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Chapter 1

Fundamental concepts and results
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Fundamental concepts and results

1.1 Measures as functionals

Let us consider a measurable space (S,3). We will denote S := (S,%X). On S we consider
the space M(S) of finite signed measures. A typical example of a signed measure is
the difference of two probability measures. Every signed measure is a difference of two
nonnegative measures. Hence, for every p € M(S) we have the equality p = p* + p~.
The measures p* and p~ are called positive and negative part of u respectively. Such
decomposition is called the Jordan or Jordan-Hahn decomposition. Following [Bog07b],
there exist S* and S~ such that for all A € A one has u(AnS~) <0 and pu(AnS*) > 0.
We define the total variation norm on M(S) by |pllry = |p|(S) = p*(S) + p=(5) =
SUP e, pes H(B)—inf pes pes p(B). M(S) endowed with |- 71 is a Banach lattice. However,
the topology given by | - |71 norm is often too strong for applications. Let us show this in
the following example, following [Worl0].

Example 1.1.1. Let ®;: S — S be a family of measurable maps, t € R, such that ;0 P, =
;. and Og =1dg. Fach ®; induces a linear operator Te(t) on M(S) by

To(t)p:=pod;".
We get the following properties of the family T = (Te(t))is0:
(+) T leaves the cone M*(S) invariant
(+) Ta(t)0s = 0, (x)

(=) T is strongly continuous with respect to ||-|rv only if it is constant, as ||0,—dy|rv =2

whenever x .

(~) In general t = Ty(t)0; = 0, () will not be strongly measurable as its range will not be
separable. This makes (M(S), |- |rv) not suitable to study a variation of constants
formula

po=Ta(Opo+ [ Talt ) F(u.)ds,

as the integral is hard to interpret.

Throughout the thesis we will assume that S is a Polish space. Hence, S is separable and
completely metrizable. Any metric d that metrizes the topology of S such that (S,d) is
separable and complete is called admissible. We will denote by D(S) the family of all
admissible metrics on S. We will consider C,(S), the Banach space of continuous bounded
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1.1. Measures as functionals

functions on S, with the supremum norm

[ flloo = sup{|f ()] : x € S}.

Definition 1.1.2. A function f: S — R is (globally) Lipschitz if there exists L > 0 such
that

|f(x) = fy)| < Ld(x,y) for all z,y€S. (1.1)

Let Lip(S,d) (or Lip(.S) for shorter notation) denote the vector space of Lipschitz functions
on (S,d). The Lipschitz constant of f € Lip(S) on (S,d) is

[/ (x) - f ()]

= {50

:x¢y7'x7yes}’

which is the best(i.e.smallest) constant L that can be used in (1.1). Following Dudley
[Dud66], then BL(S,d) will denote the Banach space of all bounded Lipschitz functions f
on S with the bounded Lipschitz or Dudley norm

[flBL.a = 1flra+ 1]

Proposition 1.1.3 ([Worl0], Proposition 2.2.7). BL(S,d) is complete with respect to

|- lsL.a-
We will denote || - | gr.a by || - |5z if no ambiguity occurs.

We can equip the space M(S) with different equivalent norms. Zaharopol [Zah00], Lasota
and Szarek [LS06], Lasota and Yorke [LY94] use the Fortet-Mourier norm of the form

lelEar = Sup{fs fdp: f € BL(S,d), | flrar = max (| fllee, |f]2) <1}

The name Fortet-Mourier can be misleading though, as in the original paper Fortet and
Mourier [[FM53], p.277] construct the bounded Lipschitz/Dudley norm | - | sL.4, not the
Fortet-Mourier norm.

The norm | - ||Fas is equivalent to | - ||pr.q and to all the norms of the form
1
1A IBLis.apy = (1P + 1 flse)7, 1 <p < oo.

The space M(S) embeds into BL(S)* by means of integration y — I,,, where

L) = () = [
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Fundamental concepts and results

Each element in M(S) defines an element of the dual space BL(S,d)* with the norm

Il sL.a = sup{{p, f) : f € BL(S,d), | flBra<1}.

