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Chapter 3

Lie-Trotter product formula for
locally equicontinuous and tight

Markov operators

This chapter is based on:

Sander C. Hille, Maria A. Ziemlanska. Lie-Trotter product formula for locally equicontin-
uous and tight Markov semigroup. Preprint available at https://arxiv.org/abs/1807.07728

Abstract:

In this chapter we prove a Lie-Trotter product formula for Markov semigroups in spaces
of measures. We relate our results to ”classical” results for strongly continuous linear
semigroups on Banach spaces or Lipschitz semigroups in metric spaces and show that
our approach is an extension of existing results. As Markov semigroups on measures are
usually neither strongly continuous nor bounded linear operators for the relevant norms, we
prove the convergence of the Lie-Trotter product formula assuming that the semigroups
are locally equicontinuous and tight. A crucial tool we use in the proof is a Schur-like

property for spaces of measures.
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

3.1 Introduction

The main purpose of this chapter is to generalize the Lie-Trotter product formula for
strongly continuous linear semigroups in a Banach space to Markov semigroups on spaces
of measures. The Lie-Trotter formula asserts the existence and properties of the limit
lim [5152]" 2 = Sy,

where (S})s0 and (S7):s0 are strongly continuous semigroups of bounded linear operators.
It may equally be viewed as a statement considering the convergence of a switching scheme.
The key challenge is to overcome the difficulties that result from the observation that
‘typically” Markov semigroups do not consist of bounded linear operators (in a suitable
norm on the signed measures) nor need to be strongly continuous. Therefore, the available
results do not apply.

The Lie-Trotter product formula originated from Trotter [Tro59] in 1959 for strongly con-
tinuous semigroups, for which the closure of the sum of two generators was a generator of
a semigroup given by the limit of the Lie-Trotter scheme, and generalized i.a. by Chernoff
[Che74] in 1974. This approach does not seem to be general enough to be applicable in
various numerical schemes however. As shown by Kurtz and Pierre in [KP80], even if the
sum of two generators is again a generator of a strongly continuous semigroup, this semi-
group may not be given by the limit of Lie-Trotter product formula as it may not converge.
Consequently, the analysis of generators of semigroups can lead to non-convergent numer-
ical splitting schemes. Hence, a different approach is needed. The analysis of commutator
type conditions as in [KWO01, CC04] avoids considering generators and their domains and
may be easier to verify.

Splitting schemes were applied and played a very important role in numerical analysis
and recently in the theory of stochastic differential equations to construct solutions of
differential equations, e.g. the work of Cox and Van Neerven [Cox12]. It was shown
by Carrillo, Gwiazda and Ulikowska in [CGU14| that properties of complicated models,
like structured population models, can be obtained by splitting the original model into
simpler ones and analyzing them separately, which also leads to switching schemes of a
Lie-Trotter form. Batkai, Csomés and Farkas investigated Lie-Trotter product formulae for
abstract nonlinear evolution equations with a delay in [BCF17], a general product formula
for the solution of nonautonomous abstract delay equations in [BCFN12] and analyzed the
convergence of operator splitting procedures in [BCF13].

Our starting point are the conditions for convergence of the Lie-Trotter product formula
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3.1. Introduction

formulated by Kithnemund and Wacker in [KWO01]. This result appears to be a very use-
ful tool in proving the convergence of the Lie-Trotter scheme without the need to have
knowledge about generators of the semigroups involved. However, the semigroups con-
sidered by Kithnemund and Wacker are assumed to be strongly continuous. We extend
Kithnemund and Wacker’s case to semigroups of Markov operators on spaces of measures
and present weaker sufficient conditions for convergence of the switching scheme. Our
method of proof builds on [KWO01], while the specific commutator condition that we em-
ploy (assumption 3) is motivated by [CCO04].

The theory of Markov operators and Markov semigroups was studied by Lasota, Mackey,
Myjak and Szarek in the context of fractal theory [SM03, LM94]|, iterated function sys-
tems and stochastic differential equations [LS06]. Markov semigroups acting on spaces
of (separable) measures are usually not strongly continuous. The local equicontinuity (in
measures) and tightness assumptions we employ are less restrictive and follow from strong
continuity. The concept of equicontinuous families of Markov operators can be found in
e.g. Meyn and Tweedie [MT09]. Also, Worm in [Worl0] extends the results of Szarek to
families of equicontinuous Markov operators.

The outline of the chapter is as follows: in Section 3.2 we present the main results of
this chapter. Theorem 3.2.2 in Section 3.2 is the convergence theorem and is the most
important result in the chapter. The other important and non-trivial result is Theorem
3.2.1. Section 3.3 introduces Markov operators and Markov-Feller semigroups on a space of
signed Borel measures M (.S), investigates their topological properties and the consequences
of equicontinuity and tightness of a family of Markov operators. In Section 3.4 we provide
the tools to prove Theorem 3.2.1, i.e. that a composition of equicontinuous and tight
families of Markov operators is again an equicontinuous and tight family. This result is
quite delicate and seems like it was not considered in the literature before. We also provide
a proof of the observation in Lemma 3.4.3 which says that a family of equicontinuous and
tight family of Markov operators on a precompact subset of positive measures is again
precompact. The proof of Theorem 3.2.1 can be found in Appendix 3.4.

In Section 3.5 we prove the convergence of the Lie-Trotter product formula for Markov
operators. We provide more general assumptions then those provided in the Kithnemund-
Wacker chapter (see [KWO01]). As our semigroups are not strongly continuous and usually
not bounded, we use the concept of (local) equicontinuity (see e.g. Chapter 7 in [Worl0]).
This allows us to define a new admissible metric dg and a new ||-||pL 4.-norm dependent on
the operators and the original metric d on S. The crucial assumption is the Commutator
Condition Assumption 3.
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

To prove the convergence of our scheme under Assumptions 1-4 we use a Schur-like prop-
erty for signed measures, see [HSWZ17], which allows us to prove weak convergence of the
formula and conclude the strong/norm convergence. In Section 3.5 we show crucial techni-
cal lemmas. The proofs of most lemmas from Section 3.5 can be found in the Appendices
3.8.1 - 3.8.2. In Section 3.5 several useful properties of the limit operators that result from
the converging Lie-Trotter formula are derived.

Section 3.7 shows that our approach is a generalization of Kithnemund-Wacker [KuhO1]
and Colombo-Corli [CC04] cases. We show that if we consider Markov semigoups coming
from lifts of deterministic operators, then the Kiihnemund-Wacker and Colombo-Corli
assumptions imply our assumptions and their convergence results of the Lie-Trotter formula

or switching scheme follows from our main convergence result.

3.2 Main theorems

Let S be a Polish space, i.e. a separable completely metrizable topological space, see
[Worl0]. Any metric d that metrizes the topology of S such that (S, d) is separable and
complete is called admissible. Let d be an admissible metric on S. Following [Dud66], we
denote the vector space of all real-valued Lipschitz functions on (S,d) by Lip(S,d). For
f € Lip(.S, d) we denote the Lipschitz constant of f by

|f(x) = f(W)l
d(,y)

BL(S,d) is the subspace of bounded functions in Lip(S,d). Equipped with the bounded
Lipschitz norm

IfIL,d:=Sup{ :x,yGS,x%y}

[ FlBr.a = 1£llee +1f]L.a

it is a Banach space, see [Dud66]. The vector space of finite signed Borel measures on S,
M(S), embeds into the dual of (BL(S),| - |sLa), see [Dud66], thus introducing the dual
bounded Lipschitz norm | - [|5;, ; on M(S)

lels.a = sup {[(, f) = f € BL(S,d), [ flBrLa = [ flleo +[flr.a <1}, (3.1)

for which the space becomes a normed space. It is not complete unless (S, d) is uniformly
discrete (see [Worl0], Corollary 2.3.14). The cone M*(S) of positive measures in M(S)
is closed [Worl0, Dud66]. P(S) is the convex subset of M*(S) of probability measures.
The topology on M(S) induced by | - |5, 4 is weaker then the norm topology associated

72



3.2. Main theorems

with the total variation norm |u|zryv = p*(S) + p=(S), where p = u* — p~ is the Jordan
decomposition of i (see [Bog07h|, p.176).
We define a Markov operator on S to be a map P : M*(S) - M*(S) such that

(i) P is additive and R,-homogeneous;

(i) [Pulrv = [plrv for all e M*(S).
Let (Py)xea be a family of Markov operators.

Following Lasota and Szarek [LS06], and Worm [Worl0], we say that (Py)ea is equicon-
tinuous at p € M*(S) if for every e > 0 there exists § > 0 such that |Pxu = Pyv||gy 4 < € for
every v € M*(S) such that |u-v|g ;<6 and for every A e A. (Py)xen is called equicon-
tinuous if it is equicontinuous at every p € M*(S). We will examine properties of space of

bounded Lipschitz functions is Section 3.3.

Let © c P(S). Following [Bog07a] we call © uniformly tight if for every e > 0 there exists
a compact set K. c S such that u(K.) >1-¢€ for all ue©.

The following theorem is a crucial tool for proving convergence of the Lie-Trotter scheme
for Markov semigroups, and also an important and non-trivial result on its own. Proof of

Theorem 3.2.1 can be found in Section 3.4.

