies (6 , as desired. ]

Lemma allows us to define the Fredholm operators A, : Wnlj_o(]R, cMy —
Ly, (R; C™) that act as
A4+ = ebo A, oef

o (6.2.15)

L WS (R;CM) —

Our main result here shows that the natural adjoint A’(*_n)) Lo WO

LY, (R CM) is given by

A*

Loyt = e'_"noA*,],_,_oej]'. (6.2.16)

Note that for x € Wnlf(R, CMYNWL2(R;CM) and y € VV1 (R CMY)NW L (R; CM)
we simply have
Az = Ag 4, Ay = A?fn) +Y- (6.2.17)

The main reasons we constructed the operators A,  in this fashion are that it is

not a-priori clear that A maps W, *?°(R; CM) into L (R CM) and whether these oper-
ators remain Fredholm operators We note that A(O),+ = A, since we have the identities

Wol”_io(R;CM) = Wh*(R;CM) and L, (R; CM) = L>*(R; CM). The following result
is the equivalent of Proposition for the operator A, 4.

Proposition 6.2.2 (cf. [104, Prop. 3.2]). Assume that (HA|), (HK|) and (HH) are
satisfied. Pick anyn € R with |n| < 1 4 for which the characteristic equatzon det AT (2) =

0 has no roots with Rez = n. Then both the operators Ag) 1 : Wn,+ (R;CM) —
> (R;CM) and AT+ Wi,;’o_F(R CM) — L, , (R;CM) are Fredholm operators.
Moreover the mnges admzt the characterisation

R(Apy+) = {heLl®R) f y(&)*h(t)dt = 0 for every y € ker(Az‘_n)7+)},
R(A’(k n)’Jr) = {heL®R)| f t)dt =0 for every x € ker(A, )}
(6.2.18)
The Fredholm indices can be computed by
ind(Ag,+) = —ind(Af_,) ) = dimker(Ag) +) —dimker(A—;) 1) (6.2.19)

Finally, there exist constants K > 0 and 0 < o« < 1) so that

et z(t)] < Ke_amHeJ_ranoo (6.2.20)

holds for any x € ker(A(,) ;) and any t € R, while the bound
lefz(t)] < Ke etz (6.2.21)

holds for any = € ker(AE‘f and any t € R.

n)Hr)



316 CHAPTER[B PARAMETER-DEPENDENT EXPONENTIAL DICHOTOMIES

Proof. These results follow from Proposition [5.2.1] and Lemma [6.2.1] together with
the identities

ker(A(y).+) = epker(Ay ),
ker(Affn)’Jr) = efnker(A*i,’Jr) = efnker(([\,,,7+)*), (6.2.22)
Range(Awy,+) = efRange(A_, ),
Range (Af—n>,+) efnRange(K;n,Jr) = efnRange(([X,n,Jr)*).
m

We now shift our attention to the parameter-dependent system (6.1.2)). The follow-
ing result shows that we can find a quasi-inverse for this system that depends smoothly
on fi.

Proposition 6. 2 3 (cf. [104, Prop. 3.3]). Assume that (HQ) is satisfied. Pick any
n € R with |n| < % for which the characteristic equation det AT (z) =0 for = po has
no roots with Rez =n. Write R = RaungC(A(,7 )+ (1 )) and pick a complement R+ for
R in L2, (R; CM). Then there exists an open neighbourhood pg € U’ C U, together

with a C*-smooth function
Capt 1 U = L(L°, (R;CM), RE) (6.2.23)
and a C*-smooth quasi-inverse

AU o (L (R CM), W (R CY)) (6.2.24)

that satisfy the following properties.

(i) For any p € U' we have the upper bound
dim (ker(A(n)’Jr(u))) < dim (ker(A(n)’Jr(uo))). (6.2.25)

(ii) For any p € U' and any f € L=(R; CM) we have the identity

Ayt WADY (W) f = f+Caps (W] (6.2.26)

Moreover, the restriction of the map C(, 4 (1o) to R vanishes identically.

Proof. Upon choosing

A (0 F = [rrAs (W] R, oo
C(U)»-‘r(:u)f = _WRLf—FﬂRLA(n)’ (1 )A?Tllr)lv+( ),

we can directly follow the proof of [I04, Prop. 3.3] to arrive at the desired result. [
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In a similar fashion, we introduce the function

e, fl(z) = e@) f(2), (6.2.28)
where
) o], =<0,
= = (6.2.29)
0, x>0,
together with the spaces
Ly (R;CM) = {f € Li,.(R;CM)|eZ, f € L=(R;CM)}, ( )
’ 6.2.30
Wy (R;CM) = {f e L (R;CM)|eZ, f € WH=(R;CM)},
with the corresponding norms
IfllLee, ricrry o= lleX, fll Lo micrr), (6.2.31)
I Fllwoe ey = leX, fllwr.ee micny.- o

For sufficiently small || we can consider the shifted operator A, _ : W1>°(R;CM) —
L>(R; CM) which acts as }
Ap_x = e Ae’,x (6.2.32)

n €
and we can define the Fredholm operators A, _ : W;_”EO(R; CM) — Ly (R;CM) by

Aopy,— = ey oA, o e, (6.2.33)
Remark 6.2.4. The equivalent statements in Propositions|6.2.2 can be proven for
the operator A, _ under the assumption that the characteristic equation det A™(z) =

0 has no roots with Re z = —n, instead of the condition on A¥.

