Universiteit

4 Leiden
The Netherlands

Topologies and convergence structures on vector lattices of operators
Deng, Y.

Citation
Deng, Y. (2021, February 2). Topologies and convergence structures on vector lattices of
operators. Retrieved from https://hdl.handle.net/1887/3135024

Version: Publisher's Version
License: Licence agreement concerning inclusion of doctoral thesis in the

Institutional Repository of the University of Leiden
Downloaded from: https://hdl.handle.net/1887/3135024

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/3135024

Cover Page

The handle https://hdl.handle.net/1887/3135024 holds various files of this Leiden
University dissertation.

Author: Deng, Y.
Title: Topologies and convergence structures on vector lattices of operators
Issue Date: 2021-02-02


https://openaccess.leidenuniv.nl/handle/1887/1
https://hdl.handle.net/1887/3135024
https://openaccess.leidenuniv.nl/handle/1887/1�

Chapter 4

Convergence structures and
Hausdorff uo-Lebesgue topologies on
vector lattice algebras of operators

Abstract

A vector sublattice of the order bounded operators on a Dedekind complete vector lattice
can be supplied with the convergence structures of order convergence, strong order con-
vergence, unbounded order convergence, strong unbounded order convergence, and, when
applicable, convergence with respect to a Hausdorff uo-Lebesgue topology and strong con-
vergence with respect to such a topology. We determine the general validity of the implica-
tions between these six convergences on the order bounded operator and on the orthomor-
phisms. Furthermore, the continuity of left and right multiplications with respect to these
convergence structures on the order bounded operators, on the order continuous operators,
and on the orthomorphisms is investigated, as is their simultaneous continuity. A number of
results are included on the equality of adherences of vector sublattices of the order bounded
operators and of the orthomorphisms with respect to these convergence structures. These
are consequences of more general results for vector sublattices of arbitrary Dedekind com-
plete vector lattices.

The special attention that is paid to vector sublattices of the orthomorphisms is motivated
by explaining their relevance for representation theory on vector lattices.
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4.1 Introduction and overview

In an earlier paper [[19]], the authors studied aspects of locally solid linear topologies on vec-
tor lattices of order bounded linear operators between vector lattices. Particular attention
was paid to the possibility of introducing a Hausdorff uo-Lebesgue topology on such vector
lattices.

Such vector lattices of operators carry at least three natural convergence structures (or-
der convergence, unbounded order convergence, and convergence with respect to a possible
Hausdorff uo-Lebesgue topology), as they can be defined for arbitrary vector lattices. For
vector lattices of operators, however, besides these ‘uniform’ convergence structures, there
are also three corresponding ‘strong’ counterparts that can be defined in the obvious way.
Several relations between the resulting six convergence structures on vector lattices of op-
erators were also investigated in [19]. In view of their relevance for representation theory
in vector lattices, special emphasis was put on the orthomorphisms on a Dedekind complete
vector lattice. In that case, implications between convergences hold that do not hold for
more general vector lattices of operators. Furthermore, it was shown that the orthomor-
phisms are not only order continuous, but also continuous with respect to unbounded order
convergence on the vector lattice and with respect to a possible Hausdorff uo-Lebesgue
topology on it.

Apart from their intrinsic interest, the results in [I9] can be viewed as a part of the
groundwork that has to be done in order to facilitate further developments of aspects of the
theory of vector lattices of operators. The questions that are asked are natural and basic,
but even so the answers are often more easily formulated than proved.

In the present paper, we take this one step further and study these six convergence
structures in the context of vector lattice algebras of order bounded linear operators on a
Dedekind complete vector lattice. Also here there are many natural questions of a basic
nature that need to be answered before one can expect to get much further with the theory
of such vector lattice algebras and with representation theory on vector lattices. For exam-
ple, is the left multiplication by a fixed element continuous on the order bounded linear
operators with respect to unbounded order convergence? Is the multiplication on the order
continuous linear operators simultaneously continuous with respect to a possible Hausdorff
uo-Lebesgue topology on it? Given a vector lattice subalgebra of the order continuous linear
operators, is the closure (we shall actually prefer to speak of the ‘adherence’) in the order
bounded linear operators with respect to strong unbounded order convergence again a vec-
tor lattice subalgebra? Is there a condition, sufficiently lenient to be of practical relevance,
under which the order adherence of a vector lattice subalgebra of the orthomorphisms co-
incides with its closure in a possible Hausdorff uo-Lebesgue topology? Building on [19], we
shall answer these questions in the present paper, together with many more similar ones.
As indicated, we hope and expect that, apart from their intrinsic interest, this may serve as
a stockpile of basic, but non-elementary, results that will facilitate a further development
of the theory of vector lattice algebras of operators and of representation theory in vector
lattices.

This paper is organised as follows.
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Section [4.2| contains the necessary notations, definitions, and conventions, as well as
a few preparatory results that are of interest in their own right. Corollary below,
shows that, in many cases of practical interest, a unital positive linear representation of a
unital f-algebra on a vector lattice is always an action by orthomorphisms. Its consequence
Corollary[4.2.5] below, unifies several known results in the literature on compositions with
orthomorphisms.

In Section 4.3}, we study the validity of each of the 36 possible implications between the 6
convergences that we consider on vector lattice algebras of order bounded linear operators
on a Dedekind complete vector lattice. We do this for the order bounded linear operators
as well as for the orthomorphisms. The results that are already in [[19]] and a few additional
ones are sufficient to complete the Tables and below.

Section [4.4] contains our results on the continuity of the left and right multiplications by
a fixed element with respect to each of the six convergence structures on the order bounded
linear operators. For this, we distinguish between the multiplication by an arbitrary order
bounded linear operator, by an order continuous one, and by an orthomorphism. By giving
(counter) examples, we show that our results are sharp in the sense that, whenever we state
that continuity holds for multiplication by, e.g., an orthomorphism, it is no longer generally
true for an arbitrary order continuous linear operator, i.e., for an operator in the ‘next best
class’. We also consider these questions for the orthomorphisms. The results are contained
in Tables [4.4.14|to [4.4.16] below.

In Section we investigate the simultaneous continuity of the multiplication with
respect to each of the six convergence structures. When there is simultaneous continuity,
the adherence of a subalgebra is, of course, again a subalgebra. With only one exception
(see Corollary 4.5.6/and Example below), we give (counter) examples to show that
our conditions for the adherence of an algebra to be a subalgebra again are ‘sharp’ in the
sense as indicated above for Section [4.4]

Section [4.6]is dedicated to the equality of various adherences of vector sublattices and
vector lattice subalgebras. It is also indicated there how representation theory in vector lat-
tices leads quite naturally to the study of vector lattice subalgebras of the orthomorphisms
(see the Theorems |4.6.1| and [4.6.2] below), thus motivating in more detail the special at-
tention that is paid in [[19]] and in the present paper to the orthomorphisms.

4.2 Preliminaries

In this section, we collect a number of notations, conventions, and definitions. We also
include a few preliminary results.

All vector spaces are over the real numbers and all vector lattices are supposed to be
Archimedean. We let E* denote the positive cone of a vector lattice E. The identity operator
on a vector lattice E will be denoted by I, or by Iz when the context requires this. The
characteristic function of a set S is denoted by y;.

Let E be a vector lattice, and let x € E. We say that a net (x,),ec4 in E is order convergent
to x € E (denoted by x, > x) when there exists a net (¥p)pes in E such that yg | 0 and
with the property that, for every 8, € B, there exists an a; € A such that |x —x,| < yp,
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whenever a in A is such that a > a,. Note that, in this definition, the index sets .A and B
need not be equal.

Anet (x,)qe4 in a vector lattice E is said to be unbounded order convergent to an element
x in E (denoted by x, 2 x) when |x,—x|Ay > 0inE for all y € E*. Order convergence
implies unbounded order convergence to the same limit. For order bounded nets, the two
notions coincide.

Let E and F be vector lattices. The order bounded linear operators from E into F will be
denoted by %,,(E, F), and we write E~ for %, (E,R). A linear operator T : E — F between
two vector lattices E and F is order continuous when, for every net (x,),c4 in E, the fact
that x, 2 0inE implies that Tx, 2 0in F. An order continuous linear operator between
two vector lattices is automatically order bounded; see [7, Lemma 1.54], for example. The
order continuous linear operators from E into F will be denoted by %,.(E, F). We write E_
for 4,.(E,R).

Let F be a vector sublattice of a vector lattice E. Then F is a regular vector sublattice
of E when the inclusion map from F into E is order continuous. Ideals are regular vector
sublattices. For a net in a regular vector sublattice F of E, its unbounded order convergence
in F and in E are equivalent; see [28, Theorem 3.2].

An orthomorphism on a vector lattice E is a band preserving order bounded linear oper-
ator. We let Orth(E) denote the orthomorphisms on E. Orthomorphisms are automatically
order continuous; see [7, Theorem 2.44]. An overview of some basic properties of the ortho-
morphisms that we shall use can be found in the first part of [[19] Section 6], with detailed
references included.

A topology T on a vector lattice E is a uo-Lebesgue topology when it is a (not necessarily
Hausdorff) locally solid linear topology on E such that, for a net (x,),c 4 in E, the fact that
Xq 2 0inE implies that x, = 0. For the general theory of locally solid linear topologies
on vector lattices we refer to [6]]. A vector lattice need not admit a uo-Lebesgue topology,
and it admits at most one Hausdorff uo-Lebesgue topology; see [11, Propositions 3.2, 3.4,
and 6.2] or [[44, Theorems 5.5 and 5.9]). In this case, this unique Hausdorff uo-Lebesgue
topology is denoted by 7.

The following fact will often be used in the present paper.