Let us recall few useful facts about the space (M(S), |- |5..4)-
Lemma 1.1.4 ([Worl0], Lemma 2.3.6). For every x € S, &, is in (M(S),| - |5,4) and

1021157 4= 1. Moreover, for z,y €S,

2d(z,y)

102 = 0y 5r.a = T+ d(z.y) <min(2,d(x,y)).

By M*(S) we denote the convex cone of positive measures in M(.S). One has

lellrv = Ml = plFar for all pe M*(S).

In general, for e M(S), Il < il < lilrv-

1.1.1 Some topologies on spaces of maps

Let us outline the main topologies we are interested in. To describe the topologies consider
topological spaces X and Y and a collection F of maps f: X — Y. Let us show different
ways to provide JF with a topology.

e Topology of pointwise convergence [[Kel55], p.88] on F:

The topology of pointwise convergence is of importance as this is the smallest topol-
ogy for F for which each point ecolution 6.,z € X is continuous on F, see [Kel55]
p-217. A net of function (f,)aca converges to f if and only if f,(x) - f(x) for each
x € X. Note that the topology of X does not play a role in the results on the topology

of poinwise convergence on F.
e Compact open topology on F:

The other topology of interest, which does depend on the topology of X, is the
compact-open topology . Let F be a collection of continuous maps f: X - Y. Thus,
for fixed f the map X — Y : x » f(z) is continuous. We look for a topology on
F such that the map F x X - Y : (f,z) » f(z) is (jointly) continuous. Here the

compact open topology plays a role. Let us define
F(A,B):={f e F|f[A] c B}
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1.1. Measures as functionals

for Ac X,BcY.

The sets F(K,U) such that K ¢ X compact and U c Y open are a subbase for the
compact open topology. For more details see [Kel55]. In the main part of this thesis-

concerning Markov operators- equicontinuous functions of maps play a central role.

Equicontinuous families of maps

Let X be a topological space and (S,d) a metric space. Let F be a family of maps
f: X5

Definition 1.1.5. The family F of functions f: X — S is equicontinuous at x € X if for

every € > 0 there exists an open neighbourhood U, of x such that

d(f(x), f(y)) <e foryeUe, feF.

Family F is equicontinuous if it is equicontinuous at every point of X.
Let us now recall Theorem 15, p.232 from [Kel55].

Theorem 1.1.6. If F is an equicontinuous family, then the topology of pointwise conver-
gence 1s jointly continuous. Therefore it coincides with the compact open topology.

1.1.2 Tight sets of measures

A finite signed Borel measure p is called tight (see eg. Dudley [Dud66)) if for every € > 0
there exists a compact set K c S such that |u|(S ~ K) < e. The class of all tight measures
is denoted by M,(5) .

A family M c M(S) is uniformly tight (Abbrev. tight) if for every € > 0 there exists a
compact set K c S such that |u|(S\ K) <€ for all pe M.

A sequence of measures (i, )neny € M(S) is weakly convergent to a measure p € M(S) if
for every bounded continuous real function f on S one has

Nim (g, f) = (s, f)-

A frequent problem is the following. Can one select a weakly convergent subsequence
(hence in the weak topology o(M,C,(X))) in a given sequence? It turns out that the
problem can be reduced to analyzing the uniform tightness of the family of measures.
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Fundamental concepts and results

Hence (uniform) tightness of measures is a key to understanding the weak convergence of

sequences of measures.

Theorem 1.1.7. [Prokhorov Theorem, [Bog07a] Theorem 8.6.2] Let X be a complete
metric space and let M be a family of Borel measures on X. Then the following con-

ditions are equivalent:

(i) every sequence {p,} c M contains a weakly convergent subsequence;

(i) the family M is uniformly tight and unifornly bounded in the total variation norm.
The above conditions are equivalent for any complete metric space X if M c M(S).

Tightness of sets of measures is a tool used in analyzing the existence of invariant measures
for Markov operators, e.g. by Szarek in [Sza03]. By Proposition 5.1 in [Sza03] we get that
a continuous (in a weak topology) Markov operator which is tight admits an invariant

distribution.

