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TORSION POINTS ON ELLIPTIC CURVES
OVER NUMBER FIELDS OF SMALL DEGREE

MAARTEN DERICKX, SHELDON KAMIENNY, WILLIAM STEIN, AND MICHAEL STOLL

ABSTRACT. We determine the set S(d) of possible prime orders of K-rational
points on elliptic curves over number fields K of degree d, for d = 4,5 and 6.

1. INTRODUCTION

For an integer d > 1, we let S(d) be the set of primes p such that there exists an
elliptic curve E over a number field K of degree d with a K-rational point of order p
in E(K). The notation Primes(n) will be used to denote the set of all primes < n.
Mazur [1977, 1978] has famously proved that

S(1) = Primes(7).
Kamienny [1992b] showed that
S(2) = Primes(13)

and Parent [2000, 2003], extending the techniques used by Mazur and Kamienny,
proved that
S(3) = Primes(13).

In fact S(d) is finite for every d as proven in Merel [1996], and Merel even gave
an explicit but super exponential bound on the largest element of S(d). Shortly
after Merel proved the finiteness of S(d), Oesterlé managed to improve upon Merel’s
bound by showing S(d) C Primes((3%24-1)2) if d > 3 and S(3) C Primes(37)U{43}.
The result of Parent mentioned earlier depends on Oesterlé’s bound for S(3) and a
hypothesis Parent denoted by (x), [Parent, 2000, p. 724] for the primes p < 43. The
hypothesis (x),, is that the rank of the winding quotient J¢(p) is zero. Parent already
mentioned that (x), probably holds for all primes and that this result would follow
from results announced by Kato, but these results were not yet published at the time
that Parent wrote is article. These results have now indeed been published as Kato
[2004]. Details on Jg(p) and how to do derive (%), from the work of Kato are given
in Section 4. Oesterlé never published his results, but was kind enough to give us his
unpublished notes so that the gap in the literature could be filled. The Appendix
of this article contains his arguments for showing that S(d) C Primes((3%2 + 1)?)
for d > 6 and S(d) C Primes(410) for d = 3,4,5 as stated in Theorem A.2. His
notes also included a section where he further improved the bound on S(d) with
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d = 3,4,5, but these are omitted since we have found it easier to deal with these
cases using the techniques developed in the main text.

Theorem 1.1. Suppose that S(d) C Primes(2281) for 3 <d <7, then
S(3) = Primes (13),

S(4) = Primes (17

S(5) = Primes (19

S(6) = Primes (19) U {37} and

S(7) C Primes (23) U {37, 43,59, 61,67, 71, 73,113,127} .

The reason for including the condition S(d) C Primes(2281) in the statement is to
make it possible for us to give a proof that does not use Oesterlé’s bound (Theorem
A.1 of the appendix). Theorem A.2 of the appendix tells us that condition S(d) C
Primes(2281) is satisfied for 3 < d < 7 so the conclusion of the above Theorem
holds unconditionally. Theorem A.1 actually also implies S(d) C Primes(2281) for
3 < d <7, but the proof given in the appendix depends on Theorem 1.1, so we need
to use Theorem A.2 to avoid creating circular references. Additionally the reason for
reproving the already known result on S(3) is because the results of Parent [2000,
2003] depend on the unpublished results of Oesterlé. We cannot cite Parent in the
appendix in order to prove S(3) C Primes(43), since we want to give a proof of
Oesterlé’s unpublished results in the appendix.

From our computation it even follows that S(7) C Primes(23) U {37} if the
condition (#%)g,, holds for d =7, p =43,59,61,67,71,73,113,127 and ¢ = 2.

The effective divisors D C X (p)® (FF,) such that the associated line
bundle Ox, ), (D) lifts to Z () are exactly the effective divisors whose p (%) a0

9

)
),
)
)

support consists of the cusps mapping to the cusp O, of Xo(p)(F).

This condition is easily seen to be true if p > (¢42 + 1)2, see Section 5.3, and

we managed even to verify it for many p < (242 + 1)2 and d < 7. However the
verifying of the condition for the p < (2%/2 +1)? and d < 7 was done using explicit
calculations and careful case by case studies. Finding a theoretical argument that
also works for p < (£%/2 +1)? is of interest though, since if there exists a function
P** : Nog — R such that for every integer d > 0 and prime p with p > P**(d)
one can find an ¢ > 2 such that (xx)g,, holds, then [Parent, 1999, Thm. 1] shows
that S(d) C Primes(max(P**(d),65(2d)%)). So from the existence of a function
P**(d) < (3%2 4 1)? as above one obtains an improvement upon Oesterlé’s bound.

Let S’(d) be the set of primes p such that there exist infinitely many elliptic
curves E with a point of order p and pairwise distinct j-invariants over a number
field K of degree d. One of course has S’(d) C S(d). For d = 1,2 or 3 one even
has an equality S'(d) = S(d) Mazur [1977], Kamienny [1992b], Jeon et al. [2011a).
There are a lot more S'(d) known, indeed S’(4) = Primes(17) Jeon et al. [2011b],
S'(5) = S’(6) = Primes(19) and S'(7) = S’(8) = Primes(23) Derickx and van
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Hoeij [2014]. These results, together with the fact that a twist of the elliptic curve
y? +xy + 1y = 23 + 2% — 8x + 6 has a point of order 37 over the degree 6 number
field Q(v/5, cos(27/7)) [Elkies, 1998, Eq. 108], show that we only need to prove C
instead of = in Theorem 1.1.

The C inclusions are obtained by studying the points on X (p) over number fields
of degree d. Indeed if E is an elliptic curve over a number field K of degree d and
P € E(K) a point of order p, then the pair (F, P) gives rise to a point s € X;(p)(K).
If one lets o1, ...,04 : K — Q be the d different embeddings of K in Q then

Zo—z ) € X:(n) (@) 1)

is a Q rational point on the d-th symmetric power of X;(p). Conversely, every point
in X;(p)(Q) can be written as >_I" n;s; s\ with s; € X1(K;), K; a number field
of degree d; and n; € Nyy. So the question Whether p € S(d) can be answered if one
can find all Q rational points on X;(p)@.

In Section 3 some general theory is developed that, if certain conditions are met,
allows one to find all rational points on the symmetric powers of a curve. This theory
is similar to the Chabauty for symmetric powers of curves in Siksek [2009], except
for the fact that we use formal immersions, as done in Mazur [1978] and Kamienny
[1992a], instead of the p-adic integration used by Siksek. As we will see later, this
allows us to work over discrete valuation ring with smaller residue characteristic
than Siksek. The discussion of Mazur and Kamienny is specific to modular curves,
whereas in Section 3 we took care to write down how their arguments work out for
arbitrary curves. The most essential part of Section 3 for obtaining Theorem 1.1 is
the trick of Parent [2000] that allows one to also work over discrete valuation rings
in characteristic 2: this trick is the use of assumption (3) instead of assumption (1)
of Proposition 3.4 .

In Section 5 we spell out very explicitly what the results of Section 3 mean when
applied to modular curves, giving several variations on the strategies of finding all
rational points on symmetric powers of modular curves as a corollary of Section 3.
We even work out the strategy explicitly enough so that it can be tested by a
computer program written in Sage [2014]. Most cases were handled quite easily by
this computer program, although the proof that 29,31,41 ¢ S(d) for d < 7 and
73 ¢ S(6) required some extra attention.

Acknoweldgements. We would like to thank Barry Mazur and Bas Edixhoven for
their many valuable comments and suggestions, Pierre Parent for his suggestion to
look at C'M elliptic curves in order to show that 73 ¢ S(6), and Tessa Schild for her
proofreading.
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2. FORMAL IMMERSIONS

Definition / Proposition 2.1 (Formal Immersion). Let ¢: X — Y be a morphism
of Noetherian schemes and x € X be a point which maps toy € Y. Then ¢ is a
formal immersion at x if one of the two following equivalent conditions hold:
e the induced morphism of the complete local rings (Ek: 63/\‘,! — 6; 1S surjec-
tive.
o The maps ¢: k(y) — k(z) and ¢*: Cot,(Y) — Cot,(X) are both surjective.

Proof. 1t is clear that the first condition implies the second. The other implication
can be proved by using Nakayama’s lemma to lift a basis of Cot,(Y) to a set of gen-
erators fi,... ,fn of m,,, the maximal ideal of (§;y The fact that gz/S\*(fl), . ,Q/;*(fn)
generate m,/m? implies that ¢*( fi), ... ,Q/S\ (fn) also generate m,. As a consequence
we get that for all 7 the map m, /m“r — m! /mitl is surjective, hence by the

completeness of Oyy we also have that <b* is surjective. U]
There is one important property of formal immersions that we will use:

Lemma 2.2. Let X,Y be Noetherian schemes. Let R be a Noetherian local ring,
with mazximal ideal m and residue field k = R/m. Suppose f: X — Y is a morphism

of schemes that is a formal immersion at a point © € X (k) and suppose P,Q € X (R)
are two points such that x = Py = Q and f(P) = f(Q). Then P = Q.

Proof. Let y = f(z) and view P, @ as morphisms Spec R — X and hence write fo P
instead of f(P). The morphisms P, Q) and f induce maps on the local rings, we will
call these P, Qr and f respectively:

P,
R T Ox, «——— Oy,

]/D"\’;‘L —_— —_—

—_ OX,r > OY,y

o fi

Since f o P = f o () we also know that ]351 o fA;; = Q/:*n o fA; Now f is a formal

immersion at x. This means f} is surjective and hence that P* = Q7 . Because

R is Noetherian local ring, the map R — R is injective and hence P = Q7 . The
proposition now follows from the following commuting diagrams:

i

Spec R Spec Ox Spec R Spec Ox

R
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3. RATIONAL POINTS ON SYMMETRIC POWERS OF CURVES

This section contains a very general discussion on rational points on symmetric
powers of curves similar to [Siksek, 2009, §3]. There is a huge overlap where both the
results of [Siksek, 2009, §3] and this section are applicable. However, both Siksek’s
and our own results are applicable in situations where the others result is not; both
the overlap and differences will be discussed.

Throughout this section R will be a discrete valuation ring whose residue field k
is perfect. Its fraction field will be denoted by K and its maximal ideal by m. If C'
is a smooth and projective curve over R, such that C is geometrically irreducible,
then its Jacobian J exists. Let J° be the fiberwise connected component of 0, which
is isomorphic to Pic%, /r and semi-Abelian [Bosch et al., 1990, §9.7 Cor. 2|. Since C
is smooth over R, actually J° = J and the special fiber of J is an Abelian variety,

hence J is an Abelian scheme over R.
For any R-scheme S and any x € C@(S), define

faw 1 O = Jg (2)

as the map that for all S-schemes 7" and all D € C’éd) (T') sends D to the class of
Ocy (D — zr) in Jg(T), where we use [Bosch et al., 1990, §9.3 Prop. 3] to see the
points in C’éd) (T') as effective relative Cartier divisors of degree d on Cr over T

The following Lemma is the key Lemma which will be used throughout this paper
to study the rational points on C'(4.

Lemma 3.1. Let C' be a smooth and projective curve over R with geometrically
wrreducible generic fiber and Jacobian J. Lett : J — A be a map of Abelian schemes

Yover R. Lety € C,gd)(k) and assume that the following conditions hold:
(1) t(JY(R)) = {0}, where J'(R) := ket <J(R) red J(k)),
(2) the map to fq, : C’,id) — Ay, is a formal immersion at y.

Then there is at most one point in C'Y(R) whose reduction is y.

Proof. If there is no point in C¥(R) whose reduction is y, then there is nothing
to prove, so let # € C¥(R) be a point whose reduction is y. Then condition 2
above ensures that t o f;, : C¥ — A is a formal immersion at y. Indeed, both
Cot, C@/ Cot, C\”) and Cot, A/ Cot, A, are canonically isomorphic with m/m2 =
Coty, R, hence the surjectivity of to f;,” : Cotg A — Cot, C@ follows from the
surjectivity of (t o fz,)* : Cotg Ay — Cot, C,id). Now let 2’ € C¥(R) be a point

Lone could even more generally take t to be a map from the formal group of J to a formal group

F over R, and replace fq, by fd.; : Spf @y
ko0

apply this lemma the Abelian variety Jx is of GLy type and hence J had enough endomorphisms

to not need to use the formal group version

— Spf @. But in the case where we want to
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whose reduction is y, then condition 1 together with fy.(2")r = 0x = fa. () imply
that t o fy.(2') = Og = to fy.(x). Finally, according to Lemma 2.2 the fact that
t o fq. is a formal immersion implies 2’ = x. O

The most straightforward way to turn the above Lemma into a way to determine
all rational points in C¥(R) is the following:

Theorem 3.2. Let C' be a curve that is smooth and projective over R such that Ck
15 geometrically irreducible, and let J denote its Jacobian over R. Let d be a positive
integer and S C CD(R) be a finite set. Lett:.J — A be a map of Abelian schemes
over R, denote by red, the reduction to k map and p : C@D — PiCdC/R the map

sending a divisor to its associated line bundle. Assume that the following conditions
hold:

(1) (T (R)) = {0}, where J'(R) = ker (J(R) " J(k)),

(2) the map to fqs: C,gd) — Ay with fqs as in Eq. (2) is a formal immersion at
all s € redg(S) and
(3) redi(S) = o~ (redy(Pict (1)),
Then S = CD(R).