For notational simplicity, we use the shorthand

AGm () = A?é’)‘f+(u) = A?(i;)"[(ﬂ). (6.2.34)

The half-line inverses from Lemma [5.5.6] can also be chosen to depend smoothly on the
parameter p. We recall that the intervals D® and DS were defined in (5.2.32)), while
the interval Dx was defined in ([5.2.22)).

Lemma 6.2.5 (cf. [104, Pg. 13]). Assume that (HC) is satisfied. Recall the open
neighbourhood U’ of uo from Proposition and fix T € R. Then there exist bounded
linear operators

AT (n) s L2 ([, 00);CM) = Wh(DE;CM), (6.2.35)
AT (p) : Lo ((—o0,7;CM)  — Wheo(DZ;CM), -
defined for u € U’, in such a way that the identities
AWALL (W) = f), t=>T,
- (6.2.36)

A(WAZL(gl(s) = g(s), s<T
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hold for f € L>([r,00); CM) and g € L>((—o0,7]; CM). The operators A+, depend
C*-smoothly on the parameter .

In addition, if T > 0 is sufficiently large, there exists bounded linear operators

AGE(p) s L>2([0,7];CM)  — W (Dx + 7;CM), (6.2.37)

T
defined for p € U’, in such a way that the identity
WA WA® = f0), te o] (6.2.38)
holds for f € L™ ([0, 7); (CM). The operators Ao~ depend C*-smoothly on the parameter
L

Proof. Using the quasi-inverse A4"(y) instead of the inverse A~!, the proof of
Lemma [5.5.6| carries over to the current setting. ]

6.3 Construction of exponential splittings

In this section, we set out to prove Theorem [6.1.1] For 7 > 0 and u € U we write
Q(7, 1) for the space Q(7) from Theorem at this value of y. In addition, we
write Q(7) := Q(7, uo). Moreover, we introduce, for notational clarity, the evaluation
operator evy given by

th(b = ¢)t' (631)

We will be mainly working in the spaces

BCE, = {feCy(DE,CM)let, feCy(DE,CM)}, 62)

BCS, = {feCy(D2,CM)|ez, f e Cy(DS,CM)} o
for 7 > 0 and n € R, with the corresponding norms

1l see, leXyflloes  Nfllpee, = lleZyflle- (6.3.3)

This choice of spaces is in essential in our analysis and in major contrast to the finite-
range setting in [I04]. Indeed, there the authors consider weighted spaces, defined on
the interval D® | where the weight decays exponentially in positive direction, while it
grows exponentially in the direction of ry;, + 7. An essential step in the analysis is
that the inclusion of the space Q(7) into the exponentially weighted space is a bounded
linear operator. However, this is the case if and only if ry;, > —oco. By contrast, the

inclusion of Q(7) into the space BCﬁ?n is bounded for n < 0 sufficiently close to 0.

The key ingredients to establish Theorem [6.1.1]are the following two results that we
establish in the sequel. Basically, they state that Q(7, u) and R(7, i) can be constructed
as a graph over Q(7, po) and R(7, juo). For ¢ € Q(7, 1), we write E. 1) for the extension
of the function ¢. That is, E; ;9 is a solution of on the interval [, 00).
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Proposition 6.3.1 (cf. [104, Lem. 5.2]). Assume that (HC) is satisfied. Consider
the splitting X = Q(7) ® R(1) for 7 > 0 for the system (6.1.9) at u = pg. Then
there exists an open neighbourhood oy € U' C U, together with C*-smooth functions
USy(ry U' — L(Q(7),X), defined for 7 > 0, that satisfy the following properties.

(i) For each u € U' we have the identity

Horyughm () = 1 (6.3.4)
and the limait )
lim (I = ge)lug (1) = 0, (6.3.5)

H— 1o

holds uniformly for T > 0.

(ii) For u € U’ the operator norms of the maps ua(ﬂ (1) are bounded uniformly for
T2>0.

