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Notation

Here we state some conventions regarding mathematical notation that we will use through-
out the thesis.

N denotes the set of natural numbers{1,2,3,---}, Ny := Nu {0}
R,:={rxeR:z>0}

M(S) is the real vector space of finite signed measures on S

M(S) is the cone of positive measures in M(S)

P(S) is the set of probability measures in M*(S)

| - |7V denotes the total variation norm on M(S). |pllrv = p*(S) +p=(S)
1 is the indicator function of E c S

For a measurable function f:S - R and p e M(S) we denote
(. f) = fs fdu

P: M(S) > M(S) denotes Markov operator with a dual operator U
B(z,r) denotes the open ball of radius r centered at z

In a metric space (S, d), if A c S is nonempty, we denote by A¢:={zx e S:d(z,A) <€}
the closed e-neighbourhood of A

If S is a topological space, C,(S) is the Banach space of bounded continuous functions
from S to R, endowed with the supremum norm || - | e.

(1, ) = Jo felp
Markov operator is a map P : M*(S) - M*(S) such that:

(MO1) P is additive and R, homogencous;

(MO2) | Pplzy = il for all pe M*(S);

P extends to a positive bounded linear operator on (M(S), |- |rv) by Pu:= Pu* -
Pu.

We say that Markov process is stationary if its moments do not depend on the time
shift.
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Motivation

The subject of this thesis, "Approach to Markov Operators on Spaces of Measures by Means
of Equicontinuity’, combines an analytical and probabilistic approach to Markov operators.
The combination of both has yielded various novel results whose proofs are facilitated by the
use of analytical concepts like equicontinuity, measures of non-compactness and attractors
and probabilistic arguments.

Markov operators come naturally from Markov processes, hence stochastic processes whose
future values are determined by most recent values, without the necessity to take into
account the past.

We intentionally work with Markov operators on spaces of finite signed Borel measures on
the underlying Polish state space. Other researchers have looked at the setting of such
operators on continuous bounded functions or subspaces thereof (the 'dual picture’ from

our perspective) or spaces of integrable functions with respect to an invariant measure.

We start by motivating why we think the space of measures as a state space is a more

suitable setting then the spaces of integrable functions.

13



Motivation

Why work with measures as a state space?

There are two main reasons for working with a space of measures as a state space. Let us

start with the approach coming from deterministic systems.

A deterministic perspective

Let us show examples of deterministic models with randomness (in their initial conditions,
random interventions) which motivate us to use a space of measures as a state space. A
first example is that of sustainable harvesting. In Example 0.0.1 we introduce a fishery
model with randomness in the size of a catch. The same idea can be extended to other
types of harvesting, i.e. crop harvesting, where random interventions could be weather
conditions such as the amount of rainfall. We first describe the setting. The model and

use therein of a measure formulation is discussed afterwards.
Example 0.0.1. [Sustainable harvesting, [AHvG13, AHG12], Figure 0.0.1]

One of the problems of fisheries is determining the quota: That is, the amount of fish which
can be caught without extinction of the fish species. Fish population is not distributed homo-
geneously. Hence, the size of an intervention- the size of a single catch- can be considered
random within certain limits, as may be the time between successive harvesting events.
Between interventions the growth of the fish population may be modelled deterministically.
The main purpose of sustainable harvesting is to catch as much as possible, without causing
the extinction of the population with high probability.

Example 0.0.2 is another type of real life application. In this case one wants to determine
the amount of medicine, antibiotics in this case, necessary and sufficient to cure an illness.
The same idea can be applied to a broader class of medical treatments, but also to the
optimal use of pesticides, water, the use of artificial light in greenhouses etc.

Example 0.0.2. [Antibiotic treatment, Figure 0.0.2]

Another example of a deterministic process with random interventions is the antibiotic
treatment of bacterial infections. A common way of treating such infections is by giving
doses of antibiotics in the form of injections or orally at certain moments in time. These
medicines either kill the bacteria or prevent them from reproducing. We assume random-
ness in the amount of bacteria that are killed or influenced by a single dose of antibiotics.
In the time between doses the number of bacteria will increase. The growth of the colony
may be modelled determanistically. The main question is how to determine the right dose

of antibiotics such that the bacterial population goes extinct - almost surely. Too small a

14
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Figure 1: Sustainable harvesting: A marine ecosystem from which fish are harvested.
The interventions will interfere with the further growth of the population. The main ques-
tion is to quantify the impact of this sampling process on the population. Intensive fishery
reduces the fish population drastically. The catch size may be considered random (with
certain limits) as the fish population is not homogeneously distributed.

dose will not treat the illness and too big a dose can cause unwanted side effects to the

patient.

Main question

The main question in both examples is how to decide on the (maximal) size of interventions

and the time intervals between them so that we get to the required results?

We shall now show how the above real life examples can be formalized in a mathematical

model in the language of measures.

Mathematical description

Mathematically the above processes can be modelled as follows. The dynamics of popula-
tion growth can be modelled deterministically when numbers of individuals are sufficiently
large (e.g. bacteria colonies grow between antibiotic doses; fish populations grow between
fishing periods). Abstractly, this can be formalized using a deterministic dynamical sys-
tem: we have a state space S (nonempty). An element of the state space characterizes
the state of the population eg. the number of fish or bacteria in the population, or their
spatial distribution. Let

¢y 2 20 = O (20)

15
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Figure 2: Antibiotic treatment. The question is how to determine the right dose of
medicine.

be the deterministic law that prescribes the state of the system at time ¢ after it was in
state xg. The family of flow maps ()0 has a semigroup property, i.e. for all ¢t,s >0 and
T € S

Ge(9s(20)) = drs(0);  @o(T0) =20 (*)

At discrete points in time we have random interventions (e.g. the impact of a dose of
antibiotics in the population of bacteria or the size of a catch in a net). The position of
the system in state space immediately after the intervention is given by a probability law
which depends on the state of the system just before the intervention. Examples of such
models can be found in [LM99] and [HHS16]. In such models one way of analysis is as

follows.

The evolution of the system between interventions is given by the deterministic system
(¢¢)is0 on S, where S is a Polish space. The population size just before the intervention
will be ' = pa(x), where x € S is the state of the population just after the previous jump
and At is the time between two interventions. For simplicity sake we can assume that
At is fixed, non-random. At each point 2’ € S one has a probability distribution @, on
S. Qu(F) is the probability that the system state will be in £ c S immediately after an

16
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intervention, when the state just before an intervention was z’.

If i is the probability distribution for the state of the system immediately after an inter-
vention (or at ¢ = 0), hence a measure, then the population state probability distribution
after the n-th intervention is given by:

(Pi)(A) = [ Qusuto(A)dn(x).
Here, P is a Markov operator that is P:
e maps positive Borel measures to positive Borel measures;
e is additive and positively homogenous;
® conserves mass.
A specific, more elaborate case of such a model can be found in [AHG12].

Other interesting applications of the measure-theoretical framework in modelling can be
found in [EHM15], [EHM16]. These papers present applications to crowd dynamics. See
also [AI05] for measure-formulation in population dynamics. As we see, measures naturally

occur from these deterministic models.

Let us now go to the second type of models, probabilistic ones, which motivate the usage

of measure spaces.

A probabilistic perspective

Let (X[);s0 be a family of stochastic processes in continuous time on a Polish space S
with the Markov property. Here the superscript x indicates that (X7 )0 starts at ¢t =0 at
x almost surely. For f a continuous and bounded function on S, i.e. f € Cy(S) and p a
Borel probability measure describing the distribution for the start position z of the process
define

(P, f) = [ ELFOXE) ().
To f € Cy(S) one can associate a function U, f given by
Unf(z) = E[f(XP)]-

Under conditions on the processes (being Feller), U, f € Cp,(.S), in which case one obtains a
semigroup of positive operators (U;);s0 on Cy(S), such that U1 = 1. Then P, is a Markov
operator and (P;)»0 a Markov semigroup. That is, the operators satisfy a semigroup

17
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Figure 3: Sample trajectories

property similar to (*) This semigroup in C,(S) is dual to (P} )sso:

(Ptlu>f) = (Ha Utf)

for all f € Cy(9).

There is a vast mathematical literature on Markov processes and semigroups. The inter-
ested reader may start in e.g. [KP80, MT09, LMO00].

Let us consider a process X, on (Q,F,P), X, : Q@ - S and let us consider its realiza-
tions/sample trajectories (f(X,(w)))nen,w € © (see Figure 3). One of the fundamental
problems of classical probability theory is the question about the asymptotic behaviour of
the functional f(X,) as n - oo, where f:S — R is a Borel measurable function, called an
observable, for S Polish.

One of the question is whether the Strong Law of Large Numbers (SLLN) holds, i.e.
whether time averages %Zﬁ@:l f(X,,) converge in some sense to a constant, say Cr. It
this is the case, then another question concerns fluctuations around C’J’E. Typically, if the
observable is not 'unusually large’; after proper rescaling fluctuations can be described by
a Gaussian random variable. Here we see the Central Limit Theorem (CLT), which
states that the random variable ﬁ Y=o f(Xm)—CF] converges in law as n - oo to a finite
variance, centred normal variable. Put differently, roughly speaking, the time averages
Ly -0 f(Xm(w)) of a sample trajectory will converge to C} at a rate ﬁ, as n — oo.

Central limit theorems proven for stationary Markov processes can be traced back to
1938 article [Doe38], in which Doeblin proved the central limit theorem for discrete time,
countable Markov chains. Nowadays a sufficient condition for geometric ergodicity of an
ergodic Markov chain is called the Doeblin condition, see [Lot86].

For stationary and ergodic Markov processes central limit theorems has been proven using
different techniques throughout the years in e.g. [GH04, Eag75, DM02, MW00, Wu07] for

18
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discrete cases and in e.g. [Bha82, Hol05] for the continuous cases.

For non-stationary Markov processes we can find Central Limit Theorem results in [KW12].
Though, additional assumptions of spectral gap in the Wasserstein metric are needed to
get the required results. In Chapter 5 we provide a new result of the validity of the Central
Limit Theorem for a class of non-stationary Markov processes.

Asymptotic stability
Let us recall the definition of asymptotic stability of a Markov operator P on measures.

First let us introduce the definition of weak convergence of measures. Following [Bog07al
we say that a net {u,} of measures is weakly convergent to a measure p if for every

continuous bounded real function f on S, one has

tim [ f(@)palde) = [ F@)n(dn).

Weak convergence can be defined by a topology. The weak topology on the space of finite
signed Borel measures on S is the topology o(M(S),Cy(S)): the weakest locally convex
topology on M(S) such that the linear functions 4 — fo fdp are continuous, for every
f € Cy(S). For more details see [Bog0T7a], Chapter 8.

Definition 0.0.3. A measure p* is called invariant for the Markov operator P if Pu* = p*.
A Markov operator P is asymptotically stable if there exists an invariant measure p* € P(S)

such that P*u — p* weakly as n — oo for every € P(S).

Note that the invariant measure of an asymptotically stable Markov operator is necessarily

unique.

We can see that asymptotic stability examines the properties of the limit of {P"uq, f).
Natural questions one may ask is how can we examine properties of the process P by

analyzing properties of sample trajectories.

As we see in [LM99] or [HHSWS15, HS16, Hor(06] asymptotic stability is the main tool for
proving Central Limit Theorems and the Strong Law of Large Numbers. The existence
of asymptotically stable, unique invariant measures for some classes of Markov processes,

including those which the state space need not be locally compact, was obtained in [DX11,
HMO08, Sza08, KPS10]

19
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Issues with L! as a state space

In the literature one can find multiple approaches to Markov semigroups. Many authors
use an L! space as a state space. That is, an L' space with respect to a suitable (invariant)
measure related to the Markov semigroup. Rudnicki in [Rud97] and [Rud00] works with
Markov operators on an L'space giving interesting examples of applications of Markov
operators to diffusion processes and population dynamics. Also Rudnicki, Pichor and
Tyran-Kaminska in [RPTK02] examine asymptotic properties of Markov operators and
semigroups on L. In the book of Emelianov [Eme07] the L! setting is described which
is motivated by applications to the probability theory and dynamical systems of Markov
semigroups. Also Lasota and Mackey in [LM94] describe applications of Markov semigroups
on L' spaces to the theory of fractals.

On the other hand authors like Szarek in eg. [SW12], [Sza97], [SM03] and Komorowski,
Peszat, Szarek in [KPS10] work in spaces of measures instead of L! space. Let us show
why we choose to work in this setting of measures too and what advantages it gives to

work in spaces of measures.

Let us show the example, based on [GLMC10], how the measure-approach mitigates one
issue, which is the inconsistency of the L' norm with empirical data.

Example 0.0.4. (based on [DGMT98]) In observing populations in biology, social sciences
and life sciences one often encounters the following situation. Individuals are characterised
by states in a state space S. One splits these states into disjoint classes, e.g. age groups,
length intervals, weight, etc. [Web08]:

N
Sp: S=JS, where N may be oo.
n=1

At specific times one observes - ideally - the total number of individuals with state in each
class. For simplicity of exposition, take S =R, and SP:= S, =[nh, (n+1)h). In modelling
a population, the population state is described by a density function F(x). So, the number
of indiwiduals with a state in a set E c S is given by [, F(x)dm(x) where m is Lebesque

measure on R,. Observations will be the total count of individuals in a class, i.e. values

al = /Sii F(x)dm(x).

Hence, the observed data does not approximate the density function F' itself, but the integral

of the density over state classes.

20
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Let us now see what happens if we make our classes (age, weight, height) smaller, i.e. h
becomes h' < h. Then observations al for the associate h' will give a better ‘estimate’ for

Indeed, if F is continuous, then the Mean Value Theorem for Integrals implies that

ah
F(z)~ -2
(1)~ 2
with n = n(h,z) such that x € [nh,(n + 1)h) for h sufficiently small. This is a pointwise
CLh
estimate. That means that the rate of convergence of % — F(x) as h {0 can (and will

typically) vary with x.

If one considers instead the estimation of F' in L'(R,), then for a given size h >0 of the

class, the set

Al ::{ L'(R):f>0 dm = h}
nor = (f €L (R f20, [nh,(n+1)h)f =

consists of all distribution functions in L*(R,) that yield the observed numbers al in the

classes S

The size of this set in L'(R,) can be characterized by its diameter. We have for f,g €
A that |f =gl < 1 fller + gl € 28 20al. On the other hand, for any f e A

n,L1

9= {% = f on [nh, (n+ 1)h)} e A and | f - gl =2X07, ah. Hence,

diaumAZ’L1 =sup{||f -9l :f,9e A} =2 Z al =2 /SF(x)dm.
n=0

Thus, diamAf;L1 1s independent of h. In other words, with the decreasing size of the classes,
the set of possible distributions that are constant with the observations does not shrink in
size. The L'-distance between functions f and g equals the total variation distance (see

Section 1.1) between the measures fdm and gdm.

1f = 9l reamy = Ilfdm = gdm]|zv.

The weak topology on measures, when restricted to the positive measures, is measurable,
i.e. by means of the so-called Dudley metric, derived from the dual bounded Lipschitz norm

| - ||E,L, see Section 1.1.
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According to [GLMC10] in the Dudley metric | - |5,

diamyy,, ({fdm: feAb ) <h-Yah=h [ F(a)dm.
’ n=1 R,
So, in the Dudley metric, the set of all distributions that are consistent with observations
does shrink to the actual distribution F'(x)dm when the size of the classes decreases to zero.
This shows that considering L' for equations describing processes based on empirical data
may not be an optimal choice.

Switching of dynamics

A common approach when it comes to constructing a new dynamical system from known
ones is by perturbation. One approach, commonly employed in the field of differential
equations, is adding new processes to the system at infinitesimal small time intervals.
That is, one adds what is often called 'reaction terms’ to the vector field that defines the

dynamics. Another approach is that of switching between dynamics.

Let us present a few examples of mixing perturbations and different types of dynamics.
Let A and B be n x n matrices and consider the linear system of ODEs in R"™:

dx
E(t) = Ax(t) + Bx(t). (1)
The solution operator to (1) is given by the matrix expansion e(4*5)t. In the sense described

above, this 'model’ describes two systems defined individually by

dx dx
- ~-B
ar -t T

combined together through infinitesimal superposition.

Alternatively, one may consider switching between the dynamics defined by A and that by
B after time intervals At. That is, the trajectory defined inductively by xq € .5,

eAlty, 1, if n is even
Ty = . .
eBAty, 1, if nis odd

and
A=Az, - if t € [nAt, (n+1)At),n is even

t,x0) =
zae(t, o) { eBU-A) g if t € [nAt, (n+1)At),n is odd
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Example 0.0.5 (Lie product formula, see [LE70]). The Lie product formula, named after
Sophus Lie, is the simplest, most basic formula showing that switching scheme for matrices

A and B yields the same, that in the limit of infinitely fast switching

. At Bt\M
eABI — iy (enen) )

That is, the trajectory of the switched system will converge to that defined by infinitesimal
superposition, in the limit of the infinitely fast switching.
Another example of switching different types of dynamics is Iterated Function Systems.

Example 0.0.6 ([terated Function Systems). The iteration of a map ® that maps the
state space S into itself yields a dynamical system on S in discrete time. If one has N

such maps ®;: S - S,1=1,---, N, one may alternate the application of the various P;.

This can be done probabilistically: with probability p; one chooses map ®; (without memory

of the map that has been applied in the previous step).

If the system is located at xq € .S, then the probability distribution for the location after the

application of one of the maps ®; is

N
D Pidw,(z0) € P(S),
i=1

where 0, denotes the Dirac or point mass located at x’:

1, ifa'eE
0, otherwise

0 (E) = {
Such a combination of a set of maps ®; and probabilities p; by which one applies these

maps constitutes the simplest example of an Iterated Function System (IFS).

Each of the maps ®; defines a (deterministic) Markov operator Py, by means of push-
forward:
Py, u(E) = p(®7(E)),  peM(S).

The Markov operator associated to the IFS (or the Markov chain associated to the IFS) is

N
P = ZPiP@-

1=1

More complicated versions (in particular for analysis of their behaviour) include e.g. de-
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pendence of the map selection probabilities p; on states:

Di sz'(?ﬂo)-

Iterated Function Systems are an important tool in the study of fractals and generalized
fractals [LMO00, LY94, HUTS81, Bar12, LM94]

Example 0.0.7 (Piecewise Deterministic Markov Processes originated with [Dav84]).
Constructing a Piecewise Deterministic Markov Process (PDMP) is another way of getting
a new dynamical system. PDMPs are a family of Markov processes involving a determin-

istic motion perturbed by a random jump.

In Figure / we see a graphical presentation of an example of a PDMP. Motion starts at
some point Xo and then Xy is given by a deterministic flow ¢,(Xo) until the first jump.
Jumps occur spontaneously, for example in a Poisson-like fashion, with a certain rate.
After a jump we land at X;, and motion restarts as before, that is, according to the fixed

deterministic dynamical system (¢ )0 in S.

Xtg = PAty (Xty) + Y2

é ® é >
t t ts t

Figure 4: Piecewise Deterministic Markov Process starting at ty = 0 with value Xy € Y.
The motion until time t1, the time of the first jump, is given by ¢.(Xy, ). At time t; we
have the first jump Yy. Hence, Xy, = ¢at,(X1) + Y1 and X, becomes the new’ starting
point for the next deterministic evolution on the interval Aty =1ty — 1.
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The more precise description of construction of PDMP can be found in [HADDS84].

Many well-known examples fall into the framework of PDMP. In [HADDS84] we can find
descriptions of multiple models, both theoretical and applied, where PDMPs play a crucial
role. Let us show one of these examples, the so called M/G/1 Queue (Example 0.0.8).

Example 0.0.8. /[M/G/1 Queue, [HADDS8/]]] Customers arrive at a single-served queue
according to a Poisson process with rate p, and have independent identically distributed
(i.i.d.) service time requirements with distribution function F. The virtual waiting time
(VWT) is the time a customer arriving at time t would have to wait for service. This
decreases at a unit rate between arrivals- see Figure 5. The queue has two states, "busy”
and “empty”. Hence, when VWT reaches 0, we get transition from state 1 ("busy”), to
state 0 ("empty”).

VT

Figure 5: M/G/1 Queue. A queue model, where arrivals are Markovian (modulated by a
Poisson process), service times have a General distribution and there is a single server.
VWT is the virtual waiting time

Example 0.0.9 (Random dynamical systems, [HCWS17]). In Figure 6 we show a more
complicated example of a PDMP (Y (t)):s0 from [HCWS17]. The deterministic component
of the process evolves according to a finite number of semiflows, which are chosen with
certain probabilities at switching times 1, 7o,.... Here we get additional randomness in
the position after jumps. Hence, we “land” in an e-neighbourhood of the state after the

jump.

Stability and ergodicity of PDMPs can be found in the work of Costa and Dufour [CDO0S,
CD09, CD10]. All these results concern PDMPs for which the state space S is locally
compact and Hausdorff. There are almost no results for PDMPs on Polish spaces, even
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Figure 6: [HCWS17] More general Piecewise Deterministic Markov Process. The determin-
istic component of the system evolves according to a finite collection of semiflows (randomly
switched with time). Randomness of post-jump location comes from a selected semiflow and
a random shift within an e-neighbourhood.

though there are strong examples showing that choosing a Polish space to work on is the
right choice. In [GRTWI11]| we can find an analysis of PDMPs, on non-locally compact
state space. This setting we shall call infinite-dimensional, because the state space is (a
part of ) an infinite dimensional Banach space. In [RTT16] the infinite-dimensional case of
PDMPs is applied to neuron models.

Switching systems-different approaches

Switching schemes like the Lie-Trotter research presented in Chapter 3 were motivated by
the idea of applying such schemes in the analysis of the long-term dynamics of complex
deterministic dynamical systems. It relates to so-called operator splitting techniques which
date back to the 1950s and found ample applications in Numerical Analysis. The classical
splitting methods are the Lie-Trotter splitting, the Strang splitting [DHZ01, Str68, FHO7]
and the symmetrically weighted splitting method [Str63, CFH05]. The research in Chapter
3 was motivated to extend these approaches to the setting of Markov semigroups.

Originally splitting schemes applied to semigroups of strongly continuous linear opera-
tors, so-called C%-semigroups [EBNHM13, HP57] and there were attempts to extend it to
semigroups of non-linear operators with mixed success [CG12, KP84]. Our case of inter-
est is that of Markov semigroups. There are several issues when working with Markov
semigroups on spaces of measures. Although Markov semigroup are linear in the space of
measures, they need not be strongly continuous operator semigroups, for the Dudley norm
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for example: the operators P, that constitute the semigroup need not be continuous on
the vector space of measures for the relevant topology, but only on the cone of positive

measures. See Chapter 3 for more details.

Our models of interest are described by Markov operators. The objective is to provide
conditions for convergence that are trackable in concrete models coming from applications.
The theory of strongly continuous semigroups does not apply to these cases. Hence, the

existing results for strongly continuous semigroups cannot be applied in our setting.

The connection between switching systems and their limit in the case of ’infinitely fast’

switching - if it exists - can be exploited in two ways:

1. The first way of approaching switched systems is the so-called ”divide and conquer”
method [HKLR10, HP18]. The idea is to start from a known complicated system
and split it into ’easier’ systems to get a solution. Examples of ’divide and conquer’

methods are:
e 'Classical’ Lie-Trotter [Tro59]
e Convergence Rates of the Splitting Scheme [CvN10, GLMC10)]

2. The second approach is to start from a switched system which is difficult to analyse.
If we know that the limit of the system is close to the system itself we can analyse
the limit instead of the switched system. This works well if one is able to identify the
limit of the switched system. Here the natural question is what can we say about the
limit of the switching system. Can we identify the generator of the limit semigroup?
What can we say about the properties like continuity? Which properties are inherited

by the limit from switching semigroups?

Focus on equicontinuity

Let us show now how working with equicontinuous families of Markov operators can lead

to a generalization of existing concepts of contractive or non-expansive Markov operators.

A Markov operator P defined on a Polish state space S in a natural way defines by iterations
a dynamical system on the space of probability measures. Natural questions occurring in
the theory of dynamical systems are the ones describing the behaviour of the system.
Hence, we are looking for example for steady states, which in the space of measures would
be invariant measures, i.e. p* € P(S) such that Pu* = p*.
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We say that a Markov operator P is strictly contractive for the metric d on P(S) if

d(Pp, Pv) <d(u,v) for every pu,veP(S).

For strictly contractive Markov operators the natural tool to use is the Banach Fixed Point
Theorem, which yields the existence of a unique invariant measure p*, provided (P(S), d)
is complete. Moreover, this invariant measure is then automatically globally stable, as
d(P"pu, ) - 0 as n — oo for every p € P(X).

However, Markov operators are in general not strictly contractive.

We say that a Markov operator P is non-expansive for the metric d on P(S) if

d(Pu, Pv) <d(u,v) for every p,veP(S).

Szarek shows results of existence and uniqueness of invariant measures for non-expansive

Markov operators that are non-expansive in a Fortet-Mourier norm [Sza03] .

Definition 0.0.10 ([Sza03] restricted to P(S)). A Markov operator P is non-erpansive

for |- |par,p, where p is some admissible metric in S, if

|Ppa = Prolparp < |t = pollpaep  for  pa, o € P(S),

where

lvlear,p = sup{[(f, )| : f € C(S), |f (2)[ < 1,1f(x) = f()] < pl,y) }- (2)

Any metric p that metrizes the topology of S such that (.S, p) is separable and complete is
called admissible. We will denote by D(S) the family of all admissible metrics on S. By
BL(S, p) we will denote the space of bounded Lipschitz functions, hence

BL(S, p) = {f € C(S) : | flloo < 00, |1 < 00}.

Non-expansiveness is in principal dependent on a metric d, in particular on the choice of
metric p on the underlying state space S if d(u,v) = |p - v|pam,. Markov operator may
be non-expansive according to Definition 0.0.10 for an admissible metric p, but not for

another admissible metric p’.

Let us now look at the family of iterates of Markov operator {P™ : n € N}. For P non-
expansive this family is equicontinuous in the sense of the following definition.
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Definition 0.0.11. Let T be a topological space and (S,d) a metric space. We say that
the family of continuous maps € c C(T,S) is equicontinuous at ty € T if for every e >0
there exists an open neighbourhood U, of ty such that

d(f(to), f(t))<e forall fe& tel.

& is equicontinuous if it is equicontinuous at every pointt el

The equicontinuity of a family of iterates of a non-expansive Markov operator motivates
the investigation of the class of Markov operators for which the family of its iterates is

equicontinuous.

In the literature we can find a few concepts related to equicontinuity of families of Markov
operators. In 1964 Jamison [Jam64] described the asymptotic behaviour of iterates of
Markov operators on a compact metric space where he assumed equicontinuity of the
family of (dual) Markov operators. For such operators he got the following results:

Theorem 0.0.12. Let P be a reqular Markov operator on a compact metric space X . Let
U be a dual operator for P. Let P be a Feller operator, i.e. U maps Cp(X) into itself.
Then the following conditions are equivalent:

(i) P has a unique invariant measure.

(ii) For every f e C(X) the sequence UM f := LS Uk f converges uniformly to a con-

stant.

(iti) For every f € C(X) the sequence UM f := L W20 U* f converges pointwise to a con-

stant.

The equivalence of (i) and (i¢) is Theorem 2.1 from [Jam64] and the equivalence of (i7)
and (7i7) is Theorem 2.3 from [Jam64].
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Fundamental concepts and results

1.1 Measures as functionals

Let us consider a measurable space (S,3). We will denote S := (S,%X). On S we consider
the space M(S) of finite signed measures. A typical example of a signed measure is
the difference of two probability measures. Every signed measure is a difference of two
nonnegative measures. Hence, for every p € M(S) we have the equality p = p* + p~.
The measures p* and p~ are called positive and negative part of u respectively. Such
decomposition is called the Jordan or Jordan-Hahn decomposition. Following [Bog07b],
there exist S* and S~ such that for all A € A one has u(AnS~) <0 and pu(AnS*) > 0.
We define the total variation norm on M(S) by |pllry = |p|(S) = p*(S) + p=(5) =
SUP e, pes H(B)—inf pes pes p(B). M(S) endowed with |- 71 is a Banach lattice. However,
the topology given by | - |71 norm is often too strong for applications. Let us show this in
the following example, following [Worl0].

Example 1.1.1. Let ®;: S — S be a family of measurable maps, t € R, such that ;0 P, =
;. and Og =1dg. Fach ®; induces a linear operator Te(t) on M(S) by

To(t)p:=pod;".
We get the following properties of the family T = (Te(t))is0:
(+) T leaves the cone M*(S) invariant
(+) Ta(t)0s = 0, (x)

(=) T is strongly continuous with respect to ||-|rv only if it is constant, as ||0,—dy|rv =2

whenever x .

(~) In general t = Ty(t)0; = 0, () will not be strongly measurable as its range will not be
separable. This makes (M(S), |- |rv) not suitable to study a variation of constants
formula

po=Ta(Opo+ [ Talt ) F(u.)ds,

as the integral is hard to interpret.

Throughout the thesis we will assume that S is a Polish space. Hence, S is separable and
completely metrizable. Any metric d that metrizes the topology of S such that (S,d) is
separable and complete is called admissible. We will denote by D(S) the family of all
admissible metrics on S. We will consider C,(S), the Banach space of continuous bounded
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1.1. Measures as functionals

functions on S, with the supremum norm

[ flloo = sup{|f ()] : x € S}.