Proof. Condition 3 ensures that red;(C@(R)) = redy(S), and the first two condi-
tions together with Lemma 3.1 ensure that every point in red,(S) has exactly one
point in C¥(R) reducing to it. O

In the above theorem however the set .S might be huge, and it might get imprac-
tical to verify condition 2 explicitly in concrete examples. It turned out that this is
the case in the situation where we want to apply it. However in our setup there will
often exist a map of curves ¢ : C' — D such that the set S for which we want to prove
S = CY(R) is the inverse image of a single point under ¢(¥ : C¥(R) — DW(R).
The following generalization of the above theorem whose proof is similar will be
useful in these cases.

Theorem 3.3. Let C and D be smooth and projective curves over R whose generic
fibers are geometrically irreducible. Let ¢ : C' — D be a non constant map. Denote
by J the Jacobian of D over R. Let d be a positive integer and S C C(R) and
T C DY(R) be finite sets such that S = ¢ (T) C CD(R). Lett:J — A be
a map of Abelian schemes over R, denote by pu : C4 — Pich/R the map sending a
divisor to its associated line bundle. Assume that the following conditions hold:

(1) (T (R)) = {0}, where J(R) = ker (J(R) % J(k)),

(2) the map to fus: D,(Cd) — Ay with fqs as in Eq. (2) is a formal immersion at
all s € redg(T') and
(3) ¢ (u~" (redi(Picg,r(R)))) C redi(T).
Then S = C9(R).
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S—T

(d)
Pict, p(R) <— C@(R) 2= DW(R)

redy l redg redg

(d)
Pict, (k) e C@ (k) ~— D (k)

Proof. Condition (3) ensures that
redi (¢! (C'9(R))) = ¢'¥(red(C(R))) C redy(T),

and the first two conditions together with Lemma 3.1 ensure that every point in
red;(T) has exactly one point in D@ (R) reducing to it. So we can conclude that
¢ D(CW(R)) = T hence the theorem follows from the assumption S = ¢@ " (T"). O

Remark. Theorems 3.2 and 3.3 are still true if one lets ¢t depend on s. Theoretically
this is not a huge gain since one can always take t : J — A to be the universal map
of Abelian schemes such that (1) holds. However, if one wants to restrict the choice
of t to t € Endg J, then the elements such that (1) holds form a two sided ideal
I C Endg J. If this ideal is not principal then it might pay to use a t that depends
on s.

If condition (3) of Theorem 3.2 holds, then taking T = ¢(®(S) ensures that (3) of
Theorem 3.3 holds. However, even in the case that (3) of Theorem 3.2 fails to hold
for S = C@(R), it might still be possible to find an ¢ : C — D and a T C D@ (R)
such that (3) of Theorem 3.3 holds. The only case where we will make use of this is
for showing 73 ¢ S(6). There we found a Q rational point 2% € (X(73)/(10))©®)(Q)
that was the only QQ-rational point in its residue class mod 2. We could show that
none of the points X;(73)©®(Q) mapping to (%) were defined over Q, hence we could
show that the 4 points in X;(73)©®(F;) mapping to a:I(FGQ) had no Q-rational points
above them.

If the curve C' is a smooth curve over some global field and one has generators
for a finite index subgroup of the Mordell-Weil group of (a quotient of) J, then
instead of using Theorem 3.2 or Theorem 3.3 for a single prime, one could even use
the Mordell-Weil sieve as described in [Siksek, 2009, §5] to combine the information
about the rational points of C9 obtained by Lemma 3.1 for several primes. This
however, was not necessary for our purposes.

In the setting where we want to apply Lemma 3.1, the ring R will be Z). In
this case J'(R) is a finite index subgroup of J(R) and hence we need t(J(R)) to be
finite in order for condition (1) to be satisfied. Conversely if ¢(J(R)) is finite, then
there are some quite mild conditions on ¢, A and R that imply that condition(1) is
satisfied.
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Proposition 3.4. Suppose that R = Zy and t(J(R)) is finite and either

(1) £> 2,

(2) € =2 and A(R)[2] injects into A(Fy), or

(3) ¢ =2 andt =tyoty wheret; : J — Aty : A — A are maps of Abelian
schemes such that t1(J(R)) is finite and ty kills all the elements in A'(R)|2]
that reduce to 0 mod 2.

then condition (1) of Lemma 3.1 is satisfied.

Proof. If either ¢ > 2, or ¢ = 2 and A(R)[2] injects into A(k), then t(J(R)) — A(k)
is injective, hence t(J'(R)) = {0} which deals with the first two cases. Alternatively
one could see them as special cases of the third one with ¢, = 1. In the third case
we know that ¢;(J*(R)) is finite and contained in the kernel of reduction. But a Z )
valued torsion point that specializes to the identity mod 2 on a group scheme must be
a two torsion point [Parent, 2000, Lem 1.7 ]. This means that ¢;(J*(R)) C A'(R)[2]
and hence t o t;(J'(R)) = {0} by the definition of t,. O

A more general statement of the above proposition over arbitrary discrete valu-
ation rings of unequal characteristics also easily obtained by using [Parent, 2000,
Prop 2.3 ] in the proof instead of Lemma 1.7 of loc. cit.. Bu

In the case that the map ¢ of Lemma 3.1 is the identity map, condition (2) of
that Lemma can be nicely restated in terms of C’éfl,z where C’éfilz, C C’,(cd) is defined as

the closed sub-variety corresponding to the divisors D over k of degree d such that
H°(Cy, Oc, (D)) is a k vector space whose dimension is at least 2.

Proposition 3.5. Let y € C,id)(l%) be a point then the map fq, : C’]—id) — Jr is a
formal immersion at y if and only if y ¢ Cédk)(/%) In particular if C'(k) # 0, then
fay is a formal immersion at all points in C’,gd)(k) if and only if k(Cy) contains no
non-constant functions of degree < d.

Proof. Since the map £ — £(—y) induces an isomorphism Pic? Cj, — J, we see that
fay is a formal immersion at y if and only if the canonical map C,gd) — Piccék Ik

is. The map C’,gd) \ C’édlz — Picdck /i Is an isomorphism onto its image, which proves
the “if”-part. For the “only if”-part one just notices that if y &€ C’Q(d,z, then the

connected component of y of the fiber of f;, above 0 = f4,(y) contains a P'. The
tangent directions inside this P! at y are all send to 0 by f;, hence it is not a formal
immersion. U

Let C be as in the above proposition, let © € Cy be a closed point, k(z) be its

residue field and ¢ € O/C;C be a uniformizer. The completed local ring (5(;;; is
isomorphic to k(x)[[g]], and if we have a global 1-form w € Qlck/k(Ck), then we can
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write its pullback to (’)/C; as fdg with f in (9/0:9&, hence we can write:

wog, , = Zanq”’ldq, a, € k(z). (3)
n=1

The right hand side of the above formula is called the g-expansion of w.

The map fiz : Cka) — Ji@) induces an isomorphism ff, : H°(Jya), Q') —
H°(Ch(zy, ') and evaluation in zero gives an isomorphism H(Jy(), ') — Cotg Jy(z).-
If w" € Cotg Ji(y) corresponds to w € H O(C’k(r), Ql) under these isomorphisms then
we also say that Y - a,¢" 'dq is the g-expansion of w'.

The following complete local rings are equal

om = k@)[[q, .., qd]% = k(@)[[o1, . .., 0d]] (4)

where ¢; is the pullback of ¢ along the i’th projection map =; : C,‘f($) — Cy() and
o1:=q+--+qqup to oy :=qiqs - - - qq are the elementary symmetric polynomials
in ¢; up to g4. Let do; denote the image of do; in Cotg, C’,Ef(li), then doy up to doy

form a basis of Cotgy, C’,ic(?: ) The following Lemma is due to Kamienny and can be
found implicitly for example in the proof of Proposition 3.1 of Kamienny [1992a].

Lemma 3.6. Let d be an integer, C,J and fq4 : C’,Ec(li) — Ji(z) be as in the setup
of Lemma 3.1 for x € Cy a closed point. Let q be a uniformizer at x, q;, o; as above
and w € Coty Jy) an element with q-expansion Y -, a,q" *dq. Then

d
Z(—l)"’landTCn = fia:w € Cotyy Cé?i)

n=1

Proof. Let p: C’,f(x) — C]i?;) denote the quotient map then f;4, op = Z?Zl fizom;
where 7; : C,f(m) — Cl(z) denotes the i'th projection map. In particular,

(fadz 0 0) (W) = Z an (Z qz’f‘lqu) .

For a ring B consider the map of Bl[oy,. .., 04]]-modules

d d
Dy : €D Bllov.. .., 0dldo; = P Bllar, - -, qalda:
j=1

i=1

given by do; — 2?21 %dqi. If we define s; := Zle ¢ for all integers j and o; = 0

for all 5 > d, then Newton’s identities give

n—1
Sp + Z(—l)jajsn_j = (=1)""'no,.
j=1
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Applying d to this expression shows that
d 1 n—1
-1 -1 j
(=1)" " doy, — Z;(J? dg; = —d (Zl(_l)jUan—j>
= j=

for B = Q. The right hand side is actually contained in @?;11 Ido; where I C
Zl[o1,. .. ,04)] is the ideal generated o1 up to o4. The proposition follows by base
changing Dz to Dy and quotient out by @jzl Ido;. U

In the proposition below and its proof we identify C(? (k) with the set of k rational
effective divisors of degree d on C.

Proposition 3.7. Let y € C9(k) be a point and write y = > iy gy with y; €

C9D(k) distinct and m,ny,...,n, € Nsg. Let q; be a uniformizer at y;, e be a
positive integer and wy, - -+ ,w, € t*(Cotyg A) C Cotg J;. For1 <i<eand1<j<
m let a(w;, ¢j,nj) = (a1(wi), . . ., an,; (w;)) be the row vector of the first n; coefficients

of wi’s q;-expansion.
Then to fq, : C’,gd) — Ay 1s a formal immersion at y if the matrix

a(wy, g, 1) a(wi, @, n2) - alwr, g1, i)
A — G(WQ,f]l,nl) G(W2;?27n2) : G(WQ,(?l,nm) (5)
CL(weaqlanl) a<weaq2an2) e a<weaqlanm)
has rank d. If wy, - ,w. generate t*(Cotg Ag), then the previous statement even

becomes an equivalence.

j d) .. o
Proof. The natural map H;”Zl C’TinJ) — C']g ) is étale at (n1y1, n2Ys, - - -, NmYm ), hence
we get an isomorphism of cotangent spaces

Cot, CL¥ = @) Coty,,, C1.
j=1

For j from 1 up to m and 1 <7 < n; let 0;; be the symmetric functions associated
to ¢; as in (4). The elements (—1)""'do;; with 1 < j < m and 1 < i < n; form a
basis of Cot, C’,—Ed) under this isomorphism. The corollary follows since if 1 < h <e
is an integer then the h’th row of A is just f(}:y(wh) with respect to this basis. [

If one takes R = Z, with ¢ > max;(n;) then the matrix A in Theorem 1 of
Siksek [2009] is obtained by dividing the columns of the matrix A above by certain
column dependent integers < max;(n;). Actually, there is a huge overlap between
Theorem 1 of Siksek [2009] and the result one gets when combining Lemma 3.1 and
Proposition 3.7. Our version has the advantage that one doesn’t have the conditions
¢ > max;(n;). The reason is that the formal immersion criterion, and more generally
the formal group over R approach, do not introduce denominators in the matrix A,
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while the p-adic logarithm in Siksek’s Chabauty approach does introduce them,
since it is only defined over K and not over R. Theorem 1 of Siksek [2009] has the
advantage that one has more freedom in the choice of the one-forms w;. For example,
our version is useless if J is simple and has rank r > 1, while Siksek’s version is still
applicable in cases where r+d < g where g is the genus of (', although this problem
can be mitigated by replacing the map ¢ : J — A by a map of formal groups in
Lemma 3.1. The reason for not using the results of Siksek [2009] is that we really
want to take ¢ = 2, since in general the number of points on C@(IF,) is the smallest
for £ = 2, so that we need to check the formal immersion condition (2) of Lemma 3.1
for fewer points.