(iii) For p € U’ we have Q(T;u) = Range(uam (1)).
(iv) There exist constants K > 0 and a > 0 in so that the bound
DL B iy (00(0) < Keol=7lg]1 (6.3.6)
holds for each p € U’, each 0 < 7 < 't, each ¢ € Q(7) and each integer 0 < £ < k.

Recall that the space R(7, p) is constructed as a finite-dimensional enlargement of
the space P(T, o). However, it is unclear whether this finite-dimensional space can be
constructed in such a way that it depends smoothly on the parameter p. As such, we
simply construct the space R(7, ) in a fashion similar to Proposition and treat
this as its definition. The price we have to pay is that this space is no longer invariant.

Proposition 6.3.2 (cf. [104, Lem. 5.3]). Assume that (HC) is satisfied. Consider
the splitting X = Q(7) ® R(7) for 7 > 0 for the system %} at = pug. Then
there exists an open neighbourhood oy € U' C U, together with C*-smooth functions
Uh(ry U — L(R(1),X), defined for 7 > 0, that satisfy the following properties.

(i) For each p € U’ we have the identity
HR(T)UE(T) (,u) = 1T (637)

and the limit )
lim [I — Hge)upy () = 0, (6.3.8)

H— 1o

holds uniformly for T > 0.

(i1) For p € U' we have that the operator norms of the maps Up(ry (1) are bounded
uniformly for T > 0.

(11i) Writing R(T; 1) = Range (uE(T)(u)), each € R(T; 1) extends to a solution E;

of on the interval (—oo, —ro] U [0, 7]. In addition, the space R(T;u) C X
is closed.
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(iv) There exist constants K > 0 and o > 0 in such a way that we have the bound
DL Byt (0010) < Koo (6.3.9)
for each p € U', each t < 7, each ¢ € R(T) and each integer 0 < £ < k.
(v) We have the uniform bound
) Bty (0] (1) < Ko=) (6:3.10)
for each p € U’, each t € [—r9,0] and each ¢ € R(T).

Proof of Theorem[6.1.1. On account of Propositions [6.3.1] and [6.3.2] we can repeat
the arguments used in the proof of [I04, Thm. 5.1] to arrive at the desired result. m

For any 7 > 0 and n > 0, we introduce the map G,,, : U — E(BCf_Bﬁn), defined by

Gron(w)u = AT (p0) [L(1) = Lpo) |t = trnTg(ryevoA{™  (po)[L(1) — Lipo)]u-
(6.3.11)
Here we introduced the notation

[L(p)u](t) = L(t, pue, (6.3.12)
together with the map ¢r,,, which is the inclusion from Q(7) into BC’fi77 for 7 > 0.

The proof of Proposition [6.3.1] consists of a number of steps. We start by showing
that the map G, , from ([6.3.11)) is well-defined and bounded for some specified o > 0.
Then we use this map G, , to construct the functions ua(T). Most of our focus will go
to the identity Q(7; u) = Range (uam (1)), since the other bounds and identities follow
relatively quickly from the definition.

Lemma 6.3.3. Consider the setting of Proposition[6.3.1) and suppose that Tmin = —00.
Then there exists a constant o > 0 so that the map

g‘r = gT;a (6313)

is a well-defined map G, : U — ﬁ(BCf?_a). In addition, there exists an open neigh-
bourhood g € U' C U, together with a constant C > 0, so that for all p € U' we have
the uniform bounds

G-l < 5 IDLGwl < © (6:3.14)

for all T > 0 and all integers 1 < £ < k.

Proof. We let K > 1 and 0 < a < 77 be the constants from Theorem applied
to the system (6.1.2) at p = po. Without loss of generality we can assume that «
is so small that the characteristic equation det A™(z) for u = g has no roots with
Rez = —a, which allows us to consider the quasi-inverse A?‘_n;’) . from Proposition
We also can assume without loss of generality that e b € W1 (R; CM) for any
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be BUB*.

We start by showing that the map G, := G,., is well-defined by showing that the
inclusion map ¢, and the evaluation operator evy map Q(7) into BCS?_ o, and BC’E?_ o
into X respectively.

On account of Theorem the map
br = lra (6.3.15)

is a well-defined and bounded map ¢, : Q(7) — BCE?_Q, since we assumed that r,;, =
—o00. In addition, we have the bound

ldlpos < Kaelldllo (6.3.16)
for ¢ € Q(7).
Let ¢ € BCe?fa be given. Then we obtain the pointwise estimate
(evod))] = G0 < el pos_ (6:3.17)
for any t € D}, while
(evod)®)] = 1eIo0] < ldllpee_ (6.3.18)
fort € D¥.

