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CHAPTER 1

Introduction

The metaplectic representation -also called the oscillator representation, harmonic
representation, or Segal-Shale-Weil representation- is a double-valued unitary re-
presentation of the symplectic group Sp(n,R) (or, if one prefers, a unitary repre-
sentation of the double cover of Sp(n,IR)) on L?(IR™). It appears implicitly in a
number of contexts going back at least as far as Fresnel’s work on optics around
1820. However, it was first rigorously constructed on the Lie algebra level -as a
representation of sp(n,IR) by essentially skew-adjoint operators on a common in-
variant domain- by van Hove in 1950, and on the group level by Segal and Shale
a decade later. These authors were motivated by quantum mechanics. At about
the same time, Weil developed analogues of the metaplectic representation over
arbitrary local fields, with a view to applications in number theory. Since then the
metaplectic representation has attracted the attention of many people.

In this thesis we study the decomposition of the oscillator representation for
some subgroups of the symplectic group. By oscillator representation of these
subgroups we mean the restriction of the metaplectic representation of the sym-
plectic group to these subgroups. The main results of this thesis are the Plancherel
formula of these representations and the multiplicity free decomposition of every
invariant Hilbert subspace of the space of tempered distributions.

In Section 1.1 we introduce the common concepts required for a proper un-
derstanding of this work. In Section 1.2 we explain the connection between re-
presentation theory and quantum mechanics. In Section 1.3 we provide a brief
description of each chapter.

1.1 Some basic definitions

Let F be either the field IR of real numbers, or the field C of complex numbers.
A Lie group G over F is a group G endowed with an analytic structure such that
the group operations g — ¢~! and (g1, g2) — g192 are analytic operations.

In particular, a Lie group G over F is a locally compact group, and admits a

11



12 Chapter 1. Introduction

positive left-invariant measure dg, which is unique up to a positive scalar, i.e.

/G f(zg)dg = /G f(g)dg,

for all z € G and all continuous complex valued functions f on G which vanish
outside a compact subset. Such a measure is called a Haar measure of G. From
here on we shall assume that G is unimodular, i.e. the measure dg is both left- and
right-invariant. Let H be a closed unimodular subgroup of G, and let X denote
the associated quotient space G/H. The group G acts on X in a natural way. It is
well known that, as G and H are unimodular, there exists a positive G-invariant
measure dx on X, which is unique up to a positive scalar.

Let G denote a Lie group over F, and V a complex topological vector space.
By a representation 7 of G on V, which will often be denoted by (7, V') we shall
mean a homomorphism from G into the group GL(V) of invertible continuous
endomorphisms of V' such that for each v € V' the map

g— (g, ge€G,

is continuous on G.

A subspace W of V is called invariant under = if 7(g)W C W for each g € G.

The representation (m, V) is called irreducible if the only closed invariant sub-
spaces of V' are the trivial ones: (0) and V itself.

Two representations (m, V) and (7', V') are called equivalent if there is a con-
tinuous linear isomorphism A : V' — V' such that

An(g) =7'(9)A, g€G.

Let H denote a Hilbert space. A representation (m,H) of G is called unitary
if each endomorphism 7(g), g € G, of H is unitary, i.e. 7(g) is surjective and
preserves the Hilbert norm.

By Schur’s lemma the representation m of G on H is irreducible if and only if
the only bounded linear operators A on H, for which An(g) = w(g)A for all g € G,
are of the form A = A\I for some \ € C.

One of the main goals of harmonic analysic on the space X is to find a decom-
position of the Hilbert space L?(X, dz) into minimal subspaces which are invariant
under the left regular action A of G, this action being defined by

MNg)f(x) = f(g7 ), z€ X, feL*X,dx), g€q.

This decomposition is known as the Plancherel formula of X.

The continuous part that occurs in the Plancherel formula of X is called the
principal or continuous series of X and the discrete part is called the discrete
series of X. Additional irreducible unitary representations which play no role in
the Plancherel formula of X are called complementary or supplementary series of
X.

As an example, let G be the circle-group T' = {z € C : |z| = 1}. Let dt
denoted the Haar measure on 7" normalized so that vol(T") = 1. It is known that
the Hilbert space L?(T\,dt) has a decomposition

L*(T,dt) = @) Cxa,

neZ



1.2. Connection between representation theory and quantum mechanics 13

where for each integer n € Z the function x,, on T is defined by x,,(¢t) =t", t € T.
Observe that each function x,, (n € Z) defines a unitary character of the group T,
i.e. a homomorphism from the group T into T itsef, the range being considered
as a subgroup of the multiplicative group C*. Each function f € L?(T,dt) has an

expansion
f= Z CnXns (1.1)

nez

where

2m
on= [ s =5 [ set)eas, nez,
T 2m Jo

the sum on the right-hand side of (1.1) being convergent in the Hilbert norm of
the space L?(T,dt). One recognizes the numbers c,,, n € Z, as the classical Fourier
coefficients of the function f, and (1.1) as the inversion formula for the classical
Fourier transform on the space of periodic functions on the interval [0,27]. The
correspondig Plancherel formula, which is in this case also called the Parseval
equality, is written as follows:

/Tlf(t)\ dt =" leal?.

neEZ

An important source of motivation for this aspect of harmonic analysis, which can
be viewed as a generalization of the classical Fourier theory, lies in this example.

1.2 Connection between representation theory and
quantum mechanics

The fields of representation theory and quantum mechanics are the result of crea-
tive interaction between mathematics and physics. Ever since the foundation of
both disciplines, some 75 years ago, they have continuously influenced each other,
and nowadays they are well established theories of key importance for the deve-
lopment of other fields of research. In mathematics, unitary representation theory
generalises Fourier analysis, turns out to be relevant to practically all fields of
mathematics ranging from probability theory to number theory, and in addition
has created a field of its own. In quantum physics, unitary representations come in
whenever symmetry plays a role, from solid state physics to elementary particles
and quantum field theory. As an example of its multiple applications, many of
the known subatomic particles were predicted by the standard model of quantum
mechanics more than 30 years before their detection.

The contribution of quantum mechanics to representation theory is two-fold:
Firstly, it enriches mathematics with new constructions of representations, and
secondly, it provides examples and applications of the theory developped by ma-
thematicians.

A brief look at some key dates in the history of physics and mathematics shows
that quantum mechanics and unitary representation theory were born together. In
fact, this is no coincidence, as the concept of a unitary representation on a possibly



14 Chapter 1. Introduction

infinite-dimensional Hilbert space was directly inspired by quantum mechanics.
Hermann Weyl asked himself which type of infinite-dimensional topological vector
space would give him the best possible generalization of the decomposition theory
of the regular representation of a finite group to the compact case, and found
the answer in John von Neumann’s brand new concept of abstract Hilbert space.
This concept, in turn, was directly inspired by the recent development of quantum
mechanics, with which Weyl was thoroughly familiar.

1.3 Overview of this thesis

1.3.1 Representations of SL(2,R) and SL(2, C)

In Chapter 2 and Chapter 3, the irreducible unitary representations of SL(2,IR)
and SL(2, C), respectively, are given in the ‘non-compact’ model. By ‘non-compact’
model we mean, in the case of SL(2,1IR), the realization of the representations on a
space of functions on IR, and in the case of SL(2, C), on C. In order to give a good
analysis we require a ‘compact’ model. By ‘compact’ model we mean in Chapter
2 the realization of the representations on a space of functions on the unit circle,
and in Chapter 3 on the unit sphere. The representations of SL(2,R) and SL(2, C)
are certainly well known but our treatment is a little different from the usual ones.
It is also well-suited for the discussion of the oscillator representations in the next
chapters.

1.3.2 The metaplectic representation

In Chapter 4 we give an overview of the construction of this representation and
we examine it from several viewpoints. The contents of this chapter are adapted
from [10]. First we introduce the definition of the Heisenberg group H,. After
that we define an irreducible unitary representations of H, on L?(IR™), we call this
the Schrodinger representation, and then we give another realization on the Fock
space, the Fock-Bargmann representation. Since the symplectic group, which is
invariant under the symplectic form, acts on the Heisenberg group, we get another
representation of the Heisenberg group. The theorem of Stone-von Neumann cla-
ssifies all irreducible unitary representations of H,,. Applying this theorem we get
our double-valued unitary representation of the symplectic group, and we call it
the metaplectic representation. We consider two models for the metaplectic re-
presentation. In the Schrédinger model we can not give an explicit formula. For
this purpose we use the Fock model, where we can express our representation by
means of integral operators.

1.3.3 Theory of invariant Hilbert subspaces

In Chapter 5 we recall an important tool for the representation theory of Lie groups,
namely the theory of Hilbert subspaces invariant under a group of automorphisms.
This theory is due to L. Schwartz [27], Thomas [34] and Pestman [25]. A main
subject is the study of the theory of the reproducing kernels, associated with
Hilbert subspaces. We give a criterion (due to Thomas) which assures multiplicity
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free decomposition of representations. This criterion will be applied in the next
chapters.