Definition 1.1.2. A function f: S — R is (globally) Lipschitz if there exists L > 0 such
that

|f(x) = fy)| < Ld(x,y) for all z,y€S. (1.1)

Let Lip(S,d) (or Lip(.S) for shorter notation) denote the vector space of Lipschitz functions
on (S,d). The Lipschitz constant of f € Lip(S) on (S,d) is

[/ (x) - f ()]

= {50

:x¢y7'x7yes}’

which is the best(i.e.smallest) constant L that can be used in (1.1). Following Dudley
[Dud66], then BL(S,d) will denote the Banach space of all bounded Lipschitz functions f
on S with the bounded Lipschitz or Dudley norm

[flBL.a = 1flra+ 1]

Proposition 1.1.3 ([Worl0], Proposition 2.2.7). BL(S,d) is complete with respect to

|- lsL.a-
We will denote || - | gr.a by || - |5z if no ambiguity occurs.

We can equip the space M(S) with different equivalent norms. Zaharopol [Zah00], Lasota
and Szarek [LS06], Lasota and Yorke [LY94] use the Fortet-Mourier norm of the form

lelEar = Sup{fs fdp: f € BL(S,d), | flrar = max (| fllee, |f]2) <1}

The name Fortet-Mourier can be misleading though, as in the original paper Fortet and
Mourier [[FM53], p.277] construct the bounded Lipschitz/Dudley norm | - | sL.4, not the
Fortet-Mourier norm.

The norm | - ||Fas is equivalent to | - ||pr.q and to all the norms of the form
1
1A IBLis.apy = (1P + 1 flse)7, 1 <p < oo.

The space M(S) embeds into BL(S)* by means of integration y — I,,, where

L) = () = [
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Each element in M(S) defines an element of the dual space BL(S,d)* with the norm

Il sL.a = sup{{p, f) : f € BL(S,d), | flBra<1}.

Let us recall few useful facts about the space (M(S), |- |5..4)-
Lemma 1.1.4 ([Worl0], Lemma 2.3.6). For every x € S, &, is in (M(S),| - |5,4) and

1021157 4= 1. Moreover, for z,y €S,

2d(z,y)

102 = 0y 5r.a = T+ d(z.y) <min(2,d(x,y)).

By M*(S) we denote the convex cone of positive measures in M(.S). One has

lellrv = Ml = plFar for all pe M*(S).

In general, for e M(S), Il < il < lilrv-

1.1.1 Some topologies on spaces of maps

Let us outline the main topologies we are interested in. To describe the topologies consider
topological spaces X and Y and a collection F of maps f: X — Y. Let us show different
ways to provide JF with a topology.

e Topology of pointwise convergence [[Kel55], p.88] on F:

The topology of pointwise convergence is of importance as this is the smallest topol-
ogy for F for which each point ecolution 6.,z € X is continuous on F, see [Kel55]
p-217. A net of function (f,)aca converges to f if and only if f,(x) - f(x) for each
x € X. Note that the topology of X does not play a role in the results on the topology

of poinwise convergence on F.
e Compact open topology on F:

The other topology of interest, which does depend on the topology of X, is the
compact-open topology . Let F be a collection of continuous maps f: X - Y. Thus,
for fixed f the map X — Y : x » f(z) is continuous. We look for a topology on
F such that the map F x X - Y : (f,z) » f(z) is (jointly) continuous. Here the

compact open topology plays a role. Let us define
F(A,B):={f e F|f[A] c B}
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for Ac X,BcY.

The sets F(K,U) such that K ¢ X compact and U c Y open are a subbase for the
compact open topology. For more details see [Kel55]. In the main part of this thesis-

concerning Markov operators- equicontinuous functions of maps play a central role.

Equicontinuous families of maps

Let X be a topological space and (S,d) a metric space. Let F be a family of maps
f: X5

Definition 1.1.5. The family F of functions f: X — S is equicontinuous at x € X if for

every € > 0 there exists an open neighbourhood U, of x such that

d(f(x), f(y)) <e foryeUe, feF.

Family F is equicontinuous if it is equicontinuous at every point of X.
Let us now recall Theorem 15, p.232 from [Kel55].

Theorem 1.1.6. If F is an equicontinuous family, then the topology of pointwise conver-
gence 1s jointly continuous. Therefore it coincides with the compact open topology.

1.1.2 Tight sets of measures

A finite signed Borel measure p is called tight (see eg. Dudley [Dud66)) if for every € > 0
there exists a compact set K c S such that |u|(S ~ K) < e. The class of all tight measures
is denoted by M,(5) .

A family M c M(S) is uniformly tight (Abbrev. tight) if for every € > 0 there exists a
compact set K c S such that |u|(S\ K) <€ for all pe M.

A sequence of measures (i, )neny € M(S) is weakly convergent to a measure p € M(S) if
for every bounded continuous real function f on S one has

Nim (g, f) = (s, f)-

A frequent problem is the following. Can one select a weakly convergent subsequence
(hence in the weak topology o(M,C,(X))) in a given sequence? It turns out that the
problem can be reduced to analyzing the uniform tightness of the family of measures.
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Hence (uniform) tightness of measures is a key to understanding the weak convergence of

sequences of measures.

Theorem 1.1.7. [Prokhorov Theorem, [Bog07a] Theorem 8.6.2] Let X be a complete
metric space and let M be a family of Borel measures on X. Then the following con-

ditions are equivalent:

(i) every sequence {p,} c M contains a weakly convergent subsequence;

(i) the family M is uniformly tight and unifornly bounded in the total variation norm.
The above conditions are equivalent for any complete metric space X if M c M(S).

Tightness of sets of measures is a tool used in analyzing the existence of invariant measures
for Markov operators, e.g. by Szarek in [Sza03]. By Proposition 5.1 in [Sza03] we get that
a continuous (in a weak topology) Markov operator which is tight admits an invariant

distribution.

1.2 Markov operators on spaces of measures and semi-

groups of Markov operators

Markov operators occur in diverse branches of pure and applied mathematics. They are
used in studying dynamical systems and dynamical systems with stochastic perturbations.
Semigroups of Markov operators are generated by e.g. stochastic differential equations
or deterministic partial differential equations. Transport equations, which are generating
Markov semigroups, appear in the theory of population dynamics [Hei86, Rud00, Rud97].
Such processes were also extensively studied in close connection to fractals and semifractals
[BD85, BEH89, DF99, 1.M94, L.M00].

Markov operator P is defined as a map P : M*(S) - M*(S) such that

(i) P is additive and R, homogenous: P (A1 + Aafia) = A\ Py + Ao Ppo; for p; € M*(S),
A 2 0.

(i) | Pplrv = il for all e M*(S).

Every Markov operator can be extended to the space of all signed measures. Namely, for
every p € M(S), we get a decomposition p = p; — p2, where g, s € M*(S). We set
P =Py — Ppus.

The decomposition is not unique, but different decompositions vary by a positive measure,
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such that Pu does not depend on the decomposition chosen.

A linear operator U : BM(S) - BM(S) is called dual to P if
(Pu, f) =, Uf) for all pe M*(S), f e BM(S).

If such an operator U exists, it is unique and we call the Markov operator P reqular .
U is positive and satisfies Ul = 1. The Markov operator P is a Markov-Feller operator
if it is regular and the dual operator U maps the space of continuous bounded functions
Cy(S) into itself. A Markov semigroup (P;)0 on S is a semigroup of Markov operators on
M*(S). The semigroup property entails that P,o P, = P, and Py = Id. Markov semigroup
is reqular (or Feller) if all operators P, are regular (or Feller). Then (U)o is a semigroup
on BM(S) which is called a dual semigroup.

1.3 Convergence of sequences of measures

Dudley analyzed the relation between- in our terminology- weak and || - ||}, convergence
of measures. In Theorems 6, 7 and 11 [Dud66], Dudley showed the following for pseudo-
metric spaces slightly adapted to our terminology. Any metric space is a pseudo-metric
space.

Theorem 1.3.1. Let (S,d) be a pseudo-metric space, pu, € Ms(S):Then:

(i) if pin — 1 weakly, then |, — )%, = 0;

(1t) ||pn — 5y = O tmplies p, - p weakly for any sequence in Mg(S) if and only if S is

uniformly discrete;

(i1i) if S is a topological space, j, € M(S) and u, converges to u weakly, then p, — p
uniformly on any equicontinuous and uniformly bounded class of functions on S;

(i) if (S,d) is a metric space, i, p € M*(S) and ||pn, — |, = 0 as n — oo, then p, - p
weakly.

We provide conditions on subsets of (signed) mesures M(S) such that the weak topology
on M(S) coincides with the norm topology defined by the dual bounded Lipschitz norm
| - |5 or by Fortet-Mourier norm | - |%,,, see Theorem 2.3.5, Theorem 2.3.7 and similar
results in Section 2.3.2. These build on Theorem 2.3.1 which states that for a bounded
(in total variation norm) sequence of signed measures (u,,) that converges weakly, that is
(n, f) is convergent for any f e BL(S,d), (i), converges in || - | L4 norm.

37



Fundamental concepts and results

This is not precisely the Schur-property for (M(S),|-|%,), but can be considered a Schur-
like property, further discussed in Chapter 2.

Let us recall definition (Definition 2.3.4., [NJKAKKO6]) of the Schur property.

Definition 1.3.2. A Banach space X has the Schur property (or X is a Schur space) if
weak and norm sequential convergence coincide in X, i.e. a sequence (), in X converges

to 0 weakly if and only if (x,), converges to 0 in norm.

By the following example (for details see Example 2.5.4, Megginson [MBA9S8|) we can see
that the space [y does not have the Schur property. In general, none of the spaces [,

1 < p < oo has the Schur’s property.

Example 1.3.3. Let (e,) be the sequence of unit vectors in ly. Then x*e, — 0 for each
x* in 1*, and so the sequence (e,) converges to 0 with respect to the weak topology. Since
lenl = 1 for each n, the sequence (e,) cannot converge to 0 with respect to the norm
topology. The norm and weak topologies of ly are therefore different, so it is possible for

the weak topology of a normed space to be a proper subtopology of the norm topology.

1.4 Lie-Trotter product formula

Chapter 3 of this thesis, the Lie-Trotter product formula for Markov operators, was moti-
vated by the need to deal with more and more complicated models of physical phenomena.
Citing [HKLR10] ”A strategy to deal with complicated problems is to “divide and con-
quer”. (In the context of equations of evolution type) a rather successful approach in
this spirit has been operator splitting.” Let us show the simplest example of an operator
splitting scheme (based on [HKLR10]). We want to solve the Cauchy problem

aUu

-+ A(U) =0, U(0) = b,

for an operator A. Formally we get the solution of the form
U(t) = €tAU0.

Though, here the information about the operator 4 is needed. If A is of some ” complicated”
form, we need to find a way to be able to compute this solution in an optimal way. Assuming
we can write A as a sum A; + Ay and solve problems

E+A1(U)=O, U(O)=UO
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1.4. Lie-Trotter product formula

and
separately with solutions

and
U(t) = GtAQU(),

we get an operator splitting of the simplest form:
Ultner) w e 3727840 (1),

where t,, := nAt.

If A, and A; would commute, we get e tA1e~tA2 = ¢4 Hence, the method is exact. For
noncommuting operators we get the Lie-Trotter (or Lie-Trotter-Kato) formula of the form

U(t) = t.AU _ li -AtAs —-AtA; nU )

()=t =  Jim (220 ) Ty

The questions which one wants to answer is if the above limit exists and, if yes, does
it give the solution of an original problem. If the answers are positive, one can use the
approximating scheme to analyze the more difficult original problem. Various conditions
for convergence are stated and discussed in Chapter 3.

Hence, we see that operator splitting schemes can be a way to go when analyzing com-
plicated models. Let us now show why we are interested in product formula for Markov
operators. One way to construct a new dynamical system from a known one is by perturbing
the original problem. One of the examples of such constructions is an iterated function
system (IFS), which is analyzed in the theory of fractals [Bar88, BDEGS88, LM94, MS03].
An IFS is an example of stochastic switching at fixed times between deterministic flows.
An TFS {(w;,p;);t € I)} with probabilities is given by a family of continuous functions
w; S > S,i€el, where (S,d) is a complete separable metric space with a family of contin-
uous functions p; : S — [0,1],i € I s.t. ¥,y pi(x) = 1. Such IFS defines a Markov operator
P acting on measures by

Pu(A) =Y L L(w;(x))pi(z)p(dx) for pe M(S), AeB.

iel

Such a Markov operator is also Feller, hence it seems natural to consider Markov-Feller
operators.
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The next example which motivates analyzing switching schemes for Markov semigroup, is
piecewise-deterministic Markov processes (PDMPs) where deterministic motion is punctu-
ated by random jumps occurring according to a suitable distribution. PDMSs have wide
applications e.g. to gene expression in the work of Hille, Horbacz and Szarek [HHS16]
and Mackey, Tyran-Kaminska and Yvines [MTKY13]. The analysis of such processes is
concentrated mostly on their long time behaviour. By analyzing Lie-Trotter formula in
such a setting we may be able to extend the analysis of piecewise-deterministic Markov
processes to switching between deterministic and stochastic models.

Intriguing example

Let us now consider an example of a convergent Lie-Trotter product formula for a right
translation semigroup and a multiplication semigroup for which no assumption on gener-
ators is made. This example is originally from Goldstein [Gol85], p.56, without detailed
proof though.

Let X := L'(R) (complex-valued) and let us consider the right translation semigroup
(S(t))1=0 and a multiplication semigroup (7°(¢)):s0 generated by B = M;, for ¢: R >R a
measurable and locally integrable function, where M;,f :=ig- f (on f in a smaller domain):

T(t)f(z) = M@ f(x)
St f(x) = fla+t)
Further, define
U(t)f(x) = elloa@d) f(g ),

For f € X we can compute products

[T(%) S(%)]nf(x) = exp (i:z;éq(x+ kt/n)t/n) ~flx+t), fort>0,zeR.

We want to show that the product converges in Lebesgue-measure to U(t) f(z).
First let us now proof the following lemma:

Lemma 1.4.1. For every ge L} (R), ¢t>0,

loc

t

n—-1 tj t
Zg(-+—)——>/ g(-+s)ds, asn — oo
i=0 "

n 0

in Lebesgue-measure, on every compact interval I.
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1.4. Lie-Trotter product formula

Proof. Let i be a Lebesgue measure on R. We want to show that for all n > 0:

1 t
(x+t—])£—f g(z+s)ds 277):0.
nj/n 0

By Chebyshev inequality (see Bogachev [Bog07b|, Theorem 2.5.3.) we get

hm,u(a:ef

p(rel: |20 g(z+Y)L- [l g(z+s)ds|>n)< 1f1|2jog(x+“)1—[o (z +s)ds|dzx

Also
L1205 g (z+ ) L= [T g(a+ s)ds|da = [t g(e+9) - [ g(a+s)ds|da =
—[I|n ]O[g(x+ ) ”fmg(x+s)ds] dz =
S |E T8 L Lo (0 + ) - gl + )ds] | e <

<y ;(}[[ft(;]ji—l) ‘g(x+%j)—g(a;+s)‘dsdw

Let € > 0. Take tg e R, > 0 and let I := Uo<s<t I +s. Then Iis compact with a nonempty
interior. There exists h € C.(I) such that

- h(z)|dx < =
[lg@) = h@)ldo < 5.

Then
f|g(as+s) x+s|dx<[|g |dy<§ forall0<s<t
I

and for sy and s in [0, ¢] sufficiently close,

Jrlg(z +s0) =gz +s)|de < [ilg(x+s0) = h(z +so)|dz + [} [h(x +s0) = h(z + 5)|dz+
[ilh(z+s)—g(z+s)lde<e

as h is uniformly continuous on . So for s sufficiently close to sq in [0, ], Jilg(z+s0)—g(z+

s)|dz can be made arbitrarily small. Using the above estimation we get for n sufficiently

large that:
pleel: [T g(e+ )5 - foglw+s)ds| 2n) <
S f[ t(] 1)‘g(x+tj) (l’+8‘d8dl‘<
<%Zj=0 f(1 1)/]5d5_62?012 %
So indeed, for every g € L}, (R) we get the convergence in measure. 0

41



Fundamental concepts and results

Now let us apply the continuous map exp(i-) : R - C. According to [Bog07b], Corollary

2.2.6, we get convergence in measure on a compact interval [ of

o ty.t t
E, :=exp (z Yog(-+ —])—) — exp (z f g(-+ s)ds) = F.
ot n’'n 0
For f e C.(R) and again using Corollary 2.2.6 (Bogachev [Bog07b|, p.113) we get that
E,.f - Ef in measure. Since |E, f| = |f| € L', by Dominated Convergence Theorem (cf.
[Bog07a|, Theorem 2.8.5, p.132) we get convergence in L!-norm, so

|Enf—Ef|l;r =0 as n— oo,
As C.(R) c LY(R) is | - | z1-dense, for f e L'(R) we can find fy € C.(R) such that

1f = follzr <e.

Then
IEnf = Eflo < |Enf = Enfollor + | Enfo— Efollcr + [ Efo = Enfollr <

<|f = foler + | Enfo— Efollor + | f = follr < 3¢

for a sufficiently large n.
So we get in L'(R) that
t t\1"
i [r(2)s ()] r-vior
The intriguing part of this example is the fact, that the Lie-Trotter product formula holds
for T and S, but these semigroups do not satisfy common conditions for convergence of
Lie-Trotter schemes (see Chapter 3). By Theorem 8.12 in [Gol85] if A is the generator
of S and B is a generator of T then, if A+ B is a generator, then it is a generator of U.

However, it is possible that A + B need not be a generator; in fact, it can even happen that
D(A+ B) = {0}.
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Chapter 2

On a Schur-like property for spaces

of measures and its consequences

This chapter is based on:

Sander C. Hille, Tomasz Szarek, Daniel T.H. Worm, Maria Ziemlanska. On a Schur-like
property for spaces of measures. Preprint available at https://arxiv.org/abs/1703.00677

Abstract:

A Banach space has the Schur property when every weakly convergent sequence converges
in norm. We prove a Schur-like property for measures: if a sequence of finite signed Borel
measures on a Polish space is such that it is bounded in total variation norm and such that
for each bounded Lipschitz function the sequence of integrals of this function with respect to
these measures converges, then the sequence converges in dual bounded Lipschitz norm or
Fortet-Mourier norm to a measure. Two main consequences result: the first is equivalence
of concepts of equicontinuity in the theory of Markov operators in probability theory and
the second concerns conditions for the coincidence of weak and norm topologies on sets
of measures that are bounded in total variation norm that satisfy additional properties.
Finally, we derive weak sequential completeness of the space of signed Borel measures on

Polish spaces from the Schur-like property.
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On a Schur like property for spaces of measures and its consequences

2.1 Introduction

The mathematical study of dynamical systems in discrete or continuous time on spaces of
probability measures has a long-lasting history in probability theory (as Markov operators
and Markov semigroups, see e.g. [MTO09]) and the field of Iterated Function Systems
[BDEGS8S8, LY94] in particular. In analysis there is a growing interest in solutions to
evolution equations in spaces of positive or signed measures, e.g. in the study of structured
population models [AI05, CCC13, CCGU12|, crowd dynamics [PT11] or interacting particle
systems [EHM16]. Although an extensive body of functional analytic results have been
obtained within probability theory (e.g. see [Bil99, Bog07a, Dud66, LeC57]), there is still
need for further results, driven for example by the topic of evolution equations in space of

measures, in which there is no conservation of mass.

This chapter provides such functional analytic results in two directions: one concerning
properties of families of Markov operators on the space of finite signed Borel measures
M(S) on a Polish space S that satisfy equicontinuity conditions (Theorem 2.3.5). The
other provides conditions on subsets of M(S), where S is a Polish space, such that weak
topology on M(.S) coincides with the norm topology defined by the Fortet-Mourier or dual
bounded Lipschitz norm | - |§; (Theorem 2.3.7 and similar results in Section 2.3.2).

Both are built on Theorem 2.3.1, which states that if a sequence of signed measures is
bounded in total variation norm and has the property that all real sequences are conver-
gent that result from pairing the given sequence of measures by means of integration to
each function in the space of bounded Lipschitz functions, BL(.S), then the sequence is
convergent for the |-|{; -norm. This is a Schur-/ike property. Recall that a Banach space X
has the Schur property if every weakly convergent sequence in X is norm convergent (e.g.
[AJKO6], Definition 2.3.4). For example, the sequence space ¢! has the Schur property
(cf. [AJKO06], Theorem 2.3.6). Although the dual space of (M(S),| - [%) is isometri-
cally isomorphic to BL(S) (cf. [HWO09b], Theorem 3.7), the (completion of the) space
(M(S), |l - I,) is not a Schur space, generally (see Counterexample 2.3.2). The condition
of bounded total variation cannot be omitted.

Properties of the space of Borel probability measures on S for the weak topology induced
by pairing with C(S) have been widely studied in probability theory, e.g. consult [Bog07a]
for an overview. Dudley [Dud66] studied the pairing between signed measures and the space
of bounded Lipschitz functions, BL(S), in further detail. Pachl investigated extensively
the related pairing with U,(S), the space of uniformly continuous and bounded functions
[Pac79, Pacl3]. See also [Kal04]. Because of our interest in equicontinuous families of
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2.2. Preliminaries

Markov operators on the one hand, which is intimately tied to ‘test functions’ in the space
BL(S), and to dynamical systems in spaces of measures equipped with the | - |[§; -norm,
or flat metric, on the other hand, we consider novel functional analytic properties of the
space of finite signed Borel measures M(S) for the BL(.S)-weak topology in relation to
the || - | §; -norm topology.

Equicontinuous families of Markov operators were introduced in relation to asymptotic
stability: the convergence of the law of stochastic Markov process to an invariant measure
(e.g. e-chains [MT09], e-property [CH14, KPS10, L.S06, Szal0], Cesaro-e-property [Worl0],
Ch.7; see also [Jam64]). Hairer and Mattingly introduced the so-called asymptotic strong
Feller property for that purpose [HMO06]. Theorem 2.3.5 rigorously connects two dual
viewpoints — concerning equicontinuity: Markov operators acting on measures (laws) and
Markov operators acting on functions (observables). In dynamical systems theory too,
there is special interest in ergodicity properties of maps with equicontinuity properties
(e.g. [LTY15]).

The structure of the chapter is as follows. After having introduced some notation and
concepts in Section 2.2 we provide in Section 2.3 the main results of the chapter. The
delicate and rather technical proof of the Schur-like property, Theorem 2.3.1, is provided
in Section 2.4. It uses a kind of geometric argument, inspired by the work of Szarek
(see [KPS10, LS06]), that enables a tightness argument essentially. Note that our ap-
proach yields a new, independent and self-contained proof of the U,(.S)-weak sequential
completeness of M(S) (cf. [Pac79], or [Pacl3], Theorem 5.45) as corollary. Section 2.5
shows that the Schur-like property also implies — for Polish spaces — the well-known fact of
a(M(S),Cy(S))-weakly sequentially completeness of M(S). It uses a type of argument
that is of independent interest.

2.2 Preliminaries

We start with some preliminary results on Lipschitz functions on a metric space (.5, d).
We denote the vector space of all real-valued Lipschitz functions by Lip(S). The Lipschitz
constant of f € Lip(S) is

[/ (z) - f ()l

im0

cx,yel, :L‘;ty}.
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On a Schur like property for spaces of measures and its consequences

BL(.S) is the subspace of bounded functions in Lip(S). It is a Banach space when equipped
with the bounded Lipschitz or Dudley norm

1A e == 1flloo + 1]z

The norm || f|lpwm = max(|| f oo, | f|z)) is equivalent. BL(S) is partially ordered by pointwise

ordering.

The space M(S) embeds into BL(.S)* by means of integration: u+ I,, where

L) =) = [

The norms on BL(S)* dual to either ||-|pr or |- ||y introduce equivalent norms on M(S)
through the map p = I,. These are called the bounded Lipschitz norm, or Dudley norm,
and Fortet-Mourier norm on M (S), respectively. M(.S) equipped with the norm topology
induced by either of these norms is denoted by M(S)g. It is not complete generally. We
write || - |ty for the total variation norm on M(S):

lellov = 1pl(S) = (S) +p~ (),

where p = p* — i~ is the Jordan decomposition of . M*(S) is the convex cone of positive

measures in M(.S). One has

ey = Tl = Il for all joe M*(S). (2.1)
In general, for e M(S), Il < Dl < lilry-

A finite signed Borel measure pu is tight if for every € > 0 there exists a compact set K. c S
such that |u|(S~ K.) <e. A family M ¢ M(S) is tight or uniformly tight if for every € >0
there exists a compact set K. c S such that |u|(S \ K.) < e for all u € M. According
to Prokhorov’s Theorem (see [Bog0O7a], Theorem 8.6.2), if (.S, d) is a complete separable
metric space, a set of Borel probability measures M c P(S) is tight if and only if it is
precompact in P(S)pL. Completeness of S is an essential condition for this theorem to
hold.

In a metric space (S,d), if Ac S is nonempty, we write
A :={reS:d(z,A) <e}
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2.3. Main results

for the closed e-neighbourhood of A.

2.3 Main results

A fundamental result on the weak topology on signed measures induced by the pairing
with BL(S) is the following fundamental result that provides a ‘weak-implies-strong-

convergence’ property for this pairing on which we build our main results:

Theorem 2.3.1 (Schur-like property). Let (S,d) be a complete separable metric space. Let
(p1n) € M(S) be such that sup,, ||pn|lTv < 0o. If for every f € BL(S) the sequence (i, f)
converges, then there exists € M(S) such that |p, — i, =0 as n - oo.

A self-contained, delicate proof of this result is deferred to Section 2.4. The condition that
the sequence of measures must be bounded in total variation norm cannot be omitted as

the following counterexample indicates.

Counterexample 2.3.2. Let S = [0, 1] with the Euclidean metric. Let du, := nsin(2rnz) dz,
where dx is Lebesgue measure on S. Then |p,|tv is unbounded. Let g € BL(S) with
lg|lr < 1. According to Rademacher’s Theorem, g is differentiable Lebesgque almost every-
where. Since |g|p, <1, there exists f e L>([0,1]) such that for all0<a<b<1,

[ ) dr=g0) - g(a)

This yields
1

(tn, g) = oy v/()lcos(27ma:)f(x) dzx.

Since f e L?([0,1]), it follows from Bessel’s Inequality that

1
lim cos(2mnz) f(x)dx = 0.

n—oo 0

So (in, g) = 0 for all g € BL(S). Now, let g, € BL(S) be the piecewise linear function that
satisfies g,(0) =0 = g,(1),

gn(%)zﬁa gn(w)= ! forieN, 0<i<n-1.

~In

Then |g|l, =1 and |gnlle = 75. An easy calculation shows that {p,, g,) = =5 for all n € N.

Therefore ||\pn |5y, cannot converge to zero as n — oo.

Theorem 2.3.1 has the following corollary. Here we denote by U,(.S) the Banach space of
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uniformly continuous bounded functions on S, equipped with the || - |o-norm. This result
was originally obtained by Pachl [Pac79], see also [Pac13], Theorem 5.45.

Corollary 2.3.3. M(S) is Uy(S)-weakly sequentially complete.

Proof. Let (u,) ¢ M(S) be such that {u.,, f) is Cauchy for every f € Uy(S). Then it follows
from the Uniform Boundedness Principle that the sequence () is bounded in U,(S)*.
Consequently, sup,, |||ty = M < co. Theorem 2.3.1 implies that there exists u € M(S)
such that (uy,, f) = (i, f) for every f e BL(S). Since BL(S) is dense in Uy(S) ([Dud66],
Lemma 8) and | u,| v < M for all n, the convergence result holds for every f e Uy(S). O

Remark 2.3.1. Theorem 2.3.1 is related to results on asymptotic proximity of sequences
of distributions, e.g. see [DR09], Theorem 4. In that setting p,, = P, — Q,, where P, and
()., are probability measures. These are asymptotically proximate (for the | - |5, -norm;
other norms are considered as well) if | P, - Q,|%;, = 0. So one knows in advance that
(tn, f) = 0. That is, the limit measure p exists: g = 0. Combining such a result with
the U,(5)-weak sequential completeness of M(.S) implies Theorem 2.3.1. We present, in
Section 2.4, an independent proof using completely different methods, that results in both
the completeness result and a particular case of the mentioned asymptotic proximity result.

The limit measure is there obtained through a delicate tightness argument, essentially.
The statement of the particular case in which all measures are positive seems novel too:

Theorem 2.3.4. Let (S,d) be a complete separable metric space. Let (p,) ¢ M*(S)
be such that for every f € BL(S), {(un, f) converges. Then (u,, f) converges for every
feCy(S). In particular, there exists € M*(S) such that ||p, — pl|5;, = 0.

Its proof is simpler compared to that of Theorem 2.3.1. In Section 2.4 we shall present
a self-contained proof of this result as well, based on a ‘set-geometric’ argument that is

(essentially) also used to prove Theorem 2.3.1.

As it turned out, the proof for signed measures cannot be reduced straightforwardly to the
result for positive measures. This is mainly caused by the complication, that for a sequence
() of signed measures such that (u,, f) that is convergent for every f € BL(S), it need
not hold that (u, f) and (u;,, f) converge for every f e BL(S). Take for example on S =R
with the usual Euclidean metric p, = 6, —=6,,1. Then {(u,, f) - 0 for every f ¢ BL(R).
However, i = 6, and piz; = 0,1, so (uz, f) will not converge for every f e BL{R). Thus,

an immediate reduction to positive measures is not possible.

The pairing of measures with bounded Lipschitz functions is precisely what is important
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for the study of Markov operators and semigroups that have particular equicontinuity

properties, as we shall discuss next.

