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Chapter 5

Central Limit Theorem for some

non-stationary Markov chains

This chapter is based on:

Jacek Gulgowski, Sander C. Hille, Tomasz Szarek, Maria A. Ziemlanska. Central Limit
Theorem for some non-stationary Markov chains. Studia Mathematica, Number 246 (2019),
Pages 109-131.

Abstract:

Using the classical Central Limit Theorem for stationary Markov chains proved by M. I.
Gordin and B. A. Lifsic in [GL78] we show that it also holds for non-stationary Markov
chains provided the transition probabilities satisfy the spectral gap property in the Kantorovich—

Rubinstein norm.
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Central Limit Theorem for some non-stationary Markov chains

5.1 Introduction

In this chapter we aim at showing that the Central Limit Theorem (CLT) obtained for
stationary Markov chains by Gordin and Lifsic in [GL78] (see also its extension due to M.
Maxwell and M. Woodroofe in [MWO00]) may be extended to non—stationary ones provided
that their transition probabilities satisfy the Spectral Gap Property in the Kantorovich—
Rubinstein norm (see condition (A2) below). This condition implies that the iteration
of the Markov operator associated to these transition probabilities constitute an equicon-
tinuous family of continuous maps on probability measures, equipped with the Dudley
metric, see Chapter 1, Theorem 2.8.4. In this way we obtain the result stronger than

the almost sure result known in the literature as a quenched Central Limit Theorems (see

[Pell5, BI95]).

Recently the CLT was proved for various non—stationary Markov processes (see [KW12,
Kuk02]). For more details we refer readers to the book by T. Komorowski et al. [KLO12],
where a more detailed description of recent results on central limit theorems is provided.
Our result is in the same spirit as the main theorem in [KW12]. However some delicate
approximation allow us to obtain the CLT for initial distributions with 2-nd moment finite
instead of 2 + 4.

In this chapter we introduce notation that deviates from previous chapters, mainly be-
cause those used here are more common in the field of probability theory, while the topic

considered is specially targeted to an audience from this field.

Suppose that (X, p) is a Polish space. By B(X) we denote the family of all Borel sets in
X. Denote by B(X) the set of all bounded Borel measurable functions equipped with
the supremum norm and let Cy(X) be its subset consisting of all bounded continuous

functions.

By M; and M we denote the spaces of all probability Borel measures and of all Borel
measures on X, respectively. Let m: X x B(X ) [0,1] be a transition probability on X

and let U : By(X) - By(X) be defined by Uf(z) = [y f(y)m(x,dy) for every f e By(X).
The operator U iS dual to the Markov operator P deﬁned on M and given by the formula
= [y m(x,-)u(dz) for e M, ie.

/f YPu(dr) = fo pu(dz) for any fe By(X) and pue M.

In particular, we have Pd,(:) = 7(x,-) for z € X.

Suppose that (X,,) is an X—valued Markov chain given over some probability space (2, F, P),
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5.2. Assumptions

whose transition probability is 7. If the distribution of Xj is g, then the distribution of
X, equals Py, n > 1. By (F,) we denote the natural filtration of the chain, i.e. the
increasing family of o—algebras F,, := o(X; :i < n).

For any z € X and n > 1 we define the measure P? on (X", B(X")), where
B(X")=0({A1 x Ay x - x A, : A; e B(X),i=1,...,n})
by the formula
P (A; x - x A,)
:/;{nXAlx...xAn(a:l,...,xn)ﬂ(xn_l,dxn)---ﬂ(ajl,dx2)5x(dx1)

- f Yot (T1s oo 20 POy (diry)-—-P6,, (dy) PO, (dy).
Xn

Here x 4,x.-x4, denotes the characteristic function of A;x---xA4,,. Obviously, the distribution
of the random vector (X7i,...,X,) if Xy = = is given by P?. On the other hand, if the
distribution of X, equals pg, then the distribution of the random vector (Xi,...,X,) is

equal to P7i (-) = [ Pr(-)po(dz).

By P, we will denote the probability measure on the Borel g-algebra of the trajectory
space X * associated with (X,,) with X, = x. Further, E, denotes the expected value with
respect to P,. Analogously, if X is distributed with g, then P, (-) = [y Po(-)po(dz).
Similarly, we have then E, () = [, E,(-)p(dz).

5.2 Assumptions

Set
MP = {,u e M : /);[p(x,xo)]p,u(dx) < oo} for p> 1.

We equip the space M} with the Kantorovich-Rubinstein distance

[ rdu= [ av

where the supremum is taken over all Lipschitz functions f : X — R with the Lipschitz

Ii= v = sup for 1, e M},

constant bounded by 1. If p and v are two Borel probability measures on some Polish
spaces W and Z respectively, then by C(u, ) we denote the set of all joint Borel probability
measures on W x Z whose marginals are 4 and v (the so—called coupling). If p,v e Mj,
then according to the following Kantorovich-Rubinstein Theorem
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Central Limit Theorem for some non-stationary Markov chains

Theorem 5.2.1. [Kantorovich-Rubinstein Theorem [Bog07a], Theorem 8.10.45] The Kantorovich-
Rubinstein distance |pu—v| between Radon probability measures u, v € M3 can be represented

in the form

lpw—vl=_inf p(x,y)y(dz,dy).
veC(p,v) J XxX
Moreover, there exists a measure \g € C'(u,v) at which the value |p—v| is attained.