1.2 Markov operators on spaces of measures and semi-

groups of Markov operators

Markov operators occur in diverse branches of pure and applied mathematics. They are
used in studying dynamical systems and dynamical systems with stochastic perturbations.
Semigroups of Markov operators are generated by e.g. stochastic differential equations
or deterministic partial differential equations. Transport equations, which are generating
Markov semigroups, appear in the theory of population dynamics [Hei86, Rud00, Rud97].
Such processes were also extensively studied in close connection to fractals and semifractals
[BD85, BEH89, DF99, 1.M94, L.M00].

Markov operator P is defined as a map P : M*(S) - M*(S) such that

(i) P is additive and R, homogenous: P (A1 + Aafia) = A\ Py + Ao Ppo; for p; € M*(S),
A 2 0.

(i) | Pplrv = il for all e M*(S).

Every Markov operator can be extended to the space of all signed measures. Namely, for
every p € M(S), we get a decomposition p = p; — p2, where g, s € M*(S). We set
P =Py — Ppus.

The decomposition is not unique, but different decompositions vary by a positive measure,
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1.3. Convergence of sequences of measures

such that Pu does not depend on the decomposition chosen.

A linear operator U : BM(S) - BM(S) is called dual to P if
(Pu, f) =, Uf) for all pe M*(S), f e BM(S).

If such an operator U exists, it is unique and we call the Markov operator P reqular .
U is positive and satisfies Ul = 1. The Markov operator P is a Markov-Feller operator
if it is regular and the dual operator U maps the space of continuous bounded functions
Cy(S) into itself. A Markov semigroup (P;)0 on S is a semigroup of Markov operators on
M*(S). The semigroup property entails that P,o P, = P, and Py = Id. Markov semigroup
is reqular (or Feller) if all operators P, are regular (or Feller). Then (U)o is a semigroup
on BM(S) which is called a dual semigroup.

1.3 Convergence of sequences of measures

Dudley analyzed the relation between- in our terminology- weak and || - ||}, convergence
of measures. In Theorems 6, 7 and 11 [Dud66], Dudley showed the following for pseudo-
metric spaces slightly adapted to our terminology. Any metric space is a pseudo-metric
space.

Theorem 1.3.1. Let (S,d) be a pseudo-metric space, pu, € Ms(S):Then:

(i) if pin — 1 weakly, then |, — )%, = 0;

(1t) ||pn — 5y = O tmplies p, - p weakly for any sequence in Mg(S) if and only if S is

uniformly discrete;

(i1i) if S is a topological space, j, € M(S) and u, converges to u weakly, then p, — p
uniformly on any equicontinuous and uniformly bounded class of functions on S;

(i) if (S,d) is a metric space, i, p € M*(S) and ||pn, — |, = 0 as n — oo, then p, - p
weakly.

We provide conditions on subsets of (signed) mesures M(S) such that the weak topology
on M(S) coincides with the norm topology defined by the dual bounded Lipschitz norm
| - |5 or by Fortet-Mourier norm | - |%,,, see Theorem 2.3.5, Theorem 2.3.7 and similar
results in Section 2.3.2. These build on Theorem 2.3.1 which states that for a bounded
(in total variation norm) sequence of signed measures (u,,) that converges weakly, that is
(n, f) is convergent for any f e BL(S,d), (i), converges in || - | L4 norm.
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Fundamental concepts and results

This is not precisely the Schur-property for (M(S),|-|%,), but can be considered a Schur-
like property, further discussed in Chapter 2.

Let us recall definition (Definition 2.3.4., [NJKAKKO6]) of the Schur property.

Definition 1.3.2. A Banach space X has the Schur property (or X is a Schur space) if
weak and norm sequential convergence coincide in X, i.e. a sequence (), in X converges

to 0 weakly if and only if (x,), converges to 0 in norm.

By the following example (for details see Example 2.5.4, Megginson [MBA9S8|) we can see
that the space [y does not have the Schur property. In general, none of the spaces [,

1 < p < oo has the Schur’s property.