Theorem 4.2.1. Let E be a Dedekind complete vector lattice. The following are equivalent:
(1) E admits a (necessarily unique) Hausdorff uo-Lebesgue topology;

(2) Orth(E) admits a (necessarily unique) Hausdorff uo-Lebesgue topology;

(3) %, (E) admits a (necessarily unique) Hausdorff uo-Lebesgue topology.

Proof. The equivalence of the parts (1)) and (2)) is a part of [19, Proposition 8.2]. Part
implies part by [[19, Theorem 4.3], and part implies part by [[44, Proposi-
tion 5.12]. O

Let X be a non-empty set. As in [[19]], we define a convergence structure on X to be a
non-empty collection ¢ of pairs ((x4)gec4,X), Where (x,)qec 4 is a net in X and x € X, such
that:

(1) when ((x4)qea,x) € 6, then also ((yg)pes,x) € € for every subnet (yg)pen of
(xa)aE.A;



75

(2) when a net (x,)4e4 in X is constant with value x, then ((x,)ge4,X) € 6.

It is obvious how to define a sequential convergence structure by using sequences and
subsequences.

Suppose that ¥ is a convergence structure on a non-empty set X. For a non-empty subset
S € X, we define the ¢-adherence of S in X as

a4(S) :={x € E: there exists a net (x,),c4 in S such that ((x,)gec4,X) € €)}

We set a, (@) :==0. A subset S of X is said to be 6-closed when a4 (S) =S. It is not difficult
to see that the ¢-closed subsets of X are the closed subsets of a topology 7 on X. It is not
generally true that a4 (S) is T-closed. In fact, a4 (S )W =5 for S CX.

On a vector lattice E, the set of all pairs of order convergent nets and their order limits
forms a convergence structure %, on E. Likewise, there is a convergence structure %6,, on E
and, when applicable, a convergence structure ¢, of a topological nature. For a subset S of

E, we shall write a,(S) for ay, (S), a,,(S) for a¢, (S), and, when applicable, S°F for g, (S).
There are self-explanatory notations as,(S), ayyo(S), and, when applicable, a,z,(S). We
shall also speak of the order adherence (or o-adherence) of a subset, rather than of its 6,-
adherence; etc. Note that the order adherence a,(S) of S is what is called the ‘order closure’
of S in other sources. Since this ‘order closure’ need not be closed in the 7 -topology on
E, we shall not use this terminology that is prone to mistakes.

Let E and F be vector lattices, where F is Dedekind complete. Suppose that & is a vector
sublattice of £, (E,F). As for general vector lattices, we have the convergence structures
6,(8), 640(&) and, when applicable, a convergence structure 6z, on E. In addition to
these ‘uniform’ convergence structures, there are in this case also ‘strong’ ones that we shall
now define. Let (T,),cq be a netin &, and let T € &. Then we shall say that (T,)aeq

o)
is strongly order convergent to T (denoted by T, — T) when T,x 2 Tx for all x € E.
The set of all pairs of strongly order convergent nets in & and their limits forms a conver-
gence structure 6so on &. Likewise, the net is strongly unbounded order convergent to T

SUO
(denoted by T, — T) when it is pointwise unbounded order convergent to T, resulting
in a convergence structure %gyo on &. When E admits a Hausdorff uo-Lebesgue topology

Tg, then a net is strongly convergent with respect to T to T (denoted by T, 2z T) when
it is pointwise Tg-convergent to T, yielding to a convergence structure 6z, on &. As for
the three convergence structures on general vector lattices, we shall simply write agyg ()
for the 6gyp-adherence aq (&) of a subset & of &; etc. We shall use a similar simplified
notation for adherences corresponding to the sequential strong convergence structures that
are defined in the obvious way.

The adherence of a set in a convergence structure obviously depends on the superset,
since this determines the available possible limits of nets. In an ordered context, there can
be additional complications because, for example, the notion of order convergence of a net
itself depends on the vector lattice that the net is considered to be a subset of. It is for this
reason that, although we have not included the superset in the notation for adherences, we
shall always indicate it in words.
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Let 6% be a convergence structure on a non-empty set X, and let 6y be a convergence
structure on a non-empty set Y. Amap ® : X — Y is said to be 6x-%6y continuous when, for
every pair ((xq)qeq,X) in Gy, the pair ((®(x4))qea, ®(x)) is an element of 6. We shall
speak of STg-o0 continuity rather than of sz -4, continuity; etc.

Let E be a vector lattice. For T € %,,(E), we define pr, At : £ (E) = £, (E) by setting
pr(S):=ST and A;(S) ;=TS for S € ¥,;,(E). We shall use the same notations for the maps
that result in other contexts when compositions with linear operators map one set of linear
operators into another.

For later use in this paper, we establish a few preparatory results that are of some interest
in their own right.

Lemma 4.2.2. Let .« be an f-algebra with a (not necessarily positive) identity element e, and
let E be a vector lattice with the principal projection property. Let a € .o/, and suppose that

7 : Span{e, a,a?} — £, (E)
is a positive linear map such that nw(e) = I. Then ©(a) € Orth(E).

Proof. It is obvious that (a) € %,,(E), so it remains to be shown that 7(a) is band pre-
serving on E. We know from [7, Theorem 2.57] that

1, 1,
a<aAne+—a“<ne+ —a

n n

for n > 1. Take x € E*. Then we have
1, 1 9
n(a)x < w|ne+ —a“|x =nx + —n(a)x. 4.1
n n

for n > 1. Let B, be the band generated by x in E, and let P, € ¥,,(E) be the order
projection onto B,.. Using that 7w(a)x > 0 and equation (4.1)), we have

0 < (I—Py)ln(a)x]

<({I—-P)[nx+ %n(az)x]
= 2 —P)ln(a)x]

for all n > 1. Hence (I —P,)[n(a)x] = 0, so that w(a)x € B,. Since x was arbitrary, this
shows that 7(a) is band preserving. O

Corollary 4.2.3. Let .«/ be an f-algebra with a (not necessarily positive) identity element e, and
let E be a vector lattice with the principal projection property. Suppose that 7t : .o — %.,(E)
is a positive linear map such that n(e) =1. Then n(.e/) C Orth(E).

Remark 4.2.4. Corollary shows that part (iii) of [34} Definition 4.1] is redundant in
a number of cases of practical interest. The fact that the action of the f-algebra preserves
multiplication is not even needed for this redundancy to be the case.



77

The following is immediate from Corollary

Corollary 4.2.5. Let E and F be vector lattices, where F is Dedekind complete. Let & be a

vector sublattice of %,,(E, F) with the principal projection property.

(1) Suppose that ST € & for all S € & and T € Orth(F), so that there is a naturally defined
map pr : & — & for T € Orth(F). Then py € Orth(&) for T € Orth(F).

(2) Suppose that TS € & for all S € & and T € Orth(E), so that there is a naturally defined
map Ap : & — & for T € Orth(E). Then Ay € Orth(&) for T € Orth(E).

Remark 4.2.6.

(1) For & = %,,(E, F), Corollary [4.2.5]is established in the beginning of [34} Section 2].

(2) For & = ¥£,.(E), where E is a Dedekind complete vector lattice, Corollary [4.2.5]is es-
tablished in [[18} Proof of Theorem 8.4].

(3) For & = Orth(E), where E is a Dedekind complete vector lattice, [[7, Theorem 2.62]
provides a much stronger result than Corollary[4.2.5] also when E need not be Dedekind
complete.

4.3 Implications between convergences on vector lattices of op-
erators

In this section, we investigate the implications between the six convergences on the order
bounded linear operators and on the orthomorphisms on a Dedekind complete vector lattice.
Without further ado, let us simply state the answers and explain how they are obtained.
For a general net of order bounded linear operators (resp. orthomorphisms) on a general
Dedekind complete vector lattice, the implications between order convergence, unbounded
order convergence, convergence in a possible Hausdorff uo-Lebesgue topology, strong order
convergence, strong unbounded order convergence, and strong convergence with respect
to a possible Hausdorff uo-Lebesgue topology, are given in Table (resp. Table[4.3.2)).

Table 4.3.1: Implications between convergences of nets in %, (E).

o) uo Ty, (E) SO SUO STy
o] 1 1 1 1 1 1
uo 0 1 1 0 0 0
% 2E) 0 0 1 0 0 0
SO 0 0 0 1 1 1
SUO 0 0 0 0 1 1
STg 0 0 0 0 0 1
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Table 4.3.2: Implications between convergences of nets in Orth(E).

o uo Torth(E) SO SUO STy
o] 1 1 1 1 1 1
uo 0 1 1 0 1 1
T orh(E) 0 0 1 0 0 1
SO 0 1 1 1 1 1
SUO 0 1 1 0 1 1
STg 0 0 1 0 0 1

In Orth(E), uo and SUO convergence of nets coincide, as do a possible 7T, (E) and
STy convergence.

In these tables, the value in a cell indicates whether the convergence of a net in the
sense that labels the row of that cell does (value 1) or does not (value 0) in general imply
its convergence (to the same limit) in the sense that labels the column of that cell. For
example, the value O in the cell (uo,S7y) in Table indicates that there exists a net
of order bounded linear operators on a Dedekind complete vector lattice E that admits a
Hausdorff uo-Lebesgue topology T, such that this net is unbounded order convergent to
zero in %, (E), but not strongly convergent to zero with respect to 7. The value 1 in the
cell (uo, STg) in Table however, indicates that every net of orthomorphisms on an
arbitrary Dedekind complete vector lattice E that admits a Hausdorff uo-Lebesgue topology
T, such that this net is unbounded order convergent to zero, is strongly convergent to zero
with respect to Tj.

We shall now explain how these tables can be obtained.

