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Chapter 6

Safe-Bayesian generalized linear
regression

Abstract

We study generalized Bayesian inference under misspecification, i.e. when the model is ‘wrong
but useful’ Generalized Bayes equips the likelihood with a learning rate #. We show that for
generalized linear models (GLMs), n7-generalized Bayes concentrates around the best approx-
imation of the truth within the model for specific # # 1, even under severely misspecified noise,
as long as the tails of the true distribution are exponential. We derive MCMC samplers for
generalized Bayesian lasso and logistic regression and give examples of both simulated and
real-world data in which generalized Bayes substantially outperforms standard Bayes.

6.1 Introduction

Over the last ten years it has become abundantly clear that Bayesian inference can behave quite
badly under misspecification, i.e., if the model F under consideration is ‘wrong but useful’
(Griinwald and Langford, 2007; Erven, Griinwald and Rooij, [2007; Miiller, 2013; Syring and
Martin, |2017; Yao et al.,|2018; Holmes and Walker, 2017; Griinwald and Van Ommen, 2017). For
example, Griinwald and Langford (2007) exhibit a simple nonparametric classification setting
in which, even though the prior puts positive mass on the unique distribution in F that is
closest in KL divergence to the data generating distribution P, the posterior never concentrates
around this distribution. Griinwald and Van Ommen (2017) give a simple misspecified setting
in which standard Bayesian ridge regression, model selection and model averaging severely
overfit small-sample data.

Griinwald and Van Ommen (2017) also propose a remedy for this problem: equip the likelihood
with an exponent or learning rate n (see below). Such a generalized Bayesian (also known
as fractional or tempered Bayesian) approach was considered earlier by e.g. Barron and Cover,

177



178 Chapter 6. Safe-Bayesian generalized linear regression

1991; Walker and Hjort, |2002; Zhang, |2006b. In practice, # will usually (but not always — see
Section [6.5.1/below) be chosen smaller than one, making the prior have a stronger regularizing
influence. Griinwald and Van Ommen (2017) show that for Bayesian ridge regression and model
selection/averaging, this results in excellent performance, being competitive with standard
Bayes if the model is correct and very significantly outperforming standard Bayes if it is not.
Extending Zhang’s (2006;|2006b) earlier work, Griinwald and Mehta (2019) (GM from now
on) show that, under what was earlier called the %-central condition (Definition below),
generalized Bayes with a specific finite learning rate 7 (usually # 1) will indeed concentrate in
the neighborhood of the ‘best’ f € F with high probability. Here, the ‘best’ f means the one
closest in KL divergence to P.

Yet, three important parts of the story are missing in this existing work: (1) Can Griinwald-Van
Ommen-type examples, showing failure of standard Bayes (7 = 1) and empirical success of
generalized Bayes with the right #, be given more generally, for different priors m (say of lasso-
type (n(f) o< exp(~A| f|,)) rather than ridge-type 7(f) o exp(~A| f|2)), and for different
models, say for generalized linear models (GLMs)? (2) Can we find examples of generalized
Bayes outperforming standard Bayes with real-world data rather than with toy problems such
as those considered by Griinwald and Van Ommen? (3) Does the central condition — which
allows for good theoretical behavior of generalized Bayes — hold for GLMs, under reasonable
further conditions?

We answer all three questions in the affirmative: in Section below, we give (a) a toy
example on which the Bayesian lasso and the Horseshoe estimator fail; later in the chapter, in
Section |6.5/we also (b) give a toy example on which standard Bayes logistic regression fails,
and (c) two real-world data sets on which Bayesian lasso and Horseshoe regression fail; in all
cases, (d) generalized Bayes with the right 7 shows much better performance. In Section 6.3}
we show (e) that for GLMs, even if the noise is severely misspecified, as long as the distribution
of the predictor variable Y has exponentially small tails (which is automatically the case in
classification, where the domain of Y is finite), the central condition holds for some # > 0. In
combination with (e), GM’s existing theoretical results suggest that generalized Bayes with this
1 should lead to good results — this is corroborated by our experimental results in Section6.5.
These findings are not obvious: one might for example think that the sparsity-inducing prior
used by Bayesian lasso regression circumvents the need for the additional regularization induced
by taking an # < 1, especially since in the original setting of Griinwald and Van Ommen,
the standard Bayesian lasso (# = 1) succeeds. Yet, Example |§] below shows that under a
modification of their example, it fails after all. In order to demonstrate the failure of standard
Bayes and the success of generalized Bayes, we devise (in Section [6.4) MCMC algorithms (f)
for generalized Bayes posterior sampling for Bayesian lasso and logistic regression. (a)-(f) are
all novel contributions.

In Section [6.2] we first define our setting more precisely. Section gives a first example
of bad standard-Bayesian behavior and Section 6.2.2) recalls a theorem from GM indicating
that under the 7-central condition, generalized Bayes for # < 7 should perform well. We
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present our new theoretical results in Section[6.3. We next (Section|[6.4), present our algorithms
for generalized Bayesian posterior sampling, and we continue (Section to empirically
demonstrate how generalized Bayes outperforms standard Bayes under misspecification. All
proofs are in Appendix|6.A.

6.2 The setting

A learning problem can be characterized by a tuple (P, ¢, F), where F is a set of predictors, also
referred to as a model, P is a distribution on sample space Z,and £ : F x Z - Ru {oo} is a loss
function. We denote by £(z) = £(f, z) the loss of predictor f € 7 under outcome z € Z.1f Z ~
P, we abbreviate £(Z) to £;. In all our examples, Z = X x ). We obtain e.g. standard (random-
design) regression with squared loss by taking ) = R and F to be some subset of the class of all
functions f : X - Rand, for z = (x, y), £¢(x, y) = (y — f(x))?; logistic regression is obtained
by taking F as before, ) = {~1,1} and £¢(x, y) = log(1 + exp(—yf(x)). We get conditional
density estimation by taking {p(Y | X) : f € F} to be a family of conditional probability
mass or density functions (defined relative to some measure y), extended to n outcomes by the
i.i.d. assumption, and taking conditional log-loss £¢(x, y) = —~log p(y | x).

We are given an i.i.d. sample Z" = Z;, Z,,...,Z, ~ P where each Z; takes values in Z, and
we consider, as our learning algorithm, the generalized Bayesian posterior, also known as the
Gibbs posterior, I1,, on F, defined by its density

exp (-n 1y £4(z1)) - mo(f)
Jrexp (-1 2l tp(z:)) - mo(f)dp(f)

where 7 > 0 is the learning rate, and m is the density of some prior distribution Iy on JF relative
to an underlying measure p. Note that, in the conditional log-loss setting, we get that

Ty (f) = (6.1)

n

() o< [1(s(yi | )"0 (f), (6.2)

i=1

which, if # = 1, reduces to standard Bayesian inference. While GM’s result (quoted as Theorem|[6.1]
below) works for arbitrary loss functions, Theorem [6.2]and our empirical simulations (this
chapter’s new results) revolve around (generalized) linear models. For these models, can
be equivalently interpreted either in terms of the original loss functions /s or in terms of
the conditional likelihood p. For example, consider regression with £;(x, y) = (y - f(x))?
and fixed 7. Then (6.1) induces the same posterior distribution 7, (f) over F as does (6.2)
with the conditional distributions p(y|x) o exp(—(y — f(x))?, which is again the same as
with £ replaced by the conditional log-loss £ (x, y) = —log p(y|x), giving a likelihood
corresponding to Gaussian errors with a particular fixed variance; an analogous statement holds
for logistic regression. Thus, all our examples can be interpreted in terms of for a model
that is misspecified, i.e., the density of P(Y|X) is not equal to ps for any f € F. As is customary
(see e.g. Bartlett, Bousquet and Mendelson (2005)), we assume throughout that there exists an
optimal f* € F that achieves the smallest risk (expected loss) E[{«(Z)] = inf ;. E[{((Z)].
If F is a GLM, the risk minimizer again has additional interpretations: first, f* minimizes,
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among all f € F, the conditional KL divergence E(x,y).p[log (p( Y[X)/py( Y|X))] to the true
distribution P. Second, if there is an f € F with Ex y.p[Y | X] = f(X) (i.e. F contains the true
regression function, or equivalently, true conditional mean), then the risk minimizer satisfies