This immediately implies

”596—6y”:p(x7y) for x?l/EX'

Assumptions:
(A1) We assume that P leaves M1} invariant;

(A2) there exist C'>0 and 0 < g < 1 such that
|7 =Pv| < Cq*llp - v (5.1)

for all p,v e M{ and n e N;

(A3) we assume that there exists p € M? such that

sup | [p(z,20)]* P"p(dx) < +oo0 for some (thus all) 2 € X. (5.2)
n>1 JX

The following theorem is standard but we provide its proof for completeness of our pre-

sentation.

Proposition 5.2.1. If (A1) and (A2) hold, then P has a unique invariant measure
fy € M1 and for any p e Mi we have |P"u— p.|| = 0 as n — oo. Moreover, if (A3) holds,
then i, € M3.

Proof. For any pe€ M}(X) and any m,n € N, m > n one obtains from (5.1) that
n m o n+k n+k+1 Cq"
[Pty = Prul < > |P™F - P ph < =Pyl

k=0

So (Pmu) is a Cauchy sequence in the || - |-complete space M} ([Vil08], Theorem 6.18).
Hence it converges to some invariant measure p, € M1i(X). Then again by (5.1) for any
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5.3. Gordin-LifSic results for stationary case

e Mi(X),
1P = s = [P o= P s | < Cq"|[pe = pu]| > 0 as 1 > 0.

So . must be unique. Now suppose that (A3) holds and let © € M? be such that (5.2) is
satisfied. Let xg € X. For any K >0, one has

sup | [p(z,20) A K> Phu(dz) <sup | p(x,20)? PMu(dz) = My < oo.
n>l JX n>l JX

Since x = [p(x, o) A K]? is a Lipschitz function on X and |P"u — p.| = 0, we have

[ 1o w0) A KPP > [ [p(e,a0) n KT o ().

So [y [p(z,x0) A K12 p.(dz) < My for every K. By the Monotone Convergence Theorem
we obtain that [ [p(z,20)]? . (dz) < My too. O

5.3 Gordin—Lifsic results for stationary case

We start with the following simple consequences of the Gordin and LifSic result on the
CLT for stationary Markov chains:

Proposition 5.3.1. Let P be a Markov operator that satisfies (A1) - (A3) and let (X,)
be a stationary Markov chain corresponding to P. Then for any bounded Lipschitz function
g:X - R such that [y gdu, =0, where p, is the unique invariant distribution for P, the
limat

2.1
o“:=1mE,,

n—o00

(g(Xo> +g(X1) +-+ g(X,) )
NG

exists and is finite. Moreover, if o >0, then

limP(g(XO)JFg(Xl)JFerg(X")<a): ! f e2?dy  forallaeR.
n—>oo \/ﬁ \/W -

Otherwise, if o =0, then the sequence

9(Xo) +9(X3) +--+g(Xn)
NG

forn>1

converges in distribution to 0.
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Central Limit Theorem for some non-stationary Markov chains

Proof. Let a bounded Lipschitz function g : X — R such that [, gdu. =0 be given. With
no loss of generality we may assume that the Lipschitz constant of g equals 1. From Gordin
and Lifsic [GL78] it follows that to finish the proof it is enough to show that

Z ”Ung”LQ(X,u*) < oo,
n=0

where U is dual to P. In fact, since [, Ulg(x)p.(dz) = [y g(2)p.(dz) =0 for all i > 0, we
have

Z"U s - i(fX(U” (2)) m(dx))w
] i(f fUn Y) i dy))Qu*(dgc))l/2

DN [ ) -0l 00)) el
(L anp(%y)u*(dy))zu*(dx))m
o3 ([ (footraretn) win)
oS ([ (ptrnr+ [ otwonnetan) i)
<00 2 e e Pt 22 [ atzonian))) <o
by the fact that ji, € M2. The proof is complete. 0

5.4 Auxiliary lemmas

We start with a theorem on the existence of a suitable coupling for the trajectories of a
given Markov chain.

Theorem 5.4.1. Assume that a Markov operator P satisfies (A1) and (A2). Let ly be a
positive integer such that C'qlo < 1, where the constants C,q are given by (5.1). Then there
exists a constant k > 0 such that for every integers | > ly and m > 1 and every two points
r,y € X we have a measure P, € C(PT, Pmt) satisfying

Z/ Izlayzl) (dxlv . 7d$mlady17"'7dyml)S/ip(zmy)‘ (53)
i=1 leXXl
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5.4. Auxiliary lemmas

Proof. Choose ¢ € (Cq',1). Fix [ >ly. By induction on m for every two points x,y € X we
construct P, e C(P7, Pi') and prove that

/};lm m (Z p(xil,yil)) P;’fé(dxl, ooy dry, dyr, - dy) < qup(x, Y)- (5.4)
% i=1 j=1

Then the hypothesis will hold with x = §(1-¢)~!. Fix z,y € X and let m = 1. Since
||Pl§96 - P15y|| < quop(x7y)7

by the Kantorovich-Rubinstein theorem there exists . , € C(P'é,, P'd,) such that

1P, = Plo,l < [ pluv)p,(dudv) < dp(e,y).