Obviously, the order convergence of a net of operators implies its unbounded order
convergence, which implies its convergence in a possible Hausdorff uo-Lebesgue topology.
There are similar implications for the three associated strong convergences. Furthermore,
an implication that fails for orthomorphisms also fails in the general case. Using these basic
facts, it is a logical exercise to complete the tables from a few ‘starting values’ that we now
validate.

For Table we have the following ‘starting values’:

 the value 1 in the cell (o, SO) follows from [[19, Lemma 4.1];

* the value 0 in the cell (uo,STy) follows from [[19, Example 5.3], when using that,
for an atomic vector lattice as in that example, the unbounded order convergence of
a net and the convergence in the Hausdorff uo-Lebesgue topology coincide (see [[13]
Proposition 1] and [[44, Lemma 7.4]);

* the value 0 in the cell (SO,7 4, (g)) follows from the case where p = oo in [19,
Example 5.5]. The reason is—we resort to the notation and context of that exam-
ple—that, for p = 00, it follows from [[9, Example 10.1.2] that the sequence E, f is
order bounded in Lo, ([0, 1]) for all f € L.([0,1]). Since we already know from the
general case that it is almost everywhere convergent to f it is, in fact, order conver-
gent to f in Lo ([0, 1]). The remainder of the arguments in the example then validate
the value 0 in the cell.
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For Table [4.3.2] we have the following ‘starting values’:

* the values 0 in the cells (uo, 0), (u0, SO), (Toh(r), u0), and (T oyn(r), SUO) follow from
the examples preceding [[19, Lemma 9.1], letting the multiplication operators act on
the constant function 1 for the second and fourth of these cells;

* the value 0 in the cell (SO, 0) follows from the example following the proof of [[19,
Theorem 9.4];

¢ the values 1 in the cells (uo, SUO) and (SUO, uo) follow from [[19, Theorem 9.9];

* the values 1 in the cells (Topng), STg) and (STg, Topm(g)) follow from [19, Theo-
rem 9.12].

The reader may check for himself that the above is, indeed, sufficient information to

determine both tables.

Remark 4.3.3.

(1) Every order bounded net of orthomorphisms on an arbitrary Dedekind complete vector
lattice E that is strongly order convergent to zero, is order convergent to zero in Orth(E);
see [[19, Theorem 9.4];

(2) Every sequence of orthomorphisms on a Dedekind complete Banach lattice E that is
strongly order convergent to zero, is order convergent to zero in Orth(E); see [[19,
Theorem 9.7];

(3) The validity of all zeroes in Table[4.3.1] (resp. Table[4.3.2) follows from the existence of a
net of order bounded linear operators (resp. orthomorphisms) on a Dedekind complete
Banach lattice for which the implication in question does not hold. With the cell (SO, o)
in Table as the only exception, such a net of operators on a Banach lattice can even
be taken to be a sequence. This follows from an inspection of the (counter) examples
referred to above when validating the ‘starting’ zeroes in the tables.

4.4 Continuity of left and right multiplications

In this section, we study continuity properties of left and right multiplication operators.
For example, take an arbitrary T € %,,(E), where E is an arbitrary Dedekind complete
vector lattice that admits a Hausdorff uo-Lebesgue topology T ¢ (g). Is it then true that A :
“on(E) = %,(E) maps unbounded order convergent nets in £,,(E) to T ¢ (5)-convergent
nets (with corresponding limits)? If not, is this then true when we suppose that T € %£,.(E)?
If not, is this true when we suppose that T € Orth(E)? One can ask a similar combination
of questions, specifying to classes of increasingly well-behaved operators, for each of the
6-6 = 36 combinations of convergences of nets in %,;,(E) under consideration in this paper.
There are also 36 combinations to be considered for left multiplication operators. This
section provides the answers in all 72 cases; the results are contained in the Tables [4.4.14]
and below. For the example that we gave, the answer is still negative when asking
it for arbitrary T € %,.(E), but affirmative for arbitrary T € Orth(E).

For Orth(E), there are similar questions to be asked for its left and right regular repre-
sentation, but their number is smaller. Firstly, we see no obvious better-behaved subclass
of Orth(E) that we should also consider. Secondly, since Orth(E) is commutative, there is
only one type of multiplication involved. Thirdly, as in Table there are two pairs of
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coinciding convergences. All in all, there are only 4 x 4 = 16 possible combinations that
actually have to be considered for the regular representation of Orth(E). Also in this case,
all answers can be given; the results are contained in Table below. As it turns out,
Table is identical to Table There appears to be no a priori reason for this fact;
it is simply the outcome.

We shall now set out to validate the Tables and Fortunately,
we do not need individual results for every cell. Upon considering the multiplications by
the orthomorphism that is the identity operator, the zeroes in the Tables [4.3.1] and [4.3.2]
already determine the values in many cells. For the remaining ones, the combination of the
‘standard’ implications that were already used for the Tables and and a limited
number of results and (counter) examples already suffices. We shall now start to collect
these.

We start with 0-o and SO-SO continuity.

Proposition 4.4.1. Let E be a Dedekind complete vector lattice. Then:
(1) pr: %Ly (E) = £y (E) is 0-o continuous for all T € £, (E);

(2) Ar: %Ly(E) = Ly (E) is 0-o continuous for all T € %£,.(E);

(3) pr: Ly(E) = £y (E) is SO-SO continuous for all T € £, (E);
(4) Ar: ZLop(E) = Zy(E) is SO-SO continuous for all T € £,.(E).

Proof. We prove the parts and (). Take T € %, (E), and let (T,)geu S ZLop(E) be
a net such that S, > 0in “2.(E). By passing to a tail, we may assume that (|S,|)gec4 is
order bounded in %, (E). Set R, = \/ﬁz(x"sﬁl for a € A. Then |S,| <R, for a € A and
R, | 0in ¥,,(E) (see [28, Remark 2.2]). It is immediate from [[7, Theorem 1.18] that also
R,IT| | 0in Z,,(E). Since |p7(Sy)| < R,|T| for a € A, we see that pr(S,) > 0in %(E),
as desired. Suppose that, in fact, T € %,.(E). Since R, x | 0 for x € E* by [[7, Theorem
1.18], we then also have that |T|R,x | O for x € E*. Hence |T|R, | 0 in %,,(E). The fact
that [A1(S,)| < |T|R, for a € A then implies that A (S,) > 0in “Lon(E).

The parts and are immediate consequences of the definitions. O

We now show that the condition in the parts and of Proposition that T €
%..(E) cannot be relaxed to T € %, (E).

Examples 4.4.2. Take E = {, let (e,);2; be the sequence of standard unit vectors in E,
and let ¢ denote the sublattice of E consisting of the convergent sequences. We define a
positive linear functional f. on c by setting

fulx):= lim x,
forx = \/IO: 1 X;e; € c. Since c is a majorising vector subspace of E, [[7, Theorem 1.32] shows
that there exists a positive functional f on E that extends f,. We define T : E — E by setting

Tx = f(x)e, for x € E. Clearly, T € 4,,(E); a consideration of T(\/iojn e;) for n > 1 shows
that T ¢ %,.(E).
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We define S, € %,.(E) for n > 1 by setting

n
Spx = xq \/ e,
i=1
and S € %,.(E) by setting
o0
Sx =x,; \/ e;

for x = \/fj1 x;e; € E. Clearly, S,, T S in %,,(E). On the other hand, A(S,) = 0 for all
n > 1, while A(S) = P;, where P; € %,,(E) is the order projection onto the span of e;.
This shows that A} : £, (E) = £,,(E) is not 0-o continuous.

The sequence (S,)-°,, being order convergent to S, is also strongly unbounded order
convergent to S in £, (E). Hence A : £y (E) = £, (E) is not SO-SO continuous.
Remark 4.4.3. Examples also shows that, already for a Banach lattice E, A; need
not even be sequentially 0-T & ) continuous, sequentially 0-ST continuous, sequentially
SO-T ¢ () continuous, or sequentially SO-STy continuous for arbitrary T € Z,(E).

Remark 4.4.4. The o-o continuity (appropriately defined) of left and right multiplications
on ordered algebras is studied in [4]]. It is established on [[4, p. 542-543] that, for a Dedekind
complete vector lattice E, the right and left multiplication by an element T of the ordered
algebra L(E) of all (!) linear operators on E are both order continuous on L(E) in the sense
of [[4]] if and only if the left multiplication is, which is the case if and only if T € £, .(E). The
proof refers to [3, Example 2.9 (a)], which is concerned with multiplications by a positive
operator T on the ordered Banach algebra L(E) of all (!) bounded linear operators on a
Dedekind complete Banach lattice E. It is established in that example that the simultaneous
order continuity of the right and left multiplication by T on L(E) in the sense of [3] is
equivalent to T being order continuous. On [[3] p. 151] it is mentioned that this criterion
for the order continuity of an operator can also be presented for an arbitrary Dedekind
complete vector lattice. Although it is not stated as such, and although a proof as such
is not given, the author may have meant to state, and have known to be true, that, for a
Dedekind complete vector lattice E and T € %, (E), Ar and p; are both o-o continuous on
2.(E) in the sense of the present paper if and only if Ay is, which is the case if and only
if T € ¥,.(E). Using arguments as on [[3, p. 151] and [[4, p. 542-543], the authors of the
present paper have verified that—this is the hard part—for T € ¥,,(E), the o0-o continuity
of A; on %, (E) in the sense of the present paper does implies that T € %,.(E). Hence the
three properties of T € ¥, (E) mentioned above are, indeed, equivalent; a result that is to
be attributed to the late Egor Alekhno.