fr=r

6.2.1 Bad Behavior of Standard Bayes

Example 6.1. We consider a Bayesian lasso regression setting (Park and Casella, [2008)) with
random design, with a Fourier basis. We sample data Z; = (X;, Y;) i.i.d. ~ P, where P is defined

as follows: we first sample preliminary (X}, Y!) with X! P Uniform([-1,1]); the dependent
variable Y/ is set to Y/ = 0 + ¢;, with &; ~ N(0, 0%) for some fixed value of ¢, independently of
X]. In other words: the true distribution for (X}, Y/) is ‘zero with Gaussian noise’ Now we toss
a fair coin for each i. If the coin lands heads, we set the actual (X;, Y;) = (X}, Y/), i.e. we keep

the (X/, Y/) as they are, and if the coin lands tails, we put the pair to zero: (X;, Y;) = (0,0).

We model the relationship between X and Y with a p™ order Fourier basis. Thus, F = { Wk
B e R*P*'}, with fg(x) given by

(ﬁ’ % . (2’1/2, cos(x), sin(x), cos(2x), ...,sin(px))> ,

and the n-posterior is defined by with £ (x, y) = (y - fg(x))?; the prior is the Bayesian
lasso prior whose definition we recall in Section [6.4.1. Since our ‘true’ regression function
E[Y; | X;]is 0, in an actual sample around 50% of points will be noiseless, easy points, lying on
the true regression function. Since the actual sample of (X;, Y;) has less noise then the original
sample (X!, Y!), we would expect Bayesian lasso regression to learn the correct regression
function, but as we see in the blue line in Figure|6.1} it overfits and learns the noise instead
(later on (Figure|6.3]in Section|[6.5.1) we shall see that, not surprisingly, this results in terrible
predictive behavior). By removing the noise in half the data points, we misspecified the model:
we made the noise heteroscedastic, whereas the model assumes homoscedastic noise. Thus, in
this experiment the model is wrong. Still, the distribution in F closest to the true P, both in
KL divergence and in terms of minimizing the squared error risk, is given by the conditional
distribution corresponding to Y; = 0 + ¢;, where ¢; is i.i.d. ~ A'(0, 0*). While this element of
F is in fact favored by the prior (the lasso prior prefers f with small |f];), nevertheless, for
small samples, the standard Bayesian posterior puts most if its mass at f with many nonzero
coefficients. In contrast, the generalized posterior with 5 = 0.25 gives excellent results
here. To learn this # from the data, we can use the Safe-Bayesian algorithm of Griinwald (2012).
The result is depicted as the red line in Figure[6.1] Implementation details are in Section [6.4.1]
and Appendix|[6.D} the details of the figure are in Appendix|6.E]

The example is similar to that of Griinwald and Van Ommen (2017), who use multidimensional
X and a ridge (normal) prior on || 3|; in their example, standard Bayes succeeds when equipped
with a lasso prior; by using a trigonometric basis we can make it ‘fail’ after all. Griinwald and
Van Ommen (2017) relate the potential for the overfitting-type of behavior of standard Bayes, as
well as the potential for full inconsistency (i.e. even holding as n — oo) as noted by Griinwald
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Figure 6.1: Predictions of standard Bayes (blue) and SafeBayes (red), n = 50, p = 101

and Langford (2007) to properties of the Bayesian predictive distribution

ﬁ(YrHl |Xn+1,Zn) = LPf(Yn+1 | Xn+1)7fn(f | Z")dP(f)

Being a mixture of f € F, p(Y,41 | Xu11), is a member of the convex hull of densities F but
not necessarily of F itself. As explained by Griinwald and Van Ommen, severe overfitting may
take place if p(Yor1 | Xp41, Z") is far’ from any of the distributions in F. It turns out that
this is exactly what happens in the lasso example above, as we see from Figure[6.2] (details in
Appendix|6.E). This figure plots the data points as (X;, 0) to indicate their location; we see that
the predictive variance of standard Bayes fluctuates, being small around the data points and
large elsewhere. However, it is obvious that for every density p  in our model 7, the variance
is fixed independently of X, and thus p(Y,.1 | Xy+1,Z") is indeed very far from any particular
ps with f € F. In contrast, for the generalized Bayesian lasso with # = 0.25, the corresponding
predictive variance is almost constant; thus, at the level # = 0.25 the predictive distribution
is almost ‘in-model’ (in machine learning terminology, we may say that p is ‘proper’ (Shalev-
Shwartz and Ben-David, 2014), and the overfitting behavior then does not occur anymore.

6.2.2 When Generalized Bayes Concentrates

Having just seen bad behavior for 5 = 1, we now recall some results from GM. Under some
conditions, GM show that generalized Bayes, for appropriately chosen #, does concentrate at
fast rates even under misspecification. We first recall (a very special case of) the asymptotic
behavior under misspecification theorem of GM. GM bound (a) the misspecification metric d;
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Figure 6.2: Variance of Predictive Distribution p(Yn+1 | Xu+1, Z") for a single run with n = 50.

in terms of (b) the information complexity. The bound (c) holds under a simple condition on
the learning problem that was termed the central condition by Van Erven et al. (2015). Before
presenting the theorem we explain (a)-(c). As to (a), we define the misspecification metric ds
in terms of its square by

, 2
GG =2 (1= [ Vo @rra@d)
which is the (2/7-scaled) squared Hellinger distance between p;; and p 5. Here, a density
Py is defined as

exp(-nLys(2))
[exp(=71L£(Z))]
where Ly = {7 — £« is the excess loss of f. GM show that d;; defines a metric for all 77 > 0. If

7 =1, £ is log-loss, and the model is well-specified, then it is straightforward to verify that
Py = pys-and so (1/2) - d;; becomes the standard squared Hellinger distance.

pra(2) = P2

As to (b), we denote by IC,, , (II) the information complexity, defined as:

1 & KL(II, | I1
IC”’W(HO) = E£~H,, [n ZLf(Z,-)] + w _
i=1 n-n
1 n n
n log/ mo(f)e =R I dp(f) =305 (Z0), (6.3)
" d i=1

where f denotes the predictor sampled from the posterior I, and KL denotes KL divergence;
we suppress dependency of IC on f* in the notation. The fact that both lines above are equal
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(noticed by, among others, Zhang (2006b); GM give an explicit proof) allows us to write the
information complexity in terms of a generalized Bayesian predictive density which is also
known as extended stochastic complexity (Yamanishi, [1998). It also plays a central role in the
field of prediction with expert advice as the mix-loss (Van Erven et al., |2015; Cesa-Bianchi and
Lugosi, [2006) and coincides with the minus log of the standard Bayesian predictive density if
n = 1and ¢ is log-loss. It can be thought of as a complexity measure analogous to VC dimension
and Rademacher complexity.