The entire strategy in this section depends on the existence of amapt:J — A
of Abelian varieties whose image contains only finitely many rational points as in
Proposition 3.4. The main goal of the following section is to explicitly describe a
quotient of J that has only finitely many rational points in the case that C is a
modular curve.

4. THE WINDING QUOTIENT

In this section we will let N be an integer and H C (Z/NZ)* a subgroup. The
curve X g over Z[1/N] is defined to be the quotient curve X;(N)/H where (Z/NZ)*
acts as the diamond operators. Taking H = 1 gives X;(N) and H = (Z/NZ)* gives
Xo(N).

Integration gives a map
H,(Xy(C), cusps, Z) — Home(H(Xy(C),QY,C) = Hy (Xy(C),R).

By a theorem of Manin and Drinfeld the image of this map is contained in H; (X (C), Q).
Let {0,00} € Hi(Xg(C),cusps;Z) be the element coming from a path from 0 to
100 in the complex upper half plane.

Definition 4.1. The element e := w — f{o o} @ € Hi(Xy(C),Q) is called the

winding element and the corresponding ideal A, := Ann(e) C T, consisting of the
elements annihilating e, is called the winding ideal. The quotient J§ := Jy/AeJy
is called the winding quotient.

One can also define X, i to be the quotient of X (V) by H. The winding element
and the winding quotient can be defined in the same way, and the latter will be
denoted by J£ ;. The isomorphism

Wy X, (N) = Xq(N) (6)

sending (E, f : uxy — E[N]) to (E/im(f), f¥ : Z/NZ — E[N]/im(f)) is defined
over Z[1/N]. It interchanges the cusps 0 and oo and commutes with taking the
quotient by H. This isomorphism sends the winding ideal of X, i to the winding
ideal of Xy and hence we get an isomorphism Jg ; = Jj.

The essential property of the winding quotient is that its group of rational points
is finite.
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Theorem 4.2. The rank of J5(Q) and JS z(Q) are 0 .

Merel was in [Merel, 1996, §1] the first one to introduce the winding quotient
for Jo(p) with p prime, where he also proves that its rank is finite using a result
from Kolyvagin and Logachév [1989]. This result states that an abelian variety A
over Q that is a quotient of Jy(N)g has Mordel-Weil rank 0 if its analytic rank is
zero. Parent in [Parent, 1999, §3.8] generalized Merels statement it to composite
numbers N. The result of Kolyvagin and Logachev was generalized by Kato [Kato,
2004, Cor. 14.3] to abelian varieties that are a quotient of J;(N)g. In both Parent
[2000] and Parent [2003] it is mentioned that the theorem follows from using Kato’s
generalization. Here is a short sketch how to deduce the finiteness of the winding
quotient form the work of Kato, where we closely follow the arguments of [Parent,
1999, §3.8].

Proof. Because Jg is a quotient of J(N) and Ji = J¢ 4, it suffices to show the
theorem for J¢ (V).

The Hecke algebra Tq viewed as subalgebra of the endomorphism ring of Se(I'1 (N))g
can be written as

TQ Z:Rfl XRfQ... XRfk

where the f; range over all Galois orbits of newforms for I'y of level M; dividing
N and Ry, is the restriction of Tq to the subspace £y, of S5(I'1(N))g consisting of
all elements that can be written as Q-linear combinations of the Galois conjugates
of By(g) with g € f; and d | N/M; and By: X;(N) — X;(M, the degeneracy
maps [Parent, 1999, Thm. 3.5]. Now let M be an integer that divides N and d
an integer dividing N/M. The degeneracy map By: X;1(N) — X;1(M) gives rise to
Bj: Ji(M)gy — J1(N)g and we can define

J(N)E™ = Ji(N)g/ > im B
M|N,M#N,d|N/M

And we can use the maps By.: Ji(N)g — Ji(M)g to define a map of abelian

varieties
: L (N)g— P @ nm)ge.
M|N d|N/M
Now the identification

Sy(T1(N))e = HY(X1(N)¢, QY = HY(J1(N)e, Q) = Coto(J1(N)c

together with the isomorphism @y n Sajn/ar S*(T'1(M))E — ST (M) shows
that ®¢ is an isogeny, so @ is one also. We also have an isogeny J;(M )™ — @.J¢
where f runs over the Galois orbits of newforms in Sy(I'y(M)) and J; is the abelian
variety attached to such a Galois orbit. Combining these isogenies with ® we get

an isogeny
LN =P P Jro
i d|N/M;
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where the f; range over all Galois orbits of newforms for I'y of level M; dividing N.
Define R’ as ®;;Ry,, with this definition the product ®gn/ar, 7,0 Will be isogenous
to J1(N)g/ R Ji(N)g.

Now Parent shows that if the integration pairing (e, f;) is non-zero, then Ae g N
Ry = 0 and conversely that if (e, f;) = 0, then Acq N Ry, = Ry;. Now since
L(f;,1) = 2n(e, f;) we can write

Aca= P Ry

i:L(f;,1)=0

Combining this with the previous discussion we get an isogeny

KN = @ FW/RREN) = D @avmdne
i:L(fi,1)7#0 i:L(fi,1)#0
where the latter product has rank 0 by Kato’s theorem. 0

5. THE CONDITIONS OF 3.3 FOR X,(N) = X, u.

Let p be a prime. In order to determine X;(p)?(Q), or equivalently X ,(p)®(Q)
by using the isomorphism W, defined in (6), we will apply Theorem 3.3 to the
quotient map f : X,(p) = X, u where H C (Z/pZ)* is some subgroup such that we
manage to verify all conditions. Much of the strategy also works if one drops the
assumption that p is a prime.

5.1. Condition 1: Using the winding quotient. Let N be an integer, £t N a
prime and H C (Z/NZ)* a subgroup. Then we can use Theorem 4.2 to construct a
t:J,g — A for some Abelian variety A such that (1) of 3.3 holds, i.e. such that
t(Jy1(Zw)) = 0 where J} ;(Zy) is the kernel of reduction. The combination of

o
this Theorem and this Proposition gives.

Proposition 5.1. Let ¢ > 2 be a prime coprime to N then condition (1) of 3.3 is
satisfied with R = Zy for the quotient map t: Jyu — J5 .

This proposition will not be used in this text, but it is stated since it allows for
comparison with other approaches of determining or bounding S(d).

The proposition above is used for Jy(p) with p prime and an ¢ that depends on p
in the argument of Merel [1996], and is used for Jy(p") for £ = 3 or 5 in the argument
of Parent [1999]. It was used by Oesterlé with ¢ = 3 to prove his exponential bound
(3%2 +1)2, although it is only implicitly used in the Appendix since the part of
Oesterlé’s argument that uses it is replaced by a citation to Parent [1999]. The need
for £ > 2 is also the reason for the occurrence of 3 and not 2 as the base for the
exponent in Oesterlé’s bound.

The set X, (N)@(F,) has fewer elements for elements for smaller ¢ so one would
like to use ¢ = 2 if £ ¥ N in view of applying Lemma 3.1. However, there are
two difficulties that arise when doing so. The first one is that it is not necessarily
true that the J, y(Q)sors injects into J, g (F2). The second difficulty arises when
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determining which elements in Cotg (J, #)r, come from Cotg (J ;)r, as needed for
Proposition 3.7. This is because the exact sequence that relates Cotg (J,, u)r, to
Coto (J5 )r, for £ > 2 is not necessarily exact for £ = 2. In Parent [2000] there
is already a way of dealing with these difficulties when using X, (). His solution
is to take t; : J,(N) — J,(N) to be a Hecke operator that factors via Jg and
ty + Ju(N) = Ju(N) such that it kills all the two torsion in J}(N)(Z)) and apply
Proposition 3.4.

The operator t, as needed for Proposition 3.4 can be obtained using the following

proposition.

Proposition 5.2. Let ¢t N be a prime, then (T, — {(q) — ¢)(Q) = 0% for all Q €
Ju i (Q)tors of order coprime to q.

Proof. Let Q € J, p(Q) be torsion of order coprime to ¢, then (T, — (q) — ¢)(Q) is
also a point of order coprime to q. Now let Qr, € Ju(p)r,(F,) be its specialisation
and let Frob, be the Frobenius on Jy(p)r, and Ver, its dual (verschiebung). Then
we have the Eichler-Shimura relation T s, = (g) Frobg 4 Ver, see [Diamond and Im,
1995, p. 87| and Ver, o Frob, = ¢ in Endg, (Ju(p)r,). So

Ty r, (Q]Fq) = (q) FrObq<Qqu) + Verq(Qqu) = <Q>QJFq + QQqu

giving (Tyr, — (¢) — q¢)(Qr,) = 0. Since specializing a point on a group scheme can
only change its order by a power of the characteristic of the residue field we see that
the order of (7, — (¢) — ¢)(Q)) must be a power of ¢, and coprime to ¢ at the same
time hence (T, — (q) — ¢)(Q) = 0. O

What we need now is to find a way to find a Hecke operator ¢; as in Proposition 3.4.
Now suppose if t; € T is such that ¢;. 4. = 0 then ¢; is a Hecke operator such that
ti: Juu — Jum factors via Jg . Lemma 1.9 of Parent [1999] already gives a way
of finding such Hecke operators for J, as soon as we have found an element ¢ that
generates the Hecke algebra T (N)g. If V is a prime then the Hecke algebra T} (N )g
is of prime level and weight 2 so it is a product of number fields. In particular we
know that such a t exists. By just trying “random” elements we should probably
find such a t reasonably fast. However if N is composite this is not necessarily true.
And even in the prime case testing whether ¢ is a generator is a computationally
expensive task if ¢ is represented by a huge matrix, so we don’t want to try many
different t’s. Therefore we generalize his Lemma slightly so that we don’t need t to
be a generator.

2This is slightly different from [Parent, 2000, prop. 1.8], in that proposition it should also read
aq := Ty —(g) —q. The mistake in that paper comes from Parent using the Eichler-Shimura relation
for the X, () while in his article he is working with X, (N), although he denotes our X,(N) by
Xi1(N). For more details on the Eichler-Shimura relations on X,,(N) and X;(N) see [Diamond
and Im, 1995, p. 87]
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Proposition 5.3. Let t € Tr, be an element and let P(X) = [}, Pi(X)% its
factorized characteristic polynomial when viewing t as an element of End S2(I'y)g.
Define

I={ie{l,...,n} | (P/P)(t)e=0 ore; >1}
then t1(t) == [1,c; P (t) is such that t; Ac = 0.

Proof. We have already seen that the Hecke algebra Ty, ¢ viewed as sub algebra of
the endomorphism ring of Se(I'g)g can be written as

TFH,Q = Rf1 X Rf2 oo X Rfk

where the f; range over all Galois orbits of newforms for I'y of level M; dividing
N and the Ry, are the restriction of Tr, g to certain subspaces &£ fi of S2(I'r,,.0)0-

And we have also seen that A.q = @i.r(f,1)=0f,- Now define & = @i.r(5,,1=0&,
and 56 = D, (firl 7,505]01. then SQ(FH)Q = 5 D ge and Ae,@ = {t/ c TQ | t/|gé = 0}
so in particular t;. 4. o = 0 if ¢1]¢, = 0. So it suffices to show that t1|gfi = 0 for all
i such that L(f;;1) = 0. Now all & are contained in some generalized eigenspace
corresponding to the factor P;J for some j; depending on 7. Now for the i such that
ej, > 1 we have Peh( t)|E€r, = 0 so 1€, = 0. For the other ¢ we have e;, = 1 and in
particular £, = ker P;,(t) so that we have P/P},(t) € R;, now L(f;,1) = 0 implies
P/P;,(t)e = 0 hence j; € I and hence tl‘gfi = t1|kerpji(t) =0 O

If N is composite then one can get away with a smaller set than I in the previous
proposition, because then not all the terms with e; > 1 are needed. On can see
which ones are not needed by studying the action of ¢ on the space of new forms or
[y (M)Ty for all M | N. But this is not necessary for our application.

5.2. Condition 2: Kamienny’s criterion. Let N be an integer and H C (Z/NZ)*
a subgroup, denote by So, C X, (Q) the set of cusps that map to the cusp co under
the map X, g — Xo(N). On has that there are exactly ¢(N)/# {£H} elements in
Se, Where ¢ is Euler’s totient function. Actually (Z/NZ)*/{£H} acts transitively
and freely on them. Define

S .= n(sL) € X\(Q), (7)
d)

where 7 @ X7 d N s X! .. 18 the quotient map. Then we want to be able to check

whether condition (2) of Theorem 3.3 holds for S = S In order to do this we
make the following definition.