Theorem 3.2.1. Let (Py)xer, (Q+)~er be equicontinuous families of Markov operators on
(S,d). Assume that (Q)er is tight. Then the family {PxQ,: A€ A,y eI'} is equicontin-
uous on (S,d). Moreover, if (P\)aea i tight, then the family {P\Q~ : A€ A,y eI'} is tight
on (S,d).

We now present assumptions under which we prove the convergence of the Lie-Trotter
scheme. Even though they may seem technical, they are motivated by existing examples of
convergence of Lie-Trotter schemes with weaker assumptions then those in [KW01, CC04]
(see Section 3.7).

Let (P})so and (P?)ss0 be Markov semigroups. Let ¢ > 0. Define
P(6) = {P}:te[0,0]} fori=1,2,

Fo)={[PLP?| ineNte[0,0]}.
Let d be an admissible metric on S such that the following assumptions hold:

Assumption 1. There exists 61 > 0 such that P1(d1) and P?(d,) are equicontinuous and
tight families of Markov operators on (S,d).
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

Assumption 2 (Stability condition). There exists do > 0 such that F(d2) is an equicon-

tinuous family of Markov operators on (S,d).

Under Assumption 1, the operators P/, 0 <t < ¢, are Feller: there exist U} : Cy(S) = Cy(S)
such that (Piu, f) = (u, Ul f) for every f € C,(S),puo € M*(S), 0<t <.

Let f e BL(S,d) and consider
E(f) == {Ustl, [UfUé]nf neN, s s te [0,(5]}. (3.2)

By Theorem 7.2.2 in [Worl0] or Theorem 3.4.2 below, equicontinuity of the family (Py)xea
is equivalent to equicontinuity of the family (U f)xea for every f e BL(S,d). Then, as we
will show in Lemma 3.5.4, £(f) is an equicontinuous family if § < min(dy,d2). It defines a

new admissible metric on S:

decpy(z,y) =d(z,y) v S;l(p)lg(w) g(y)|, for z,yes. (3.3)
ge

Assumption 3 (Commutator condition). There ezists a dense convex subcone My of
MH*(S)pL.a that is invariant under (P} )0 fori=1,2 and for every f € BL(S,d) there exists
3,5 > 0 such that for the admissible metric dgcry on S there exists wy:[0,03 5] x My - R,

continuous, non-decreasing in the first variable, such that the Dini-type condition holds

6 y
f o —wf(s”u())ds <+oo  forall pye My, and (34)
0 S

HPlPtQMO P?P, t:UOHBLd < twy(t, o)
for every t € (0,05 ¢], po € M.

Assumption 4 (Extended Commutator Condition). Assume that Assumption 3 holds
and, in addition, for every f € BL(S,d), there exists d4 ¢ >0 and for ug € My there exists
Ct(p0) > 0 such that for every t e [0,04 ¢],

wf(ta P,UO) < Cf(,u())wf(ta /LO)

fO?“ all P e 732(54,10) '.F((547f) ',Pl((547f).

Now we can formulate the main theorem of this chapter, which is the strong convergence
of the Lie-Trotter scheme. The proof of Theorem 3.2.2 can be found in Section 3.5.

Theorem 3.2.2. Let (P})yso and (P?)iso be semigroups of Markov operators. Assume
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3.3. Preliminaries

that Assumptions 1-4 hold. Then for every t > 0 there exists a unique Markov operator
P, : M*(S) - M*(S) such that for every e M*(S):

PLP | =Bl 0 asn—oo (3.5)
|L7irt]

n

BL,d
If, additionally, a single 93¢, 4.5, Ct(10) and we(-, f) can be chosen in (A3) and (A4) to
hold uniformly for f € BL(S,d), || flsra < 1, then convergence in (3.5) is uniform fort in

compact subsets of R,.

3.3 Preliminaries

3.3.1 Markov operators and semigroups

We start with some preliminary results on Markov operators on spaces of measures, see
[Wor10, EK86, LMO00]. Let S be a Polish space, P : M*(S) - M*(S) a Markov operator.
We extend P to a positive bounded linear operator on (M(S), | |lrv) by Pu:= Pu*—Pu~.
P is a bounded linear operatos on M(S) for |-|rv. Typically” it is not bounded for |-, ;-
Denote by BM(S) the space of all bounded Borel measurable functions on S. Following
[HW09b], Definition 3.2 or [SM03] we will call a Markov operator P regular if there exists
U : BM(S) — BM(S) such that

(Pu, f)={p,Uf) for all pe M*(S), f e BM(S).

Let (S,Y) be a measurable space. According to [Worl0], Proposition 3.3.3, P is regular if
and only if

(i) x » Pj,(F) is measurable for every £ € ¥ and
(ii) Pu(E) = [¢ POy (E)du(zx) for all E e X.

We call the operator U : BM(S) - BM(S) the dual operator of P. The Markov operator
P is a Markov-Feller operator if it is regular and the dual U maps C,(S) into itself. A
Markov semigroup ( P; )0 on S is a semigroup of Markov operators on M*(S). The Markov
semigroup is regular (or Feller) if all the operators P; are regular (or Feller). Then (U)o
is a semigroup on BM(S), which we call the dual semigroup.
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

3.3.2 Topological preliminaries

Following [Kel55], p.230, a topological space X is a k-space if for any subset A of X holds
that if A intersects each closed compact set in a closed set, then A is closed. According to
[Eng77], Theorem 3.3.20 every first-countable Hausdorff space is a k-space. Every metric
space is first countable, hence also a k-space. In particular (M*(S), | |5, 4) is a k-space.
Let F be a family of continuous maps from a topological space X to a metric space (Y, dy).
F is equicontinuous at point x € X if for every € > 0 there exists an open neighbourhood

U. of X in X such that
dy (f(x), f(x')) <eforall " e U,V feF.

A family F of maps is equicontinuous if and only if it is equicontinuous at every point.
A family F of maps from a metric space (X, dx) to a metric space (Y,dy) is uniformly

equicontinuous if for every € > 0 there exists . > 0 such that

dy (f(x), f(z")) <e for all x,2" € X such that dx(x,2") <o, for all feF.

Lemma 3.3.1. Let (K,d) be a compact metric space and (Y,dy) a metric space. An
equicontinuous family F c C(K,Y") is uniformly equicontinuous.

Proof. Let € > 0. For each x € K there exists an open ball B,(d,), d, > 0 such that
dy (f(f), f(z")) <€ for every ' € B,(0,) and f € F. By compactness of K, it is covered by
finitely many balls, say B,,(d.,/2),i=1,--,n. Let 0 := min, %. If x,2’ € K are such that
d(x,') <4, then there exists z;, such that x € B;, (d,, /2). Necessarily,

d(@',xi,) <d(2’,x) + d(x, 4) <O+ 04, [2 < 0y -
Thus, dy (f(z), f(2')) < &, proving the uniform equicontinuity on K. ]

For a family of maps F on X and x € X we write F[z] := {f(z) : f € F}. Following [Kel55]
we introduce the compact-open topology. Let XY be topological spaces. Let F' denote
a non-empty set of functions from X to Y. For each subset K of X and each subset U
of Y, define W(K,U) to be the set of all members of F' which carry K into U; that is
W(K,U):={f: f[K] cU}. The family of all sets of the form W (K,U), for K a compact
subset of X and U open in Y, is a subbase for the compact-open topology for F. The
family of finite intersections of sets of the form W (K, U) is then a base for the compact
open topology. We write co-topology as abbreviation for compact-open topology. For two
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3.3. Preliminaries

topological spaces T' and T', C(T,T") is the set of continuous maps from 7" to 7. The
following generalized Arzela-Ascoli type theorem is based on [Kel55], Theorem 7.18.

Theorem 3.3.2. Let C be the family of all continuous maps from a k-space X which is
either Hausdorff or reqular to a metric space (Y,d), and let C have the co-topology. Then
a subfamily F of C is compact if and only if:

(a) F is closed in C;
(b) the closure of F[z] in'Y is compact for each x in X;
(c) F is equicontinuous on every compact subset of X.

Theorem 3.3.3. [Bargley and Young [RJ66], Theorem 4] Let X be a Hausdorff k-space
andY a Hausdorff uniform space. Let F ¢ C(X,Y). Then F is compact in the co-topology
of and only iof

(a) F is closed;
(b) Flx] has compact closure for each x € X ;
(¢) F is equicontinuous.

This is a generalization of Theorem 8.2.10 in [Eng77]. This yields the conclusion that
for a closed family of continuous functions F such that F[x] is precompact for every =z,
equicontinuity on compact sets is equivalent to continuity.

Moreover, Theorem 3.3.3 can be rephrased for a family F that is relatively compact in C,
meaning that its (compact-open) closure is compact:

Theorem 3.3.4. Let X be a Hausdorff k-space and Y a metric space. Let C = C(X,Y),
equipped with the co-topology. A subset F of C is relatively compact iff:

(a) The closure of Flx]:={f(x): feF} inY is compact for every x e X.