1.3.4 The oscillator representation of SL(2,R) X O(2n)

In the first part of Chapter 6 we compute the Plancherel formula of the oscillator
representation way, of SL(2,IR) x O(2n) for n > 1. The main tool we use is a
Fourier integral operator, which was introduced by M. Kashiwara and M. Vergne,
see [18]. After that we can conclude that any minimal invariant Hilbert subspace
of §’'(IR*") occurs in the decomposition of L?(IR*").

Finally, we study the oscillator representation ws, in the context of the theory
of invariant Hilbert subspaces. The oscillator representation acts on the Hilbert
space L2(R®"). Tt is well-known that S(IR*") is wa,(G)-stable, so, by duality,
woy, acts on S'(IR?™) as well, and L?(IR*") can thus be considered as an invariant
Hilbert subspace of S’(IR*"™). Our main result is that any ws, (G)-stable Hilbert
subspace of S’(IR*") decomposes multiplicity free.

The case n = 1 is treated in a similar way. Here a non-discrete series represen-
tation occurs in the decomposition of L?(IR?).

1.3.5 The oscillator representation of SL(2,R) X O(p, q)

The explicit decomposition of the oscillator representation wy, , for the dual pair
G =SL(2,IR) x O(p, q) was given by B. Orsted and G. Zhang in [23]. In Chapter
7 we only study the multiplicity free decomposition of any wj, 4(G)-stable Hilbert
subspace of S'(IRPT?). The oscillator representation acts on the Hilbert space
L2(IRP*9). Tt is well-known that S(IR”*9), the space of Schwartz functions on
RP* is w, ,(G)-stable. Thus, by duality it follows that w,, , acts on S'(IRPT?),
the space of tempered distributions on RP*9, as well, and L?(IRP*9) can thus be
considered as an invariant Hilbert subspace of S’(IRP*7).

According to Howe [16], L?(IR”*?) decomposes multiplicity free into minimal
invariant Hilbert subspaces of S’(IRP9). This is a special case of our result,
which states that any w, ,(G)-stable Hilbert subspace of S’(IR?*?) decomposes
multiplicity free.

We restrict to the case p+ ¢ even for simplicity of the presentation of the main
results. In addition we have to assume p > 1, ¢ > 2, since we apply results from
[9] where this condition is imposed. Our result is however true in general.

The contents of this chapter have appeared in [39].

1.3.6 The oscillator representation of SL(2,C) x SO(n,C)

In Chapter 8 we determine the explicit decomposition of the oscillator representa-
tion for the groups SL(2,C) x O(1,C) and SL(2, C) x SO(n,C) with n > 2. For
this, we again make use of a Fourier integral operator introduced by M. Kashiwara
and M. Vergne for real matrix groups, see [18].

For the group SL(2, C) x O(1, C) we construct two intertwining operators. One
from the space of even Schwartz functions to the space of functions where the
complementary series of SL(2,C) are defined, and the other one, from the space
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of odd Schwartz functions to L?(C). So in this case a complementary series of
SL(2, C) occurs in the decomposition of L?(C).

For the group SL(2, C) x SO(n, C) with n > 2, given that SO(2, C) is an abelian
group, we split the proof into the cases n = 2 and n > 3. The computation of the
Plancherel measure for SO(n, C)/SO(n — 1, C) is required in order to compute the
explicit decomposition for the case n > 3. For this purpose we follow the approach
of Van den Ban [36]. However, the computation of the Plancherel measure is not
so obvious, as it involves a good deal of non-trivial steps.

In Chapter 9 we study the oscillator representation w,, for the groups SL(2, C) x
0(1,0), SL(2,C) x O(2,C) and SL(2,C) x SO(n, C) with n > 3 in the context of
the theory invariant Hilbert subspaces. Our main result is that any w, (G)-stable
Hilbert subspace of §'(C™) decomposes multiplicity free.

In case n = 1 is easy to prove that every invariant Hilbert subspace of S'(C)
decomposes multiplicity free. We leave to the reader to check this result using
techniques similar to those applied for other cases.

The case n = 2 is slightly different from the other cases. The cone = consists
in two disjoint pieces and we have to study the O(2, C)-invariant distributions on
= x = for each of the four components.

For the case n > 3 we first need to prove that (SO(n,C),SO(n — 1,C)) are
generalized Gelfand pairs, and to compute the M N-invariant distributions on the
cone.

To prove that (SO(n, C),SO(n —1,C)) are generalized Gelfand pairs, for n > 2
we first introduce a brief resume of the theory of generalized Gelfand pairs, which
is connected with the theory of invariant Hilbert subspaces presented in Chapter 5.
We also introduce a criterion that was given by Thomas to determine generalized
Gelfand pairs. We will use this criterion for our own aim.

To compute the M N-invariant distributions on the cone for n > 3 we follow
the same method as in [9]. Since every distribution 7" on the cone invariant under
MN can be written as T' = M’S + T, where S is a continuous linear form on 7,
M is the average map and T3 is a singular M N-invariant distribution, see Section
9.2.2 for definitions, we need to compute the singular M N-invariant distributions
on the cone. To do this we have to split in two cases n = 3 and n > 3, since for
n = 3 the group M is equal to the identity.

1.3.7 Additional results

At the end of this thesis we include two appendixes, A and B.

In Appendix A we compute the conical distributions associated with the ortho-
gonal complex group SO(n, C) with n > 3. The group SO(n, C) acts transitively on
the isotropic cone of the quadratic form associated with it. The action of SO(n, C)
in the space of homogeneous functions on this cone defines a family of represen-
tations of SO(n, C). Their study leads to the conical distributions. We follow the
same method as in [9].

In Appendix B we study the irreducibility and unitarity of the representations
of SO(n, C) with n > 3 induced by a maximal parabolic subgroup and defined in
Section 8.3.1 in more detail. We follow the same method as in [41].



CHAPTER 2

Representations of SL(2, R)

In this chapter we give the irreducible unitary representations of SL(2,IR) in the
‘non-compact’ model. By ‘non-compact’ model we mean the realization of the
representations on a space of functions on IR. In order to give a good analysis we
require a ‘compact’ model. By ‘compact’ model we mean the realization of the
representations on a space of functions on the unit circle S. The representations of
SL(2,R) are well known, of course, but our treatment is a little different from the
usual ones. It is also well-suited for the discussion of the oscillator representations
in the next chapters.

2.1 The principal (non-unitary) series

2.1.1 A ‘non-compact’ model

P:MAN:{G tol) :teIR*,xe]R}

Set

where M = {£I},

{5 2) om0 man = {(1 ) eem).

- 1 v\ . B cosf sinf\
PutN—{(O 1>.y€]R} andK_{(—sinH COSH>.()§9<27T}. Then
NP is open, dense in G = SL(2,R) and its complement has Haar measure zero.

Any g = (CCL Z in G can be written in the form np = (1 y> (t 0 ) with

0 1)\x ¢!
t=1/d,y =b/d and x = ¢, provided d # 0.
The principal series my, (A € C,n € M) acts on the space V' of C*-functions f
with
flgmagn) = " n(m) f(g)

17
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with inner product
[ 1stpar = 11513
K
TA,n 1S given by

Tam(90)f(9) = flg5'9)-

For this inner product, 7 ,(go) is a bounded transformation and the representation
T,y 18 continuous. ~

Identifying V' with a space of functions on N ~ IR, we can write 7y ,(go) in these
terms. The inner product becomes

1712 = / F@)PA+ )R My,
If go_1 = (Z Z) then,

(1 y\ _[(a ay+b\ (1 ¢\ (t O
9o \o 1) 7 \e ey+d) " \o 1)\a ¢

with ¢’ = ﬁ;’idb and t = (cy +d)~!, so that

5(1-n)
_ 7()\+1) Cy+d 2 G,y+b
(a0 6) = ley-+ a0 (L) Ty (4,

The representations 7, are unitary for A imaginary. The converse is also true,
see [32].

2.1.2 A ‘compact’ model

This model enables us more easily to answer questions about irreducibility, equi-
valence, unitarity, etc.
G = SL(2,IR) acts on the unit circle S = {(s1,s2) € R*: s? +s3 =1} by

The stabilizer of e = (0,1) is AN. So 7y, can be realized (depending on 7) on
Vi, the space of C*°-functions ¢ with

p(m-s) =n""(m)p(s)
with m € M, s € S and
maalg)e(s) = (g~ - )llg~ 7.

[If g7k = K'ayn, then g7 - s = k' - eg and ||g71(s)|| = ¢t~ ]. We shall also
write mx 4 if n =1 and my _ if n(£l) = £1.
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Observe that
Tk = Al}chll(n

V. is spanned by the functions (s; + is3)! with [ even, V_ by the same functions
with [ odd. Let (p,1) be the usual inner product on L?(S)

() = /S o (s)P(s)ds (2.1)

where ds is the normalized measure on S. The measure ds is transformed by g € G
as follows: d3 = ||g(s)||?ds if § = g-s. It implies that the inner product (¢,) is
invariant with respect to (my ), 7T—5\m)’ so that 7y, is unitary for A € /IR.

