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Characterising biochemical reaction network structure in mathematical terms enables the inference of
functional biochemical consequences from network structure with existing mathematical techniques and
spurs the development of new mathematics that exploits the peculiarities of biochemical network struc-
ture. The structure of a biochemical network may be specified by reaction stoichiometry, that is, the rela-
tive quantities of each molecule produced and consumed in each reaction of the network. A biochemical
network may also be specified at a higher level of resolution in terms of the internal structure of each
molecule and how molecular structures are transformed by each reaction in a network. The stoichiometry
for a set of reactions can be compiled into a stoichiometric matrix N € Z™*", where each row corresponds
to a molecule and each column corresponds to a reaction. We demonstrate that a stoichiometric matrix
may be split into the sum of m — rank(N) moiety transition matrices, each of which corresponds to a
subnetwork accessible to a structurally identifiable conserved moiety. The existence of this moiety ma-
trix splitting is a property that distinguishes a stoichiometric matrix from an arbitrary rectangular matrix.
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1. Introduction

Understanding biochemical networks is of great practical
importance in systems biology. A variety of approaches for
mathematical modelling of reaction networks have been devel-
oped, including topological (Barabasi and Oltvai, 2004), stochas-
tic, deterministic (Ingalls, 2013) and constraint-based modelling
(Palsson, 2015). Before any biological application of any of these
modelling approaches, an abstract representation of the relative
quantities of molecules produced and consumed in each reaction
of a reaction network is reconstructed from experimental litera-
ture. A key output of this reconstruction process is a stoichiomet-
ric matrix, where every row corresponds to a molecule, every col-
umn corresponds to a reaction, and each entry corresponds to the
relative quantity of a molecule produced or consumed in a reac-
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tion. Typically, a stoichiometric matrix is the central mathemati-
cal object in any model of a reaction network for many biologi-
cal, biotechnological and biomedical research applications. There-
fore, characterising the mathematical properties of stoichiometric
matrices is a fundamental problem in mathematical biology.
Although graph theory has been applied to the analysis of re-
action networks (Klamt et al., 2009), thus far, this has required the
application of approximations to underlying topology of the net-
work. By labelling molecules as one type of vertex and reactions
as another type of vertex it is possible to approximate biochemi-
cal network topology as a bipartite graph termed a species-reaction
graph (Craciun and Feinberg, 2006). An appeal of this approxima-
tion is to facilitate the application of the extensive range of mathe-
matical techniques that have arisen from the study of graphs. How-
ever, ultimately, the utility of the species-reaction graph concept is
limited because the biochemical network of every living organism
does contain hyperedges, so any representation as a single graph
is an approximation. Furthermore, most hyperedges within a bio-
chemical network consist of hyperedges between multisets, rather
than sets, further limiting the range of established hypergraph the-
ory techniques that could be applied to biochemical networks.

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Constraint-based reconstruction and analysis. Constraint-Based Reconstruction and Analysis (COBRA) is an example of a systems biology approach, carried out in
an iterative cycle, where the aim is to increase the predictive accuracy of a constraint-based computational model. Quality controlled reconstruction of prior literature
information generates a draft model, which includes a stoichiometric matrix (upper left). This is followed by mathematical modelling using optimisation methodologies
(upper right), enabling hypothesis generation in the form of model predictions (lower right). These predictions are testing against experimental data (lower left) and any
discrepancy is used to refinement the reconstruction. This iterative cycle is repeated until a desired accuracy is reached.

There is a pressing need for contributions from the graph and hy-
pergraph theory community to establish connections between the
form of hypergraph observed in applications to (bio)chemical reac-
tion networks.

Among all modelling approaches for reaction networks, a par-
ticular emphasis of Constraint-Based Reconstruction and Analy-
sis (COBRA, Fig. 1) (Palsson, 2015) is reconstruction and mod-
elling of biochemical networks at genome-scale. Such models con-
tain the majority of the known reactions in an organism, within
a scope based on considerations of the application domain, and
give rise to stoichiometric matrices with a large number of rows
and columns. Almost every biochemical constraint-based mod-
elling problem is posed as an optimisation problem involving a
stoichiometric matrix (Palsson, 2015), and thus obtaining solutions
to high-dimensional optimisation problems is essential to gener-
ate model predictions. This emphasis on optimisation has lead to
an increasing interest in biochemical constraint-based modelling
from the mathematical and numerical optimisation community
(Ma et al., 2017).

A stoichiometric matrix may be distinguished from an arbi-
trary rectangular matrix by mathematical properties arising from
its biochemical origins. This matrix is may be fully specified by the
known biochemistry of an organism, cell, organelle or biochemi-
cal subsystem being modelled. The last universal common ances-
tor from which all organisms now living on Earth have common
descent is hypothesised to have lived over three billion years ago.
The complete biochemical network of this organism, and every de-
scendant thereof, is not known. Therefore, we do not yet, and may
never have, a complete mathematical classification that specifies
the subset of rectangular matrices to which every stoichiometric
matrix belongs. What we do have is a certainty that this class is re-
stricted by the physicochemical and biological principles that gov-
ern all living systems. The main purpose of this paper is to em-
phasise certain special mathematical properties of stoichiometric
matrices that arise from physicochemical principles.

To date, much of the focus has been on characterisation of
mathematical properties shared by stoichiometric matrices and ar-
bitrary rectangular matrices, e.g., (Papin et al., 2004). However, cer-
tain mathematical properties are known to distinguish a stoichio-
metric matrix from an arbitrary rectangular matrix. In chemistry,
a moiety is a subunit of a molecule and conserved moiety is one
that is invariant with respect to a defined set of chemical trans-
formations. Clarke (1988) proposed that each basis vector for the
left nullspace of a stoichiometric matrix corresponds to an inde-
pendent conserved moiety. Famili and Palsson (2003) computed a
convex basis, of extreme rays that may be linearly dependent, for

the left null space and classified (conserved) moieties according to
their relationship with cofactors and the boundary of the system.
However, establishing a correspondence between each extreme ray
and the structure of a moiety was not automatic. Householder QR
factorisation (Vallabhajosyula et al., 2006) and sparse LU factorisa-
tion (Gill et al., 1987) are efficient methods for computing for basis
vectors for the left nullspace of a large stoichiometric matrix but it
is challengeing to interpret a linearly independent basis vector in
terms of chemistry if it contains negative entries.

Plasson et al. (2008) defined a reacton (conserved moiety), as a
subpart of a molecule that is never broken into smaller parts by
any of the reactions composing the network. Based on this def-
inition, it was proposed that a chemical reaction network be in-
terpreted as simple recombinations of reactons, where each reac-
tion could be represented by partial reactions, each one describ-
ing the transfer of reactons from one compound to another. Fur-
thermore, examples were given of splitting a stoichiometric ma-
trix into a sum of incidence matrices, each representing a directed
graph of reacton transfers. Various approaches, none efficient at
genome-scale, were considered to compute a non-negative basis
for the left nullspace of a stoichiometric matrix, each of which was
then manually identified with a reacton. Haraldsdottir and Flem-
ing (2016) defined a conserved moiety as a group of atoms that
remains intact in all reactions of a network. They then showed
that the structure of each conserved moiety and the correspond-
ing non-negative left nullspace basis vector, could be efficiently
identified at genome-scale by graph theoretical analysis of an atom
transition graph, which required atom mappings for each reaction
(Rahman et al., 2016). It is needed to clearly specify, in graph and
hypergraph theoretical terms, the mathematical relationship be-
tween atom transition graphs, chemical reaction hypergraphs and
conserved moieties. Furthermore, it is necessary to investigate the
properties that this relationship endows on a stoichiometric matrix
that distinguish it from an arbitrary rectangular matrix.

This paper has three objectives. The first objective, in Section 2,
is to briefly introduces some basic concepts from graph and hyper-
graph theory (Voloshin, 2009). The second objective, in Sections 3-
5, is to introduce the established concepts of a molecule, reaction
and network, respectively, in terms of graph and hypergraph the-
ory. This introduction is given at a high level in terms of a hyper-
graph where each vertex is a molecule, and each edge is a reaction,
and also at a lower level in terms of graphs where each vertex is
an atom embedded in a molecular structure and each edge is a bi-
jection between atoms in separate molecules. The third objective,
in Sections 6 and 7, is to introduce the concept of a conserved moi-
ety in terms of graph and hypergraph theory, split a stoichiometric
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matrix for a network into the sum of a set of subnetwork inci-
dence matrices, each of which is an incidence matrix for a moiety
subnetwork, then relate this to the mathematical properties of a
stoichiometric matrix.