(b) F is equicontinuous on every compact subset of X.
Statement (b) can be replaced by

(b’) F is equicontinuous on X .
Proof. Let F be the closure of F in C. Assume it is compact, then according to Theorem
3.3.2, the closure of F[z] in Y is compact for every € X. Hence the closure of F[z], which
is contained in the closure of 7[3@], will be compact too. The family F is equicontinuous

on X for every compact subset of X, because it is a subset of F that has his property.
On the other hand, if F satisfies (a) and (b), or (b’), then F obviously satisfies condition
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

(a) in Theorem 3.3.2. Now let f € F. Then there exists a net (f,) c F such that f, - f.
Point evaluation at x is continuous for the co-topology, so f,(z) — f(x) in Y. Since f,(x)
is contained in a compact set in Y for every v, f(x) will be contained in this compact set
too. So (b) holds in Theorem 3.3.2 for F. In a similar way one can show (c) in Theorem
3.3.2. Let K ¢ X be compact. The co-topology on C(X,Y’) is identical to the topology
of uniform convergence on compact subsets ([Kel55], Theorem 7.11). So if f, € F and
(f,) ¢ F is a net such that f, — f., then f,|x - f.|x uniformly. If zy € K, then for every
€ > 0 there exists an open neighbourhood U of xy in K such that

dy (f(z), f(z0)) < 3¢ forall feF, zelU.

Consequently,
dY(f*(l')a f*(fﬁo)) = 11,£ndy(fl,(l’),f,/(l'0)) < %5 <ég

for all z € U. So F is equicontinuous on K too. Theorem 3.3.2 then yields the compactness
of F in C, hence the relative compactness of F. ]

In [Worl0] and in [HSWZ17] we can find the following result, which will be crucial in the

proving norm convergence of the Lie-Trotter product formula.

Theorem 3.3.5. Let S be complete and separable. Let (i )nen € Mg(S) and N > 0 be
such that (i, f) converges as n — oo for every f e BL(S) ~ M(S)}; and

lnllrv < N for every n e N.

Then there exists p € M(S) such that ||p, = pl|5, = 0 as n - .

3.3.3 Tight Markov operators

Let us now introduce the concept of tightness of sets of measures and families of Markov
operators. According to [Bog07a], Theorem 7.1, all Borel measures on a Polish space are
Radon i.e. locally finite and inner regular. Also, by Definition 8.6.1 in [Bog07a] we say that
a family of Radon measures M on a topological space S is called uniformly tight if for every
e > 0, there exists a compact set K such that |u|(SNK.) < e for all u e M. Moreover, we say
that a family (Py)ea of Markov operators is tight if for each p e M*(S)pr, {Pa\p: A€ A}
is uniformly tight. The following theorem, which is a rephrased version of Theorem 8.6.2
in [Bog07a], due to Prokhorov shows that in our case tightness of the | - ||ry-uniformly

bounded family is equivalent to precompactness of {P\p| A € A} in M*(S)gL.
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3.4. Equicontinuous families of Markov operators

Theorem 3.3.6 (Prokhorov theorem). Let S be a complete separable metric space and let

M be a family of finite Borel measures on S. The following conditions are equivalent:
(i) Every sequence {i,} ¢ M contains a weakly convergent subsequence.

(ii) The family M is uniformly tight and uniformly bounded in total variation norm.

3.4 Equicontinuous families of Markov operators

Let S be a Polish space and consider a semigroup (FP;);so of Markov operators. We will
examine the properties of equicontinuous families of Markov operators. An equicontinuous
family of Markov operators must consist of | - [, ;-continuous operators. These are Feller
([Worl0], Lemma 7.2.1). Due to Theorem 3.3.2, a closed subset F' of the mappings from
M*(S)BL to M*(S)pr, with the co-topology is compact if and only if F|x is equicontinuous
for each compact K ¢ M*(S) and the set {P,u: P, € F'} ¢ M*(S) has a compact closure
for every p e M*(S). A continuous function on a compact metric space is uniformly

continuous. A similar statement holds for equicontinuous families.

Lemma 3.4.1. Let (Py\)ea be a family of Markov operators on S. If (Py)aea S an equicon-

tinuous family on the compact set K ¢ M*(S), then (Py\)xea is uniformly equicontinuous
on K.

The following result, found in [HSWZ17] and based on [Worl0], Theorem 7.2.2, gives

equivalent conditions for a family of regular Markov operators to be equicontinuous:

Theorem 3.4.2. Let (Py)xea be a family of regular Markov operators on the complete
separable metric space (S,d). Let Uy be the dual operator of Py. Then the following
statements are equivalent:

(1) (Px)xea s an equicontinuous family;
(11) (Uxf)rea is an equicontinuous family in Cy(S) for all f € BL(S,d);
(i1i)) {Uxf|f € B, A€ A} is an equicontinuous family for every bounded set B c BL(S,d).

In the next part of this section we show results which allow us to prove Theorem 3.2.1,
that is that the composition of an equicontinuous family of Markov operators with an
equicontinuous and tight family of Markov operators is equicontinuous. Additionally, if
both families are tight, the composition is also tight. One can find an example of equicon-

tinuous and tight families of Markov operators in [Sza03].

Let us first prove the following crucial observation.
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

Lemma 3.4.3. Let (Py)xea be an equicontinuous and tight family of Markov operators
on (S,d) and let K ¢ M*(S)gL be precompact. Then {Pyu|p € K,\ € A} ¢ M*(S)pL is

precompact.

Proof. As K is precompact, then K is compact in M*(S)gr. So (Py|z) ¢ C(K, M*(S)pL)
is equicontinuous and for each p € K, {Pyu|\ € A} is precompact, by tightness of the family
(Pa)xea. Hence, by Theorems 3.3.2 - 3.3.3, { PAlz} ¢ C'(K, M*(S)gr) is relatively compact
for the compact-open topology, which is the | - |e-norm topology in this case. Let us
consider the evaluation map

Theorem 5, [Kel55], p.223 yields that this map is jointly continuous if C' (K, M*(S)g) is
equipped with the co-topology. So

K'= {F(u) | F e CA({Pofe: A e A, e K}
is compact in M*(S)pL. O

To prove Theorem 3.2.1, we will need the following result.

Proposition 3.4.4. Let (Py\)xen be a tight family of reqular Markov operator on S. If
(P\)xea 18 equicontinuous for one admissible metric on S, then it is equicontinuous for any
admissible metric.

The key point in the proof of Proposition 3.4.4 is a series of results on characterisation of
compact sets in the space of continuous maps when equipped with the co-topology. These
can be stated in quite some generality, originating in [Kel55, Eng77, RJ66].

Proof. Let d be the admissible metric on S for which (P,) is equicontinuous in C4 :=
C(P(S)weax, P(S)BLa). Let d' be any other admissible metric on S. We must show that
(Py) is an equicontinuous family in Cgr := C'(P(S)wear, P(S)BL.ar)-

By assumption, {Pyu : A € A} is tight for every u € P(S). By Prokhorov’s Theorem (see
[Bog07a], Theorem 8.6.2), it is relatively compact in P(S)pL 4, because the | - |pr g-norm
topology coincides with the weak topology on M*(S). Because (P)) is equicontinuous
in C4, Theorem 3.3.4 yields that (P)) is relatively compact in C4, for the co-topology.
Since the topologies on P(S) defined by the norms | - |pra, d admissible, all coincide
with the weak topology, (Py) is relatively compact in Cy for any admissible metric d'.
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3.4. Equicontinuous families of Markov operators

Again the application of Theorem 3.3.4, but now in opposite direction, yields that (Py) is

equicontinuous in Cy. O]
Proposition 3.4.5. Let (Py)xea be a family of Markov operators on (S,d). If (Py)xea i
tight, then the following are equivalent:

(i) For every K ¢ M(S)%; precompact, (Pl )xea is equicontinuous on K.

(11) (Px)aer 1S equicontinuous (on S).

To prove Proposition 3.4.5 we apply Theorem 3.3.2 and Theorem 3.3.3 to the k-space
(M*(S)BL: | - 51,.4)-

Now we are in a position to prove Theorem 3.2.1.

Proof. (Theorem 3.2.1) Let (Py)xea and (@) er,with families of dual operators (Uy)xea
and (V,),er respectively, be equicontinuous. Let f € BL(S,d). Then {Urf|\ € A} =&
is equicontinuous. Let dg be the associated admissible metric as defined in (3.3) with
E(f) replaced by €. Then £ is contained in the unit ball Bg of (BL(S,ds), |- |Bra,). As
(Q-)~er is an equicontinuous family for d, by Proposition 3.4.4 it is equicontinuous for any

admissible metric on S. Hence, it is equicontinuous for d¢. Then, by Theorem 3.4.2 (iii)
F={V,g: g€ Bg, yeI'} is equicontinuous in Cp(.S).
In particular, as subset of F,
{VL,U\f:veT',Ae A} is equicontinuous in Cy(5).

Hence, by Theorem 3.4.2, (PyQ-)aea~er is equicontinuous for d. If (Py)ea is an equicon-
tinuous and tight family, then Lemma 3.4.3 implies that for any K ¢ M*(S)p, compact,
Kg = {Qv|y e T',v € K} is precompact. Thus, {Py\u|A € A,pe Ko} = {PA\Q v\ e A,y e
I've K} c M*(S)gy is precompact. In particular, this holds for for K = {v}. ]

In the above proof of Theorem 3.2.1 we only need assumption, that the family (Q)qer is
tight. In case both (Py)aea and (Q)~er are tight, there is an alternative way of proving
Theorem 3.2.1 using Lemma 3.4.3.