Hence, the norms of the operators evy and ¢, are bounded by 1 and Kg.. respec-
tively. In addition, the projections Il ;) are uniformly bounded in norm on account of
Theorem Since the map u + L(p) is C*-smooth, we see that G, is smooth as a
map from U into /.Z(BCE?_Q). The uniform bounds on the operators ¢, Ilg(+) and evg
now yield the uniform bound for 7 > 0, integers 1 < ¢ < k and p sufficiently
close to ug. [

In particular, we can define the bounded linear maps
Vo (1) Q(r) — BCY_,,

e » (6.3.19)

¢ = [I - g‘l'(ﬂ)] LT¢;

together with

U (1) = eVovge (). (6.3.20)
Lemma 6.3.4. Consider the setting of Lemma |6.5. ﬁ Then the functions “Zg(r)(l‘)
defined in (6.53.20) satisfy items and [(w)] of Proposition [6.1.4)

Proof. The uniform bound on the operator norm of u’é(T)(,u) and the exponential

estimate 6.3.6: follow directly from the definition (6.3.20)), together with the uniform
bounds ((6.3.14)) and (6.3.16]). [
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Lemma 6.3.5. Consider the setting of Lemmal[6.5.3 Then we have the identity
and the limait holds uniformly for T > 0.

Proof. Pick any 7 > 0 and u € BC’f.B,fa. Then we can compute

v gmevorllomevour = o o Ilogmevou
Q(r) Q(r) Q(MHQ(7) (6.3.21)
= i lgevou.
In particular, we see from the definition (6.3.11)) that
LTHQ(T)QVOQT(/J,) = 0. (6322)
This implies
Hgryevog-(n) = 0, (6.3.23)
which yields
. -1
QUG (1) = Hoerevoll —G-(w)] v = I, (6.3.24)

as desired. The remainder term (/6.3.5)) can be bounded by considering the identity

" -1
(1= Toem]ugym () = evo[[T=G:(w)] ™" = 1]r, (6.3.25)
which approaches 0 as y — pg, uniformly for 7 > 0. m

We now set out to show that Range (u’é(T)(,u)) = Q(7, ). The “C”-embedding can
be established by a relatively direct calculation. The “O”-embedding follows from the

property (6.3.14]) for G, .

Lemma 6.3.6. Consider the setting of Lemma [6.5.3 Then we have the inclusion
Range (ug) (1)) C Q(, ).

Proof. Similarly to (5.5.26)), we pick a basis for Ramge(A(_O(),Jr(,uo))l that consists
of continuous functions for which the support is contained in the interval [—rg,0]. We

recall the C*-smooth operator
1
Cicayt 1 U — E(Lz’ia)#(R;(CM),Range(A(—a),-s-(ﬂO)) ) (6.3.26)

from Proposition Recall that o was chosen small enough to have egtab € WL (R; CM)
for any b € BU B*. Since a > 0, we have L? ) | (R; CM) c L>°(R;CM). As such, we

have A(u)z = A(_qy 4 (p)z for any = € W(l_’f) L (R CM) and any p € U’ on account of
(6.2.17). Pick ¢ € Q(7) and write

u(t) = [v5, (el —7), (6.3.27)

so that
evru = g (1o (6.3.28)
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Writing
ur(t) = ut+71), (6.3.29)
we can compute
u(t) = [¢)(t —7) + [Gr(m)ur)(t —7) (6.3.30)
for t € R, so that
[Apul(t) = [Aerd(- = 7)) + [A)Gr (p)u-(- = 7)] (8). (6.3.31)

For t € R we can now compute

AGerd( =)0 = [[Llm0) = L)]erd(- = 1)] () + [Apo)er (- — )] (1),

(6.3.32)
together with
L := [ ( )gT( ) T('_T)](t)
= [[L(10) = L] G (e (- = 7)] (1) + [Ako) G- (sl (- = )] 1
= “LM) (1] (G-I = G- ()}~ er0(- = 1] (1)
(6.3.33)
[ M)A (10) [L) = L(po)]ur (- = 7)] (1)
— [A(10)er Tlgryevo ™), (1) [L (1) = L(uo)]ur (- = 7)] (1
= L1+ Lo+ Ls.
We can compute
Ly = [[L(o) = L(w)] [9- (W = G ()] el = )] 1)
= [ [Eo) = Lw)]erol- = 7))
(6.3.34)

+[[LG0) = LG [T = G (] ez (- = 7] )
= = [[E(o) = L]l = )| (1) + | [L10) = L(w)]usr (- = 7)) ().