Notation

Throughout this paper, R, R", and R™*" denote the field of real
numbers, the vector space of n-tuples of real numbers, and the
space of m x n matrices with entries in R, respectively. Similarly,
Z, 7", 7™M stand for integer numbers, the vector space of n-tuples
of integer number, and the space of matrices with entries in Z, re-
spectively. NT denotes the transpose of a matrix N in R™*", R" and
R’ , display non-negative real n-tuples and positive real n-tuples
in R", respectively, and Z" and Z", display non-negative integer
n-tuples and positive integer n-tuples in Z", respectively. Let 1 be
the vector of all ones. For a matrix A € R™*", A; and A. ; denote the
ith row and the jth column of A, respectively, where i 1,..., m
and je1,...,n The exponential or natural logarithm of a vector
is meant component-wise and exp (log(0)) := 0. Further, [ -, - ]
stands for the horizontal concatenation operator, and I denotes an
identity matrix.

A calligraphic, uppercase, roman letter, e.g., A, denotes a set,
multiset or sequence, with { -, - } denoting an unordered pair, ( -,
- ) denoting an ordered pair and (.,...,-) denoting a sequence. Let
|A| denote the cardinality of the set .4. A multiset is a modifica-
tion of the concept of a set that, unlike a set, allows for multiple
instances for each of its elements. In a multiset M := (A, f), A is
asetand f:.A— Z, is a function from A to the set of positive in-
tegers giving the multiplicity of the ith element .4; in the multiset
as the number f(A4;). In multiset {a, a, b}, the element a has mul-
tiplicity 2, and b has multiplicity 1. The cardinality of a multiset is
constructed by summing up the multiplicities of all its elements.
The cardinality of sets, multisets and sequences is all assumed to
be finite.

In illustrative examples, all metabolic species and reactions are
annotated with their abbreviated identifier used in the Virtual
Metabolic Human database (http://vmh.life), e.g., the crn abbrevi-
ation for the metabolite L-carnitine (crn).

2. Graph and hypergraph theory

There exist various excellent introductory textbooks on
graph theory, e.g., Wilson (2020) and hypergraph theory, e.g.,
Voloshin (2009). Nevertheless, for completeness we introduce key
terms in graph and hypergraph theory next. A graphG(V, €) is a
mathematical object which consists of a set of vertices V and a
set of edges £, where V:={V;,...,Vn} and € :={&,...,&}. An
edge &; :={V;, V} € £ is an unordered pair of vertices V; € V and
Vi, € V, whence V; and V), are said to be adjacent. A directed edge
&j =V, V) € € is an ordered pair of vertices V; €V and V, €V,
whence ¢&; is said to join the head vertex V; to the tail vertex
Vi. An orientation of an undirected edge is an assignment of a
direction to that edge, turning it into a directed edge. An inverted
edge swaps the order of a pair of vertices in a directed edge. A
subgraph G’ of a graph G is a graph whose vertex set and edge set
are subsets of those of G.

A graph can be represented by an incidence matrix B € Z™*",
where each row corresponds to a vertex, each column corresponds
to an edge and the entries are given by

-1 if Vi e tail,
Bij =11 if V; € head,
0 otherwise,

or by its adjacency matrix A € Z™™ given by

Ao 1 if Vis adjacent to v},
Y710 otherwise,
where i=1,...,m and j=1,...,n. An incidence matrix B € R™*"

is said to be conserved if the summation of each column of B van-
ishes, that is

17B =: 0.

A labelled graph is a graph that associates each vertex with one of
a set of vertex labels and associates each edge with one of a set of
edge labels. A vertex-labelled graph is a graph that associates each
vertex with one of a set of vertex labels. An edge-labelled graph is
a graph that associates each edge with one of a set of edge labels.
An isomorphism between two graphs G;(V1,&1) and G, (V?2, £2) is
a bijection ¥ : V! — V2 and 0 : £ — £2. If the graphs are labelled,
an isomorphism also preserves labelling. A set of graphs isomor-
phic to each other is called an isomorphism class of graphs. A path
is a finite sequence of edges which connect a sequence of vertices.
A pair of vertices is connected if there exists a path between them.
A component of a graph is a subgraph with a path between any
two of its vertices and without a path to any vertex in the remain-
der of the supergraph. A vertex with no incident edges is itself a
component.

A hypergraph H(V,S) is a generalisation of a graph in which
the jth hyperedge S;:={A}, Bj} €S is a pair of multisets of ver-
tices Aj c V and Bj c V. A directed hypergraph#(V, S) is a gener-
alisation of a directed graph in which the jth directed hyperedge
Sj:=(Fj,R;) € S is an ordered pair of subsets of vertices, where
FjcVand R; CV denote subsets of vertices corresponding to the
tail and head of the jth hyperedge. A network is either a graph or
a hypergraph.

3. Molecules

Strictly speaking, a molecule is an electrically neutral group
of two or more atoms held together by chemical bonds. How-
ever, henceforth, for the sake of simplicity, we stretch this def-
inition to also encompass an electrically charged molecule (ion)
and a molecule with one atom. This is akin allowing a single iso-
lated vertex to be defined as a graph. A molecule may be repre-
sented at multiple levels of abstraction. First, Section 3.1 introduces
a molecule at a high level of abstraction, where each molecule is
only represented by a chemical formula. Then, Section 3.2 intro-
duces a molecule at a low level of abstraction in terms of its topo-
logical structure.

3.1. Molecules

A high level abstract representation of a molecule is to associate
it a unique label.

Definition 1. Amolecule is a singular instance of a distinct chemi-
cal. A set of m molecules is denoted with V :={V1,..., Vn}, where
V; is the label associated with the ith molecule.

Unless otherwise specified, a molecule is assumed to mean a
biochemical, that is, a chemical that is found in a biological sys-
tem. A molecule could be a protein, a carbohydrate, an ion, a water
molecule, or any other singular instance of a chemical found in a
living being.

Definition 2. Acompartment, is a distinct, finite, contiguous subdi-
vision of the three-dimensional space of a biochemical system that
is demarcated by a boundary that selectively permeable to certain
molecules.
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All biochemical systems occupy at least one compartment
(Lane and Pariseau, 2016), and often multiple hierarchically em-
bedded compartments. For instance, a eukaryotic cell consists of
several compartments such as mitochondria, cytosol, nucleus and
endoplasmic reticulum. A selectively permeable boundary prevents
the diffusive exchange of certain molecules across the boundary of
a compartment.

Definition 3. Amolecular species is a finite set of identical
molecules, labelled with a single compartment.

Unless otherwise specified, a molecule is assumed to mean
biomolecule. Two molecules in separate compartments, that are
otherwise identical, are still considered distinct species. Compart-
mentalisation is denoted with a bracketed suffix to the abbreviated
species label, e.g., crn[c] and crn[m] are the labels for the molecule
L-carnitine (crn) in the cytosolic [c] and mitochondrial [m] com-
partments, respectively.

3.2. Molecular graphs

Although there is a rich literature on the representation of
chemistry in terms of graphs (Trinajstic, 1992), we only introduce
some basic concepts in chemical graph theory here as our focus
is on the mathematical structure of stoichiometric matrices, rather
than the structure of individual molecules. Each molecule consists
of a set of atoms. Each atom consists of a nucleus, with sub-
atomic entities termed protons and neutrons, surrounded by elec-
trons. Protons have positive electrical charge, neutrons have neu-
tral charge and electrons have negative charge. We assume that
biological systems conserve atomic nuclear structure, but they can
change the number of electrons associated with an atomic nucleus,
therefore each molecule is assigned a net electrical charge.

Definition 4. An atom is a singular instance of a chemical element.

Unless otherwise specified, an atom is assumed to mean an
atom of an element that is found in a biological system. Of the
~ 118 known chemical elements only ~27 are known to be incor-
porated into biochemical systems.

Definition 5. A molecular formula, is the natural number of atoms
of each element in a molecule.

For example, the molecular formula of a citrate molecule with
charge —3 (cit) is CgH505. That is, it consists of 6 carbon atoms
(C), 5 hydrogen atoms (H) and 7 oxygen atoms (O). The mass of
a molecule is given by the sum of the strictly positive masses of

citrate = C4H50~

each of its constituent atoms. The (mono-isotopic) molecular mass
of a citric acid molecule with charge —3 is 192.0270026 Da.

Definition 6. Given a molecule V), itsatomic cardinalityn(Vy) is
sum of the number of atoms, irrespective of element label, in that
molecule. Given a set of molecules V its atomic cardinality is the
sum of the cardinality of each molecule, that is

4
n(V) = Z n(Vk)~

k=1

For example, citrate has atomic cardinality 18, while the molec-
ular formula of L-carnitine is C;H;sNO3 and therefore its atomic
cardinality is 26, therefore the atomic cardinality of the set A=
{citrate, L — carnitine} is 44.