2.3.1 Equicontinuous families of Markov operators

A Markov operator on (measures on) S is a map P : M*(S) - M*(S) such that:
1. P(u+v)=Pu+ Pvand P(ru) =rPu for all pu,ve M*(S) and r >0,
2. (Pp)(S) =p(S) for all e M*(S).

In particular, a Markov operator leaves invariant the convex set P(S) of probability mea-
sures in M*(S). Let BM(S) be the vector space of bounded Borel measurable real-
valued functions on S. A Markov operator is called regular if there exists a linear map
U : BM(S) = BM(S), the dual operator, such that

(Pu, f) =, Uf) for all e M*(S), feBM(S).

A regular Markov operator P is Feller if its dual operator maps Cy(.S) into itself. Equiv-
alently, P is continuous for the | - |§;-norm topology (cf. e.g. [HW09a] Lemma 3.3 and
[Worl0] Lemma 3.3.2).

Regular Markov operators on measures appear naturally e.g. in the theory of Iterated
Function Systems [BDEGS88, LY94] and the study of deterministic flows by their lift to
measures [PT11, EHM15]. Dual Markov operators on Cy(.S) (or a suitable linear subspace)
are encountered naturally in the study of stochastic differential equations [DPZ14, KPS10].
Which specific viewpoint in this duality is used, is often determined by technical consider-

ations and the mathematical problems that are considered.

Markov operators and semigroups with equicontinuity properties (called the ‘e-property’)
have convenient properties concerning existence, uniqueness and asymptotic stability of
invariant measures, see e.g. [HHS16, KPS10, Szal0, SW12, Worl0]. After having defined
these properties precisely below, we show by means of Theorem 2.3.1 that a dual viewpoint
exists for equicontinuity too, in Theorem 2.3.5. In subsequent work further consequences of
this result for the theory and application of equicontinuous families of Markov operators are
examined. Some results in this direction were also discussed in parts of [Worl0], Chapter
7.

Let T be a topological space and (S’,d") a metric space. A family of functions € c C (T, S")
is equicontinuous at tg € T if for every € > 0 there exists an open neighbourhood U, of ¢
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such that
d'(f(t), f(to)) <e forall fe&, tel..

€ is equicontinuous if it is equicontinuous at every point of 7.

Following Szarek et al. [KPS10, Szal0], a family (Py)xea of regular Markov operators has
the e-property if for each f € BL(S) the family {U, f : A € A} is equicontinuous in Cy(.S). In
particular one may consider the family of iterates of a single Markov operator P: (P")en,
or Markov semigroups (P, ) g+, where each P; is a regular Markov operator and Py = I,
PiPs = Ppys.

Our main result on equicontinuous families of Markov operators is

Theorem 2.3.5. Let {Py: X € A} be a family of reqular Markov operators on a complete
separable metric space (S,d). Let Uy be the dual Markov operator of Py. The following
statements are equivalent:

1. {ULf : N e A} is equicontinuous in Cy(S) for every f e BL(S).
2. {Py: X e A} is equicontinuous in C(M*(S)sL, M*(S)sL),

3. {Py: Ae A} is equicontinuous in C(P(S)weax, P(S)BL)

Proof. (i) = (ii). Assume on the contrary that { Py : A € A} is not an equicontinuous family
of maps. Then there exists a point o € M*(S) at which this family is not equicontinuous.
Hence there exists g9 > 0 such that for every k € N there are \; € A and py € M*(S) such
that

lwe = pollin < £ and [Pk — Paptoli, 260 for all ke N. (2.2)

Because the measures j, are positive and the |-||5; -norm metrizes the Cy,(.S)-weak topology
on M*(S) (cf. [Dud66], Theorem 18), {ux, f) = {uo, f) for every f e Cp(S). According
to [Dud66], Theorem 7, this convergence is uniform on any equicontinuous and uniformly
bounded subset & of Cy(S). By assumption, My := {U,, f : k € N} is such a family for
every f € BL(S). Therefore

[{Px i = Prpo; FY 1= (= 10, Un, £} = 0 (2.3)

as k — oo for every f e BL(S). Since for positive measures p one has ||p|rv = |||y, one
obtains

Wzl ey = lollv] < ik = polli, = 0.
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S0 My = SUPysq || k] Tv < c0. Moreover,

| Pt = Pry, ol ov < |Pa el ov + | Py ptollov < lellov + ol ov < mo + [l oo

Theorem 2.3.1 and (2.3) yields that || Py, ftx — P, o5y, = 0 as k — oo. This contradicts the
second property in (2.2).

(i1) = (ui1). Follows immediately by restriction of the Markov operators Py to P(S).

(#i) = (i). Let f e BL(S) and 29 € S. Let € > 0. Since {P): A € A} is equicontinuous at
dz, there exists an open neighbourhood V' of d,, in P(S)weax such that

[ Prdsy — Paptllsr, <€/(1+ | fllsr) for all e A and p € Up.

Since the map x = d, : S = P(.5)weax is continuous, there exists an open neighbourhood Vj
of xg in S such that 6, € V for all x € V3. Then

[Uxf () = Unf (o)l = [ (P02 = Pday, )] < A flsL <2

&
L+ fllse

for all x € Vi and A € A. O

A particular class of examples of Markov operators and semigroups is furnished by the lift
of a map or semigroup (¢;);»0 of measurable maps ¢; : S — S to measures on S by means
of push-forward:

P u(E) = u(¢7(E))

for every Borel set F of S and pe M*(S). A consequence of Theorem 2.3.5 is:

Proposition 2.3.6. Let (S,d) be a complete separable metric space and let (¢y)i0 be a
semigroup of Borel measurable transformations of S. Then P,fb 15 a reqular Markov operator
for each t > 0. Moreover, (P?)o is equicontinuous in C(M*(S)sL, M*(S)sL) if and only
if (¢¢)is0 1s equicontinuous in C(S,S).

Proof. The regularity of Pf’ is immediate, as Utd’ f=fod¢y.
‘=" Let xg € S and € > 0. Define h(x) := 22/(2+ x) and put &’ := h(e). By equicontinuity
of (Pf)tzo at d0g,, there exists and open neighbourhood U of §,, in M*(S)gy, such that

| PP i = Pl ou b <€
for all t > 0 and p € U. Because the map § : = 0, : S > M*(S)py, is continuous,
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Uy :=6"1(U) is open in S. It contains xy. Moreover,

||Pt¢5cﬂ - Ptd)(smo ”EL = ||5¢t($) - 6¢t($0)”]§L = h(d(@(x), ¢t($0)) <¢

for all z € Uy and ¢ > 0 (see [HW09b] Lemma 3.5). Because h is monotone increasing,
d(¢e(z), pi(m9)) <e  forall z e Uy, t>0.

‘=’ This part involves Theorem 2.3.5. Let f € BL(S). Let U; be the dual operator of P,.
Then for all x,x9€ S,

Uef () = Uf (o)l = 1 (¢1(x)) = f(&r(0))] < [ fld(¢e(), ¢e (o)),

from which the equicontinuity of {U,f : t > 0} follows. The result is obtained by applying
Theorem 2.3.5. [

2.3.2 Coincidence of weak and norm topologies
A further consequence of Theorem 2.3.1 is

Theorem 2.3.7. Let (S,d) be a complete separable metric space and let M ¢ M(S) be
such that m :=sup e |pt| v < 0. If the restriction of the o(M(S), BL(S))-weak topology
to M is first countable, then this topology coincides with the restriction of the | - || -norm

topology to M.

Proof. We have to show that for any |[|-|%; -norm closed set C', C'nM is closed in the restric-
tion of the o (M (S), BL(S))-weak topology to M. Since the latter is first countable, C'n M
is relatively o (M (S), BL(S))-weak closed if and only if for every o (M (S), BL(S))-weakly
converging sequence ji, — j in M(S) with u, € C, one has p € C (cf. [Kel55] Theorem
2.8, p. 72). Let (u,) be such a sequence. Because sup,,q|lp|rv < oo by assumption,
Theorem 2.3.1 implies that there exists p/ € M(.S) such that |u, — /|, = 0. Since C' is
relatively || - |§;-norm closed in M, p/ € C. Moreover, (u, f) = (1, f) for every f e BL(S5),
so = e€C. ]

The following technical result provides a tractable condition that ensures first countability
of the relative weak topology on the set M, as we shall show after having proven the result.

We need to introduce some notation. For A >0 and C' c S closed and nonempty, define
hae(x) = [1-1d(z,C)]".
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Then hyc € BL(S), |hac|L = %, 0<hye <1 and hye | Le pointwise as A | 0. Moreover
hac=0on S~ C* We can now state the result.

Lemma 2.3.8. Let M c M(S) be such that m := sup,e ||pp|rv < co. If for every pe M
and every € >0 there exist Ky, ..., K, c S compact such that for K =}, K;:

1 (SN K) <c,

2. There exists 0 < \g < € such that for all 0 < A < Xy there exists 0y, ...,6, >0 such that
the following statement holds:

If ve M satisfies | (i —v,hak,)| < 0; foralli=1,...,n,

then |V|(S~ K*) <e.

Then the relative o(M(S), BL(S))-weak topology on M is first countable.

Proof. We first define a countable family F of functions in B := {g € BL(S) : |glle < 1}
that is dense in B for the compact-open topology, i.e. the topology of uniform convergence
on compact subsets of S. Let D be a countable dense subset of S. The family of finite
subsets of D is countable. Let Ip:=Qn[0,1]. For a finite subset F'c D, A e Iy~ {0} and
function a : F' — Ig define

Fra() =\ ]aly) (1 - td(z,y))*].

yeF

Here v denotes the maximum, as before. Then f3 , € BL(S), |fp lr < maxyer “()f”) < 1

Moreover, f}‘,ﬂ vanishes outside F* = Uyer B(y,A). For a finite subset F' ¢ D the family

Fr of all such functions flf:a with a and A as indicated is countable. So the union F* of all

sets Fr over all finite F' c D is countable too. It is quickly verified that on any compact
subset K of S any positive h € B can be uniformly approximated by f € F*. Consequently,
F = F+ - F* c BL(S) is countable and any h € B can be approximated uniformly on
compact sets by means of f e F.

Now let p € M and consider the open neighbourhood
Uu(h,r) = {VEM:|<M—I/,h>|<T},
with » > 0 and h € BL(S). Without loss of generality we can assume that ||h|g, = 1. We
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shall prove that there exist fy,..., f, € F and qo, ..., ¢, >0 in Q such that
m{VEM!‘(M—V,hi>|<qi}CUM(h,T). (2.4)
i=0

Then the relative weak topology on M is first countable.

Let ¢ € Q such that 0 < ¢ < %7‘ and let K;, K ¢ S be compact and 0 < \y < € as in the

conditions of the lemma. There exists fo € F such that sup,x |h(z) - fo(z)| < 7=¢. Then
for any 0 < A< \g, z € K* and x € K,

|h(z) = fo(z) < |h(x) = h(z0)| + |h(20) = fo(wo)| + [fol(xo) = fo(2)]
< (L+1folo)d(z, o) + 7e.

Hence
sup |h(x) = fo(z)] < (1 +[folo) A + g8

e KA

Let 0 <\ < Ao be such that (1 +|fo|r)\, < 7=¢. Now one has, using property (i),

= 4dm

{p-v,h) [ <[{p=v.h= fo)[+]|{n=-v, fo)]
walh—foldlu—VI + 20ul(S N K*) +2|(S N K*) + {1 -, fo)]
< sbe-2m+2e + 2W|(S N K*) + [ {(u—v, fo) (2.5)

for all 0 < A< Af. Fix A e Q with 0 <A< A and let 64,...,0, be as in property (ii).

The Hausdorff semidistance on closed and bounded subsets of S is given by
iC,C") = sugd(a:, ).
The Hausdorff distance is defined by
dy(C,C") := max(é(C, C’),(S(C”,C’)).

The collection of finite subsets of D form a separable dense subset of the set of compact
subsets of S, K(S), for dy. If F c D is finite and K’ € K(S), then by the Birkhoff
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Inequalities

Let F; c D be finite such that dgy(K;, F;) < ﬁ/\&. Then hy p, = fﬁ,ﬂ e F. Put fi:==hyp.
Let ¢; € Q be such that 0 < ¢; < 30;. If v € M is such that |{p-v, fi)| < ¢ fori=1,...,n,
then

(= vl ) | < Mok, = harlleo < e = Vv + [ = v, fi) | < 56 + 505 = 6;

According to condition (7) one has |[v|(S~ K*) <e. Put gy = £. Inequality (2.5) then yields
(2.4), as desired. O

Because conditions (i) and (7) in Lemma 2.3.8 are immediately satisfied when M is

uniformly tight, we obtain

Corollary 2.3.9. Let (S,d) be a complete separable metric space and let M ¢ M(S) such
that sup ,eps |l rv < 00 and M is uniformly tight. Then the o(M(S), BL(S))-weak topology

coincides with the | - || -norm topology on M.

Remark 2.3.2. Gwiazda et al. [GLMCI10] state at p. 2708 that the topology of narrow
convergence in M(S), i.e. that of convergence of sequences of signed measures paired with
f e Cy(S), is metrizable on tight subsets that are uniformly bounded in total variation
norm. In fact it can be metrized by the norm | - ||%; .

A second case, more involved, in which the conditions of Lemma 2.3.8 are satisfied, is:

Proposition 2.3.10. Let (S,d) be a complete separable metric space and let

M :={pe M(S) :[lulltv =p},  (p>0).

Then condition (i) and (i) of Lemma 2.3.8 hold. In particular, the relative o(M(S), BL(S))-
weak topology and relative | - || -norm topology on M coincide.

Proof. Take € >0, up € M and let u* and p~ be the positive and negative part of p, i.e.
=t —pu~. Since p* are disjoint and tight, by Ulam’s Lemma, there exist compact sets
K, c S such that K, n K_ =g, p*(Ks) =0 and

pr(S) —pt(Ky) <ef8 and  p7(S)—p (K-) <ef8. (2.6)
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In particular,
(SN (K, UK ) € (SN KL + - (S KL) < bet Lo <,

so condition (i) of Lemma 2.3.8 is satisfied for K = K, u K_.

Because K, and K_ are compact, there exists Ay > 0 such that K2° n K = . Then
K}n K* =g for all 0 < A < )\g. Without loss of generality we can assume that Ay < e. Fix
O0< A< )\0.

Let us assume for the moment that d, > 0 have been selected. At the end we will then see
how to choose these, such that condition (7i) will be satisfied. If v € M satisfies

= b [ <6, and [(1-vi )] <o, (2.7)

then

(=v" hag,) <(p=v"+v7 haw,) <[{p - v, bk, ) <04
Consequently, since L, <hyk, <1ga,
0t () = (K2) = (K2 < (1= 0% e, ) < .
We obtain

vH(KD) > pt (K) = p (K) =60 2 pt (Ky) —p (SN K2) =6,
> pt(K,) - ge - 0.

In a similar way,

(_lu_ V_7h>\,K_> < <V_,u7h>\,K_> < 5—7

whence
v (KY) > (Ko)-te-0..

Therefore, using (2.6),

vH(RD) + v (K2) > pt (Ko ) + pr (K2) = g6 = (0. +92)
>pt(S)+p(S) - 3e— (6. +62) =p— (04 +0_+3e).

Note that in this last step the assumption that M is a total variation sphere is used in an
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2.4. Proof of the Schur-like property

essential manner. The last inequality implies that
WI(S N K*) = [w|(S) = [I(K2) = WI(K2) < p=v*(K2) = v (K2) <8, + 0 + 3¢

Thus, if we take K1 = K,, Ko =K_, 6, =0_=0; = ie, we see that condition (i) in Lemma
2.3.8 is satisfied. Theorem 2.3.7 then yields the final statement. ]

Remark 2.3.3. 1.) In [Pacl3], Theorem 5.38 and Corollary 5.39 come close to Theorem
2.3.7. A technical condition seems to prevent deriving our new result on coincidence of
topologies from the results in [Pac13].

2.) The result stated in Proposition 2.3.10 can be found in [Pac13], Corollary 5.39. There,
a proof of this result is provided using completely different techniques. Concerning coin-
cidence of these topologies on total variation spheres, see some further notes in [Pacl3],
indicating e.g. [GLS81].

In view of Corollary 2.3.9 and Proposition 2.3.10 one might be tempted to conjecture that
the weak and norm topologies would coincide on sets of measures with uniformly bounded

total variation. This does not hold however, as the following counterexample illustrates.

Counterexample 2.3.11. Let (S,d) be the natural numbers N equipped with the restric-
tion of the Euclidean metric on R. Now, BL(N) is linearly isomorphic to ¢>: the map
f e (f(n))nen is bijective and continuous. Hence it is a linear isomorphism by Banach’s
Isomorphism Theorem. Observe that |f|y < 2| flle. Since (N,d) is uniformly discrete, the
norms || - |5, and || - |tv on M(N) are equivalent (cf. [HWO09b], proof of Theorem 3.11).
So M(N)gy, is linearly isomorphic to ¢* under the map p — (u({n}))nen. One has ||u|rv =
| ()|l Moreover, the duality between M(N) and BL(N) is precisely the duality between
0t and (> under the given isomorphisms. Consider now M = {(u) € €1 : |(p)|e < 1}.
It represents a set of measures that is uniformly bounded in total variation norm. Let
S={(u)elt | ()| =1}. Then S is a || -|rv-closed subset of M. The weak closure of S
equals M however (cf. [Con85], Section V.1, Ex. 10). Therefore, the || - |5 (i-e. |- |rv)
and weak topologies cannot coincide on M.

2.4 Proof of the Schur-like property

We provide a self-contained proof of the Schur-like property for spaces of measures, The-
orem 2.3.1, using a ‘set-geometric’ argument. See Remark 2.4.2 below for alternative
approaches.
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We first introduce various technical lemmas that enable our set-geometric argument. Then
we start with a complete proof of the particular case of positive measures, Theorem 2.3.1,
as it will aid the reader in getting introduced to the type of argument employed, based on
Lemma 2.4.3, and the complications that arise when proving the result for general signed

measures in the section that follows.

2.4.1 Technical lemmas
The following lemmas are needed in the proof of the fundamental result.

Lemma 2.4.1. Let A ¢ BL(S) be such that supss || f|sL < co. Then sup(A) exists in
BL(S) and |sup(A)|r < supseq|flo. In particular, || sup(A)|sL < 2supseq | fllBL-

Proof. Put L := sup;.,|f|r and let g = sup(A), i.e. g(x) := sup{f(z): f € A} for every
xeS. Let z,y e S. We may assume g(z) > g(y). Let £ >0. There exists f € A such that
g(z) < f(x) +e. By definition g(y) > f(y). Hence

lg(z) =gyl < g(x) - f(x) + f(x) - fly) <e+|f(x) - f(y)l<e+Ld(x,y).

Since ¢ is arbitrary, we obtain that |g(z) — g(y)| < Ld(z,y). Thus g € Lip(S) and |g|, < L.
Clearly, [g]eo < supjes [|f]leo < 00, s0 g € BL(S) and |g|pr < 2supeq |f]be- O

The support of f € C(S), denoted by supp f, is the closure of the set of points where f is
nonzero. Lemma 2.4.1 implies the following

Lemma 2.4.2. Let (fx) ¢ BL(S) be such that supy,, | fr|sL < oo. Assume that their
supports are pairwise disjoint. Then the series f(x):= Y12, fx(x) converges pointwise and
f e BL(S). In particular,

I flloo < sup | filloo,  1flz < 2sup|filz (2.8)
k>1 k>1

Proof. Because the sets supp f are pairwise disjoint, f(x) = fi(z) if z € supp fr. So the
positive part f* and negative part f~ of f satisfy f* = Y2, fF and it suffices to prove
the result for f > 0. In that case, f = supys; fx, and the first estimate in (2.8) follows

immediately. The second follows from Lemma 2.4.1. ]

Lemma 2.4.3. Let (S,d) be a complete separable metric space. Let i, € M*(S), n € N.

Assume that {j, :n > 1} is not tight. Then there exists € >0, an increasing sequence (ny)
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2.4. Proof of the Schur-like property

of positive integers and a sequence of compact sets (K, ) such that
unk(Knk) >€ forall k> 1

and
dist(K,, , Ky,,) =min{d(z,y) |z e K,,, ye K,, } >¢ for all k #m.

This result was originally stated in [KPS10], Lemma 1, p. 1410, for a sequence (u,) of
probability Borel measures with a proof in [LS06] (proof of Theorem 3.1, p. 517-518), but

it is also valid for (positive) measures.
In addition to Lemma 2.4.3 the following observation is made:

Lemma 2.4.4. Let (p,) € M*(S) be such that sup,, p,(S) < oo and let (E,) be a sequence
of pairwise disjoint Borel measurable subsets of S. Then for every € > 0 there exists a

strictly increasing subsequence (n;) of N such that for every i > 1,

L, (U Enj) <e. (2.9)

J#i

Proof. Let us first prove that for every n > 0 there exists a strictly increasing subsequence
(m;) such that

o (.U Em) o (210)

and
Pon; (Bmy ) <1 for all ¢ > 2. (2.11)

Fix 7> 0. Set C :=sup,, p,(S) and let N > 1 be such that Nn > C. Since for every n > 1
we have YN _ jin(Ep) = jin (U%:1 Em) < pn(S) < C < Ny, there exists m € {1,..., N} such
that

pn (En) < 1. (2.12)

Thus there exists my € {1,..., N} and an infinite set § such that condition (2.12) holds for
all n € S. Let us split § into N disjoint infinite subsets &, ..., Sy.

Since

UE.nUE.=2 fori,je{l,...,N}, i+,

nESi nESj
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we have

g#ml(U En) = o, (Lﬁ U En) = i, (U En) < fmy (S) < C < N,

neS; i=1 neS; neS

which, in turn, yields

uml(U En)<n

neSp

for some p e {1,...,N}. Now let mq,ms,... be an increasing sequence of elements from
the set S,,.

By induction we shall define the sequences (m?) for k£ > 1 in the following way. First set
mi =m; for i =1,2,..., where (m;) is an increasing sequence satisfying conditions (2.10)
and (2.11) with = ¢/2. Now if (m}~!) is given, by what we have already proven, we may
find its subsequence (m¥), m% > m#~1 satisfying conditions (2.10) and (2.11) with n = £/2F.

[

Now set n; :=m} for i =1,2,... and observe that

J#i j<i 7>0 j<i
The first term evaluation follows from (2.11), by the fact that n; is an element of the
sequences (mi) for j <. Similarly, the second term is evaluated by inequality (2.10). O

2.4.2 Proof of Theorem 2.3.4

Proof. (Theorem 2.3.4). Let (p,) c M*(S). At the beginning we show that it is enough to
prove the claim for (u,) c P(S). In fact, from the assumption that lim,, e {1, f) exists
for every f e BL(S), in particular for f = 1, we obtain that lim,,_. i1, (.S) also exists. Set
¢ = limy, e i (S) and observe that ¢ < co, by the fact that sup,.; [|gnllry < 0. If ¢ =0,
then we immediately see that p =0 fulfills the requirements of our theorem. On the other
hand, if ¢ > 0, then, we can replace p,, with fi,, := 1,/ (S), which is a probability measure.
If the theorem is proven to hold for (f,), then it holds for the (u,) as well.

To prove the theorem it suffices to show that the family {f, : n > 1} is tight, by the
following argument. By Prokhorov’s Theorem (see [Bog0T7a], Theorem 8.6.2) there exists
some measure i, € P(S) and a subsequence (n,,) such that fi,, — u. weakly. Further, due
to the fact that lim, . (fin, f) exists for any f € BL(S), we obtain that lim,, e (fin, f) =
(s, f) for f e BL(S). This in turn, together with the tightness of {fi,, : n > 1}, implies that
fin = iy Cp(S)-weakly, as n — oo. Indeed, the tightness allows restricting (approximately)
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to a compact subset K. The continuous bounded function on S, when restricted to K
can be approximated uniformly by a function in BL(K), since BL(K) ¢ C(K) is | - |o-
dense. The Metric Tietze Extension Theorem (cf. [McS34]) allows to extend the function
in BL(K) to one in BL(S) without changing uniform norm and Lipschitz constant. The
claim then follows. The Cj-weak convergence of fi,, to p, is equivalent to |fi, — f« [, = 0,
as n — oo, because the latter norm metrises Cy-weak convergence on M*(S) (cf. [Dud66],
Theorem 6 and Theorem 8). For p = cp, we obtain that |, — pff;, = 0, as n — oo.

To complete the proof, we have to prove the claim that the family {u, : n > 1} ¢ P(S)
is uniformly tight. Assume, contrary to our claim, that it is not tight. By Lemma 2.4.3,
passing to a subsequence if necessary, we may assume that there exists £ > 0 and a sequence

of compact sets (K,) satisfying
pn(K,) >e  for every n>1 (2.13)

and
dist(K,, K,,) :=min{p(z,y) :v e K, and y € K,,} >¢  for m #n. (2.14)

From Lemma 2.4.4, with FE,, := Kf;/ 3, it follows that there exists a subsequence (n;) such

that for every ¢ > 1 we have

[in, (U Kff’) <e/2. (2.15)

J#

Note that dist(Kfl{S,KEB) >¢e/3 for i+ j.

We define the function f: X — [0, 1] by the formula

F@) =3 fila),

i=1

where f; are arbitrary Lipschitz functions with Lipschitz constant 3/e satisfying

fi|Kn2¢:1 and 0<f131 /3 -

"7‘27,

According to Lemma 2.4.2, f € BL(S) (with ||f| <1 and |f|L < 6/e).

To finish the proof it is enough to observe that for every i > 1 we have

ae (2.13)
/"Ln217 Z /"Ln27,7f] >/"Ln21( n21) 2 €
=1
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and

ad ad - =73} (2.15)
<:un2i+17f) = Z;(p%m‘ﬂvfj) < Z;/’L"WHI (Kné?) Sy’nm‘ﬂ ( U Kn£3) < 5/2’
J= J=

J#2i+1
which contradicts the assumption that lim,, e (fin, f) exists for every f e BL(S). Thus the
family {u, :n > 1} is tight and we are done. ]

Remark 2.4.1. 1.) An alternative proof is feasible, based upon the elaborate theory pre-
sented in [Pacl3]. By taking f = 1, one finds that sup,, ||| Tv < c0. Since BL(S) is dense
in the space U, (.S) of uniformly continuous bounded functions on S for the supremum norm
(cf. [Dud66], Lemma 8), one finds that (u,, f) is Cauchy for every f e Uy(S). According
to [Pacl3], Theorem 5.45, there exists p € M(S)* such that p, - u, Up(S)-weakly. Then
[Pac13] Theorem 5.36 yields that |, — pl};, = 0.

2.) In the proof we show that if (u,) is a sequence of positive Borel measures such
that (u,, f) converges for every f € BL(S), then (u,) is uniformly tight in M*(S). See
[Bog07a], Corollary 8.6.3, p. 204, for results in this direction when {u,, f) converges for
every f € Cp(S). Under the additional condition that there exists p, € M*(S) such that
(tn, [) = (s, f) for every f e Cy(S), tightness results appeared already in e.g. [LeC57],
Theorem 4 for positive measures or [Bil99], Appendix III, Theorem 8 for probability mea-

sures.

2.4.3 Proof of Theorem 2.3.1

Proof. (Theorem 2.5.1). Let (u,) ¢ M(S) be signed measures such that sup,, |||y < co.
Denote by p and p;; the positive and negative part of p,, n > 1, respectively. We consider
the following set

C:= {(5’ (M), (Vmn)s (9m,)) 1 820, (my,) €N — an increasing sequence,
Vinns Om,, € P(S), im v, = Um, |5, =0

and jif, > BUm,, i, 2 B0, |

We first observe that C # @, which follows from the fact that (0, (myn), (Vm, ), (ﬁmn)) eC
for arbitrary (m,) and vy,,, Y, € P(S) such that lim, e |V, — Om, |5, = 0. Moreover,
since € := sup,,s; || ftnllrv < 00, we obtain that 0 < 8 < ¢ for every § for which there are some
(my) and v, , 9, such that (B, (myn), (Vm,,)s (ﬁmn)) € C. We can therefore introduce

Q= sup{ﬁ : (ﬁ, (mn), (Vm, ), (ﬂmn)) € C}.
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From the definition of « it follows that there exists a subsequence (m,,) of positive integers

and an increasing sequence («,) of nonnegative constants satisfying lim,, ., a,, = @ and
+ —
Py, 2 Vi, and g, 2 @y,

where vy, , O, € P(S) are such that vy, — U, |5, = 0 as n - .

To finish the proof it is enough to show that both the sequences (yf, - ayvp,) and
(M, — 0¥, ) are tight. Indeed, then, by the Prokhorov Theorem ([Bog07a], Theorem
8.6.2) there exists a subsequence (my, ) of (m,) and two measures ! and p? such that the
sequences (i, = On Vi, ) and (= an U, ) converge Cy(S)-weakly to the positive
measure p' and p?, respectively. Hence also in || - ||§; -norm, according to Theorem 2.3.4.
Consequently, | gm,, — (1" = p?) |5y, = 0 as k > oo, by the fact that |vy, —Um, |5, 0 as
k — co. This will complete the proof of the theorem. Indeed, if we know that the sequence
(and also any subsequence) has a convergent subsequence (in the dual bounded Lipschitz
norm), then the sequence is also convergent due to the fact that the limit of all convergent

subsequences is the same, by the assumption that lim,,_« (i, f) exists for any f € BL(S).