Now we want to study for 7y, the following questions: irreducibility, compo-
sition series, intertwining operators, unitarity.

2.2 Irreducibility

1 0

0o -1/,
in order to study the irreducibility of 7 ,, we have to know how the latter subgroup
transforms the functions ;(s) = (s1 +is2)!, | € Z. An easy computation shows:

Since G is generated by K and the subgroup A = {exp(tZy)} with Zy =

man(Zo)n = 5 (4 14 Dy + 5O 1= D (22)

This immediately leads to a complete analysis of the reducibility properties of
the representations my +. The results are as follows.

Theorem 2.1.
a) IfNEZ, wx+ and mx _ are irreducible.

b) If X is an even integer, wx + is irreducible while m _ is not irreducible. For
Tx,— the decomposition is as follows:

(i) A =0. In this case, Vfl), spanned by Y_1,%_3,..., and sz), spanned

by 1,3, ..., are invariant. No other closed invariant subspaces of V_
exist.

(ii) A = 2k, k > 1. In this case, V_(l), spanned by Y_op_1,%_ok_3,...,
and V_(2), spanned by agt1, Vok+3, ..., are invariant. V_(l), V_(2) and

Vfl) @ VEZ) are the only proper closed invariant subspaces. V,/Vfl) P

V_(Q) is finite-dimensional and defines the irreducible representation with
highest weight 2k-1.

(i) A\ = —2k, k > 1. In this case, V(l), spanned by Yor_1,V2k_3,..., and

VEZ), spanned by V¥ _(ax—1), Y—(2k—3), - - - , are invariant; and these, along



20 Chapter 2. Representations of SL(2,R)

with V_(l) N V_(Q) are all the proper closed invariant subspaces. V_(l) N

v s finite-dimensional and defines the irreducible representation with
highest weight 2k-1.

c) If X is an odd integer, wx _ is irreducible while wx 4 is reducible. For my 4+
the splitting is as follows:

(i) A\=2k+1, k> 0. VS), spanned by ¥ _ok_2,%_ok_4,..., and Vf)
spanned by Yor+2, Vok+d, ..., are invariant. These and their direct

sum are the only proper closed invariant subspaces. V+/V+(1) S3) V+(2)
is finite-dimensional and defines the irreducible representation with hi-
ghest weight 2k.

(i) A= —2k—1,k > 0. V_ﬁl), spanned by Yoy, Yor_2, ..., and Vf), spanned
by Y_op, V_ok1a,..., are invariant; these, together with their intersec-

tion, exhaust all proper closed invariant subspaces. VS) N Vf) is finite-
dimensional and defines the irreducible representation of highest weight

2k.

For the reducible case, the restriction of 7@ i to V M) and V ?) are denoted by
7r§\1 4 and 7rA i respectively. Furthermore, Vi and Vi) depend on A. We shall

occasionally write therefore V; 1 and V/\(Qi).

2.3 Intertwining operators

Now we want to find (non zero) continuous linear operators A : V,, — V,,, in-
tertwining the representations 7y, and my, , (and their subrepresentations and
subquotiens), i.e.

Aﬂ—)\,n(g) = T1,m (g)A (g € G)

Theorem 2.2. A non-zero non-trivial intertwining operator as above exists if and
only if n = n1, A1 = —A. Such as operator 18 unique up to a factor. For the

reducible case, this operator vanishes on V; L@ V)\ L A=2k orA=2k+1) and
gives rise to an isomorphism of Vi/V(l) @ V(i) onto V()\)i N sz)\)’i. Restricting
A to VQ(;) (or VQ(,?_) gives an isomorphism onto V_/V_(2k7_ (or V_/V_(12)k _

Similarly for X =2k + 1:

1
‘/Q(k—)i-l + = V+/V(2k 14 and VZ(k—)i-l + = V+/V—(2)k 1,4
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Also the ‘dual’ isomorphisms are true:
1 2
VO =V
2 1
V(Z)k _= Vo /‘/Q(k)_v
1 2)
Vi + = V—‘:—/V2(k+1 +
2 1)
Vs + = V+/V2(k+1 +

Proof. Restricting to K we obtain = 71 and since 7 ,|x is multiplicity free, 1
is an eigenvector of A with eigenvalue, say a;. These numbers depend on A, \;
and 7. They should satisfy the system of equations:

A+1+Dape =M+ 1+
()\ +1-— l)al,g = ()\1 +1-— l)al

Here we applied (2.2). Combining these equations gives

M+1+DM —1—)=A+1+DA—-1-1),

so Ay = £A. If A = Ay, then all a; coincide, so A is an scalar operator. In the
second case (A = —\1) we get

A+ 14+ Dajge = (A +14+Day. (2.3)

For the irreducible case, equation (2.3) has a, up to a factor, unique solution,
which can be written in one of the following three forms:

-1 /2
" = ) .
= (A A (2.5)

B CF(—/\-iz-l—l)
= 3711(%). (2.6)

In the reducible cases, there is also a unique solution, but one has to start at
another base value, e.g. | = —2k — 1 for V2(kl )7. This is proven in the same way.
The formulae obtained for the solutions of (2.3) show, when the solution is
defined on an unbounded set, that it is of polynomial growth at infinity, see [6]:
a; ~ const. |I|7ReA (1] = o).
This implies that the operator A having a; as eigenvalues is continuous in the
C*°-topology of V;,.00

Let us produce the intertwining operator in integral form. Define the operator
Ay, on V, by the formula

Axvp(s) :/S[s,t])‘_l’”gp(t)dt
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Ju]
u # 0. Furthermore, [s,t] = s1ta — saty if s = (s1,82), t = (t1,t2). Observe that
[9(s),g(t)] = [s,t] for all ¢ € G. This integral converges for Re A > 0 and can be
extended analytically on the whole complex A-plane to a meromorphic function.
Clearly Ay, carries V;, into itself.
It is easily checked that A , is an intertwining operator:

v
Whereyzoifn:1,V:1ifn:—1andu)"”:|u|A(i) if u € R,

A)\,Vﬂ-)\,’l](g) = W*A,n(g)A)\,u (g € G)

For the eigenvalues a;(A,v) we have an explicit expression:

_ INOYELS:
ai(\,v) =27 M1 —
F(A+21+l)1—\(>\+21 l)

This formula is proven in the following way. We start from:

Axvi(s) = ar(A, v)Pi(s).

Taking s = e, we obtain:

1 27 .
a(\v) = 2—/ (sin @)*~1ve'0dp.
0

™

This last integral is computed with the help of [12].

As a function of A the operator Ay, has poles of the first order at A € —2IN
(v=0)and A€ =1 —-2IN (v =1),s0 A € —v — 2IN. Let 7, be reducible, A # 0;
If A>0,s0 X=X =2k (v=1)or \g =2k+1 (v = 0), then the operator
Ax,,» has not a pole at these points. Moreover Ay, , vanishes on the irreducible
subspaces. On each of the irreducible subspaces V it has a zero of the first order.

N2

Its derivative 8’;;' |a=), intertwines the restriction of 7y, , to V' and the factor

representation 7_y, , on V* =V, /V+.
With the Hermitian form (2.1) the operator Ay , interacts as follows:

(Ax v ¥) = (9, A, 9).

2.4 Invariant Hermitian forms and unitarity

In this section we determine all invariant Hermitian forms on V;, and its subfactors
with respect to the representations 7y, and determine which of these forms are
positive (negative) definite, so that the corresponding representations are unitari-
zable. A continuous Hermitian form H(p, 1) on V;, is called invariant with respect
to T\n if

H(W)\,n(g)(p> 1/)) = H(907 7T,\,n(9_1)¢)
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for all ¢ € G. Any such a form can be written in the form

H(p,v) = (Ap,¥)

with A an operator on V,, and the inner product (2.1) on the right-hand side. It
implies that A intertwines ), and 7_5 ,. So by Theorem 2.2, there are two po-
ssibilities: A = —X and A = X. In the first case, we have Re A = 0 and, provided
A # 0, the operator A is equal to cFE, so that H is ¢ times (2.1). In the second
case, A intertwines 7y, and m_y ,. The case when H is defined on a subfactor is
treated in a similar way. So we get:

Theorem 2.3. A non-zero invariant Hermitian form H(p,v) on 'V, exists only if:
(a) Re X\ =0, or (b) Im A = 0. In case (a) the form is proportional to the
L%-inner product (2.1). In case (b) the form H(p,1) on Vi, has the form

H(p, ) = (Ap,v)

where A is an intertwining operator between 7y, and m_y,. On an irreducible
subfactor V/W the form H looks the same with A an operator V. — W+ /V+
vanishing on W and intertwining the subfactors of wx, on V/W and of m_x,, on
wWL/v+L.,

In particular, the Hermitian form

(AA,DC)O,w) (27)

with A € IR, where A, , is the operator, defined in Section 2.3, defined on V;, and
invariant with respect to 7 ,. At singular points one has to take residues of (2.7).
If w5, is reducible, then (2.7) vanishes on each irreducible invariant subspace V.
Its derivative with respect to A on the subspace V is an invariant Hermitian form
on V. In this way we obtain Hermitian forms on all irreducible subfactors.