From the proof of the Kantorovich—Rubinstein theorem it follows that the function X x X >
(2,y) - pl, € C(P'6,, P'0,) is measurable if the space C(P'd,, P'd,) is endowed with
some metric of weak topology (see Theorem 11.8.2 in [Dud02]). We may assume that the
measure £, is absolutely continuous with respect to the product measure P'6, ® P'é,. Let
Gzy X x X = [0,+00) be the Radon-Nikodem density, i.e.

_ dug.,
Gay (U, ) = d(P's, ® P's,)

(u,v) u,veX.

Define
P! (A)
:/;(l"'/;(IXA(xla---axlayla---ayl)gz,y(xbyl)ﬂ'(xl—ladxl)ﬂ'(yl—ladyl)
(21, dwg) (Y1, dya)0p (dz1 )6y (dyr ).

Let A=[A; x--x A;] x X! for some Borel sets Ay, ..., A;c X. We have
!
P, (4)

:Lz XA1x~~~><AL(3717--'axl)(Llgz,y(xlayl)ﬂ—(yl—ladyl)"'ﬂ—(ybd?h)éy(dyl))
x m(xy_1,da;)m(xy,drs)d, (dzy).

Moreover, the measure

iy XArxexaiy (z1,...,x-1)m(x)o1, ) (21, dae) o, (day)
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Central Limit Theorem for some non-stationary Markov chains

is absolutely continuous with respect to P!9,. Obviously,

/;{l Gy (21, y)) T (Yim1, dyr) -7 (Y1, dya ) 0y (dyr ) = Lgx,y($z,yl)Pl5y(dyl)-
If we show that [y g, (-, v) P, (dy,) = 1, P'o,-a.s., then

P (A)
= /);l XAy, (T15 -y x)m(@ey, day) - (21, deg )0, (day )
=P (A x--x A)).

To do this set h(z;) := [y guy (21, y) P'dy(dy;). From the definition of the coupling measure
ty.,, for any Borel set B c X we have

P.B) = iy (B x X) = [ ([ gy an ) P13, () ) P13, ()

- th(g;,)Pl(sx(dxl).

Since the above equality holds for an arbitrary Borel set B ¢ X, we obtain that h(x;) =1,
Pl,-a.s., and consequently PL  ([A;x--x Aj] x Xt) = PL(A; x--x A;). In the same way we
show that P! (X! x [By x-x B]) = P! (By x---x By) for Borel sets By, ..., B;c X. Hence
P, , e C(P.,P,). Finally, we have

-/;(ZXX’ p(xl7yl)Pi7y(dx1, . -dml,dyl, . 7dyl)

=Ll o P9 oy (20, y)m (@i, de) w(yeer, dyn)-m (20, dao) 7 (s, dy2) 82 (d1)d, (dy)

= fXxX p(21, Y1) Gy (21, Y1) PO, (day ) 6, (dy,) = p(x, y)pt (day, dy;) < gp(z,y)

XxX

and the first step of the proof is finished.

Assume now that for 7 =1,...,m and arbitrary =,y € X there exists Pil,y € C(Pil, Pg,l) such
that condition (5.4) holds with m replaced by j.

Define the measure P2 on X(m+1l x X (m+D! by the formula

Pg:ryL+1)l(A) — f

() x (1)t XA(xly s L) Y1y - - 7y(m+1)l)

Pgﬁyl (d$l+1> s 7dx(m+1)l7 dyl+17 <. 7dy(m+1)l)Plx,y(dx17 s 7dxl7 dyh cee 7dyl)
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5.4. Auxiliary lemmas

for any Borel set A c¢ X(m+Dlx X(m+Dl From the Markov property it easily follows that
szﬂ)l c C(P;m+1)l’P§m+1)l). We also have

m+1

m+1)l
»/)((7VL+1)ZXX(’"L+1)I Z p(le7 y]l)P( - (dxl? e 7dx(m+1)l7 dyl’ T ’dy(m+1)l)

m+1
< leXl (‘/); Z p Zji, yjl) x, yl(dxl+17 s 7dx(m+1)l7dyl+17 s 7dy(m+1)l))

mly Xxml ] ;)

P; (da:l,...,dzl,dyl,...,dyl)+£{l le(xl,yl) y(doy, . oday, dyy, ., dy)

IA
'MS
N

j[szsz(xl’yl)P y(dwy, . day, dyy, .. dy) + Gp(,y)

e
]
—_

Ms

c] qp(z.y) +ap(x,y) =Z

.
1]

by the inductive hypothesis for 1 and m. This completes the proof. O

As a consequence of Proposition 5.3.1 and Theorem 5.4.1 we have the following:

Proposition 5.4.1. Let P be a Markov operator that satisfies (A1) - (A3) and let (X,)
be a Markov chain corresponding to P. Let ly be a positive integer such that Cqlo < 1, where
the constants C,q are given by (5.1) and let | > ly be given. Set'Y, = X,y for n >0 and
assume that Xog =Yy =x for x € X. Then for any bounded Lipschitz function g: X - R
such that fx gdp, =0, where p, is the unique invariant distribution for P, the limit

vn

exists and is finite. Moreover, if 2 >0, then the sequence of random vectors (Y,,) satisfies

. g(YO)+g(Y1)+...+g(Yn) ) fa 2
lim P <al= e 252d
( NG V2mo?2 J-eo Y

5% =1limE, (g(%)+9(1/'1)+...+g(yn))2

n—oo

for all a e R.