Definition 7. A chemical bond is a singular instance of a pair of
atoms.

In chemical terminology, a chemical bond is a lasting attraction
between two atoms.

Definition 8. Given a set of molecules V, the molecular graph of
molecule V) is a graph G(X, Y, V) where each vertex &; is an atom
and each edge ); is a chemical bond in a molecule. A molecu-
lar graph represents the complete set of |X'| atoms and |Y| bonds
in a molecule as a single connected component. Each vertex is
triply labelled, with (i) an element label, which is a type of chem-
ical element, (ii) a molecular label, which uniquely identifies the
molecule, and (iii) an atomic label i € 1...n(V), which uniquely
identifies each of the n(V) atoms in V. Each edge is labelled with
a type of chemical bond.

In chemistry, a molecule must have at least one bond between
two atoms. However, for the sake of consistency with graph the-
ory, a chemical entity that consists of a single atom and no bond
is also referred to as a molecule, as it corresponds to a graph with
one vertex and no edge. Certain chemical assumptions are used to
define the conditions for two molecules to be considered identi-
cal or distinct. These assumptions arise from topological and geo-
metric considerations as to the structure of a molecule. However,
with respect to the structural representation of a molecule con-
sidered here, it is to necessary and sufficient to consider that two
molecules are of the same molecule if and only if both molecules
are labelled with the same compartment and their corresponding
molecular graphs are isomorphic.

3.2.1. Example molecule and molecular graph

citrate

Fig. 2. A molecule of citrate represented as a vertex and a molecular structure. Citrate represented as a node with its molecular formula (left) and represented as a
molecular graph (right). The three types of element are oxygen (red), carbon (green) and hydrogen (blue). The two types of bond are illustrated, single (-) and double ( = ).
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)



S. Ghaderi, H.S. Haraldsdéttir and M. Ahookhosh et al./Journal of Theoretical Biology 499 (2020) 110276 5

4. Reactions

A reaction is a process that leads to the chemical transforma-
tion of one set of molecular entities to another. Unless otherwise
specified, a reaction is assumed to be a biochemical reaction, that
is, a reaction that is found in a biological system. This excludes re-
actions that involve changes to nuclear structure, e.g., nuclear fu-
sion. A reaction may be represented at multiple levels of abstrac-
tion. First, Section 4.1 introduces a reaction at a high level of ab-
straction, in terms of molecules and reaction stoichiometry. Then
Section 4.2 introduces a reaction at a low level of abstraction in
terms of molecular structures and atom mappings.

4.1. Reaction stoichiometry

At a high level of abstraction, a reaction may be represented
by a reaction equation, described below, which only specifies the
quantities associated with each molecule involved and whether
they are consumed or produced in the reaction. The concept of a
hyperedge, as a pair of vertex subsets, is well established. How-
ever, before we mathematically define a reaction, we must gen-
eralise the concept of a vertex subset, to allow a natural number
weight on each vertex in a subset. This permits a generalisation of
the concept of a hyperedge, where each involved vertex is associ-
ated with a natural number weight.

Definition 9. Achemical complex C(V) is a subset or multiset of
molecules, drawn from a set of molecules V. A stoichiometric num-
ber is the multiplicity of molecules of a molecular species in a
complex.

The term stoichiometry is derived from the ancient Greek ori-
gins of stoicheion meaning element and metron meaning measure.
The cardinality of a chemical complex |C| is the sum of the multi-
plicities of each of its constituent molecule.

Definition 10. A reaction is hyperedge # := {P(V), Q(V)}, formed
from a pair of chemical complexes P(V) and Q(V), where P # Q
and V is a set of molecules.

The set of molecules V may be the same for both chemical
complexes in a hyperedge, but in that case their multiplicity must
differ. In a chemical complex, the entities may be distinct or iden-
tical, that is corresponding to distinct species, or a single species,
respectively. If there is no molecule of a species in a complex, then
the stoichiometric number is trivially zero. If a reaction involves a
molecule with a multiplicity greater than one, then this is repre-
sented by multiple instances of the same molecule, rather than a
single molecular species, as is often the approach taken in stoichio-
metric modelling (Palsson, 2015). We are interested in the relation-
ship between mathematical modelling of a biochemical network at
stoichiometric and atomic levels of resolution and atom mappings
are between molecules, rather than molecular species, so we also
represent reaction stoichiometry in terms of molecules.

In chemistry, thermodynamics dictates an to the complexes in
reaction, leading to a directed reaction (hyperedge). In graph the-
ory, an orientation of an (undirected) graph is an assignment of a
direction to each edge, turning a graph into a directed graph.

Definition 11. A directed reaction is a directed hyperedge Y :=
(F(V),R(V)), formed from an ordered pair of complexes, where
F is the tail complex and R is the head complex.

By the principle of microscopic reversibility (Lewis, 1925), each
reaction is reversible, therefore when representing a real reaction
we always have a pair of symmetric directed hyperedges.

P Q

Yy

Fig. 3. An example reaction. A reaction # := {P(V), Q(V)}, where the complexes

are the multiset P = {1y, V;} and the set Q = {V», V3}, while the set of vertices is
V={Vi, ), Vs}

Definition 12. A reactionequation is of the form

ZV,‘ - ZVk,

ieF keR
or more precisely in mathematical terms

U V= U V.

ieF ker

In an undirected reaction, V; denotes the ith molecule in complex
F and V, the kth molecule in the complex R, whereas for a di-
rected reaction, F and R are referred to as the tail and head com-
plexes, respectively.

In a reaction equation the symbol = signifies an equivalence
relation. This is consistent with the chemistry literature. Once an
orientation is chosen, it is conventional to write a directed reac-
tion equation with the tail complex (substrate complex) to the left
and the head complex (product complex) to the right. The use of
a union symbol is mathematically correct, but the use of a sum-
mation symbol is far more commonly observed in the chemistry
literature.

4.1.1. Example reactions

Consider the reaction # := {P(V), Q(V)}, with reaction equa-
tion
2V =V + V3. (1)

illustrated in Fig. 3. The complexes are the multiset P = {V;,V;},
and the set Q = {V», V3}, and the set of vertices is V = {V1, V,, V3}.
In complex Q, the stoichiometric number is 2 for V;, and in com-
plex Q the stoichiometric number is 1 for V, and 1 for V3.

Fig. 4 provides a toy biochemical example, consisting of a cell
with one sub-cellular compartment, several molecules and one di-
rected reaction whose equation is

citfm] = h2o[m] + cisa[m]. (2)

Each molecule corresponds to a vertex, and the set of vertices
is {citfm], h2o[m],cisa[m]}. The forward complex is the tail set
of vertices F := {citfm]} and reverse complex is the head set of
vertices R := {h20[m], cisalm]}. This reaction (citrate hydro-lyase,
link) takes place in the mitochondrial compartment, hence the [m]
suffix, and transforms the molecule citrate (cit) into the molecule
water (h20) and the molecule cis-aconitic acid (cisa).

4.2. Atom mappings

At a low level of abstraction, a reaction can be represented as a
mapping between pairs of atoms, where one atom is in a substrate
complex and another atom is in a product complex.

Definition 13. Given a set of molecules V and a chemical complex
C(V), a complex graph G(Xx,Y,C(V)) is the disjoint union of a mul-
tiset of |C| molecular graphs, where each molecular graph corre-
sponds to one molecule V, € C. Let n(V,) denote the atomic cardi-
nality molecule of molecule V, then the total number of vertices
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Cytoplasm
compartment

® cit[c]

Mitochondria
compartment

L 4
o "

* v .
v 9 @

L

Substrate
complex

Fig. 4. Molecules, molecular species, complexes, a reaction and compartments. An illustration of a faux cell (left) with two compartments. The mitochondrial compartment
[m] is embedded in the larger cytoplasmic compartment [c]. Molecules of citrate (cit, gray dots) in the cytoplasm are denoted cit[c]. Molecules of citrate in the mitochondria
are denoted cit{m] which is considered distinct from cit[c]. To the right is an enlarged view of the mitochondrial compartment with a single reaction. The substrate complex
is consumed in the reaction and consists of a single citrate molecule and the product complex is produced in the reaction and consists of one cis-aconitate molecule (cisa)

and one water molecule (h20).

in complex graph C is

|X| = Z n(VI<)~

Vel

Each vertex is triply labelled with (i) an element label, (ii) a molec-
ular label, and (iii) an atomic label.