As to (c), GM’s result holds under the central condition ((Li,1999); name due to Van Erven et al.,
2015) which expresses that, for some fixed 77 > 0, for all fixed f, the probability that the loss of f
exceeds that of the optimal f* by a/7 is exponentially small in a:

Definition 6.1 (Central Condition, Def. 7 of GM). Let 77 > 0. We say that (P, £, F) satisfies the
1-strong central condition if, for all f e F: E [e_”Lf] <1l

As straightforward rewriting shows, this condition holds automatically, for any % < 1in the
density estimation setting, if the model is correct; Van Erven et al. (2015) provide some other
cases in which it holds, and show that many other conditions on ¢ and P that allow fast rate
convergence that have been considered before in the statistical and on-line learning literature,
such as exp-concavity (Cesa-Bianchi and Lugosi, 2006), the Tsybakov and Bernstein conditions
(Bartlett, Bousquet and Mendelson, [2005; Tsybakov, 2004) and several others, can be viewed as
special cases of the central condition; yet they don’t discuss GLMs. Here is GM’s result:

Theorem 6.1 (Theorem 10 from GM). Suppose that the 1j-strong central condition holds. Then
forany 0 < n <7, the metric d satisfies

Ez-pEf.n, [d%(f*,i)] < CyEznep [IC,,, ()]

with C, = n/( = n). In particular, C, < oo for 0 < n <7, and C, = 1 for n = 77/2.

Thus, we expect the posterior to concentrate at a rate dictated by E[IC,, , ] in neighborhoods
of the best (risk-minimizing, KL optimal, or even true regression function) f*. The misspe-
cification metric d% on the left hand side is a weak metric, however, in Appendix@we show
that we can replace it by stronger notions such as KL-divergence, squared error or logistic
loss. Theorem|6.1]generalizes previous results (e.g. Zhang (2006a) and Zhang (2006b)) to the
misspecified setting. In the well-specified case, Zhang, as well as several other authors (Walker
and Hjort, 2002; Martin, Mess and Walker, 2017), state a result that holds for any 7 < 1 but not
# = L. This suggests that there is an advantage to taking # slightly smaller than one even when
the model is well-specified (for more details see Zhang (2006a)).

To make the theorem work for GLMs under misspecification, we must verify (a) that the
central condition still holds (which is in general not guaranteed) and that (b) the information
complexity is sufficiently small. As to (a), in the following section we show that the central con-
dition holds (with 7 usually # 1) for 1-dimensional exponential families and high-dimensional
generalized linear models (GLMs) if the noise is misspecified, as long as P has exponentially
small tails; in particular, we relate 7 to the variance of P. As to (b), if the model is correct (the
conditional distribution P(Y | X) has density f equal to ps with f € F), where F represents
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a d-dimensional GLM, then it is known (see e.g. Zhang (2006b)) that, for any prior I, with
continuous, strictly positive density on F, the information complexity satisfies

Ezi.p[IC,,(I)] = O (% -log n) (6.4)

which leads to bounds within a log-factor of the minimax optimal rate (among all possible
estimators, Bayesian or not), which is O(d/n). While such results were only known for the
well-specified case, in Proposition 3 below we show that, for GLMs, they continue to hold for
the misspecified case.

6.3 Generalized GLM Bayes

Below we first show that the central condition holds for natural univariate exponential families;
we then extend this result to the GLM case, and establish bounds in information complexity of
GLMs. Let the class F = {pg : 6 € @} be a univariate natural exponential family of distributions
on Z =), represented by their densities, indexed by natural parameter 6 € ® c R (Barndorft-
Nielsen, 1978). The elements of this restricted family have probability density functions

Po(y) = exp(8y - F(8) +7(y)), (6.5)

for log-normalizer F and carrier measure r. We denote the corresponding distribution as Py.
In the first part of the theorem below we assume that © is restricted to an arbitrary closed
interval [0, 8] with @ < @ that resides in the interior of the natural parameter space ® =
{6 : F(0) < oo}. Such O allow for a simplified analysis because within @ the log-normalizer
F as well as all its derivatives are uniformly bounded from above and below; see (6.7) in
Appendix @ As is well-known (see e.g. Barndorft-Nielsen (1978)), exponential families can
equivalently be parameterized in terms of the mean-value parameterization: there exists a 1-to-1
strictly increasing function y : ® — R such that Ey.p,[Y] = (0). As is also well-known,
the density p s+ = pg+ within F minimizing KL divergence to the true distribution P satisfies
u(6*) = Ey.p[Y], whenever the latter quantity is contained in y(®) (Griinwald, 2007). In
words, the best approximation to P in F in terms of KL divergence has the same mean of Y as
P.

Theorem 6.2. Consider a learning problem (P, £, F) with £y(y) = —log po(y) the log loss and
F ={po: 0 € ©} aunivariate exponential family as above.

(1). Suppose that © = [0, 0] is compact as above and that 0* = arg min, g D(P| Py) liesin ®. Let
0 > 0 be the true variance Ey..p(Y —E[Y])? and let (0*)* be the variance Ey.p,, (Y ~E[Y])*
according to 6*. Then

(i) for all 7y > (c*)?/0?, the 5j-central condition does not hold.

(ii) Suppose there exists 4° > 0 such thgté = Ep[exp(n°|Y])] < oc. Then there exists ij > 0,
depending only on 1°, C, 0 and 0 such that the 7j-central condition holds. Moreover,

(iii), for all § > 0, thereis an & > 0 such that, for ally < (6*)*/0* -8, the 7j-central condition
holds relative to the restricted model F, = {pg: 0 € [0 —¢,0% + €]}
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(2). Suppose that P is Gaussian with variance 6> > 0 and that F indexes a full Gaussian location
family. Then the 7j-central condition holds iff 7 < (¢*)*/c?.

We provide (iii) just to give insight — ‘locally, i.e. in restricted models that are small neighbor-
hoods around the best-approximating 0, the smallest 7 for which the central condition holds
is determined by a ratio of variances. The final part shows that for the Gaussian family, the
same holds not just locally but globally (note that we do not make the compactness assumption
on O there); we warn the reader though that the standard posterior (5 = 1) based on a model
with fixed variance ¢* is quite different from the generalized posterior with # = (¢*)?/0* and
a model with variance 0% (Griinwald and Van Ommen, |2017). Finally, while in practical cases
we often find 7 < 1 (suggesting that Bayes may only succeed if we learn ‘slower’ than with the
standard # = 1, i.e. the prior becomes more important), the result shows that we can also very
well have 77 > 1; we give a practical example at the end of Section[6.5. Theorem [6.2]is new and
supplements Van Erven et al.’s (2015) various examples of F which satisfy the central condition.
In the theorem we require that both tails of Y have exponentially small probability.

Central Condition: GLMs Let F be the generalized linear model (McCullagh and Nelder,
1989) (GLM) indexed by parameter 5 € B c R? with link function ¢g:R = R. By definition this
means that there exists a set X c R? and a univariate exponential family Q = {pg : 6 € @} on
Y of the form (6.5) such that the conditional distribution of Y given X = x is, for all possible
values of x € X, a member of the family Q, with mean-value parameter g~'(($, x)). Then the
class F can be written as F = {pg : 8 € B}, a set of conditional probability density functions
such that

pp(y | x) = exp(0.(B)y - F(0:(B)) + (1)), (6.6)

where 0, (B) = ™ (g ({B,x))), and u', the inverse of u defined above, sends mean para-
meters to natural parameters. We then have Ep [Y | X] = g7' ({8, X)), as required.

Proposition 3. Under the following three assumptions, the learning problem (P, {, F) with F
as above satisfies the 1j-central condition for some 11 > 0 depending only on the parameters of the
problem:

1. (Conditions on g): the inverse link function g~' has bounded derivative on the domain
B x X, and the image of the inverse link on the same domain is a bounded interval in the
interior of the mean-value parameter space {y € R : u = Ey.4[Y] : q € Q} (for all
standard link functions, this can be enforced by restricting B and X to an (arbitrarily large
but still) compact domain).

2. (Condition on ‘true’ P): for some n > 0 we have
sup.exEv-p[exp(n|Y]) [ X = x] < co.
3. (Well-specification of conditional mean): there exists B° € Bsuch thatE[Y | X] = g7 ({B°, X)).
A simple argument (differentiation with respect to 8) shows that under the third condition, it
must be the case that ° = *, where * € Bis the index corresponding to the density p s+ = pg-

within F that minimizes KL divergence to the true distribution P. Thus, our conditions imply
that F contains a * which correctly captures the conditional mean (and this will then be the
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risk minimizer); thus, as is indeed the case in Example [6.1] the regression function must be
well-specified but the noise can be severely misspecified.