Assume now, contrary to our claim, that at least one of the families (u, — anVm,) or
(ttm, — 0V, ), say the first one, is not tight. By Lemma 2.4.3, passing to a subsequence
if necessary, we may assume that there exists € > 0 and a sequence of compact sets (K,)

satisfying
(Hm, = QnVm, ) (Kn) 2 € (2.16)
and
dist(K;, K;) >e fori,jeN, i #j.
Set

S A
fin 3= i, = OV, a0d fly 3= i, = O Uy,

Claim: For any 0 <n <1 there exist j, as large as we wish, and 7;,x; € P(S) satisfying

fiy 2 (e/2)T, 32 (ef2)x; and |75 - x;l5L <0

Consequently, there will exist a subsequence (m;, ) such that

o ~ ' ‘
Mm]'n - OéJan].n + ’ujn 2 a]nymjn + (8/2)T]n7
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Himy, 2 @G, 0m,, +([2)x5,  and |7, =X, 5L > 0 as n — oo,

Now, if we define probability measures 0, ,Sn,, as follows

we will obtain
and limy, e |Om;, = Sm;, [, = 0, which is impossible, because it contradicts the definition

of a, since lim, .o (e, +£/2) > .

Let us prove the claim. Set &, := fi,, + i, for n > 1 and let C :=sup,,;; £, (). Observe that
C < sup,s; |penllrv < o0. Fix 0 <n <1 and let x € (0,£/6) be such that 6x(1/e +2/e?) < n.
Lemma 2.4.4 yields an increasing sequence (j,,) ¢ N such that

& (ZL;AK;/?’) < K/4 (2.17)
and hence
i, (U K;B) <k[4 and [, (U K;B) <K[4
l#n l#n
foralln=1,2,....

Choose N > 1 such that Nx/4 > C and set W7 := KJ:/(?’N) N K;:_l)s/(gm forp=1,...,N.
Observe that W7 nWJ =g for p # ¢. Since > &, (WE) =&, (UL WP )<C,nz21, for

every n there exists p, € {1,..., N} such that
& (W51) < /4. (2.18)

Now we are in a position to define a sequence (f,) of functions from S to [-1,1]. The
construction is as follows. For n =2k +1 for k£ > 1, we set f, =0. On the other hand, to

define functions f,, for n = 2k we introduce the measures

~ ~ n—1 3N

and
~ ~ K n—1)e/(3N
M;rL() =t Jn (ﬁ ](: ) /( ))

Further, there exists a Lipschitz function f,, : K;:”_l)s/(?’N) — [~1,1] with [f.]; < 1 such
that (ﬂ;n - 15, fn) > %H,&;n — 1}, |5 Let f. be a Lipschitz extension of the function fu to
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S such that f,(z) = fu(z) for z € K;f"_l)g/(gN) and f,(z) =0 for z ¢ K;.’:E/(SN). We may
assume that |f,|r < 3N/e. The existence of the extension function follows from McShane’s
formula (see [McS34]). Let f = Y72, fon. Since dist(supp fi,supp f;) >e/3 fori,5 > 1, i # j,
f is a bounded Lipschitz function, by Lemma 2.4.2.

We show that (g, , f) < #/2 for i =2k + 1. Indeed, for k sufficiently large we have

[e.=] oo
— /3
('umjzkﬂ ) f) - Z (’umj2k+1 ) fz") s Z - (Kj2n) + Qe ||ij2k-+l B 19mj2k+1 I,
n=1 n=1

3
< §j2k+1 ( U K;l/ ) + Ajiogerr ||ij2k+1 - ﬁmjmﬁ_l ”]*3L

1#2k+1

(2.17)
< "1/4 t Qg ||ij2k+1 - ﬁmj%ﬂ ”]*_-%L < ’%/27

by the properties of the measures meﬂ,l‘} and the definition of the functions fs,.

Mjogks1
Therefore

B (jim,,, ) = im (s, o f) < 5/2,

i—>00

because we assume that the limit of (u,,, f) exists.

On the other hand, for 7 = 2k we have

5 (g fon) > = 22 i (K)o

=1 n+k

2= z;{gj% (Kjaz/j) - £j2k (nggk) + (/:L;2k - /12‘%7]?%)
n#

(Mmj%vf)

3

Lo
> =4 =l A S, = i, T

by the fact that || fon]lee < 1. Since lim;_ o (,umjl_,f) < K/2, by the estimation obtained for
1 =2k +1 and the assumption that the limit exists, we have

A A i, i T, < 364
for k sufficiently large and consequently
15, = Ay e, < 35
for all k sufficiently large. Thus
s, (S) 2 i, (S) -3k 2e-¢/2=¢/2.
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Hence, for probability measures

ﬁj% = /1./72k/’&./72k(8) and ﬁj% = ﬂ;Zk//l.lhk(S)

we have for k sufficiently large
lELij 2 [j’;gk 2 (6/2)ﬁj2k and ﬂij 2 /:L;Qk 2 (6/2)Dj2k'

Finally, observe that for k sufficiently large,

1o = Djor B S NG/ o (S) = g, /15, (B + 1125, Bl 125, (S) = 1/ i1, (S)]
< (Vi (SN, = i [, + 1/ (i, (S) 5, (S5, (S) = 5, ()]
< 6Kfe+12k[* <7,

by the fact that i}, (S), i1}, (S) > ¢€/2 and |}, (S) = i}, (S) < @1, = @5, |5y, < 3. This

completes the proof of the claim, hence the theorem. [

Remark 2.4.2. Tt is possible to prove Theorem 2.3.1 by means of a reduction-to-£!-trick,
inspired by ideas in [Pac79, Pacl3|, cf. [Hill4]. Another proof is feasible, starting from
[Pac79], Theorem 3.2, see [Worl0]. However, here we prefer to present an independent,
‘set-geometric’ proof that is self-contained and founded on the well-established result for

the case of positive measures, Theorem 2.3.4.

2.5 Further consequence: an alternative proof for weak

sequential completeness

Theorem 2.3.1 allows — in the case of a Polish space — to give an alternative proof of
the well-known fact that M(S) is Cy(S)-weakly sequentially complete, that goes back to
Alexandrov [Ale43] and Varadarajan [Var61], see. e.g. [Dud66], Theorem 1 or [Bog07a],
Theorem 8.7.1 for a more general topological setting. We include our proof based on
Theorem 2.3.1 here, because it employs an argument for reduction to functions in BL(S),

which by itself is an interesting result.

This reduction is based on the following observation. Let Dg be the set of all metrics on
S that metrize the topology of S as a complete separable metric space. We need to stress
the dependence of the space BL(S) on the chosen metric on S. So for d € Dg we write
BL(S,d) for the space of bounded Lipschitz functions on (S,d). The key observation is,
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that
Cy(S) = | BL(S,d). (2.19)

dE'Ds

In fact, fix dy € Dg. If f € Cy(S), then

df(xay) = dg(l’,y) v |f(13) _f(y)|

is a metric on S such that dy € Dg and f € BL(S,d;). Here v denotes the maximum.
The precise statement we consider is the following:

Theorem 2.5.1 (Weak sequential completeness). Let S be a Polish space. Let (u,) c
M(S) be such that (p,, f) converges for every f € Cy(S). Then there exists j, € M(S)

such that (., f) = (., f) for every f e Cy(S5).

Proof. The norm of p, viewed as a continuous linear functional on C,(S) is its total
variation norm. Hence, according to the Banach-Steinhaus Theorem, sup,,s; ||tn] v < oo.
For any d € Dg, (jin, f) converges for every f € Cy,(S), so in particular for every f € BL(S,d).
The sequence (1, ) is bounded in total variation norm, so Theorem 2.3.1 implies there exists
ud € M(S) such that (u,, f) = (ul, f) for every f € BL(S,d). We proceed to show that
the limit measure p¢ is independent of d.

Let d' € Dg. Put

d(z,y) =d(z,y) vd(z,y).

Then d € Dg and BL(S,d) contains both BL(S,d) and BL(S,d’). Let C c S be closed.
There exist sequences (h,) and (h.) in BL(S,d) and BL(S,d’) respectively, such that
h, | 1¢ and A/, | 1o pointwise. Both these sequences are in BL(S,d), so

pi(C) = lim (pd, ) = lim - Lim g, ) = Jim (e, b} = i (C)-
A similar argument applies to u?, using the sequence (h.) in BL(S,d’) instead of (h,).
So pd and pd" (and u?) agree on the m-system consisting of closed sets, which generate the
Borel o-algebra. Hence these measures are equal on all Borel sets. That is, there exists
s € M(S) such that (u,, f) = {u., f) for every f e BL(S,d) for every d € Dg. Thus for
every f e Cy(S) in view of (2.19). O
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Chapter 3

Lie-Trotter product formula for
locally equicontinuous and tight

Markov operators

This chapter is based on:

Sander C. Hille, Maria A. Ziemlanska. Lie-Trotter product formula for locally equicontin-
uous and tight Markov semigroup. Preprint available at https://arxiv.org/abs/1807.07728

Abstract:

In this chapter we prove a Lie-Trotter product formula for Markov semigroups in spaces
of measures. We relate our results to ”classical” results for strongly continuous linear
semigroups on Banach spaces or Lipschitz semigroups in metric spaces and show that
our approach is an extension of existing results. As Markov semigroups on measures are
usually neither strongly continuous nor bounded linear operators for the relevant norms, we
prove the convergence of the Lie-Trotter product formula assuming that the semigroups
are locally equicontinuous and tight. A crucial tool we use in the proof is a Schur-like

property for spaces of measures.
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3.1 Introduction

The main purpose of this chapter is to generalize the Lie-Trotter product formula for
strongly continuous linear semigroups in a Banach space to Markov semigroups on spaces
of measures. The Lie-Trotter formula asserts the existence and properties of the limit
lim [5152]" 2 = Sy,

where (S})s0 and (S7):s0 are strongly continuous semigroups of bounded linear operators.
It may equally be viewed as a statement considering the convergence of a switching scheme.
The key challenge is to overcome the difficulties that result from the observation that
‘typically” Markov semigroups do not consist of bounded linear operators (in a suitable
norm on the signed measures) nor need to be strongly continuous. Therefore, the available
results do not apply.

The Lie-Trotter product formula originated from Trotter [Tro59] in 1959 for strongly con-
tinuous semigroups, for which the closure of the sum of two generators was a generator of
a semigroup given by the limit of the Lie-Trotter scheme, and generalized i.a. by Chernoff
[Che74] in 1974. This approach does not seem to be general enough to be applicable in
various numerical schemes however. As shown by Kurtz and Pierre in [KP80], even if the
sum of two generators is again a generator of a strongly continuous semigroup, this semi-
group may not be given by the limit of Lie-Trotter product formula as it may not converge.
Consequently, the analysis of generators of semigroups can lead to non-convergent numer-
ical splitting schemes. Hence, a different approach is needed. The analysis of commutator
type conditions as in [KWO01, CC04] avoids considering generators and their domains and
may be easier to verify.

Splitting schemes were applied and played a very important role in numerical analysis
and recently in the theory of stochastic differential equations to construct solutions of
differential equations, e.g. the work of Cox and Van Neerven [Cox12]. It was shown
by Carrillo, Gwiazda and Ulikowska in [CGU14| that properties of complicated models,
like structured population models, can be obtained by splitting the original model into
simpler ones and analyzing them separately, which also leads to switching schemes of a
Lie-Trotter form. Batkai, Csomés and Farkas investigated Lie-Trotter product formulae for
abstract nonlinear evolution equations with a delay in [BCF17], a general product formula
for the solution of nonautonomous abstract delay equations in [BCFN12] and analyzed the
convergence of operator splitting procedures in [BCF13].

Our starting point are the conditions for convergence of the Lie-Trotter product formula
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formulated by Kithnemund and Wacker in [KWO01]. This result appears to be a very use-
ful tool in proving the convergence of the Lie-Trotter scheme without the need to have
knowledge about generators of the semigroups involved. However, the semigroups con-
sidered by Kithnemund and Wacker are assumed to be strongly continuous. We extend
Kithnemund and Wacker’s case to semigroups of Markov operators on spaces of measures
and present weaker sufficient conditions for convergence of the switching scheme. Our
method of proof builds on [KWO01], while the specific commutator condition that we em-
ploy (assumption 3) is motivated by [CCO04].

The theory of Markov operators and Markov semigroups was studied by Lasota, Mackey,
Myjak and Szarek in the context of fractal theory [SM03, LM94]|, iterated function sys-
tems and stochastic differential equations [LS06]. Markov semigroups acting on spaces
of (separable) measures are usually not strongly continuous. The local equicontinuity (in
measures) and tightness assumptions we employ are less restrictive and follow from strong
continuity. The concept of equicontinuous families of Markov operators can be found in
e.g. Meyn and Tweedie [MT09]. Also, Worm in [Worl0] extends the results of Szarek to
families of equicontinuous Markov operators.

The outline of the chapter is as follows: in Section 3.2 we present the main results of
this chapter. Theorem 3.2.2 in Section 3.2 is the convergence theorem and is the most
important result in the chapter. The other important and non-trivial result is Theorem
3.2.1. Section 3.3 introduces Markov operators and Markov-Feller semigroups on a space of
signed Borel measures M (.S), investigates their topological properties and the consequences
of equicontinuity and tightness of a family of Markov operators. In Section 3.4 we provide
the tools to prove Theorem 3.2.1, i.e. that a composition of equicontinuous and tight
families of Markov operators is again an equicontinuous and tight family. This result is
quite delicate and seems like it was not considered in the literature before. We also provide
a proof of the observation in Lemma 3.4.3 which says that a family of equicontinuous and
tight family of Markov operators on a precompact subset of positive measures is again
precompact. The proof of Theorem 3.2.1 can be found in Appendix 3.4.

In Section 3.5 we prove the convergence of the Lie-Trotter product formula for Markov
operators. We provide more general assumptions then those provided in the Kithnemund-
Wacker chapter (see [KWO01]). As our semigroups are not strongly continuous and usually
not bounded, we use the concept of (local) equicontinuity (see e.g. Chapter 7 in [Worl0]).
This allows us to define a new admissible metric dg and a new ||-||pL 4.-norm dependent on
the operators and the original metric d on S. The crucial assumption is the Commutator
Condition Assumption 3.
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To prove the convergence of our scheme under Assumptions 1-4 we use a Schur-like prop-
erty for signed measures, see [HSWZ17], which allows us to prove weak convergence of the
formula and conclude the strong/norm convergence. In Section 3.5 we show crucial techni-
cal lemmas. The proofs of most lemmas from Section 3.5 can be found in the Appendices
3.8.1 - 3.8.2. In Section 3.5 several useful properties of the limit operators that result from
the converging Lie-Trotter formula are derived.

Section 3.7 shows that our approach is a generalization of Kithnemund-Wacker [KuhO1]
and Colombo-Corli [CC04] cases. We show that if we consider Markov semigoups coming
from lifts of deterministic operators, then the Kiihnemund-Wacker and Colombo-Corli
assumptions imply our assumptions and their convergence results of the Lie-Trotter formula

or switching scheme follows from our main convergence result.

3.2 Main theorems

Let S be a Polish space, i.e. a separable completely metrizable topological space, see
[Worl0]. Any metric d that metrizes the topology of S such that (S, d) is separable and
complete is called admissible. Let d be an admissible metric on S. Following [Dud66], we
denote the vector space of all real-valued Lipschitz functions on (S,d) by Lip(S,d). For
f € Lip(.S, d) we denote the Lipschitz constant of f by

|f(x) = f(W)l
d(,y)

BL(S,d) is the subspace of bounded functions in Lip(S,d). Equipped with the bounded
Lipschitz norm

IfIL,d:=Sup{ :x,yGS,x%y}

[ FlBr.a = 1£llee +1f]L.a

it is a Banach space, see [Dud66]. The vector space of finite signed Borel measures on S,
M(S), embeds into the dual of (BL(S),| - |sLa), see [Dud66], thus introducing the dual
bounded Lipschitz norm | - [|5;, ; on M(S)

lels.a = sup {[(, f) = f € BL(S,d), [ flBrLa = [ flleo +[flr.a <1}, (3.1)

for which the space becomes a normed space. It is not complete unless (S, d) is uniformly
discrete (see [Worl0], Corollary 2.3.14). The cone M*(S) of positive measures in M(S)
is closed [Worl0, Dud66]. P(S) is the convex subset of M*(S) of probability measures.
The topology on M(S) induced by | - |5, 4 is weaker then the norm topology associated
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with the total variation norm |u|zryv = p*(S) + p=(S), where p = u* — p~ is the Jordan
decomposition of i (see [Bog07h|, p.176).
We define a Markov operator on S to be a map P : M*(S) - M*(S) such that

(i) P is additive and R,-homogeneous;

(i) [Pulrv = [plrv for all e M*(S).
Let (Py)xea be a family of Markov operators.

Following Lasota and Szarek [LS06], and Worm [Worl0], we say that (Py)ea is equicon-
tinuous at p € M*(S) if for every e > 0 there exists § > 0 such that |Pxu = Pyv||gy 4 < € for
every v € M*(S) such that |u-v|g ;<6 and for every A e A. (Py)xen is called equicon-
tinuous if it is equicontinuous at every p € M*(S). We will examine properties of space of

bounded Lipschitz functions is Section 3.3.

Let © c P(S). Following [Bog07a] we call © uniformly tight if for every e > 0 there exists
a compact set K. c S such that u(K.) >1-¢€ for all ue©.

The following theorem is a crucial tool for proving convergence of the Lie-Trotter scheme
for Markov semigroups, and also an important and non-trivial result on its own. Proof of

Theorem 3.2.1 can be found in Section 3.4.

Theorem 3.2.1. Let (Py)xer, (Q+)~er be equicontinuous families of Markov operators on
(S,d). Assume that (Q)er is tight. Then the family {PxQ,: A€ A,y eI'} is equicontin-
uous on (S,d). Moreover, if (P\)aea i tight, then the family {P\Q~ : A€ A,y eI'} is tight
on (S,d).

We now present assumptions under which we prove the convergence of the Lie-Trotter
scheme. Even though they may seem technical, they are motivated by existing examples of
convergence of Lie-Trotter schemes with weaker assumptions then those in [KW01, CC04]
(see Section 3.7).

Let (P})so and (P?)ss0 be Markov semigroups. Let ¢ > 0. Define
P(6) = {P}:te[0,0]} fori=1,2,

Fo)={[PLP?| ineNte[0,0]}.
Let d be an admissible metric on S such that the following assumptions hold:

Assumption 1. There exists 61 > 0 such that P1(d1) and P?(d,) are equicontinuous and
tight families of Markov operators on (S,d).

73



Lie-Trotter product formula for locally equicontinuous and tight Markov operators

Assumption 2 (Stability condition). There exists do > 0 such that F(d2) is an equicon-

tinuous family of Markov operators on (S,d).

Under Assumption 1, the operators P/, 0 <t < ¢, are Feller: there exist U} : Cy(S) = Cy(S)
such that (Piu, f) = (u, Ul f) for every f € C,(S),puo € M*(S), 0<t <.

Let f e BL(S,d) and consider
E(f) == {Ustl, [UfUé]nf neN, s s te [0,(5]}. (3.2)

By Theorem 7.2.2 in [Worl0] or Theorem 3.4.2 below, equicontinuity of the family (Py)xea
is equivalent to equicontinuity of the family (U f)xea for every f e BL(S,d). Then, as we
will show in Lemma 3.5.4, £(f) is an equicontinuous family if § < min(dy,d2). It defines a

new admissible metric on S:

decpy(z,y) =d(z,y) v S;l(p)lg(w) g(y)|, for z,yes. (3.3)
ge

Assumption 3 (Commutator condition). There ezists a dense convex subcone My of
MH*(S)pL.a that is invariant under (P} )0 fori=1,2 and for every f € BL(S,d) there exists
3,5 > 0 such that for the admissible metric dgcry on S there exists wy:[0,03 5] x My - R,

continuous, non-decreasing in the first variable, such that the Dini-type condition holds

6 y
f o —wf(s”u())ds <+oo  forall pye My, and (34)
0 S

HPlPtQMO P?P, t:UOHBLd < twy(t, o)
for every t € (0,05 ¢], po € M.

Assumption 4 (Extended Commutator Condition). Assume that Assumption 3 holds
and, in addition, for every f € BL(S,d), there exists d4 ¢ >0 and for ug € My there exists
Ct(p0) > 0 such that for every t e [0,04 ¢],

wf(ta P,UO) < Cf(,u())wf(ta /LO)

fO?“ all P e 732(54,10) '.F((547f) ',Pl((547f).

Now we can formulate the main theorem of this chapter, which is the strong convergence
of the Lie-Trotter scheme. The proof of Theorem 3.2.2 can be found in Section 3.5.

Theorem 3.2.2. Let (P})yso and (P?)iso be semigroups of Markov operators. Assume
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that Assumptions 1-4 hold. Then for every t > 0 there exists a unique Markov operator
P, : M*(S) - M*(S) such that for every e M*(S):

PLP | =Bl 0 asn—oo (3.5)
|L7irt]

n

BL,d
If, additionally, a single 93¢, 4.5, Ct(10) and we(-, f) can be chosen in (A3) and (A4) to
hold uniformly for f € BL(S,d), || flsra < 1, then convergence in (3.5) is uniform fort in

compact subsets of R,.

3.3 Preliminaries

3.3.1 Markov operators and semigroups

We start with some preliminary results on Markov operators on spaces of measures, see
[Wor10, EK86, LMO00]. Let S be a Polish space, P : M*(S) - M*(S) a Markov operator.
We extend P to a positive bounded linear operator on (M(S), | |lrv) by Pu:= Pu*—Pu~.
P is a bounded linear operatos on M(S) for |-|rv. Typically” it is not bounded for |-, ;-
Denote by BM(S) the space of all bounded Borel measurable functions on S. Following
[HW09b], Definition 3.2 or [SM03] we will call a Markov operator P regular if there exists
U : BM(S) — BM(S) such that

(Pu, f)={p,Uf) for all pe M*(S), f e BM(S).

Let (S,Y) be a measurable space. According to [Worl0], Proposition 3.3.3, P is regular if
and only if

(i) x » Pj,(F) is measurable for every £ € ¥ and
(ii) Pu(E) = [¢ POy (E)du(zx) for all E e X.

We call the operator U : BM(S) - BM(S) the dual operator of P. The Markov operator
P is a Markov-Feller operator if it is regular and the dual U maps C,(S) into itself. A
Markov semigroup ( P; )0 on S is a semigroup of Markov operators on M*(S). The Markov
semigroup is regular (or Feller) if all the operators P; are regular (or Feller). Then (U)o
is a semigroup on BM(S), which we call the dual semigroup.
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3.3.2 Topological preliminaries

Following [Kel55], p.230, a topological space X is a k-space if for any subset A of X holds
that if A intersects each closed compact set in a closed set, then A is closed. According to
[Eng77], Theorem 3.3.20 every first-countable Hausdorff space is a k-space. Every metric
space is first countable, hence also a k-space. In particular (M*(S), | |5, 4) is a k-space.
Let F be a family of continuous maps from a topological space X to a metric space (Y, dy).
F is equicontinuous at point x € X if for every € > 0 there exists an open neighbourhood

U. of X in X such that
dy (f(x), f(x')) <eforall " e U,V feF.

A family F of maps is equicontinuous if and only if it is equicontinuous at every point.
A family F of maps from a metric space (X, dx) to a metric space (Y,dy) is uniformly

equicontinuous if for every € > 0 there exists . > 0 such that

dy (f(x), f(z")) <e for all x,2" € X such that dx(x,2") <o, for all feF.

Lemma 3.3.1. Let (K,d) be a compact metric space and (Y,dy) a metric space. An
equicontinuous family F c C(K,Y") is uniformly equicontinuous.

Proof. Let € > 0. For each x € K there exists an open ball B,(d,), d, > 0 such that
dy (f(f), f(z")) <€ for every ' € B,(0,) and f € F. By compactness of K, it is covered by
finitely many balls, say B,,(d.,/2),i=1,--,n. Let 0 := min, %. If x,2’ € K are such that
d(x,') <4, then there exists z;, such that x € B;, (d,, /2). Necessarily,

d(@',xi,) <d(2’,x) + d(x, 4) <O+ 04, [2 < 0y -
Thus, dy (f(z), f(2')) < &, proving the uniform equicontinuity on K. ]

For a family of maps F on X and x € X we write F[z] := {f(z) : f € F}. Following [Kel55]
we introduce the compact-open topology. Let XY be topological spaces. Let F' denote
a non-empty set of functions from X to Y. For each subset K of X and each subset U
of Y, define W(K,U) to be the set of all members of F' which carry K into U; that is
W(K,U):={f: f[K] cU}. The family of all sets of the form W (K,U), for K a compact
subset of X and U open in Y, is a subbase for the compact-open topology for F. The
family of finite intersections of sets of the form W (K, U) is then a base for the compact
open topology. We write co-topology as abbreviation for compact-open topology. For two

76



3.3. Preliminaries

topological spaces T' and T', C(T,T") is the set of continuous maps from 7" to 7. The
following generalized Arzela-Ascoli type theorem is based on [Kel55], Theorem 7.18.

Theorem 3.3.2. Let C be the family of all continuous maps from a k-space X which is
either Hausdorff or reqular to a metric space (Y,d), and let C have the co-topology. Then
a subfamily F of C is compact if and only if:

(a) F is closed in C;
(b) the closure of F[z] in'Y is compact for each x in X;
(c) F is equicontinuous on every compact subset of X.

Theorem 3.3.3. [Bargley and Young [RJ66], Theorem 4] Let X be a Hausdorff k-space
andY a Hausdorff uniform space. Let F ¢ C(X,Y). Then F is compact in the co-topology
of and only iof

(a) F is closed;
(b) Flx] has compact closure for each x € X ;
(¢) F is equicontinuous.

This is a generalization of Theorem 8.2.10 in [Eng77]. This yields the conclusion that
for a closed family of continuous functions F such that F[x] is precompact for every =z,
equicontinuity on compact sets is equivalent to continuity.

Moreover, Theorem 3.3.3 can be rephrased for a family F that is relatively compact in C,
meaning that its (compact-open) closure is compact:

Theorem 3.3.4. Let X be a Hausdorff k-space and Y a metric space. Let C = C(X,Y),
equipped with the co-topology. A subset F of C is relatively compact iff:

(a) The closure of Flx]:={f(x): feF} inY is compact for every x e X.

(b) F is equicontinuous on every compact subset of X.
Statement (b) can be replaced by

(b’) F is equicontinuous on X .
Proof. Let F be the closure of F in C. Assume it is compact, then according to Theorem
3.3.2, the closure of F[z] in Y is compact for every € X. Hence the closure of F[z], which
is contained in the closure of 7[3@], will be compact too. The family F is equicontinuous

on X for every compact subset of X, because it is a subset of F that has his property.
On the other hand, if F satisfies (a) and (b), or (b’), then F obviously satisfies condition
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(a) in Theorem 3.3.2. Now let f € F. Then there exists a net (f,) c F such that f, - f.
Point evaluation at x is continuous for the co-topology, so f,(z) — f(x) in Y. Since f,(x)
is contained in a compact set in Y for every v, f(x) will be contained in this compact set
too. So (b) holds in Theorem 3.3.2 for F. In a similar way one can show (c) in Theorem
3.3.2. Let K ¢ X be compact. The co-topology on C(X,Y’) is identical to the topology
of uniform convergence on compact subsets ([Kel55], Theorem 7.11). So if f, € F and
(f,) ¢ F is a net such that f, — f., then f,|x - f.|x uniformly. If zy € K, then for every
€ > 0 there exists an open neighbourhood U of xy in K such that

dy (f(z), f(z0)) < 3¢ forall feF, zelU.

Consequently,
dY(f*(l')a f*(fﬁo)) = 11,£ndy(fl,(l’),f,/(l'0)) < %5 <ég

for all z € U. So F is equicontinuous on K too. Theorem 3.3.2 then yields the compactness
of F in C, hence the relative compactness of F. ]

In [Worl0] and in [HSWZ17] we can find the following result, which will be crucial in the

proving norm convergence of the Lie-Trotter product formula.

Theorem 3.3.5. Let S be complete and separable. Let (i )nen € Mg(S) and N > 0 be
such that (i, f) converges as n — oo for every f e BL(S) ~ M(S)}; and

lnllrv < N for every n e N.

Then there exists p € M(S) such that ||p, = pl|5, = 0 as n - .

3.3.3 Tight Markov operators

Let us now introduce the concept of tightness of sets of measures and families of Markov
operators. According to [Bog07a], Theorem 7.1, all Borel measures on a Polish space are
Radon i.e. locally finite and inner regular. Also, by Definition 8.6.1 in [Bog07a] we say that
a family of Radon measures M on a topological space S is called uniformly tight if for every
e > 0, there exists a compact set K such that |u|(SNK.) < e for all u e M. Moreover, we say
that a family (Py)ea of Markov operators is tight if for each p e M*(S)pr, {Pa\p: A€ A}
is uniformly tight. The following theorem, which is a rephrased version of Theorem 8.6.2
in [Bog07a], due to Prokhorov shows that in our case tightness of the | - ||ry-uniformly

bounded family is equivalent to precompactness of {P\p| A € A} in M*(S)gL.
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Theorem 3.3.6 (Prokhorov theorem). Let S be a complete separable metric space and let

M be a family of finite Borel measures on S. The following conditions are equivalent:
(i) Every sequence {i,} ¢ M contains a weakly convergent subsequence.

(ii) The family M is uniformly tight and uniformly bounded in total variation norm.