Moreover, an application of Proposition [6.2.3] yields

Ly = [AGuo)AT™)  (10)[L(k) = L(po)]ur(- =) (1)

=[£G = Lo ur (- = )| (1) + (€ (10) [E(1) = Llpo)] s (- = 7)) 8).
(6.3.35)
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Combining (6.3.31)), (6.3.32)), (6.3.34) and (6.3.35)), we obtain
AGal@) = [[L0) = L] = 1)](0) + [Apo)erdl- — 1))

- A(IU’O)LTHQ(T)eVOA?T;))+(/’LO) [L(p) = L(po)]ur (- — 7')} (t)
(1) + [Cay.+ (0) [L() = Llmo)]ur (- = 7)] (1)

— (A0} Tgryevod ™) (pi0) [L(1) = L(po) s (- = 7)] (1),
(6.3.36)

I
=
=
(=}
=
3
=
|
\‘

for any t € R. For t > 7 we obtain

[A(uo)erd(- = T)](1) = O, (6.3.37)

since ¢ € Q(7). In addition, we recall that we chose C(_q) 4 (t0)v(s) to be identically
zero for s > 0. Finally, for ¢ > 7 we obtain

[Ao)eTlg(ryevodd™) | (o) [L(w) = Lipo)]u-(- = )| (1) = 0 (6:338)
by definition of Q(7). Hence we must have
AGRIE = (Mool ~ )]0 + [y (1) [L(1) — L)) s (- = )] )
— [AG0)r Tgmyevo ™) (1) [L (1) = L(so)Jus (- = )| (1)
=0
(6.3.39)
for any ¢ > 7. In particular, we get v € Q(7,u) and thus %m ()¢ € Q(7,u), as
desired. [
Lemma 6.3.7. Consider the setting of Lemma [6.53.5 Then we have the inclusion
Range (ug) (1)) D Q(, ).
Proof. We pick q}i € Q(7, ) and write
6 = Tgmevod.,
, f( S (6.3.40)
EO) = [ Wl - 7).

By Lemma we see that ¢ € Q(7, u) and therefore also g, := ¢, — ¢, € Q(7, ).
Moreover, we can compute

HQ(T)eVOqM = HQ(T)eVOQ}L - HQ("')“Z)(T) (:LL)(ZS
_ g (6.3.41)
=0
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using (6.3.4)). Upon setting
o = AL L (0) [L(1) = (ko)) au — Gus (6.3.42)
we note that

Apo)auy = [L(1) = L(o)] @ + C(—ay 4 (o) [L(11) — L(110)] 0 — Ap0) g
—A (1) + Ci—ay 4+ (po) [L(1) = L(110)] 4y,

(6.3.43)
since L(p) — L(po) — A(po) = —A(p). In particular, we see that the right-hand side of
(6.3.43)) is zero on the halfline [r, 00), so we must have g, € Q(7) and hence

g‘r (:U')qlt = qu + Ao — LTHQ(T)eVO [qlt + q#o}
qM + Quo — quo (6344)
= qll«o'

This yields g, € ker(I —G,(u)) = {0}, which implies ev,¢/, = ev,¢> € Range (“Zg(r)(“))
and completes the proof. ]

Proof of Proposition[6.3.1 In the case where 7yin > —0o we can follow the proof of

[104], Lem. 5.2], so we assume that ryi, = —oco. In that case, the desired result follows
directly from Lemmas[6.3.3 =

For the proof of Proposition we can proceed in the same fashion as in the proof
of Proposition where instead of the spaces BC® we use the space BCY It

T,—Q) T,—Q"

only remains to show that Range (u}}(ﬂ(,u)) C X is closed and to establish (6.3.10]).
Lemma 6.3.8. Consider the setting of Proposition . Then Range (u*R(T)(,u)) cX

is closed.
Proof. Consider a sequence {¢,},;>1 in R(7) and, writing ¢; = u}‘z(ﬂ ()¢;, assume

that ¢; — .. By (6.3.7) we see that Iz ¥; = ¢; and by the continuity of IIg(,)
this yields ¢; — I (7%« := ¢.. Since the operator u*R(T)(u) is bounded, we must have

u}(ﬂ(u) [qﬁj — (;S*} — 0 and therefore 9, = uE(T)(,u)qb*, as desired. [

Lemma 6.3.9. Consider the setting of Proposition [6.53.4 Then the uniform bound
0.3.10}) holds for each € U’, each t € [—71¢,0] and each ¢ € R(T).