As a consequence of Theorem 3.2.1 we get the following Corollary.

Corollary 3.4.6. The composition of a finite number of equicontinuous and tight families

of Markov operators is equicontinuous and tight.
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

3.5 Proof of convergence of Lie-Trotter product for-

mula

Throughout this section we assume that (P})sso and (P?) are Markov-Feller semigroups

on S with dual semigroups (U} )0, (U?)is0, respectively.

We start by examining some consequences of Assumptions 1 - 4 formulated in Section 3.2.

Introduce

Fo(8) = {[P}P?]l:neN,iSn—l,te [0,5]}.

n n

Lemma 3.5.1. The following statements hold:

(i) If Assumption 1 holds, then P1(0) and P?(J) are equicontinuous and tight for every
0> 0.

(i1) If F(d2) is equicontinuous then F.(d2) is equicontinuous.

(i1i) F<(02) is equicontinuous and tight iff F(d2) is equicontinuous and tight.

Proof. (i) Is an immediate consequence of Theorem 3.2.1 and the semigroup property
of (P})e0-

(ii) Let t € [0,92] and 4,n € N such that i <n—1. Observe that [P}P?] = [PIIMPIZ”]

with £ € [0,d,]. Hence Fc(d) c F(d2). A subset of an equicontinuous family of maps

is equicontinuous.

(iii) The following subsets of F.(d2),

FHO) = {PLP? :neN,te[0,0]]

n n

and L
F:(é)::{[P}P?] :neN,te[O,(S]}

n n

are equicontinuous and tight, because F.(d2) is. Note that F c F1(d2) - F2(2).
According to Theorem 3.2.1 the latter product is equicontinuous and tight. Hence
F is equicontinuous and tight. In part (ii) we observe that F.(dy) c F(d2), so
equicontinuity and tightness of F(d;) implies that of F.(ds). O

Lemma 3.5.2 (Eventual equicontinuity). If Assumptions 1 and 2 hold, then for each
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3.5. Proof of convergence of Lie-Trotter product formula

compact I' c R, there exists N = Ny such that
Fi = {[Pin]n:neN,nzN,teF}

1S equicontinuous.

Proof. Let N € N be such that £ <min(éd;,d2) =: 0 for all £ e I'. For n > N we have, with
k:=n-N

k+N k N
L2 Dl R VSO S I Pl
k

k N+k + k'N+k &k N+k N+k N+k

Since i € [0,0] for k € Ny and P!(d) and P?() are equicontinuous and tight (by as-

N
sumption), the family { P, P2, ] tkeNg,te F} is equicontinuous and tight according

N+k N+k

k' 'N+k &k N+k

k
to Theorem 3.2.1. The family { P! . P} ] :keN,te F} c F(d,) is equicontinuous by

Assumption 2. Hence Theorem 3.2.1 yields equicontinuity of Fi¥. ]

Lemma 3.5.3. If Assumptions 1 and 2 hold and, additionally, F(0) is a tight family for
some 0 = 03 > 0, then F(0) is equicontinuous and tight for any 6 > 0.

Proof. Let 05 > 0 such that Assumption 2 holds for d,. Let

F(265,) = [P}P%] :te[O,Qdﬂ,neN}

n n

2m 2m+1
- | :t':=§e[%LmeN}u{[Fb r, | :t’e[o,éz],meN}

2m+1 2m+1

m m

v ~

JFeven Fodd

m m

Due to Theorem 3.2.1, F&¥"(Jy) is an equicontinuous and tight family as a product of

equicontinuous and tight families.

2m+1
‘Frondd((SQ) = |:P1 Pt2m:| :tmzt 2m+17t€[0 62] mEN}
Al ][] [rrs] -t s e simen]
Hence, due to Theorem 3.2.1, F294(4,) is an equicontinuous and tight family. O
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

Lemma 3.5.4. Let f € BL(S,d) and § = min(dy,02). If Assumptions 1 and 2 hold, then
E(f) defined by (3.2) is equicontinuous in Cy(S).

Note that £(f) depends on the choice of f. Lemma 3.5.4 is a consequence of Assumptions
1 and 2 and Theorem 3.4.2.

Remark 3.5.5. Technically, one requires that particular subsets of E(f) are equicontinu-
ous. Namely, that

E(f) = {U%U%t [UﬁUﬁ]nf:n,j,l,ieN,jSkn,iﬁn—l,lskn,te [0,52]}

kn kn

18 equicontinuous for every k. This seems to be quite too technical a condition.

Remark 3.5.6. The commutator condition that we propose in Assumption 3 is weaker than
the commutator conditions in [Kuh01], conditions (C') and (C*) in [CCO04] and commutator
condition in Proposition 3.5 in [Col09].

For later reference, we present some properties of function ¢ = w(t) := ws(t, p10), that occurs
in Assumptions 3 and 4.

Lemma 3.5.7. Let w = ws(-,p0) @ Ry - Ry be a continuous, nondecreasing function
such that Dini condition (8.4) in Assumption 3 holds. Then limy,o+w(t) = 0 and for
any 0 <a<1.

(a) ¥ w(amt) < oo for allt>0;

(b) limy_o Yooy w(a™t) = 0.

Proof. For (a) Suppose that infoe<; w(t) =m > 0. Then by 3.4 in Assumption 3 we get

1 1
f @dszf M 15 = +oo.
0 S 0 S

So m =0. From the fact that foa @dt < +o00 we have

at  w(s w(a™1t
oo > Yo [t @) gy yeo @@ (g gnely) -

S
an+1t

= Ergw(@ ) [1- 55t = (1-a) B, w(a)

This proves (a).
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3.5. Proof of convergence of Lie-Trotter product formula

For (b) let € > 0. According to (a) there exists ng € N such that
[e o] n 8
H;Ow(a ) < 5

Moreover, because lim;_ o+ w(t) = 0, there exists ¢ty < 1 such that w(aty) < 5.~ Then for
every 0 <t<tpand neN, 1<n <ng, w(a"t) <w(aty) < 5o-. So

oo no—1 00 -1
w(a"t) < > w(a"t)+ Y w(a™) < c(o-1) iSce
n=1 n=1 n=ng 2nO 2

To show our main result we need technical lemmas which we present in this section. Proofs

of results from this section can be found in Appendix 3.8.1.

Lemma 3.5.8. The following identities hold: for fixed k € N, m = kn and j <m.

(@) PLPL-PLPL =S P, (PLPL - PLPL) P,

m m m m m

m m

k k-1-j
b) PLPL -(PLPL) =X PL | PLP, - PLPL) PL | PLP?
kt = kt t 5t J=1-"t 5 gt ittt t t 4t

m m m m m m m m m m m

n m n n-k
(c) (pgpg) -(pltpz) :(p;tpgt) -(pltp%) -

n n

i k
=T (Pitpft) (P%zpft - (P% P%) )(P£ P’

Combining Lemma 3.5.8 (a) - (c) we get the following Corollary.

Corollary 3.5.9. For any neN, ke N and m := kn one has

() () -
=Y T Y, (P%t P, ) P, P2 (P1 P2 - p2p! )Pg._,)t (Plt P2

i
m

)k(n—i)—j—l

t t 5t
m m m ™ m  m

Lemma 3.5.10. Let f € BL(S,d) and pug € My. Assume that Assumptions 1 - 4 hold and
put 67 = min(dy, 02, 83,7,04,7). Then for all t >0 and n,k € N such that £ €[0,0]:

(G R e

k-1 t
< C(po) 5 s (%;Mo) :
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

We can now finally get to the proof of our main result, Theorem 3.2.2, i.e. the convergence
of the Lie-Trotter product formula for Markov operators. We need the lemma that yields

on on

2’)1
the convergence of the subsequence of the form ([Pl, Pl,] Lo, f ) for pg € My and for every

f € BL(S,d). Then, using this result, we will show that the sequence ([P% P%] Lo, f) also

converges for every f € BL(S,d). From that we can extend from py € My to p € M*(S5).
Recall that 07 := min(0y, 62, 93,7, 04, 7).

Remark 3.5.11. The "weak” convergence in our setting is a convergence of a sequence of
measures paired with a bounded Lipschitz function. Hence it differs from the “standard”
definition of weak convergence (see [Bog07a] Definition 8.1.1), where the sequence of mea-
sures is paired with continuous bounded functions. However, since BL(S,d) ~ M(S)% (see

[HW09b], Theorem 3.7) our terminology is proper from a functional analytical perspective.