We use the opportunity to establish the following side result, which follows easily from
combining each of [[42, Satz 3.1] and [[10, Proposition 2.2] with the parts and of

Proposition [4.4.1}

Proposition 4.4.5. Let E be a Dedekind complete vector lattice. Then:
(1) the map T — pr defines an order continuous lattice homomorphism p : £y (E) —
goc(goc(E); gob(E))
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(2) the map T — A defines an order continuous lattice homomorphism A : £, (E) —
zob(gob(E)) that maps goc(E) into zoc(gob(E))-

Remark 4.4.6. In [|48, Problem 1], it was asked, among others, whether, for a Dedekind
complete vector lattice E, the left regular representation of £,,(E) is a lattice homomor-
phism from %.,(E) into £, (Z,,(E)). In [14] Theorem 11.19], it was observed that the
affirmative answer is, in fact, provided by [[42] Satz 3.1]. Part (2)) of Proposition [4.4.5] gives
still more precise information.

Part (1)), which relies on [[10} Proposition 2.2], implies that the right regular representa-
tion of %,.(E) is an order continuous lattice homomorphism from %, .(E) into £, (%,.(E)),
with an image that is, in fact, contained in £, .(%,.(E)).

After this brief digression, we continue with the main line of this section, and consider
uo-uo and SUO-SUO continuity of left and right multiplication operators.

Proposition 4.4.7. Let E be a Dedekind complete vector lattice. Then:
(1) pr is uo-uo continuous on %, (E) for all T € Orth(E);

(2) Ar is uo-uo continuous on Z.,(E) for all T € Orth(E);

(3) pr is SUO-SUO continuous on %y, (E) for all T € £, (E);

(4) Ar is SUO-SUO continuous on £, (E) for all T € Orth(E).

Proof. For the parts and (2), we note that py, Ay € Orth(Z,,(E)) by Corollary
Their uo-uo continuity then follows from [[19] Proposition 7.1].

Part (3) is trivial.

We prove part H Let (T,)qec4 be a net in Z,,(E) such that S, 500, 0. Take an x € E.
Then S, x =, 0in E. It follows from [[19, Proposition 7.1] that Ar(Se)x = TS,x = 0inE,
as desired. O

Remark 4.4.8. For the proof of the parts (I)) and (2)) of Proposition[4.4.7] an appeal to the
beginning of [[34, Section 2] can replace the use of Corollary[4.2.5] It is, however, only Corol-
lary [4.2.5] that permits the obvious extensions of the parts (1)) and (2) of Proposition 4.4.7]
to (not necessarily regular) vector sublattices of %, (E) that are invariant under left or
right composition with orthomorphisms, provided that they have the principal projection

property.

We now show that the condition in the parts (1)), (), and () of Proposition that
T € Orth(E) cannot be relaxed to T € £,.(E).

Examples 4.4.9.

(1) We first give an example showing that A; and p; need not be uo-uo continuous on
YL(E) for T € £,.(E).
Let E=1,[0,1] with 1 < p < co. We define T € %4,,(E) = Z,.(E) by setting

Sf = ff dy - o4 (4.2)
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for f € E. For n > 1, we define the positive operator S,, on E by setting

S Ft) = flt+1/n) fort €[0,(n—1)/n);
nf ()= f(t=(n—=1)/n) forte[(n—1)/n,1].

We claim that (S,,)2; is a disjoint sequence in %,,(E). Let m,n > 1 with m > n. Take
a k > 1 such that 1/k < 1/n—1/m. For every f € ET, [[7, Theorem 1.51] then implies

that
k

0<S,AS,(f) =< Zsm(f “Xt=)/ki/kP) ASn(f * X1i—1)/ki/k) = 0
i=1
because the supports of S,,(f - x¢i—1)/k,i/k]) and S,(f - X[i-1)/k,i/k]) are disjoint for
i=1,...,k. Hence S, AS, =0, as claimed.
By [28, Corollary 3.6], the disjoint sequence (S,)-2, is unbounded order convergent to
zero in %, (E). On the other hand, it is easy to see that pr(S,) = Ar(S,) = S for all
n > 1. Hence neither of (p1(S,)) 2, and (A7(S,))-2; is unbounded order convergent
to zero in %, (E). This shows that neither p; nor A is uo-uo continuous on %£;,(E).
(2) We now give an example showing that A need not be SUO-SUO continuous on %, (E)
for T € Z,(E). Let E = 1,[0,1] with 1 < p < oo. For n > 1, define the positive
operator S,, on E by setting S, f := 2" y[1_q/gn-11-1/2n1 - f for f €E. Let T € ¥,.(E) be
defined as in equation (4.2). For every f € E, it is clear that S, f and S,,f are disjoint
whenever m # n, and then [28 Corollary 3.6] shows that S, f 2% 0in E. That is,
(8,):2, is strongly unbounded order convergent to zero. On the other hand, it is easily
seen that A7(S,)¥[0.1] = X[01] for n > 1. This implies that (17(S,)).2; is not strongly
unbounded order convergent to zero, so that A; is not SUO-SUO continuous on Z,,(E).

Remark 4.4.10. Examples also shows that, already for a Banach lattice with an order
continuous norm, py and Ay need not even be sequentially uo-7 ¢ (gy continuous and A
need not be even be sequentially SUO-ST; continuous on %,,(E) for arbitrary T € £,.(E) =
gob(E )

We now turn to the Hausdorff uo-Lebesgue topologies. The reader may wish to recall

Theorem

Proposition 4.4.11. Let E be a Dedekind complete vector lattice that admits a (necessarily
unique) Hausdorff uo-Lebesgue topology T, so that £, (E) also admits a (necessarily unique)
Hausdorff uo-Lebesgue topology T ¢ (). Then:

(1) pris Ty, (5) T g, E) continuous on Ly,(E) for all T € Orth(E);

(2) Aris Tg, (5)T ¢, (k) continuous on Ly, (E) for all T € Orth(E);

(3) py is ST-STy continuous on £, (E) for all T € ¥£,,(E);

(4) Ar is STE-STg continuous on %,,(E) for all T € Orth(E).

Proof. We know from Corollary [4.2.5] that pr, A € Orth(%Z,,(E)) when T € Orth(E), and
then the parts (1)) and (2)) follow from [[19, Corollary 7.3].

Part (3) is trivial.

Part follows from [[19, Corollary 7.3]. O
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We now show that the condition in the parts (1), (), and (4) of Proposition[4.4.11|that
T € Orth(E) cannot be relaxed to T € %,.(E).

Examples 4.4.12.

(1) We first give an example showing that A; and pr need notbe T . (5)-T & (g) cOntinuous
on %.,(E) for T € ¥,.(E). For this, we resort to the context and notation of part (1)) of
Examples In that example, we know that S, 2 0in 2.(E), and then certainly

T‘Zob (E

Sh 2, 0. Since pr(Sy) = A¢(Sy,) for all n > 1, we see that neither pg nor Ag is
T 4 (E)7T 2,,(E) continuous on Zyp(E).

(2) We give an example showing that A need not be ST;-ST continuous on %, (E) for
T € %,.(E). For this, we resort to the context and notation of part (2)) of Examples[4.4.9]

In that example, we know that S, f 2 0inE for f € E. Then certainly S, f 50
for f € E. Since Ar(S,)x[01] = X[o,1] for all n > 1, we see that A7 is not STg-STg
continuous.

Remark 4.4.13. Examples shows that, already for a Banach lattices with an order
continuous norm, pr and A need not even be sequentially T (5)-T ¢ (5) continuous and
Ar need not even be sequentially ST ¢ (5)-ST ¢, () continuous on %,(E) for arbitrary T €
zoc(E) = gob(E)

We now have sufficient material at our disposal to determine the tables mentioned at
the beginning of this section.

For right multiplications on £, (E), the results are in Table The value in a cell
with a row label indicating a convergence structure %; and a column label indicating a
convergence structure %, is to be interpreted as follows:

(1) Avalue {0} (resp. Orth(E), resp. %£,.(E)) means that p is €;-%, continuous on %, (E)
for every Dedekind complete vector lattice E and for every T € {0} (resp. T € Orth(E),
resp. T € %,.(E)), but there exist a Dedekind complete vector lattice E and a T €
Orth(E) (resp. T € %,.(E), resp. T € %,,(E)) for which this is not the case;

(2) A value ¥%,,(E) means that p; is 6;-6, continuous on %, (E) for every Dedekind
complete vector lattice E and for every T € £,,(E).

Table 4.4.14: Continuity of right multiplications on %, (E).

o) uo Ty, (E) SO SUO STg
o ="fob(E) =%ob(E) gob(E) gob(E) ='rfob(E) =gob(E)

uo {0} Orth(E) | Orth(E) {0} {0} {0}

T ,(E) {0} {0} Orth(E) {o} {o} {0}
SO {0} {O} {O} gob(E) zob(E) zob(E)
Suo {0} {0} {0} {0} ZLw(E) | ZLw(E)
ST {0} {0} {0} {o} {0} Zon(E)

As mentioned in the beginning of this section, the zeroes in Table give zeroes in
Table 4.4.14] The reader may verify that the remaining values can be determined using
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that order convergence implies unbounded order convergence, which implies T conver-
gence when applicable; that analogous implications hold for their strong versions; that order
convergence implies strong order convergence; combined with Proposition Proposi-
tion [4.4.7] Remark [4.4.10} Proposition [4.4.11] and Remark [4.4.13]

For left multiplications on Z,,(E), the results are in Table with a similar inter-
pretation of the values in the cells as for Table [4.4.14]

Table 4.4.15: Continuity of left multiplications on Z,,(E).

o) uo Ty, (E) SO SUO STk
0 gOC(E) ‘%OC(E) gOC(E) ‘gOC(E) gOC(E) ‘%OC(E)
uo {0} Orth(E) Orth(E) {0} {0} {0}
T, (E) {0} {0} Orth(E) {0} {0} {0}
SO {0} {0} {0} Loo(E) | ZoolE) | Zo(E)
SUO {0} {0} {0} {0} Orth(E) | Orth(E)
ST {0} {0} {0} {0} {0} Orth(E)

For Table[4.4.15] the values of the cells can be determined using the zeroes in Table[4.3.1]
the ‘standard implications’ as listed for Table combined with Proposition Re-
mark [4.4.3] Proposition [4.4.7} Remark [4.4.10} Proposition and Remark[4.4.13]

For multiplications on Orth(E), the continuity properties are given by Table In
that table, a value 1 in a cell with a row label indicating a convergence structure %; and
a column label indicating a convergence structure %, means that the maps pr = Ag :
Orth(E) — Orth(E) is %;-%, continuous for all T € Orth(E). A value O means that there
exists a Dedekind complete vector lattice E and a T € Orth(E) for which this is not the case.