Example 1.3.3. Let (e,) be the sequence of unit vectors in ly. Then x*e, — 0 for each
x* in 1*, and so the sequence (e,) converges to 0 with respect to the weak topology. Since
lenl = 1 for each n, the sequence (e,) cannot converge to 0 with respect to the norm
topology. The norm and weak topologies of ly are therefore different, so it is possible for

the weak topology of a normed space to be a proper subtopology of the norm topology.

1.4 Lie-Trotter product formula

Chapter 3 of this thesis, the Lie-Trotter product formula for Markov operators, was moti-
vated by the need to deal with more and more complicated models of physical phenomena.
Citing [HKLR10] ”A strategy to deal with complicated problems is to “divide and con-
quer”. (In the context of equations of evolution type) a rather successful approach in
this spirit has been operator splitting.” Let us show the simplest example of an operator
splitting scheme (based on [HKLR10]). We want to solve the Cauchy problem

aUu

-+ A(U) =0, U(0) = b,

for an operator A. Formally we get the solution of the form
U(t) = €tAU0.

Though, here the information about the operator 4 is needed. If A is of some ” complicated”
form, we need to find a way to be able to compute this solution in an optimal way. Assuming
we can write A as a sum A; + Ay and solve problems

E+A1(U)=O, U(O)=UO
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1.4. Lie-Trotter product formula

and
separately with solutions

and
U(t) = GtAQU(),

we get an operator splitting of the simplest form:
Ultner) w e 3727840 (1),

where t,, := nAt.

If A, and A; would commute, we get e tA1e~tA2 = ¢4 Hence, the method is exact. For
noncommuting operators we get the Lie-Trotter (or Lie-Trotter-Kato) formula of the form

U(t) = t.AU _ li -AtAs —-AtA; nU )

()=t =  Jim (220 ) Ty

The questions which one wants to answer is if the above limit exists and, if yes, does
it give the solution of an original problem. If the answers are positive, one can use the
approximating scheme to analyze the more difficult original problem. Various conditions
for convergence are stated and discussed in Chapter 3.

Hence, we see that operator splitting schemes can be a way to go when analyzing com-
plicated models. Let us now show why we are interested in product formula for Markov
operators. One way to construct a new dynamical system from a known one is by perturbing
the original problem. One of the examples of such constructions is an iterated function
system (IFS), which is analyzed in the theory of fractals [Bar88, BDEGS88, LM94, MS03].
An IFS is an example of stochastic switching at fixed times between deterministic flows.
An TFS {(w;,p;);t € I)} with probabilities is given by a family of continuous functions
w; S > S,i€el, where (S,d) is a complete separable metric space with a family of contin-
uous functions p; : S — [0,1],i € I s.t. ¥,y pi(x) = 1. Such IFS defines a Markov operator
P acting on measures by

Pu(A) =Y L L(w;(x))pi(z)p(dx) for pe M(S), AeB.

iel

Such a Markov operator is also Feller, hence it seems natural to consider Markov-Feller
operators.
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Fundamental concepts and results

The next example which motivates analyzing switching schemes for Markov semigroup, is
piecewise-deterministic Markov processes (PDMPs) where deterministic motion is punctu-
ated by random jumps occurring according to a suitable distribution. PDMSs have wide
applications e.g. to gene expression in the work of Hille, Horbacz and Szarek [HHS16]
and Mackey, Tyran-Kaminska and Yvines [MTKY13]. The analysis of such processes is
concentrated mostly on their long time behaviour. By analyzing Lie-Trotter formula in
such a setting we may be able to extend the analysis of piecewise-deterministic Markov
processes to switching between deterministic and stochastic models.

Intriguing example

Let us now consider an example of a convergent Lie-Trotter product formula for a right
translation semigroup and a multiplication semigroup for which no assumption on gener-
ators is made. This example is originally from Goldstein [Gol85], p.56, without detailed
proof though.

Let X := L'(R) (complex-valued) and let us consider the right translation semigroup
(S(t))1=0 and a multiplication semigroup (7°(¢)):s0 generated by B = M;, for ¢: R >R a
measurable and locally integrable function, where M;,f :=ig- f (on f in a smaller domain):

T(t)f(z) = M@ f(x)
St f(x) = fla+t)
Further, define
U(t)f(x) = elloa@d) f(g ),

For f € X we can compute products

[T(%) S(%)]nf(x) = exp (i:z;éq(x+ kt/n)t/n) ~flx+t), fort>0,zeR.