3.4 Equicontinuous families of Markov operators

Let S be a Polish space and consider a semigroup (FP;);so of Markov operators. We will
examine the properties of equicontinuous families of Markov operators. An equicontinuous
family of Markov operators must consist of | - [, ;-continuous operators. These are Feller
([Worl0], Lemma 7.2.1). Due to Theorem 3.3.2, a closed subset F' of the mappings from
M*(S)BL to M*(S)pr, with the co-topology is compact if and only if F|x is equicontinuous
for each compact K ¢ M*(S) and the set {P,u: P, € F'} ¢ M*(S) has a compact closure
for every p e M*(S). A continuous function on a compact metric space is uniformly

continuous. A similar statement holds for equicontinuous families.

Lemma 3.4.1. Let (Py\)ea be a family of Markov operators on S. If (Py)aea S an equicon-

tinuous family on the compact set K ¢ M*(S), then (Py\)xea is uniformly equicontinuous
on K.

The following result, found in [HSWZ17] and based on [Worl0], Theorem 7.2.2, gives

equivalent conditions for a family of regular Markov operators to be equicontinuous:

Theorem 3.4.2. Let (Py)xea be a family of regular Markov operators on the complete
separable metric space (S,d). Let Uy be the dual operator of Py. Then the following
statements are equivalent:

(1) (Px)xea s an equicontinuous family;
(11) (Uxf)rea is an equicontinuous family in Cy(S) for all f € BL(S,d);
(i1i)) {Uxf|f € B, A€ A} is an equicontinuous family for every bounded set B c BL(S,d).

In the next part of this section we show results which allow us to prove Theorem 3.2.1,
that is that the composition of an equicontinuous family of Markov operators with an
equicontinuous and tight family of Markov operators is equicontinuous. Additionally, if
both families are tight, the composition is also tight. One can find an example of equicon-

tinuous and tight families of Markov operators in [Sza03].

Let us first prove the following crucial observation.

79



Lie-Trotter product formula for locally equicontinuous and tight Markov operators

Lemma 3.4.3. Let (Py)xea be an equicontinuous and tight family of Markov operators
on (S,d) and let K ¢ M*(S)gL be precompact. Then {Pyu|p € K,\ € A} ¢ M*(S)pL is

precompact.

Proof. As K is precompact, then K is compact in M*(S)gr. So (Py|z) ¢ C(K, M*(S)pL)
is equicontinuous and for each p € K, {Pyu|\ € A} is precompact, by tightness of the family
(Pa)xea. Hence, by Theorems 3.3.2 - 3.3.3, { PAlz} ¢ C'(K, M*(S)gr) is relatively compact
for the compact-open topology, which is the | - |e-norm topology in this case. Let us
consider the evaluation map

Theorem 5, [Kel55], p.223 yields that this map is jointly continuous if C' (K, M*(S)g) is
equipped with the co-topology. So

K'= {F(u) | F e CA({Pofe: A e A, e K}
is compact in M*(S)pL. O

To prove Theorem 3.2.1, we will need the following result.

Proposition 3.4.4. Let (Py\)xen be a tight family of reqular Markov operator on S. If
(P\)xea 18 equicontinuous for one admissible metric on S, then it is equicontinuous for any
admissible metric.

The key point in the proof of Proposition 3.4.4 is a series of results on characterisation of
compact sets in the space of continuous maps when equipped with the co-topology. These
can be stated in quite some generality, originating in [Kel55, Eng77, RJ66].

Proof. Let d be the admissible metric on S for which (P,) is equicontinuous in C4 :=
C(P(S)weax, P(S)BLa). Let d' be any other admissible metric on S. We must show that
(Py) is an equicontinuous family in Cgr := C'(P(S)wear, P(S)BL.ar)-

By assumption, {Pyu : A € A} is tight for every u € P(S). By Prokhorov’s Theorem (see
[Bog07a], Theorem 8.6.2), it is relatively compact in P(S)pL 4, because the | - |pr g-norm
topology coincides with the weak topology on M*(S). Because (P)) is equicontinuous
in C4, Theorem 3.3.4 yields that (P)) is relatively compact in C4, for the co-topology.
Since the topologies on P(S) defined by the norms | - |pra, d admissible, all coincide
with the weak topology, (Py) is relatively compact in Cy for any admissible metric d'.
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3.4. Equicontinuous families of Markov operators

Again the application of Theorem 3.3.4, but now in opposite direction, yields that (Py) is

equicontinuous in Cy. O]
Proposition 3.4.5. Let (Py)xea be a family of Markov operators on (S,d). If (Py)xea i
tight, then the following are equivalent:

(i) For every K ¢ M(S)%; precompact, (Pl )xea is equicontinuous on K.

(11) (Px)aer 1S equicontinuous (on S).

To prove Proposition 3.4.5 we apply Theorem 3.3.2 and Theorem 3.3.3 to the k-space
(M*(S)BL: | - 51,.4)-

Now we are in a position to prove Theorem 3.2.1.

Proof. (Theorem 3.2.1) Let (Py)xea and (@) er,with families of dual operators (Uy)xea
and (V,),er respectively, be equicontinuous. Let f € BL(S,d). Then {Urf|\ € A} =&
is equicontinuous. Let dg be the associated admissible metric as defined in (3.3) with
E(f) replaced by €. Then £ is contained in the unit ball Bg of (BL(S,ds), |- |Bra,). As
(Q-)~er is an equicontinuous family for d, by Proposition 3.4.4 it is equicontinuous for any

admissible metric on S. Hence, it is equicontinuous for d¢. Then, by Theorem 3.4.2 (iii)
F={V,g: g€ Bg, yeI'} is equicontinuous in Cp(.S).
In particular, as subset of F,
{VL,U\f:veT',Ae A} is equicontinuous in Cy(5).

Hence, by Theorem 3.4.2, (PyQ-)aea~er is equicontinuous for d. If (Py)ea is an equicon-
tinuous and tight family, then Lemma 3.4.3 implies that for any K ¢ M*(S)p, compact,
Kg = {Qv|y e T',v € K} is precompact. Thus, {Py\u|A € A,pe Ko} = {PA\Q v\ e A,y e
I've K} c M*(S)gy is precompact. In particular, this holds for for K = {v}. ]

In the above proof of Theorem 3.2.1 we only need assumption, that the family (Q)qer is
tight. In case both (Py)aea and (Q)~er are tight, there is an alternative way of proving
Theorem 3.2.1 using Lemma 3.4.3.

As a consequence of Theorem 3.2.1 we get the following Corollary.

Corollary 3.4.6. The composition of a finite number of equicontinuous and tight families

of Markov operators is equicontinuous and tight.
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

3.5 Proof of convergence of Lie-Trotter product for-

mula

Throughout this section we assume that (P})sso and (P?) are Markov-Feller semigroups

on S with dual semigroups (U} )0, (U?)is0, respectively.

We start by examining some consequences of Assumptions 1 - 4 formulated in Section 3.2.

Introduce

Fo(8) = {[P}P?]l:neN,iSn—l,te [0,5]}.

n n

Lemma 3.5.1. The following statements hold:

(i) If Assumption 1 holds, then P1(0) and P?(J) are equicontinuous and tight for every
0> 0.

(i1) If F(d2) is equicontinuous then F.(d2) is equicontinuous.

(i1i) F<(02) is equicontinuous and tight iff F(d2) is equicontinuous and tight.

Proof. (i) Is an immediate consequence of Theorem 3.2.1 and the semigroup property
of (P})e0-

(ii) Let t € [0,92] and 4,n € N such that i <n—1. Observe that [P}P?] = [PIIMPIZ”]

with £ € [0,d,]. Hence Fc(d) c F(d2). A subset of an equicontinuous family of maps

is equicontinuous.

(iii) The following subsets of F.(d2),

FHO) = {PLP? :neN,te[0,0]]

n n

and L
F:(é)::{[P}P?] :neN,te[O,(S]}

n n

are equicontinuous and tight, because F.(d2) is. Note that F c F1(d2) - F2(2).
According to Theorem 3.2.1 the latter product is equicontinuous and tight. Hence
F is equicontinuous and tight. In part (ii) we observe that F.(dy) c F(d2), so
equicontinuity and tightness of F(d;) implies that of F.(ds). O

Lemma 3.5.2 (Eventual equicontinuity). If Assumptions 1 and 2 hold, then for each
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3.5. Proof of convergence of Lie-Trotter product formula

compact I' c R, there exists N = Ny such that
Fi = {[Pin]n:neN,nzN,teF}

1S equicontinuous.

Proof. Let N € N be such that £ <min(éd;,d2) =: 0 for all £ e I'. For n > N we have, with
k:=n-N

k+N k N
L2 Dl R VSO S I Pl
k

k N+k + k'N+k &k N+k N+k N+k

Since i € [0,0] for k € Ny and P!(d) and P?() are equicontinuous and tight (by as-

N
sumption), the family { P, P2, ] tkeNg,te F} is equicontinuous and tight according

N+k N+k

k' 'N+k &k N+k

k
to Theorem 3.2.1. The family { P! . P} ] :keN,te F} c F(d,) is equicontinuous by

Assumption 2. Hence Theorem 3.2.1 yields equicontinuity of Fi¥. ]

Lemma 3.5.3. If Assumptions 1 and 2 hold and, additionally, F(0) is a tight family for
some 0 = 03 > 0, then F(0) is equicontinuous and tight for any 6 > 0.

Proof. Let 05 > 0 such that Assumption 2 holds for d,. Let

F(265,) = [P}P%] :te[O,Qdﬂ,neN}

n n

2m 2m+1
- | :t':=§e[%LmeN}u{[Fb r, | :t’e[o,éz],meN}

2m+1 2m+1

m m

v ~

JFeven Fodd

m m

Due to Theorem 3.2.1, F&¥"(Jy) is an equicontinuous and tight family as a product of

equicontinuous and tight families.

2m+1
‘Frondd((SQ) = |:P1 Pt2m:| :tmzt 2m+17t€[0 62] mEN}
Al ][] [rrs] -t s e simen]
Hence, due to Theorem 3.2.1, F294(4,) is an equicontinuous and tight family. O
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

Lemma 3.5.4. Let f € BL(S,d) and § = min(dy,02). If Assumptions 1 and 2 hold, then
E(f) defined by (3.2) is equicontinuous in Cy(S).

Note that £(f) depends on the choice of f. Lemma 3.5.4 is a consequence of Assumptions
1 and 2 and Theorem 3.4.2.

Remark 3.5.5. Technically, one requires that particular subsets of E(f) are equicontinu-
ous. Namely, that

E(f) = {U%U%t [UﬁUﬁ]nf:n,j,l,ieN,jSkn,iﬁn—l,lskn,te [0,52]}

kn kn

18 equicontinuous for every k. This seems to be quite too technical a condition.

Remark 3.5.6. The commutator condition that we propose in Assumption 3 is weaker than
the commutator conditions in [Kuh01], conditions (C') and (C*) in [CCO04] and commutator
condition in Proposition 3.5 in [Col09].

For later reference, we present some properties of function ¢ = w(t) := ws(t, p10), that occurs
in Assumptions 3 and 4.

Lemma 3.5.7. Let w = ws(-,p0) @ Ry - Ry be a continuous, nondecreasing function
such that Dini condition (8.4) in Assumption 3 holds. Then limy,o+w(t) = 0 and for
any 0 <a<1.

(a) ¥ w(amt) < oo for allt>0;

(b) limy_o Yooy w(a™t) = 0.

Proof. For (a) Suppose that infoe<; w(t) =m > 0. Then by 3.4 in Assumption 3 we get

1 1
f @dszf M 15 = +oo.
0 S 0 S

So m =0. From the fact that foa @dt < +o00 we have

at  w(s w(a™1t
oo > Yo [t @) gy yeo @@ (g gnely) -

S
an+1t

= Ergw(@ ) [1- 55t = (1-a) B, w(a)

This proves (a).
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3.5. Proof of convergence of Lie-Trotter product formula

For (b) let € > 0. According to (a) there exists ng € N such that
[e o] n 8
H;Ow(a ) < 5

Moreover, because lim;_ o+ w(t) = 0, there exists ¢ty < 1 such that w(aty) < 5.~ Then for
every 0 <t<tpand neN, 1<n <ng, w(a"t) <w(aty) < 5o-. So

oo no—1 00 -1
w(a"t) < > w(a"t)+ Y w(a™) < c(o-1) iSce
n=1 n=1 n=ng 2nO 2

To show our main result we need technical lemmas which we present in this section. Proofs

of results from this section can be found in Appendix 3.8.1.

Lemma 3.5.8. The following identities hold: for fixed k € N, m = kn and j <m.

(@) PLPL-PLPL =S P, (PLPL - PLPL) P,

m m m m m

m m

k k-1-j
b) PLPL -(PLPL) =X PL | PLP, - PLPL) PL | PLP?
kt = kt t 5t J=1-"t 5 gt ittt t t 4t

m m m m m m m m m m m

n m n n-k
(c) (pgpg) -(pltpz) :(p;tpgt) -(pltp%) -

n n

i k
=T (Pitpft) (P%zpft - (P% P%) )(P£ P’

Combining Lemma 3.5.8 (a) - (c) we get the following Corollary.

Corollary 3.5.9. For any neN, ke N and m := kn one has

() () -
=Y T Y, (P%t P, ) P, P2 (P1 P2 - p2p! )Pg._,)t (Plt P2

i
m

)k(n—i)—j—l

t t 5t
m m m ™ m  m

Lemma 3.5.10. Let f € BL(S,d) and pug € My. Assume that Assumptions 1 - 4 hold and
put 67 = min(dy, 02, 83,7,04,7). Then for all t >0 and n,k € N such that £ €[0,0]:

(G R e

k-1 t
< C(po) 5 s (%;Mo) :
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Lie-Trotter product formula for locally equicontinuous and tight Markov operators

We can now finally get to the proof of our main result, Theorem 3.2.2, i.e. the convergence
of the Lie-Trotter product formula for Markov operators. We need the lemma that yields

on on

2’)1
the convergence of the subsequence of the form ([Pl, Pl,] Lo, f ) for pg € My and for every

f € BL(S,d). Then, using this result, we will show that the sequence ([P% P%] Lo, f) also

converges for every f € BL(S,d). From that we can extend from py € My to p € M*(S5).
Recall that 07 := min(0y, 62, 93,7, 04, 7).

Remark 3.5.11. The "weak” convergence in our setting is a convergence of a sequence of
measures paired with a bounded Lipschitz function. Hence it differs from the “standard”
definition of weak convergence (see [Bog07a] Definition 8.1.1), where the sequence of mea-
sures is paired with continuous bounded functions. However, since BL(S,d) ~ M(S)% (see

[HW09b], Theorem 3.7) our terminology is proper from a functional analytical perspective.

Lemma 3.5.12. Let (P!)s0 and (P?)is0 be Markov semigroups such that Assumptions
1 - 4 hold. Let g € My and f € BL(S,d). Then the sequence (r,)neny where 1, :=

( P Pl

2n
] Lo, f) converges for every t >0, uniformly for t in compact subsets of R,.
2n 2n

Proof. The case t = 0 is trivial. So fix t > 0. Let f € BL(S,d). There exists N € N such
that 7% €[0,07]. Let ¢,j € N;i>j > N. Then 2/ = 27 -2! with [ =i - j <4. Lemma 3.5.10
yields for any g € My, that

21 27
([reea] =[ree] ot
2t 2 27 2J

(( P%P%]Ql—[Plt = ]QZH)MOJ)‘ (3.6)

ol+1 ol+1

t il t
SCf(Mo)ﬁl Wi\ o Ho
=j

with wy as in Assumption 3. According to Lemma 3.5.7 (a), Y5 wy (21%, Mo) < +00. So for
every € > 0 there exists N’ € N, N’ > N such that Z}:; Wy (#,,ug) < ¢ for every i,7 > N.
Also, by property b) in Lemma 3.5.7, wy (%, uo) can be made uniformly small, when ¢ is in

a compact subset of R,. Hence the sequence (7, )nen is Cauchy in R, hence convergent. [

Observe that a measure p € M*(S) is uniquely defined by its values on f € BL(S,d).
Lemma 3.5.12 and the Banach-Steinhaus Theorem (see [Bog07b], Theorem 4.4.3) allow us
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3.5. Proof of convergence of Lie-Trotter product formula

to define a positively homogeneous map P, : My — BL(S,d)* by means of

(Pejio, f) = lim ([P;P:tn]

n—oo

Mo,f)-

However, according to Theorem 3.3.5, Pug € M*(S) for every g € My and

(7172 ] o~ P (3.7)

b
strongly, in || - |}, 4-norm.
Proposition 3.5.13. Let (P})s0 and (P?)is0 be Markov semigroups such that Assump-

tions 1 - 4 hold. If ug € My, then for every f e BL(S,d) and for all t >0, ([P}P?] Mo,f)
converges to (P, f).

Proof. Let f e BL(S), t >0 and fix ¢ > 0. Put 7 = min(dy, 09,093,004 ¢). For any [ € N,
using Lemma 3.5.10, one has

IN

P%P?] o —[Pl P, mf)‘

n2l

|([P}P%] Mo —Pt/io,fH

L n2! n2l

n2!
e [P ] e[ rie] mJH

2[
s m—RmJH-

L 2!

Pick N such that for n > N one has £ € [0,d;]. Then

21+1

2in
= ([Plt]ﬂt] /'I’O_I:Plt P2t Mo,fH

2% 2% 2t+1,, 21+1,,

IN
™
I

([722] o -rre

+ —Plt Pi| po—Ppo, f
Zillhof(ﬂo)‘%ltwf (5, 110) + C(p0) 5 twy (=57, p10)
+ -Plt P I o = Prpo, f
= 30 (m)t [Shows (g p0) + (n =Dy (o si0)]

52!
+({|PL P | 1o —Pipo, f

IN
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According to Proposition 3.5.13 there exists Ny such that for any [ > N,

€
‘( Pl P2 Mo—Pt,Mo,f) <3

Lemma 3.5.7 (b) yields Ny € N, N; > N such that for every n > Ny and [ € N,

3

oo t 1 -1
7M0) ;wa(%,uo)<( t3 f(uo)) 2

o (5
Since wy(s, po) 4 0 as s | 0, for every n > Ny, there exists [, > Ny such that
t 1 1 e
— — |1+ =tC —.
“f(nzln’“o) < n—l( "3 f(“O)) 3
So by choosing [ =1, in the above derivation, we get that

|([P%P§]nﬂo —Pt,uo,f)| < ¢ for every n > Nj.

The next lemma shows that once the convergence of ([P%P%] Lo, f ) is established for
o € My then we have convergence for all u e M*(S).

Lemma 3.5.14. Assume that Assumptions 1 - 4 hold. Then for every p € M*(S) and
t>0, ([P%P%] u) is a Cauchy sequence in € M*(S) for |- | 4
non neN ’

Proof. Let p e M*(S). Let € > 0. By Assumption 2, F(4) is an equicontinuous family.
Thus there exists d, > 0 such that

PLP| - [PEP2] || <e/3
letre] n-[Piet] o, , <o
for all v € M*(S) such that |u-v|g , <de. As My c M*(S) dense, there exists pg € My
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3.5. Proof of convergence of Lie-Trotter product formula

such that || — pollf, 4 < de- Then

* *

IN

H[Pzp%] . [P%P%] "

Pip2| - Pip2] o

m BL,d L " n m BL;%d
+ P%P%] uo—[P%fP%] o (3.8)
: n n m m m m %L,d
+ P%P%] uo—[mpa] i
L m m mom BL,d

According to Proposition 3.5.13 and Theorem 3.3.5, there exists N € N such that for
n,m>N,

*

72T s [ 2]

<€/3.
BL,d 6/

Hence for n,m > N, we obtain for (3.8) that

I[Pl n=Piet]"ul,,  <5+5+5

=€

which proves that ([P% P?] u) is a Cauchy sequence. O

Lemma 3.5.14 allows us to define for e M*(S) and t € [0, 0]
Py := lim [PiPﬁ]n,u

as a limit in M*(S)gr. Then P,pg = Py for g € My, according to Proposition 3.5.13.
Thus, as a consequence of Lemma 3.5.14 we have proven the first part of Theorem 3.2.2.

Concerning the second part of the proof: the arguments in the proofs of the lemmas and
propositions that together finish the proof of Theorem 3.2.2, show upon inspection that in
case where stronger versions of Assumptions 3 and 4 hold, then immediately | -[;, jnorm
estimates can be obtained. That is, if in Assumptions 3 and 4 a single 05 ¢, d4 5. Cr(p0)
and wy(-, o) can be chosen to hold uniformly for f in the unit ball of BL(S,d), then
one obtains Theorem 3.2.2 (i.e. norm-convergence of the Lie-Trotter product) without the
need of Theorem 3.3.5. Then one easily checks that convergence is uniform in ¢ in compact
subsets of R,. In fact for u € My this result is captured in the preceding remarks. Let
I' c R, be compact. According to Lemma 3.5.2, F{ is equicontinuous for N sufficiently

large. Then all estimates in the proof of Lemma 3.5.14 can be made uniformly in ¢ € T

Moreover, in the situation described above, the rate of convergence of the Lie-Trotter
product is controlled by properties of w(-, 1), according to the proof of Proposition 3.5.13.
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3.6 Properties of the limit

Let us now analyse the properties of the limit operator family (P;)so as obtained by the
Lie-Trotter product formula. First we show that P, is a Feller operator, i.e. it is continuous
on M*(5) for |- |5 4-

3.6.1 Feller property

Lemma 3.6.1. Let (P!)s0 and (P?)s0 be semigroups of reqular Markov-Feller operators
that satisfy Assumptions 1 - 4. Let (fin)nen € M*(S) and p* € M*(S) be such that pi,, - p*

n

in M*(S)gL as n — oo. Then [P}P?] fin = Pop* in M*+(S) gy, fort € [0,8,].

n n

Proof. Let € >0. From Assumption 2 (stability) we get that there exists d. > 0 such that

n *
*

(TS R R

n n

for every v e M*(S) such that ||p - p*|g 4 < 0c for all € [0,05]. Since p, — p*, there
exists Ny € N such that

it = Vi, <O
for all n > Ny. From Theorem 3.2.2 we know that there exists Ny € N such that for every
n >Ny

|[PipE] e =Fur

<€f2.
BL,d el

Then for n > N = max(Ny, Ny),

< H[p} P?

fin = [P% P?] p
BL.d

n n

s

BL,d

<E€. L]
BL,dg (5

Proposition 3.6.2. If Assumptions 1 - 4 then for all k e N,t >0
Pt = P]:u for all ;e M*(S).
In particular, ERM = Eﬁu for all t,s >0 such that § € Q.

Proof. Let pe M*(S). Let e >0. Without loss of generality we can assume that ¢ € [0, ds].
For k =1 the statement is obviously true. Assume it has been proven for k. We now show
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it holds for £+ 1 as well. As we know that the limit of the Lie-Trotter product exists

(Theorem 3.2.2), we can consider in the limit any subsequence. Take n = (k+1)m, m — oo:

— . (k+1)m
Prsryept = T}g{}o I:PliPZL:I

m m—oo m

4= lim [P%Pi]m ([P}npz]kmu).

Hence there exists Ny € N such that for all m > Ny,

*

€
< —=.

H@(kﬂ)tﬂ_ [Plt P2 ]m ([Plt P2 ]km u) 03

m m m m

km
Since by assumption [P%P%] i — Py, Lemma 3.6.1 yields that there exists Ny > N

such that for m > Ny:

* €
< —.
BL.d

e ] (e ) - [Pt ] B

m m m m m m

Also, by Theorem 3.2.2 we get Ny > N such that for every m > Ny

*

—k+1

MP%Pﬂmqu—R "

m

€
< —.
BLd 3

Hence for m > N,

—k+1 ||* *

||@(k+1)t:u -P, o

<[P (L2 ] ([PL2] " )

\[pipz]” ([P}npz]km u) -[PLP2]" Pun

BL.d

*

moom BL,d
m —k+1 ||*
4 [PLPQL] Pou-PB, |  <e
o m BL,d

If £,s > 0 are such that ﬁ € Q, then there exist m,r € N: rt = ms. Hence, by the first part,

(m+r)

@Hsu = @(mw).%u = @% W= @g@;u = R@Su. O
Proposition 3.6.3. P, : M*(S)gL, » M*(S)sy is continuous for all t > 0.

Proof. First we will get the result for ¢ € [0,05]. Let pe M*(S) and € > 0. By Assumption
2, there exists d, > 0 such that

s (3.9)

[eire] u-[rir o], <5
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for every v € M*(S) such that |u—v|g; ; < dc and all n e N, ¢ € [0,d,]. Then, by taking
the limit n - oo in (3.9), using Theorem 3.2.2,

* <€
BL,d—§<6

[Pose = Pev|

for all u,v € M*(S) such that |p-v|gy ;< de. So P, is continuous for all ¢ € [0,5,]. Now
we can use Proposition 3.6.2 to extend the result to all £ > 0. O

In the proof we actually show more, which we formulate as a corollary.

Corollary 3.6.4. The family P(0) = {R :tel0, 5]} is equicontinuous for every 0 < § < ds.

3.6.2 Semigroup property

Let us now analyze the full semigroup property of the limit. Recall Proposition 3.6.2. The
extension to all pairs ¢, s € R, of the semigroup property is not obvious. We do not assume
any continuity of Markov semigroups. However, let us show the following:

Proposition 3.6.5. Assume that Assumptions 1-4 hold and additionally that t — Plu :
R, - M*(S)pL are continuous for i = 1,2 and all n € M*(S). Then (Py)sso is strongly
continuous and it is a semigroup.

Proof. Put Q} := [P}P%] . If pg € My, then by the strong continuity of the semigroup

(P})is0 on M*(S), we obtain that F, : R, - R : ¢t » (Q@uo, f} is continuous for all
n € N. According to Lemma 3.5.12, Fyn converges uniformly on compact subsets of R, to
t = (Ppo, f). Hence the latter function is continuous on R,.

Now, first take t* € [0,02) and (¢x)r c [0,d2) such that (¢x)r — t*. Let u e M*(S) and
¢ > 0. Since the family P(d,) is equicontinuous (Corollary 3.6.4), there exists J, > 0 such
that for all v e M*(S5) with || -v|g 4 < de,

€

[P =Pl o < 30031

for all ¢ € [0, dz].

My is dense in M*(5). So there exists v € My such that || - o]y, 4 < dc. Then

(Po = Popas f)| < [Brrpo = Bre oo

+ ‘(R*Ho —Ekuo, f)‘ + ”Ekﬂo —@tkﬂ

€ € €
<—+—+==g¢,
3 3 3

;L,d' 1/ ILq

;Ld' 1/ IBLq
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when k > N such that |(E*,u0 —Ek,uo,fn < g forall k> N. So, by Theorem 3.3.5, t = P,

is continuous on [0, ds).

Now we show that the continuity of ¢ + Pz on [0,md,) implies continuity on [0, (m + 1)d5).
Let t* € [0, (m +1)d2) and t; € [0, (m + 1)d2) such that t; — t*. According to Proposition
3.6.2,

Eku =P (P, ,u) =P [@mtku—@mt* u] +P o P .

m+1 ( m+1 m+1 m+1 m+1 m+1 m+1

Because - € [0,4y), P(ds) is equicontinuous and [P’mtk - ]P’mt* i by assumption, the first
term can be made arbitrarily small for sufficiently large k. The second term converges to
P .+ P, p, which equals Py po by Proposition 3.6.2. So indeed, ¢ » P, is continuous on

m+1 m+1

[0, (m + 1)d;). We conclude that ¢ + P, is continuous on R,. According to Proposition
3.6.2, RRM = RHM for all t,s € R, such that ﬁ € Q. Because t — E,u is continuous, the
semigroup property must hold for all ¢,s e R,. O

We say that a Markov semigroup is stochastically continuous at 0 if lim,o P,u = p for
every pu € M*(S)pL. Stochastic continuity at 0 implies right-continuity at every ¢, > 0,
but not left-continuity. The next result shows together with equicontinuity, that stochastic
continuity at 0 implies strong continuity.

Proposition 3.6.6. Let (P;)0 be a Markov-Feller semigroup. Assume that there exists
8> 0 such that (P;)ieo,5) 15 equicontinuous. If (P;)so is stochastically continuous at 0, then

it 1s strongly continuous.

Proof. (Py)[o,] is equicontinuous and Py is Feller for all ¢’ > 0. Consequently, (P;)e[¢ +5]
is an equicontinuous family for every ¢’ € R,. Hence (P;)se[o,r] is equicontinuous for every
T eR,. So, if € >0, there exists an open neighbourhood U in M*(S) of u such that

| Pv = Pyl < €

for every v e U. Let tg > 0. From the fact, that (FP;);o is (strongly) stochastically contin-
uous at 0, there exists o > 0 such that for every 0 < h < 9§, Py € U. Then, from the fact
that

”Ptoy’ - Pto—h:u”]gL = ”Pto—h# - ]Dto—hph:u”]gL?

we get
| Pro-ntt — Py pillisy, < € for all 0 <h <.
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So t — P, is also left-continuous at every tq > 0. ]

Corollary 3.6.7. If (P;)wso is stochastically continuous and (P;)ie[o,5] 15 equicontinuous,
then (Py)efo,r) s tight for every T > 0.

Remark 3.6.8. From Proposition 3.6.6 we can conclude that a Markov semigroup that is
stochastically continuous at 0 but not strongly continuous, cannot be equicontinuous.

3.6.3 Symmetry

We prove that, if the family P1(J) is tight - as we assume in Assumption 1 - then the limit

does not depend on the order in which we start switching semigroups (P});»0 and (P?)so.
Now let us prove the following lemma.