The number of connected components of a complex graph is
equal to the number of molecules in that complex. For example,
a complex graph will contain two connected components that are
isomorphic up to vertex labelling, if the complex consists of two
identical molecules, that is a molecular species with stoichiometric
number (multiplicity) two.

Definition 14. Given a reaction H := {P(V), Q(V)}, an atom transi-
tion is a labelled edge & := {&;, &;} that joins vertex &; of molecule
Vi in complex graph G(X, Y, P) with vertex X; of molecule V; in
complex graph G(X, Y, Q). The edge is labelled with a reaction la-
bel, which uniquely identifies a reaction. Both vertices must have
the same element label, but the molecular and atomic labels may
be different.

The element label of the vertex &; € G(X, Y, P) is the same as
the element label of the vertex X} € G(X, Y, Q). That is, an atom
transition is an edge between a pair of atoms of the same ele-
ment, one in each of the pair of complexes involved in a reac-
tion. Therefore, in a reaction, the total number of atoms of each
element in both complexes is the same. For example, in reaction
(1) the molecular formula of citrate is CgH50; while the molecular
formula of water is H,O and the molecular formula of cis-aconitic
acid is CgH30g. The element specific sum of atoms in the latter
two molecules is CgH307, which is the same as the molecular for-
mula for citrate. The atomic label of both vertices is generally not
the same, because typically reactions involve transformation of one
set of molecules into another set of molecules and, within a given
set of molecules, atomic labels are unique, by definition.

Definition 15. Given a set of molecules V and a reaction H :=
{P(V), 2(V)}, an atom mapping is a graph G(X, Y, H{P(V), 9(V)})
formed by the disjoint union of the set of

V=) nW)=> nW)

VeP Ve@

atom transitions, between

|X| = Z H(Vk) + Z Tl(Vk) = 2|y|

VkeP Ve@

vertices. Each edge is labelled with an identical reaction label. Each
vertex is labelled with an element label, a molecular label and an
atomic label.

Note that an atom mapping consists of || connected com-
ponents, each of which contains one edge and two vertices with
identical element labels. That is, all edges of the molecular graphs
of each molecule in V are omitted. One reaction may correspond to
multiple alternate atom mappings, e.g., if a molecular structure has
a symmetrical subgraph, this may permit multiple alternate atom
mappings that are equivalent with respect to element vertex la-
belling, but not with respect to atomic vertex labelling.

4.2.1. Example complex graph and atom mapping
Fig. 5 illustrates an atom mapping for the citrate hydro-lyase
reaction (link).

5. Networks

A biochemical network consists of a set of molecules that are
chemically transformed into one another by a set of reactions. A
biochemical network may be represented at multiple levels of ab-
straction. First, Section 4.1 introduces a biochemical network at a
high level of abstraction, in terms of molecules and reaction sto-
ichiometry. Then Section 4.2 introduces a biochemical network at
a low level of abstraction in terms of molecular graphs and atom
mappings.

5.1. Stoichiometric hypergraphs

A stoichiometric hypergraph is a network of reactions expressed
in terms of molecules and reaction stoichiometry.

Definition 16. Astoichiometric hypergraph is a hypergraph
HW,Y{F,R}) that consists of a set of m vertices V:=
{V1,...,Vm}, each corresponding to one molecule, and a set
of n hyperedges Y :={);....,Yn}, each corresponding to one
reaction. The jth hyperedge Y;{F;,R;} is composed of pair of
complexes F;(V) and R;(V) where Fj # R;.

Note that in this definition of a stoichiometric network, each
vertex corresponds to a molecule, which is a singular instance of
a distinct chemical, rather than a molecular species, which is a fi-
nite set of identical molecules. If one replaces each reaction with
a symmetric pair of directed hyperedges then a stoichiometric net-
work can also be represented by a directed hypergraph.
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cit h2o0 cisa

(a) Set of Molecules

(b) Molecular graphs N 0

(f) Atom mapping

Fig. 5. The citrate hydro-lyase reaction. The chemical conversion of citrate into water and cis-aconitic acid represented as a hyperedge (reaction) and a set of edges (atom
mapping). The citrate hydro-lyase reaction (link) involves three molecules (a), each of which may be represented by a molecular graph (b), where each vertex is an atom
and each edge is a chemical bond between atoms. The reaction is between two complexes (c), one complex P consisting of citrate (left, cit) and one complex Q consisting
of water (middle, h20) and cis-aconitic acid (right, cisa). A reaction may be considered as a hyperedge ), where each vertex is defined by a molecular graph (e). Each
atom in complex P (citrate) corresponds to one atom in complex Q (water and cis-aconitic acid) and together they constitute the atom mapping (corresponding atoms are
individually labelled with numerical superscripts and connected by dotted lines) that represents the hyperedge ) as a set of disconnected edges.
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Definition 17. A directed stoichiometric hypergraphH(V, Y(F,R)) is
an oriented stoichiometric hypergraph, that consists of a set of m
vertices V :={V1,..., Vn}, and sequence of n directed hyperedges
Y :=)1....,Yn). In the jth reaction Y; := (¥}, R;) the tail com-
plex is

m
Fii=) KV
i=1
and the head complex is
m
Rj = Z Riij,'
i=1

where F € 2" is a forward stoichiometric matrix, R € Z"*" is a re-
verse stoichiometric matrix, with F and R being two sequences of
cardinality n.

The entry F;; is the stoichiometric number of molecule i con-
sumed in the jth directed reaction and the entry R;; is the stoichio-
metric number of molecule i produced in the jth directed reaction.
If the ith molecule is neither produced, nor consumed in the jth
directed reaction, then F,j =R; ; = 0. If F;j =R; ; > 0 then the ith
molecule is termed a catalyst of the jth directed reaction as it is
chemically invariant with respect to that chemical transformation.

Let us know introduce the main mathematical object that is the
main focus of attention in this paper.

Conjecture 18. Given a directed stoichiometric hypergraph
HV, Y(F,R))with m molecules and n reactions, its stoichiometric
matrixN e Z™*" is

N:=R-F

where F;; and R;; are the stoichiometric numbers of the ith molecule
consumed and produced in the jth directed reaction, respectively. A
stoichiometric coefficientN;; is a signed stoichiometric number, with
a negative or positive sign if a molecule is consumed or produced in
a directed reaction, respectively.

If and only if the ith molecule is a catalyst in the jth directed
reaction then N; ; = 0 yet F; ; = R; ; > 0. If the ith molecule does not
participate in the jth directed reaction then N;;j=F;;=R;;=0.
Therefore, N can be defined in terms of F and R while the op-
posite is not the case. We have introduced a stoichiometric ma-
trix with a conjecture, rather than a definition as the construction
of a complete mathematical definition of a stoichiometric matrix
is an open problem. Note that in this definition of a stoichiomet-
ric hypergraph, each vertex corresponds to a molecule, which is
a singular instance of a distinct chemical, rather than a molecu-
lar species, which is a finite set of identical molecules. Therefore, a
stoichiometric matrix is a sign matrix, i.e., N € {—1,0, 1}™" while
forward and reverse stoichiometric matrices are binary matrices F,
R e {0, 1}mxn,

Certain key topological features of a stoichiometric hypergraph
can be discerned from its stoichiometric matrix (Palsson, 2015).
Given a stoichiometric matrix N € R™<"_ its zero pattern N{0, 1}mx"
is the binary matrix obtained by replacing each non-zero entry of

Vi V2 s N1

0O 0 O h2o0 0

F = 1 1 0 cit R = 0
0o 0 1 1cit 1

0O 0 O cisa 0

Fig. 6. A directed stoichiometric hypergraph. The four molecules (vertices) are cit-
rate (cit, CgHs07), isocitrate (icit, C¢Hs07), cis-aconitic acid (cisa, C¢H30g) and water
(h20, H,0). In biochemical terms, the reactions (black hyperedges) are );: aconitate
hydratase (ACONTm), ): citrate hydro-lyase (link) and Yjs: isocitrate hydro-lyase
(link). Although each reaction is, in principle, reversible, the directions of each hy-
peredge are given in the conventional orientation, consistent with the correspond-
ing stoichiometric matrix.

N by 1. The number of non-zero entries in each column, N1, gives
the molecular cardinality for each reaction. The number of non-
zero entries in each row, N1, gives the reaction cardinality for each
molecule. Themolecularadjacency matrix is given by B := NNT. Each
diagonal element of the molecule adjacency matrix gives the reac-
tion cardinality of a molecule, and each off-diagonal element gives
the number of reactions in which two molecules participate to-
gether. The reactionadjacency matrix is given by A := NTN. Each di-
agonal element of the reaction adjacency matrix gives the number
of molecules that participate in a reaction while each off-diagonal
element gives the number of molecules shared by two reactions.
Therefore, the vectors a N1 and N1 and matrices A := N'N and
B := NNT can provide us valuable information about the sparsity
pattern of stoichiometric matrices. Such issues become especially
important in practical applications involving numerical computing
with high dimensional stoichiometric matrices.