Proof. Without loss of generality we may assume that g : X — R is bounded by 1 and
its Lipschitz constant is also bounded by 1. By ¢Z, x € X, we denote the characteristic
function of the random variable

g(Yo) +g(Y1) +... +g(Yy)
NG :
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Central Limit Theorem for some non-stationary Markov chains

where Yy = . When the distribution of Y} is equal to u. the characteristic function is
denoted by ¢5*. Obviously,

oh(t) = L P4 (t) e (dy) for t € R.

Moreover, from Proposition 5.3.1 it follows that

5242

lim @t (t) =e 2~ for t e R.

n—o0

Theorem 5.4.1 allows us to evaluate the difference of characteristic functions ¢ (t) and
on(t) for z,y e X and t e R. Fix 2,y € X. We have

e el =1 [, exp(itg(“’ N )le<dx1,dx2, i)

, + oo+ g(Yn n
—Lln exp(ztg(yo) g(y\z/)ﬁ 9y l))Pyl(dylady%"'adynl)'
4

< T xiny Xin [p(x,y) +p($l,$l) e +p(xnl7ynl)] Pz,ly(dxla ooy drgy, dys, - 7dynl)
Pl

(1+/@)p(:1:,y) for t e R,

where P7!, € C(P2!, P2') is given by Theorem 5.4.1. Consequently, for £ € R we obtain

s (1) = (D=1 (t) = [ (D (dy)l

1
< hmM

n—so00 \/ﬁ

Since lim, e @i (t) = e7t'0*/2 we obtain that lim,_., ¢Z(t) = e*’*/2 and the proof is

f p(z, y)ps(dy) >0 as n— oo.
X

complete. [

For any Markov chain (Z,,) with values in the space X and an arbitrary Lipschitz function
g : X - R we shall denote

™ (g(Z:)) = i o(Z)  fornzm>0.

The key point in proving the main theorem is the following lemma:

Lemma 5.4.2. Let P be a Markov operator that satisfies (A1) - (A2) and let (X,) be a
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5.4. Auxiliary lemmas

Markov chain corresponding to P. Assume that g: X — R is a bounded Lipschitz function.
Then there exists a constant M >0 such that for any n € N the function

g (SieX))Y
= (H022)

has Lipschitz constant < M.

Proof. Again assume that g : X — R is a 1-Lipschitz function bounded by 1. Let [y be a
positive integer such that C'¢’o < 1 with the constants C, ¢ given by (5.1). We have

e (D) IS e Ger S T Edxs(x)

\/ﬁ =0 1=0 j:0<j— z<lo J<n

2 n
+ E Z Z Z g mlo+J+1

1=0 j:0<j<lo, lo+j+’L<’n

where k; ; are maximal positive integers such that k; ;lo + 7+ <n. We show that all three
terms are Lipschitzean with a Lipschitz constant independent of n. To do this fix x,y € X.

Since the function (g(-))? is a < 2-Lipschitz function, by (5.1) we have
IE.(9(X:))*-E,(9(X;))? < 2| PS5, — P'§,|| < 2Cp(x,y) fori=1,...,n

and the first term

is a < 2C-Lipschitz function.

Further, for j >4 we have
E.g(X:)g(X;) =E.(9(Xi)Ex,9(X;))  forall ze X,

where Eix,9(X;) := E[g(X;)|F:]. Since Ex,9(X;) = h(X;), where h is a bounded by 1 a
< C—-Lipschitz function, we obtain that

IE.g(Xi)g(X;) - Eyg(Xi)g(X;)] = [Ee (9(X:)R(X3)) - E, (9(Xi)h(X:))]
<2Cp(z,y)
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Central Limit Theorem for some non-stationary Markov chains

for i =1,...,n and consequently the Lipschitz constant of the second term

z nZl Y. E.9(Xi)g(X;)

=1 j:0<j—i<lp,j<n

is bounded from above by 4/,C'.

Finally, we have

m=1 m=1

ki ki
( V(Y 9(Xongejni) ) =E, (Q(Xi)E|X1-( g(Xmlo+j)))-

Using Theorem 5.4.1 we show that the function

k’iyj
X52->E.() 9(Xpiges)) for all 4,7 >0

m=1

has a Lipschitz constant < C'k¢?, where & is given by Theorem 5.4.1. Indeed, for any 4, j > 0

we have
ki j

Z g mlo+] EZE|Xj( Z Q(Xml0+j))-
m=1
In turn, from Theorem 5.4.1 we obtain that the function
k;

Xou—-r(u)=E,( 1Q(AXmlo))

&,

3
Il

has a Lipschitz constant < . Indeed, fix u,v € X. We have

k’L] k
|T(u) |Eu Z g Ll ) E Z g(xmlo )|
m=1 m=1

Z ki il
f k”lo) xmlo) - g(ymzo))Pu,ﬂ O(d$1, e 7d$ki,]-zo;dy1a e 7dykmlo)

ki il )
-/X 1]10)2 xmloaymlo)P%d O(dxh < 7dxki7jloa dyh s 7dyk¢7jl0)
< kp(u,v),
by Theorem 5.4.1. Since

ki, j

B( 3 (X)) = [ ()PP (w),

=1
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5.4. Auxiliary lemmas

the function
ki ;