Proof. We fix p € U', —rg <t <0 and ¢ € R(7) and write

u = ET,HU*R(T)(M)¢. (6.3.45)
From we can derive that
AGUO = (Al — 7))+ [Can—(0) L) — L(po)]a] )

_ [A(HO)LTHR(T)GVOA?T2)7_(uo) [L(u) — L(uo)]u} (1) (6.3.46)

= Ll —|—L2 +L3
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On account of Proposition [5.5.4] we immediately obtain the bound

ILi| = |[A(po)erd(- —1)I(1)] < Kie ' =|g]|o (6.3.47)

for some K7 > 0. Recall that « was chosen small enough to have ex b € W (R; CM)
for any b € BU B*. Let {d'}!'?, denote a basis for ker(A(uo)*). In particular, we can
pick a constant Ky > 0 in such a way that the exponential bound

d'(§)] < Kye 2l (6.3.48)

holds for any £ € R and any integer 1 < i < ng4. Using the representations from

Proposition and from ([5.5.22)) we can compute

Ly = [Ciay (o) [Lr) = L(o)]u| (1)
=~ | [L00) = L(uo)]u] (1)
+rRL {A(—a),—(uo) [MRA oy, (10)]  7r [L(p) - L(Mo)]u} (t)
=~ [ [L(0) = L(uo)]u] (1)
= S ] @ (L) - LonJu€)de] o' 0)
(6.3.49)

On account of the exponential decay (6.3.9)), we can pick a constant K3 > 0, indepen-
dent of p and u, for which the bound

L) = L(uo)]ul(€) < Kae =9l (6.3.50)
holds for any £ < 7, while the bound
|[L(1) = L(po)]u|(€) < Ksll¢llo (6.3.51)

holds for any £ > 7. In particular, we can estimate

| Lo

IN

nq
3 [ ] Hae 2l g0 gl + [ Ko 281G ] ]l (1)

IN

Kol gl [ eSds + [ oo + (20)7 '
—00 0

IN

0 0
e DKy |glloc | [ €36 + [ emoSdg + (20) 7 lg" e,
— 0o 0

(6.3.52)
Finally, we obtain the bound

sl = |[A0)erTTreryevoA™) (o) [L(k) — L(so)]u) (¢)]
< Koo agevo ™) (o) [L() — L(uo)]ulloc (6.3.53)
< Kae |0
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for some constant K3 > 0, using the uniform bounds and the exponential decay in

Theorem and the bound (6.3.9)).

Proof of Proposition [6.3.3 The desired result follows from Lemmas and
0.3.9 [
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Samenvatting

In een tijd die inmiddels lang vervlogen lijkt, waren er voetbalwedstrijden waar duizen-
den mensen op elkaar gepakt op de tribunes zaten. Bij zo’n wedstrijd was het gebruike-
lijk dat de toeschouwers af en toe spontaan een waveﬂ vormden: door beurtelings op
te staan en weer te gaan zitten lijkt er een golfbeweging door het publiek te gaan;
zie Figuur Met de huidige coronavirusmaatregelen kan een wave natuurlijk nog
steeds plaatvinden, al zullen de toeschouwers wel op anderhalve meter afstand uit elkaar
zitten. Dat de afstand groter is, betekent echter niet dat we het niet meer over een
golfverschijnsel kunnen hebben. Er zit natuurlijk wel een limiet op: als bij wijze van
spreken de toeschouwers allemaal honderden meters uit elkaar zitten, dan wordt het
onmogelijk om zonder verdere communicatie nog een wave te kunnen doen. Dat het
medium waar de golf zich door probeert te bewegen discreet is en wat de afstand tussen
de componenten van het medium is, heeft blijkbaar invloed op de vraag of de golf kan
bestaan.

Aan de andere kant kennen wij golfverschijnselen voornamelijk uit scenario’s waar
het medium een continu geheel is, zoals bij watergolven of als een elektrische stroom
door een draad beweegt. Sommige golfverschijnselen lijken zich echter door een continu
medium te bewegen, terwijl ze dat in feite helemaal niet doen. Het bekendste voorbeeld
hiervan is de propagatie van elektrische signalen door zenuwbanen; zie Figuur
Deze signalen kunnen namelijk enkel propageren als de zenuwbaan is omhuld met een
meyline coating. In deze coating zitten gaten op vaste afstand van elkaar. Deze gaten
worden ook wel de Ranvierknopen genoemd. In de gecoate regio’s beweegt het elek-
trische signaal snel, maar verliest wel veel kracht. Aan de andere kant beweegt het
signaal veel langzamer in de Ranvierknopen, maar herstelt de signaalsterkte zich wel.
Als je met een microscoop naar dit proces kijkt, lijkt het alsof het signaal springt van
een Ranvierknoop naar diens buurknoop. In feite is het dus logischer om dit proces
te beschouwen als een golfverschijnsel door een discreet medium, namelijk de Ranvier-
knopen, dan door de hele zenuwbaan.

Wiskundige modellen proberen de dynamische eigenschappen van dit soort pro-
cessen in vergelijkingen te vangen. Daarbij moet altijd een belangrijke balans worden
gezocht: hoe nauwkeuriger en preciezer je het model probeert te maken, hoe moeilijker
het is om er nog iets zinnigs over te bewijzen. Aan de andere kant moet het model ook

2Dit wordt ook wel een Mexican wave genoemd.
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weer niet zo simpel worden dat het elke connectie met de realiteit verliest.