Definition 5.4. Let d be an integer, ng > n; > ... > n; > 1 a sequence of
integers that sum to d and co, ..., ¢; pairwise distinct cusps in X, i that lie above
oo € Xo(N), then we call ngcy + ... + n;c; an ordered sum oo cusps (of degree
d).

It is clear that every element of S can be written as an ordered sum of cusps in
a unique way.
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Remark. If X,y = Xo(p) there is only one ordered sum of oo cusps of degree d,
namely doo. So in this case condition (2) is the easiest to verify.

The proposition we will use to verify (2) of Theorem 3.3 is the following variant
of Kamienny’s Criterion which is a slight generalization of the variant [Parent, 2000,
Prop. 2.8].

Proposition 5.5 (Kamienny’s Criterion). Let £t N be a prime, ¢ = njc; + ...+
NmCm be an ordered sum of oo cusps of X, u of degree d. Let (dy),...,{(dn) €
(Z/NZ)*/{£H} be the diamond operators such that oo = (d;)c;, where this time
oo is the cusp of X, g corresponding to oo € P1(Q). Let fy.: Xl(ﬁl — Jum as in
Eq. (2), let t € Ty, and view t as a map J,yg — J,u then to fo. : is a formal
immersion at cg, if and only if the d Hecke operators

(Ti{d;)t)jer,...m (8)

1el,...n;

are Iy linearly independent in Tp, @ F,.

Specializing to the case X, y = Xo(/V) where 5@ = {doo} the condition in
Eq. (8) above becomes: The map to f; 4 is a formal immersion at doop, if and only
if the d Hecke operators

Tit,Ist, ..., Tyt 9)
are Iy linearly independent in Tr,n) & [Fy.

Proof of Proposition 5.5. We have k(t o fy.(cr,)) = k(Op,) = F; = k(cr,) so we only
need to check that the linear independence criterion is equivalent to

* d
(to fae)*: Coto, Jum — Cote,, X0y

being surjective.

Let E,/Z[1/N][[q]] be the Tate curve. It has a canonical py zpn/ne) embedding
a coming from the unifomization map. The pair (E,, ) gives a formal coordinate
at the cusp oo of X,(N)zn ) and since X, (N) — X, g is unramified at oo it
also gives a formal coordinate on X, iy at co. An element w € HO(XM7H72[1/N}, b
with g-expansion = a;¢" 'dg is sent to the cusp form f, := >, a;¢" under the
isomorphism H°(X,, gzp/ny, ') = Sa(Ty, Z[1/N]). Let ¢; = (d;)*q, then ¢; is a
formal coordinate at ¢;. And the g; expansion of w at ¢; is (d;) fdg;/q;. This shows
that the a(w, ¢;,n;) defined as in Proposition 3.7 is given by

CL(CU, qj, nj) = a1(<dj>fw)a a’2(<dj>fw)v ) anj(<dj>fw)'

The ¢ expansion of t*w is t f,,, now let wy, - - - ,w, be generators of H*(X,, irzp/n, ),
then t*wy,- -+, t*w, generate t*H°(X, yzn/n), ). In particular, using Proposi-
tion 3.7 we see that t* f; . is a formal immersion at cp, if and only if the matrix
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a(t*wi,qi,m)  a(t'wi, gz, n2) - a(t*wi, g, nm)
A — Cl(t*WQ,. q1, nl) a(t*wZi q2, n2> t a(t*w%.qla nm) (10)
a(t'wg, qi,n1) a(t*wy, g2, n2) -+ alt*wy, g1, m)

has rank d over [F,.

Now by formula (5.13) of Diamond and Shurman [2005] we have for an integer 1 <
n < n; that a(t*w;, qj,nj)n = an((d;)tfo,) = a1(Tn(d;)tf.,). Using the isomorphism
Tr,, /¢Tr,, — Hom(So(Ty,Fy),F,) [Diamond and Im, 1995, Prop. 12.4.13] % given
by T — (f — a1(Tf)) we see that for all 1 < i < g and n < n; we can replace the
column of A that contains the elements a(t*w;, ¢;,n;)n by Tn(d;)t. O

5.2.1. Making the testing of Kamienny’s criterion for X, g faster. As we have al-
ready seen Kamienny’s criterion for X, (N) requires the testing of a lot of linear
independence relations while Kamienny’s criterion for Xo(N) requires testing only
1 linear independence relation. To be more specific about what we mean by a lot,
suppose that d is the degree and p = N the the prime for which we want to check the
Kamienny’s criterion of X, (p) and we only consider the ordered sums of oo cusps
nici, ..., n;c; where the multiplicities nyq, ..., n; are all equal to 1 (hence i = d) then
there are already ((pci’)l/ 2
doing actual computations using a computer we rather use X(p) instead of X, (p)
whenever possible. While doing the explicit computations, it turned out that the
Xo(p) version of the criterion sometimes fails for primes which are too big to make
it practical to just try the X, (p) criterion for all possible ordered cusp sums. For
example, we were unable to find ¢; and ¢, such that the X (p) version of the criterion
was satisfied for d = 7 and p = 193. In this case the X ,(p) version would require
verifying more than 869 million linear independencies and the matrices involved are
1457 by 1457. But luckily we can do something smarter.

We again restrict our attention to the ordered sums of oo cusps nic; + - - - + n;¢;
where the multiplicities ni,...,n; are all equal to 1 and hence d = i. Checking
Kamienny’s criterion for all these sums of cusps comes down to checking whether

(dy)t, ... (d;)t
are linearly independent for each set of pairwise distinct diamond operators (d;), ..., (d;)
where the first one is the identity. However, equivalently we can also check that all
linear dependencies over F; between the Hecke operators (1)¢,..., ((p — 1)/2)t in-
volve at least d + 1 nonzero coefficients. It turned out that the dimension of this

space of linear dependencies was often zero or of very low dimension, so it takes no
time at all to use a brute force approach and just calculate the number of nonzero

) different linear independencies we need to verify. So when

3There they show it only for 'y = To(N) or Ty = T'y(N), however the statement for I'y
follows from the statement for T';(N), because So(T'g,Z) = So(T1(N), Z) #/"1(N) and Tr,, =

Tr, (w520 ,2)-
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coefficients of all linear dependencies. The following lemma generalizes this example
to the case where the ny,...,n; are not necessarily equal to 1. This trick makes it
more feasible to check the X, (/V) version of the criterion on the computer.

Lemma 5.6. Let {1 N be a prime, d be an integer and t € Tr,, and let D C Z be
a set of representatives of (Z/NZ)*/{xH} such that 1 € D. Define for all integers
r with |2] <r < d the following set

D, ={(1,i)|d—r<i<r}U{(k,i)|1<i<d-—rkeD}.
Suppose that for all r with ng < r < d there is no Fy linear dependence among d of
the elements (Ti<k>t>(k,i)eDr in Tr,, /¢Tr,. Thento fi.: Xﬁf% — Jyuu is a formal

immersion at cg, for all ordered sums of 0o cusps ¢ := nycy + -+ + nyCy, 0f degree
d.

Proof. Suppose for contradiction that there is an ordered sum of oo cusps ¢ :=
nicy + - -+ + Ny of degree d such that t o fg. is not a formal immersion at cg,.
Write ¢; = (d;)c; with d; € D for 1 < j < m then by 5.5 we see that the d vectors

(TR (kyesy» S =A{(dj,)) |1 <j<m, 1 <i<n;}
are [F; linearly dependent in Tr,, ® ;. We know that
min(ny,d —ny) >ng >ng > ... > Ny.

So if n; > ng then S C D, and if n; < L%’J then S C Dy_,,, so both cases lead to
a contradiction. O

5.2.2. Testing the criterion. Using a computer program written in Sage we first
tested the criterion for Xy(p). The program and the output generated by it will
be available at http://www.math.leidenuniv.nl/nl/theses/, the location where
this thesis is published. The results of testing the criterion are summarised in the
following propositions.

Proposition 5.7. If p = 131,139,149, 151,167,173,179, 181,191 or p is a prime
with 193 < p < 2281 then there are t1,ty € Ty as in Proposition 3.4 with C =
Xo(p) and J = A = Jo(p) such that TititsT, ... Tt ity are Fy linearly independent
m TFo(p) ® FQ.

Proof. The computer tested the criterion for all 17 < p < 2281 using different
choices of t; and ty. The t; that were tried are t; = ¢1(t) as in Proposition 5.3,
using t = T, ..., Tko, and the ¢y that were tried are to = T, — ¢ — 1 for all primes
2 < g < 20 with ¢ # p. For all primes mentioned above the computer found at
least one pair tq,ty such that the linear independence holds. The total time used
was about 2 hours? when checking the criterion for about 8 primes in parallel so it
could be used to check the criterion for bigger d and p. 0

4This is not a very precise timing and meant for indicative purposes only.
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Testing the fast version of the criterion for X, (p) gives the following proposition:

Proposition 5.8. For all pairs (p,d) with p a prime p < 193 and 3 < d < 7 not
satisfying any of the following conditions:

e d =3 and p € Primes(17)

e (d=4 ord=25) and p € Primes(19) U {29}

e (d=6 ord=7) and p € Primes(37)

there are t1,ty € Tr,(p) as in Proposition 3.4 with C = X,,(p) and J = A = J,(p)

such that for t = tits the D, as in lemma 5.6 do not contain a subset of size d which
18 linearly dependent over Fsy.

Proof. This was again verified using the computer. This time the ¢, ¢y that were
tried are t; = t(t) for t =T, ..., Ty and to = T, —qg— (q) for the primes 2 < ¢ < 20
only trying new choices of ¢; and ¢ if no successful pair combination of ¢; and ¢, had
been found yet. The most time was spent on the case p = 193 which took about 14
hours.*And that while only one combination of ¢; and t, was tried since t; = t1(T»)
and to = T3 — 3 — (3) already gave the desired result. O

5.3. Condition 3: Study of X;(p)¥(F,). For a prime p > 7 we know from Mazur
[1977] that Y1(p)(Q) = 0 and hence that X;(p)(Q) consists of (p — 1)/2 cusps that
map to the cusp 0 on Xo(p). Let Sy C X1(p)(Q) be the set of these (p —1)/2 cusps
mapping 0 on Xy(p), and define

Se¥ = w(SE) € X1 (p)D(Q) (11)

where 7 : X1(p)? = X1(p)@ is the quotient map, then S = W{? (5. We would
like to verify condition (3) of Theorem 3.2 with S = S and C = X,.(p) when
taking R = Z), or condition (3) of Theorem 3.3 with C' = X,(p), D = Xo(p),
S =S and T = {doo}. However since the moduli interpretation of X (p) is easier
than that of X, (p), we instead apply ngd) so that we verify it for S = Séd) and
C' = Xi(p) instead. One situation in which condition (3) of T"heorem 3.3 is trivially
satisfied is if S = S\¥, X, (p) D (F,) = redp,(S) and T = f@(S). For this it is useful
to know X;(p) ¥ (Fy). Let y € X1(p) ¥ (F,), then y can be written as > I, eiyi(fi)
with m,e;, f; € Nsg and y; € Xi(p)(F,s) such that each of the y; does not come
from a subfield of F,s, and such that all the yA(f 7) are distinct.

(2

Theorem 5.9. [Waterhouse, 1969, Thm 4.1] Let p,{ be distinct primes and d be
an integer then
Yi(p)(Fea) =0
if and only if the following 5 statements are true
(1) p does not divide any integer n such that both |n — (4 — 1| < 2(%2% and
ged(n —1,0) = 1.
(2) If d is even then p{ €4 4+ 1 4 20%/2,
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(3) If d is even and | Z1 mod 3 then p{ (¢ + 1 £ (%2,
(4) If d is odd and £ =2 or 3 then p{(? + 1 4+ ((4+D/2,
(5) If d is odd or 1 1 mod 4 then p{{®+ 1.

and if (1) is false then all points in Y1(p)(Fpu) are supersingular.

The theorem as stated above only follows from [Waterhouse, 1969, Thm 4.1] for
p > 4 since for those primes the moduli problem for Y;(p) is representable over
Z[1/p], but one easily verifies that Y1(p)(F) # 0 and that statement 1 is false for
p=2or 3.