5.1.1. A directed stoichiometric hypergraph with three reactions

Consider a directed stoichiometric hypergraph with 4 molecules
V = (cit, icit, cisa, h20) and 3 reactions Y = ()1,)5,)3), a planar
representation of which is illustrated in Fig. 6. The 3 reaction equa-
tions are

Yy @ cit = icit,
Y, . cit = h20 +cisa,
Y5 ¢ icit = h20 + cisa. (3)

); is the citrate hydro-lyase reaction introduced in Section 4.1. The
forward and reverse stoichiometric matrix of this network are

Vo Vs

1 1 h2o0
0 0 cit

0 0 icit
1 1 cisa
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In these matrices, each row is labelled with the corresponding
molecule and each column is labelled with the corresponding re-
action. The net stoichiometric matrix of the mitochondrial subnet-
work is

Vi Vo Vs

0 1 1 h2o0
N = -1 -1 0 cit

1 0 -1 icit

0 1 1 cisa

where again rows and columns correspond to molecules and reac-
tions, respectively. The molecular adjacency matrix is

h2o0 cit icit cisa
2 -1 -1 2 h2o0
NNT = -1 2 -1 -1 cit
-1 -1 2 -1 icit
2 -1 -1 2 cisa

while the reaction adjacency matrix is

Vi Vo Vs

2 1 -1 W)
NTN = 1 3 2 Vs

1 2 3 Vs

5.1.2. A stoichiometric hypergraph of human metabolism

Metabolism refers to the set of reactions necessary to sustain
the life of a single organism. Metabolism extracts energy and mate-
rial precursors from food, and uses them to synthesises the macro-
molecules, e.g., proteins, that make up an organism. Metabolism
also degrades macromolecules and eliminates waste. A stoichio-
metric hypergraph of metabolism is a reaction network represent-
ing metabolism where the molecules are metabolites (low molec-
ular mass organic chemicals) and the reactions are metabolic reac-
tions (Fig. 7).

The latest comprehensive reconstruction of human metabolism,
Recon3D (Brunk et al., 2018), accounts for 17% of the function-
ally annotated genes in the human genome, and consists of 5,835
rows (molecular species) and 10,600 columns (reactions) in 9 com-
partments. The 9 compartments are extracellular [e], cytosol [c],
mitochondria [m], mitochondrial intermembrane space [i], endo-
plasmic reticulum [r], lysosome [l], peroxisome [X], golgi appara-
tus [g], and nucleus [n]. Certain key topological features of the
human metabolic network can be discerned from analysis of its
corresponding stoichiometric matrix. The sparsity pattern for the
stoichiometric matrix of the Recon3D reconstruction is illustrated
in Fig. 8. Reaction cardinality can vary widely depending on the
molecular species concerned, with some molecular species partici-
pating in many reactions and others at least two, but perhaps only
two reactions. For all genome-scale metabolic networks known
there is an approximately linear relationship between the loga-
rithm of reaction cardinality and the rank ordered reaction cardi-
nality. That is, reaction cardinality approximates a power law dis-
tribution (Palsson, 2015). Figure 9 illustrates the molecular and re-
action cardinality of Recon3D. Fig. 10 illustrates the molecular and
reaction adjacency matrices of Recon3D.

5.2. Atom transition graphs

An atom transition graph is a representation of a reaction net-
work in terms of atoms and atom mappings.

Definition 19. Given a set of molecules V and a stoichiometric hy-
pergraph H# (X, Y{F(V), R(V)}), an atom transition graph is a graph
G(x, &, H) formed by uniting a set of |Y| atom mappings, each
of which corresponds to a reaction. The union merges vertices of
atom mappings that have identical elemental and atomic labels.
Each of the p := | x| vertices corresponds to an atom of an element
in one of the m := |V| molecules. Each of the q := |€| edges corre-
sponds to an atom transition in an atom mapping corresponding
to one of the n :=|Y| reactions. Each vertex is labelled with ele-
mental, molecular and atomic labels, while each edge is labelled
with a reaction label.

In a molecular graph, each vertex is triply labelled, with (i) an
element label, which is a type of chemical element, (ii) a molec-
ular label, which uniquely identifies the molecule, and (iii) an
atomic label i e 1...n(V), which uniquely identifies each of the
n(V) atoms in V. If a pair of reactions share at least one molecule
in common, then they share vertices from the same molecular
graph, therefore the corresponding pair of atom mappings can be
united in an atom transition graph, by merging vertices with iden-
tical elemental and atomic labelling, but possibly different molec-
ular labels. In an atom transition graph, each edge is labelled with
a reaction label.

Definition 20. A directed atom transition graph G(V, €, H) is an ori-
ented atom transition graph, with p := |X| vertices and q := |€] di-
rected edges, with topology represented by the incidence matrix
Ae{-1,0,1}P9

5.2.1. An example of an atom transition graph

We now provide an example of an atom transition graph cor-
responding to the 3 reaction biochemical network introduced in
Section 5.1.1. This atom transition graph is formed by uniting iden-
tical vertices from an atom mapping for ),, which is the citrate
hydro-lyase reaction illustrated in Fig. 5, and with identical vertices
from atom mappings for J; and Y. The atom transition graph is
illustrated in Fig. 11.

6. Moieties

Each connected component of an atom transition graph corre-
sponds to a set of atoms that have identical elemental labels, but
may have different molecular and atomic labels. Each path in a
connected component of an atom transition graph corresponds to
the trajectory that a single instance of an atom could take, via a
sequence of atom transitions, each of which corresponds to a reac-
tion. It is of interest to group connected components that are the
same throughout an atom transition network, because they iden-
tify conserved molecular substructures, as defined below. Herein
we assume a time invariant representation of a reaction network
at atomic resolution, that is, every chemical transformation corre-
sponding to a reaction has occurred sufficiently that an atom in
every position of every molecule of a substrate complex has been
mapped to every chemically feasible position of every molecule in
a product complex.

6.1. Conserved moieties

Definition 21. A conserved moiety is a set of atoms, where
each atom belongs to one connected component of an isomor-
phism class of connected components of an atom transition graph
G(X, &, H)(Haraldsdottir and Fleming, 2016). The isomorphism
class is of maximum cardinality and the isomorphism is label pre-
serving with respect to molecular labelling of vertices and reaction
labelling of edges.
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Fig. 7. A planar visualisation of a stoichiometric hypergraph human metabolism. A planar visualisation of the stoichiometric hypergraph of Recon3D (Brunk et al., 2018),
termed Recon3Map (Noronha et al., 2017), which was manually drawn using the network layout editor CellDesigner (version 4.4) (Funahashi et al., 2008). To avoid excessive
crossing of hyperedges, certain molecules that are involved in many reactions have been duplicated at different positions in the network.

1000

2000
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4000

Number of metabolites

5000

|
0 1000 2000 3000 4000

5000
nz = 40425

|
6000 7000 8000 9000 10000

Fig. 8. The stoichiometric matrix of Recon3D. This stoichiometric matrix consists of 5835 rows (molecular species not molecules) and 10,600 columns (reactions). Only
0.065% (40, 425/61, 851, 000) of entries are non-zero (nz). The approximate upper diagonal appearance is due to the ordering of the reactions, rather than an intrinsic
feature of a stoichiometric matrix. For genome-scale biochemical networks, stoichiometric matrices are sparse because molecular cardinality is typically less than 10 for

most reactions.

Each connected component of an atom transition graph consists
of vertices with the same elemental label. However, a pair of con-
nected components of an atom transition graph may still be iso-
morphic with respect to Definition 21 even though they might cor-
respond to different elements. For example, one connected com-
ponent might correspond to an oxygen atom, while another con-

nected component might correspond to a carbon atom. The atoms
of a conserved moiety always corresponds to a subgraph of a
molecular substructure. Often this subgraph consists of a single
connected component, but it may consist of multiple connected
components. For example, a pair of isomorphic connected compo-
nents may correspond to a pair of atoms in the same molecule
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Fig. 9. The rank-ordered molecular cardinality molecular (species) and reaction cardinality of Recon3D.

i )t I
2000 3000 4000
nz = 77483

(a) Molecular adjacency matrix NNT

(b) Reaction adjacency matrix N7 N

Fig. 10. The molecular and reaction adjacency matrices of a stoichiometric hypergraph. The sparsity patterns of the molecular (species) adjacency matrix (NN, left) and the
reaction adjacency matrix (NN, right) for Recon3D, have 0.23% and 6.61% non-zero elements (nz), respectively. The fraction of blue is an overestimate of the actual sparsity
pattern due as the minimum size of a coloured pixel is greater than the size of an element. Nevertheless, one can observe that it is less common for a pair of molecular
species to participate in the same reaction (off-diagonals in NNT, left) than it is for a pair of reactions to involve the same molecular species (off-diagonals in NN, right). .
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

but without a bond between them and therefore the correspond-
ing conserved moiety consists of a set of vertices, but more than
one connected component.