Lemma 3.6.9. Let (P})er and (P?)e1 be semigroups of reqular Markov-Feller operators.
LetneN, teR,. Then

|
—

n

(PLP2)" - (PEPY)" = Y (PP CH (P PR (3.10)
=0
n—1

= (PtlptZ)n_z_lctl,f(PtQPtl)Z (3.11)
i=0

. _ pipl _ pJpi
where Cy = PLP; — P} P..

Proof. We prove (3.10) by induction. Let L, denote the left-hand side in equality (3.10),
R,, the right-hand side. Obviously L; = Ry. Assume that L,_; = R,_;. Then:

Ly = (PIPY)"-(PPY)" -

S

(PIP2)"™ = (P2PY)"'| PIP2 + (P2PY)" PIP? — (P2P1)" =

S S

Z?:BQ(Pzpsl)”‘i‘QCsl,’f (PLP2)I] PLP2 +(P2PY)" (PIP2 = P2P}) =

= YIH(PRPYmiR2C05E (PLP2) Y + (P2PY) T CL2 =
Y (P2PY-i1C 2 (PLP2)i = R,,. O

S S

|
e

Next we prove that the limit of the switching scheme does not depend on the order of
switched semigroups in the product formula.

Proposition 3.6.10. Let (P}!) o and (P?)is0 be semigroups of Markov operators for which
Assumptions 1 - 4 hold, and additionally that Assumption 2 holds for (P}!)s0 and (P?):s0
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swapped. Let p€ M*(S). Then

lim [P1P2] 4= lim [ngi]"u.

n—oo n n— 00 n n

Proof. Let t € Ry, pig € My, f € BL(S,d) and fix € > 0. There exists N € N such that £ <4,
where § = min(ds ¢,d4, 7). Since (P}!)s0 and (P?)ss0 are equicontinuous, they COHSlst of
Feller operators necessarily. According to Lemma 3.6.9, for n > N

n n

IN

n n —1—1 7
|([P%P%] uo—[P%P%] uo,f)| - Hz;; P1P2 o2 [pgp}] uo,f)

IN
™
||'3|
e~

BL,dg(f)
(2
n—1t t 2 pl
< Zi=0 wa o [P P ] ILLO)

< Cf(NO)t Wy (m/ﬁo)

n—i—1
because [U%U%] fe&(f).

n

As t is fixed and lim,,qwy(s, o) = 0, we obtain for every f e BL(S,d) and g € M,

lim,,e0

([7ir2] wa-[P2et| wnt| = o
Then, by Theorem 3.3.5, it also converges in norm. Hence,

— (0 as n — oo.

[PLP2] o= [P2PE] ol

Define Pyt := lim,_ e [P%P}] w, for u e M*(S). Since by assumption Assumption 2

holds with P! and P? swapped, Proposition 3.6.3 holds for P, as well: both P, and P,
are continuous on M*(S). Since M, is a dense subset of M*(S)py, and Pipo = I@)tug for
Lo € My, we obtain P, = P, on MH(S). O]

3.7 Relation to literature

We shall now show that Theorem 3.2.2 is a generalization of existing results. We start with
the approach of Kithnemund and Wacker [KW01] and show in detail that their result follows
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from Theorem 3.2.2. Then we provide proof that also the Proposition 3.5 in Colombo-
Guerra [Col09] follows from Theorem 3.2.2.

3.7.1 Kuhnemund-Wacker

Kithnemund and Wacker [KWO01] provided conditions for Cy-semigroups that ensure con-
vergence of the Lie-Trotter product. Their setting is the following: Let (7'(¢))ss0, (S(£) )0
be strongly continuous linear semigroups on a Banach space (E,| -||) that consists of
bounded linear operators. Let F' c E be a dense linear subspace, equipped with a norm
Il 1ll, such that both (T'(t))0 and (S(t))s0 leave F' invariant.

Assumption KW 1. (T'(t))wo and (S(t))0 are exponentially bounded on (F,||-||]),
so there exist My, Mg > 1, and wr,ws € R such that

T @O < Mrer*, IS < Mges!

forallt >0.

Assumption KW 2. (T(t))0 and (S(t) )0 are locally Trotter stable on both (E, ||-|)
and (F,||-|]). There exists § >0 and M%, M2 > 1 such that

I Ge) s COI'l < M
7 () s COI" Ml < Mz
for all t €[0,6] and n € N.

Assumption KW 3. (Commutator condition) There exists a> 1, §' >0 and My >0 such
that

IT(2)S () f = SET @) f] < Mt ||| 1]
forall feF, te0,d].
Theorem 3.7.1 (Kithnemund and Wacker, [KWO01], Theorem 1). Let (T'(t))0 and (S(t))eo
be strongly continuous semigroups satisfying Assumptions KW1 - KW3. Then the Lie-

Trotter product formula holds, i.e.

P,z := lim [T(%)S( )]na:

n—oo

exists in (E,| - |) for every x € X, and convergence is uniform for every t in compact

intervals in R,. Moreover, (P(t))0 is a strongly continuous semigroup in F.
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3.7. Relation to literature

We shall now show that Theorem 3.7.1 follows from our result. Note that in Theorem 3.7.1
there is no assumption that (E,| - |) should be separable, while we assume that (.5,d) is
separable. This issue can be overcome as follows. Fix z € E. Define T} := T(t), T7? := S(t)
and

E, = Clp (spang {T;¥ - T/N1 -~ T} : N eNjip e {1,2}, k= 1,2, N}).

tN-1

Then E, c E is the smallest separable closed subspace that contains = and is both (7(¢) )+»0
and (S(t))so-invariant. Let S = E, with metric d(y,y’) == |ly—y’|. Then (S, d) is separable
and complete.

Lifts

Let (P})ss0 be the lift of T'(t) to M*(S) and (P?)s0 be the lift of S(t) to M*(S). That
is, for p e M*(S),

Pl [ drauntda), Pru= [ dsyun(da), (3.12)

where the integrals are considered as Bochner integrals in M(.S)g;, the closure of M (.S)gy,

in BL(S,d)*. Since M*(S) c M(S)g;, is closed, Piue M*(S). So
Ptléx = 5T(t)x7 Pt25x = 55(15)33. (3.13)
We show that (P})so, i = 1,2, defined by (3.12) satisfy Assumptions 1 - 4.

First consider Assumption 1. We discuss (P});s0 only; the argument for (P?);s is similar.
The map t = Plu: R, - M*(S)gy is continuous if and only if t - ( t ,u f) is continuous

for every f e Cy(S). Clearly, (Plu, f) = [o{0r(t)z, [0t =[5 f( p(dz). Using
the strong continuity of (7'(t)):»0 and Lebesgue’s Dommated Convergence Theorem we
see that ¢ » (Plu, f) is indeed continuous on R,. Thus, {P!y : ¢ € [0,0]} is compact in
M+*(S)pL, that is: tight.

Let ¢ € BL(S,d) and x¢ € S. Let U} be dual operators to P}. Then:

UL p() = Ul p(0)| = (P2 = Poay, )
;I((Fm)z = 07(t)a> DN = [6(07(t)2) = (7 (1)) S |9l - 1T ()x = T'() o

def $€BL(S,d)
<ol PO -al < 1oh- Mresrt- o - ao]
——

KW1
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So there exists dr such that {Ul¢ : t € [0,67]} is equicontinuous in Cy(S). Hence,

{P!:t€e[0,0r]} forms an equicontinuous family, according to Theorem 3.4.2.

The stability condition in Assumption 2 can be shown as follows. Let ¢ € BL(S,d), xq € S.

|[U?LU1] o(z) - U2U1] (o)

s

- [prez] - [pir2] ouno)]

= \Orr(2)s(tyme ~Ortys(t )]nxov¢)|

- |o[r()s (%)]nfvn S[T(£)S ()]
el [|[7(5) S ()] n(fﬂ—l‘o)H

Sl - ([T (£) S ()T -l = ol

|@lL - M- |l = o]

IN NN

by Assumption KW3, for ¢ € [0,d], n € N. Theorem 3.4.2 again implies equicontinuity of
F(9). Let p € F c E. We define

My := spang {d4|p € F'} c M*(S).

Then M, is dense in M*(S) and (P})o-invariant, i = 1, 2.
Moreover, define

olasy = [ Nllnolde). (3.14)
So

N
= > axfllex]l
k=1

My

To check the commutator condition in Assumption 3, let f € BL(S,d) and pg € My. We
define a new admissible metric dg(s) as in (3.3). Then for y,y' € E, = S,

decry(y,y") = ly =y v sup |n(y) - h(y')|.
ge€(f)

For h e £(f) there exist s,s" and t € [0,0], with ¢ = min(dy,0,), such that

1) = hI =1 ([T () S ()] TS )w) = ([T () S (] TS (s)y)
<flea [T () S (D] TS -y =l
<M-Aflea-ly =y
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for some constant M > 0, according to Assumptions KW 1 - 2.

HP)}PEMU - PtZPtlﬂo

ey € JLIPLPEO, - PP

BL,dg ()

BL,dg(f) po(d9)

Let Bg(sy be the unit ball in BL(S,dg(s)) for | - [prag,,- By the Commutator Condition
KW 3 we get the following:

| P P65 = PPP 0sllpray ,, = SWPgee s, l9(T(1)S(1)0) = g(S(O)T(1)¢)|
SUDgep, ) |91L.de sy - decry (T (1) S(E) ), S(E)T())
max (1, |floaM)|T(£)S(t)d - S()T(t)o|

max (L, | f|z.aM) Mt |||o]]

IN

IN N

Define
wy(t, po) = max(1,|flr.aM) Mit* | po|as, -

Since o > 1, wy : R, x My - R, is continuous, non-decreasing and for every 6 > 0

5 wilt, 5
./o Mdt:maX(1>|f|L,dM)|NO|MoM1/; t*2dt

a-1

o
= max(l, |f|L’dM)Mlog— 1 < +00.

Moreover, for pg e My,

1 p2 2 1p2 2 pl
[P P20~ PEP ol < [ |PIP2,= PEPIS Ly, uo(d)
< max (1, |fleaM) Mite™ [ [ollo(de)
= twf(tnu())

Hence, we get Assumption 3 for all p € My and 05 5 = 0.

Let us now check Assumption 4. First, for any ¢ € F,

o = T () S (D] el < Nl

|[P1P2] 5¢| | [T(£)s(4H]"
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For gy € My we get

[rire] (5

n n

Moy

‘Zk:@k‘S[T(;)sm]”m

Mo

Zk:@k |5[T(%)S(5)]”¢k
> ap M| x|

k

M1§|MO|M0'

My

IN

Furthermore,

|P136] . = |57yl = TSI < Mrer! 6] < Mre=r?| g

and similarly
|P70] g, < Mses o]

Then for 0 <t <é

IN

|5 110l 5, Mre=10|uo| v,

and
|PProln, < Mser0|po| v,

Thus,

P2[PLPE| Phuo| < MyMsMpetr) |y,
n n 0

and with C(uo) :== MrMgM2ewr+ws)d (independent of f and pg) and 8, = min(d,d"), we
see that Assumptions 1 - 4 hold.

Hence, we conclude that the Lie-Trotter formula holds for (P})so, ¢ = 1,2. Moreover, as
3.7, 04,7, Cp(po) and wy can be chosen uniformly for f in the unit ball in (BL(S,d), |- |sL.4),
the convergence is uniform in f in compact subsets of R,. Furthermore, for every y € F,,

[P}P%] (5y = 6[7*(%)5(%)]”3/ —>R(5y n M+(S)BL as n — o0o.

The set of Dirac measures is closed in M*(S)gL. To show this, let (d,, ), be a sequence of
Dirac measures such that d,, — p for some € M*(S). Then (d,, ), is a Cauchy sequence,

and

2d(zp, Tm)
S~ It = 20 tm)
|| Tn l’m”BL,d 2+d(3§'n,$m)
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([HWO09b] Lemma 2.5). Then also (x,)eny € S is a Cauchy sequence. As S is complete,

(25 )nen 18 convergent. Hence, there exists x* € S such that x,, > x* as n - oo and

. 2d(xy,, x*)

=——"" 5 (asn—> oo.
BLA 9 4 d(xy, x*)

”dmn - (Sz*

Hence, P;6, = dpzy for a specific Pf ¢ E (as in statement Theorem 3.7.1). Because the
(Pi)s0, 1 = 1,2, are strongly continuous in this setting, (P;)s0 is a semigroup by Proposition
3.6.5. Therefore, (IP¥)0 is a strongly continuous semigroup on E,. The operators P; are

linear and continuous:
Let y,, € E, such that Y,, » v in . Then

2”5Ptyn - 51P)ty||§L,d

Py, —Piylpra =
” tIn t ”BL,d 2+||§Ptyn—5Pty||]§L,d

_ 2”@5% _@t(sy”E;L,d -
2+ Py, - IP>t(5y||E;L,d

Moreover, E = Uyep E,, and the semigroups (P¥)s0 and (P¥)s0 agree on E, n E,s. This
allows us to define a strongly continuous semigroup (IP; )0 of bounded linear operators on
E that agrees with (IP¥)0 on E,.

3.7.2 Colombo-Guerra

Colombo and Guerra in [Col09], generalizing Colombo and Corli [CCO04], also established
conditions that ensure the convergence of the Lie-Trotter formula for linear semigroups
in a Banach space that do not involve the domains of their generators. Instead, like in
the results of Kithnemund and Wacker [KWO01], they build on a commutator condition
(Assumption CG 3 stated below) that is weaker than that in [KWO1]. It is this condition

that motivated our Assumption 3.

The situation in [Col09] is as follows. Let S, 5% : R, x X ~ X be strongly continuous
semigroups on a Banach space X. Assume that there exists a normed vector space Y

which is densely embedded in X and invariant under both semigroups such that:

Assumption CG 1. The two semigroups are locally Lipschitz in time in Y, i.e. there
exists a compact map K :Y — R such that fori=1,2

HStlu - Shu

‘XSK(u)|t—t’| forallueY, t,t' el.
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Assumption CG 2. The two semigroups are exponentially bounded on F and locally
Trotter stable on X and Y, i.e. there exists a constant H such that for all t € [0,1],
neN
1 2 1 q2\"” 1 q2\"
It + 152« (ses2 ) |+ (sist) ], <2

Assumption CG 3 (Commutator condition).
||St1$t2u - SfS}u”X <tw(t)|ully
is satisfied for allw eY and t € [0,d] with some 6 >0, and for a suitable w : [0,0] - R*

with [06 @dT < +00.

Theorem 3.7.2. Under Assumptions CG1-CGS3 there exists a global semigroup @ : [0, +00)x
X = X such that for all ueY , there exists a constant C, such that fort >0

! tw(é)
lewu-stsi, <c. [0 “ng_

In fact, [Col09] Proposition 3.5 also includes a statement of convergence of so-called Euler
polygonals to orbits of Q). The interested reader should consult [Col09] for further details

on this topic.

It is the construction in this case that allows us to conclude that Theorem 3.7.2 and
Theorem 3.2.2 are highly similar to the Kithnemund-Wacker case discussed in the previous
section. Therefore we state the main reasoning and give the immediate results.

Let u e X. We take S = X,,, where the latter is the smallest separable Banach space in X
that is invariant under (S?)ss0, 7 = 1,2, equipped with the metric induced by the norm on
X. Let P! and P? be lifts of S} and S? to M*(S):

Pi§, = Ogius Piu:= [15S§uu(du),i =1,2.

Now we check if P! and P? satisfy Assumptions 1 - 4.

As in Section 3.7.1, because (S} )0 and (S?)ss0 are strongly continuous semigroups, (P}) o
and (P?);s0 are tight. Moreover, if ¢ € BL(S,d) and v,w € X,,, and U} and U? are the dual
operators of P} and P? respectively, then:

Ui ¢ (v) = Ui d(w)| < 1ol H - o - w]x
This yields the equicontinuity condition for U}. Similarly equicontinuity for U? is estab-
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lished. A similar computation yields Assumption 2:

[vivi] s -[viv] o] =[o[(sist) o] - o[(si51) o]
<léle-| (5251)" (v-w)|, <lole-H-Jo-wlx

To check the Commutator Condition in Assumption 3, let f e BL(S,d), put My :=
span{d,lv € Y n X, } and |uo|n, as in (3.14). Then define

wy(t, po) = max(1L, | f]o.aM)w(t)|olas,-

Commutator Condition CG 3 yields

*

1p2s _ p2pl
”PtPt5u BYF oy BL,dg (5

<max (1, |f|p.aM)tw(t)|uly

as before, which established Assumption 3. Note that w; can be chosen uniformly for f in
the unit ball of BL(S,d).

Assumption 4 is obtained from the estimate

My

[l

n

- |[s254]"all, < Hlulx,

Mo

5[51 52 ]nu

n o n

which yields

|[P%P§]n/io u < Hlpol sy -

0

and
|P0s]y, = 10s1ulyy, = 1Stully < Hlully,  [P2oy],, < Hlully

which yields

‘Pt1M0|MO < Hlpo|rr, and |Pt2:u0‘M0 < Hlpolas, -

Thus, the Lie-Trotter formula holds for (P!);»o and (P?)»0. A similar argument as in
Section 3.7.1 yields Theorem 3.7.2.
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3.8 Appendices

3.8.1 Proof of Lemma 3.5.8

(a) We will check it by induction on j. Let j = 1. Then the left hand side in the equation
3.5.8, (a) is of the form
L=PLP}-PiP).

m m m m

while the right hand side is

R:Z?ZOP?t(P%P%_Pzplt)Pglll)t_Pgt(PltP%_P%P}S)P(Qllo)t:[/'

Assume that (a) holds for j - 1:

Pl Pg b = P2, P =P (P1 P2 —pP2pl )Pg rye -
Then for j:
L = PLP%-pP2P}
- Pl P2

B = Pl PL )P2 + P2, PLP: ~ PP
(zf 2 (pl Pt - PIPL )pg . l)t)pz LP2 (pl P2 P%Plt)

m m

m m m m

= Y2 P? (PltPQ pP?p! )Pa e+ PR, (P1 p? -p?p!

m m m m m m m m m m

= R.

G-1-0)t —
m

> P (P1 pP? -P2 P} )P2

m

(b) We will check it by induction on k. Let k = 2.

2
L:P;Pi—(PltP%)

m m

2-1-j
R = $lP (P1P2 P2P1t)P% (pltp%)

m m

P! (pg P2 _p2p

m  m

N—3 [
i)
~ Do
1l
t~

Assume that for k -1 we have:

k-1 k—2-j
P, P2 m—(PltP%) =y PL (P1P2 PQPl)P%(PltP%) :

m  m m m m m
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Then for k£ we have:

L

k
PP - (PLP2)

m m

k-1
1 2 1 p2 1 p2 1 2 1 p2 1 p2
P(kl)tp(kl)t_(PtPt) lPtP P(kl)tP(kl)tPLPL-FPﬁPﬂ

m

m m m m

k—2-j
= Zg?;fpgj (P1P2 P2P1)P%(P£P%) lPltP%

m  m m  m m m

]32

(k-1)t 1)t

1
P(k 1t
m

= Y Py (P1 P - p?p) )P% (P% p? )k -
= R

1 1 p2
P, -P; P(k 1t
TVL m

2
Py
m

m m n

(c) Let n=1. Then

0 k k-(1-1-0)
R:(Pgtpgt) lpgtpgt—(mpz) l(pltpz) L
Now let’s assume that
n-1 (n-1)-k
(Prr2) -(Pipz) -
m m ’L m m k k.(n_Q_Z)
-zt (rure) [rare - (ree) ] ()
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and let us check for n:

n-1 (n-1)-k k n-1 k
((rer) ™ (ree) ) () - (rea)” (rir2)
; (p,gt )

” i K k(n-2-i) k
(P,}tPft) (P,}tP,Et -(pltpz) )(pltpa) )(pltpa) _

n—1 k n
. (P,}tP,ft) (Plt P2 ) ' (P,LP;ft)

m m

i k-(n—-1-1)
=Y (Pgt Pft) (P,}t P - (P1 P2 ) (P& P3 ) +
mn_l’ln m m m ]:’L m m
+ p;tpgt) lpgtpgt - (m pz) ] -

3.8.2 Proof of Lemma 3.5.10

Let n €N, k € N and m := kn be such that £ € [0,d7]. Then by Lemma 3.5.8 (c) we get

H{P@P@]nuo— Paf%]"kumf)
o 5i ;o k k-(n—1-1)
=sz$[%% (P;tpzt —[P%P%])[P%P%] i
S CT o k-(n—1-i)
suii [rurs] (rers =[] )i ] ) -

by Lemma 3.5.8 (b)

(%%) = ¥t [Pl P2] ( b Pl (P1 P2 - P?tPl)PQ

k-1-j k-(n-1- z) "
kaﬂ Hmw] vo. f

m

m m

<yl yhd [P;tpgt] pgj(pltpg P?pl)pzx

m

k n—i)—T—j
] Ho,

X [Plt Pi

m

=(>(->6>(—)
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by Lemma 3.5.8 (a) we get
(%% %) = 3] H[p,gtp,zt] Py ( >l p2 (pltpa—pzplt)pg N m)P%x
k(n— z) 1-j
«|pipt] uo,f)

< gyl g ([P%tP,%,] P! (Pl% (P1 P2 - P%P%)Pa“>t)P%x

m

k(n_i)_ _j m m m m m
e s
- k(n-i)-1-j
—zmeen|(re o) e rie ]

AN

m m

For every 7,j,l € N we get
= vl [vron] reewn

. Then Vi € Mo. Note that Hgfﬂ”

k(n—i)-1—j
<

Let 171 = Py, [Pl P2

m

Using Assumption 4 we get:

T Tia T ( PLP% - Pt Pl) m,gWH
sz st si|((PLrs - P e o)
j-1 Pl P2 P2 Pl ) ) Aagn
Z Z Zl:() ‘( 15t T ,]l BL7C‘lg() ng,J,l“BL,dg()

. k(n-i)-1-j
< S T R (— W[PlPZ] Mo)

< Lyrlshlsi O2(M0)Wf(mw“0)
sC(m)—wf(m,uo)Z i Xil L
= Cyto) oy (i) i

So with m = nk we get the result. ]
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Chapter 4

Equicontinuous families of Markov
operators in view of asymptotic
stability

This chapter is based on:

Sander C. Hille, T. Szarek, Maria A. Ziemlanska. Equicontinuous families of Markov
operators in view of asymptotic stability. based on the work Sander C. Hille, T. Szarek,
Maria A. Ziemlanska. Equicontinuous families of Markov operators in view of asymptotic
stability. Comptes Rendus Mathematique, Volume 355, Number 12, Pages 1247-1251, 2017.

Abstract:

The relation between equicontinuity — the so-called e—property and stability of Markov
operators is studied. In particular, it is shown that any asymptotically stable Markov
operator with an invariant measure such that the interior of its support is non-empty

satisfies the e—property.
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4.1 Introduction

This chapter is centered around two concepts of equicontinuity for Markov operators de-
fined on probability measures on Polish spaces: the e-property and the Cesaro e-property.
Both appeared as a condition (among others) in the study of ergodicity of Markov op-
erators. In particular they are very useful in proving the existence of a unique invariant
measure and its asymptotic stability: at whatever probability measure one starts, the it-
erates under the Markov operator will weakly converge to the invariant measure. The
first concept appeared in [LS06, SW12] while the second was introduced in [Worl0] as a
theoretical generalisation of the first. It allowed the author to extend various results by
replacing the e-property condition by the apparently weaker Cesaro e-property condition.

Interest in equicontinuous families of Markov operators existed already before the intro-
duction of the e-property. Jamison [Jam64], working on compact metric state spaces, intro-
duced the concepts of (dual) Markov operators on the continuous functions that are ‘uni-
formly stable” or ‘uniformly stable in mean’ to obtain a kind of asymptotic stability results
in this setting. Meyn and Tweedie [MT09] introduced the so-called ‘e-chains’ on locally
compact Hausdorff topological state spaces, for similar purposes. See also [Zah14] for re-
sults in a locally compact metric setting. The above mentioned concepts were used in prov-
ing ergodicity for some Markov chains (see [Ste94, Czal2, CH14, ESvR12, GL15, KPS10]).

It is worth mentioning here that similar concepts appear in the study of mean equicontinuous
dynamical systems mainly on compact spaces (see for instance [LTY15]). However it must
be stressed here that our space of Borel probability measures defined on some Polish space

is non-compact, typically, in the generality in which we consider the question.

While studying the e-property, the natural question arose whether any asymptotically
stable Markov operator satisfies this property. Proposition 6.4.2 in [MT09] asserts this
holds when the phase space is compact. In particular, the authors claimed that the stronger
e—chain property is satisfied. Unfortunately, the proof contains a gap and an example can
be constructed showing that some additional assumptions must be added for the claimed
result to hold.

Striving to repair the gap of the Meyn-Tweedie result mentioned above, we show that any
asymptotically stable Markov operator with an invariant measure such that the interior of
its support is nonempty satisfies the e-property.
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4.2 Some (counter) examples

Let (S,d) be a Polish space. By B(xz,r) we denote the open ball in (S,d) of radius r,
centered at x € S. Further E, IntgFE denote the closure of £ c S and the interior of F,
respectively. By C,(S) we denote the vector space of all bounded real-valued continuous
functions on S and by BM (.S) all bounded real-valued Borel measurable functions, both
equipped with the supremum norm | ||.. By BL(S) we denote the subspace of C,(S) of
all bounded Lipschitz functions (for the metric d on S). For f e BL(S), |f|. denotes the
Lipschitz constant of f.

By M (S) we denote the family of all finite Borel measures on S and by P(.S) the subfamily
of all probability measures in M(S). For ue M(S), its support is the set

supp i := {x € S u(B(x,r)) >0 for all r > 0}.

Recall the concept of Markov operators on measures, see Section 1.2. A measure ., is
called invariant if Pu, = u.. A Markov operator P is asymptotically stable if there exists

a unique invariant measure u, € P(S) such that P?u — p, weakly as n — oo for every

peP(S).
A linear operator U : BM(S) - BM(S) is called dual to P if
(Pp, f) = (p, U [) for all p e M*(S), f e BM(S).

If such operator U exists, it is unique and we call the Markov operator P regular. U is
positive and satisfies UT = 1. The Markov operator P is a Markov-Feller operator if it is
regular and the dual operator U maps the space of continuous bounded functions Cy(.S)
into itself.

A Feller operator P satisfies the e—property at z € S if for any f € BL(S) we have

lim sup |[U"f(z)-U"f(2)|=0, (4.1)

T2 n>0,neN

i.e. if the family of iterates {U™f : n € N} is equicontinuous at z € S. We say that a Feller
operator satisfies the e—property if it satisfies it at any z € S.

D. Worm slightly generalized the e-property introducing the Cesaro e-property (see [Worl0]).
Namely, a Feller operator P will satisfy the Cesaro e—property at z € S if for any f € BL(S)
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we have

lim sup lZn:ka(x)—%kzrj;Uk’f(z) =0. (4.2)

T2 p20meN | TV 1

Analogously a Feller operator satisfies the Cesaro e—property if it satisfies this property at
any z € S.

Let us recall Proposition 6.4.2 in [MT09] that contains - informally - a gap in its proof
(slightly reformulated):

Proposition 4.2.1. Suppose that the Markov chain ® has the Feller property, and that

there exists a unique probability measure m such that for every x
P*(x,) > weakly as n — oo

Then ® is an e-chain.
The following example shows that Proposition 6.4.2 fails.

Example 4.2.2. Let S ={l/n:n>1}u{0} and let T : S - S be given by the following
formula:
T0)=T(1)=0 and  T(1/n)=1/(n-1) forn>2.

The operator P : M(S) - M(S) given by the formula Pu = T,(u) (the pushforward
measure) is asymptotically stable but it does not satisfy the e—property at 0.

For a Markov operator Jamison [Jam64] introduced the property of uniform stability in
mean when {U" f : n € N} is an equicontinuous family of functions in the space of real-valued
continuous function C'(S) for every f e C(S). Here S is a compact metric space. Since the
space of bounded Lipschitz functions is dense for the uniform norm in the space of bounded
uniformly continuous functions, this property coincides with the Cesaro e—property for
compact metric spaces. Now, if the Markov operator P on the compact metric space is
asymptotically stable, with the invariant measure p, € P(S), then L Y7 U*f — (f, 1)
pointwise, for every f e C'(S). According to Theorem 2.3 in [Jam64] this implies that P is

uniformly stable in mean, i.e. has the Cesaro e-property.
Example 4.2.3. Let (k,)n»1 be an increasing sequence of prime numbers. Set

ki —1-times
—_—~

S:={(0,...,0, i/k,,0,...)€l®:i€{0,...,k,},n e N}
The set S endowed with the [ -norm |-||e is a (noncompact) Polish space. DefineT : S - S
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by the formula

kﬁ" —1-times

and
ki —1-times kil _1—times
——— ————

T0,...,0, ifkn,0,..)) = ( 0,...,0, (i 41)/kn,0,...) forie{l,... ky—1},neN.

The operator P : M(S) - M(S) given by the formula Pu = T.(p) is asymptotically
stable but it does not satisfy the Cesaro e—property at 0. Indeed, if we take an arbitrary
continuous function f:S — Ry such that f((0,...,0,...)) =0 and f(x) =1 for x €S such
that |z = 1/2 we have

kn-1
kn e, kn
kiZ;U"f((o,...,O,l/kn,o,...)) - kiZ;Uif((o,...)) >1/2.