We stress that the three conditions have very different statuses. The first is mathematically
convenient; it can be enforced by truncating parameters and data, which is awkward but may
not lead to substantial deterioration in practice. Whether it is even really needed or not is not
clear (and may in fact depend on the chosen exponential family). The second condition is
really necessary — as can immediately be seen from Definition 6.1} the strong central condition
cannot hold if Y has polynomial tails and for some f and x, £;(x, Y) increases polynomially in
Y (in Section 6 of their paper, GM consider weakenings of the central condition that still work
in such situations). For the third condition, however, we suspect that there are many cases in
which it does not hold yet still the strong central condition holds; so then the GM convergence
result would still be applicable under ‘full misspecification’; investigating this will be the subject
of future work.

GLM Information Complexity ~To apply Theorem|6.1]to get convergence bounds for expo-
nential families and GLMs, we need to verify that the central condition holds (which we just
did) and we need to bound the information complexity, which we proceed to do now. It turns
out that the bound on IC,, , of O((d/n)logn) of (6.4) continues to hold unchanged under
misspecification, as is an immediate corollary of applying the following proposition to the
definition of IC,,,, given above (6.3):

Proposition 4. Let (P, ¢, F) be a learning problem with F a GLM satisfying Conditions 1-3
above. Then for all f € F, Ex y.p[Lf] = EX)YNPI* [Lf].

This result follows almost immediately from the ‘robustness property of exponential families’
(Chapter 19 of Griinwald (2007)); for convenience we provide a proof in Appendix @ The
result implies that any bound in IC,, ,, (IT ) for a particular prior in the well-specified GLM case,
in particular (6.4), immediately transfers to the same bound for the misspecified case, as long
as our regularity conditions hold, allowing us to apply Theorem 6.1]to obtain the parametric
rate for GLMs under misspecification.

6.4 MCMC Sampling

Below we devise MCMC algorithms for obtaining samples from the #-generalized posterior dis-
tribution for two problems: regression and classification. In the regression context we consider
one of the most commonly used sparse parameter estimation techniques, the lasso. For classi-
fication we use the logistic regression model. In our experiments in Section|[6.5} we compare
the performance of generalized Bayesian lasso with Horseshoe regression (Carvalho, Polson
and Scott, |2010). The derivations of samplers are given in Appendix|[6.D}

6.4.1 Bayesian lasso regression

Consider the regression model Y = X3 + ¢, where f§ € R? is the vector of parameters of
interest, Y € R", X e R”*?, and ¢ ~ N/(0, 0?1, is a noise vector. The Least Absolute Shrinkage



6.4. MCMC Sampling 187

and Selection Operator (LASSO) of Tibshirani (1996) is a regularization method used in
regression problems for shrinkage and selection of features. The lasso estimator is defined as
Blasso = arg min, | Y-XB|3+A| B, where |- |1, | |2 are [; and I, norms correspondingly. It can
be interpreted as a Bayesian posterior mode (MAP) estimate when the priors on f3 are given by
independent Laplace distributions. As discovered by Park and Casella (2008), the same posterior
on f3 is also obtained by the following Gibbs sampling scheme: set # = 1 and denote D, =
diag(i,...,7,). Also,leta = 2(n-1)+£+aand b, = (Y - XB)"(Y - XB)+1B" D, 'f+y,
where «,y > 0 are hyperparameters. Then the Gibbs sampler is constructed as follows.

B~N (M X"Y,0°M,),

o* ~ Inv-Gamma (a, b,) ,
72 ~1G (\/1202/B2,12),

where IG is the inverse Gaussian distribution and M, := (yX” X + D,™")"L. Following Park and
Casella (2008), we put a Gamma prior on the shrinkage parameter A. Now, in their paper Park
and Casella only give the scheme for 7 = 1, but, as is straightforward to derive from their paper,
the scheme above actually gives the #-generalized posterior corresponding to the lasso prior for
general 77 (more details in Appendix[6.D). We will use the Safe-Bayesian algorithm for choosing
the optimal # developed by Griinwald and Van Ommen (2017) (see Appendix [@) The code
for Generalized- and Safe-Bayesian lasso regression can be found in the CRAN R-package
‘SafeBayes’ (De Heide, 2016).

Horseshoe estimator The Horseshoe prior is the state-of-the-art global-local shrinkage prior
for tackling high-dimensional regularization, introduced by Carvalho, Polson and Scott (2010).
Unlike the Bayesian lasso, it has flat Cauchy-like tails, which allow strong signals to remain
unshrunk a posteriori. For completeness we include the horseshoe in our regression comparison,
using the implementation of Van der Pas et al. (2016).

6.4.2 Bayesian logistic regression

Consider the standard logistic regression model {f3 : § € R}, the data Y;,..., Y, € {0,1}
are independent binary random variables observed at the points X = (Xj,...,X,) € R™/
with
eXi B
P (Yi=1[X;)=pp (1] X;) = 2 oXF

The standard Bayesian approach involves putting a Gaussian prior on the parameter § ~
N (b, B) with mean b € R? and the covariance matrix B € RF*?. To sample from the #-
generalized posterior we modify a Pélya-Gamma latent variable scheme described in Polson,
Scott and Windle (2013). We first introduce latent variables w;,...,w, € R, which will be
sampled from Polya-Gamma distribution (constructed to yield a simple Gibbs sampler for
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Bayesian logistic regression, for more details see Polson, Scott and Windle (2013)). Let

Q = diag{wy, ..., w0y},

k= (Y1-1/2,...,Y, -1/2)7,
Vo= (XTQX +B™")7, and
my = Vo(n X"+ B'b).

Then the Gibbs sampler for #-generalized posterior is given by
wi ~PG(1, X[ B), B~ N(ma, Vo),

where PG is the Polya-Gamma distribution.

6.5 Experiments

Below we present the results of experiments that compare the performance of the derived Gibbs
samplers with their standard counterparts. More details/experiments are in Appendix[6.E|

6.5.1 Simulated data

Regression In our experiments we focus on prediction, and we run simulations to determine
the square-risk (expected squared error loss) of our estimate relative to the underlying distri-
bution P: E(x,yy.p(Y — X$)?, where X8 would be the conditional expectation, and thus the
square-risk minimizer, if § would be the true parameter (vector).

Consider the data generated as described in Example[6.1] We study the performance of the
n-generalized Bayesian lasso with 7 chosen by the Safe-Bayesian algorithm (we call it the
Safe-Bayesian lasso) in comparison with two popular estimation procedures for this context:
the Bayesian lasso (which corresponds to #=1), and the Horseshoe method. In Figure[6.3]the
simulated square-risk is plotted as a function of the sample size for all three methods. We average
over enough samples so that the graph appears to be smooth (25 iterations for SafeBayes, 1000
for the two standard Bayesian methods). It shows that both the standard Bayesian lasso and the
Horseshoe perform significantly worse than the Safe-Bayesian lasso. Moreover we see that the
risks for the standard methods initially grows with the sample size (additional experiments not
reported here suggest that Bayes will ‘recover’ at very large #).