Lemma 3.5.12. Let (P!)s0 and (P?)is0 be Markov semigroups such that Assumptions
1 - 4 hold. Let g € My and f € BL(S,d). Then the sequence (r,)neny where 1, :=

( P Pl

2n
] Lo, f) converges for every t >0, uniformly for t in compact subsets of R,.
2n 2n

Proof. The case t = 0 is trivial. So fix t > 0. Let f € BL(S,d). There exists N € N such
that 7% €[0,07]. Let ¢,j € N;i>j > N. Then 2/ = 27 -2! with [ =i - j <4. Lemma 3.5.10
yields for any g € My, that

21 27
([reea] =[ree] ot
2t 2 27 2J

(( P%P%]Ql—[Plt = ]QZH)MOJ)‘ (3.6)

ol+1 ol+1

t il t
SCf(Mo)ﬁl Wi\ o Ho
=j

with wy as in Assumption 3. According to Lemma 3.5.7 (a), Y5 wy (21%, Mo) < +00. So for
every € > 0 there exists N’ € N, N’ > N such that Z}:; Wy (#,,ug) < ¢ for every i,7 > N.
Also, by property b) in Lemma 3.5.7, wy (%, uo) can be made uniformly small, when ¢ is in

a compact subset of R,. Hence the sequence (7, )nen is Cauchy in R, hence convergent. [

Observe that a measure p € M*(S) is uniquely defined by its values on f € BL(S,d).
Lemma 3.5.12 and the Banach-Steinhaus Theorem (see [Bog07b], Theorem 4.4.3) allow us
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3.5. Proof of convergence of Lie-Trotter product formula

to define a positively homogeneous map P, : My — BL(S,d)* by means of

(Pejio, f) = lim ([P;P:tn]

n—oo

Mo,f)-

However, according to Theorem 3.3.5, Pug € M*(S) for every g € My and

(7172 ] o~ P (3.7)

b
strongly, in || - |}, 4-norm.
Proposition 3.5.13. Let (P})s0 and (P?)is0 be Markov semigroups such that Assump-

tions 1 - 4 hold. If ug € My, then for every f e BL(S,d) and for all t >0, ([P}P?] Mo,f)
converges to (P, f).

Proof. Let f e BL(S), t >0 and fix ¢ > 0. Put 7 = min(dy, 09,093,004 ¢). For any [ € N,
using Lemma 3.5.10, one has

IN

P%P?] o —[Pl P, mf)‘

n2l

|([P}P%] Mo —Pt/io,fH

L n2! n2l

n2!
e [P ] e[ rie] mJH

2[
s m—RmJH-

L 2!

Pick N such that for n > N one has £ € [0,d;]. Then

21+1

2in
= ([Plt]ﬂt] /'I’O_I:Plt P2t Mo,fH

2% 2% 2t+1,, 21+1,,

IN
™
I

([722] o -rre

+ —Plt Pi| po—Ppo, f
Zillhof(ﬂo)‘%ltwf (5, 110) + C(p0) 5 twy (=57, p10)
+ -Plt P I o = Prpo, f
= 30 (m)t [Shows (g p0) + (n =Dy (o si0)]

52!
+({|PL P | 1o —Pipo, f

IN

87



Lie-Trotter product formula for locally equicontinuous and tight Markov operators

According to Proposition 3.5.13 there exists Ny such that for any [ > N,

€
‘( Pl P2 Mo—Pt,Mo,f) <3

Lemma 3.5.7 (b) yields Ny € N, N; > N such that for every n > Ny and [ € N,

3

oo t 1 -1
7M0) ;wa(%,uo)<( t3 f(uo)) 2

o (5
Since wy(s, po) 4 0 as s | 0, for every n > Ny, there exists [, > Ny such that
t 1 1 e
— — |1+ =tC —.
“f(nzln’“o) < n—l( "3 f(“O)) 3
So by choosing [ =1, in the above derivation, we get that

|([P%P§]nﬂo —Pt,uo,f)| < ¢ for every n > Nj.

The next lemma shows that once the convergence of ([P%P%] Lo, f ) is established for
o € My then we have convergence for all u e M*(S).

Lemma 3.5.14. Assume that Assumptions 1 - 4 hold. Then for every p € M*(S) and
t>0, ([P%P%] u) is a Cauchy sequence in € M*(S) for |- | 4
non neN ’

Proof. Let p e M*(S). Let € > 0. By Assumption 2, F(4) is an equicontinuous family.
Thus there exists d, > 0 such that

PLP| - [PEP2] || <e/3
letre] n-[Piet] o, , <o
for all v € M*(S) such that |u-v|g , <de. As My c M*(S) dense, there exists pg € My
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3.5. Proof of convergence of Lie-Trotter product formula

such that || — pollf, 4 < de- Then

* *

IN

H[Pzp%] . [P%P%] "

Pip2| - Pip2] o

m BL,d L " n m BL;%d
+ P%P%] uo—[P%fP%] o (3.8)
: n n m m m m %L,d
+ P%P%] uo—[mpa] i
L m m mom BL,d

According to Proposition 3.5.13 and Theorem 3.3.5, there exists N € N such that for
n,m>N,

*

72T s [ 2]

<€/3.
BL,d 6/

Hence for n,m > N, we obtain for (3.8) that

I[Pl n=Piet]"ul,,  <5+5+5

=€

which proves that ([P% P?] u) is a Cauchy sequence. O

Lemma 3.5.14 allows us to define for e M*(S) and t € [0, 0]
Py := lim [PiPﬁ]n,u

as a limit in M*(S)gr. Then P,pg = Py for g € My, according to Proposition 3.5.13.
Thus, as a consequence of Lemma 3.5.14 we have proven the first part of Theorem 3.2.2.

Concerning the second part of the proof: the arguments in the proofs of the lemmas and
propositions that together finish the proof of Theorem 3.2.2, show upon inspection that in
case where stronger versions of Assumptions 3 and 4 hold, then immediately | -[;, jnorm
estimates can be obtained. That is, if in Assumptions 3 and 4 a single 05 ¢, d4 5. Cr(p0)
and wy(-, o) can be chosen to hold uniformly for f in the unit ball of BL(S,d), then
one obtains Theorem 3.2.2 (i.e. norm-convergence of the Lie-Trotter product) without the
need of Theorem 3.3.5. Then one easily checks that convergence is uniform in ¢ in compact
subsets of R,. In fact for u € My this result is captured in the preceding remarks. Let
I' c R, be compact. According to Lemma 3.5.2, F{ is equicontinuous for N sufficiently

large. Then all estimates in the proof of Lemma 3.5.14 can be made uniformly in ¢ € T

Moreover, in the situation described above, the rate of convergence of the Lie-Trotter
product is controlled by properties of w(-, 1), according to the proof of Proposition 3.5.13.
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

3.6 Properties of the limit

Let us now analyse the properties of the limit operator family (P;)so as obtained by the
Lie-Trotter product formula. First we show that P, is a Feller operator, i.e. it is continuous
on M*(5) for |- |5 4-

3.6.1 Feller property

Lemma 3.6.1. Let (P!)s0 and (P?)s0 be semigroups of reqular Markov-Feller operators
that satisfy Assumptions 1 - 4. Let (fin)nen € M*(S) and p* € M*(S) be such that pi,, - p*

n

in M*(S)gL as n — oo. Then [P}P?] fin = Pop* in M*+(S) gy, fort € [0,8,].

n n

Proof. Let € >0. From Assumption 2 (stability) we get that there exists d. > 0 such that

n *
*

(TS R R

n n

for every v e M*(S) such that ||p - p*|g 4 < 0c for all € [0,05]. Since p, — p*, there
exists Ny € N such that

it = Vi, <O
for all n > Ny. From Theorem 3.2.2 we know that there exists Ny € N such that for every
n >Ny

|[PipE] e =Fur

<€f2.
BL,d el

Then for n > N = max(Ny, Ny),

< H[p} P?

fin = [P% P?] p
BL.d

n n

s

BL,d

<E€. L]
BL,dg (5

Proposition 3.6.2. If Assumptions 1 - 4 then for all k e N,t >0
Pt = P]:u for all ;e M*(S).
In particular, ERM = Eﬁu for all t,s >0 such that § € Q.

Proof. Let pe M*(S). Let e >0. Without loss of generality we can assume that ¢ € [0, ds].
For k =1 the statement is obviously true. Assume it has been proven for k. We now show
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3.6. Properties of the limit

it holds for £+ 1 as well. As we know that the limit of the Lie-Trotter product exists

(Theorem 3.2.2), we can consider in the limit any subsequence. Take n = (k+1)m, m — oo:

— . (k+1)m
Prsryept = T}g{}o I:PliPZL:I

m m—oo m

4= lim [P%Pi]m ([P}npz]kmu).

Hence there exists Ny € N such that for all m > Ny,

*

€
< —=.

H@(kﬂ)tﬂ_ [Plt P2 ]m ([Plt P2 ]km u) 03

m m m m

km
Since by assumption [P%P%] i — Py, Lemma 3.6.1 yields that there exists Ny > N

such that for m > Ny:

* €
< —.
BL.d

e ] (e ) - [Pt ] B

m m m m m m

Also, by Theorem 3.2.2 we get Ny > N such that for every m > Ny

*

—k+1

MP%Pﬂmqu—R "

m

€
< —.
BLd 3

Hence for m > N,

—k+1 ||* *

||@(k+1)t:u -P, o

<[P (L2 ] ([PL2] " )

\[pipz]” ([P}npz]km u) -[PLP2]" Pun

BL.d

*

moom BL,d
m —k+1 ||*
4 [PLPQL] Pou-PB, |  <e
o m BL,d

If £,s > 0 are such that ﬁ € Q, then there exist m,r € N: rt = ms. Hence, by the first part,

(m+r)

@Hsu = @(mw).%u = @% W= @g@;u = R@Su. O
Proposition 3.6.3. P, : M*(S)gL, » M*(S)sy is continuous for all t > 0.