X32z->E.() 9(Xmigrj))

m=1
has a Lipschitz constant < C'kq’, by (5.1). Moreover its supremum norm is bounded by
n. Since the Lipschitz constant of the function z — g(z)r(z) is bounded by n + Ck¢? we
obtain that the function

ki

ij
XB:C*E( Zg ml0+]+l )
m=1

has a Lipschitz constant < C'¢*(n + C'kg?). Thus the third term

2 n kz]
- Z Z g ml0+]+z
n 1=0 j:0<5<lp, l0+]+z<n m=1
has Lipschitz constant bounded by
2 2] 20 & - 20C(1+C
—Z Cq'(n+ Ckg’) S—Z (n+Ck)q M.
1 i=0 j=0 =0 l—q
Thus the function )
oo g (SEeX)
vn
has Lipschitz constant < M, where
2 1
M =2C +41,C + M
l-q
This completes the proof. O

Lemma 5.4.3. Let P be a Markov operator that satisfies (A1) - (A3) and let (X,) be a
Markov chain corresponding to P. Assume that g: X — R is a bounded Lipschitz function.
Let x € X and € > 0. Then there exists K >0 and Ny € N such that

(53(3(%@)) X[K’m)( S (9(X.)) D] .. (55)

En

x

for allmeN and n > Ny.

Proof. Fix x € X and let ¢ > 0. Let g be given as above. Let [y be a positive integer
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Central Limit Theorem for some non-stationary Markov chains

such that C¢lo < 1, where the constants C, ¢ are given by (5.1) and let [ > [y be given. Set
Y, = X,; for n > 0. We first show that the hypothesis holds if we replace X,, with Y,,. Set

g . g(Yo) +g(Y1) + ...+ g(Vyn)
" Vm

The Markov chain (Y;,) corresponds to the operator P! and the assumptions of Lemma 5.4.2

for m > 0.

are satisfied with P and (X,,) replaced by P! and (Y},), respectively. Thus the functions
y = E,(S,,)? are Lipschitzean with the Lipschitz constant bounded by, say M, independent
of m. The Markov operator P satisfies (A2), so that we may find Ny € N such that

[Epns, S% —E,,S%| < M|P"6, — .| < /(91%) for n > Ny and m e N. (5.6)

Moreover, from Theorem 5.4.1 it follows that for any Lipschitz function © : R - R with
the Lipschitz constant M > 0 such that we have for all m > 1

~

IE,0(S,.) - E.0(S)] < L

—p(y,2) for y,z € X.
m
Consequently, for some Ny € N we have
|Epns,O(Sm) —E,..0(Sm)| <e/(9%) for n> Ny and meN. (5.7)

Let o : R - R, K >1 be a Lipschitz function such that

X10,5-11(¥) <0 (y) < X051 (Y) for all z e R.
We are going to show that there exists K > 1 such that

E,. (SL(1-¢x(ISnl)) <e/(91*)  for all m>1.
By Proposition 5.3.1 we have

E,.S2 — &° as m — oo

and

Eu*(S%SOK(me) - $2%0K(|y|)6_y2/(2&2)dy as m — oo.

1
V2m JR

In the case when & = 0 we set e-¥*/(25%) = ().
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5.4. Auxiliary lemmas

Since the integral on the right hand side converges to 02 as K — oo, we obtain that there

exist constants mg and kg such that
By (S3(1 = 100 (1SmD) = By S2 ~ By (5201, (1Sul)) </(91%) for all m > m.
Enlarging K if necessary we obtain
E,.. (SZ(1- @, (ISul)) </(91%) for all m > 1. (5.8)

Observe that the function y - ©(y) given by the formula O(y) = y?¢k, (|y|) is a Lipschitz
function. Combining (5.6) - (5.8), we obtain that for n > max{Ny, N;} we have

Epns, [S2 Xk 500y ([5)] € Ens, S2 (1 = 01, (1Sil))
<[Epns, 52 ~ By S2L+1Eprs, 0(Sn) = B, O(S)| + B (S2(1 - i, (15,]))
< 2(9P) +2(91%) + £/ (91%) = £/ (31%).

Having this we may show that (5.5) holds with K =[Kj. Set m; = max{j: i+ jl < m} for
1=0,...,l—-1. We have

EP"dz[(g(XO) +ﬁ+ 9(X.n) ) _— (‘Q(Xo) +.. +g(Xn)
(g(Xi) + g(Xist) + o+ g(Xismy) )2X[K+w) ( (X0) +...+g(Xom)

< IPEpns, | max
0<i<i-1

l(g(Xi) +g( X)) + oo+ 9(Xivma) )QX[

< IPEpns, max
0<i<l—1

(=)
+ )

g(Xp) +...+ 9(Xonat)
(‘g(Xl) + (X)) + .o+ 9(Xiemy)

2
X
glaﬁml(ﬂ o)+ 9(X) + +g<xmoz>) Y
allst

2

N lePnéz[(g(Xl) +g( X))+ o+ 9(X1emy) ) .
VM1
2
bt PEpug l(g(XH) +9(Xai) + o+ 9(Xirem, 1) )

mp—

NG

)