Now we determine when the Hermitian forms above are positive or negative
definite.

Theorem 2.4. The unitarizable irreducible representations mwy , or their irreducible
subfactors belong to the following series.

(i) ™, with A # 0, Re A =0 and my 4 the continuous series.

(ii) 77(()?)_ and 71'(()72)_

(iii) The complementary series consisting of the representations wx + with 0 <
A<

(iv) The tm’m’al representation, acting on V_(ll)’+ N V—(21),+ and also on the factor

space V1 +/V1 & Vl(ﬁ
(v) The analytic discrete series, consisting of the subrepresentations Ty

subspaces V( A=2k,k=1,2,...) and wg l on the subspaces V + A=2k+1,

k=0,1,2,. ) These representatwns are equivalent to the factor representations
Ta— on V,/VA?E (A= -2k, k=1,2,...) and mr1 on Vi /VZ) (A= —(2k + 1),
k=0,1,2,...).

(1) on the
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(vi) The anti-analytic discrete series, consisting of the subrepresentations 7r§\2)_

on the subspaces V)\(Qz A=2k, k=12...)and 775\21 on the subspaces V;zl

A=2k+1,k=0,1,2,...). These representations are equivalent to the factor
representations w,_ on V_/V)f’ll (A= -2k, k=1,2,...) and m\ 4 on \/'.,r/V)f’lJ)r
A=-(2k+1),k=0,1,2,...).

Proof. In the basis ¢; an invariant Hermitian form H(p, ) has a diagonal matrix,
with real scalars h; on the diagonal. The h; have the same expression as a;. We
have to determine when the numbers a; have the same sign for all [ € L, where L
is the set of weights of our representation. This leads to the representations in the
theorem. For example, when 0 < A < 1 we easily see that (2.4) is positive for all
l,if ¢; > 0, [ even. For odd [ this is not the case, since a_; = —a;. O

Let us indicate the invariant inner products for these series of representations.

For the continuous series, 7r((,1)7 and 7r(()2)7, the inner product is just (2.1). For
the trivial representation the inner produc% is clear.

For the complementary series it is:
(AA,I/Q07 ¢) *

For the representations 775\?,7 (Mo =2k, k=1,2,...) and ﬂgi)’Jr (Mo =2k+1,
k=0,1,2,...) the inner product is:

0
oxl,_, Arved) (2.8)

on V_, respectively V. If we take the square norm of 1); in the sense of (2.8) for
the lowest weight lp = Ag + 1 is equal to 1, then the square norms of the other vy,
=X +142m, m € N are equal to

m'

(o + 1) (2.9)

where we used the notation al™ = a(a +1)---(a +m —1).

For the representations wgt)_ (M =2k, k=1,2,...) and 7r§?+ (Ao =2k+1,
k=0,1,2,...) the inner product is the same as (2.8). The normalization by 1 at
the highest weight lp = —A\¢ — 1 gives the same formula (2.9) for all other square

norms, for the weights [ = [y — 2m.

Let us denote the unitary completions of the representations by the same sym-
bols. These unitary completions exhaust all irreducible unitary representations of
G up to equivalence, by Harish-Chandra’s subquotient theorem [13].
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2.5 The ‘non-compact’ models of the irreducible unitary
representations of SL(2, R)

By, is defined by

T+ A
Bnp(o) = () o =il

Observe that the operator is an intertwining operator between the ‘compact’ model
and the ‘non-compact’ model. (Here S is identified with the complex numbers of
absolute value one.) So it is possible to describe the spaces V , in the ‘non-
compact’ model by the functions By ,;.

2.5.1 The continuous series: 7y 4+, A 7# 0, A € <R and 7o

We just refer to Section 2.1.1. The space is L?(IR) with the usual inner product

and
5 (1-n)
T (9)f(y) = ley +d ( zy+d> f (ay+b> (2.10)

cy+d
if g7 = (a Z)
C

The space can also be described as follows. Calling

N\ k
8, = (“?) (@ — i) 1,

Tr—1

Vi,+ and V) _ are spanned by ¢§70 = B) +¥9, and (;5’;,1 = By o1 with k € Z
respectively.

( ) )

2.5.2 The representation: 7, _ and 71'(2

These representations act on the closed subspaces VO(,I_) and VO(?_) of L?*(IR) by

formula (2.10). As before we can see that the spaces Vo(,lj and Vo(i) are spanned

by the functions ¢)0j]f with £ € IN and (;5’5’1 with £ € IN, k # 0 respectively.
The representations on these spaces are given by

; b
w5l (@) () = (cy +d)' f (?id)
fori=1,2; g7 = (Ccl Z)

2.5.3 The complementary series: 7 (0 < A < 1)

The inner product is given in the ‘compact model’ by

(¢, ¢) = //|st\“ b(s)dsdt
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(¢,¢ € V4). The spaces are defined as in Section 2.5.1 and the representation is
again given by (2.10):

T (9) ) = ley +d 1 f (3—12)

ifg~! = ¢ Z .

C
Let us rewrite (p, ¢) in terms of functions on IR. This is easily seen to be:

(ron= [ N / T e~y F@)g () dedy.

2.5.4 The analytic discrete series

Let us define the following functions by

oula) = (553) s

where n € IN and m € IN, m > 2. The spaces can be described by these functions.
V2(k17)— and ‘/2(;317+ are spanned by ¢; = By,_1,_9_p_9; withm —1=2k, j €N
and ¢; = By—1,4+¥_m—2; with m —1 =2k + 1, j € IN respectively.

We call these spaces as V;O where A\g = m — 1, V;g = V)\(SL if Ao is even and
Vii = Vi g is odd

Ao, +
The representations wg\t) with A\g = 1,2,3,..., where WE\? = ﬂg\?‘_ if \p is even

and 71'&10) = 7r§\10) 4 if Ag is odd, act by means of the formula

b
W@ =y (2 = (1)),

The inner product in this model is given by

% A=Xo /700 [m |$—y|>\—1,l/f(x)§(y)d.rdy (*)

(v =11if \p even, v = 0 if \g odd).
So .
(*) = / / |gj — y|>\ofl,” 1og |x — y|f(x)§(y)dajdy (2.11)

2.5.5 The anti-analytic discrete series

This is similar to the Section 2.5.4. Only V;o is different. To describe these spaces
we have to take ¢,,.
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Remark 2 5. Extending the results of Kashiwara and Vergne [18] we can define the
spaces V/\ as Sobolev spaces. For example for the analytic discrete series:

V;O = {f € L*(R, (1 + z?)*dz) : f has support in EJF}
and for the anti-analytic discrete series:
Vi = {f € L*(R, (1 + x2)’\0dx) : f has support in F,} .

2.6 The analytic discrete series: realization on the com-
plex upper half plane
[See e.g. [21]].

Let m be an integer > 2. On C* = {z € C : Im 2 > 0} we have the usual fractional
linear action of G = SL(2,R):

Z_az—i—b " _fa b
g T ez+4d 9= \¢ d
dzdy -

and, if z = x + 1y, 2 is a G-invariant measure on C.

Let H,, be the Hllbert space of holomorphic functions f on C* with satisfying

/ / |2 m— 2d.fL'dy<OO

T(@)f(2) = (cz+ d) ™ f ( i ”) (2.12)

G acts in H,,, by

cz+d

. b . . .
if g7 = <(Cl d)’ as a continuous unitary representation.

Let n be an integer > 0 and

Then ¢,, € H,, for all n.

Theorem 2.6. (See [21]). The representation T, on Hy, is irreducible. Let Vi, yon
be the one-dimensional subspace generated by ¢,. Then Vi, ton is an eigenspace of
K, with weight —m — 2n and

Hm = @ V7n+2n

n>0

is an orthogonal decomposition with highest weight vector ¢o of weight —
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Computation of ||¢y,||? in H,, gives ¢, =, for all n. We conclude: the map

n]7
ZM@(Z) —’Z)\z¢z(fc) (z € R)

extends to a unitary equivalence between m,, and the analytic discrete series repre-
sentation 71'5\? with A\g =m — 1.

The inverse map is given by (2.13).

2.7 The limit of the analytic discrete series

For ‘m = 17, we consider the space H; of holomorphic functions f on C* satisfying:

) 1 o) 00 e
1R =t s [ [ 1Py ededy < o

This is a Hilbert space and G acts on it by (2.12), with m = 1. Theorem 2.6

holds with m=1. Moreover, m; is unitarily equivalent to Tl'(()?)_, as above.

It is clear that the anti-analytic discrete series and Tr((f)_

similar way.

can be treated in a

2.8 Explicit intertwining operator
We shall now describe the explicit form of the unitary equivalence of 7 and 7r(()71)7
from Section 2.7.

Observe that Vo(,l—) is spanned by the functions

() = (i;ﬁ)n(azﬂ)‘l; n=012...