If we again assume that p > 4 then X;(p)(Q) has aside from the (p — 1)/2 cusps
defined over Q, also (p — 1)/2 cusps defined over the real subfield of Q((,). The
reduction of these (p — 1)/2 non-rational cusps mod ¢ are definable over F if and
only if p | ¢ — 1 or p | ¢ + 1. In particular the above theorem implies that
X1(p)(F,ur) = X1(p)(Fy) = red; X;(p)(Q) holds for all &' < d if p > (442 +1)2
Specializing to the case ¢/ = 2 and 3 < d < 7 one can with a small computation for
the primes p < (¢%/2 4-1)2 show the following:

Proposition 5.10. Let 3 < d < 7 be an integer and p be a prime such that

p>11 andp # 13, ifd=3,
p>19, ifd=4,
p>23 and p # 31,41, ifd =25,
p>23 and p # 29,31,37,41,73, ifd =6, and
p=47,53 or (p > 79 and p # 113,127), ifd=7.
then
X1(p)(Faw) = X1(p)(F2) = redr, (X1(p)(Q)) = redr,(So)
for all d' < d.

Corollary 5.11. If one takes p,d as in the above proposition and one lets Séd) as
in Eq. (11), then
X1(p) ) (F2) = reds, (55

and hence condition (3) of Theorem 3.2 holds for C = X;(p), S = S(()d) and R = Z).
Additionally condition (3) of Theorem 8.3 holds for C = Xy(p),D = Xo(p),S =
Séd), T = {d0} and R = Z). By applying the Atkin-Lehner operator W, : X1(p) —
X,.(p) condition (3) of Theorems 3.2 and 3.3 hold for C' = X, (p),D = Xo(p),S =
Ség%T = {doo} and R = Z), where S s as in Eq. (7).

6. PROOF OF THEOREM 1.1

Proposition 6.1. Let d < 7 be an integer. If S(d) C Primes(2281), then S(d) C
Primes(193).
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Proof. Tt suffices to show that if d < 7 and 193 < p < 2281 is a prime, then p ¢ S(d).
This is done by applyingTheorem 3.3 with C' = X,(p), D = Xo(p),S = ngf),T =
{doo} and R = Z,y. By Propositions 3.4, 5.5 and 5.7 we see that there exists a ¢ such
that conditions (1) and (2) are satisfied. By Corollary 5.11 we see that condition (3)

is satisfied so we can indeed apply Theorem 3.3. It follows that S = x L(0)D(Q),
showing that the only points in X, (p) defined over a number field of degree < d are
cusps and hence p ¢ S(d). O

Proposition 6.2. If S(d) C Primes(193) for all d <7 then
S(3) = Primes (17),
S(4) = Primes (17) U {29},
S(5) = Primes (19) U {29, 31,41},
S(6) = Primes (19) U {29, 31, 37,41, 73} and
S(7) C Primes (43) U {59, 61,67, 71, 73,113, 127} .

Proof. This is proven almost the same as Proposition 6.1, with the difference that
this time one has to use Theorem 3.2 instead of Theorem 3.3, with C' and S still
X, (p) and S Also Propositions 5.5 and 5.7 have to be replaced by Lemma 5.6
and Proposition 5.8. U

So in order to prove Theorem 1.1 it remains to deal with the primes 17,29, 31,41
and 73.

6.1. Proof of Theorem 1.1 for p = 17,29,31 or 41. We quote [Conrad et al.,
2003, Prop. 6.2.1.] in an equivalent formulation using that J;(p) = J,(p) and adding
some more information from Section 6.2 in loc.cit.

Proposition 6.3. The primes p such that J,,(p) has rank zero are the primes p < 31
and 41, 47, 59, and 71.

For all of these, except possibly p = 29, the Mordell-Weil group is generated by
differences of rational cusps, and for all except p = 17, 29, 31 and 41, the order of

J1(p)(Q) is odd.

We can add to this the following new result.
Theorem 6.4. The group J1(29)(Q) is generated by differences of rational cusps.

Proof. Instead of proving this statement for .J;(29) we will prove it for J,(29). This
suffices because X;(N) and X, (V) are isomorphic over Q by an isomorphism that
sends cusps to cusps. This allows us to use the description for the action of Ga-
lois on the cusps of X,(N) described in Stevens [1982]. It is already known that
J,(29)(Q)[p>] is generated by differences of rational cusps for all p # 2 prime (see
the discussion after Conjecuture 6.2.2 of Conrad et al. [2003]). So it suffices to prove
that J,(29)(Q)[2°] is generated by the rational cusps.
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Let ¢ # 2,29 be a prime then Proposition 5.2 implies that

Ju(29)(Q)[2] € J.(29)(Q)2%, T, — (q) — -

Let 7 : J,(29)(Q) — J,(29)(Q) be complex conjugation, then also

J.29)(@[2%] € J.(29)(@Q)2*, 7 - 1].
Using the isomorphism J,(29)(Q)[2*] = ligl?*iHl(Xu(%),Z)/Hl(X#(QQ),Z) it is
possible to compute the kernels of 7—1 and T}, —(g) —¢q seen as maps on J,(29)(Q)[2*]
purely in terms of modular symbols. Let

M = J,(29)(Q)[2,T5 — (5) — 5,7 — 1]

then a Sage computation shows that M = (Z/4Z)°. Let C C J,(29)(Q((a9)) be the
subgroup generated by all cusps: using a Sage computation we showed M = C[2%].
Using the explicit description of the action of G := Gal(Q((2)/Q) on the cusps in
Stevens [1982] we verified that C[2*]% = J,(29)(Q)[2*] is indeed generated by the
differences of rational cusps. O

This shows that for all primes p such that J;(p)(Q) is finite, the latter group is gen-
erated by differences of rational cusps. Now if J;(p)(Q) is finite and J;(p)(Q)[2] —
Ji(p)(F3) then condition (1) of Theorem 3.2 is satisfied for ¢t = Id ). For the
primes p = 3, 5, 7, 11, 13, 19, 23, 47, 59 and 71, J,(p)(Q)[2] = J1(p)(Fy) is trivially
satisfied, since the group has odd order. Ironically the primes of Proposition 6.3
missing from this sequence are exactly the primes we are interested in.

Proposition 6.5. For p = 17,29,31 or 41 one has J1(p)(Q)[2] — Ji(p)(F2), and
hence condition (1) of Theorem 3.2 is satisfied for t = 1d ().

Proof. We only have to consider p = 17, 29, 31 and 41. We know that J;(p)(Q) is
generated by differences of rational cusps, see Proposition 6.3 and Theorem 6.4. It
is also known what the order of this group is, see [Conrad et al., 2003, § 6.2.3 and
Table 1]. We now use Magma Bosma et al. [1997] to compute a model of X;(p)
over [Fy and check that the subgroup of its Picard group generated by differences
of its [Fo-points (which are the images of the cusps under reduction mod 2) has the
correct order. In fact, it suffices to check that the 2-primary part of the group has
the correct order. For p = 17, we do this directly. For the other three primes, we
use an intermediate curve Xy such that the predicted order of the 2-primary part
of Jg(Q) equals that of J;(p)(Q), since the computation using X (p) directly would
be too involved. We check that the subgroup of Jy(Fs) generated by differences of
the images of cusps has 2-primary part of the correct size. For p = 29, we use Xy
corresponding to d = 7 in the notation of Conrad et al. [2003], for p = 31, we use
the curve corresponding to d = 3, and for p = 41 we use the curve corresponding
to d = 4. In each case, the computation gives the desired result. (It is also possible
and not taking too much time to do the computation directly on X;(p) over Fy for
p =29 and p = 31.) O
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Lemma 6.6. Condition (3) of Theorem 3.2 is satisfied for C' = X1(29) and C' =
X;(31), S = Séd), R =17 and d < 7. Here S(()d) is as in Eq. (11).

Proof. For d < 5, this is covered by Proposition 5.10. For d = 5,6, 7, we check it by
a Magma calculation. In this calculation we computed the images in Picc, /r,(F2)

of all points s € C@(FFy) not coming from a point in S[()d). We verified that these
images are not in the subgroup of Picg, /r,(F2) generated by the points coming
from Q-rational cusps, and we know that the Q rational cups generate Piccy/q(Q)
for these two curves by Proposition 6.3 and Theorem 6.4.

The above proof involves computing Picc,_/r,(F2) in Magma. For €' = X (41) this
would probably take too long to be practical. Therefore we deal with C' = X;(41)
in a slightly different way:

Lemma 6.7. Condition (3) of Theorem 3.2 is satisfied for C' = X;(41), S = S(()d),
R = Z(g) and d S 7.

Proof. There is no elliptic curve E over Foe with 41 | #FE(Fa) if e = 1,2,3,4,6 or
7. There is exactly one elliptic curve E over Fos with #FE(IFps) = 41; this is the
curve y? +y = 2® + x + 1 already defined over Fy. Its automorphism group over Fys
is cyclic of order 4; we therefore obtain only 10 = (41 — 1)/4 distinct Fos-points
on X;(41) that are not cusps. Let Xy be the intermediate curve corresponding to
d = 4 in Conrad et al. [2003]. Then X;(41) — Xy is an étale cover of degree 5,
and the ten Fys-points on X;(41) map to two Fo-points on Xy. In fact, Xy (Fs)
consists of six points; four of them are cusps, and the other two are the ones just
mentioned. It can be checked that these two points do not map into the subgroup
of Picx,, .. /r,(IF2) generated by the four cusps, which implies condition (3). U

Proposition 6.8. The following exclusions hold:
17 ¢ S(3),
20 ¢ S(4),
29,31,41 ¢ S(5),
29,31,41 ¢ S(6)
29,31,41 ¢ S(7).

and

The proof of 17 ¢ S(3) is similar to that in Parent [2003] although we manage to
avoid the careful analysis of the formal group of J;(p)z, since we have proven that
J1(p)(Q)[2] — Ji(p)(F2)[2] in Proposition 6.5.

Proof. This is again done by applying Theorem 3.2 over R = Z), this time with

C'=Xi(p) and S = Séd) for the p, d for which we want to show p ¢ S(d). We check
that Theorem 3.2 can indeed be applied by verifying that its conditions (1),(2) and
(3) are satisfied using ¢t = 1d : J1(p) = J1(p).
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(1) This follows from Proposition 6.5.
(2) For (p,d) = (17, 3) this is in [Parent, 2000, §4.3].
For p = 29 resp. 31 it is known that the Fy gonality of X;(p) is 11 resp. 12
[Derickx and van Hoeij, 2014, Thl. 1, Rmk. 1]. So condition (2) is satisfied
by Proposition 3.5.
For p = 41 this follows from Proposition 5.8 together with Lemma 5.6
using the isomorphism W, : X, (p) — Xi(p).
(3) For p = 17 this is Corollary 5.11, for p = 29,31, 41 it follows from Lemmas 6.6
and 6.7.

O

This leaves us with only one case which we also found the hardest to prove.

6.2. Proof of Theorem 1.1 for p = 73. First we start by analysing the points in
X1 (73)(F$) for d < 6. The first thing to notice is that for d < 6 the only points in
X1(73)(Faa) \ Y1(73)(IFy4) are the points mapping to the cusp 0 on Xo(73), because
2% £ 41 mod 73 for d < 6. Using the isomorphism W, : X;(p) — X,(p) and
applying Lemma 5.6 and Proposition 5.8 shows that the conditions of Lemma 3.1
are satisfied for all cuspidal points of X1(73)©)(IFy). As a result we only need to study
the residue classes in X;(73)©(Fy) that do not consist entirely of cusps. After a
detailed study of these residue classes the proof will be finished by Proposition 6.9.

We continue by analysing the points of X;(73)(®(F,) that do not consist com-
pletely of cusps. For this we first describe the Tate normal form see Knapp [1992]
of a point (E,P) € Yi(N)(K) for K a field and N > 4 an integer coprime to the
characteristic to K. For every pair (F, P) where E is an elliptic curve over K and P
a point of order exactly N there are unique b, ¢ € K such that (E, P) = (Ej., (0,0))
where E, . is the elliptic curve given by the Weierstrass equation

y? + (1 — c)zy — by = 2° — ba”. (12)

By Theorem 5.9 one sees that there are no points in Y7(73)(F,q) for d < 5 and that
all points in Y7 (73)(IFys ) are supersingular. To explicitly find the Tate normal form of

all points in Y7(73) (FQG) note that By . has discriminant A, := b3(c*+ A+ +b+c)

(C+ )'?

and j-invariant in characteristic 2. The curve E} . is supersingular if and only

if 7 = 0, which is equlvalent to ¢ = 1. By computing the 73 division polynomial for
Ey1 one sees that the solutions of

O +b+ D)+ + D)+ + 02+ b+ 1)+ +0"+b+1)  (13)

are exactly the values of b € Fys such that (0,0) is of order 73. This calculation
shows that X(73)©)(FF,) has exactly 4 points that do not consist entirely of cusps,
namely the points corresponding to the 4 factors of (13). Explicitly calculating the
action of (Z/737)*/ {£1} on these 4 points one can show that the diamond operator
(10) of order 4 acts transitively on them. Let H C (Z/NZ)*/ {£1} be the subgroup
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generated by 10, then 4 points in Y7(73)©(F3) map to a single point on Yf(lﬁ) (Fs) by
the discussion above.