Een van de eerste wiskundige modellen die de propagatie van elektrische signalen
door zenuwbanen probeerde te beschrijven waren de zogenaamde Hodgkin-Huxley-
vergelijkingen. Dit model is gebaseerd op experimenten op reuzeinktvissen en is voor
het eerst geformuleerd in de jaren 1950; zie Figuur Wiskundig gezien was het
een erg ingewikkeld modeﬂ Daarom hebben Richard FitzHugh en Jinichi Nagumo
in de jaren 1960 een versimpeld model geintroduceerd, wat inmideels bekend staat als
het FitzHugh-Nagumo model. De eerste vraag die wiskundigen bij dit soort modellen
stellen is of er golven zijn die aan de vegelijkingen in dit model voldoen. Tenslotte
probeert het FitzHugh-Nagumo-model de propagatie van elektrische signalen, wat een
golfverschijnsel is, te beschrijven. Richard FitzHugh heeft dat in 1968 (!) al met een
computeranimatie laten zien, maar wiskundigen houden van zekerheid en willen dat
dus graag bewijzen. Vanaf de jaren 1970 zijn er vele wiskundige publicaties verschenen
over het bestaan van golfoplossingen in het FitzHugh-Nagumo-model.

Er is echter een groot probleem met het FitzHugh-Nagumo-model: de hele discrete
structuur met de Ranvierknopen en de meyline coating komt niet direct terug in het
model. In eerste instantie was dat niet zo erg: wiskundigen beginnen vaak met het
begrijpen van een simpeler model voordat ze generalisaties gaan bekijken. De discrete
structuur is echter wel een essentieel onderdeel van het onderliggende biologische pro-
ces. Om deze discrete structuur in te bouwen hebben James Keener en James Sneyd
in 1998 een discrete versie van het FitzHugh-Nagumo-model geformuleerd. Zoals wel
te verwachten was, bleek het veel lastiger te zijn om iets wiskundigs te bewijzen over
dit model. Pas in 2009 is het de jonge wiskundige Hermen Jan Hupkes, samen met
zijn PostDoc-begeleider Bjorn Sandstede, gelukt om te bewijzen dat er golfoplossingen
bestaan in het discrete FitzHugh-Nagumo-model. Dat het zo lang duurde, kwam onder
andere doordat er veel minder algemene wiskundige theorie bekend is voor discrete
systemen dan voor continue systemen.

In dit proefschrift zet ik de volgende stap in het accurater maken van het FitzHugh-
Nagumo-model. Om precies te zijn, analyseer ik drie verschillende generalisaties van
het discrete FitzHugh-Nagumo-model: oneindig bereik, periodieke interacties en tijds-

discretisaties; zie Figuur [6.1(d)

Oneindig bereik In het standaard discrete FitzHugh-Nagumo-model wordt aangenomen
dat elke Ranvierknoop alleen zijn twee directe buurknopen ‘ziet’. In hoofdstuk [2] nemen
we echter aan dat elke knoop in direct contact staat met al zijn buren. In veel systemen
in de wereld om ons heen is dat ook een veel logischere aanname: als er in een voetbal-
stadion een wave wordt gedaan, dan ga je al veel eerder klaarzitten, misschien zelfs al
half opstaan, terwijl de wave zich nog aan de andere kant van het stadion bevindt. Ook
in de context van zenuwbanen is het een natuurlijkere aanname: dit soort zenuwbanen

3 Alan Hodgkin en Andrew Huxley waren dan ook geen wiskundigen maar biophysici en in dat soort
vakgebieden verkiest men liever accuraatheid boven oplosbaarheid.
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Figure 6.1: (a) Een wave in een voetbalstadion. De orange lign laat het golfprofiel zien. (b) Car-
toon van het experiment waar Hodgkin en Huzley een elektrisch signaal door een reuzeinktvis
sturen. (c) Schematische weergave van de propagatie van elektrische signalen door zenuw-
banen. (d) De verschillende soorten van het FitzHugh-Nagumo-model met in rood en blauw
de ruimte en in groen de tijd: (i) het klassieke, volledig continue model; (1) het ruimtelijk
gediscretiseerde model, waar elke knoop enkel zijn directe buurknopen ziet; (iii) het ruimtelijk
gediscretiseerde model met oneindig bereik, waar elke knoop alle andere knopen direct ziet; (iv)
het periodieke model, waar twee verschillende typen knopen elkaar afwisselen; (v) het model
waar zowel de ruimte als de tijd is gediscretiseerd.
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vormen een complex netwerk waar interacties over lange afstanden plaatsvinden. We
bewijzen dat er ook in dit soort systemen golfverschijnselen op kunnen treden. We
lopen daar echter wel tegen een ernstige beperking aan: we zijn genoodzaakt om aan
te nemen dat de afstand tusen twee opeenvolgende Ranvierknopen ‘voldoende klein’
is. Voldoende klein is echter een nogal vaag begri;ﬁ hoe weet ik nou of in mijn
toepassing de afstand klein genoeg is? Is de afstand in de zenuwbanen in mijn lichaam
klein genoeg? Daar geeft de wiskunde helaas (nog) geen antwoord op. Sterker nog:
in het standaard discrete FitzHugh-Nagumo-model is deze beperking niet aanwezig.
Wiskundig gezien komt dit doordat wij een totaal andere bewijstechniek gebruiken dan
deze eerdere resultaten. Dit was noodzakelijk, omdat voor system waar alles direct van
elkaar afhangt er nog veel minder algemene theorie beschikbaar is dan voor system die
alleen van hun directe buren afhangen. In hoofdstuk [5] en [6] bouwen we een deel van
deze missende theorie weer op voor systemen waar alles direct van elkaar afthangt. Wij
verwachten dat deze theorie uiteindelijk voldoende, en zeker nodig, gaat zijn om de
beperking van de kleine afstand weg te werken. Dit is iets om in de toekomst naar uit
te kijken.