We want to show that the product converges in Lebesgue-measure to U(t) f(z).
First let us now proof the following lemma:

Lemma 1.4.1. For every ge L} (R), ¢t>0,

loc

t

n—-1 tj t
Zg(-+—)——>/ g(-+s)ds, asn — oo
i=0 "

n 0

in Lebesgue-measure, on every compact interval I.
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1.4. Lie-Trotter product formula

Proof. Let i be a Lebesgue measure on R. We want to show that for all n > 0:

1 t
(x+t—])£—f g(z+s)ds 277):0.
nj/n 0

By Chebyshev inequality (see Bogachev [Bog07b|, Theorem 2.5.3.) we get

hm,u(a:ef

p(rel: |20 g(z+Y)L- [l g(z+s)ds|>n)< 1f1|2jog(x+“)1—[o (z +s)ds|dzx

Also
L1205 g (z+ ) L= [T g(a+ s)ds|da = [t g(e+9) - [ g(a+s)ds|da =
—[I|n ]O[g(x+ ) ”fmg(x+s)ds] dz =
S |E T8 L Lo (0 + ) - gl + )ds] | e <

<y ;(}[[ft(;]ji—l) ‘g(x+%j)—g(a;+s)‘dsdw

Let € > 0. Take tg e R, > 0 and let I := Uo<s<t I +s. Then Iis compact with a nonempty
interior. There exists h € C.(I) such that

- h(z)|dx < =
[lg@) = h@)ldo < 5.

Then
f|g(as+s) x+s|dx<[|g |dy<§ forall0<s<t
I

and for sy and s in [0, ¢] sufficiently close,

Jrlg(z +s0) =gz +s)|de < [ilg(x+s0) = h(z +so)|dz + [} [h(x +s0) = h(z + 5)|dz+
[ilh(z+s)—g(z+s)lde<e

as h is uniformly continuous on . So for s sufficiently close to sq in [0, ], Jilg(z+s0)—g(z+

s)|dz can be made arbitrarily small. Using the above estimation we get for n sufficiently

large that:
pleel: [T g(e+ )5 - foglw+s)ds| 2n) <
S f[ t(] 1)‘g(x+tj) (l’+8‘d8dl‘<
<%Zj=0 f(1 1)/]5d5_62?012 %
So indeed, for every g € L}, (R) we get the convergence in measure. 0
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Now let us apply the continuous map exp(i-) : R - C. According to [Bog07b], Corollary

2.2.6, we get convergence in measure on a compact interval [ of

o ty.t t
E, :=exp (z Yog(-+ —])—) — exp (z f g(-+ s)ds) = F.
ot n’'n 0
For f e C.(R) and again using Corollary 2.2.6 (Bogachev [Bog07b|, p.113) we get that
E,.f - Ef in measure. Since |E, f| = |f| € L', by Dominated Convergence Theorem (cf.
[Bog07a|, Theorem 2.8.5, p.132) we get convergence in L!-norm, so

|Enf—Ef|l;r =0 as n— oo,
As C.(R) c LY(R) is | - | z1-dense, for f e L'(R) we can find fy € C.(R) such that

1f = follzr <e.

Then
IEnf = Eflo < |Enf = Enfollor + | Enfo— Efollcr + [ Efo = Enfollr <

<|f = foler + | Enfo— Efollor + | f = follr < 3¢

for a sufficiently large n.
So we get in L'(R) that
t t\1"
i [r(2)s ()] r-vior
The intriguing part of this example is the fact, that the Lie-Trotter product formula holds
for T and S, but these semigroups do not satisfy common conditions for convergence of
Lie-Trotter schemes (see Chapter 3). By Theorem 8.12 in [Gol85] if A is the generator
of S and B is a generator of T then, if A+ B is a generator, then it is a generator of U.

However, it is possible that A + B need not be a generator; in fact, it can even happen that
D(A+ B) = {0}.
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