If E is an elliptic curve with 73 = 2641+ 8 points over Fys then the characteristic
polynomial of frobenius is

7? — 8 — 2% = (z — 8(3)(x + 8¢5 + 8).

Let E¢, be an elliptic curve Q((3) that has complex multiplication by Q((3), then
E¢, has two isogenies of degree 73 over Q((3) namely 8(3 —1 and —8(¢3 —9. The map
X1(73) = Xo(73) is of degree 36 = (73 — 1)/2, and since the automorphism (3 of
order 3 preserves the kernels of the isogenies 8(3—1 and —8(3—9 we see that the ram-
ification index of 7 : X;(73) — X(73) at the points corresponding to the isogenies
8(3 — 1 and —8(3 — 9 is 3. Showing that S := 7 }({(F,8( —1),(F,—8(; —9)}) C
X1(73)(Q) is a set of size 24. The action of Galois on S is transitive because there
are no CM elliptic curves with a 73 torsion point over number fields of degree < 24
[Clark et al., 2013, Table 1]. If one fixes a prime ¢ above 2 in Q, then reduction
modulo ¢ gives a bijection between S and Y7(73)(Fg). The existence of this bijec-
tion can be shown either by explicit computation in Sage or by pure thought by
showing that for (E, P) € Y;(73)©®)(F,) the canonical lift (or Deuring lift) (Eq, ¢o)
of (E, Frobg,, /8) to Q is either (E,(3) or its Galois conjugate (E, —(3 — 1).

The above discussion shows that if one takes xq,...,26 € Xy(Q) to be the 6
points corresponding to the 6 orbits of (10) acting on S, that then

2z - 42 € XV(Q) (14)

is a point that reduces to the unique point in the image of Y7 (73)©)(Fy) — Y}(IG) (Fy).

Since (%) corresponds to a CM curve and CM curves over number fields of degree
< 24 have no 73 torsion as mentioned before, and we know that a point in y €
X}f) (Q) coming from X;(73)©)(Q) has to specialize to :L‘I(F62) we can prove that 73 ¢
S(6) by showing:

Proposition 6.9. Let H C (Z/73Z)*/{£1} the subgroup generated by 10. Then
the point x8) defined above is the unique point in X}f) (Q) reducing to m](F? modulo

2.

Proof. We do this by proving instead that W,§6)(x(d)) e X ff;{ (Q) is the unique point

reducing to WéG) (xl(g?). This allows us to work with a model where the cusp at

infinity is rational. We are going to prove that the matrix A of Proposition 3.7 at
W,gG)(:UI(F?) has rank 6 using an explicit model of X, g r,, we know that its genus
is 43. Using Sage to compute an explicit basis of H(X, yr,, ') = So(Ty,Fs)
shows that ¢7 is the largest leading term among all modular forms. So giving the
coefficients of a modular form up to and including ¢*7 is enough to determine it
uniquely. The subspace H°(X, g r,, ' (—4100)) C H(X, nr,, ") is 3 dimensional
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and has as basis

wio= (P 447+ ¢"10(¢)) X
wp 1= (4* +¢*+0(¢”))
wy = (a7 +¢"+0(¢™)) .

Let £ C Q&H’H,FZ be the line bundle generated by wq,ws, w3 then £ has degree at
most 2 -43 — 2 — 41 = 43. Viewing wq,wq,ws as sections of £ gives us a map
¢« Xy, — P&, given by ¢(P) = (wi(P) : wa(P) : wy(P)). Its image is given
by a homogeneous polynomial of degree at most 43. Indeed, using the computer
to compare the g-expansions of products of wy,wy and w3 we found a homogeneous
polynomial fy € Fazg,x1, 25| of degree 41 describing the image of ¢, since this
is only 2 smaller then expected we know that Q}(H’H’FQ /L is an effective divisor Fy
of degree 2, in particular there are no points with residue field Fos in its support,
meaning that at least one of wy, wsy, w3 is a generator of kaH’FQ at the points we are
interested in. The polynomial fy takes about two pages in LaTeX so we did not
include it here, but we could use Sage to compute with it. Let C'y be the curve with
equation fy, using Sage we computed its geometric genus. Its genus turned out to
be 43, so we know it has to be birational to X, g, .

The next step is to find the points in X, y(Fas) that are supersingular, for this we
use the Hasse invariant A,, it is a modular form of weight 1 over F5 whose zero’s are
exactly the supersingular curves and its g expansions is 1 € Fy[g]. Using Magma we
listed all points with residue field Fy6 on the desingularisation of im ¢ C ]P’I%2 none of
these points had 0 as their 3-th coordinate. So we know that g := A3/ws is a function
on X, ur, which has a zero at all the supersingular points in X, (Fqs), comparing
g-expansions we found two homogeneous polynomials g™, g4" € Fy[xg, 21, 2] of
degree 40 such that

Aggden(wla Wz, W3) = wsgnum(wh w2, w3),

so that g = g"™/g%". Choose a ¢ € Fys such that ¢® + ¢® + 1 = 0. By looking at
the zero’s of g we found that, up to relabeling, the points

2= (0:c":1) € (im¢)(Fas) C P*(Fas), 1<i<6

correspond to the points xy,...,x¢ of Eq. (14). Define T' = (T3 — (3) — 3)t1(7T5)
where ¢; is as in Proposition 5.3. Then T is as in Proposition 3.4. The matrix of
T when seen as acting on Sy(I'y,Fy) was seen to be of rank 39 showing that the
dimension of T*(Cotg J,, nr,) is 39, providing good hope that we can find w; such
that the matrix A of Proposition 3.7 has rank 6.



64 MAARTEN DERICKX, SHELDON KAMIENNY, WILLIAM STEIN, AND MICHAEL STOLL

Define
Wy = (¢ +¢" + ¢+ 0(¢"))
Wy = (4" +¢* + 0(¢™) %
wé — (q36+q38+q39+q41 +q46+q47+0(q48))%
W= (% + ¢ +¢® +q44+q45_|_0(q48))%
Wy = (0% +¢¥ +¢* + 0(¢"))
wé = (q32+q41 +q44+q46_’_q47_’_0<q48))%

Let g; be a uniformizer at x; such that and write wy = f;dg; and w} = f; ;dg;. Then
the coefficient a(wj, ¢;,1) of the matrix A is just f; ;(0). If we view ¢; := w]/ws as
a function on X, yr, then because as we saw earlier that f;(0) # 0 we see that g,
does not have a pole at x; and g;(x;) = f;;(0)/f;(0). The rank does not change if
we scale the ¢;'th row by f;(0) so the rank of the matrix A is the same as that of
(9i(25))9;—1. Comparing g-expansions like we did to write g = g™ /g%" we again
managed to find the function g; explicitly on our model, allowing us to compute
46 29 58 53 43 23

c*® o e e ™ ¢
4 28 56 A9 35 T
8 16 .32 2 A
(gi(xj))?jzl = §5 ¢ 7 Cl4 2§ §6 29
) c ¢t e & ¢
e 2 A B8 A6 32

05 C10 C20 040 Cl7 034

The fact that each column is the square of the previous column is explained by
gi(25)* = Froby(gs(w;)) = gi(Frobs(z;)) = gi(;).
The determinant of the above matrix is 1 showing that the map

. x(6)
T © fﬁ,itéi) : XP‘>H7F2 — JM7H’]F2

is a formal immersion at ZBI(F62). So we can apply Lemma 3.1 to get the proposition. [J
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APPENDIX A: OESTERLE’S BOUND

A.1. Introduction. The goal of this appendix is to publish a proof of the following
well known theorem.

Theorem A.1 (Oesterlé, 1994, unpublished). Let K/Q be a number field of degree
d, E/K an elliptic curve and P € E(K) a point of prime order p then

P S (3d/2 + 1)2

Loic Merel already proved this theorem in 1994 with a bound of d3d2, published
in [Merel, 1996]. Shortly after Merel, Joseph Oesterlé proved the theorem above for
(d,p) # (3,43) and in fact Oesterlé’s improvement is already announced in Merel’s
article. The case case (d,p) = (3,43)) was later dealt with in [Parent, 2000]. This
appendix closely follows Oesterlé’s notes which he made available to the first author,
although this appendix contains some minor simplifications using literature which
didn’t exist in 1994. The better bound of Oesterlé is an essential starting point in
order to make the explicit computations in the article to which this Appendix is
attached possible. Conversely, because of Theorem 1.1 of the main text and the
results that p < 7 if d = 1 of [Mazur, 1977] and p < 13 if d = 2 of [Kamienny,
1992b] it suffices to prove the following weaker theorem:

Theorem A.2. Let K/Q be a number field of degree d, E/K an elliptic curve and
P € E(K) a point of prime order p then:

(1) p< (3%24+1)% if d > 6.

(2) p<410 ifd = 3,4 orb.

Actually, in his notes Oesterlé first establishes Theorem A.2, and then later goes
on to prove Theorem A.1 for (d, p) # (3,43) using a comparable but slightly different
strategy. The section of his notes where Oesterlé proves Theorem A.1 for d = 3,4, 5,
p < 410 and (d,p) # (3,43) contains no surprising new techniques. This section is
omitted since it is covered by the computations in the main text.

Several of Oesterlé’s ideas can already be found in the literature, since Pierre
Parent generalized several of his ideas to points on elliptic curves whose order is a
prime power in [Parent, 1999]. In fact, Theorem A.2 for d > 25 is an easy corollary
of the following theorem, as will be shown in section A.2.

Theorem A.3. [Parent, 1999, Thm. 1.6] Let E be an elliptic curve over a number
field K of degree d over Q possessing a K -rational point P of prime power order p™.
Let | be prime different from 2* and p. Suppose that for every prime ideal £ of Ok

*Parent only mentions the condition [ # p in his Theorem and not [ # 2. However he mentions
it at the beginning of §1.3 and this condition is necessary for his proof of this Theorem to work.
67
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dividing [ one has that E has split multiplicative reduction and that P has order p"
in the component group of the Néron model of E, then

p" < 652d)° ifp>2 and p"<129(3d)° if p=2.

But not all ideas of Oesterlé were generalized by Parent. The main ingredients
that are not yet in the literature are the intersection formulas in sections A.5.3 and
A54.

Note that from the work of Parent it is also possible to deduce a version of
A.2 with the weaker bound p < 65(2d)° for d < 25. However the results of the
main text would have been very difficult to obtain starting from this weaker bound
(although maybe not impossible), since it would require significantly more computer
computations as the following table indicates.

d 4 5 6 7 25
(392 +1)?] 100 275 784 2281 847 x 10Y
65(24)% | 17,039,360 | 65,000,000 | 194,088,960 | 489,419,840 | 1,015 x 10°

Acknowledgements. 1 would like to thank Tessa Schild for her proofreading, Loic
Merel for his help explaining Oesterlé’s notes and Bas Edixhoven for his useful
discussions and his detailed reading of this text. But most of all I would like to
thank Joseph Oesterlé for his help in understanding his proof and giving me his
notes. I also want to thank him for allowing me to use it to write this appendix.
The two sections A.5.3 and A.5.4 and section A.6 are a translation into English of
Oesterlé’s notes, where I added some details making claims easier to verify for the
reader and replaced certain arguments by references. The rest of this article is a
summary of needed background theory and results already present in the literature,
much of which was also already in Oesterlé’s notes.

A.2. Proof of Theorem A.2 for d > 25. To be able to use [Parent, 1999, Thm.
1.6] we first have to check whether its conditions are satisfied. This means we first
need to prove the following proposition which is similar to Proposition 1.4 of [Parent,
1999.

Proposition A.4. Let K/Q be a number field of degree d, E/K an elliptic curve
with Néron model E and P € E(K) a point of prime order p. If p > (3%24+1)2 then
E has split multiplicative reduction at all primes ¢ of Ok dividing 3 and poK/z does
not lie in the identity component of EOK/E.

Remark. The map Xo(p) — Xo(1) is unramified at the cusp oo and ramified of
order p at the cusp 0 see [Mazur, 1977, p. 64], so one sees that because 15@K /¢ lies
in a component that is not the identity implies that the pair (EOK /65 (150K /e)) has
to be the cusp 0 of Xy(p) [Deligne and Rapoport, 1975, VII, §2]. This however is
inconsistent with the modular interpretation of the cusps on page 159 of [Mazur,
1977]. The description of the cusps in [Deligne and Rapoport, 1975, VII, §2] shows
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that moduli interpretation of the unramified cusp of Xy (p) should be a Néron 1-gon
and that of the ramified cusp a Néron p-gon. Luckily this mistake does not affect
the main results of [Mazur, 1977] since one can apply the Atkin-Lehner operator W,
to swap the cusps 0 and co. This mistake also propagated to works that cite Mazur
his article, among for example [Kamienny, 1992a,b, Kamienny and Mazur, 1995],
the first author has notified Kamienny and Mazur of this mistake and an erratum
is being written.