For n = 0, we have ¢o(y) = —2miY (y)e~ 2™ where Y is the Heaviside function, so
all ¢,, clearly have Fourier transform in [0, 00), so that obviously (see Remark 2.5)

1/()(71_) = {f € L*(R) : f has support in [O,oo)}.
Theorem 2.7. Let f € L2(IR) be such that f has support in [0,00). Define
9= [ Fwerray (213)
0

for z€ C, Im z > 0. Then F is holomorphic on the upper half plane and satisfies

a. lifg F(x +iy) = f(z) in L?- sense
y

2—1+e
b. [|fll3 = hfolr // dzdy.
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Proof. F(z) is well-defined for Im z > 0 and clearly holomorphic there.
To show a, let g € C°(IR). Then we have:

[ i - swigde = [ [ fweree gty

— 00

/ Z F(w)g)du

/0 " w)iwe vy
- / 7 fwg)du

/000 F@)g(y)le>™ — 1]dy.
/2

oo 1
Select M > 0 such that (/ |f(y)|2dy> < €/4. Splitting the integral into

M
o0 M [e'S)
/ = / + / gives:
0 0 M

‘/Z [F(u +iv) = f(u)]g(u)du

< €llgll2,

€ independent of g. This proves a.
Now we show that F' satisfies b.
One has:

/ |F(u + iv)|*v e dudv = / / |F(y)|Pe vy e dydy
o+ o Jo

Now,
/ e My Titeqy = (47ry)_6/ e 't dt = (4my) T (e).
0 0

Hence:

th/w /OO IF(2) Py~ edady —tim [ 17 (dmy)~<dy = |10
elo T(e) Jo Jooo clo Jo

The map f — F is 1-1 from VO(}J into H;. It is even onto, since ¢, () clearly

corresponds to ¢,(z), since q/A)n € L'. Moreover, the inverse map, restricted to
linear combination of ¢, (z) is just the restriction to IR. This map commutes with
the respective representations, so f — F'is an intertwining operator for 77(()?)_ and
m1. The inverse map is given by a.
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CHAPTER 3

Representations of SL(2, C)

In this chapter we give the irreducible unitary representations of SL(2,C) in the
‘non-compact’ model. By ‘non-compact’ model we mean the realization of the
representations on a space of functions on C. In order to give a smooth analysis we
apply again a ‘compact’ model. Compare, for appreciating our approach, Knapp’s
treatment in chapter XVI of his book [19].

3.1 The principal (non-unitary) series

3.1.1 A ‘non-compact’ model

Set
P:MAN:{(;; t91>:te®*,xed}}
where
et? 0 t 0
{0 oew)ias (¢ 8 enocem)
and

= {(1 Vwee).

Put N = {(é i) 1z € (D}. Then NP is open, dense in G = SL(2,C) and its

b\ . . .
complement has Haar measure zero. Any g = (CI q) G can be written in the

form np = <(1) i) (; t01> with t = 1/d,z = b/d and w = ¢, provided d # 0.

The principal series my; (A € C,l € Z) acts on the space V of C*-functions f with

flgmoan) = t*2x_i(mo)f(9)
t)\+2€—i19f(g)

31
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with X1 € M
e’ 0 ilo
xi(me) = xi ( 0 e-i0)=F€
and with inner product
IR
K/M
where K = SU(2). my, is given by

m(90)f(9) = flg5'9)

with gg, g € SL(2, C). B
Identifying V' with a space of functions on N ~ C, we can write 7 ;(go) in
these terms. The inner product becomes:

1712 = / PR+ 2R Mz,
If go_1 = (Z Z) then,

1(1 2\ _fa az+b\ (1 2Z'\(t O
Jo\0 1) 7 \e ez+d)T\0 1) \w ¢!

with 2’ = Zjis and t = (cz +d)~!, so that

l
_ cz+d az+b
a2 = o=+ (50 ) 1 (557)

with f € L?(C), z € C and go € SL(2, C).
The representations 7y ; are unitary for A imaginary. The converse is also true.

3.1.2 A ‘compact’ model

This model enables us more easily to answer questions about irreducibility, equi-
valence, unitarity, etc.
G = SL(2, C) acts on the unit sphere S = {(s1,82) € C*: |s1|? + [s2|> = 1} by

= 96)
T2 gl

transitively. The stabilizer of eo = (0,1) is AN. So 7y can be realized (depending
on [) on V, the space of C*-functions ¢ on S satisfying

p(vs) =7'o(s)
withye€ C, |y =1, s € S and

m(9)e(s) = (g™t - s)llg ™ (s)[| -
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Observe that
7 K =~ 1nd .
)\’l| MTK X

Let (¢,) be the usual inner product on L2(S):

() = /S o(s)9(s)ds (3.1)

where ds is the normalized measure on S. The measure ds is transformed by
g € G as follows: d(g-s) = ||g(s)||"*ds. It implies that the inner product (p,1) is
invariant with respect to (m , W—X,l)’ so that 7y ; is unitary for A € iRR.

Now we want to study for 7y ; the following questions: irreducibility, composi-
tion series, intertwining operators, unitarity.

3.2 Irreducibility

If I > 0, V; is spanned by harmonic polynomials homogeneous of degree [ + j in
s1, s2 and degree j in §1, 59, i.e.

Vi =P Hij
j=>0

Since dim H;4;; = [ + 25 + 1 this K-splitting of V; is multiplicity free. Moreover,
since
~ ind
Tl K ind X1,

we have by Frobenius reciprocity any H;; ; occurring in the decomposition of V;
contains an element v ; ; with

Yrgi(m™h - 8) = xa(m)igj4(s),
SO _ _ _
Pryj(e”"Ps1,e%s2) = €9y (51, 52).
[¢14j,; is unique up to scalars]. It is easily seen that ;1 j(s1, s2) depends only on
s2. More precisely, one even has
Yitg,(s1,82) = s5F11,5(|s2[*).
Then:
Fiyjj(2) =2 Fi(=j,l+j+ L1+ 1]2))

see [22].
Since G is generated by K and the subgroup A = {exp(tZy)} with

10
ZO:(O 1)7

in order to study the irreducibility of 7 ; we have to know how the latter subgroup
transforms the functions ¥y ; ;.
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On functions ¢ of the form ¢(sy,s2) = sbf(|s2|?), ma.1(Zo) acts as an ordinary
differential operator L:

ma1(Zo)d(s1,52) = shLF(|s2]%)

with
£0F) () = 4u(l ) D () + (A + 2411~ 20) +1) fu).

This follows by an easy computation. Applying it to o F1(—7,1+ 7+ 1;1+ 1;u), we
obtain:

LoFi(—j,l+j+ L1+ Lu) = cof,EN2Fi(—5,l+7+ 114+ 1u) +
c—(J, N o By (=7 + 1,1+ 4504+ 15u) +
ey (4, 5N (=7 — 1,145+ 21+ 1;u)

using relations between Gauss hypergeometric functions (see [6]). This implies also
T Z0)Vivjy = oyl Mgy + - (G, 5 A)Yigj-1,5-1
e (7, 6 M),

If [ < 0 we can do the same,

Vi =P H,i s

j=>0
and we obtain

T Zo)Ys+; = cold, b N4 + (G N _1 45-1
Fer (3, LAY 11,1441

with
—\2

5 A . - ;
L N (T V(Y

G, ) 27" (A— |l — 2j) and
c—(4,1; . —(A—l| —2j) an

g (1 + 25+ D)(JI + 27) g

2(1 i+ 1)2

et (GilA) = Rty (2 + A+ 2+ JI]).

(I +25+D)(JI| +25+2)

This immediately leads to a complete analysis of the reducibility properties of
the representations my ;. The results are as follows:

Theorem 3.1.
a) IfXNEZ, 1 €Z my, is irreducible.

b) If \,l are integer and X # || +2j and X # —2j —2 — |l| for all j € IN, 7y,
is irreducible. For A = |l| + 2j for some j € IN the decomposition of 7y is
as follows:
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(i) 1 > 0. In this case,
i = @ Hitii
a1
="

is an irreducible infinite dimensional subspace of V; and Vi [V is irre-
ducible and finite dimensional.

(i) 1 < 0. In this case,

o0
Vg = @ Hi—1+4i

A+l
=3

is an irreducible infinite dimensional subspace of Vi and V[V is irre-
ducible and finite dimensional.

For A = =2j —2—|l| for some j € IN the decomposition of wx is as follows:

(i) 1 > 0. In this case,

—A—2-1
2

V= P Hiti

=0

is an wrreducible finite dimensional subspace of Vi and Vi /Vy; is irre-
ducible and infinite dimensional.

(i) 1 < 0. In this case,

—A—2+1
2

Vii= P M
=0

is an irreducible finite dimensional subspace of Vi and Vi/Vy, is irre-
ducible and infinite dimensional.

3.3 Intertwining operators

Now we want to find (non zero) continuous linear operators A : V; — V}, intert-
wining the representations m; and my, 4, , i.e.

Amxni(g) =m0, (9)A (9 € G).

Theorem 3.2. A non-zero non-trivial intertwining operator as above exists if and
only if l = —ly, A= —)Aq.