Proof. First we will get the result for ¢ € [0,05]. Let pe M*(S) and € > 0. By Assumption
2, there exists d, > 0 such that

s (3.9)

[eire] u-[rir o], <5
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

for every v € M*(S) such that |u—v|g; ; < dc and all n e N, ¢ € [0,d,]. Then, by taking
the limit n - oo in (3.9), using Theorem 3.2.2,

* <€
BL,d—§<6

[Pose = Pev|

for all u,v € M*(S) such that |p-v|gy ;< de. So P, is continuous for all ¢ € [0,5,]. Now
we can use Proposition 3.6.2 to extend the result to all £ > 0. O

In the proof we actually show more, which we formulate as a corollary.

Corollary 3.6.4. The family P(0) = {R :tel0, 5]} is equicontinuous for every 0 < § < ds.

3.6.2 Semigroup property

Let us now analyze the full semigroup property of the limit. Recall Proposition 3.6.2. The
extension to all pairs ¢, s € R, of the semigroup property is not obvious. We do not assume
any continuity of Markov semigroups. However, let us show the following:

Proposition 3.6.5. Assume that Assumptions 1-4 hold and additionally that t — Plu :
R, - M*(S)pL are continuous for i = 1,2 and all n € M*(S). Then (Py)sso is strongly
continuous and it is a semigroup.

Proof. Put Q} := [P}P%] . If pg € My, then by the strong continuity of the semigroup

(P})is0 on M*(S), we obtain that F, : R, - R : ¢t » (Q@uo, f} is continuous for all
n € N. According to Lemma 3.5.12, Fyn converges uniformly on compact subsets of R, to
t = (Ppo, f). Hence the latter function is continuous on R,.

Now, first take t* € [0,02) and (¢x)r c [0,d2) such that (¢x)r — t*. Let u e M*(S) and
¢ > 0. Since the family P(d,) is equicontinuous (Corollary 3.6.4), there exists J, > 0 such
that for all v e M*(S5) with || -v|g 4 < de,

€

[P =Pl o < 30031

for all ¢ € [0, dz].

My is dense in M*(5). So there exists v € My such that || - o]y, 4 < dc. Then

(Po = Popas f)| < [Brrpo = Bre oo

+ ‘(R*Ho —Ekuo, f)‘ + ”Ekﬂo —@tkﬂ

€ € €
<—+—+==g¢,
3 3 3

;L,d' 1/ ILq

;Ld' 1/ IBLq
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3.6. Properties of the limit

when k > N such that |(E*,u0 —Ek,uo,fn < g forall k> N. So, by Theorem 3.3.5, t = P,

is continuous on [0, ds).

Now we show that the continuity of ¢ + Pz on [0,md,) implies continuity on [0, (m + 1)d5).
Let t* € [0, (m +1)d2) and t; € [0, (m + 1)d2) such that t; — t*. According to Proposition
3.6.2,

Eku =P (P, ,u) =P [@mtku—@mt* u] +P o P .

m+1 ( m+1 m+1 m+1 m+1 m+1 m+1

Because - € [0,4y), P(ds) is equicontinuous and [P’mtk - ]P’mt* i by assumption, the first
term can be made arbitrarily small for sufficiently large k. The second term converges to
P .+ P, p, which equals Py po by Proposition 3.6.2. So indeed, ¢ » P, is continuous on

m+1 m+1

[0, (m + 1)d;). We conclude that ¢ + P, is continuous on R,. According to Proposition
3.6.2, RRM = RHM for all t,s € R, such that ﬁ € Q. Because t — E,u is continuous, the
semigroup property must hold for all ¢,s e R,. O

We say that a Markov semigroup is stochastically continuous at 0 if lim,o P,u = p for
every pu € M*(S)pL. Stochastic continuity at 0 implies right-continuity at every ¢, > 0,
but not left-continuity. The next result shows together with equicontinuity, that stochastic
continuity at 0 implies strong continuity.

Proposition 3.6.6. Let (P;)0 be a Markov-Feller semigroup. Assume that there exists
8> 0 such that (P;)ieo,5) 15 equicontinuous. If (P;)so is stochastically continuous at 0, then

it 1s strongly continuous.

Proof. (Py)[o,] is equicontinuous and Py is Feller for all ¢’ > 0. Consequently, (P;)e[¢ +5]
is an equicontinuous family for every ¢’ € R,. Hence (P;)se[o,r] is equicontinuous for every
T eR,. So, if € >0, there exists an open neighbourhood U in M*(S) of u such that

| Pv = Pyl < €

for every v e U. Let tg > 0. From the fact, that (FP;);o is (strongly) stochastically contin-
uous at 0, there exists o > 0 such that for every 0 < h < 9§, Py € U. Then, from the fact
that

”Ptoy’ - Pto—h:u”]gL = ”Pto—h# - ]Dto—hph:u”]gL?

we get
| Pro-ntt — Py pillisy, < € for all 0 <h <.
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So t — P, is also left-continuous at every tq > 0. ]

Corollary 3.6.7. If (P;)wso is stochastically continuous and (P;)ie[o,5] 15 equicontinuous,
then (Py)efo,r) s tight for every T > 0.

Remark 3.6.8. From Proposition 3.6.6 we can conclude that a Markov semigroup that is
stochastically continuous at 0 but not strongly continuous, cannot be equicontinuous.

3.6.3 Symmetry

We prove that, if the family P1(J) is tight - as we assume in Assumption 1 - then the limit

does not depend on the order in which we start switching semigroups (P});»0 and (P?)so.
Now let us prove the following lemma.

Lemma 3.6.9. Let (P})er and (P?)e1 be semigroups of reqular Markov-Feller operators.
LetneN, teR,. Then

|
—

n

(PLP2)" - (PEPY)" = Y (PP CH (P PR (3.10)
=0
n—1

= (PtlptZ)n_z_lctl,f(PtQPtl)Z (3.11)
i=0

. _ pipl _ pJpi
where Cy = PLP; — P} P..

Proof. We prove (3.10) by induction. Let L, denote the left-hand side in equality (3.10),
R,, the right-hand side. Obviously L; = Ry. Assume that L,_; = R,_;. Then:

Ly = (PIPY)"-(PPY)" -

S

(PIP2)"™ = (P2PY)"'| PIP2 + (P2PY)" PIP? — (P2P1)" =

S S

Z?:BQ(Pzpsl)”‘i‘QCsl,’f (PLP2)I] PLP2 +(P2PY)" (PIP2 = P2P}) =

= YIH(PRPYmiR2C05E (PLP2) Y + (P2PY) T CL2 =
Y (P2PY-i1C 2 (PLP2)i = R,,. O

S S

|
e

Next we prove that the limit of the switching scheme does not depend on the order of
switched semigroups in the product formula.

Proposition 3.6.10. Let (P}!) o and (P?)is0 be semigroups of Markov operators for which
Assumptions 1 - 4 hold, and additionally that Assumption 2 holds for (P}!)s0 and (P?):s0
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swapped. Let p€ M*(S). Then

lim [P1P2] 4= lim [ngi]"u.

n—oo n n— 00 n n

Proof. Let t € Ry, pig € My, f € BL(S,d) and fix € > 0. There exists N € N such that £ <4,
where § = min(ds ¢,d4, 7). Since (P}!)s0 and (P?)ss0 are equicontinuous, they COHSlst of
Feller operators necessarily. According to Lemma 3.6.9, for n > N

n n

IN

n n —1—1 7
|([P%P%] uo—[P%P%] uo,f)| - Hz;; P1P2 o2 [pgp}] uo,f)

IN
™
||'3|
e~

BL,dg(f)
(2
n—1t t 2 pl
< Zi=0 wa o [P P ] ILLO)

< Cf(NO)t Wy (m/ﬁo)

n—i—1
because [U%U%] fe&(f).

n

As t is fixed and lim,,qwy(s, o) = 0, we obtain for every f e BL(S,d) and g € M,

lim,,e0

([7ir2] wa-[P2et| wnt| = o
Then, by Theorem 3.3.5, it also converges in norm. Hence,

— (0 as n — oo.

[PLP2] o= [P2PE] ol

Define Pyt := lim,_ e [P%P}] w, for u e M*(S). Since by assumption Assumption 2

holds with P! and P? swapped, Proposition 3.6.3 holds for P, as well: both P, and P,
are continuous on M*(S). Since M, is a dense subset of M*(S)py, and Pipo = I@)tug for
Lo € My, we obtain P, = P, on MH(S). O]

3.7 Relation to literature

We shall now show that Theorem 3.2.2 is a generalization of existing results. We start with
the approach of Kithnemund and Wacker [KW01] and show in detail that their result follows
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from Theorem 3.2.2. Then we provide proof that also the Proposition 3.5 in Colombo-
Guerra [Col09] follows from Theorem 3.2.2.

3.7.1 Kuhnemund-Wacker

Kithnemund and Wacker [KWO01] provided conditions for Cy-semigroups that ensure con-
vergence of the Lie-Trotter product. Their setting is the following: Let (7'(¢))ss0, (S(£) )0
be strongly continuous linear semigroups on a Banach space (E,| -||) that consists of
bounded linear operators. Let F' c E be a dense linear subspace, equipped with a norm
Il 1ll, such that both (T'(t))0 and (S(t))s0 leave F' invariant.

Assumption KW 1. (T'(t))wo and (S(t))0 are exponentially bounded on (F,||-||]),
so there exist My, Mg > 1, and wr,ws € R such that

T @O < Mrer*, IS < Mges!

forallt >0.