Periodieke interacties In alle eerdere FitzHugh-Nagumo-modellen wordt aangenomen
dat alle Ranvierknopen identiek zijn. Echter hebben enkele recente experimenten aange-
toond dat bepaalde eiwitten zich slechts om en om aan de Ranvierknopen hechten. In
hoofdstuk [3| bouwen en analyseren we een model dat deze periodieke interacties mee-
neemt. We bewijzen dat dit systeem golfoplossingen toelaat. Fchter zien deze golven
er anders uit dan bij eerdere modellen. Normaal gesproken heeft een golfoplossing één
vaste vorm die zich door de ruimte beweegt. Als we de Ranvierknopen nummeren,
dan zien we nu dat er zich tegelijkertijd twee verschillende golven door de zenuwbaan
bewegen, een door de even Ranvierknopen en een door de oneven Ranvierknopen. Of
dat realistischer is, valt echter lastig te zeggen, omdat onze theoretische resultaten nog
niet dicht genoeg bij de realiteit staan voor dit soort uitspraken.

Tijdsdiscretisaties De laatste generalisatie die we bekijken komt niet voort uit een
poging het FitzHugh-Nagumo-model realistischer te maken, maar heeft te maken met
de implementatie van dit soort modellen in computersimulaties. Er wordt wel gezegd
dat mensen het lastig vinden om oneindigheid te bevatten, maar computers zijn er
in elk geval nog veel slechter in. Hoewel we namelijk telkens wel aannemen dat onze
ruimte discreet is, geldt dat natuurlijk niet voor de tijd: tijd is een continu geheeﬂ Een
computer zal in een simulatie echter altijd tijd in kleine stukjes op moeten delen. Er
zijn in de loop der jaren vele methodes ontwikkeld om dat op een nauwkeurige manier
te doen. Als je een golf probeert te simuleren voor een bepaalde tijd, is typisch de
vraag hoe groot de fout is aan het eind van de simulatie. In hoofdstuk [ draaien we dit
vraagstuk om. We zien het systeem met gediscretiseerde tijdsstappen als het systeem
wat we gaan analyseren. Dit noemen we een volledige discretisatie. In het bijzonder
bekijken we het volledig gediscretiseerde FitzHugh-Nagumo-model. Ook in dit soort
systemen kun je je afvragen of er golfoplossingen kunnen bestaan. We onderzoeken

4Intuitief gezien dan, wiskundig gezien heeft het gewoon een nette, precieze definitie.
5Als ik niet na mijn bachelor met natuurkunde was gestopt, had ik daar misschien Plancktijden en
dergelijke tegen in kunnen werpen, maar dat nemen we verder toch niet mee in onze modellen.
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welke simulatiemethoden hiervoor geschikt zijn. Voor zes bekende methoden bewijzen
we dat er golfoplossingen kunnen bestaan.

Wiskunde is natuurlijk nooit af en dat zal vermoedelijk ook voor de analyse van het
FitzHugh-Nagumo-model gelden. Naast de genoemde generalisaties hebben anderen,
onder andere enkelen in Leiden, vele andere extensies onderzocht. Of we ooit de golfo-
plossingen van volledig gediscretiseerde, periodieke, stochastische, hoger-dimensionale
FitzHugh-Nagumo-model met oneindig bereik gaan aantonen, valt nog maar te bezien.
In elk geval zijn er nog genoeg interessante vraagstuken over dat wiskundigen nog wel
even doorkunnen met het analyseren van FitzHugh-Nagumo-modellen.
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