Proof. (a) We suppose that I,1; > 0.
A:Vi= @My — Vi = D Hursy
j=0 j=0

is a continuous linear operator. Then | = [;, because dim H;4;; = 25 +1+1,
dim Hj, 45 = 25+ 11 + 1 and for j = 0 we have the same dimension, so
l=1.
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A = a;I on each H;4; ; for some complex constant a; by Schur. Moreover,
AO?T)\J(X) = 7T/\1,Z(X) oA

for all X € g. By specializing to X = Z; and by letting act the left and
right-hand side on ;4 ;, we obtain:

A 1(Z20) Y1445 = T, 1(Z0) Ati 5
It 1 # 0,

—)\aj = —)\1aj
()\—1—2‘7')0,]',1 ()\1 —l—2j)aj

Then A = A\; and A is an scalar operator.
Ifi=1 =0,

A=2j)aj1 = (M —2j)ay
A+2j+2)ajp1 = (A +2j+2)a;.
Combining these equations gives,
(2 +A+2)(A—27—2) = (2 + M1 +2)(\1 —2j — 2)
SO A = 1.

If A = A1, then all a; coincide, so A is an scalar operator. If A = —\; we get:
(25 + A+ 2)aj11 = (2§ — A+ 2)a;. (3.2)

For the irreducible case, the equation has, up to a factor, a unique solution
which can be written in one of the following three forms:

 TG-3+1)
a; = Clm (33)
A _ A _
= cQ(—1)Jr(—§+1+g)r(—§+1—]) (3.4)
= ¢ (-1 (3.5)

F(G+14+)T(3+1—4)
In the reducible cases, there is also a unique solution, but one has to start
at another base value. This is proven in the same way.
The formulae obtained for the solutions of (3.2) show, when the solution is
defined on an unbounded set, that it is of polynomial growth at infinity,
a; ~ const. [j| =" (I4] = 00)-

This implies that the operator A having a; as eigenvalues is continuous in
the C(™-topology of V;.
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(b)

We suppose that [,1; < 0.

AV, = @Hj,m-;-j — Vi, = @va‘l1|+j

j=0 j>0

is an intertwining operator between 7y ; and my, ;, if and only if [ = {; and
A = A1. The proof is the same as [,1; > 0.

We suppose that [ > 0 and [; < 0.

A:Vi=PHirss — Vi, = P My

Jj=0 Jj=0

is an intertwining operator between my; and my, ;,. Then I = |l1|, because
dim Hyyj; = 1+2j 41, dim H; 3,45 = |l1] + 25 + 1. For j = 0 they have to
be the same, [ + 1 = |I;| + 1 hence | = |I;]. We want to see that A\; = —\.

Let

Ao : ‘/l i V_l
p(s) — »(3)

be an isomorphism and

Aomai(9)e(s) = @@ " -8)llg~ ()2
= m-1(9)¢(3)
= mx-1(9)Aop(s).

Hence
Aomri(g) = mx,—1(g)Ao

0 -1

1 0 ) we have, if A = my _;(w)Ao,

and as ‘g7 ! = wgw ™! with w = <

Aymai(g) = ma—i("g AL

Notice that A is given by Ajp(si,s2) = ¢(32,—51) if ¢ € V. Let us
define Ay _;p(s) = /[s,t})‘_Q’_lcp(t)dt where [s,t] = s1f1 + saf. This is an
S
intertwining operator between 7y _;(*g~!) and 7_5 _;(g) (see Lemma 3.3),
ie.
Ay (fg) = moai(9) A (g€ @),

Then Ay _;Ajf is an intertwining operator between 7y ;(g) and m_» _;(g) since

A>\7_[A67T)\7l(g) = Ak,—lﬂ')\,—l(tg_l)A;J
= WfA,fl(g)A)\,flAé)'



38 Chapter 3. Representations of SL(2, C)

We have proved that my; ~ m_x _; with [ > 0. Suppose that my; ~ 75,
then m_» _; ~ my,,—; and this can only happen if A\; = —A\. So the only
possibility is Iy = —1 and A\ = —A. Observe that Ay _;A{ is given by

(Ax._1A)p(s) = /S(SQtl — s1t2) N2l (t)dt.

(d) We suppose that [ < 0 and I3 > 0. We obtain the same as in (c), [y = —I
and A\ = —)\.00

Lemma 3.3. The integral operator on 'V,

Arols) = /S s, (P2 (t)dt

is an intertwining operator between mx ;(g) and m_y (*g~1).

Proof. Ay, is not defined for all A. It is defined for Re A > 1 and there is holo-
morphic. It can be meromorphically continued to the whole complex plane.
First, we prove that Ay ; is an intertwining operator between 7y ; and 7_, ; the
induced representation from
_ a b

120(9)¢(s) = @(0(g™1) - 5)[10(g™ ) ()|

with 6(g) = (¢*)~!, the Cartan involution and g* = 'g.
We shall show that

given by

Axamai(g) =775 1 (9)Ax-
Indeed,

Avmi(g)els) = /S 5, 24y 1 (g)ep(t)

- /S 5, P24 )l ()] 2.
On the other hand,
T a@)Ae(s) = (Ap)B(Y) - )6l ()]
= 118 [ g7 s 6 Moty
S
= [t et
S

_ S NA*Q,I; -1 7 1N —4 g7
= [l el Dl ]|

- /S 5, 72 o(g ™t D)l (B2
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because being 0(g) = (¢*)"' = (‘g) ! = (_dl-) _C) if g= (CCL Z) and 0(g~") =

(Z 2), it is obtained

Ple™) . = = P8 =

A7 ——1N7 NI A7 ——1N7 NI S,Qt .
0D GO
Doing a change of variable t = g=1 - £ and dt = ||g~'(¢)||~*dt.

So Axymai(g) =775 (9)Axy and 77y ;(9) = 721 (*g~"). Hence

Aximaa(g) = mox(tg ) Ax,.O

3.4 Invariant Hermitian forms and unitarity

In this section we determine all invariant Hermitian forms on V; with respect to
the representations 7y ; and determine which of these forms are positive (negative)
definite, so that the corresponding representations are unitarizable. A continuous
Hermitian form H(p, 1) on V; is called invariant with respect to my; if

H(mxi(9)e,¥) = H(p,mai(g~ "))

for all g € G. Any such a form can be written in the form

H(p, ) = (Ap, 1)

with A an operator on V; and the inner product (3.1) on the right-hand side. It
implies that A intertwines my; and 7_x ;. So by Theorem 3.2, there are two po-

ssibilities: A = —X and A = X. In the first case, we have Re A = 0 and, provided
A # 0, the operator A is equal to cE, so that H is ¢ times (3.1). In the second
case, we must have [ = 0 and A intertwines my o and m_) 9. So we get:

Theorem 3.4. A non-zero invariant Hermitian form H(p,v) on V) exists only if:
(a) Re \=0, or (b) Im X\ =0 and ! =0. In case (a) the form is proportional
to the L?-inner product (3.1). In case (b) the form H(p,) on V; has the form

H(p,v) = (Ap, )
where A is an intertwining operator between mwy o and m_y ¢.

Now we determine when the Hermitian forms above are positive or negative
definite.

Theorem 3.5. The unitarizable irreducible representation 7y ; belong to the follo-
wing Series.

(1) the unitary principal series: mx; with Re A = 0.

(11) the complementary series consisting of the representations wy o with 0 <
A< 2.

(i) the trivial representation.
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Proof. Like in case SL(2,IR). In the basis ¢;4;; an invariant Hermitian form
H(p, ) has a diagonal matrix, with real scalars h; on the diagonal. The h; have
the same expression as a;. We have to determine when the numbers a; have the
same sign for all j € J, where J is the set of weights of our representations. This
leads to the representations in the theorem. For example, when 0 < A < 2 we
easily see that (3.4) is positive for all j, if co > 0. O

Let us denote the unitary completions of the representations by the same sym-
bols. These unitary completions exhaust all irreducible unitary representations of
G up to equivalence, see [13].

3.5 The ‘non-compact’ models of the irreducible unitary
representations of SL(2, C)

3.5.1 The continuous series: mx ;, A € 1R

We just refer to Section 3.1.1. The space is L?(C) with the usual inner product

and
l
i (@) (2) = ez + d|~O+) ( “’”d) f(“z“’) (36)

lez + d| cz+d
ifg~! = <Z Z)

3.5.2 The complementary series: 70 (0 < A < 2)

The inner product is given in the ‘compact’ model by
(p.0) = [ [ lsats = sitaP2plt)5(s)dsc
sJs

(.0 € Vo).
The representation in the ‘non-compact’ model is again given by (3.6):

mra(9)f(2) = ez + a0+ (220

e b
if g 1<(CI d)'

Let us rewrite (p, ¢) in terms of functions on C. This is easily seen to be:

(fig)x = /t[‘/C |z — w2 f(2)g(w)dzdw.
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3.6 Finite-dimensional irreducible representations

Choose A = —[ —2 in the ‘non-compact’ picture, span(1, z, ..., z') is an irreducible
invariant subspace of V; under m ;. These spaces exhaust all finite-dimensional
irreducible representations of SL(2, C).