Classification We focus on finding coefficients  for prediction, and our error measure
is the expected logarithmic loss, which we call log-risk: E(x y).p [— logLig(Y | X )], where

Lig(Y|X) = e"¥ ‘B J(1+eX Tﬁ). We start with an example that is very similar to the previous
one. We generate a n x p matrix of independent standard normal random variables with p = 25.
For every feature vector X; we sample a corresponding Z; ~ N (0, 0%), as before, and we
misspecify the model by putting approximately half of the Z; and the corresponding X; ; to
zero. Next, we sample the labels Y; ~ Binom(exp(Z;)/(1 + exp(Z;)). We compare standard
Bayesian logistic regression (77 = 1) to a generalized version ( = 0.125). In Figure[6.4 we plot
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Figure 6.3: Simulated squared error risk (test error) with respect to P as function of sample size for the wrong-model
experiments of Section|[6.5.1using the posterior predictive distribution of the standard Bayesian lasso (green, solid), the
Safe-Bayesian lasso (red, dotted), both with standard improper priors, and the Horseshoe (blue, dashed); and 201 Fourier
basis functions.

the log-risk as a function of the sample size. As in the regression case, the risk for standard
Bayesian logistic regression (# = 1) is substantially worse than the one for generalized Bayes
(n = 0.125). Even for generalized Bayes, the risk initially goes up a little bit, the reason being
that the prior is foo good: it is strongly concentrated around the risk-optimal f* = 0. Thus,
the first prediction made by the Bayesian predictive distribution coincides with the optimal
(B = 0) prediction, and in the beginning, due to noise in the data, predictions will first get
slightly worse. This is a phenomenon that also applies to standard Bayes with well-specified
models; see for example Griinwald and Halpern, 2004, Example 3.1.

Even for the well-specified case it can be beneficial to use 7 # 1. It is easy to see that the max-
imum a posteriori estimate for generalized logistic regression corresponds to the ridge logistic
regression method (which penalizes large || 8]|,) with the shrinkage parameter A = 1!, However,
when the the prior mean is zero but the risk minimizer 8* is far from zero, penalizing large
norms of f is inefficient, and we find that the best performance is achieved with # > L.

6.5.2 Real World Data

We present two examples with real world data to demonstrate that bad behavior under mis-
specification also occurs in practice. For these data sets, we compare the performance of
Safe-Bayesian lasso and standard Bayesian lasso. As the first example we consider the data of
the daily maximum temperatures at Seattle Airport as a function of the time and date (source:
R-package weatherData, also available at www.wunderground. com). A second example is
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Figure 6.4: Simulated logistic risk as function of sample size for wrong-model experiments of Section|6.5.1 using posterior
predictive distribution of standard Bayesian logistic regression (green, solid), and generalized Bayes (1 = 0.125, red, dotted)
with 25 noise dimensions.

Horse-shoe Bayesian lasso  SafeBayes lasso
MSE ((°C)?) 6.53 6.16 6.04
MSE ((ppm)?) | 1169 1201 1142

Table 6.1: Mean square errors for predictions on the Seattle and London data sets of Section

London air pollution data (source: R-package Openair, for more details see Carslaw and Rop-
kins (2012) and Carslaw (2015))). Here the quantity of interest is the concentration of nitrogen
dioxide (NO,), again as a function of time and date. In both settings we divide the data into
a training set and a test set and focus on the prediction error. In both examples, SafeBayes
picks an 7 strictly smaller than one. Also, for both data sets the Safe-Bayesian lasso clearly
outperforms the standard Bayesian lasso and the Horseshoe in terms of mean square prediction
error, as seen from Table[6.1] (details in Appendix|6.E).

6.6 Future work

We provided both theoretical and empirical evidence that #-generalized Bayes can significantly
outperform standard Bayes for GLMs. However, the empirical examples are only given for
Bayesian lasso linear regression and logistic regression. In future work we would like to devise
generalized posterior samplers for other GLMs and speed up the sampler for generalized
Bayesian logistic regression, since our current implementation is slow and (unlike our linear
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regression implementation) cannot deal with high-dimensional (and thus, real-world) data
yet. Furthermore, the Safe-Bayesian algorithm of Griinwald, 2012, used to learn #, enjoys good
theoretical performance but is computationally very slow. Since learning # for which the central
condition holds (preferably the largest possible value, since small values of # mean slower
learning) is essential for using generalized Bayes in practice, there is a necessity for speeding
up SafeBayes or finding an alternative. A potential solution might be using cross-validation
to learn #, but its theoretical properties (e.g. satisfying the central condition) are yet to be
established.
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6.A Proofs
6.A.1 Proof of Theorem|6.2]

The second part of the theorem about the Gaussian location family is a straightforward calcula-
tion, which we omit. As to the first part (Part (i)—(iii)), we will repeatedly use the following fact:
for every © that is a nonempty compact subset of the interior of @, in particular for ® = [6, 0]

with 6 < 0 both in the interior of ©, we have:

—oo < inf F(0) < sup F(0) < o0
0O 0c®

—o0 < é?éF (0) < ZIEJEF (0) < o0 (6.7)
0 < inf F"(0) < sup F"(6) < oo.
0c® 0ec®

Now, let 0, 6% € ®. We can write

n
E [e_ﬂ(&)—fe*)] =Ey.p [(;::*((Y;))) ] = exp (—G(ﬂ(@ — 6*)) + ﬂF(G*) - I’IF(G)) . (68)

where G(1) = —logEy..p [exp(AY)]. If this quantity is —oo for all 7 > 0, then (i) holds trivially.
If not, then (i) is implied by the following statement:

*\2
limsup {n : forall 6 € [6* —¢,0* +¢], E[exp(nL,,)] <1} = (") .

2 (6.9)
=0

Clearly, this statement also implies (iii). To prove (i), (ii) and (iii), it is thus sufficient to prove
(ii) and . We prove both by a second-order Taylor expansion (around 6*) of the right-hand

side of (6.8).

Preliminary Facts. By our assumption there isa #° > 0 such that E[exp(#°[Y])] = C < 0. Since
0* € ® = [0, 0] we must have for every 0 < 1 < 1°/(2|6 — 0]), every 6 € ©,

Efexp(27(6 - 67) - Y)] < E[exp(27|6 - 67| - [Y])]
< Elexp(r°(10 - 071/10 - 6]) - [Y])]

IN
g ol

AN

(6.10)
The first derivative of the right of is:

nE [(Y- F(0))exp(n((0-6*)Y + F(6") - F(e)))] . (6.11)
The second derivative is:

E [(—r]F"(H) +7 (Y = F'(0))?) - exp(n((6 - 0)Y + F(67) - F(e)))] . (6.12)
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We will also use the standard result (Griinwald, 2007; Barndorff-Nielsen, 1978) that, since we
assume 0% € O,

E[Y]=Eyep, [Y]=p(6%); forall@e®:F(0)=u(8); F"(0)=Ey.p(Y-E(Y))>
(6.13)
the latter two following because F is the cumulant generating function.

Part (ii). We use an exact second-order Taylor expansion via the Lagrange form of the remainder.
We already showed there exist #” > 0 such that, forall 0 < 5 < %', all 6 € ®, E[exp(25(6 -
0*)Y)] < co. Fix any such #. For some 0" € {(1- )8 + a8*: a € [0, 1]}, the (exact) expansion
is:

E [e—n(ee—zm] =1+7(0-0")E[Y-F(6%)]- g(e -0*)*F"(9")...
E [exp(q((@' —0*)Y + F(6) - F(e')))] .
ot ’77(9 ~ 0 VE[(Y-F(8))" - exp(n((6' - 6)Y + F(6") - F(6")))].

Defining A = 6’ — 0, and since F'(6*) = E[Y] (see (6.13)), we see that the central condition is
equivalent to the inequality:

HE[(Y — F'(6"))%e" ] < F"(6")E ["7].

From Cauchy-Schwarz, to show that the #-central condition holds it is sufficient to show
that

nf[ (¥ =F(@))],, ) 1€, oy < F7(6DE[e"],

which is equivalent to
FII(G/)E [quY]
< .
! VEIr-F@) e[
We proceed to lower bound the RHS by lower bounding each of the terms in the numerator and

upper bounding each of the terms in the denominator. We begin with the numerator. F'(8) is
bounded by (6.7). Next, by Jensen’s inequality,

E [exp(7AY)] > exp(E[7A - Y]) > exp(-7°|0 - 6]|u(6")])

is lower bounded by a positive constant. It remains to upper bound the denominator. Note that
the second factor is upper bounded by the constant C in (6.10). The first factor is bounded by
a fixed multiple of E|Y|* + E[F’(6)*]. The second term is bounded by (6.7), so it remains to
bound the first term. By assumption E[exp(#°|Y])] < C and this implies that E|Y*| < a* + C
for any a > e such that a* < exp(#°a); such an a clearly exists and only depends on #°.