Table 4.4.16: Continuity of multiplications on Orth(E).

o) uo Torh(E) SO SUO STk
o] 1 1 1 1 1 1
uo 0 1 1 0 1 1
T orh(E) 0 0 1 0 0 1
SO 0 1 1 1 1 1
SUO 0 1 1 0 1 1
STg 0 0 1 0 0 1

In Orth(E), uo and SUO convergence of nets coincide, as do a possible T, (E) and
STy convergence.

The values in the cells of Table can be determined using the zeroes in Table
the ‘standard implications’ as listed for Table the fact that Orth(E) is a regular vector
sublattice of %, (E); the facts that unbounded order convergence and strong unbounded
order convergence coincide on Orth(E), as do a possible T and STy convergence;

combined with Proposition [4.4.1] Proposition [4.4.7] and Proposition [4.4.11
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4.5 Simultaneous continuity of multiplications and adherences
of subalgebras of ¥, (E)

In this section, we study the simultaneous continuity of the multiplications in subalgebras of
2., (E) (where E is a Dedekind complete vector lattice) with respect to the six convergence
structures under consideration in this paper. This is motivated by questions of the following
type. Suppose that E admits a Hausdorff uo-Lebesgue topology. Take a subalgebra (not
necessarily a vector lattice subalgebra) of £, (E). Is its adherence agz, (.¢/) in Z,,(E) with
respect to strong T convergence again a subalgebra of £, (E)? This is not always the case,
not even when .« C %,.(E); see Example below. When .&/ C Orth(E), however, the
answer is affirmative; see Corollary[4.5.12] below.

As the reader may verify, it follows already from the continuity of the left and right mul-
tiplications with respect to strong T convergence (see Proposition that agz, (/) -
agz, (&) € agz,(asz, (o)) when &/ C Orth(E), but that is not sufficient to show that
agz, (&) is a subalgebra. The simultaneous continuity of the multiplication in Orth(E) with
respect to strong Ty convergence in Orth(E) would be sufficient to conclude this, and this
can indeed be established; see Proposition[4.5.11] below.

For each of the remaining five convergence structures, we follow the same pattern. We
establish (this also relies on the single variable results in Section[4.4) the simultaneous con-
tinuity of the multiplication with respect to the convergence structure under consideration,
and then conclude that the pertinent adherence of a subalgebra is again a subalgebra. For
the latter result it is—as the above example already indicates—essential to impose an extra
condition on the subalgebra. This condition depends on the convergence structure under
consideration. Natural extra conditions are that it be a subalgebra of Orth(E) or of £, (E)
and we obtain positive results under such conditions. We also have fairly complete results
showing that the relaxation of the pertinent condition to the ‘natural’ next lenient one does,
in fact, render the statement that the adherence is a subalgebra again invalid. This also
implies that multiplication is then not simultaneously continuous.

In the cases where the lattice operations are known to be simultaneously continuous with
respect to the convergence structure under consideration, it obviously also follows that the
pertinent adherence of a vector lattice subalgebra is a vector lattice subalgebra again.

We shall now embark on this programme. We start with order convergence, which is
the easiest case. For this, we have the following result on the simultaneous continuity of
multiplication.

Proposition 4.5.1. Let E be a Dedekind complete vector lattice. Suppose that (T,).c.4 is a net
in %,.(E) such that S, > Sin Zov(E) for some S € £,(E) and that (Tg)gep S ZLop(E) is a
net such that Ty — T in £,,(E) for some T € Ly, (E). Then S € £,.(E) and S4Tg — ST in
gob(E)-

Proof. It is clear that S € %,.(E). By passing to a tail, we may suppose that (|Tg|)gep is
bounded above by some R € £, (E)*. Using the parts and of Proposition 4.4.1| for
the final order convergence, we have that

S Tp —ST| < |S,Tp —STp| + STy —ST]|
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<|Sq—SIR+ISIITs —T| >0

in Z,,(E). Hence S, Tg > ST in ZLon(E). O

The following is now clear from Proposition and the simultaneous order continuity
of the lattice operations.

Corollary 4.5.2. Let E be a Dedekind complete vector lattice. Suppose that .« is a subalgebra
of %..(E). Then the adherence a,(.«/) in £,,(E) is also a subalgebra of %,.(E). When .« is
a vector lattice subalgebra of £,.(E), then so is a (.« ).

We now show that the condition in Corollary that ./ C %, .(E) cannot be relaxed
to .of C gob(E)'

Example 4.5.3. Take E = {, and let (e,)>2, be the standard sequence of unit vectors in
E. We define T € %,;,(E) as in Examples For n > 1, we now define S/ € %,.(E) by

setting
n+2

S/ x =Xy \/ e,
i=3
and S’ € ¥,.(E) by setting

(e.°]
[
S'x = x2\/ei
i=3

for x = \/2, x;e; € E. It is easily verified that T? = 0, that S/S/, =0 for m,n > 1, and that
S/T =TS =0 forn>1. Hence .« :=Span{T, S, : n > 1} is a subalgebra of £,,(E). As
S/ 18" in %,,(E), both S’ and T are elements of a,(.</).

However, TS’ ¢ a,(./). In fact, TS’ is not even an element of ago(.«¢) 2 a,(.«/). To
see this, we observe that TS’e, = e; # 0, and that, as is easily verified, TS e, L Re, for all
R € .o/. Hence there cannot exist a net (R, ),ec 4 € -« such thatRe, > TS'e, in E, let alone

such that R, T8 in 2. (E).

Now we turn to the strong order adherences of subalgebras of ¥, ,(E). We start by
showing that Orth(E) is closed in ¥, (E) under the convergences under consideration in
this paper. We recall from Theorem [4.2.1] that either all of E, Orth(E), and £,,(E) admit a
Hausdorff uo-Lebesgue topology, or none does.

Lemma 4.5.4. Let E be a Dedekind complete vector lattice. Then Orth(E) is closed in %, (E)
under order convergence, unbounded order convergence, strong order convergence, and strong
unbounded order convergence. Suppose that E admits a (necessarily unique) Hausdorff uo-
Lebesgue topology. Then Orth(E) is closed in %,,(E) under T ¢ gy convergence and strong Tg
convergence.

Proof. The statements concerning order convergence, unbounded order convergence, and
convergence in a possible Hausdorff uo-Lebesgue topology on ¥, (E) are evident, since
Orth(E) is a band in %, (E). These three general properties of bands in vector lattices, but
now for bands in E, also imply that, for each of the three strong convergences, a limit in
2. (E) of a net in Orth(E) is again a band preserving operator on E. O
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Proposition 4.5.5. Let E be a Dedekind complete vector lattice. Suppose that (T,)c 4 is a net
o)
in Orth(E) such that S, — S in £, (E) for some S € %,,(E) and that (Tg)pep € Lob(E) is a

0 0
net such that Tpg O Tin ZLob(E) for some T € £y, (E). Then S € Orth(E), and S, Tg st
in 'gob(E)'

Proof. Lemma shows that S € Orth(E). Take x € E. By passing to a tail, we may
suppose that (|Tgx|)ges is bounded above by some y € E *. By applying [[7, Theorem 2.43]
and the order continuity of |S| for the final convergence, we see that

1SqTgx —STx| < [(Sq —S)Tpx|+1S(Tg — T)x|
<|ISe =Sl Tpx|+ISI|(Tg — T)x]|
<|Se—Sly +IS|ITgx — Tx|

=|(Sy —S)y| +ISI|Tpx — Tx| =0

in E. Hence S, T — ST in Z,,(E). 0
The following is now clear from Proposition |4.5.5

Corollary 4.5.6. Let E be a Dedekind complete vector lattice. Suppose that .« is a subalgebra
of Orth(E). Then the adherence ago(.«/) in £.,(E) is also a subalgebra of Orth(E).

We now show that the condition in Corollary that .¢ C Orth(E) cannot be relaxed
to . C %, (E). At the time of writing, the authors do not know whether it might be relaxed
to .o € Z,.(E).

Example 4.5.7. We resort to the context and notation of Example In that example,
we had operators T,S’ € a,(./) such that TS" ¢ ago(.«f). Since a,(./) C ago(.</), this
example also provides an example as currently needed.

We turn to unbounded order adherences and strong unbounded order adherences.

Proposition 4.5.8. Let E be a Dedekind complete vector lattice. Suppose that (T,),c 4 is a net
in Orth(E) such that S, 5 Sin ZLov(E) for some S € £, (E) and that (Tg)pep S Orth(E) is a

net such that Tg = Tin ZLov(E) for some T € £,(E). Then S, T € Orth(E), and S, Tg =St
in %, (E). Seven similar statements hold that are obtained by, for each of the three occurrences
of unbounded order convergence, either keeping it or replacing it with strong unbounded order
convergence.