In the ‘compact’ picture the spaces are H; .
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CHAPTER 4

The metaplectic representation

The metaplectic representation -also called the oscillator representation, harmonic
representation, or Segal-Shale-Weil representation- is a double-valued unitary re-
presentation of the symplectic group Sp(n,R) on L?(IR™). In this chapter we give
an overview of the construction of this representation and we examine it from
several viewpoints. The contents of this chapter are adapted from [10].

4.1 The Heisenberg group
4.1.1 Definition

First we introduce some notations. Let us denote the product of two vectors in
R" or C" by simple juxtaposition

n
Ty = ijyj (z,y € R" or C").
1
Thus, the Hermitian inner product of z, w € C" is zw. We also set

n
z? :mx:Zx? (x e R" or C"),
1

n
|2 =22 = Z 1z (2 €C™).
1
When linear mappings intervene in such products we denote by
rAy =y Az = Zachjkyk (x,y e C", A € M,(C)).
We consider IR*" ! with coordinates

(p17-~-7pn7(I17~-~>th) = (paqat)7

43
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and we define a Lie bracket on R*" ™! by
[(p,g,t), (', d',t)] = (0,0, pg" — qp"). (4.1)

It is easily verified that the bracket (4.1) makes R*"*! into a Lie algebra, called
the Heisenberg Lie algebra and denoted by h,,.

In order to identify the Lie group corresponding to h,, it is convenient to use
a matrix representation. Given (p,¢,t) € R*"™! we define the matrix m(p, q,t) €
My (IR) by
0 p1 - pn t
00 - 0 q

m(p,q,t) =

S O
s}
e}

Moreover, we define
M(p,q,t) =1+ m(p,q,t).
It is easily verified that
m(p,q,t)m(p’, ¢, t') = m(0,0,pq’), (4.2)
M(p, ¢, t)M(p'.q',t") =Mp+p,q+d . t+t +pd). (4.3)
From (4.2) it follows that
[m(p, g, 1), m(p', ¢, t")] = m(0,0,pq" — qp’),

where the bracket now denotes the commutator. Hence the correspondence X —
m(X) is a Lie algebra isomorphism from h,, to {m(X) : X € R*"*'} and to obtain
the corresponding Lie group we can simply apply the matrix exponential map. So,

. 1
a0 = M(p, q,t + 5pa).

Thus the exponential map is a bijection from {m(X) : X € R* ™} to {M(X) :
X € R*™ "1}, and the latter is a group with group law (4.3). We could take this
to be the Lie group corresponding to h,, but we prefer to use a different model.
It is easily verified that

1
expm(p,q,t)expm(p’,q',t') =expm(p+p',q+ ¢, t +t' + i(pq/ —qp")).

Therefore, if we identify X € IR?*"*! with the matrix ™), we make R*"™! into
a group with group law

1
(0, )@ ¢, t')=@+p,q+d t+t + §(pq' —qp')).

We call this group the Heisenberg group and denote it by H,,. We observe that
Z={(0,0,t) : t € R}

is the center of H,,.
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4.1.2 The Schrodinger representation
Let X; and D; be the differential operators on IR" defined by

1 of
(X;f)(2) =z;f(x), D;f= %8_1:]
We may regard these operators as continuous operators on the Schwartz space
S(IR™). The map dpy, from the Heisenberg algebra h,, to the set of skew-Hermitian
operators on S(IR™) defined by

dpn(p, ¢, t) = 2mi(hpD + ¢ X + tI)

is a Lie algebra homomorphism. We exponentiate this representation of h, to
obtain a unitary representation of the Heisenberg group H,,.
The map defined by
Oh (p’ q, t) _ 627riht€27ri(hpD+qX)
that is, ‘ ‘ ‘
on (p’ q, t)f(l’) _ e27mht+27rzqw+7mhqu(x + hp)

is a unitary representation of H,, on L?(IR"), for any real number h. Moreover, pj,
and p), are inequivalent for h # h'. py, is irreducible for h # 0.

We call p;, the Schrédinger representation of H,, with parameter h. Generally
we shall take o = 1 and restrict attention to the representation p = p;. Since
the central variable t always acts in a simple-minded way, as multiplication by the
scalar e2™_ it is often convenient to disregard it entirely; we therefore define

p(p,q) = p(p. q,0) = 2™ (PDHaX),

4.1.3 The Fock-Bargmann representation

There is a particularly interesting realization of the infinite-dimensional irreducible
unitary representations of H,, in a Hilbert space of entire functions.
Let us define the Fock Space as

Fo = {F : I is entire on C" and ||F||% = /|F(Z)|2€_7T|Z|2d2: < oo}

and for z € C"
Bf(z) = 2"/ / F)ePme e ) gy,

Bf is called the Bargmann transform of f and it is an isometry from L2(IR") into
the Fock Space.

The Schrodinger representation can be transferred via the Bargmann transform
to a representation g of H, on F,. To describe this representation, it will be
convenient to identify the underlying manifold of H,, with C" x R:

(p,q,t) = (p+iq,1).



46 Chapter 4. The metaplectic representation

In this parametrization of H,, the group law is given by
! 4l ! ! 1 =/
(2, )"t =(z+2"t+t + §Im zz').

The group H,, can also be seen inside U(1,n) as the subgroup N, see [8].
The transferred representation 3 is then defined by

B(p +iq,t)B = Bp(p q,t),
in other words,
ﬂ(w,t)F(z) _ 67(7r/2)|w|277rzm+2m'tF(Z + w)'

This 3 is called the Fock-Bargmann representation.

4.2 The metaplectic representation

4.2.1 Symplectic linear algebra and symplectic group

In this section we shall be working with 2n x 2n matrices, which we shall frequently

write in block form:
A B
A= (¢ 1)

where A, B, C and D are n X n matrices. Let J be the matrix

(%]

which describes the symplectic form on IR?":
(w1, W] = w1 Twa.

The symplectic group Sp(n,R) is the group of all 2n x 2n real matrices which,
as operators on IR*", preserve the symplectic form:

A € Sp(n,R) <= [Aw,, Aws] = [wy, ws] for all wy, wy € R*™.

The symplectic Lie algebra sp(n,IR) is the set of all A € My, (IR) such that
etA € Sp(n,R) for all t € R. When the dimension n is fixed, we shall abbreviate

Sp = Sp(n,R) , sp = sp(n,R).

The group Sp is generated by DU N U {J} and also by DU N U {7} with

o {(§ B)ea ) - { 9
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and o {(61 tj_l) :AGGL(n,lR)}

In connection with the Fock model we want to use complex coordinates z =
p + iq corresponding to the real coordinates p, ¢ on IR?". Since the action of Sp
on IR?" is not complex linear, however, it will be more appropriate to map R?"
into C*" by

Wo(p, q) = (p + iq,p — iq).

Under this mapping, any linear transformation 7" on IR®*" turns into the linear
transformation T, = WoTW; L on €, so on the level of matrices we have the
map

Ac MQn(]R) — .Ac S M2n(C)

given by
Ac = Wo AWyt = WAW ™, (4.4)

I 1 1 /1 I
= (p ) we =50 ).

We denote the images of My, (IR) and Sp under the map (4.4) by Ms,(R). and
Spe:

where

Mon(R)e = {Ac: A€ Mop(R)}, Spe.={A.: A€ S,}.

One can easily show that
P
e ={(5 9):r acam).

4.2.2 Construction of the metaplectic representation
4.2.2.1 The Schrédinger model
The symplectic group Sp acts on the Heisenberg group H,, by

A-(p,q,t) = (Ap,q),t) with A € Sp and (p,q,t) € H,,.

Composing with the Schrodinger representation p we have a new representation
po A of H,, on L?(IR") such that po.A(0,0,t) = e**I. By the Stone-von Neumann
theorem, p and poA are equivalent: there exists a unitary operator u(.A) on L2(IR™)
such that

po AX) = u(A)p(X)u(A)", X € H,. (4.5)

Moreover, by Schur’s lemma, u(.A) is determined up to a scalar factor of modulus
one. It follows that

W(AB) = caspu(A)uB), lcasl=1,

so that u is a projective unitary representation of Sp in L?(IR™). We shall prove
later that the scalar factors of modulus one can be chosen in one and only one way
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up to factors of £1 so that p becomes a double-valued unitary representation of
Sp, i.e.,
1(AB) = £u(A)p(B).

With this choice of the scalar factors of modulus one, u is called the metaplectic
representation of Sp.

If we pass to the double covering group Sps, p defines a unitary representation
of Spg

The explicit calculation of p(A) for a general A € Sp is rather complicated,
but it is easy to use (4.5) to find p(A) up to a scalar factor of modulus one when
A belongs to certain subgroups of Sp. Doing this we obtain,

eI

i|(& D)@ = emes (4.7)
W) = F (4.8)

|det A|~Y2f(A 1), (4.6)

where F is the Fourier transform defined by F f(y) = /6_2’Tiwyf(x)dx.

As Sp is generated by matrices of these three types, we have in some sense
computed the metaplectic representation up to scalar factors of modulus one.