9(Xio1) +9(Xom1) + oo+ 9(Xic1emy_y1)
my-1

)l <PleflP =e.

x X[K0,+oo) (‘

Since € > 0 is arbitrary, the proof is complete. ]

We are now in a position to show the following:
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Proposition 5.4.2. Let P be a Markov operator that satisfies (A1) - (A3) and let (X,)
be a Markov chain corresponding to P. Let ly be a positive integer such that Cqlo < 1,
where the constants C,q are given by (5.1) and let | > Iy be given. Assume that Y, = X,
form>0. If g: X - R s a bounded Lipschitz function, then

2
lim |, (900 + o)+ 49 (V) ) oo
Mmoo Jm
where )
52 - im g (9D +9(X0) +.. . +g(Xa)
Mmoo H* \/ﬁ

Proof. First observe that for any k£ > 1 we have

-0

. (g(Yo) +9(1) +...+g(Yn))2_E (g(Yk) + g(Yi) +...+g(Yn+k))2

as n — oo. Further we have

. (g(Yk) + g(Yier) + -+ 9(Yer) )2
’ NG

by the Markov property. On the other hand, the Markov chain (Y;,) corresponds to the

. (g<m+gm>+...+g<m)2
Pké, )

operator P! and the assumptions of Lemma 5.4.2 are satisfied with P and (X,) replaced
with P! and (Y},), respectively. Thus the functions

g(Yo) +g(V1) +...+g(Ya
\/ﬁ

2
X9$—>EI( )) forn>0

are Lipschitzean with the Lipschitz constant bounded by, say M, independent of n. Con-
sequently, we obtain

- (g(%>+gm>+...+g(m)2_E (g<n>+g<m>+...+g<m)2
Pk, \/ﬁ s \/ﬁ
< M| 5, = ju]|  MOG|3, ~ |

Hence we finally have the desired convergence. ]
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5.5 The Central Limit Theorem

Now we are in a position to formulate and prove the main theorem of this paper.

Theorem 5.5.1. (Central Limit Theorem) Let P be a Markov operator that satisfies (A1)
- (A3) and let (X)) be a Markov chain corresponding to P. Assume that Xo = x for v e X.
Then for any bounded Lipschitz function g: X — R such that [y gdu. =0, where p, is the

unique invariant distribution for P, the sequence of random vectors (X,,) satisfies

lim P(g(X0)+g(X1)+...+g(Xn) <a) _ f e 22 dy for all a € R,
n—>oo \/ﬁ W e

if
2
o = lim K, (g(Xo) + g(X3_+ o +g(Xn)) S0,
n—oo n
Otherwise, if o =0, the sequence
9(Xo) +g(X) + -+ 9(Xn) oy

NG

converges in distribution to 0.

Proof. To prove the theorem we show that for any x € X

9(Xo) +g(Xi) +... +g(X5) )l - e 12 for teR.

il_glo E. exp lit ( NG

Without loss of generality we may assume that g is bounded by 1 and its Lipschitz constant
is also bounded by 1. We will make use of the following formula:
¢ =1+ia-a*/2- R(a)a?,
where |R(a)| <1 and lim,_q R(a) = R(0) = 0.
Fix z€ X, te R~ {0} and £ > 0. Let ky € N and 7 > 0 be such that

(1 - 02t2/2k)" — 1| < e for |og—o| <n and k > k.

Set D :=sup,s1 [y [y p(u, 2) P (du)p. (dz) and observe that for any x, we have according
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to Proposition 5.2.1

D <sup | p(u,zo)P"0,(du) + f p(z,20) s (dz) < +o00.
n>l JX X

For given z,t,e, by Lemma 5.4.3, we choose K >0 and N; € N such that

Epns. (g(XO) +.o.+ g(Xm)) N (‘g(XO) +.. 4+ g(Xn)

i i

)] <)) (5.9)

for n > Ny and m € N.

Fix [ > Ny such that
dCDIt|((1-¢) 7+ M|t|])<e and  ¢'C<1, (5.10)

where the constants ¢,C are given by condition (5.1) and the constant M is given by

Lemma 5.4.2. Since

wp Eps [(g<xo> f 9(X,0) )] o

one may choose k > ky such that

B ((g(XO)+...+g(Xm))2‘R(ﬁg(X0)+...+g(Xm))‘
e Vi VE v

X X[0,K] (‘Q(XO) +\./..m+g(Xm) )) <ef(2t%) for all m,n >1 and 6 € [0, 1],

by the fact that |R(a)| - 0 as a - 0 and |o,,, — 0| < 1) for m > k, where

(5.11)

g

2w [9X)+ g () (9D (X))

This can be done due to the fact that o, tends to o as m - +oo0. For positive integers u, v
and w, v > [, where [ is such that condition (5.10) holds, we set

X))+ +9( X))+ o+ 9(Xuetyws) + -+ 9( X
IU,v,szxGXp[it(g( 1) 9(Xw) (X (u-1yw+i) g( ))l

N
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and
VW
Note that limy, e |1, = L m, [n/m] | =0 for every m > 1. So let us consider in further detail

the terms I; ., for given k, j <k and m > k. In the following we will use the notation
E|X(j—1)m['] = ]E["f(j—l)m]'