4.3 Main result

We are in a position to formulate the main result of this chapter. Recall that a metric d
is called admissible for the Polish space S if d metrizes the topology on S and the metric

space (S,d) is separable and complete.

Theorem 4.3.1. Let P be an asymptotically stable Feller operator and let p, be its unique
invariant measure. If Intg(supp pi.) # @, then P satisfies the e-property for any admissible

metric d on S.
Its proof involves the following two lemmas:

Lemma 4.3.2. Let P be an asymptotically stable Feller operator and let p, be its unique
invariant measure. Let U be dual to P. If Intg(suppu.) # @, then for every admissible
metric d on S, f € Cy(S) and any € >0 there exists a ball B c supp p,. such that

U f(x)-U"f(y)|<e for any x,y € B, neN. (4.3)

Proof. Fix f e Cy(S) and € > 0. Let W be an open set in S such that W c supp p.. Set
Y =W and observe that the subspace Y is a complete metric space, hence a Baire space.
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Set
Y, ={xeY :|U"f(x) - (f, )| </2 for all m >n}

and observe that Y}, is closed and

Y=Y,

n=1
By the Baire Category Theorem there exist N € N such that Inty Yy # @. Thus there exists
a set V c Yy open in the space Y and consequently, because of the construction of Y, an

open ball B = B(z,rg) for the admissible metric d in S such that B c Yy c supp u.. Since
|U" f(z) = (f,ps)| <€/2  forany x € Band n> N,

condition (4.3) is satisfied for all x,y € B,n > N. Since the U"f, n =1,---, N are continuous
at z, there exists r¢ < rg such that [U"f(z) -U"f(x)| < § for all x € B(z,7¢), n =1, N.
Then condition (4.3) is satisfied for all x,y € B := B(z,7¢) and n e N. O

Lemma 4.3.3. Let a > 0. If pe M*(S), zg€ S and r >0 are such that pu(B(xg,7)) > a,
then there exists 0 <r <r such that u((B(xo,7")) > o and p(S(zo,7)) = 0.

Proof. For any increasing sequence (r,,) c (0,7] such that r,, 1 r, u( B(xzo,7,)) = u(B(xo,7)) >
a. Hence there exists ng € N such that: u(B(zg,7,,)) > a.

Put rg :=r,,. Then ro >0 and p(B(zo,7")) > « for all 7’ € [rg,7]. The map ¥ : [rg,r] xS —
R:(r' x) d(”i#‘)) is separately continuous in " and x, so it is jointly Borel measurable
([Bog07a], Theorem 7.14.5, p.129).

1(B(w0,7")) = [oLnwom (y)du(y)
Js A ptean ) (0)dn(y) (4.4)

=[5y (¥(r,y))du(y).

Since W is jointly Borel measurable, (r/,y) + 1o1)(¥(r’,y)) is jointly Borel measurable.
By the Fubini-Tonelli Theorem (or [Bog07a|, Lemma 7.6.4, p.93, or [Bog07b], Corollary
3.3.3, p-182), ¢ 17" = pu(B(xo,7")) is Borel measurable on [ro,7]. In a similar manner, one
shows that 1) := u(B(z¢,7)) is Borel measurable, where B(zq,7) = {z € S : d(x,20) < 7}.
Put ¢(r) = o(r) —¢(r). According to Lusin’s Theorem, there exists a compact subset K of
[10,7], of strictly positive Lebesgue measure, such that ¢|x is continuous. Put S(z,r’) =
B(zo,7") N B(wo,7") = {x €S :d(x,10) =1'}.

Since Lebesgue measure is non-atomic, K must have at least denumerably many distinct
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points. Let (7r,)neny be a sequence in K that consists of distinct points. Since K is a

compact space, there is a subsequence (rnk) keny that converges to an ' € K as k — oo.

We can construct a further subsequence from (7, )key (denoted the same for convenience),

that is either strictly increasing, or strictly decreasing towards 7.
(1) 7y, 10"
Define A; := B(x, 70, ), Ar := B(x0, T, ) N E(mo, Ty )-
Then -
B(xg,r UAkUS(xo,rnk)

So
/~L an Z Ak) Y S(x(]»rnk)) < 00.

Hence, limy, o (S (0,75, )) = 0. Because r,,, € K and ¢|x is continuous, we get

p(S (o, 7)) = lim pu(S(xo, 7)) = 0.

(2) rp, L0

Now define Ay, := B(xo,7y,) \ B(xo,7n,,, for k=1,2,---. Then
B(zg,7p,) U [A w S(z0,7n,,,)] W B(xo,1").

Hence, limgeo pt(S (20,70, )) = 0, as above, yielding the conclusion that p(S(x,7’)) =
0.

Since OB (zg,7") c S(xo,r") we find p(9B(xg,r") = 0.

We are now ready to prove Theorem 4.3.1.

Proof. (Theorem 4.3.1) Assume, contrary to our claim, that P does not satisfy the e-
property for some admissible metric d on S. Therefore there exist a function f € BL(S,d) c
Cy(S) and a point g € S such that

limsup sup |U"f(z)-U"f(x0)|>0.

z—=>x9 n20,neN

115



Equicontinuous families of Markov operators in view of asymptotic stability

Hence, there exists € > 0 and &g > 0 such that for all 0 < ¢ < dg,

sup  sup |U"f(x)-U"f(xq)|2 4e.
zeB(x0,0) n20,neN

Thus, one has a sequence (zy)gew such that a € (B(wo, 22)) and

sup |U"f(xr) - U"f(x0)| 23 for all keN.

n>0,neN

Let By = B(#,2r) be an open ball contained in supp . such that

U"f(x)-U"f(y)|<e forall z,ye By,neN, (4.5)

which exists according to Lemma 4.3.2. Since By c supp i, one has v := p,(Bf) > 0.
Choose « € (0,7) Because P is asymptotically stable, by the Alexandrov Theorem (eg.
[EK86], Theorem 3.1) one has

liminf P"u(By) > pa(By) =y >« for all peP(S5), (4.6)

Fix N e N such that 2(1-a)"| f|le < €. Inductively we shall define measures v, 1%, v, p;*

and integers n;,i =1,2,---, N in the following way:

Equation (4.6) allows us to choose n; > 1 such that

P"o,,(B(z,r)) > a. (4.7)

According to Lemma 4.3.3 it is possible to choose 0 <y <7 such that

P46, (B(z,r1))>a and P™0,,(S(z,r1)) =0.

Define
_ Pm,(-nB(z,11))

O P (BGr)
Because P™6,,(S(z,r1)) = 0and P is Feller, P16, (B(z,71)) converges to P16, (B(z,11)) >

a>0if z - zg. So ¥ is a well-defined probability measure, concentrated on B(z,r), for

(4.8)

all x sufficiently close to xq, say if d(x,xzq) < di, and P™9,(B(z,r1)) > « for such z.

Define
1

HEC) = (PM0,() - arf (). (19)
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Then uf € P(S) for all z € S: d(z,x) < dy.

Since x, — Tg, there exists N; € N such that d(xy,xo) < dy for all k> Ny. If U c S is open,

then by Alexandrov’s Theorem,

li]?linfpnléxk(UmB(z,rl)) > P"0,,(UnB(z,1)).

Consequently,
Pn B "
hmlnfylxk(U) i inf 15xk(Uﬂ (2,7'1)) > P 15x0(UnB(Z>T1)) _ VfO(U)-
k00 k—o00 Pnl(sxk(B(Z,T’l)) Pnl(sxo(B(Zﬂnl))

Thus, v;* - v]® weakly as k — oco. Then also pi* — ui°.

Assume that we have defined v, pi;°, v, pi7* and n; for i = 1,2, 1, for some [ < N such
that /% — v, 7% — p7° weakly. Then, equation (4.6) allows to pick n,q € N such that

P (B(z,r)) > o
According to Lemma 4.3.3 one can select 0 < 77,1 < r such that P (B(z,141)) > «
and P+ (S(2,741)) = 0. Define

P (-0 B(z,111)

L 4.10
Vis1 Prsip* (B(z,7141)) o
and
T 1 n 7 y
Hi = o (P = avgl). .

Because ;% — 1 weakly, and Pme+1 i (0B(2,7141)) = 0.

Pripy* (B(2,7141)) = P (B(z,1141)) > a> 0 as k — oo. Thus, 1/} is well defined for
k sufficiently large and v} — 1/, weakly, by a similar argument as for v{* - v7°. We

conclude from (4.11), that i, — p?, weakly too.

Moreover, the construction is such that we have

ni+ng+-+ny _ na+-+ny ; LTk _ n3+-+ny ., Tk 4 .. _ N-1, % _ N, Tk
P 0y, =P vi*+a(l-a)P vab 4 ra(l-a) v+ (1-a) e

for k=0 and all k € N sufficiently large. By construction, suppv;* c B(z,r) c B(z,2r) =
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By. SoforallneN,i=1,2,---,N and k sufficiently large

(P, f) = (P, P = |fo U f(@)v (de) - [ Un F(y)vie (dy)]
S, L, 107 () = U f ()| v (da) v (dy)

IN

IN

Moreover, there exists Ny € N such that for all £ > N,
|<Pn533k _Pn(sxoaf)' <€
for all 0 <n<ny+ng+--+ny. For n>2ny +ng + -+ +ny one has for k sufficiently large,

Pro,, = aPr it +a(l - a)Prmmnep)h 4
N-1 —N —ee— Tk N —N —eee— Tk
+ol - a)N-tprm=nn T 4 (1 — o) N Prom—mnw ik,

Therefore, for these n and k,

(P 0s,, ) = (Pone, f)| < ela+a(l-a)++a(l-a)¥ ) +2(1-a)V|f]e
< e+e=2e¢.

Thus, the construction of the (xy)gey is such that for k sufficiently large

3e < sup |[U"f(xp)—U"f(x0)| =sup|(P"0x,, f) = (P"0z, f)| < 2

n>0,neN n>0

which is impossible. This completes the proof.

]

Acknowledgements. We thank Klaudiusz Czudek for providing us with Example 4.2.2
(communicated through Tomasz Szarek).
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Chapter 5

Central Limit Theorem for some

non-stationary Markov chains

This chapter is based on:

Jacek Gulgowski, Sander C. Hille, Tomasz Szarek, Maria A. Ziemlanska. Central Limit
Theorem for some non-stationary Markov chains. Studia Mathematica, Number 246 (2019),
Pages 109-131.

Abstract:

Using the classical Central Limit Theorem for stationary Markov chains proved by M. I.
Gordin and B. A. Lifsic in [GL78] we show that it also holds for non-stationary Markov
chains provided the transition probabilities satisfy the spectral gap property in the Kantorovich—

Rubinstein norm.
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5.1 Introduction

In this chapter we aim at showing that the Central Limit Theorem (CLT) obtained for
stationary Markov chains by Gordin and Lifsic in [GL78] (see also its extension due to M.
Maxwell and M. Woodroofe in [MWO00]) may be extended to non—stationary ones provided
that their transition probabilities satisfy the Spectral Gap Property in the Kantorovich—
Rubinstein norm (see condition (A2) below). This condition implies that the iteration
of the Markov operator associated to these transition probabilities constitute an equicon-
tinuous family of continuous maps on probability measures, equipped with the Dudley
metric, see Chapter 1, Theorem 2.8.4. In this way we obtain the result stronger than

the almost sure result known in the literature as a quenched Central Limit Theorems (see

[Pell5, BI95]).

Recently the CLT was proved for various non—stationary Markov processes (see [KW12,
Kuk02]). For more details we refer readers to the book by T. Komorowski et al. [KLO12],
where a more detailed description of recent results on central limit theorems is provided.
Our result is in the same spirit as the main theorem in [KW12]. However some delicate
approximation allow us to obtain the CLT for initial distributions with 2-nd moment finite
instead of 2 + 4.

In this chapter we introduce notation that deviates from previous chapters, mainly be-
cause those used here are more common in the field of probability theory, while the topic

considered is specially targeted to an audience from this field.

Suppose that (X, p) is a Polish space. By B(X) we denote the family of all Borel sets in
X. Denote by B(X) the set of all bounded Borel measurable functions equipped with
the supremum norm and let Cy(X) be its subset consisting of all bounded continuous

functions.

By M; and M we denote the spaces of all probability Borel measures and of all Borel
measures on X, respectively. Let m: X x B(X ) [0,1] be a transition probability on X

and let U : By(X) - By(X) be defined by Uf(z) = [y f(y)m(x,dy) for every f e By(X).
The operator U iS dual to the Markov operator P deﬁned on M and given by the formula
= [y m(x,-)u(dz) for e M, ie.

/f YPu(dr) = fo pu(dz) for any fe By(X) and pue M.

In particular, we have Pd,(:) = 7(x,-) for z € X.

Suppose that (X,,) is an X—valued Markov chain given over some probability space (2, F, P),
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whose transition probability is 7. If the distribution of Xj is g, then the distribution of
X, equals Py, n > 1. By (F,) we denote the natural filtration of the chain, i.e. the
increasing family of o—algebras F,, := o(X; :i < n).

For any z € X and n > 1 we define the measure P? on (X", B(X")), where
B(X")=0({A1 x Ay x - x A, : A; e B(X),i=1,...,n})
by the formula
P (A; x - x A,)
:/;{nXAlx...xAn(a:l,...,xn)ﬂ(xn_l,dxn)---ﬂ(ajl,dx2)5x(dx1)

- f Yot (T1s oo 20 POy (diry)-—-P6,, (dy) PO, (dy).
Xn

Here x 4,x.-x4, denotes the characteristic function of A;x---xA4,,. Obviously, the distribution
of the random vector (X7i,...,X,) if Xy = = is given by P?. On the other hand, if the
distribution of X, equals pg, then the distribution of the random vector (Xi,...,X,) is

equal to P7i (-) = [ Pr(-)po(dz).

By P, we will denote the probability measure on the Borel g-algebra of the trajectory
space X * associated with (X,,) with X, = x. Further, E, denotes the expected value with
respect to P,. Analogously, if X is distributed with g, then P, (-) = [y Po(-)po(dz).
Similarly, we have then E, () = [, E,(-)p(dz).

5.2 Assumptions

Set
MP = {,u e M : /);[p(x,xo)]p,u(dx) < oo} for p> 1.

We equip the space M} with the Kantorovich-Rubinstein distance

[ rdu= [ av

where the supremum is taken over all Lipschitz functions f : X — R with the Lipschitz

Ii= v = sup for 1, e M},

constant bounded by 1. If p and v are two Borel probability measures on some Polish
spaces W and Z respectively, then by C(u, ) we denote the set of all joint Borel probability
measures on W x Z whose marginals are 4 and v (the so—called coupling). If p,v e Mj,
then according to the following Kantorovich-Rubinstein Theorem
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Theorem 5.2.1. [Kantorovich-Rubinstein Theorem [Bog07a], Theorem 8.10.45] The Kantorovich-
Rubinstein distance |pu—v| between Radon probability measures u, v € M3 can be represented

in the form

lpw—vl=_inf p(x,y)y(dz,dy).
veC(p,v) J XxX
Moreover, there exists a measure \g € C'(u,v) at which the value |p—v| is attained.

This immediately implies

”596—6y”:p(x7y) for x?l/EX'

Assumptions:
(A1) We assume that P leaves M1} invariant;

(A2) there exist C'>0 and 0 < g < 1 such that
|7 =Pv| < Cq*llp - v (5.1)

for all p,v e M{ and n e N;

(A3) we assume that there exists p € M? such that

sup | [p(z,20)]* P"p(dx) < +oo0 for some (thus all) 2 € X. (5.2)
n>1 JX

The following theorem is standard but we provide its proof for completeness of our pre-

sentation.

Proposition 5.2.1. If (A1) and (A2) hold, then P has a unique invariant measure
fy € M1 and for any p e Mi we have |P"u— p.|| = 0 as n — oo. Moreover, if (A3) holds,
then i, € M3.

Proof. For any pe€ M}(X) and any m,n € N, m > n one obtains from (5.1) that
n m o n+k n+k+1 Cq"
[Pty = Prul < > |P™F - P ph < =Pyl

k=0

So (Pmu) is a Cauchy sequence in the || - |-complete space M} ([Vil08], Theorem 6.18).
Hence it converges to some invariant measure p, € M1i(X). Then again by (5.1) for any
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e Mi(X),
1P = s = [P o= P s | < Cq"|[pe = pu]| > 0 as 1 > 0.

So . must be unique. Now suppose that (A3) holds and let © € M? be such that (5.2) is
satisfied. Let xg € X. For any K >0, one has

sup | [p(z,20) A K> Phu(dz) <sup | p(x,20)? PMu(dz) = My < oo.
n>l JX n>l JX

Since x = [p(x, o) A K]? is a Lipschitz function on X and |P"u — p.| = 0, we have

[ 1o w0) A KPP > [ [p(e,a0) n KT o ().

So [y [p(z,x0) A K12 p.(dz) < My for every K. By the Monotone Convergence Theorem
we obtain that [ [p(z,20)]? . (dz) < My too. O

5.3 Gordin—Lifsic results for stationary case

We start with the following simple consequences of the Gordin and LifSic result on the
CLT for stationary Markov chains:

Proposition 5.3.1. Let P be a Markov operator that satisfies (A1) - (A3) and let (X,)
be a stationary Markov chain corresponding to P. Then for any bounded Lipschitz function
g:X - R such that [y gdu, =0, where p, is the unique invariant distribution for P, the
limat

2.1
o“:=1mE,,

n—o00

(g(Xo> +g(X1) +-+ g(X,) )
NG

exists and is finite. Moreover, if o >0, then

limP(g(XO)JFg(Xl)JFerg(X")<a): ! f e2?dy  forallaeR.
n—>oo \/ﬁ \/W -

Otherwise, if o =0, then the sequence

9(Xo) +9(X3) +--+g(Xn)
NG

forn>1

converges in distribution to 0.
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Proof. Let a bounded Lipschitz function g : X — R such that [, gdu. =0 be given. With
no loss of generality we may assume that the Lipschitz constant of g equals 1. From Gordin
and Lifsic [GL78] it follows that to finish the proof it is enough to show that

Z ”Ung”LQ(X,u*) < oo,
n=0

where U is dual to P. In fact, since [, Ulg(x)p.(dz) = [y g(2)p.(dz) =0 for all i > 0, we
have

Z"U s - i(fX(U” (2)) m(dx))w
] i(f fUn Y) i dy))Qu*(dgc))l/2

DN [ ) -0l 00)) el
(L anp(%y)u*(dy))zu*(dx))m
o3 ([ (footraretn) win)
oS ([ (ptrnr+ [ otwonnetan) i)
<00 2 e e Pt 22 [ atzonian))) <o
by the fact that ji, € M2. The proof is complete. 0

5.4 Auxiliary lemmas

We start with a theorem on the existence of a suitable coupling for the trajectories of a
given Markov chain.

Theorem 5.4.1. Assume that a Markov operator P satisfies (A1) and (A2). Let ly be a
positive integer such that C'qlo < 1, where the constants C,q are given by (5.1). Then there
exists a constant k > 0 such that for every integers | > ly and m > 1 and every two points
r,y € X we have a measure P, € C(PT, Pmt) satisfying

Z/ Izlayzl) (dxlv . 7d$mlady17"'7dyml)S/ip(zmy)‘ (53)
i=1 leXXl
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Proof. Choose ¢ € (Cq',1). Fix [ >ly. By induction on m for every two points x,y € X we
construct P, e C(P7, Pi') and prove that

/};lm m (Z p(xil,yil)) P;’fé(dxl, ooy dry, dyr, - dy) < qup(x, Y)- (5.4)
% i=1 j=1

Then the hypothesis will hold with x = §(1-¢)~!. Fix z,y € X and let m = 1. Since
||Pl§96 - P15y|| < quop(x7y)7

by the Kantorovich-Rubinstein theorem there exists . , € C(P'é,, P'd,) such that

1P, = Plo,l < [ pluv)p,(dudv) < dp(e,y).

From the proof of the Kantorovich—Rubinstein theorem it follows that the function X x X >
(2,y) - pl, € C(P'6,, P'0,) is measurable if the space C(P'd,, P'd,) is endowed with
some metric of weak topology (see Theorem 11.8.2 in [Dud02]). We may assume that the
measure £, is absolutely continuous with respect to the product measure P'6, ® P'é,. Let
Gzy X x X = [0,+00) be the Radon-Nikodem density, i.e.

_ dug.,
Gay (U, ) = d(P's, ® P's,)

(u,v) u,veX.

Define
P! (A)
:/;(l"'/;(IXA(xla---axlayla---ayl)gz,y(xbyl)ﬂ'(xl—ladxl)ﬂ'(yl—ladyl)
(21, dwg) (Y1, dya)0p (dz1 )6y (dyr ).

Let A=[A; x--x A;] x X! for some Borel sets Ay, ..., A;c X. We have
!
P, (4)

:Lz XA1x~~~><AL(3717--'axl)(Llgz,y(xlayl)ﬂ—(yl—ladyl)"'ﬂ—(ybd?h)éy(dyl))
x m(xy_1,da;)m(xy,drs)d, (dzy).

Moreover, the measure

iy XArxexaiy (z1,...,x-1)m(x)o1, ) (21, dae) o, (day)
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is absolutely continuous with respect to P!9,. Obviously,

/;{l Gy (21, y)) T (Yim1, dyr) -7 (Y1, dya ) 0y (dyr ) = Lgx,y($z,yl)Pl5y(dyl)-
If we show that [y g, (-, v) P, (dy,) = 1, P'o,-a.s., then

P (A)
= /);l XAy, (T15 -y x)m(@ey, day) - (21, deg )0, (day )
=P (A x--x A)).

To do this set h(z;) := [y guy (21, y) P'dy(dy;). From the definition of the coupling measure
ty.,, for any Borel set B c X we have

P.B) = iy (B x X) = [ ([ gy an ) P13, () ) P13, ()

- th(g;,)Pl(sx(dxl).

Since the above equality holds for an arbitrary Borel set B ¢ X, we obtain that h(x;) =1,
Pl,-a.s., and consequently PL  ([A;x--x Aj] x Xt) = PL(A; x--x A;). In the same way we
show that P! (X! x [By x-x B]) = P! (By x---x By) for Borel sets By, ..., B;c X. Hence
P, , e C(P.,P,). Finally, we have

-/;(ZXX’ p(xl7yl)Pi7y(dx1, . -dml,dyl, . 7dyl)

=Ll o P9 oy (20, y)m (@i, de) w(yeer, dyn)-m (20, dao) 7 (s, dy2) 82 (d1)d, (dy)

= fXxX p(21, Y1) Gy (21, Y1) PO, (day ) 6, (dy,) = p(x, y)pt (day, dy;) < gp(z,y)

XxX

and the first step of the proof is finished.

Assume now that for 7 =1,...,m and arbitrary =,y € X there exists Pil,y € C(Pil, Pg,l) such
that condition (5.4) holds with m replaced by j.

Define the measure P2 on X(m+1l x X (m+D! by the formula

Pg:ryL+1)l(A) — f

() x (1)t XA(xly s L) Y1y - - 7y(m+1)l)

Pgﬁyl (d$l+1> s 7dx(m+1)l7 dyl+17 <. 7dy(m+1)l)Plx,y(dx17 s 7dxl7 dyh cee 7dyl)
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for any Borel set A c¢ X(m+Dlx X(m+Dl From the Markov property it easily follows that
szﬂ)l c C(P;m+1)l’P§m+1)l). We also have

m+1

m+1)l
»/)((7VL+1)ZXX(’"L+1)I Z p(le7 y]l)P( - (dxl? e 7dx(m+1)l7 dyl’ T ’dy(m+1)l)

m+1
< leXl (‘/); Z p Zji, yjl) x, yl(dxl+17 s 7dx(m+1)l7dyl+17 s 7dy(m+1)l))

mly Xxml ] ;)

P; (da:l,...,dzl,dyl,...,dyl)+£{l le(xl,yl) y(doy, . oday, dyy, ., dy)

IA
'MS
N

j[szsz(xl’yl)P y(dwy, . day, dyy, .. dy) + Gp(,y)

e
]
—_

Ms

c] qp(z.y) +ap(x,y) =Z

.
1]

by the inductive hypothesis for 1 and m. This completes the proof. O

As a consequence of Proposition 5.3.1 and Theorem 5.4.1 we have the following:

Proposition 5.4.1. Let P be a Markov operator that satisfies (A1) - (A3) and let (X,)
be a Markov chain corresponding to P. Let ly be a positive integer such that Cqlo < 1, where
the constants C,q are given by (5.1) and let | > ly be given. Set'Y, = X,y for n >0 and
assume that Xog =Yy =x for x € X. Then for any bounded Lipschitz function g: X - R
such that fx gdp, =0, where p, is the unique invariant distribution for P, the limit

vn

exists and is finite. Moreover, if 2 >0, then the sequence of random vectors (Y,,) satisfies

. g(YO)+g(Y1)+...+g(Yn) ) fa 2
lim P <al= e 252d
( NG V2mo?2 J-eo Y

5% =1limE, (g(%)+9(1/'1)+...+g(yn))2

n—oo

for all a e R.

Proof. Without loss of generality we may assume that g : X — R is bounded by 1 and
its Lipschitz constant is also bounded by 1. By ¢Z, x € X, we denote the characteristic
function of the random variable

g(Yo) +g(Y1) +... +g(Yy)
NG :
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where Yy = . When the distribution of Y} is equal to u. the characteristic function is
denoted by ¢5*. Obviously,

oh(t) = L P4 (t) e (dy) for t € R.

Moreover, from Proposition 5.3.1 it follows that

5242

lim @t (t) =e 2~ for t e R.

n—o0

Theorem 5.4.1 allows us to evaluate the difference of characteristic functions ¢ (t) and
on(t) for z,y e X and t e R. Fix 2,y € X. We have

e el =1 [, exp(itg(“’ N )le<dx1,dx2, i)

, + oo+ g(Yn n
—Lln exp(ztg(yo) g(y\z/)ﬁ 9y l))Pyl(dylady%"'adynl)'
4

< T xiny Xin [p(x,y) +p($l,$l) e +p(xnl7ynl)] Pz,ly(dxla ooy drgy, dys, - 7dynl)
Pl

(1+/@)p(:1:,y) for t e R,

where P7!, € C(P2!, P2') is given by Theorem 5.4.1. Consequently, for £ € R we obtain

s (1) = (D=1 (t) = [ (D (dy)l

1
< hmM

n—so00 \/ﬁ

Since lim, e @i (t) = e7t'0*/2 we obtain that lim,_., ¢Z(t) = e*’*/2 and the proof is

f p(z, y)ps(dy) >0 as n— oo.
X

complete. [

For any Markov chain (Z,,) with values in the space X and an arbitrary Lipschitz function
g : X - R we shall denote

™ (g(Z:)) = i o(Z)  fornzm>0.

The key point in proving the main theorem is the following lemma:

Lemma 5.4.2. Let P be a Markov operator that satisfies (A1) - (A2) and let (X,) be a
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Markov chain corresponding to P. Assume that g: X — R is a bounded Lipschitz function.
Then there exists a constant M >0 such that for any n € N the function

g (SieX))Y
= (H022)

has Lipschitz constant < M.

Proof. Again assume that g : X — R is a 1-Lipschitz function bounded by 1. Let [y be a
positive integer such that C'¢’o < 1 with the constants C, ¢ given by (5.1). We have

e (D) IS e Ger S T Edxs(x)

\/ﬁ =0 1=0 j:0<j— z<lo J<n

2 n
+ E Z Z Z g mlo+J+1

1=0 j:0<j<lo, lo+j+’L<’n

where k; ; are maximal positive integers such that k; ;lo + 7+ <n. We show that all three
terms are Lipschitzean with a Lipschitz constant independent of n. To do this fix x,y € X.

Since the function (g(-))? is a < 2-Lipschitz function, by (5.1) we have
IE.(9(X:))*-E,(9(X;))? < 2| PS5, — P'§,|| < 2Cp(x,y) fori=1,...,n

and the first term

is a < 2C-Lipschitz function.

Further, for j >4 we have
E.g(X:)g(X;) =E.(9(Xi)Ex,9(X;))  forall ze X,

where Eix,9(X;) := E[g(X;)|F:]. Since Ex,9(X;) = h(X;), where h is a bounded by 1 a
< C—-Lipschitz function, we obtain that

IE.g(Xi)g(X;) - Eyg(Xi)g(X;)] = [Ee (9(X:)R(X3)) - E, (9(Xi)h(X:))]
<2Cp(z,y)
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for i =1,...,n and consequently the Lipschitz constant of the second term

z nZl Y. E.9(Xi)g(X;)

=1 j:0<j—i<lp,j<n

is bounded from above by 4/,C'.