Definition 22. Given an atom transition graph G(X, £, #) between
a set of molecules V, where m :=|V|, a conserved moiety vector
Ly e Z}}m is a non-negative integer (row) vector, where L;; is the
number of instances of the kth conserved moiety in molecule V;.
A set of t conserved moiety vectors can be concatenated to form a
conserved moiety matrix L € Z})™.

If L ;=0 then the kth conserved moiety is not incident in
molecule V;. There may be more than one instance of a conserved
moiety in a molecule, so Ly ; € Z, rather than Ly; € {0, 1}. To see
this, consider a connected component in an atom transition graph
that is incident more than once in the same molecule. In this case

there will be more than one instance of the corresponding con-
served moiety in the same molecule, and therefore Ly; > 1.

Corollary 23. LetN € Z™*" be a stoichiometric matrix correspond-
ing to a directed stoichiometric hypergraph H#(V, Y(A, B)) with m
molecules and n reactions. The conserved moiety matrix L € Z{X™
derived from the corresponding atom transition graph G(x, &, H)
is orthogonal to R(N), thatis L- N =0.

Proof. In an atom mapping, the number of atoms of each element
is the same in both tail and head complexes (cf (15)). Therefore,
the number of instances of the kth conserved moiety in tail com-
plex of the jth reaction Ly - F.; is the same as the number of in-
stances of the identical conserved moiety in a molecule of a head
complex Ly - R.j, that is Ly - Fj =Ly -R.j, so Ly -N.; = 0. Each col-
umn of N represents the transformation of a tail complex into a
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Fig. 11. An atom transition graph for 3 reactions. The molecular structures of each molecule (blue disks) are those of citrate (left, cit), isocitrate (right, cit), water (middle,
h20) and cis-aconitic acid (bottom, cisa). Each atom in each complex is individually labelled (numerical superscripts). The labelling of each atom is invariant with respect to
each atom transition. This is a sufficient condition to ensure that an atom transition is always between atoms of the same element. (For interpretation of the references to

colour in this figure legend, the reader is referred to the web version of this article.)

icit :::,__’_

y3

h20 K:éi

\
\
\
Vo
\

Fig. 12. Connected components and conserved moieties of an atom transition graph. Each molecule in {icit, h2o, cit, cisa} is displayed as a set of atoms. Atom transitions are
labelled with colours corresponding to reactions Rq(black), R,(blue) and R3 (red). Connected components corresponding to atoms 1, 2 and 15 (green, also in Fig. 11) belong
to one isomorphism class, that is label preserving with respect to molecular labelling of vertices and reaction labelling of edges. The set of atoms {H;, Oy, H;s} are therefore
a conserved moiety. Connected components corresponding to atoms 4, 5, 6, 8, 9, 10, 11, 12, 13, 14, 3, 16, 17, and 18 (yellow, also in Fig. 11) belong to a different isomorphism
class and make up a second conserved moiety. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

head complex, leaving the number of each conserved moiety in-
variant in every reaction, thatis L-N=0. O

h2olm] citlm] icitm] cisa[m]
B 1 1 1 0 Ly
L= 0 1 1 1 L,

6.2. Example conserved moieties

Fig. 12 illustrates the connected components and conserved
moieties of the 3 reaction biochemical network introduced

in Section 5.1.1. In the atom transition graph introduced in
Section 5.2.1, there are two moieties and each of their atoms are
labelled green and yellow in Fig. 11 and as sets of connected com-
ponents in Fig. 12. The conserved moiety matrix corresponding to
Fig. 12 is

The first and second conserved moiety vectors, L; and L, cor-
respond to two isomorphism classes (green and yellow) in Fig. 11.
The invariance of the number of moieties with respect to each re-
action is illustrated with



S. Ghaderi, H.S. Haraldsdéttir and M. Ahookhosh et al./Journal of Theoretical Biology 499 (2020) 110276 13

Fig. 13. An organic reaction of the form ab + cd — ac + bd where a, b, c and d are moieties. The reaction is acetylornithine deacetylase (ACODA) and the chemical formulas

of the moieties are a = 0, b = H,, ¢ = C;H30 and d = CsHy;N,0,.

Table 1

(a) The stoichiometric matrix N e Z*<! for a reaction of the form
ab+ cd — ac + bd. (b) The conserved moiety matrix L e Z4* for a
reaction of the form ab + cd — ac + bd where a, b, c and d are moi-
eties. The matrix has the conserved moiety vectors for a, b, ¢ and d

as columns.
N ’u lb ,c ’d
ab -1 ab 1 1 0 0
cd -1 cd 0 0 1 1
ac 1 ac 1 0 1 0
bd 1 bd 0] 1 0 1
(a) (b)
h2o[m] cit[m| icit[m| cisa|m)]
L 1 1 1 0
LN = "1
Lo 0 1 1 1

6.3. Redundancy of conserved moiety vectors

The following example illustrates that there may exist more
than m — rank(N) conserved moiety vectors orthogonal to R(N)
that are linearly dependent. Consider a single reaction of the form

ab+cd — ac + bd,

where a, b, ¢ and d are moieties. The stoichiometric matrix N ¢
Z™" and conserved moiety matrix Le Z{™, respectively, are
given in Table 1a and b. The number of moieties is k =4, the
number of molecules is m = 4 and rank(N) =1. Therefore, t > m —
rank(N). A moiety basis for N can be formed by selecting any
three of the four conserved moiety vectors in L, giving a total of
four possible combinations. A real example reaction of this form is
shown in Fig. 13.

7. Moiety splitting

Given a stoichiometric hypergraph and its corresponding atom
transition graph, subject to certain assumptions, we now show
how to split a stoichiometric matrix into a non-negative sum of
incidence matrices, each of which corresponds to a compartmental
network.

7.1. Moiety splitting of a stoichiometric matrix

Theorem 24. (Moiety splitting) Let N € Z™*" be a stoichiometric ma-
trix, with r=rank(N), such that there exists an L e Z7~™™ and

Vi Vo s

0 1 1
110 || 0
10 -1 | 0
0 1 1
LN = 0, where each L is a moiety vector, for all k€ 1,...,m —r, then

the following matrix splitting exists
m—r

N =diag™'(L"1) Y N(k). (4)
k=1

where N(k) e Z™™" is a moiety transition matrix, given by

N(k) := diag(L, )N (5)
Proof. Substituting (4) into (5), it is enough to show ¢:=LT1 ¢
77, and that

m-r

diag(L'1) = diag(Ly).
k=1

The expression on the left sums each column of L then places
it on the diagonal of an m x m matrix. The expression on the
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Table 2
Moiety splitting of a stoichiometric matrix.
Ri Ro Rs h2o0 cit icit cisa
0 1 1 1 0 0 0 0o 1 1 h2o
-1 -1 0 0 1 0 0 -1 -1 0 cit
N(1) = diag(L,)N = = .
1 0 -1 0 0 1 0 1 -1 | dcit
0 0 0 0 0 0 0 0 1 | cisa
Ri R Rs h2o cit icit cisa
0 0 0 0 0 0 0 0o 1 1 h2o0
-1 -1 0 0 1 0 0 -1 -1 0 it
N(2) = diag(Lo)N = — -
1 0 -1 0 0 1 0 1 0 -1 icit
0 1 0 0 0 1 0 1 1 | cisa
Ri1 R2 Ras
0 1 1
-1 -1 0
N =diag™! (LT1) (N(1) + N(2)) = =
1 0 -1
0 1 1
R1i R2 Rz h20 cit icit cisa
0 1 1 1 0 0 0 0 1 1 0 0 0 h2o0
S £ 0 o0 ( 110 110 | cit
p— . +
1 0 1o o 3 O 1 0 -1 10 -1 dcit
0 1 1 0 0 0 1 0 0 0 0 1 1 cisa

right places each row of L on the diagonal of a matrix, and sums
the matrices, which is equivalent to the expression on the left as
the operations involved are commutative. Each entry of L is non-
negative so ¢ > 0, therefore it remains to show that LT1 € Z7 .
By Definition 19, an atom transition graph G(X, £, #) is formed by
joining all atom mappings corresponding to a stoichiometric hy-
pergraph H (X, Y{A, B}). Every molecule is therefore part of some
atom transition graph, and therefore some isomorphism class, so
LT1 €z, giving the desired result. O

It is an open question as to the biochemically interpretable con-
ditions required to be satisfied for there to exist an L € Z~"™™ and
LN = 0, where each L, is a moiety vector, forall ke 1,...,m—r.In
general, each stoichometric matrix for a moiety subnetwork N(k)
is significantly more sparse than N. Since a molecule may contain
more than one type of conserved moiety, some of rows, or multi-
plications thereof, are often repeated in several moiety transition
matrices N(k). The splitting formalised in Theorem 24 exists for
any matrix N € Z™" such that, there exists an L e Z{*™ satisfying
L'1ezm,.