(6.14)

We have thus shown that the RHS of is upper bounded by a quantity that only depends
on C, 1° and the values of the extrema in (6.7), which is what we had to show.

Proof of (iii). We now use the asymptotic form of Taylor’s theorem. Fix any # > 0, and pick any
0 close enough to 68” so that is finite for all " in between 6 and 0*; such a 6 # 8* must
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exist since for any § > 0, if |§ — 6*| < 8, then by assumption must be finite for all 7 < #°/4.
Evaluating the first and second derivative (6.11) and (6.12) at 6 = 6* gives:

E[e )] =1+ 4(0 - 0°)E[Y - F'(67)]...
2

- (’7(9 -0°)F"(0%) - T (0- 67 E[(¥ - F'(G*))Z]) +h(0)(6-67)

—1—7(9 0%)*F"(0%) + - U (9 0*)’E[(Y - F'(6*))*] + h(6)(6 - 6%)%,
where h(0) is a function satisfying 11m9_>9* h(6) = 0, where we again used (6.13), i.e. that
F'(6*) = E[Y]. Using further that 0? = E[(Y - F'(6*))?] and F”(6*) = (¢*)?, we find that
E[etoto)] < 1iff

n n
—5(0 - 0%)* (o) + 7(e -0)* 6>+ h(0)(0-60%)* <o0.

It follows that for all § > 0, there is an € > 0 such that forall 6 € [0* —¢, 0% + ], all 7 > 0,
2

%02 < ﬁ(or*)2 -0=E [e_”(z"_%*)] <1 (6.15)
o2
?0' ( )2 +0 = E[ —1(lo= es*)] >1 (616)
The condition in (6.15) is implied 1f:
(c*)* 28
0 < -—.
<=5 no?

Setting C = 462/(0*)* and 55 = (1 - C8)(0*)?*/0* we find that for any § < (c*)*/(80?),
we have 1 — C§ > 1/2 and thus 75 > 0 so that in particular the premise in is satisfied
for 7. Thus, for all small enough §, both the premise and the conclusion in hold for
fs > 0; since limgyo 175 = (0)?/0?, it follows that there is an increasing sequence 771y, ()5 - - -
converging to (¢*)?/o? such that for each 7;), there is £(;) > 0 such that for all § € [6* -
&), 0" +e;y ], E [e7 (fo=te)] < 1. Tt follows that the lim sup in (6.9) is at least (¢*)?/0?. A
similar argument (details omitted) using shows that the lim sup is at most this value; the
result follows.

6.A.2 Proof of Proposition 4]

For arbitrary conditional densities p’(y | x) with corresponding distribution P’ | X for
which

Ep[Y]X] = g7 (B, X), (617)
and densities ps+ = pg+ and pg with B, B € B, we can write:
s LT ) -y - 1og L0
ey tog 2 | - 2 0y - oy -0 D) | x

= Ex-p [(0x(B*) ~ 0x(B))g™ (B X]a) -
- ~log F(6x(B")) +log F(6x(B)) | X],
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where the latter equation follows by (6.17). The result now follows because (6.17) both holds for
the ‘true’ P and for Py.

6.A.3 Proof of Proposition[3,

The fact that under the three imposed conditions the 7-central condition holds for some 77 > 0
is a simple consequence of Theorem [6.2} Condition 1 implies that there is some compact ©
such that for all x € X, § € B, 6,(B) € ©. Condition 3 then ensures that 6, (f3) lies in the
interior of this ®. And Condition 2 implies that 7 in Theorem [6.2]can be chosen uniformly for
allx e X.

6.B Excess risk and KL divergence instead of generalized
Hellinger distance

The misspecification metric/generalized Hellinger distance dy; appearing in Theorem [6.1/is
rather weak (it is ‘easy’ for two distributions to be close) and lacks a clear interpretation for
general, non-logarithmic loss functions. Motivated by these facts, GM study in depth under
what additional conditions the (square of this) metric can be replaced by a stronger and more
readily interpretable divergence measure. They come up with a new, surprisingly weak condition,
the witness condition, under which d; can be replaced by the excess risk Ep[ L], which is the
additional risk incurred by f as compared to the optimal f*. For example, with the squared

error loss, this is the additional mean square error of f compared to f*; and with (conditional)
pr+ (YX)
pr(YIX)
standard KL divergence if the model is correctly specified. Bounding the excess risk is a standard
goal in statistical learning theory; see for example (Bartlett, Bousquet and Mendelson, |2005;
Van Erven et al.,2015).

log-loss, it is the well-known generalized KL divergence Ex y..p[log ], coinciding with

The following definition appears (with substantial explanation including the reason for its
name) as Definition 12 in GM:

Definition 6.2 (Empirical Witness of Badness). We say that (P, ¢, F) satisfies the (u,c)-
empirical witness of badness condition (or witness condition) for constants u > 0 and ¢ € (0,1]
ifforall f e F

E[(¢f—€p) - Lyyly—Lpe <u]> cE[ly —Lp].

More generally, for a function 7 : R* — [1,00) and constant ¢ € (0,1) we say that (P, ¢, F)
satisfies the (7, ¢)-witness condition if for all f € F, E[£f — £+ ] < 0o and

E[(f—pe) Lygly—Lps <T(E[ly —L])] 2 cE[f — £p2].

It turns out that the (7, ¢)-witness condition holds in many practical situations, including our
GLM-under-misspecification setting. Before elaborating on this, let us review (a special case
of) Theorem 12 of GM, which is the analogue of Theorem [6.1]but with the misspecification
metric replaced by the excess risk.
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1 qu+l
c1-1
1

First, let, for arbitrary 0 < # <7, ¢, = . Note that for large u, ¢, is approximately linear in

ufc.

Theorem 6.5. [Specialization of Theorem 12 of GM] Consider a learning problem (P, ¢, F).
Suppose that the 1j-strong central condition holds. If the (u, ¢)-witness condition holds, then for

any 1 € (0,77),
EznpEpom, [E[Ls]] < cu-Eznp [IC,,, (To)], (6.18)

with ¢, as above. If instead the (1, c)-witness condition holds for some nonincreasing function
as above, then for any A > 0,

EznpEpon, [E[Lf]] < A+ () - Eznop [ICs,, (To)] -

The actual theorem given by GM generalizes this to an in-probability statement for general
(not just generalized Bayesian) learning methods. If the (u, ¢)-witness condition holds, then,
as is obvious from and Theorem|[6.1] the same rates can be obtained for the excess risk
as for the squared misspecification metric. For the (7, ¢)-witness condition things are a bit
more complicated; the following lemma (Lemma 16 of GM) says that, under an exponential tail
condition, (7, ¢)-witness holds for a sufficiently ‘nice’ function 7, for which we loose at most a
logarithmic factor:

Lemma 6. Define My = sup . E [e"Lf] and assume that the excess loss Ly has a uniformly

exponential upper tail, i.e. My < oo. Then, for themap 7 : x = 1v x 'log 2= = O(1vlog(1/x)),
the (1, ¢)-witness condition holds with ¢ = /2.