Assumption KW 2. (T(t))0 and (S(t) )0 are locally Trotter stable on both (E, ||-|)
and (F,||-|]). There exists § >0 and M%, M2 > 1 such that

I Ge) s COI'l < M
7 () s COI" Ml < Mz
for all t €[0,6] and n € N.

Assumption KW 3. (Commutator condition) There exists a> 1, §' >0 and My >0 such
that

IT(2)S () f = SET @) f] < Mt ||| 1]
forall feF, te0,d].
Theorem 3.7.1 (Kithnemund and Wacker, [KWO01], Theorem 1). Let (T'(t))0 and (S(t))eo
be strongly continuous semigroups satisfying Assumptions KW1 - KW3. Then the Lie-

Trotter product formula holds, i.e.

P,z := lim [T(%)S( )]na:

n—oo

exists in (E,| - |) for every x € X, and convergence is uniform for every t in compact

intervals in R,. Moreover, (P(t))0 is a strongly continuous semigroup in F.
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We shall now show that Theorem 3.7.1 follows from our result. Note that in Theorem 3.7.1
there is no assumption that (E,| - |) should be separable, while we assume that (.5,d) is
separable. This issue can be overcome as follows. Fix z € E. Define T} := T(t), T7? := S(t)
and

E, = Clp (spang {T;¥ - T/N1 -~ T} : N eNjip e {1,2}, k= 1,2, N}).

tN-1

Then E, c E is the smallest separable closed subspace that contains = and is both (7(¢) )+»0
and (S(t))so-invariant. Let S = E, with metric d(y,y’) == |ly—y’|. Then (S, d) is separable
and complete.

Lifts

Let (P})ss0 be the lift of T'(t) to M*(S) and (P?)s0 be the lift of S(t) to M*(S). That
is, for p e M*(S),

Pl [ drauntda), Pru= [ dsyun(da), (3.12)

where the integrals are considered as Bochner integrals in M(.S)g;, the closure of M (.S)gy,

in BL(S,d)*. Since M*(S) c M(S)g;, is closed, Piue M*(S). So
Ptléx = 5T(t)x7 Pt25x = 55(15)33. (3.13)
We show that (P})so, i = 1,2, defined by (3.12) satisfy Assumptions 1 - 4.

First consider Assumption 1. We discuss (P});s0 only; the argument for (P?);s is similar.
The map t = Plu: R, - M*(S)gy is continuous if and only if t - ( t ,u f) is continuous

for every f e Cy(S). Clearly, (Plu, f) = [o{0r(t)z, [0t =[5 f( p(dz). Using
the strong continuity of (7'(t)):»0 and Lebesgue’s Dommated Convergence Theorem we
see that ¢ » (Plu, f) is indeed continuous on R,. Thus, {P!y : ¢ € [0,0]} is compact in
M+*(S)pL, that is: tight.

Let ¢ € BL(S,d) and x¢ € S. Let U} be dual operators to P}. Then:

UL p() = Ul p(0)| = (P2 = Poay, )
;I((Fm)z = 07(t)a> DN = [6(07(t)2) = (7 (1)) S |9l - 1T ()x = T'() o

def $€BL(S,d)
<ol PO -al < 1oh- Mresrt- o - ao]
——

KW1
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So there exists dr such that {Ul¢ : t € [0,67]} is equicontinuous in Cy(S). Hence,

{P!:t€e[0,0r]} forms an equicontinuous family, according to Theorem 3.4.2.

The stability condition in Assumption 2 can be shown as follows. Let ¢ € BL(S,d), xq € S.

|[U?LU1] o(z) - U2U1] (o)

s

- [prez] - [pir2] ouno)]

= \Orr(2)s(tyme ~Ortys(t )]nxov¢)|

- |o[r()s (%)]nfvn S[T(£)S ()]
el [|[7(5) S ()] n(fﬂ—l‘o)H

Sl - ([T (£) S ()T -l = ol

|@lL - M- |l = o]

IN NN

by Assumption KW3, for ¢ € [0,d], n € N. Theorem 3.4.2 again implies equicontinuity of
F(9). Let p € F c E. We define

My := spang {d4|p € F'} c M*(S).

Then M, is dense in M*(S) and (P})o-invariant, i = 1, 2.
Moreover, define

olasy = [ Nllnolde). (3.14)
So

N
= > axfllex]l
k=1

My

To check the commutator condition in Assumption 3, let f € BL(S,d) and pg € My. We
define a new admissible metric dg(s) as in (3.3). Then for y,y' € E, = S,

decry(y,y") = ly =y v sup |n(y) - h(y')|.
ge€(f)

For h e £(f) there exist s,s" and t € [0,0], with ¢ = min(dy,0,), such that

1) = hI =1 ([T () S ()] TS )w) = ([T () S (] TS (s)y)
<flea [T () S (D] TS -y =l
<M-Aflea-ly =y
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for some constant M > 0, according to Assumptions KW 1 - 2.

HP)}PEMU - PtZPtlﬂo

ey € JLIPLPEO, - PP

BL,dg ()

BL,dg(f) po(d9)

Let Bg(sy be the unit ball in BL(S,dg(s)) for | - [prag,,- By the Commutator Condition
KW 3 we get the following:

| P P65 = PPP 0sllpray ,, = SWPgee s, l9(T(1)S(1)0) = g(S(O)T(1)¢)|
SUDgep, ) |91L.de sy - decry (T (1) S(E) ), S(E)T())
max (1, |floaM)|T(£)S(t)d - S()T(t)o|

max (L, | f|z.aM) Mt |||o]]

IN

IN N

Define
wy(t, po) = max(1,|flr.aM) Mit* | po|as, -

Since o > 1, wy : R, x My - R, is continuous, non-decreasing and for every 6 > 0

5 wilt, 5
./o Mdt:maX(1>|f|L,dM)|NO|MoM1/; t*2dt

a-1

o
= max(l, |f|L’dM)Mlog— 1 < +00.

Moreover, for pg e My,

1 p2 2 1p2 2 pl
[P P20~ PEP ol < [ |PIP2,= PEPIS Ly, uo(d)
< max (1, |fleaM) Mite™ [ [ollo(de)
= twf(tnu())

Hence, we get Assumption 3 for all p € My and 05 5 = 0.

Let us now check Assumption 4. First, for any ¢ € F,

o = T () S (D] el < Nl

|[P1P2] 5¢| | [T(£)s(4H]"
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For gy € My we get

[rire] (5

n n

Moy

‘Zk:@k‘S[T(;)sm]”m

Mo

Zk:@k |5[T(%)S(5)]”¢k
> ap M| x|

k

M1§|MO|M0'

My

IN

Furthermore,

|P136] . = |57yl = TSI < Mrer! 6] < Mre=r?| g

and similarly
|P70] g, < Mses o]

Then for 0 <t <é

IN

|5 110l 5, Mre=10|uo| v,

and
|PProln, < Mser0|po| v,

Thus,

P2[PLPE| Phuo| < MyMsMpetr) |y,
n n 0

and with C(uo) :== MrMgM2ewr+ws)d (independent of f and pg) and 8, = min(d,d"), we
see that Assumptions 1 - 4 hold.

Hence, we conclude that the Lie-Trotter formula holds for (P})so, ¢ = 1,2. Moreover, as
3.7, 04,7, Cp(po) and wy can be chosen uniformly for f in the unit ball in (BL(S,d), |- |sL.4),
the convergence is uniform in f in compact subsets of R,. Furthermore, for every y € F,,

[P}P%] (5y = 6[7*(%)5(%)]”3/ —>R(5y n M+(S)BL as n — o0o.

The set of Dirac measures is closed in M*(S)gL. To show this, let (d,, ), be a sequence of
Dirac measures such that d,, — p for some € M*(S). Then (d,, ), is a Cauchy sequence,

and

2d(zp, Tm)
S~ It = 20 tm)
|| Tn l’m”BL,d 2+d(3§'n,$m)
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([HWO09b] Lemma 2.5). Then also (x,)eny € S is a Cauchy sequence. As S is complete,

(25 )nen 18 convergent. Hence, there exists x* € S such that x,, > x* as n - oo and

. 2d(xy,, x*)

=——"" 5 (asn—> oo.
BLA 9 4 d(xy, x*)

”dmn - (Sz*

Hence, P;6, = dpzy for a specific Pf ¢ E (as in statement Theorem 3.7.1). Because the
(Pi)s0, 1 = 1,2, are strongly continuous in this setting, (P;)s0 is a semigroup by Proposition
3.6.5. Therefore, (IP¥)0 is a strongly continuous semigroup on E,. The operators P; are

linear and continuous:
Let y,, € E, such that Y,, » v in . Then

2”5Ptyn - 51P)ty||§L,d

Py, —Piylpra =
” tIn t ”BL,d 2+||§Ptyn—5Pty||]§L,d

_ 2”@5% _@t(sy”E;L,d -
2+ Py, - IP>t(5y||E;L,d

Moreover, E = Uyep E,, and the semigroups (P¥)s0 and (P¥)s0 agree on E, n E,s. This
allows us to define a strongly continuous semigroup (IP; )0 of bounded linear operators on
E that agrees with (IP¥)0 on E,.