Proof. We start with the statement for three occurrences of unbounded order convergence.
For this, we first suppose that S =T = 0.

For a € A, let P, be the order projection in Orth(E) onto the band B, in Orth(E) that
is generated by (|S,| —I)*. Then 0 < P,I < P,|S,| < |S,| by [19, Lemma 6.6]. Hence
Pol = 0in 2(E), so that also P,I = 0 in the regular vector sublattice Orth(E) of
2sp(E) by [28, Theorem 3.2]. Since the net (P,I),c 4 is order bounded in Orth(E), we see
that

Pl >0 (4.3)
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in Orth(E). Furthermore, since (P,|S,|)Tg € B, for a € A, § € B, (see [[Z, Theorem 2.62]
or Corollary 4.2.5), we also have that [(P,[S,)Tg] AT € B, for a € A, f € B. Hence

[(PalsaDTﬂ]/\I :Pa([(Pa|Sa|)Tﬁ]AI) SP(II (44)

forae A, B e B.
Combining the fact that |S,| < I+7P,|S,| by [19} Proposition 6.7(2) ] with equation (4.4),
we have, forae A, € B,

1Se Tl AT < (ISl T AT
S [T+ PalSaDITgIINT
STl AT+ [(PalSaDITplIIAT
STl AT+ Pl

The fact that T % 0in %, (E) and then also in Orth(E), together with equation (4.3)),
now shows that [S,Tg| A T > 0in Orth(E). Since I is a weak order unit of Orth(E), [128|
Corollary 3.5] (or the more general [20, Proposition 7.4]) implies that S, Ty = 0in Orth(E)

and then also in %,;,(E).
For the case of general S and T, we first note that S, T € Orth(E) as a consequence of

Lemma On writing

SuTp— TS =(Su—S)(Tp —T)+S,T + ST —2TS,

the special case considered above, together with Proposition then implies that S, T =
ST in %,,(E), as desired.

On invoking Lemma [19, Theorem 9.9], and [28 Theorem 3.2], the remaining
seven statements follow from the case just established. O

The following is now clear from Proposition [4.5.8} [19, Theorem 9.9], and the simulta-
neous unbounded order continuity of the lattice operations.

Corollary 4.5.9. Let E be a Dedekind complete vector lattice, and let .o/ be a subalgebra of
Orth(E). Then the adherences a,,(.«) and agyo(-«) in £, (E) are equal, and are a subalgebra
of Orth(E). When .« is a vector lattice subalgebra of Orth(E), then so is a,,(.«) = agyo(-<).

We now show that, neither for a,,(.«) to be a subalgebra of %,,(E), nor for agyo(-«)
to be a subalgebra of %, (E), the condition in Corollary [4.5.9 that .o/ C Orth(E) can be
relaxed to ./ C %, .(E).

Example 4.5.10. Let E = {q, and let (e,) 2, be the standard sequence of unit vectors in E.
For i,j > 1, we define S; ; € £,.(E) = %,,(E) by setting

S e i e; ifn=i;
ETlo ifn#i
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for n > 1, and we define T € %,.(E) by setting

e (S0

i=2

for x = \/lc;o1 x;e; € E. Set S, :=8; 5 —S; 43 for n > 1. It is not hard to check that T2=T,
that S, T = TS, =0 for n > 1, and that S,,S,, = 0 for m,n > 1. Hence .« := Span{T, S,
n > 1} is a subalgebra of %, .(E).

Using [[7, Theorem 1.51], itis easy to see that (S; ;,43)2; isa dlS_]Olnt sequence in Z,;,(E),

so that Sy ;13 =2 0in “.v(E) by [28, Corollary 3.6]. Hence S, = S5 in £y, (E), showing
that S; 5 € a,,(«/). Obviously, T € a,,(.«/). We claim that, however, TS , is not even an

element of .7 “® D a,,(-27). In order to see this, we observe that TS; , = S; 5 and, using
[7, Theorem 1.51], that S; 3 L T and S, 3 L S, for n > 1. Hence TS, , | .¢/, which implies

—or
that TS],Z ¢ »d © th(E)
SUO
Forx = \/;=, x;e; € €1, we have Sl 43X = X1€py3 forn > 1. This implies that Sy .3 —

0 in %,,(E), showing that S, S50, Sy, in %y, (E). Hence S, € agyo(.#/). Obviously,
T € agyp(E). We claim that, however, TS , is not even an element of agz, (.9/) 2 agyo(-o/)-
In order to see this, it is sufficient to observe that TSe; , = e3 # 0 and that TS 5e; L Re, for

all R € .of. This implies that there cannot exist a net (Ry),e 4 € . such that R e SN Y e
in E, let alone such thatR,, LA TS in £, (E).

We turn to closures in a Hausdorff uo-Lebesgue topology and strong closures with respect
to a Hausdorff uo-Lebesgue topology. We recall once more from Theorem that either
all of E, Orth(E), and %,;,(E) admit a Hausdorff uo-Lebesgue topology, or none does. If
they do, then, by general principles (see [44, Proposition 5.12]), Tom(g) is the restriction
of Ty () to Orth(E).

Proposition 4.5.11. Let E be a Dedekind complete vector lattice that admits a (necessarily
unique) Hausdorﬁ‘ uo-Lebesgue topology Tp. Suppose that (T,)aes S Orth(E) is a net such

that S, o ®, S in Z,p(E) for some S € Zy,(E) and that (Tg)gep S Orth(E) is a net such

ob(E)

that Tﬁ N T in £, (E) for some T € %, (E). Then S, T € Orth(E), and S,Tg —— ST
in %,,(E). Seven similar statements hold that are obtained by, for each of the three occurrences
of T 4, (k) convergence, either keeping it or replacing it with strong Tp convergence.

Proof. We start with the statement for three occurrences of T () convergence. For this,
we first suppose that S =T = 0.

We can use parts of the proof of Proposition [4.5.8|here. In that proof, it was established
that, for a € A, there exists a band projection P, in Orth(E) such that

0<P,I<I|S,] (4.5)

and such that
|SaTﬁ|/\I£|Tﬁ|/\I+PaI (4.6)
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for B € B. It follows from equation (4.5)) that also

Tp(E)

Pl —2550

Tl ®
in %, (E), and then equation Il shows that [S, Tg| AT 2 0in % (E), so that also

Orth(E )

1Se Tyl AT ——0 4.7)

in Orth(E). The ideal of Orth(E) that is generated by I in %, (E) is order dense in %, (E).
It follows from [|7, Theorem 1.36] that its order adherence in .£,,(E), as well as in Orth(E),
is exactly Orth(E). Hence it is certainly 7o, (g) dense in Orth(E). Since Toyp(g) is an un-
bounded topology on Orth(E), it now follows from equation and [33], Corollary 3.5]

Torh(E) . TegE)
that S, T — 0 in Orth(E), and then also S,Tg —— 0 in Z,,(E).
For the case of general S and T, we first note that S, T € Orth(E) as a consequence of
Lemma On writing

SuTp— TS =(Su—S)(T —T)+S,T +STp —2TS,

we see that the special case considered above, together with Proposition[4.4.11] implies that
ob( )

SeTg —— ST in =%Ob(E) as desired.
On invoking Lemma and [[19, Theorem 9.12], the remaining seven statements
follow from the case just established. O

The following is now clear from Proposition |4.5.11| and the simultaneous continuity of
the lattice operations with respect to the T4 (z) topology.

Corollary 4.5.12. Let E be a Dedekind complete vector lattice that admits a (necessarily
unique) Hausdorff uo-Lebesgue topology Tg. Suppose that . is a subalgebra of Orth(E).

Then the closure .o “>® in “op(E) and the adherence agz, (&) in %,,(E) are equal, and
are a subalgebra of Orth(E). When . is a vector lattice subalgebra of Orth(E), then so is

T~ age, (),

We now show that, neither for E?Y"b(m to be a subalgebra of Z,(E), nor for agz, (.«/)
to be a subalgebra of %, (E), the condition in Corollary [4.5.12| that ./ C Orth(E) can be
relaxed to ./ C £, .(E).

Example 4.5.13. We return to the context and notation of Example(4.5.10] In that example,

T
we saw that S, = S12 in %, (E). Then certainly S, BECN S12 in %, (E), so that both T and

“® We saw in Example |4.5.10, however, that TS15¢ o “o®,

—T
S, 5 are elements of .o/

SUO
It was also observed that S, — S 5 in £,,(E). Since E is atomic, the unbounded order
convergence of a net in E and its convergence in the Hausdorff uo-Lebesgue topology on E

are known to coincide (see [[13] Proposition 1] and [44, Lemma 7.4]). Thus also S, T, S,
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so that both T and S, , are elements of agz (.«/). We saw in Example [4.5.10} however, that
TSy ¢ asz, ().

4.6 Equality of adherences of vector sublattices

In this section, we establish the equality of various adherences of vector sublattices with
respect to convergence structures under consideration in this paper. We pay special attention
to vector sublattices of the orthomorphisms on a Dedekind complete vector lattice. Apart
from the intrinsic interest of the results, our research in this direction is also motivated by
representation theory. We shall now explain this.