As an immediate consequence of this lemma, GM’s theorem above gives that for any 7 € (0,7),
(using A = 1/n), there is C,; < oo such that

Ezn.pEfom, [E[Li]] < % +Cy - (logn) Ezuep [IC,., (%1 10))], (6.19)

so our excess risk bound is only a log factor worse than the bound that can be obtained for the
squared misspecification metric in Theorem[6.1] We now apply this to the misspecified GLM
setting:

Generalized Linear Models and Witness Recall that the central condition holds for general-
ized linear models under the three assumptions made in Proposition E Let {p = £p(X,Y) =
—log pg(Y | X) be the loss of action 8 € B on random outcome (X, Y) ~ P, and let 8* denote
the risk minimizer over B. The first two assumptions taken together imply, via (6.7), that there
is a x > 0 such that

sup Ex,y.p [ek(zﬁ’zﬁ*)] < sup Ey.px—x [e"(zﬁ’fﬁ*)]

BeB BeB,xeX
Fo.p) )" .
= Ssup (P‘m) .EYNP‘X:,X [e |Y‘j| < 00,
BeB,xeX 0.(B*)
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The conditions of Lemma@]are thus satisfied, and so the (7, ¢)-witness condition holds for the
7 and c¢ in that lemma. From we now see that we get an O((logn)?/n) bound on the
expected excess risk, which is equal to the parametric (minimax) rate up to a (log n)? factor.
Thus, fast learning rates in terms of excess risks and KL divergence under misspecification with
GLMs are possible under the conditions of Proposition 3.

6.C Learning rate > 1 for misspecified models

In what follows we give an example of a misspecified setting, where the best performance is
achieved with the learning rate # > 1. Consider a model {Pg, 8 € [0.2,0.8]}, where Py is a
Bernoulli distribution with Pg(Y =1) = B. Let the data Y3, ..., Y, be sampled i.i.d. from Py, i.e.
Y; =0foralli=1,...,n. In this case the log-likelihood function is given by

log p(Yy,...,Y,|B) =nlog(1-B).

Observe that in this setting 5 = 0.2. Now assume that the model is correctand data Y/, ..., Y,
is sampled i.i.d. from Pg with 8 = 0.2. Then the log-likelihood is

logp(Y{,...,Y,|B=0.2) ~0.2nlog0.2+0.8n10g 0.8 < nlog0.8 = log p(Y1,..., Y, | B =0.2).

Thus, the data are more informative about the best distribution than they would be if the model
were correct. Therefore, we can afford to learn ‘faster’: let the data be more important and the
(regularizing) prior be less important. This is realized by taking # >> 1

6.D MCMC sampling

6.D.1  The 7-generalized Bayesian lasso

Here, following Park and Casella (2008) we consider a slightly more general version of the
regression problem:
Y=pu+XB+e,

where y € R" is the overall mean, € R? is the vector of parameters of interest, y € R", X € R"™*?,
and & ~ N(0, 0?1, is a noise vector. For a given shrinkage parameter A > 0 the Bayesian lasso
of Park and Casella (2008)) can be represented as follows.

Y|y, X, B, 0% ~ N(u+ XB,d’I,), (6.20)
Blti, ..., T;,az ~N(0,0°D,), D, =diag(7,..., Tz) ,

2 2 P —)ﬂrz/zd 2 2 2
Tl,...,TPNH?e itdty, 1,...,7,>0,
j=1
o* ~n(o*)da*.
In this model formulation the ¢ on which the outcome variables Y depend, is the overall mean,

from which Xp are deviations. The parameter y can be given a flat prior and subsequently
integrated out, as we do in the coming sections.
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We will use the typical inverse gamma prior distribution on ¢?, i.e. for * > 0

>

2y _ )’a —2a-2 ~y/o
n(o”) = r(“)a e

where «,y > 0 are hyperparameters. With the hierarchy of the joint density for the
posterior with the likelihood to the power 7 becomes

P
(F(Y]us B, 0?))" () () T] Byl 02) m(?)
j=1

n
:( ! /eﬁw—mn—mﬂ(y—mn—xm
(2m02) 12

P 2B e
V4 —2a-2 —L T 2022F] -A°1)2
. e o io—e " (6.21
I'(a) H (202 2)1/2 2 (621
Let Y be Y — Y. If we integrate out y, the joint density marginal over y is proportional to
Cn(ne1) - (F-xB)T(T- ey -2 1 ey ST
o n(n-1) e Zgz(Y XB) (Y-XB) o 2a 26 o) H e A Tj/z' (6.22)

——e
j=1 (‘727]2')1/2

First, observe that the full conditional for 8 is multivariate normal: the exponent terms involving
B in (6.22) are

L (T -XB)"(T - XP) - ziﬁTD;vs

202

=53 (BT (X X+ DB =20V XB+n YY)} (623)

If we now write M, = (yXTX + DT_l)‘1 and complete the square, we arrive at

— {B-nMXTY) M (B M XTY) + Y (I, -’ XM XT)Y}.

Accordingly we can see that § is conditionally multivariate normal with mean 7M. X”Y and
variance 0% M.

The terms in (6.22) that involve ¢? are:
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2y{=n(n-1)/2-p/2-a-1} _ My o -g_ V.
(") exp{ (V- XB) (V- XB) - 554D g~ 5.

We can conclude that ¢ is conditionally inverse gamma with shape parameter

11n2_1+g+¢xandscaleparameterf(Y XB)T(Y -XB) + D, 7'B/2 +y.

Since 72 is not involved in the likelihood, we need not modify the implementation of it and

follow Park and Casella (2008):
1
- 1G (y/A202/82, 1)

J

Summarizing, we can implement a Gibbs sampler with the following distributions:

B~N(n(nx"X+D,")'X"Y, *(nX"X+D, )7, (6.24)
0% ~ Inv—Gamma(g(n -D+p/2+a, g(? -XB)(Y-XB)+ B "D, 'B/2+y), (6.25)
1
7 1G (y/2207/B2, %) . (6.26)

There are several ways to deal with the shrinkage parameter A. We follow the hierarchical
Bayesian approach and place a hyperprior on the parameter. In our implementation we provide
three ways to do so: a point mass (resulting in a fixed 1), a gamma prior on A* following Park
and Casella (2008) and a beta prior following De los Campos et al. (2009), details about the
implementation of the latter two priors can be found in those papers respectively.

6.D.2 The 7-generalized Bayesian logistic regression

We follow the construction of the Pélya-Gamma latent variable scheme for constructing a
Bayesian estimator in the logistic regression context described in Polson, Scott and Windle,
2013.

First, for b > 0 consider the density function of a P6lya-Gamma random variable PG(b, 0)

2t &= [(n+b) (2n+b) _cun?
e .

1) 2V T ) Vo

The general class PG(b, ¢) (b, ¢ > 0) is defined through an exponential tilting of the PG(b,0)
and has the density function

p(x

p(x|b,c) = M
E[e] 5

where w ~ PG(b,0).
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To derive our Gibbs sampler we use the following result from Polson, Scott and Windle,
2013.

Theorem 6.D.1. Let py, o(w) denote the density of PG(b,0). Then for all a € R
e’)" bk ® oy
wherex = a—b/2.

According to Theorem|6.D.1]the likelihood contribution of the observation i taken to the power
# can be written as

Ty 1
(eXiﬁ) o xT o ip?
L) - oc 18 [ e S (0 g,0),

1+ eXiP

where x; := y; —1/2 and p(w; | %, 0) is the density function of PG(#,0).
Let
X=X, X)), Y= (Y YT, k= (ke k)’
w=(w,...,w0,)7, Q:=diag(w,...,w,).
Also, denote the density of the prior on 8 by 7(8). Then the conditional posterior of 3 given w
is

xI'p)?

p(ﬁ | w, Y) o< n(ﬁ) IjLivﬂ(ﬁ | wi) - ﬂ([;) Iﬁl enx,-X,-Tﬁ*w, T oc ﬂ(ﬁ)e*%(zfXB)TQ(z—Xﬁ)’

where z = 7(g},..., ¢*). Observe that the likelihood part is conditionally Gaussian in .
Since the prior on f is Gaussian, a simple linear-model calculation leads to the following
Gibbs sampler. To sample from the the #-generalized posterior one has to iterate these two
steps

wi|B ”PG(’?’XiTﬁ)’ (6.27)
/3 | Y, NN(mw’ Vw)s (6.28)

where

Vo =(XTQX+B™)™,
my =Vo(nX"k + B7'b).