Proof. Let £ be a prime ideal of Ok dividing 3 and £ be its residue field. We want
to rule out all types of reduction except split multiplicative where P, does not lie in
the identity component.

The first thing to notice is that p > (3'/241)? > 3 = char k. This means that the
map E[p|(Ok) — E[p|(k) is injective and in particular that P, € E[p](k) has order
.

e E does not have good reduction at ¢, because if it has good reduction, then
Ey, is an elliptic curve and hence the Hasse bound gives

< (V#k +1)2 < (372 4 1)

which clearly contradicts that £ (k:) has a point of order p > (3%2 4 1)2.
e I does not have additive reduction at ¢. This is because additive reduction
means that we have an exact sequence:

Ga(k) = E(k) — ¢(k)

where ¢ is the component group of E).. This means that either P, lies in the
image of G,(k), in which case p = 3 or p | #¢(k) < 4, with both possibilities
leading to a contradiction with p > (3%/241)2 > 7.

e E does not have non-split multiplicative reduction at ¢. This is because this
would mean that we have an exact sequence

Gumui(k) = E(k) = ¢(k)

@m,k is the quadratic twist of the multiplicative group over k. In this case
either

Pl#Gn(k) = #k + 1 < (372 + 1) or pl#é(k) < 2,

with both possibilities leading to a contradiction with p > (3%/2 4+ 1)2.

e If £ has split multiplicative reduction, then Py, cannot lie in the identity
component of Ej. This is because the identity component is isomorphic to
G, and #G,, (k) = #k —1 < (3¥2 +1)? < p.

O

Now Theorem A.2 easily follows from Theorem A.3 using the following inequality:
If d > 26 then (3%2 +1)? > 65(2d)°. (A1)
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Indeed, suppose that K is a number field of degree d > 26 over Q, E/K an elliptic
curve and P € FE(K) of prime order p. Then Proposition A.4 says that either
p < (3%2 +1)?, in which case we are done, or the hypotheses of Theorem A.3 are
satisfied. In the latter case one gets

(342 +1)2 > 65(2d)° > p
and Theorem A.2 follows.

A.3. The Winding Quotient. This section only contains a short summary about
the winding quotient J§(Q). For more details and the fact that J§(Q) is finite, see
either [Merel, 1996, §1] or [Parent, 1999, §3.8] or §4 of the main text. Note that the
finiteness of J§(Q) is proved by using the analytic rank 0 implies algebraic rank 0
case of the BSD conjecture as proven in [Kolyvagin and Logachév, 1989] completed
by [Bump et al., 1990] or [Murty and Murty, 1991].

If a,b € QU {oo}, then we define {a,b} € H{(Xo(p)(C),cusps,Z) to be the
element given by a path from a to b in HUQU {oo}. The element {a, b} is called a
modular symbol. If k € Z,) is a fraction whose denominator is not divisible by p,
then define

Ak) :={0,1/k}. (A.2)
The element A(k) only depends on k& mod p, hence one can also see A as a map
\:Z/pZ — Hi(Xo(p)(C), cusps, Z).

The A(k) where k ranges over Z/pZ are known to generate Hi(Xo(p)(C), cusps,Z)
and if £ Z 0 mod pthen A(k) € H,(Xo(p)(C),Z), and hence the element A\(0) = {0, 00}
generates the rank 1 Z-module H;(Xo(p)(C), cusps, Z)/H1(Xo(p)(C),Z).

We have an isomorphism H;(X,(p)(C),R) = H'(Xy(p)(C),Q")Y, of real vector
spaces, given by integration. So the map

e: H'(Xo(p)(C), Q") — C (A.3)

W — w
{0,00}
defines an element e € H;(X(p)(C), R) under this isomorphism, which is called the
winding element. Actually (p—1)e € Hy(Xo(p)(C),Z) showing that e € H,(Xo(p)(C), Q).
Let T be the sub algebra of End Hy(X,(p)(C),Z) generated by the Hecke operators
and the Atkin-Lehner involution, then T also acts faithfully on Jy(p), the Jacobian
of Xo(p) over Z[1/p]. Let Jo C T be the annihilator of e, then

Js = Jo(p)/ TeJo(p)

is called the winding quotient.
Let Xo(p)@ be the d-th symmetric power of the modular curve Xo(p), then one
has a natural map Xo(p)@ — Jy(p) by sending a divisor D of degree d to the linear
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equivalence class of D — doo. Composing with the quotient map Jo(p) — J& gives
us the map

fa: Xo(p)@ = JE. (A.4)

Now if 2 € Xo(p)(K) is a point where K is a number field of degree d and
01,...,0q4: K — Q are the different embeddings, then define

2D =gy () 4 - + 04(z) € Xo(p) P (Q).

We will also write (@ for Y% | z if 2 € Xo(p)(Q).

A.4. Kamienny’s Criterion. The discussion that follows is based on section 4.12
of [Parent, 1999], who himself says that he is following Oesterlé’s unpublished expo-
sition. The main reason for following Parent, is because this allows certain proofs to
be skipped and instead just cite Parent. This section is called Kamienny’s criterion
because the main ideas originate from [Kamienny, 1992a, §3] , although many of
Kamienny’s arguments have been sharpened to get the needed statement of this
section. The following proposition is a slight variation of [Parent, 1999][Thm. 4.15],
although his Theorem is much shorter. The reason the statement of Theorem 4.15 of
Parent is so much shorter is because Parent did not include his running hypotheses
in his Theorem.

Proposition A.5. Let d be an integer and p be a prime such that p > (3%% + 1)2.
If there exists a number field K/Q of degree d, an elliptic curve E/K and a point
P € E(K) of prime order p, then the map f;: Xo(p) @ — JS of equation A.J above

. . . d
is not a formal immersion at ooI(F;.

Proof. Let K/Q be anumber field of degree d, E/K an elliptic curve and 0 # P € E(K)[p].
Consider j resp. j' € Xo(p)(K) to be the points corresponding to (E, (P)) resp.

(E/(P), E[p]/(P)). By proposition A.4 one sees that jI(F? = O](F'? and hence jlgj) = oo]%dg).

Now because J¢(Q) is torsion and f4(5")g, = fs(c0 ), = 0we get f4(;'P) = fi(co®) = 0.
But j/@ £ 0ol® hence we can apply [Parent, 1999][Lemma 4.13] to get the propo-

sition. n

The above proposition reduces the proof of Theorem A.2 to checking whether fy
is a formal immersion.

Theorem A.6. [Parent, 1999][Thm 4.18] Let |l > 2 be a prime, then the following
two statements are equivalent:

(1) fq is a formal immersion at ooI(F‘f).

(2) Tie,...,Tye are linearly independent in Te/lTe.
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A.5. Intersection numbers of modular symbols. Since we can view X(p)(C)
as a smooth oriented real manifold we get an intersection pairing on homology. The
intersection pairing e : Hy(Xo(p)(C),Z) x H1(Xo(p)(C),Z) — Z also gives a pairing
o : Hi(Xo(p)(C),F,) x Hi(Xo(p)(C),F,) — F,. It would be convenient to be able
to use these pairings to check the linear independence of Tie, ..., T e in Te/ITe.
However while Te C H;(Xy(p)(C),Q), it is not true that Te C Hy(Xo(p)(C),Z), so
checking the linear independence cannot be checked directly with the intersection
pairing. The solution, which will be worked out in more detail later, is to chose a
Hecke operator I in such a way that e C H;(Xo(p)(C),Z) and use this to write
down a linear map

I:Te— Hi(Xo(p)(C),F))

after which we can use the intersection pairing to check linear independence.

A.5.1. Action of the Hecke operators on homology. For r > 0 an integer and define
01(r) = X 440 d- Using this definition one can compute (7, — o1(r)) e as follows.

Lemma A.7. [Merel, 1996, Lemma 2] If p is a prime and r < p a positive integer,
then the following equality holds in Hy(Xo(p)(C), Q)

(T, —o1(r)) e = — > Me/d).
a>b>0
d>c>0
ad —bc=r

Where one should note that our element A(k) is denoted by £(k) in [Merel, 1996].

Remark. Note that since p > r =ad —bc > ad — (a—1)(d—1) > d > ¢ > 0, we
see that none of the ¢ and d in the sum are divisible by p. This means that the
right hand side actually is an element of H(Xy(p)(C),Z). Since H;(Xo(p)(C),Z)
is torsion free, the equality actually holds in H;(Xo(p)(C),Z), and in particular
(T, — o1(r)) e € Hi(Xo(p)(C),Z). This is also something that could have been seen
directly by noting that the boundary of (7, — o1(r)) {0, 00} is zero.

A.5.2. The intersection number \(k) @ A(k’). For p a prime and 1 < k < p an
integer let £* be the integer such that 1 < k* < p and kk* = —1 mod p and let C}
denote the oriented straight line segment in C from e>™*/? to 2>™"/P Recall that if
k € Z/pZ* then A(k) was defined as {0,1/k} € Hi(Xo(p)(C),Z). The intersection
number of A(k) and A\(k’) can be computed as follows.

Lemma A.8. [Merel, 1996, Lemma 4.] Let k, k' be two integers such that 1 < k < p
and 1 < k' <p. If k' # k and k' # k* then A\(k)e (k") equals the intersection number
Cr ® Cy, and \(k) e \(K') = 0 otherwise.

Where in [Merel, 1996] the element k* is denoted by k.. The fact that A(k)eA(k') =0
if ¥/ =k or K = k* is not mentioned by Merel. But this follows easily from the fact
that e is an alternating bilinear form and A(k) = —A(k*).
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The reason that the order of intersection is swapped is because Merel first proves
A(k)oN(K') = C} e C}, where C), denotes the oriented straight line segment in C from
e~2mk/P t0 e=27k"/P and then concludes by Cj @ C, = Cy @ C}, because both complex
conjugation and reversing the order of intersection changes sign. The lemma above
is independent of the choice of orientation on C as long as one takes the orientation
on Xo(p)(C) to be the one compatible with the map H — X(p)(C). From now on
we will take the orientation on C such that [—1, 1] e [—¢,7] = 1 where [a, b] denotes
the oriented straight line segment from a to b.

Definition A.9. Let H : R — R be the function given by

lifxz>0
H(z)=¢ fifz=0
Oifz <O

With this definition the above lemma translates to
Ak) e )\(k’) =—H(kK —k)+ H(k' — k") + H(k’* — k) — H(k’* —k").

This equality can be verified by first checking that the both sides only depend on the
cyclic ordering, with possible equalities, of k, k*, k', k™ in Z/pZ. And then verifying
it holds for the possible cyclic orderings.

A.5.3. The intersection number I.e ® A\(k). Let p be a prime and let 1 < r < p be
an integer. Define

Ir = Tr — 0'1(7“),
then I,e € Hi(Xo(p)(C),Z).

Proposition A.10. Let p be a prime number and let r,k be integers such that
1<k<pandl <r <p, then one has

Leo (k) =Y QﬁJ - f”“D + 0, (k) — v, (k")

p p
s|r

where for i € Z one defines v,.(i) to be the following quantity
ve(i) = #{d' b, ¢, d € Nsy | d'd + b =r,di= mod p}

Proof. Define the map x — k, from P1(Q) to the set {1,...,p} by sending a simple
fraction x where p does not divide the denominator to the unique element congruent
to it modulo p, and one defines k, = p for £ = oo and the fractions where p divides
the denominator. Combining Lemmas A.7 and A.8 one gets

Ieo\(k) = > (H(k — kepa) — H(k — k_qse) — H(K" — kepa) + H(E* — k_qp0))

a>b>0
d>c>0
ad —bc=r
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The equality stays true if we also include the terms with ¢ = 0 in the sum, since
those terms are all 0. Now let B, be the set of all matrices [2 7] of determinant r
with a > b > 0,d > ¢ > 0 and let B/ (resp. B/) be the set of matrices in B, with
b # 0 (resp. ¢ # 0). Now we have a bijection between B! and B! by sending the
matrix [ 5] to [Z :‘;Iﬂg] where m is the unique integer such that 0 < —a+mb < b
(its inverse is obtained by sending [ 4] to [:gizg ﬂ where n is the unique integer

such that 0 < —d 4+ na < ¢). This shows
I,e e \(k) = S; — Sy + S5, where

Si=>_ (H(k — kera) — H(E" — keya)

B/ \B.