3.7.2 Colombo-Guerra

Colombo and Guerra in [Col09], generalizing Colombo and Corli [CCO04], also established
conditions that ensure the convergence of the Lie-Trotter formula for linear semigroups
in a Banach space that do not involve the domains of their generators. Instead, like in
the results of Kithnemund and Wacker [KWO01], they build on a commutator condition
(Assumption CG 3 stated below) that is weaker than that in [KWO1]. It is this condition

that motivated our Assumption 3.

The situation in [Col09] is as follows. Let S, 5% : R, x X ~ X be strongly continuous
semigroups on a Banach space X. Assume that there exists a normed vector space Y

which is densely embedded in X and invariant under both semigroups such that:

Assumption CG 1. The two semigroups are locally Lipschitz in time in Y, i.e. there
exists a compact map K :Y — R such that fori=1,2

HStlu - Shu

‘XSK(u)|t—t’| forallueY, t,t' el.
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Assumption CG 2. The two semigroups are exponentially bounded on F and locally
Trotter stable on X and Y, i.e. there exists a constant H such that for all t € [0,1],
neN
1 2 1 q2\"” 1 q2\"
It + 152« (ses2 ) |+ (sist) ], <2

Assumption CG 3 (Commutator condition).
||St1$t2u - SfS}u”X <tw(t)|ully
is satisfied for allw eY and t € [0,d] with some 6 >0, and for a suitable w : [0,0] - R*

with [06 @dT < +00.

Theorem 3.7.2. Under Assumptions CG1-CGS3 there exists a global semigroup @ : [0, +00)x
X = X such that for all ueY , there exists a constant C, such that fort >0

! tw(é)
lewu-stsi, <c. [0 “ng_

In fact, [Col09] Proposition 3.5 also includes a statement of convergence of so-called Euler
polygonals to orbits of Q). The interested reader should consult [Col09] for further details

on this topic.

It is the construction in this case that allows us to conclude that Theorem 3.7.2 and
Theorem 3.2.2 are highly similar to the Kithnemund-Wacker case discussed in the previous
section. Therefore we state the main reasoning and give the immediate results.

Let u e X. We take S = X,,, where the latter is the smallest separable Banach space in X
that is invariant under (S?)ss0, 7 = 1,2, equipped with the metric induced by the norm on
X. Let P! and P? be lifts of S} and S? to M*(S):

Pi§, = Ogius Piu:= [15S§uu(du),i =1,2.

Now we check if P! and P? satisfy Assumptions 1 - 4.

As in Section 3.7.1, because (S} )0 and (S?)ss0 are strongly continuous semigroups, (P}) o
and (P?);s0 are tight. Moreover, if ¢ € BL(S,d) and v,w € X,,, and U} and U? are the dual
operators of P} and P? respectively, then:

Ui ¢ (v) = Ui d(w)| < 1ol H - o - w]x
This yields the equicontinuity condition for U}. Similarly equicontinuity for U? is estab-
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lished. A similar computation yields Assumption 2:

[vivi] s -[viv] o] =[o[(sist) o] - o[(si51) o]
<léle-| (5251)" (v-w)|, <lole-H-Jo-wlx

To check the Commutator Condition in Assumption 3, let f e BL(S,d), put My :=
span{d,lv € Y n X, } and |uo|n, as in (3.14). Then define

wy(t, po) = max(1L, | f]o.aM)w(t)|olas,-

Commutator Condition CG 3 yields

*

1p2s _ p2pl
”PtPt5u BYF oy BL,dg (5

<max (1, |f|p.aM)tw(t)|uly

as before, which established Assumption 3. Note that w; can be chosen uniformly for f in
the unit ball of BL(S,d).

Assumption 4 is obtained from the estimate

My

[l

n

- |[s254]"all, < Hlulx,

Mo

5[51 52 ]nu

n o n

which yields

|[P%P§]n/io u < Hlpol sy -

0

and
|P0s]y, = 10s1ulyy, = 1Stully < Hlully,  [P2oy],, < Hlully

which yields

‘Pt1M0|MO < Hlpo|rr, and |Pt2:u0‘M0 < Hlpolas, -

Thus, the Lie-Trotter formula holds for (P!);»o and (P?)»0. A similar argument as in
Section 3.7.1 yields Theorem 3.7.2.
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3.8 Appendices

3.8.1 Proof of Lemma 3.5.8

(a) We will check it by induction on j. Let j = 1. Then the left hand side in the equation
3.5.8, (a) is of the form
L=PLP}-PiP).

m m m m

while the right hand side is

R:Z?ZOP?t(P%P%_Pzplt)Pglll)t_Pgt(PltP%_P%P}S)P(Qllo)t:[/'

Assume that (a) holds for j - 1:

Pl Pg b = P2, P =P (P1 P2 —pP2pl )Pg rye -
Then for j:
L = PLP%-pP2P}
- Pl P2

B = Pl PL )P2 + P2, PLP: ~ PP
(zf 2 (pl Pt - PIPL )pg . l)t)pz LP2 (pl P2 P%Plt)

m m

m m m m

= Y2 P? (PltPQ pP?p! )Pa e+ PR, (P1 p? -p?p!

m m m m m m m m m m

= R.

G-1-0)t —
m

> P (P1 pP? -P2 P} )P2

m

(b) We will check it by induction on k. Let k = 2.

2
L:P;Pi—(PltP%)

m m

2-1-j
R = $lP (P1P2 P2P1t)P% (pltp%)

m m

P! (pg P2 _p2p

m  m

N—3 [
i)
~ Do
1l
t~

Assume that for k -1 we have:

k-1 k—2-j
P, P2 m—(PltP%) =y PL (P1P2 PQPl)P%(PltP%) :

m  m m m m m
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Then for k£ we have:

L

k
PP - (PLP2)

m m

k-1
1 2 1 p2 1 p2 1 2 1 p2 1 p2
P(kl)tp(kl)t_(PtPt) lPtP P(kl)tP(kl)tPLPL-FPﬁPﬂ

m

m m m m

k—2-j
= Zg?;fpgj (P1P2 P2P1)P%(P£P%) lPltP%

m  m m  m m m

]32

(k-1)t 1)t

1
P(k 1t
m

= Y Py (P1 P - p?p) )P% (P% p? )k -
= R

1 1 p2
P, -P; P(k 1t
TVL m

2
Py
m

m m n

(c) Let n=1. Then

0 k k-(1-1-0)
R:(Pgtpgt) lpgtpgt—(mpz) l(pltpz) L
Now let’s assume that
n-1 (n-1)-k
(Prr2) -(Pipz) -
m m ’L m m k k.(n_Q_Z)
-zt (rure) [rare - (ree) ] ()
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and let us check for n:

n-1 (n-1)-k k n-1 k
((rer) ™ (ree) ) () - (rea)” (rir2)
; (p,gt )

” i K k(n-2-i) k
(P,}tPft) (P,}tP,Et -(pltpz) )(pltpa) )(pltpa) _

n—1 k n
. (P,}tP,ft) (Plt P2 ) ' (P,LP;ft)

m m

i k-(n—-1-1)
=Y (Pgt Pft) (P,}t P - (P1 P2 ) (P& P3 ) +
mn_l’ln m m m ]:’L m m
+ p;tpgt) lpgtpgt - (m pz) ] -

3.8.2 Proof of Lemma 3.5.10

Let n €N, k € N and m := kn be such that £ € [0,d7]. Then by Lemma 3.5.8 (c) we get

H{P@P@]nuo— Paf%]"kumf)
o 5i ;o k k-(n—1-1)
=sz$[%% (P;tpzt —[P%P%])[P%P%] i
S CT o k-(n—1-i)
suii [rurs] (rers =[] )i ] ) -

by Lemma 3.5.8 (b)

(%%) = ¥t [Pl P2] ( b Pl (P1 P2 - P?tPl)PQ

k-1-j k-(n-1- z) "
kaﬂ Hmw] vo. f

m

m m

<yl yhd [P;tpgt] pgj(pltpg P?pl)pzx

m

k n—i)—T—j
] Ho,

X [Plt Pi

m

=(>(->6>(—)
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by Lemma 3.5.8 (a) we get
(%% %) = 3] H[p,gtp,zt] Py ( >l p2 (pltpa—pzplt)pg N m)P%x
k(n— z) 1-j
«|pipt] uo,f)

< gyl g ([P%tP,%,] P! (Pl% (P1 P2 - P%P%)Pa“>t)P%x

m

k(n_i)_ _j m m m m m
e s
- k(n-i)-1-j
—zmeen|(re o) e rie ]

AN

m m

For every 7,j,l € N we get
= vl [vron] reewn

. Then Vi € Mo. Note that Hgfﬂ”

k(n—i)-1—j
<

Let 171 = Py, [Pl P2

m

Using Assumption 4 we get:

T Tia T ( PLP% - Pt Pl) m,gWH
sz st si|((PLrs - P e o)
j-1 Pl P2 P2 Pl ) ) Aagn
Z Z Zl:() ‘( 15t T ,]l BL7C‘lg() ng,J,l“BL,dg()

. k(n-i)-1-j
< S T R (— W[PlPZ] Mo)

< Lyrlshlsi O2(M0)Wf(mw“0)
sC(m)—wf(m,uo)Z i Xil L
= Cyto) oy (i) i

So with m = nk we get the result. ]
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators
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