We have

Ligm = Epexp [it(g(Xl) o+ g( X)) + o+ g(X(Goymer) + - - +g(ij))]
vVkm

& (expz‘t [(g(Xl) o+ g( X)) + o+ 9(XGo2yma) + -+ 9(X(Go1)m) )l

Vkm
oAt
:]Ex(expitl(g(xl) A g(Xm) + +j}i_io “ymat) + Q(Xu—l)m))l
(1+\/%E|X(j1)m(g(X(j—1)m+l)+"'+g(ij))_%Ep((j1)m(g(X(j_l)m+l)\/+ﬂ—:L“+g(ij))2
) %EMM[(g(x(j_l)mﬂ);ﬁ...+g(xjm))2 R( S g(ij)))])'
(5.12)

Since E,, g(X;) =0, by (A2) we obtain
[Eu(9(X0) + ...+ g(Xn))| = [Epis, (9(Xo) + ... + 9(Xinet)) = B (9(Xo) + ..+ g(Xint))]
<Y [Epis, (9(Xo) = By (9(Xo)| € Y I1P'6, = o)
i=l i=l

<q'C(1-q) 0w -] < ¢ C(1=-¢)" fX p(u, z) . (dz)

and hence we have

1

1t
\/ﬁE|X(j—l)m(g(X(j—l)m+l) +.+g(Xm))| < d'C(1 - Q)_l\/TEa: [[ P(X(j—1ym, 2) pix (d2)
e

km

E,

<d'C(1-q)"! '“ ff (4, 2) 11 (d2) POD75, (du) < ¢ CD(1 - ¢)
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On the other hand, by Lemma 5.4.2 and (A2) we have

g(X) +. . +9(Xw) g(X) +...+ (X))
E( i ) E( i )

9(Xo) +o (X)) o (9(X0) + . H g(X)

m -1
<@CMTZE0, =l <g'OM [ p(u, 2)pna(d2),

where M is given in Lemma 5.4.2 and consequently we obtain

2 I(XGyma) + -+ 9\ 2 (g(X) + .+ g(X) |
Eo | X m ~ 7 B

E
k vm k vm
2 2 ,
SqlMEEx[f p(X(j—nm,Z)M*(dZ)]SqlCM%ffp(u,Z)M*(dZ)P(J‘”m&C(dU)
X X JX
2
SqlC'MD%.

Finally conditions (5.9) and (5.11) will allow us to evaluate the term

2 Xijotyme) + -+ 9(Xim) |
%Ewmm[(g( G- );m +9( )) R(ﬁ(g(x(j_l)mﬂ)+...+g(ij)))”.

E;

Indeed, we have

ﬁ]Ep((j,l)m [(Q(X(j—l)m+l) T +g(ij)) R (\/%(Q(X(j—l)mu) +...+9(X; )))] ‘

N

2 X(=tymst) + -+ 9(Xjm) |

S%EzhEmJl)m (9( (1) )\/% +9( )) R(\/#(g(x(j_l)mﬂ)+...+g(ij)))”
2 [ X j—1)m+l ij ?

—%Em (9( (j-1) )jm +g( )) R(\/%(Q(X(j_l)m”)+m+g(ij)))H
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t2

= /{; Ep(j—l)'rru—léz

R(L@(Xo) ‘o +g<Xm_l>>)H

k m \k m -1

by (5.9) and (5.11) 2 2
‘)) vl )%e/(2t2)+%e/(2t2)=a/k.

s
X[K,+o0)
m—1
2 2 ~
+ t_]EP(j—l)'nH—l(;gC g(XO) + + g(Xm—l) R( m ZLQ(XO) + ...+ g(Xm—l) )‘

Now from (5.12) it follows that

t 12
| Liken = Lot e (1 = 02,82 [2K)| < ¢'CD(1 - q)_l\/|7|_ + qlC'MDE + % <2k forj=1,...,k,
m

by condition (5.10) and the fact that m > k. Iterating this formula k-times we obtain
[l om — (1 — 0282 [2k)*| < 22
and consequently
| L o, — 6_02t2/2| <3¢ for all m sufficiently large.

Since € > 0 was arbitrary, we obtain that lim, e |1k [n/k] — In| = 0, which completes the
proof. ]

5.6 Example

Let (X, p) be a Polish space and let (7,.A4) be a measurable space. Let v: A — [0, c0) be
some measure on 1. Let p:T x X - [0, 00) be a measurable function such that

fp(t,a:)u(dt) =1 for x e X.

T

We shall assume that p(t,-) : X — [0,00) for ¢ € T is a Lipschitzean function. Denote its
Lipschitz constant by k(t).

Let m : X x B(X) - [0,1], t € T, be a transition probability and let P, and U; denote the
corresponding Markov operator and its dual, respectively. We shall consider the Markov
chain (X,) on some space (€, F,P) corresponding to the action of randomly chosen tran-
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sition probabilities with probability depending on position, i.e. the Markov chain (X,,)

given by the formula:
P[ X 41 € | Xy = 2] /p(t z)m(x, )v(dt) for xe X and n > 1. (5.13)
This model generalizes some random dynamical systems studied in [HS116].