7.2. Example of moiety splitting

Moiety splitting of a stoichiometric matrix, by application of
Theorem 24, for the three reaction Eq. (3), using the conserved
moiety vectors given in Section 6.2, is illustrated in Table 2.

The two corresponding moiety subnetworks are both graphs, as
illustrated in Fig. 14.

7.3. Moiety transition matrices

We next provide some technical properties of the matrices N(k),
kel,...,m—r which shows that N(k) is conserved and the rank
of N(k) is related to the number of components of the associated
subnetwork. Recall that a vertex without any incident edges is con-
sidered a (trivial) component.

Theorem 25. Let N € Z™" be a stoichiometric matrix, with r=
rank(N), such that there exists an L € Z?~"™ with LN =0, where
each Ly € Z}rxm is a moiety vector and Ny := diag(Ly)N is an inci-
dence matrix for a moiety subnetwork, for all ke 1,...,m —r, then
the following assertions hold:

(i) each matrix N(k) is conserved;
(ii) each moiety subnetwork is one connected component (graph or
hypergraph);
(iii) if c denotes the number of components of the subnetwork N(k),
then

rank(N(k)) =m —c;

(iv) if N(N(k)) and N (N(k)T) denote the nullspace and the left
nullspace of N(k), then

dim(NV(N(k))) =n — (m —oc),
dim(WV(N(k)T)) =c.

Proof. By the definition of N(k), we get
1N(k) = 1diag(L,)N =L N =0,
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Fig. 14. A stoichiometric hypergraph split into two moiety graphs. The three reaction network introduced in Section 5.1.1, is split into two moiety subnetworks. The N(1)
moiety subnetwork (a) is a graph with that omits the vertex V4, while the N(2) moiety subnetwork (b) is a graph with that omits the vertex V; from the stoichiometric

hypergraph N.

giving Assertion (i). To prove Assertion (ii), recall that each moi-
ety corresponds to an isomorphism class of connected components
in an atom transition graph, so each moiety subnetwork is a con-
nected component, therefore in N(k) there is only one connected
component which could be a graph or a hypergraph. In order to
prove Assertion (iii), without loss of generality by a suitable re-
ordering the rows of N(k), we rewrite N(k) in the following form,

d;
N(k) = dm—c+1 s

dm
where d; forie1,...,m—c+ 1 corresponding to nonzero rows of
N(k) (representing the incidence of the connected component) and
di=0 for iem—c+2,...,m (standing for unconnected compo-

nent that is a single vertex without any edge). For sake of sim-
plicity, we denote the first m — c + 1 rows of N(k) as N(k)®).

If the connected component N(k)(!) is a graph, since there is
just one +1 and just one —1 in each column of N(k)V), it follows
that the sum of the rows of N(k)1) is the zero row vector, and
that the rank of N(k)!) is at most m —c. On the other hand, if
N(k)V) represents a hypergraph, also because of being conserved
moiety the sum of the rows of N(k)! is the zero row vector, and
the rank of N(k)!) is at most m —c. We now show, the rank of
N(k)V is exactly m — c. To do so, suppose we have a linear relation
> y;d; =0, where the summation is over all rows of N(k)!), and
not all of the coefficients y; are zero. Choose a row dy for which
v # 0. If N(k)V represents a graph then this row has non-zero
entries in those columns corresponding to the directed edges inci-
dent with v;. For each such column, there is just one other row d,
with a non-zero entry in that column, and in order that the given
linear relation should hold, we must have y; = y,. Thus, if y; # 0,
then y; = y, for all vertices v; adjacent to vj. Since N(k)1) is a con-
nected component, it follows that all coefficients y; are equal, ie.,
the given linear relation is just multiple of 3" d; = 0. Consequently,
the rank of N(k)!) is m —c. Consequently, the rank of N(k)!) is
m — c. From the structure of matrix N(k), it is evident that

rank(N(k)) = rankN (k)" =m —,

which proves Assertion (ii). The results of Assertion (iv) are
straightforward from (iii). O

Note that the connected component of N(k) given in this theo-
rem can be a graph or a hypergraph. Given N with r = rank(N),
and assuming there exists an L e Z7~™™ satisfying LN =0, and
where each L is a moiety vector, for all ke 1,...,m—r, it is an
open question as to the biochemically interpretable conditions re-
quired to be satisfied for N(k) := diag(L,)N to always result in
an incidence matrix for a graph, as opposed to a hypergraph.

Table 3
A set of reaction equations for part of human dopamine synthe-
sis.

Ri: Phe + BH4+0,

— Tyr + BH,+H,0,
Ra: Tyr+BH4+0, —

-

-

L — DOPA + BH;, + H,O0,
DA + CO,
CO, + BHy.

R3: L—DOPA+H"
R4:  Formate + BHy + H

Theorem 25 (i) clearly implies that the vector of 1 is in the left
nullspace of N(k), i.e., 1 € N(N(k)T), which has been a known re-
sult for incidence matrix of a graph; however, the subnetwork as-
sociated to N(k), ke 1,..., m —r1, can be a hypergraph, but N(k) is
still conserved.

7.4. Example moiety transition matrices

Consider the matrices N(1) and N(2) in Table 2, where it can
be seen that the summation of elements of each column is zero,
consistent with Theorem 25(i). In Fig. 14(a) and (b), the N(1) and
N(2) moiety graphs each consists of 3 vertices and one component
therefore rank(N(1)) =m—-c=3-1=2.

For a slightly larger example, consider the directed stoichio-
metric hypergraph corresponding to part of human dopamine syn-
thesis, investigated in Haraldsdottir and Fleming (2016). It con-
sists of four reactions and eleven molecules given in Table 3.
The stoichiometric matrix and a conserved moiety basis for this
network is given in Table 4. Since N e Z*and rank(N) =4,
it follows that dim(AV(N))=11-4=7, so Lez’*!" and there-
fore this stoichiometric hypergraph may be split into 7 moiety
subnetworks. Consider the N(6) moiety subnetwork in Fig. 15.
The sum of elements of each column of the N(6) stoichio-
metric matrix is zero, consistent with Theorem 25(i). There is
only one non-trivial component, which is a hypergraph, since
it contains one directed hyperedge (F{V,,Vq}, R{V3}). From
Fig. 15(b), one observes ¢ =8 components, m = 11 vertices, and
n=23 (2 edges and one hyperedge). Hence, Theorem 25(iii) im-
plies rank(N(k)) =m—-c=11-8=3, dim(W(N(k))) =n— (m—
c)=4-(11-8)=1 and dim(N(N(k)T)) =c=8.

7.5. Moieties in thermodynamically closed and open systems

In all of the examples presented thus far, we assume we are
given a stoichiometric matrix N € Z™", with r =rank(N), such
that there exists an L e ZT~™™ and LN =0, where each L, is a
moiety vector, for all ke1,...,m—r. As a consequence, we are
only considering reactions that are mass balanced. This begs the
question, with these assumptions how one can model the chemical
reaction network of a living system, which is a thermodynamically
open system, if every reaction in the system is mass balanced? In
most of the literature on mathematical modelling of living systems,
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The stoichiometric matrix, a moiety basis matrix and its column sum, for part of human dopamine synthesis.