Sp= Y (H(k—k_qc) — H(k" — k_qsc))
B, \B!

Sy =Y (H(k = kepa) = H(k = kie—mayja) = H(K" = keja) + HK = kieomay/a)
B,

Let’s start by calculating S5. The matrices in B, \ B, are the matrices of the form
[29] with ad = r and 0 < ¢ < d. For s | r let Si(s) be the contribution to S; of
coming from the matrices such that d = s. The contribution to Si(s) of the matrix
with ¢ = 0 is 0. For 1 < ¢ < d the number k./q is equal to “pjc, where u is the
element 1 < wu < d congruent to —c/p mod d, and k4 is the smallest integer > “.
The map which associates u to ¢ is a permutation of {1,...,d — 1}. So the number
of ce {1,...,d — 1} such that k.4 < k is equal to the number of v € {1,...,d -1}

such that “» < k. An analogues argument with k replaced by k* gives that
sk sk* 1 1
S — - _ _ _Sl _S/l
1 ;QpJ {pD 271 7

where S} (resp. S7) is the number of pairs of integers (¢, d) such that d | r, 1 < c < d
and kejq = k (resp. keqg = k¥).

The matrices in B,\ B, all have ¢ = 0, hence k_q/. = pand H(k—k_4/.) = H(k*—k_q4/c) =0

implying
Sy = 0.

What remains is to determine S3. Let © = ¢/d be a rational number occurring
in S3, then one has that p > r > d > 0 hence p { d. In particular if k, # 1, then
ky—1 =k, — 1 and hence H(k — k) — H(k — k,_1) equals —% fk=Fk,ork=Fk,
and equals 0 otherwise. If k, = 1 then k,_y = p and H(k—k,) — H(k — k,_1) equals
1/2if k=1and 1if 1 < k < p. In particular, whether k, = 1 or k, # 1, the
following always holds

H(k — k) — H(k — kyt) — HE = ko) + H(k® — kyr) =
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% FHE Y O {kny kor }) — (kT O {Ea, kor ) -

By induction on m, one sees that for all m > 1,
H(k—ky)—H(k —ky—n) — HK* —ky) + HE" — ky—in)

equals the number of integers i € {0, ..., m} such that &* = k,_; minus the number
of integers such that k = k,_;, taking into account that one counts ¢ = 0 and ¢ = m
only for half an integer.

Now to evaluate Ss, let us first define U (resp. U’, resp. U”) as the set of pairs
([2%],4) with [¢4] € Bl and 1 <4 < m (resp. ¢ = 0, resp. i = m) where m is the
unique integer such that 0 < —a + mb < b. Let u(k) (resp. u'(k), resp. u”(k)) be
the number of these pairs such that k = k(._;q)/q. This means that

1 1

Sy = (k') + %u’(k*) + %u”(k*) — (k) — 5 () — S (k).

The map ([¢4],4) — [§2¢F] is a bijection between U and the set of matrices

of the form [‘éf _dl,"] with o/, 0/, ¢, d’ integers > 1 with a’d’ + b'¢’ = r (its inverse is
given by sending [Z,’ _dl,’/} to ([_b:ji‘;;, ‘é:} , j) where j is the unique integer such that
0 < —d' +jcd < ). Under this bijection, k = k(—;a)/q if and only if k = —d'/
mod p or equivalently if k* = ¢//d’ mod p. This shows that u(k) = v,.(k*) and
u(k*) = v.(k).

The integer u/(k) equals the number of quadruples of integers (a, b, ¢, d) such that
a>b>0,d>c>0,ad—bc=rand k = c¢/d mod p. The bijection between B!
and B/, one can show that u”(k) is equal to the number of quadruples (a,b,c,d)

such that a > b >0,d > ¢ > 0, ad —bc = r and k = —d/c mod p. From this it
follows that v’ (k) = «/(k*) + S7 and u"(k*) = «'(k) + S} and hence

S5 = v, (k) — v (k) + %S{ - %S{’.
Putting the formulas for Sy, .S, and S3 together finally finishes the proof. O
If one defines v/.(i) by the following
vi(i) = #{dV,d,d € N5y | ged(d,d) =1, dd +Vc =r,di=c mod p},

then for r < p one has v,(k) = > vi(k). If one also defines the Hecke operators
I’ for 1 <r < p to be such that

L=Y1I, (A.5)
s|r

then an equivalent form of the above proposition is obtained by using he Mobius
inversion formula to remove the sum over the divisors of 7.
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Proposition A.11. Let p be a prime number and let 1 < k, k* < p be integers such
that and kk* = —1 mod p. If r is an integer such that 1 < r < p then

e e A(k) = FJ _ V’“J () — o (k)

p p
where for i € 7 one defines v.(i) to be the following quantity

v(i) = #{d b, d € Nsy | ged(d,d) =1, dd +Vc =r,di=c mod p}
A.5.4. The intersection number Ile ® {0, %}

Proposition A.12. Let p be a prime and r,c,d be integers such that 1 < r,
1 <d < c< ?andc andd are coprime. Define a,b to be the integers such
that ad —bc =1, 0<a<cand 0 <b<d. Definel <k <pandl <Ek* <p to
be the integers that are equal to ¢/d and —d/c modulo p and finally let u,u* be such
that dk = up +c and ck* =u*p—d. Then 0 <u <d, 0 <u* <c and

eeni = 2] 2] o 2] |

ru

Proof. Because ™ = 4 ¢ and 0 < ¢ < L one has
p pd pd d

5] =13

* *
And because & = 5 410 0 < 24 < L one has
p pc pc C

rk* ru* —1
el

Now let @', ¥, ¢, d" be a quadruple as in the definition of v/.(k), because d'k = ¢
mod p one has ¢/d = e¢d mod p. Because 1 < cd < cr <pand 1< dd < rd < p,
one even has ¢d = cd and because ged(c,d") = ged(e,d) = 1, it follows that
c=c and d = d'. Since rad —rbc = r = a’d + V/c there exists an integer ¢ such that
tc = ra—a’ and td = rb+b'. The fact that o', ' > 1 translate into \_%bJ <t< L%j
and since %’ < ™ one has [%’J < L%J

This shows that under the assumptions on r, k and p, that v/.(k) is equal to the

number of integers ¢ satisfying L%’J <t< L%J, or in formulas:

-2 |3

Now let a’,¥',,d" be a quadruple as in the definition of v/.(k*). Since d'k* = ¢
mod p, we get ¢ +dd =0 mod p. Now a'd' +b'¢ = r implies ¢ +d’ < r and hence
1 <ecd 4+dd <e(d +d) < er < pwhich is incompatible with ¢/ + dd’ =0 mod p
S0,

v.(k*) = 0.
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Putting the above equalities together one gets
rk rk* U rb ra—1 ru* —1

Teo(k) = | 2] = ’k—’k*:{—J—— _ .
reax(h) = | 5| = |22zt - = |5 | 5 |+ | :

What remains to be shown is

VaJ ra—1 B ru* ru* —1
c c | e c

But this is indeed the case. Since c¢ is coprime with both ©* and a, one sees that the
left and right hand side are 1 if ¢ divides r and 0 otherwise. O

Taking 1 < k£ < p/r an integer and d = 1 and ¢ = k in the above proposition
gives a = 1 which proves:

Corollary A.13. Let p be prime and k > 2, r > 1 be integers such that kr < p,
and let 1 < u* < k be the inverse of p modulo k then

I'e o A(k) = H - VH .

Proposition A.14. Let ¢ > 2,7 > 1 be integers such that cr < p and 1 < a < ¢ an
integer coprime to c. Let 1 < u* < ¢ be such that apu* =1 mod c then

reefo. 2} =2~ |2,
c c c
Proof. We do this by induction on c. If ¢ = 2 then a = 1 and it follows from the
above corollary.
For larger c, let b, d such that ad —bc = 1 with 1 < d < ¢. Because a < ¢ it follows
that b < d. The case d = 1 implies b = 0 and hence a = 1 which is dealt with by

the above corollary, so we can assume d > 2.
Let 1 < k < p be such that k = ¢/d mod p, then

A U R EE

Since k = ¢/d mod p the above matrix is in T'g(p) and hence A(k) = {%,2}. Since
ad =1 mod ¢ we see that the u* of this proposition agrees with that of Proposition
A.12. If we take u to be such that pu = dk — ¢, and using bc = —1 mod d we get
that 1 < u < d and bpu = 1 mod d. So using the induction hypothesis we have
llee{0,2} = |2] — || Writing {0,2} = {0,2} + {2, 2} = {0,2} + A(k) finally

gives

reefo. 8} = (2] - o)+ 5] 3]+ 12 |2 - 122 - 2

O
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A.6. Putting it all together. With all these intersection formulas now at our
disposal it is time to return to the question of when the morphism

fa: Xo(p) = J§

of (A.4) is a formal immersion at ooI(FUll) using Theorem A.6.

Let T be the Hecke operators such that 7, = Zsp« T? then one easily sees that
for r < ponehas } I| =T, —oi(r) = > (T, — s) and hence I = T — s .
Define L, := T, — 21, then L, = I, — 2I!. Using Ty, = 157, if r is odd and
Ty, = 15T, — 2T, 5 if r is even, one can deduce that for 1 < r < p:

N LT =(L-3)T, =Y Li— > Ly,

s|r s|r s|r, s even
from which it follows that
;| L if r is odd
LT, = { L, — L,)» if ris even
Since Ire € H1(Xo(p)(C), Z) we have that I5 induces a linear map I : Te/ITe — Hi(Xo(p)(C),Fy),
and we get the following addition to A.6.

Theorem A.15. Ifl > 2,p are distinct is primes and d > 0 an integer with 2d < p
then fq: Xo(p)D — J§ is a formal immersion at oo]gff) if either

(1) Lye, Loe. .., Lqge are linearly independent in Hy(Xo(p)(C),Fy),

(2) Lie, Le, ... I}e are linearly independent in Hy(Xo(p)(C),F,;), or

(3) Lze, Ize,. .., Isze are linearly independent in Hy(Xo(p)(C),F,).

In the above theorem the statements 2 and 3 are equivalent and they both imply
the first. In Oesterlé’s notes there is a part where he proved that the linear indepen-
dence condition 2 of the above theorem always holds if d > 2 and p/log* p > (2d)S,
giving a proof of Theorem A.2 for d > 36. We skip this part of the argument since a
variation of this argument is already in [Parent, 1999, §5]. For the smaller d Oesterlé
verified the linear independence 1 using the following proposition.

Proposition A.16. Let d > 1 be an integer, M > 3 an odd integer and | > 3 a
prime. Let € : (Z/MZ)* — 0,1 be the map such that e(n) = 0 if n is represented
by an integer between O and M /2 and 1 otherwise. Let u € (Z/MZ)* and define the

matriz Rq, to be the matriz with rows indexed by {1,...,d} and columns indexed
by (Z/MZ)* and whose (r,a) entry is e(ra) — e(ru/a).
If the matriz Rq,, has rank d modulo l, then Lqe, ..., Lse are linearly independent

in Hi(Xo(p)(C),F,) for all primes p such that p > 2dM, and pu =1 mod M.

Proof. The congruence pu = 1 mod M implies that ap(u/a) = 1 mod M and
hence u* = u/a mod M where u* is as in Proposition A.14 with ¢ = M. Now be-
cause L, = I}, —2I] and e(n) = | 22| -2 || , it follows from A.14 that for all primes
p such that p > 2dM and pu =1 mod M that L,e e {0,a/M} = e(ra) — e(ru/a).

Hence the linear independence holds if R;, has rank d modulo . ]
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A.6.1. Proof of Theorem A.2 for 3 < d < 25. The following table lists for all integers
3 < d < 26 an integer M, such that reduction of the matrix R4, modulo 3 of the
above proposition has rank d for all uw € Z/MZ*.

d 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14
Mg || 29 | 37 | 41 | 43 | 47 | 47 | 53 | 53 | 53 | 61 | 73 | 73

d 15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26
Mg || 79 | 79 | 89 | 89 | 89 | 101 | 101 | 109 | 109 | 109 | 127 | 127

These values of M, have been found using a computer and the code can be found at
https://sage.math.leidenuniv.nl/home/pub/51. Since the M, in the table sat-
isfy 2dM, < (3%%24-1)% if d > 6 and 2dMy < 410 for d = 3, 4, 5 it follows from Propo-
sition A.16 that Lye,..., Lge are linearly independent in H;(Xo(p)(C),F3) for all
p > max((3%241)2,410). Hence from Theorem A.15 it follows that f; : Xo(p) ¥ — J§

is a formal immersion at oo](F(? for all p > max((3%2+1)2,410), so that Theorem A.2
follows from Proposition A.5.
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