Suppose that E is a vector lattice, and that & is a non-empty set of order bounded linear
operators on E. For example, E could be a group of order automorphisms of E, as arises
naturally when considering positive representations of groups on vector lattices. Likewise,
& could be a (vector lattice) algebra of order bounded linear operators, as arises naturally
when considering positive representations of (vector lattice) algebras on vector lattices. One
of the main issues in representation theory is to investigate the possible decompositions of
a module into submodules. In our case, this is asking for decompositions E = F; & F, as
an order direct sum of vector sublattices F; and F, that are both invariant under . It
is well known (see [5I, Theorem 11.3] for an even stronger result) that F; and F, are
then projection bands that are each other’s disjoint complements. Their respective order
projections then commute with all elements of &#. Conversely, when an order projection
has this property, then E is the order direct sum of its range and its kernel, and both are
invariant under . Allin all, the decomposition question for the action of & on E is the same
as asking for the order projections on E that commute with &#. This makes it natural to ask
for the commutant of & in Orth(E), where these order projections reside. This commutant
is obviously an associative subalgebra of Orth(E). Somewhat surprisingly, it is actually also
a vector sublattice of Orth(E) in quite a few cases of interest. For example, this is always
true for Banach lattices, in which case the operators in & need not even be regular. Being
bounded is enough, as is shown by the following result, for which the Banach lattice need
not even be Dedekind complete.

Theorem 4.6.1. Let E be a Banach lattice, and let & be a non-empty set of bounded linear
operators on E. Then the commutant

S0 ={T €Orth(E): TS=ST forallS € &}

of & in Orth(E) is a Banach f-subalgebra of Orth(E) that contains the identity operator I as
a strong order unit; here Orth(E) is supplied with the coinciding operator norm and order unit
norm |- ||;.

Proof. Itis obvious that &’ is an associative subalgebra of Orth(E) that contains I and that
is closed with respect to the coinciding operator norm and order unit norm || - ||;. An appeal
to [[19], Theorem 6.1] then finishes the proof. O
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For Dedekind complete vector lattices, we have the following.

Theorem 4.6.2. Let E be a Dedekind complete vector lattice, and let & be a non-empty subset
of £,.(E)* U %,.(E)". Then the commutant

S :={T €Orth(E): TS=ST forallS€ &}

of & in Orth(E) is a vector lattice subalgebra of Orth(E) that contains the identity operator [

as a weak order unit. Furthermore:

(1) &’ is an order closed vector sublattice of every regular vector sublattice of £.;,(E) con-
taining &"°;

(2) &’ is a regular vector sublattice of every Dedekind complete regular vector sublattice of
%.p(E) containing &";

(3) &’ is a Dedekind complete vector lattice.

Proof. We start by proving that &’ is a vector sublattice of Orth(E). For this, we may
suppose that & consists of one positive operator S € £,.(E). It is then sufficient to show
that, for T;, T, € Orth(E), T; V T, commutes with S whenever T; and T, do. We shall now
show this. In the argument that is to follow, all left and right multiplication operators are
to be viewed as order bounded linear operators on %, (E).

Obviously, (T; V T5)S = Ar,yr,(S) which, by [42, Satz 3.1], equals (A7, V A1,)(S). We
know from part (1)) of Corollary [4.2.5] that left multiplications by elements of Orth(E) are
orthomorphisms on Z,(E), so that [6, Theorem 2.43] can be used to conclude that (A, V
A1, )(S8) = A1, (S)VAL,(S) = (T1S)V(T,S) which, as a consequence of the assumption, equals
(STV(STy) = pr,(S)Vpr,(S). Part (2) of Corollary@ and [[6, Theorem 2.43] then show
that this equals [pr, V pr,](S). So far, we have not used that S is order continuous, but it is
at this point that this enables us to conclude from [[10, Proposition 2.2] that [p, Vo1, ](S) =
Prvt,(S), which is just S(T; V T). Hence & ‘o is a vector sublattice of Orth(E).

It is clear that #’° is an associative subalgebra of Orth(E) containing I and that I, which
is a weak order unit of Orth(E), is also one of the vector lattice &".

We turn to the remaining statements. Suppose that (T,),c4 is @ net in &%, that T €
24 (E), and that T, > Tin 2.(E). Then certainly T € Orth(E). Using once more that
& C %Zo(E), it follows from Proposition that T commutes with all elements of &.
Hence T € &', and we conclude that &’ is an order closed vector sublattice of £, (E).
Obviously, it is then also order closed in every regular vector sublattice of ¥, (E) containing
it. We have thus established part (IJ).

Take a Dedekind complete regular vector sublattice & of £, (E) that contains &#’. Since
we know that &’ is order closed in &, [35] p. 303] shows that &’ is a complete vector
sublattice of & as this notion is defined on [35] p. 295-296]. It then follows from [[35]
p. 296] that %’ is a regular vector sublattice of Z and, on taking & = %,,(E), also that
&’ is Dedekind complete. O

Remark 4.6.3. Theorem applies, in particular, when & is a group of order automor-
phisms of E. Obviously, it holds equally well when & is replaced with a linear subspace of
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“%..(E) that is spanned by its intersections with the positive and negative cones of £, .(E). In
particular, it holds whenever . is a vector sublattice of Z,.(E); the fact that S’ is then an or-
der closed vector lattice subalgebra of Orth(E) was already established in [[18] Lemma 8.9].
Likewise, it holds whenever & is an associative subalgebra of %, .(E) that is generated, as
an associative algebra, by its intersections with the positive and negative cones of Z,.(E).

In Theorem the vector lattice & is a Dedekind complete vector lattice with the
identity operator I as a weak order unit. The unbounded version of Freudenthal’s spectral
theorem (see [[36, Theorem 40.3], for example) then shows that an arbitrary element T €
S’ is an order limit of a sequence of linear combinations of the components of I in .
Since the latter are precisely the order projections that commute with & we see that, in
this case, &’ does not only contain all information about the collection of bands in E that
reduce &, but that it is also completely determined by this collection.

On a later occasion, we shall report more elaborately on the procedures of taking com-
mutants and also of taking bicommutants in vector lattices of order bounded linear opera-
tors, as well as on their relations with reducing projection bands for sets of order bounded
linear operators. For the moment, we content ourselves with the general observation that
the study of vector lattice subalgebras of the orthomorphisms is relevant for representation
theory on vector lattices.

We shall now set out to study one particular aspect of this, namely, the equality of the
adherences of vector sublattices of the orthomorphism with respect to several of the conver-
gence structures under consideration in this paper. Although from a representation theoret-
ical point of view it would be natural to require that they also be associative subalgebras,
this does, so far, not appear to be relevant for these issues. Such results on equal adherences
can then also be obtained for associative subalgebras of the orthomorphisms on a Banach
lattice, as a consequence of the fact that their norm closures in the orthomorphisms are. in
fact, vector sublattices to which the previous results can be applied.

Regarding the results below that are given for vector sublattices of the orthomorphisms,
we recall that, for a Dedekind complete vector lattice, several adherences coincide for sub-
sets of the orthomorphisms. Indeed, since, for nets of orthomorphisms, unbounded order
convergence coincides with strong unbounded order convergence, and since the conver-
gence in a possible Hausdorff uo-Lebesgue topology coincides with the corresponding strong
convergence, the corresponding adherences of subsets of the orthomorphisms are also equal.
The same holds for sequential adherences. For reasons of brevity, we have refrained from in-
cluding these ‘obviously also equal’ adherences in the statements.

Although our motivation leads us to study vector sublattice of the orthomorphisms, the
results as we shall derive them for these are actually consequences of more general state-
ments for vector lattices that need not even consist of operators. These are of interest in
their own right. Other such results are [20, Theorem 8.8], [26] Theorem 2.13], and [[44,
Proposition 2.12].

We start by establishing results showing that the closures of vector sublattices (or associa-
tive subalgebras) in a possible Hausdorff uo-Lebesgue topology coincide with their closures
in other linear topologies on the vector lattices (or associative algebras) under considera-
tion. These are based on the following result which, as the reader may verify, is established
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in the first paragraph of the proof of [20, Theorem 8.8]. For the definition of the absolute
weak topology |o|(E,I) on E that occurs in it we refer to [|6, p. 63].

Proposition 4.6.4. Let E be a vector lattice such that E_, separates the points of E. Then E
admits a (necessarily unique) Hausdorff uo-Lebesgue topology Tg. Take an ideal I of E,. that
separates the points of E, and take a vector sublattice F of E. Then

fTE — FO'(E,I) — FlGl(E,I)

inE.

In the following consequence of Proposition 4.6.4, the lattice & of operators can be
taken to be Orth(E).

Corollary 4.6.5. Let E be a Dedekind complete vector lattice such that E,, separates the points
of E, and let & be a regular vector sublattice of £,,(E). Then & separates the points of &,
and & admits a (necessarily unique) Hausdorff uo-Lebesgue topology T ¢. Take an ideal I of &,
that separates the points of &, and take a vector sublattice & of &. Then

§?g — §O'(g,l) — §|O'|(éu,1)

in &.

Proof. For p € E_. and x € E, define the order bounded linear functional on & by setting
@, (T) == p(Tx) for T € &. Since & is a regular vector sublattice of £,(E), an appeal
to [[19, Lemma 4.1] shows that &, , € .. Is then clear that & separates the points of &.
Now Proposition can be applied with E replaced by & and F by &. O

Proposition is also used in the proof of the following.

Theorem 4.6.6. Let .o/ be a unital f-algebra such that its identity element e is also a positive
strong order unit of .«f, and such that it is complete in the submultiplicative order unit norm
Ille on .. Suppose that </, separates the points of .of. Then .o/ admits a (necessarily
unique) Hausdorff uo-Lebesgue topology T ;. Take an ideal I of ./, that separates the points
of o, and take a (not necessarily unital) associative subalgebra 98 of E. Then

F7o _ gD _ gl _
= ot

- R “8)
gl —gl gl

in ..