Finally, we have

m=1 m=1

ki ki
( V(Y 9(Xongejni) ) =E, (Q(Xi)E|X1-( g(Xmlo+j)))-

Using Theorem 5.4.1 we show that the function

k’iyj
X52->E.() 9(Xpiges)) for all 4,7 >0

m=1

has a Lipschitz constant < C'k¢?, where & is given by Theorem 5.4.1. Indeed, for any 4, j > 0

we have
ki j

Z g mlo+] EZE|Xj( Z Q(Xml0+j))-
m=1
In turn, from Theorem 5.4.1 we obtain that the function
k;

Xou—-r(u)=E,( 1Q(AXmlo))

&,

3
Il

has a Lipschitz constant < . Indeed, fix u,v € X. We have

k’L] k
|T(u) |Eu Z g Ll ) E Z g(xmlo )|
m=1 m=1

Z ki il
f k”lo) xmlo) - g(ymzo))Pu,ﬂ O(d$1, e 7d$ki,]-zo;dy1a e 7dykmlo)

ki il )
-/X 1]10)2 xmloaymlo)P%d O(dxh < 7dxki7jloa dyh s 7dyk¢7jl0)
< kp(u,v),
by Theorem 5.4.1. Since

ki, j

B( 3 (X)) = [ ()PP (w),

=1
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the function
ki ;

X32z->E.() 9(Xmigrj))

m=1
has a Lipschitz constant < C'kq’, by (5.1). Moreover its supremum norm is bounded by
n. Since the Lipschitz constant of the function z — g(z)r(z) is bounded by n + Ck¢? we
obtain that the function

ki

ij
XB:C*E( Zg ml0+]+l )
m=1

has a Lipschitz constant < C'¢*(n + C'kg?). Thus the third term

2 n kz]
- Z Z g ml0+]+z
n 1=0 j:0<5<lp, l0+]+z<n m=1
has Lipschitz constant bounded by
2 2] 20 & - 20C(1+C
—Z Cq'(n+ Ckg’) S—Z (n+Ck)q M.
1 i=0 j=0 =0 l—q
Thus the function )
oo g (SEeX)
vn
has Lipschitz constant < M, where
2 1
M =2C +41,C + M
l-q
This completes the proof. O

Lemma 5.4.3. Let P be a Markov operator that satisfies (A1) - (A3) and let (X,) be a
Markov chain corresponding to P. Assume that g: X — R is a bounded Lipschitz function.
Let x € X and € > 0. Then there exists K >0 and Ny € N such that

(53(3(%@)) X[K’m)( S (9(X.)) D] .. (55)

En

x

for allmeN and n > Ny.

Proof. Fix x € X and let ¢ > 0. Let g be given as above. Let [y be a positive integer
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such that C¢lo < 1, where the constants C, ¢ are given by (5.1) and let [ > [y be given. Set
Y, = X,; for n > 0. We first show that the hypothesis holds if we replace X,, with Y,,. Set

g . g(Yo) +g(Y1) + ...+ g(Vyn)
" Vm

The Markov chain (Y;,) corresponds to the operator P! and the assumptions of Lemma 5.4.2

for m > 0.

are satisfied with P and (X,,) replaced by P! and (Y},), respectively. Thus the functions
y = E,(S,,)? are Lipschitzean with the Lipschitz constant bounded by, say M, independent
of m. The Markov operator P satisfies (A2), so that we may find Ny € N such that

[Epns, S% —E,,S%| < M|P"6, — .| < /(91%) for n > Ny and m e N. (5.6)

Moreover, from Theorem 5.4.1 it follows that for any Lipschitz function © : R - R with
the Lipschitz constant M > 0 such that we have for all m > 1

~

IE,0(S,.) - E.0(S)] < L

—p(y,2) for y,z € X.
m
Consequently, for some Ny € N we have
|Epns,O(Sm) —E,..0(Sm)| <e/(9%) for n> Ny and meN. (5.7)

Let o : R - R, K >1 be a Lipschitz function such that

X10,5-11(¥) <0 (y) < X051 (Y) for all z e R.
We are going to show that there exists K > 1 such that

E,. (SL(1-¢x(ISnl)) <e/(91*)  for all m>1.
By Proposition 5.3.1 we have

E,.S2 — &° as m — oo

and

Eu*(S%SOK(me) - $2%0K(|y|)6_y2/(2&2)dy as m — oo.

1
V2m JR

In the case when & = 0 we set e-¥*/(25%) = ().
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Since the integral on the right hand side converges to 02 as K — oo, we obtain that there

exist constants mg and kg such that
By (S3(1 = 100 (1SmD) = By S2 ~ By (5201, (1Sul)) </(91%) for all m > m.
Enlarging K if necessary we obtain
E,.. (SZ(1- @, (ISul)) </(91%) for all m > 1. (5.8)

Observe that the function y - ©(y) given by the formula O(y) = y?¢k, (|y|) is a Lipschitz
function. Combining (5.6) - (5.8), we obtain that for n > max{Ny, N;} we have

Epns, [S2 Xk 500y ([5)] € Ens, S2 (1 = 01, (1Sil))
<[Epns, 52 ~ By S2L+1Eprs, 0(Sn) = B, O(S)| + B (S2(1 - i, (15,]))
< 2(9P) +2(91%) + £/ (91%) = £/ (31%).

Having this we may show that (5.5) holds with K =[Kj. Set m; = max{j: i+ jl < m} for
1=0,...,l—-1. We have

EP"dz[(g(XO) +ﬁ+ 9(X.n) ) _— (‘Q(Xo) +.. +g(Xn)
(g(Xi) + g(Xist) + o+ g(Xismy) )2X[K+w) ( (X0) +...+g(Xom)

< IPEpns, | max
0<i<i-1

l(g(Xi) +g( X)) + oo+ 9(Xivma) )QX[

< IPEpns, max
0<i<l—1

(=)
+ )

g(Xp) +...+ 9(Xonat)
(‘g(Xl) + (X)) + .o+ 9(Xiemy)

2
X
glaﬁml(ﬂ o)+ 9(X) + +g<xmoz>) Y
allst

2

N lePnéz[(g(Xl) +g( X))+ o+ 9(X1emy) ) .
VM1
2
bt PEpug l(g(XH) +9(Xai) + o+ 9(Xirem, 1) )

mp—

NG

)

9(Xio1) +9(Xom1) + oo+ 9(Xic1emy_y1)
my-1

)l <PleflP =e.

x X[K0,+oo) (‘

Since € > 0 is arbitrary, the proof is complete. ]

We are now in a position to show the following:
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Proposition 5.4.2. Let P be a Markov operator that satisfies (A1) - (A3) and let (X,)
be a Markov chain corresponding to P. Let ly be a positive integer such that Cqlo < 1,
where the constants C,q are given by (5.1) and let | > Iy be given. Assume that Y, = X,
form>0. If g: X - R s a bounded Lipschitz function, then

2
lim |, (900 + o)+ 49 (V) ) oo
Mmoo Jm
where )
52 - im g (9D +9(X0) +.. . +g(Xa)
Mmoo H* \/ﬁ

Proof. First observe that for any k£ > 1 we have

-0

. (g(Yo) +9(1) +...+g(Yn))2_E (g(Yk) + g(Yi) +...+g(Yn+k))2

as n — oo. Further we have

. (g(Yk) + g(Yier) + -+ 9(Yer) )2
’ NG

by the Markov property. On the other hand, the Markov chain (Y;,) corresponds to the

. (g<m+gm>+...+g<m)2
Pké, )

operator P! and the assumptions of Lemma 5.4.2 are satisfied with P and (X,) replaced
with P! and (Y},), respectively. Thus the functions

g(Yo) +g(V1) +...+g(Ya
\/ﬁ

2
X9$—>EI( )) forn>0

are Lipschitzean with the Lipschitz constant bounded by, say M, independent of n. Con-
sequently, we obtain

- (g(%>+gm>+...+g(m)2_E (g<n>+g<m>+...+g<m)2
Pk, \/ﬁ s \/ﬁ
< M| 5, = ju]|  MOG|3, ~ |

Hence we finally have the desired convergence. ]
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5.5. The Central Limit Theorem

5.5 The Central Limit Theorem

Now we are in a position to formulate and prove the main theorem of this paper.

Theorem 5.5.1. (Central Limit Theorem) Let P be a Markov operator that satisfies (A1)
- (A3) and let (X)) be a Markov chain corresponding to P. Assume that Xo = x for v e X.
Then for any bounded Lipschitz function g: X — R such that [y gdu. =0, where p, is the

unique invariant distribution for P, the sequence of random vectors (X,,) satisfies

lim P(g(X0)+g(X1)+...+g(Xn) <a) _ f e 22 dy for all a € R,
n—>oo \/ﬁ W e

if
2
o = lim K, (g(Xo) + g(X3_+ o +g(Xn)) S0,
n—oo n
Otherwise, if o =0, the sequence
9(Xo) +g(X) + -+ 9(Xn) oy

NG

converges in distribution to 0.

Proof. To prove the theorem we show that for any x € X

9(Xo) +g(Xi) +... +g(X5) )l - e 12 for teR.

il_glo E. exp lit ( NG

Without loss of generality we may assume that g is bounded by 1 and its Lipschitz constant
is also bounded by 1. We will make use of the following formula:
¢ =1+ia-a*/2- R(a)a?,
where |R(a)| <1 and lim,_q R(a) = R(0) = 0.
Fix z€ X, te R~ {0} and £ > 0. Let ky € N and 7 > 0 be such that

(1 - 02t2/2k)" — 1| < e for |og—o| <n and k > k.

Set D :=sup,s1 [y [y p(u, 2) P (du)p. (dz) and observe that for any x, we have according
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to Proposition 5.2.1

D <sup | p(u,zo)P"0,(du) + f p(z,20) s (dz) < +o00.
n>l JX X

For given z,t,e, by Lemma 5.4.3, we choose K >0 and N; € N such that

Epns. (g(XO) +.o.+ g(Xm)) N (‘g(XO) +.. 4+ g(Xn)

i i

)] <)) (5.9)

for n > Ny and m € N.

Fix [ > Ny such that
dCDIt|((1-¢) 7+ M|t|])<e and  ¢'C<1, (5.10)

where the constants ¢,C are given by condition (5.1) and the constant M is given by

Lemma 5.4.2. Since

wp Eps [(g<xo> f 9(X,0) )] o

one may choose k > ky such that

B ((g(XO)+...+g(Xm))2‘R(ﬁg(X0)+...+g(Xm))‘
e Vi VE v

X X[0,K] (‘Q(XO) +\./..m+g(Xm) )) <ef(2t%) for all m,n >1 and 6 € [0, 1],

by the fact that |R(a)| - 0 as a - 0 and |o,,, — 0| < 1) for m > k, where

(5.11)

g

2w [9X)+ g () (9D (X))

This can be done due to the fact that o, tends to o as m - +oo0. For positive integers u, v
and w, v > [, where [ is such that condition (5.10) holds, we set

X))+ +9( X))+ o+ 9(Xuetyws) + -+ 9( X
IU,v,szxGXp[it(g( 1) 9(Xw) (X (u-1yw+i) g( ))l

N
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and
VW
Note that limy, e |1, = L m, [n/m] | =0 for every m > 1. So let us consider in further detail

the terms I; ., for given k, j <k and m > k. In the following we will use the notation
E|X(j—1)m['] = ]E["f(j—l)m]'

We have

Ligm = Epexp [it(g(Xl) o+ g( X)) + o+ g(X(Goymer) + - - +g(ij))]
vVkm

& (expz‘t [(g(Xl) o+ g( X)) + o+ 9(XGo2yma) + -+ 9(X(Go1)m) )l

Vkm
oAt
:]Ex(expitl(g(xl) A g(Xm) + +j}i_io “ymat) + Q(Xu—l)m))l
(1+\/%E|X(j1)m(g(X(j—1)m+l)+"'+g(ij))_%Ep((j1)m(g(X(j_l)m+l)\/+ﬂ—:L“+g(ij))2
) %EMM[(g(x(j_l)mﬂ);ﬁ...+g(xjm))2 R( S g(ij)))])'
(5.12)

Since E,, g(X;) =0, by (A2) we obtain
[Eu(9(X0) + ...+ g(Xn))| = [Epis, (9(Xo) + ... + 9(Xinet)) = B (9(Xo) + ..+ g(Xint))]
<Y [Epis, (9(Xo) = By (9(Xo)| € Y I1P'6, = o)
i=l i=l

<q'C(1-q) 0w -] < ¢ C(1=-¢)" fX p(u, z) . (dz)

and hence we have

1

1t
\/ﬁE|X(j—l)m(g(X(j—l)m+l) +.+g(Xm))| < d'C(1 - Q)_l\/TEa: [[ P(X(j—1ym, 2) pix (d2)
e

km

E,

<d'C(1-q)"! '“ ff (4, 2) 11 (d2) POD75, (du) < ¢ CD(1 - ¢)
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On the other hand, by Lemma 5.4.2 and (A2) we have

g(X) +. . +9(Xw) g(X) +...+ (X))
E( i ) E( i )

9(Xo) +o (X)) o (9(X0) + . H g(X)

m -1
<@CMTZE0, =l <g'OM [ p(u, 2)pna(d2),

where M is given in Lemma 5.4.2 and consequently we obtain

2 I(XGyma) + -+ 9\ 2 (g(X) + .+ g(X) |
Eo | X m ~ 7 B

E
k vm k vm
2 2 ,
SqlMEEx[f p(X(j—nm,Z)M*(dZ)]SqlCM%ffp(u,Z)M*(dZ)P(J‘”m&C(dU)
X X JX
2
SqlC'MD%.

Finally conditions (5.9) and (5.11) will allow us to evaluate the term

2 Xijotyme) + -+ 9(Xim) |
%Ewmm[(g( G- );m +9( )) R(ﬁ(g(x(j_l)mﬂ)+...+g(ij)))”.

E;

Indeed, we have

ﬁ]Ep((j,l)m [(Q(X(j—l)m+l) T +g(ij)) R (\/%(Q(X(j—l)mu) +...+9(X; )))] ‘

N

2 X(=tymst) + -+ 9(Xjm) |

S%EzhEmJl)m (9( (1) )\/% +9( )) R(\/#(g(x(j_l)mﬂ)+...+g(ij)))”
2 [ X j—1)m+l ij ?

—%Em (9( (j-1) )jm +g( )) R(\/%(Q(X(j_l)m”)+m+g(ij)))H
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t2

= /{; Ep(j—l)'rru—léz

R(L@(Xo) ‘o +g<Xm_l>>)H

k m \k m -1

by (5.9) and (5.11) 2 2
‘)) vl )%e/(2t2)+%e/(2t2)=a/k.

s
X[K,+o0)
m—1
2 2 ~
+ t_]EP(j—l)'nH—l(;gC g(XO) + + g(Xm—l) R( m ZLQ(XO) + ...+ g(Xm—l) )‘

Now from (5.12) it follows that

t 12
| Liken = Lot e (1 = 02,82 [2K)| < ¢'CD(1 - q)_l\/|7|_ + qlC'MDE + % <2k forj=1,...,k,
m

by condition (5.10) and the fact that m > k. Iterating this formula k-times we obtain
[l om — (1 — 0282 [2k)*| < 22
and consequently
| L o, — 6_02t2/2| <3¢ for all m sufficiently large.

Since € > 0 was arbitrary, we obtain that lim, e |1k [n/k] — In| = 0, which completes the
proof. ]

5.6 Example

Let (X, p) be a Polish space and let (7,.A4) be a measurable space. Let v: A — [0, c0) be
some measure on 1. Let p:T x X - [0, 00) be a measurable function such that

fp(t,a:)u(dt) =1 for x e X.

T

We shall assume that p(t,-) : X — [0,00) for ¢ € T is a Lipschitzean function. Denote its
Lipschitz constant by k(t).

Let m : X x B(X) - [0,1], t € T, be a transition probability and let P, and U; denote the
corresponding Markov operator and its dual, respectively. We shall consider the Markov
chain (X,) on some space (€, F,P) corresponding to the action of randomly chosen tran-
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sition probabilities with probability depending on position, i.e. the Markov chain (X,,)

given by the formula:
P[ X 41 € | Xy = 2] /p(t z)m(x, )v(dt) for xe X and n > 1. (5.13)
This model generalizes some random dynamical systems studied in [HS116].

If the distribution of Xj is equal to u, then the distribution of X, is given by P"pu, where
P: M — M is of the form

:/T/Xp(t,q;)wt(x,A),u(daz)u(dt) for A e B(X). (5.14)

Theorem 5.6.1. Assume that m; fort el are transition probabilities and there exists g < 1

such that for the Markov operators P, corresponding to m; we have
| Peps = Pepiall < qllps = ol for pua, o € M.
Moreover, for some xy € X and the operator Uy dual to P;, t € T, we have
Uilp(-,20)]*(2) < alp(z,20)]* +b

for some a <1 and b>0. Finally set
Y(t) =sup [ p(z,z0)m(x,dz)

zeX JX

for some xy € X and assume that

f’}/ v(dt)y<1l-gq

fptx v(dt) < forxeX.

and

Let (X,,) be a Markov chain given by (5.13). Assume that Xy = x for x € X. Then for
any bounded Lipschitz function g : X - R such that [, gdp. =0, where pu, is the unique

invariant distribution for P, the sequence of random vectors (X,,) satisfies

. P(g(Xo) +9(X1) +.. . +9(Xa) _ U)

f ezany forvelR,

NG V2102
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> 0.

o? = lim [E,

n—-soo

(Q(Xo) +g(Xy) +...+g<Xn>)2
\/ﬁ

Otherwise, if o =0, the sequence

9(Xo) +g(X1) + -+ 9(X,,)
NG

forn>1

converges in distribution to 0.

Proof. From Theorem 5.5.1 it follows that to finish the proof it is enough to show that the
Markov operator P given by (5.14) satisfies conditions (A1) - (A3).

Observe that P is a Feller operator and its dual is of the form

ff (t,2) f(2)m (e, d2)w(dt)  for feCy(X). (5.15)

The operator U may be extended to an arbitrary positive unbounded function f and then
it is also given by formula (5.15). The operator U can be, in fact, extended to the space

of all Lipschitz functions. To show this, observe that for zy € X we have

S xo)(x) = fp (t,z f z,x0)m(z, dz)v(dt) /p(t x)y(t)v(dt)
[|pt:v p(t, zo) |y (t)v(dt) [pt:co v(dt)

fk: v(dt) fptmo v(dt) <

Therefore for any Lipschitz function f : X — R with Lipschitz constant L and z € X we

have

Uf ()| <UIfI(x) < |f (o)l + LUp(, o) (x) < o0,
by the fact that the Lipschitz constant of the function |f| is bounded by L.

Set G := [ y(t)k(t)r(dt) + ¢ <1 and let f: X - R be an arbitrary Lipschitz function with
Lipschitz constant bounded by 1 and such that f(z) = 0. We show that then Uf is a
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Lipschitz function with Lipschitz constant bounded by ¢. Indeed, for any x,y € X we have

Uf(z) - Uf(y)l |f/ (ta) e d)v(@) - [ [ oty s ()m(y. a2
< [ [ bt2) = pE Il )l dz)v(ar)
¢ Loty [ rEmidn) - [ remiy.a2)
< [k ( [ o ao)m(e.a2)) () ptay) v [ pt.p)wian)-pa.y)
< (/T k(t)y(t)v(dt) +q)p(w/y) = gp(z,y).

v(dt)

To verify (A1) we compute

| otz Putdz) = [ Up(,ao) (@)p(da)
= [ W(20)(@) = Up(-sm0) (o) (da) + Up(-, ) (o)
(ifXP(%l’O)M(dl’)+Uﬂ('a330)(330)S/;{P(Z’JO)M(dﬂ?)+UP('a950)(950)<°°

IN

for e M1.

Observe that for any p1, o € M} we have

J F@mdn) - [ f@)ua(an)|.

where the supremum is taken over all Lipschitz functions f : X — R with Lipschitz constant
bounded by 1 and such that f(xg) =0. Indeed for any f: X — R with Lipschitz constant
bounded by 1, we have

|ff )pa(de) ff )2 (d)

To show that (A2) holds fix py, pg € Mi. Then we have

|61 = pr2]| = sup

-| @) = reom @) - [ (1) = F(wo)pa(n)|-

|1Pp1 = Ppaa| = sup

JF@Pman) - [ ) Pus(an)
[ U@ - [0S @)

= Gl 1 = po

= gsup < gsup

J f@m) - [ f@m(d)
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Here the supremum is taken over all Lipschitz functions f : X - R with Lipschitz constant
bounded by 1 and such that f(xy) =0, by the fact that ¢-'U f is a Lipschitz function with
Lipschitz constant bounded by 1. Hence (A2) holds.

Finally, we show that (A3) holds with u = ¢,,. To do this it is enough to prove that
Ulp(-,x0)(2)]* < alp(x, 20)]* + b (5.16)
for some a < 1 and b > 0. Indeed, iterating the above formula we have
U p(-,20)]*(x) < a[p(x,20)]* + b(1 - a)™? for n>1and x € X,
consequently,

sup [p($7x0)]2pn620(dx)

nxl JX

<sup (a” /X[p(x,xo)]zdm(dx) +b(1 - a)_l) =b(1-a)™! < oo.

n>1

and (A3) will hold. To verify condition (5.16) we compute

Ulp(:, z0)(x)]? /p (t,zo f 2, 20)?m (w0, d2)v(dt) = fp (t,20)Us[p(-, 20) ]? (x)v(dt)

S[p t,z0)(a[p(x, 0] +b)v(dt) = a[p(x, 10])* +b.
T

This completes the proof. O
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Samenvatting

Het onderwerp van dit proefschrift ‘Aanpak van Markov Operatoren op Ruimten van Maten
door Middel van Equicontinuiteit’, combineert een analytische en kanstheoretische aanpak
van Markov operatoren. Wij beschouwen Markov operatoren die afkomstig zijn van de-
terministische dynamische systems en ook stochastische processen die afkomen van een
kanstheoretische aanpak.

In de studie van Markov operatoren en Markov semigroepen zijn de centrale vragen het
begrijpen van het gedrag van de processen en van de semigroepen. Het is van bijzonder
belang om vast te stellen of er invariante maten bestaan, de eventuele uniciteit van deze en
inzicht krijgen in het lange termijn gedrag van het proces en het dynamisch systeem dat
gedefinieerd wordt door de geassocieerde Markov operator of semigroep. Onderzoek naar
deze vragen gaat terug tot het werk van Andrey Markov, die een Markov eigenschap voor
ketens beschreef. Een groot deel van de theory voor Markov ketens kan gevonden worden in
het boek van Meyn en Tweedie, die een grote bijdrage hebben geleverd aan de theory van
Markov ketens en die een bemerkenswaardige beschrijving hebben gegeven van ‘e-chains’.
Dit was motivatie voor veel onderzoekers om te werken met equicontinuiteitseigenschappen.
Deze theorie is toepasbaar wanneer de onderliggende toestandsruimte locaal compact is.
Als dat niet het geval is - in de algemeenheid van zogenaamde Poolse ruimten - is er theorie
in ontwikkeling. Lasota en Szarek, en in recente jaren Worm, generaliseerden theorie van
Markov operatoren en families van Markov operatoren naar deze situatie. De theorie
werd ontwikkeld door te beginnen met contractieve Markov operatoren in de artikelen van
Lasota, door niet-expansieve Markov operatoren in die van Szarek, en uiteindelijk door het
beschouwen van equicontinue families van Markov operatoren in die van Szarek, Hille en
Worm. Wij breiden resultaten van hen uit en schijnen nieuw licht op de reeds bestaande
resultaten door deze geldig te laten zijn onder meer algemene condities.

Een verband tussen zwakke en sterke (norm-) convergentie van rijen van getekende maten
is het eerste en fundamentele resutaat in dit proefschrift. Het cruciale onderdeel is de
uitbreiding van de resultaten die geldig zijn voor positieve eindige maten naar ruimten van
getekende maten. Dit is een heel algemeen middel dat niet alleen in de theorie van Markov
operatoren gebruikt kan worden, maar ook in algemene (geavanceerde) maattheorie. Met
behulp van dit resultaat, waarvoor wij een zelfstandig leesbaar en onafhankelijk bewijs
geven, leiden wij een inzichtelijke correspondentie af tussen de equicontinuiteitseigenschap
zoals die geintroduceerd is door Komorowski, Peszat en Szarek in [KPS10] (‘e-property’) en
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de gebruikelijke notie van een equicontinue familie van afbeeldingen, namelijk die gegeven
zijn door de de semigroep van Markov operatoren op maten. Met dit resultaat zijn wij in

staat om een Lie-Trotter productformule te bewijzen voor Markov semigroepen.

De kernideeén in de generalisatie van de Lie-Trotter productformule tot Markov semigroe-
pen is om realistische, verifieerbare, condities te geven en convergentie te bewijzen van de
productformule in de relevante normen. De nieuwe cruciale aannames laten sterke conti-
nuiteit van de semigroep en begrensheid van de individuele operatoren vallen, aangezien
Markov semigroepen op maten vaak noch sterk continu zijn, noch bestaan uit begrensde
operatoren op getekende maten ten aanzien van de Dudley of Fortet-Mourier norm. Ook
worden de eigenschappen van de limietsemigroep geanalyseerd die afkomt van de alter-
nerende semigroepen waarmee men begint. Dit geeft een extra mogelijkheid om gecom-
pliceerde problemen te benaderen, door hen op te slitsen in afwisselende ‘eenvoudiger’
problemen.

Het volgende deel van het proefschrift beschrijft de relatie tussen equicontinuiteit en sta-
biliteit van Markov operatoren. In het bijzonder wordt aangetoond, dat elke asymptotisch
stabiele Markov operator met een invariante maat die zo is dat het inwendige van diens
drager niet-leeg is, de e-eigenschap (‘e-property’) heeft. Deze resultaten zijn van belang
aangezien zij vergelijkbare resultaten uitbreiden die geldig zijn op compacte ruimten naar

de theorie van Poolse ruimten, waarin geen (locaal) compactheid wordt verondersteld.

Als laatste laten wij zien dat de Centrale Limietsteling (CLSt) geldt voor een klasse van
niet-stationaire Markov ketens op Poolse ruimten. Recente resultaten ten aanzien van
CLSt van Komorowski en medeauteurs voor niet-stationaire Markov processen laten het
belang van dit onderwerp zien. In het bijzonder in toepassingen maken de geldigheid van
de Wet van de Grote Aantallen en de Centrale Limietstelling het in principe mogelijk om
informatie over de ‘vorm’ van de invariante maat te verkrijgen door het simuleren van
(veel) individuele realisaties van de keten en dan het gemiddelde te nemen. De CLSt geeft
de snelheid van convergentie van deze procedure. De uitbreiding van het resultaat van
Gordin en Lifsic die wij bewijzen, is mogelijk vanwege de spectrale kloof van de Markov
operator ten aanzien van de Kantorovich-Rubinstein norm. Enige delicate benaderingen
staan ons toe een sterker resultaat af te leiden dan dat van Komorowski.
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The subject of this thesis, ‘Approach to Markov Operators on Spaces of Measures by
Means of Equicontinuity’, combines an analytical and probabilistic approach to Markov
operators. We look at Markov operators coming from deterministic dynamical systems and
also stochastic processes which come from a probabilistic approach.

In the study of Markov operators and Markov semigroups the central problems are to
understand the behaviour of the processes and semigroups. Of particular interest is to
identify the existence and uniqueness of invariant measures and long term behaviour of the
process and dynamical system defined by the associated Markov operator or semigroup.
Research on these questions dates back to the works of Andrey Markov, who described a
Markov property for chains. A big part of theory for Markov chains can be found in the
book by Meyn and Tweedie, who made a big contribution to the theory of Markov chains
and gave a noteworthy description of e-chains, which was the motivation to working with
equicontinuity properties for many authors. This theory is applicable when the underlying
state space is locally compact. If it is not - in the generality of so-called Polish spaces -
there is theory under development. Lasota and Szarek, and in recent years Worm gen-
eralized theory of Markov operators and families of Markov operators to this setting. In
subsequent years, the theory was being developed starting with contractive Markov oper-
ators in the works of Lasota, through non-expansive Markov operators in Szarek’s,, and
finally equicontinuous families of Markov operators in that of Szarek, Hille and Worm. We
extend their results and give a new light to the existing ones by providing less restrictive

conditions in cases.

A connection between weak and strong (norm) convergence of sequences of signed measures
is a starting point of the thesis. The crucial thing is the extension of the results from positive
measures to the spaces of signed measures. This is a very general tool which can be used
not only in a theory of Markov operators, but also in general (advanced) measure theory.
With the aid of this result, for which we give a self-contained proof, one gets an enlightening
correspondence between the equicontinuity property as defined by Komorowski, Peszat and
Szarek in [KPS10] (e-property) and the usual notion of an equicontinuous family of maps,
furnished by the semigroup defined by the Markov operator on measures. With this result,

we are able to prove a Lie-Trotter product formula for Markov semigroups.

The key ideas of the generalization of the Lie-Trotter product formula to Markov semi-
groups is to give realistic conditions and prove convergence in the relevant norms. The
crucial assumptions are to drop strong continuity and boundedness of the semigroup, as
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Markov semigroups are often neither strongly continuous nor consist of bounded operators
on signed measures in the appropriate Dudley or Fortet-Mourier norm on signed measures.
Also, the properties of the limit semigroups coming from the starting semigroups are being
analysed. This gives an additional tool for dealing with complicated problems by splitting

them into alternative ”easier” ones.

The next part of this thesis describes the relation between equicontinuity and stability of
Markov operators. In particular, it is shown that any asymptotically stable Markov oper-
ator with an invariant measure such that the interior of its support is non-empty, satisfies
the e-property. These results are of importance as they extend similar, existing results on
compact spaces to the theory of Polish spaces which does not assume compactness.

Finally, we show the Central Limit Theorem (CLT) for some non-stationary Markov chains
on Polish spaces. Recent CLT results by Komorowski and co-workers for non-stationary
Markov processes show the importance of the topic. In particular in applications, the valid-
ity of Law of Large Numbers and the CLT for non-stationary chains allows one in principle
to get information on the ‘shape’ of the invariant measure by means of simulating sample
trajectories of the chain and averaging. The CLT provides the rate of convergence of this
procedure. The extension of Gordin and Lifsic that we prove is possible by the aid of the
spectral gap property in the Kantorovich-Rubinstein norm. Some delicate approximation

allows us to also obtain a stronger result then Komorowski’s.
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