If the distribution of Xj is equal to u, then the distribution of X, is given by P"pu, where
P: M — M is of the form

:/T/Xp(t,q;)wt(x,A),u(daz)u(dt) for A e B(X). (5.14)

Theorem 5.6.1. Assume that m; fort el are transition probabilities and there exists g < 1

such that for the Markov operators P, corresponding to m; we have
| Peps = Pepiall < qllps = ol for pua, o € M.
Moreover, for some xy € X and the operator Uy dual to P;, t € T, we have
Uilp(-,20)]*(2) < alp(z,20)]* +b

for some a <1 and b>0. Finally set
Y(t) =sup [ p(z,z0)m(x,dz)

zeX JX

for some xy € X and assume that

f’}/ v(dt)y<1l-gq

fptx v(dt) < forxeX.

and

Let (X,,) be a Markov chain given by (5.13). Assume that Xy = x for x € X. Then for
any bounded Lipschitz function g : X - R such that [, gdp. =0, where pu, is the unique

invariant distribution for P, the sequence of random vectors (X,,) satisfies

. P(g(Xo) +9(X1) +.. . +9(Xa) _ U)

f ezany forvelR,

NG V2102
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> 0.

o? = lim [E,

n—-soo

(Q(Xo) +g(Xy) +...+g<Xn>)2
\/ﬁ

Otherwise, if o =0, the sequence

9(Xo) +g(X1) + -+ 9(X,,)
NG

forn>1

converges in distribution to 0.

Proof. From Theorem 5.5.1 it follows that to finish the proof it is enough to show that the
Markov operator P given by (5.14) satisfies conditions (A1) - (A3).

Observe that P is a Feller operator and its dual is of the form

ff (t,2) f(2)m (e, d2)w(dt)  for feCy(X). (5.15)

The operator U may be extended to an arbitrary positive unbounded function f and then
it is also given by formula (5.15). The operator U can be, in fact, extended to the space

of all Lipschitz functions. To show this, observe that for zy € X we have

S xo)(x) = fp (t,z f z,x0)m(z, dz)v(dt) /p(t x)y(t)v(dt)
[|pt:v p(t, zo) |y (t)v(dt) [pt:co v(dt)

fk: v(dt) fptmo v(dt) <

Therefore for any Lipschitz function f : X — R with Lipschitz constant L and z € X we

have

Uf ()| <UIfI(x) < |f (o)l + LUp(, o) (x) < o0,
by the fact that the Lipschitz constant of the function |f| is bounded by L.

Set G := [ y(t)k(t)r(dt) + ¢ <1 and let f: X - R be an arbitrary Lipschitz function with
Lipschitz constant bounded by 1 and such that f(z) = 0. We show that then Uf is a
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Lipschitz function with Lipschitz constant bounded by ¢. Indeed, for any x,y € X we have

Uf(z) - Uf(y)l |f/ (ta) e d)v(@) - [ [ oty s ()m(y. a2
< [ [ bt2) = pE Il )l dz)v(ar)
¢ Loty [ rEmidn) - [ remiy.a2)
< [k ( [ o ao)m(e.a2)) () ptay) v [ pt.p)wian)-pa.y)
< (/T k(t)y(t)v(dt) +q)p(w/y) = gp(z,y).

v(dt)

To verify (A1) we compute

| otz Putdz) = [ Up(,ao) (@)p(da)
= [ W(20)(@) = Up(-sm0) (o) (da) + Up(-, ) (o)
(ifXP(%l’O)M(dl’)+Uﬂ('a330)(330)S/;{P(Z’JO)M(dﬂ?)+UP('a950)(950)<°°

IN

for e M1.

Observe that for any p1, o € M} we have

J F@mdn) - [ f@)ua(an)|.

where the supremum is taken over all Lipschitz functions f : X — R with Lipschitz constant
bounded by 1 and such that f(xg) =0. Indeed for any f: X — R with Lipschitz constant
bounded by 1, we have

|ff )pa(de) ff )2 (d)

To show that (A2) holds fix py, pg € Mi. Then we have

|61 = pr2]| = sup

-| @) = reom @) - [ (1) = F(wo)pa(n)|-

|1Pp1 = Ppaa| = sup

JF@Pman) - [ ) Pus(an)
[ U@ - [0S @)

= Gl 1 = po

= gsup < gsup

J f@m) - [ f@m(d)
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Here the supremum is taken over all Lipschitz functions f : X - R with Lipschitz constant
bounded by 1 and such that f(xy) =0, by the fact that ¢-'U f is a Lipschitz function with
Lipschitz constant bounded by 1. Hence (A2) holds.

Finally, we show that (A3) holds with u = ¢,,. To do this it is enough to prove that
Ulp(-,x0)(2)]* < alp(x, 20)]* + b (5.16)
for some a < 1 and b > 0. Indeed, iterating the above formula we have
U p(-,20)]*(x) < a[p(x,20)]* + b(1 - a)™? for n>1and x € X,
consequently,

sup [p($7x0)]2pn620(dx)

nxl JX

<sup (a” /X[p(x,xo)]zdm(dx) +b(1 - a)_l) =b(1-a)™! < oo.

n>1

and (A3) will hold. To verify condition (5.16) we compute

Ulp(:, z0)(x)]? /p (t,zo f 2, 20)?m (w0, d2)v(dt) = fp (t,20)Us[p(-, 20) ]? (x)v(dt)

S[p t,z0)(a[p(x, 0] +b)v(dt) = a[p(x, 10])* +b.
T

This completes the proof. O
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