To sample from the PSlya-Gamma distribution PG(b, ¢) we adopt a method from (Windle,
Polson and Scott, 2014), which is based on the following representation result. According
to Polson, Scott and Windle, 2013/ a random variable w ~ PG(b, ¢) admits the following
representation

1f="

w z%,

n=0 “n



6.D. MCMC sampling 201

where g, ~ Ga(b,1) are independent Gamma distributed random variables, and

1
d, =2m*(n+ 5)2 +2c%

Therefore, we approximate the PG random variable by a truncated sum of weighted Gamma
random variables. (Windle, Polson and Scott, 2014)) shows that the approximation method per-
forms well with the truncation level N = 300. Furthermore, we performed our own comparison
of the sampler with the STAN implementation for Bayesian logistic regression, which showed
no difference between the methods (for = 1).

6.D.3 The Safe-Bayesian Algorithms

The version of the Safe-Bayesian algorithm we are using for the experiments is called R-log-
SafeBayes, more details and other versions can be found in Gritnwald and Van Ommen (2017).
The 77 is chosen from a grid of learning rates # that minimizes the cumulative Posterior-Expected
Posterior-Randomized log-loss:

Z Eﬂ)azNH‘Zi—l),,] [—Ing(Yi‘X,‘,ﬂ, 0'2)] .
i=1

Minimizing this comes down to minimizing

n—1 2

1 1 (Yie — Xinfi
> AV[ log2mo}, + = (T zlﬂﬁl’") ] .
i=1 2 2 iy
The loss between the brackets is averaged over many draws of (B;,,, 07 ;) from the posterior,
where §; , (or 01'2,17) denotes one random draw from the conditional #-generalized posterior
based on data points z'. For the sake of completeness we present the algorithm below.

Algorithm 1 The R-Safe-Bayesian algorithm

1: Input: data z, ... z,, model M = {f(+|0)|6 € @}, prior IT on ®, step-size Ksrzp, max. exponent yax, loss

function €4 (z)
2 Sy =1, 2~ Kstep 9=2KstEp p=3Kstep Z_KMAX’}
3: foralln €S, do
4 sy=0
5 fori=1...ndo )
6: Determine generalized posterior IT(-|z'~, 1) of Bayes with learning rate 7.
7: Calculate posterior-expected posterior-randomized loss of predicting actual next outcome:
ri= £H|z"*1,r](zi) = E9~H\zi’1,11 [Ze(z,-)] (6.29)
Sy=Syp
end for
10: end for

11: Ouput: Learning rate 77
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Figure 6.5: Prediction of standard Bayesian lasso (blue) and Safe-Bayesian lasso (red, n = 0.5) with n = 200, p = 100.

6.E Details for the experiments and figures

Below we present the results of additional simulation experiments for Section [6.5.1]
(Appendix|[6.E.1) and the description of experiments with real-world data (Appendix[6.E.2).
We also give details for Figure[6.2]in Appendix[6.E.3!

6.E.1  Additional Figures for Section 6.5.1]

Consider the regression context described in Section|6.5.1] Here, we explore different choices of
the number of Fourier basis functions, showing that regardless of the choice Safe-Baysian lasso
outperforms its standard counterpart. In Figures|[6.5|and[6.6 we see conditional expectations
E[Y | X]according to the posteriors of the standard Bayesian lasso (blue) and the Safe-Bayesian
lasso (red, 3 = 0.5) for the wrong-model experiment described in Section @, with 100 data
points. We take 201 and 25 Fourier basis functions respectively.

Now we consider logistic regression setting and show that even for some well-specified problems
it is beneficial to choose # # 1. In Figure[6.7|we see a comparison of the log-risk for = 1and
# = 3 in the well-specified logistic regression case (described in Section|6.5.1). Here p =1 and

B=4.

6.E.2 Real-world data

Seattle Weather Data The R-package weatherData (Narasimhan, 2014) loads weather data
available online from www.wunderground. com. Besides data from many thousands of per-
sonal weather stations and government agencies, the website provides access to data from
Automated Surface Observation Systems (ASOS) stations located at airports in the US, owned
and maintained by the Federal Aviation Administration. Among them is a weather station at
Seattle Tacoma International Airport, Washington (WMO ID 72793). From this station we
collected the data for this experiment.
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Figure 6.6: Prediction of standard Bayesian lasso (blue) and Safe-Bayesian lasso (red, nj = 0.5) with n = 200, p = 12.

—— Gen. Bayesian Logistic regression, eta=1
Gen. Bayesian Logistic regression, eta=3
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Figure 6.7: Simulated logistic risk as a function of the sample size for the correct-model experiments described in Section
[6.5.1)according to the posterior predictive distribution of standard Bayesian logistic regression (1 = 1), and generalized
Bayes (1 = 3).
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The training data are the maximum temperatures for each day of the year 2011 at Seattle
airport. We divided the data randomly in a training set (300 measurements) and a test set
(65 measurements). First, we sampled the posterior of the standard Bayesian lasso with a 201-
dimensional Fourier basis and standard improper priors on the training set, and we did the
same for the Horseshoe. Next, we sampled the generalized posterior with the learning rate 77
learned by the Safe-Bayesian algorithm, with the same model and priors on the same training
set. The grid of #’s we used was 1,0.9,0.8,0.7, 0.6, 0.5. We compare the performance of the
standard Bayesian lasso and Horseshoe and the Safe-Bayesian versions of the lasso (SB) in terms
of mean square error. In all experiments performed with different partitions, priors and number
of iterations, SafeBayes never picked 77 = 1. We averaged over 10 runs. Moreover, whichever
learning rate was chosen by SafeBayes, it always outperformed standard Bayes (with # = 1) in
an unchanged set-up. Experiments with different priors for A yielded similar results.

London Air Pollution Data  As training set we use the following data. We start with the first
four weeks of the year 2013, starting at Monday January 7 at midnight. We have a measurement
for (almost) every hour until Sunday February 3", 23.00. We also have data for the first four
weeks of 2014, starting at Monday January 6 at midnight, until Sunday February 2"¢, 23.00.
For each hour in the four weeks we randomly pick a data point from either 2013 or 2014. We
remove the missing values. We predict for the same time of year in 2015: starting at Monday
January 5 at midnight, until Sunday February 1** at 23.00. We do this with a (Safe-)Bayesian
lasso and Horseshoe with a 201-dimensional Fourier basis and standard improper priors. The
grid of #’s we used for the Safe-Bayesian algorithm was again 1,0.9,0.8,0.7, 0.6, 0.5. We look
at the mean square prediction errors, and average the errors over 20 runs of the generalized
Bayesian lasso with the # learned by SafeBayes, and the standard Bayesian lasso and Horseshoe.
Again we find that SafeBayes clearly performs better than standard Bayes.

6.E.3 Details for Figure[6.2]

Here we sampled the posteriors of the standard and generalized Bayesian lasso ( = 0.25) on 50
model-wrong data points (approximately half easy points) with 101 Fourier basis functions, and
estimated the predictive variance on a grid of new data points Xy, = {-1.00,-0.99,...,1.00}
with the Monte Carlo estimate:

m(Ynew | Xnew> Zold) = Ee‘Zo]d [VAR(Ynew | 6)] + VAR [E(Ynew | 9)] , (6.30)
where
Eo(zs [VAR(Yaew | 8)] = 1 3024 - 7,
m =
_ 1o 5 .,
VAR [E(Ynew | 0)] = VAR [XnewB] = — 3 (Xnew )" = (Xnew)
k=1

Here f is the posterior mean of the parameter for the coefficients and ¢2 is the posterior mean
of the variance.