Table 4
Rl Rg Rg
-1 0 0
1 -1 0
0o 1 -1
0 0 1
0 0 1
N = 0 0 0
-1 -1 0
1 1 0
-1 -1 0
1 1 0
0o 0 -1
ll lg l3 l4 l5 l6 l7
1 1 0 0 0 0 O
1 1.0 0 0 1 0
1 1.0 0 0 2 0
1 0 0 1 0 2 0
01 0 0 0 0 O
L= 01 0 0 1 0 0
0 0 1 1 1 0 0
0 01 0 0 0 0
0 0 00 0 1 1
0 0 01 0 0 1
0 0 01 1 0 0

Ry

=)}

Phe

Tyr

L —DOPA
DA

CO2
Formate
BH4
BH?2

02

H20
H+

_— o O O

1 1
—_

Lo o

Phe

Tyr
L—-DOPA
DA

CO,
Formate
BH,
BH,

O,

h20

H+

LT =

R DN = WKW

thermodynamic forcing by the environment is represented by mass
imbalanced reactions that inject mass across the boundary of a
model. That is, one can inject mass across the boundary of a model
by augmenting a stoichiometric matrix with a set of faux reactions
that are mass imbalanced. This condition is sufficient but not nec-
essary for modelling a living system. Alternatively, it is sufficient
if all reactions are mass balanced, but a subset of faux elemen-
tary reactions are given thermodynamically infeasible kinetic pa-
rameters (Fleming and Thiele, 2012). In (Fleming and Thiele, 2012),
such reactions were termed perpetireactions, where perpeti is from
the latin perpes meaning perpetual. Any vector in the range of N
may be used to represent the stoichiometry of a perpetireaction
(Fleming and Thiele, 2012). With respect to conserved moieties, the
following cyclic stoichiometric matrix

e[y 7]

augments a stoichiometric matrix N € Z™" with m perpetireac-
tions, each of which consumes one molecule and produces its con-
stituent set of conserved moieties, corresponding to one column of
the conserved moiety basis L € Z!~"™™. In an electrical network,
there is one moiety, corresponding to an electron, and electrical
networks are shown as closed loops, where the circulation of elec-
trons must be driven by some energy source. Likewise, a living sys-

tem and the part of its environment that it exchanges mass with,
may be considered as a set of m — r cycles, one for each of its con-
stituent moieties. Ultimately these cycles must each be driven by
an external energy input. Since [L,I] is a non-negative left nullspace
basis for C, if N admits a moiety splitting, C satisfies the conditions
for Theorem 24 and so also admits a moiety splitting.

8. Discussion

While many biological discoveries have been made possible by
applying established mathematical theory and algorithms, the re-
verse is also true. That is, the biology itself can also inspire the
development of novel mathematical theory and algorithms. It is
therefore important to keep in mind the principles that govern the
behaviour of a biological system being modelled. In biology, math-
ematical and computational modelling play complimentary roles.
Given certain assumptions, a mathematical model of a reaction
network allows one to reason about biochemical networks in gen-
eral. However, each mathematical model depends on a set of as-
sumptions and, even if each of these assumptions are appropri-
ate, it is hard to be sure that any set of assumptions is sufficient.
Computational examples of real world biochemical networks com-
plement mathematical models of generic biochemical networks by
suggesting new assumptions that might otherwise not be consid-
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0 0 0 0 Vi Phe

1 -1 0 0 Vo Tyr

0 2 -2 0 Vs L —DOPA

0O 0 2 0 Vs DA

0 0 0 O Vs  CO2
N(6) = 0O 0 0 O Vs  Formate

0 0 0 0 V; BH4

0 0 0 0 Vs BH2

-1 -1 0 0 Vo 02

0 0 0 0 Vie H20

0 0 0 O Vi1 H+

Fig. 15. A moiety subnetwork that is a hypergraph. A moiety subnetwork of a directed stoichiometric hypergraph corresponding to part of human dopamine synthesis
(Haraldsdottir and Fleming, 2016). There are 8 components {V;}, {Vs}, {Vs}, {V7}, {Vs}, (V10}. {V11}, and {Vs, V1, V3, V4}. The latter component corresponds to the hypergraph

since (F{Vs, Vo}, R{V3}) is a directed hyperedge.

ered. For example, it is often assumed that a stoichiometric ma-
trix is an arbitrary rectangular matrix with integer entries, that
is N € Z™", However, from the perspective of this paper, which
is motivated by example biochemical networks, that assumption
is insufficient. Stoichiometric matrices are central in a number of
modelling paradigms for reaction networks. These include optimi-
sation, ordinary differential equation, and stochastic models. Since
the complexity of networks for biological, medical, and technolog-
ical applications is already straining existing solution algorithms
and is only expected to grow further, special properties of the sto-
ichiometric matrix that are rooted in the underlying biochemistry
can inform the design of efficient ad hoc algorithms to overcome
this hurdle.

In this paper, and in previous efforts (Fleming, 2016), we have
focussed on mathematical properties that seem to be peculiar to
stoichiometric matrices. These properties should not be considered
the definitive set of properties. We are still in the process of iden-
tifying the mathematical properties of stoichiometric matrices and
there are very likely to be additional properties to discover. Fur-
thermore, it is an open problem to establish which known prop-
erties are fundamental, and which are the consequences of other
properties, known or unknown. With each new insight into the
properties of stoichiometric matrices, there will be more oppor-
tunities to use their special structure in mathematical modelling
of reaction networks. This has been the motivation for exploring
these properties that we believe will help us to work towards a
full definition and thereby characterisation of biochemical network
topology.

The size of genome-scale biochemical network models has been
growing exponentially, in response to the big data revolution in
molecular systems biology in the last two decades. The genera-
tion of biological understanding from multiple omic datasets re-
quires integrative analysis that compares this new data with hy-
potheses derived from prior information, in the form of computa-
tional model predictions. As discussed, the key element in devel-
oping mathematical models for biochemical networks is the stoi-
chiometric matrix constructed from such biological data, which has
considerable effects on properties of mathematical models. There-
fore, emerging big data in biology brings many opportunities as
well as many challenges to scientists in the fields of statistics, ap-
plied mathematics, and system biology. This increasingly demands
developing new mathematical models that are biologically mean-
ingful and computationally tractable. To this end, the specific struc-
ture of stoichiometric matrices should be taken into account to de-

sign novel context-specific algorithmic methodologies for such big
data problems.

Several classes of optimisation models can be developed for
responding to different problems arising in system biology such
as linear (Ma et al., 2017), quadratic (Segré et al., 2002), con-
vex (Fleming et al., 2012), duplomonotone (Artacho and Flem-
ing, 2014) and other nonlinear problems (Ahookhosh et al., 2019,
Ahookhosh et al. 2020.). For each class of optimisation models,
the specific structure of the stoichiometric matrices might be used
to decompose the original problem to several computationally
tractable subproblems using the moiety matrix splitting described
in Section 7. This may lead to algorithms with lower analytic and
computational complexities. One of the main properties of stoi-
chiometric matrices that can be effectively used in development of
novel optimisation methodology is their sparsity pattern, i.e., most
of the elements of large stoichiometric matrices are zero. Here, we
emphasise that for implementations of optimisation methodolo-
gies, one needs to know about function values and gradients (sub-
gradients in nonsmooth cases) of the objective function of the opti-
misation problems, which require some matrix-vector products. In
order to decrease the computational complexity of these matrix-
vector products, one can exploit the sparsity of stoichiometric ma-
trices combined with high-performance computing to efficiently
provide required information for the corresponding methodology.
We assert that by combining existing techniques from these two
approaches, and developing new tailored techniques that mix el-
ements of these two approaches, will provide a secure path to-
ward solving high dimensional optimisation problems arising in
the study of biochemical networks.

9. Conclusion

A biochemical network with m molecules and n reactions may
be expressed as a hypergraph #(V,Y) that consists of a set of
m vertices V := {Vy,..., Vn}, each corresponding to one molecule,
and a set of n hyperedges Y :={)),...,Vn}, each corresponding
to one reaction. Once an orientation is chosen for each reaction,
topology of such a network may be represented by a stoichiomet-
ric matrix N € {-1,0, 1}™", with r =rank(N), where N;; < 0 if
molecule i is consumed in reaction j and N;; > 0 if molecule i is
produced in reaction j. However, N is not an arbitrary rectangu-
lar sign matrix because there exists a set of non-negative vectors
L € Z™"m sych that (i) LT1 > 0, (ii) LN = 0, (iii) N(k) := diag(L; )N
corresponds to an incidence matrix for a graph, or a hypergraph,
with one connected component with the property that 1N(k) =0
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and (iv) the following matrix splitting exists

N = diag™' (L"1) %N(k). (6)

k=1

Fundamentally, these properties arise due to the fact that, at a
higher level of resolution: (i) a molecule may be represented as a
molecular graph where each vertex represents an atom and each
edge represents a chemical bond between a pair of atoms in a
molecule, and (ii) a reaction may be represented as a graph where
each vertex represents an atom and each edge represents a tran-
sition between an atom in a substrate complex and an atom of
the same element in a product complex. It is an open problem to
establish whether these properties are particular to stoichiometric
matrices alone, or whether they have been studied in graph or hy-
pergraph theory but not yet applied to biology.
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