Before giving the proof, we mention the following fact that is easily verified. Suppose
that X is a topological space that is supplied with two topologies 7, and 75, where 7, is
—7T

p— 2 —
weaker than 7,. Then S'' =35 * for every subset S of X.
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Proof. It follows from [[19, Theorem 6.1] that @'l'”e is a Banach f-subalgebra of .«/. Being
a vector sublattice of ./, Proposition shows that the sets in the second line of equa-
tion are equal. Since the convergence of a net in the order unit norm || -||, implies
its order convergence to the same limit (and then also its convergence in T, to the same
limit), we are done by an appeal to the remark preceding the proof. O

The following is now clear from Theorem and the argument in the proof of Corol-
lary

Corollary 4.6.7. Let E be a Dedekind complete Banach lattice. Suppose that E, separates the
points of E. Then Orth(E)__ separates the points of Orth(E), and Orth(E) admits a (necessarily
unique) Hausdorff uo-Lebesgue topology T oym(g). Take an ideal I of Orth(E), that separates
the points of Orth(E), and take a (not necessarily unital) associative subalgebra .o/ of Orth(E).
Then

E?Orth(E) _ EU(Orth(E),I) _ Elal(Orth(E),I) _

m?onh( g ———0(Orth(E),I)

— _ T T

|o|(Orth(E),I)

in Orth(E); here ||-|| denotes the coinciding operator norm, order unit norm with respect to
the identity operator, and regular norm on Orth(E).

We shall now continue by establishing results showing that the closures of vector sub-
lattices (or associative subalgebras) in a possible Hausdorff uo-Lebesgue topology coincide
with their adherences with respect to various convergence structures on the enveloping
vector lattices (or vector lattice algebras) under consideration in this paper.

Needless to say, under appropriate conditions, ‘topological’ results as obtained above
may apply at the same time as ‘adherence’ results to be obtained below. For reasons of
brevity, we have refrained from formulating such ‘combined’ results.

Let us also notice at this point that the results below imply that the adherences of vector
sublattices that occur in the statements are closed with respect to the pertinent convergence
structures. Indeed, these adherences are set maps that map vector sublattices to vector
sublattices. When they agree on vector sublattices with the topological closure operator
that is supplied by the Hausdorff uo-Lebesgue topology, then they, too, are idempotent. For
example, the unbounded order adherence of the vector sublattice F in Proposition
below, is unbounded order closed. For reasons of brevity, we have refrained from including
such consequences in the results.

We start by considering two cases where the enveloping vector lattices have weak order
units.

Proposition 4.6.8. Let E be a Dedekind complete vector lattice with the countable sup property
and a weak order unit. Suppose that E admits a (necessarily unique) Hausdorff uo-Lebesgue
topology Tg. Let F be vector sublattice of E. Then

—7
F ' =a,,(F)=ay(F)

inE.
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Proof. Clearly, we have a,,,(F) € a,,(F) € FE Letebea positive weak order unit of E.

—T T T
Take x € F ©. There exists a net (Xg)geq in F with x, — x. Then |x, — x| Ae — 0, and
we conclude from [l6, Theorem 4.19] that there exists an increasing sequence (a,)>>; of

indices in A such that [x, —x|Ae 2 0in E. An appeal to [29, Lemma 3.2] shows that

Xq, =, x in E. Hence x € 4y uo(F). We conclude that F * C a,o(F). O

On combining Theorem4.2.1}, Proposition|4.6.8}, and [[19} Proposition 6.5], the following
is easily obtained. We recall that a subset of a vector lattice is said to be an order basis when
the band that it generates is the whole vector lattice.

Corollary 4.6.9. Let E be a Dedekind complete vector lattice with the countable sup property
and an at most countably infinite order basis. Suppose that E admits a (necessarily unique)
Hausdorff uo-Lebesgue topology. Then Orth(E) admits a (necessarily unique) Hausdorff uo-
Lebesgue topology Topn(g)- Let & be vector sublattice of Orth(E). Then

&) = q,.0(8) = a(6)
in Orth(E).

We continue by considering cases where the enveloping vector lattice (or vector lattice
algebra) has a strong order unit.

It is known that the o-adherence of a vector sublattice of a Dedekind complete Banach
lattice E with a strong order unit can be a proper sublattice of its uo-adherence; see [26),
Lemma 2.6] for details. When the vector sublattice contains a strong order unit of E, how-
ever, then this cannot occur, not even in general vector lattices. This is shown by the fol-
lowing preparatory result.

Lemma 4.6.10. Let E be a vector lattice with a strong order unit. Suppose that F is a vector
sublattice of E that contains a strong order unit of E. Then a,(F) = a,,(F) and a,,(F) =
Aguo(F)in E.

Proof. We prove that a,(F) = a,,(F). It is clear that a,(F) € a,,(F). For the reverse
inclusion, we choose a positive strong order unit e of E such that e € F. Take x € a,,(F), and
let (x,)qec4 be a netin F such that x, =, x in E. There existsa A € R-q such that |x| < Ae.
For a € A, set y, := (—Ae V x,) A Ae. Clearly, (y,), € F and y, = (—AeV x)AAe = x.
Since the net (y,)qe4 is order bounded in E, we have that y, 2 x in E. Hence x € a,(F).
We conclude that a,,(F) € a,(F).

The proof for the sequential adherences is a special case of the above one. O

Remark 4.6.11. For comparison, we recall that, for a regular vector sublattice F of a vector
lattice E, it is always the case that a,(F) = a,,(F) in E, and that these coinciding subsets
are order closed subsets of E; see [126, Theorem 2.13]. For this to hold, no assumptions on
E are necessary.

The following is immediate from Proposition and Lemma [4.6.10
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Theorem 4.6.12. Let E be a Dedekind complete vector lattice with the countable sup property
and a strong order unit. Suppose that E admits a (necessarily unique) Hausdorff uo-Lebesgue
topology Tg. Let F be vector sublattice of E that contains a strong order unit of E. Then

?TE = aoo(F) = ao(F) = aauo(F) = auo(F)
in E.

The following result follows from the combination of Theorem Theorem [4.6.12]
and [[19, Proposition 6.5]. In view of [[19] Proposition 6.5], the natural condition to include
is that E have an at most countably infinite order basis, but it is easily verified fact that, for
a Banach lattice, this property is equivalent to having a weak order unit.

Corollary 4.6.13. Let E be a Dedekind complete Banach lattice with the countable sup property
and a weak order unit. Suppose that E admits a (necessarily unique) Hausdorff uo-Lebesgue
topology. Then Orth(E) admits a (necessarily unique) Hausdorff uo-Lebesgue topology T orn().
Let & be a vector sublattice of Orth(E) that contains a strong order unit of Orth(E). Then

ETOrth(E) — aao(g) — ao(é") = aauo(é”) = auo(é")

in Orth(E).

We now turn to closures and adherences of associative subalgebras of a class of f-algebras
with strong order units. For this, we need the following preparatory result.

Lemma 4.6.14. Let E be a Banach lattice, and let A be a subset of E. Then a,,(A) = ayo(A)
in E, where A denotes the norm closure of A.

Proof. We need to prove only that a,,(A) € a,,(A). For this, we may suppose that A # 3.
Take x € a,,(A) and a sequence (xp)r2, in A such that x, 2% x in E. For n > 1, take an
Yn € A such that ||y, —x,|| < 2™. For n > 1, define g, by setting 2, := Z:lo:n|yn — Xpl,
which is meaningful since the series is absolutely convergent. It is clear that z, |. Since
llz, |l < 27" we have 2, | 0 in E. The fact that |y, — x,| < 2, for n > 1 then shows that
|y, — x,l 2% 0in E. From

oo
0< |.yn_x| < |.yn_xn|+|xn_x|_>0:

go . .
we then see that y, — x in E. Hence x € a,(A), as desired. O]

Theorem 4.6.15. Let .o/ be a Dedekind complete unital f-algebra with the countable sup
property, such that its identity element e is also a positive strong order unit of .«/, and such
that it is complete in the submultiplicative order unit norm || - ||, on .. Suppose that .«f admits
a (necessarily unique) Hausdorff uo-Lebesgue topology T . Let B be an associative subalgebra



99

—l-lle

of o such that 8" ° contains a strong order unit of .. Then

@Tﬁ = aao(e%) = ao(%) = aauo(%) = aUO(‘%) =

7,
@”'“e

(4.9)
= a0o(B V= 0B ) = a0o(B )= ao(B )

in .of.

Proof. We know from [[19], Theorem 6.1] that ,%” e is a Banach f-subalgebra of .«/. Then

Theorem[4.6.12] shows that all equalities in the second line of equation (4.9) hold. Further-
more, it is obvious that

yo(B) C ao(B) C ayo(B)C B 7

and that ~
U5o(B) C Qo B) C BT

Using that a,,($8) = UO(%” ||e) by Lemma |4.6.14| and that, as in the proof of Theo-

_z T
rem4.6.6, we also know that %3 T %” e , it then follows that all sets in equation (4.9)

are equal. O

The following is now clear from Theorem 4.2.1} Theorem [4.6.15 and [[I9, Proposi-
tion 6.5].

Corollary 4.6.16. Let E be a Dedekind complete Banach lattice with the countable sup property
and a weak order unit. Suppose that E admits a (necessarily unique) Hausdorff uo-Lebesgue

topology. Then Orth(E) admits a (necessarily unique) Hausdorff uo-Lebesgue topology T o (k).

Let .o be an associative subalgebra of Orth(E) such that .o/ 7"

Orth(E). Then

contains a strong order unit of

E?ﬁ = ago(u‘Z{) = ao(-d) = aauo('d) = auo('d) -
—-I ||

(4.10)

7 =@ Y =a( @) = (@ Y =g (@

in Orth(E); here ||-|| denotes the coinciding operator norm, order unit norm with respect to
the identity operator, and regular norm on Orth(E).