4.2.2.2 The Fock model

The easiest way to construct the metaplectic representation globally is to move it
over to Fock space. We recall that on the Fock Space F,, we have the representation
§ of H, obtained from the Schrédinger representation p by conjugation with the
Bargmann transform B:

Blp+iq) = Bp(p,q)B™",  Blw)F(z) = e TP =T p(; 1),

Since we use the complex coordinates w = p + iq for describing (3, we also use the
complex form Sp. of Sp. We adopt the following notational convention: if A € Sp,
and w € C", we define Aw to be the vector z € C" such that A(w,w) = (z,%).
That is,

Aw = z <= z = Pw + Qw where A = re )
Q P
The Fock-metaplectic representation v of Sp, is then defined up to scalar factors
of modulus one by the condition

BlAw) = v(A)B(w)r(A)~". (4.9)

The advantage of the Fock space is that the operators v(A) are integral operators
whose kernels are rather easily computable. We have

v(A)F(z) = /KA(Z,E)F(w)e_”lw‘zdw (4.10)
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where K 4(z,w) =< v(A)Ey, E, >7 and E,(z) = €™". We proceed to calculate
K4

Theorem 4.1. For A = (g %) € Spe, define the operator v(A) (modulo £1) on

Fr given by (4.10),
1 —
K 4(z,w) = (det /2P) exp {§7r(zQP_1z +2wWP 2 — EP_IQ@)}.

Then for all A, B € Sp, and w € C",
a) v(A) is unitary,
b) v(A)B(w)r(A)~" = B(Aw),
¢) v(Aw(B) = £v(AB).

Moreover, if {v'(A) : A € Sp} is any family of operators satisfying these three
conditions, then v'(A) = £v(A) for all A € Sp.

Remark 4.2. The uniqueness part of this theorem shows, in particular, that v can
not be made into a single-valued representation of Sp., as it is impossible to define
a continuous single-valued branch of det Y2 P on Spe.

We can now go back to the Schrodinger picture and define the metaplectic
representation p by

w(A) =B 'v(A)B, A, asin (4.4).

Theorem 4.1 translates into a corresponding result for .

Proposition 4.3. With the correct scalar factors of modulus one the equation (4.6),
(4.7) and (4.8) are equal

i|(5 od)| @) = ey

i|(& D] = e s
w(g) = PFEL
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CHAPTER D

Theory of invariant Hilbert
subspaces

In this chapter we recall an important tool for the representation theory of Lie
groups, namely the theory of Hilbert subspaces invariant under a group of auto-
morphisms. This theory is due to L. Schwartz [27], Thomas [34] and Pestman [25].
A main subject is the study of the theory of the reproducing kernels, associated
with Hilbert subspaces. We give a criterion (due to Thomas) which assures multi-
plicity free decomposition of representations. This criterion will be applied in the
next chapters.

5.1 Kernels and Hilbert subspaces

Let E be a quasi-complete locally convex space over C, e.g. S’(IR"), the space of
tempered distributions on R"™, and E* the anti-dual of E, being the linear space
of continuous, anti-linear forms on E provided with the strong topology. Let H
be a Hilbert space. It is called a Hilbert subspace of E if H C E and the linear
inclusion j : H — FE is continuous. Note that the image of j* : E* — H is a dense
subspace of H.

For e € E, ¢ € E* we set (e, 1) for the value of ¢ at e. The inner product of
H will be denoted by (-|-).

Let K = jj*. Then K is a continuous linear operator from E* to E, called the
reproducing kernel of H. So, for ¢,9 € E* one has

(K¢, ) = (570 [5"¢), (5.1)

which shows that K is a Hermitian kernel:

(Ko, ¢) = (K¢, ).

Putting ¢ = ¢ in (5.1), we see that K is even a positive-definite kernel. Let " be
the convex cone of positive-definite kernels. One has (L. Schwartz [27]):

51
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Lemma 5.1. To each K € I there corresponds a unique Hilbert subspace H of E
of which K is the reproducing kernel.

5.2 Invariant Hilbert subspaces

Let u be a continuous automorphism of E. We say that a Hilbert subspace H of
E is w-invariant if u(H) = H and u|g is unitary. An equivalent statement is :
uKu* = K, if K is the reproducing kernel of H, so

(Ku*¢g,u™p) = (Ko, o) (¢,¢ € E7).

We call K a wu-invariant kernel. Let GL(E) be the group of all continuous auto-
morphisms of E and let G be a subgroup of GL(E). A Hilbert subspace H of E
is said to be G-invariant if H is u-invariant for all v € G. Similarly, a kernel K is
said to be G-invariant if K is u-invariant for all u € G. It is clear that the set of
all G-invariant reproducing kernels is a closed convex cone in I'. We will denote
this cone by I'g.

Proposition 5.2. A Hilbert subspace H is a minimal (irreducible) G-invariant
Hilbert subspace of E if and only if K, the reproducing kernel of H, lies on an
extremal ray of I'c.

If E is a conuclear space, i.e. the strong dual of a barrelled nuclear space ([35]
Ch. 33), then I'¢ is a well-capped cone (in the sense of Choquet [4]), so in this
case I'g is the closed convex hull of its extremal rays ([4]). We then always have
minimal G-invariant Hilbert subspace provided I'¢ # {0}. A fine example for E
is the space E = S'(R").

Denote by ext(I'¢) the set of extremal rays of I'¢. Let S, be a section of
ert(lg). That is a set, not containing 0, having exactly one point on each ex-
tremal ray. A section is said to be admissible if the function equal to 1 on S, and
homogeneous of degree 1, is universally measurable.

One can prove that such sections always exist. An admissible parameterization
of ext(T'g) is a topological Hausdorff space S with a continuous one-to-one map P
from S to ext(T'g), P : s — K, € ext(T'g), such that the image is an admissible
section and the inverse map is universally measurable. Such parameterizations
exist ([34]). We have ([27], [34]):

Theorem 5.3. Let E be a conuclear space, G a subgroup of GL(E) and s — K an
admissible parameterization of ext(T'q). Then for every K € T there is a positive
Radon measure m on S such that

K = / Ksdm(s).
s
The next theorem describes the conditions under which the decomposition in

Theorem 5.3 is unique ([25], [34]).

Theorem 5.4. Let E be a quasi-complete locally convexr space, G a subgroup of
GL(E) and S an admissible parameterization of ext(I'g). Then the following
statements are equivalent:
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1. For every G-invariant Hilbert subspace H of E the commutant of G in L(H),
the algebra of continuous linear operators on H, is commutative.

2. The cone T'g is a lattice (i.e. any two elements in the cone have a smallest
common majorant in the cone).

If, in addition, E is conuclear, then the above statements are each equivalent
with:

3. If Hy and Hs are minimal G-invariant Hilbert subspaces of E which are not
proportional then the irreducible representations of G on Hi and Hy are inequiva-
lent.

4. For every K € T'g there is a unique positive Radon measure m on S such
that

K= /:B Kodm(s).

5.3 Multiplicity free decomposition

Definition 5.5. We say that the action of G on E is multiplicity free if one of the
conditions 1.,2.,3. of Theorem 5.4 is satisfied.

Criterion 5.6. (Thomas). Let J : E — E be an anti-automorphism. If JH = H
(i.e. J|g is anti-unitary) for every G-invariant Hilbert subspace H of E, then G
acts multiplicity free on E.

Let K be the reproducing kernel of H. Then the condition JH = H is equiva-
lent with K = JKJ*, so it suffices to show that

(KT ¢, ")) = (Ko, )

for all ¢, € E*.
For the proof of the criterion, we refer to [25], Theorem 1.5.4.

5.4 Representations

Assume that G (instead of a subgroup of GL(FE)) is a locally compact topological
group. Let E, for the moment, be an arbitrary locally convex space. A map
m: G — GL(FE) is said to be a representation of G on E if:
(i) m(g192) = m(g1)m(g2) (91, 92 € G),
(ii) the map (g,e) — w(g)e from G x E to E is continuous.

If E is a barrelled space then condition (ii) is already satisfied if the map
g — m(g)e is continuous for every e € E.

Definition 5.7. If the map 7 : G — GL(E) is a representation of G on F, we say
that a Hilbert subspace H is G-invariant if H is invariant under 7(G).

Of course this notion of G-invariance depends upon the representation 7. This
will give no problems to us because mostly there is only one representation under
consideration.
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Proposition 5.8. Suppose m : G — GL(E) is a representation of G on E and H is
a G-invariant Hilbert subspace of E. Then the map g — w(g)|g is a continuous
unitary representation of G.

For a proof, see [25], Prop. 1.5.4.

Clearly m(g) = m(g)|m is irreducible if and only if H is a minimal G-invariant
subspace.

Denote Ef (E}) the space E* equipped with the topology of uniform con-
vergence on compact (bounded) sets in E. If 7 : G — GL(FE) is a represen-
tation of G on E, then the map g — 7m(g~!)* is a representation of G on E.
This representation is said to be the contragradient representation of m if the map
(g,e*) — m(g~1)*e* is a continuous map G x Ej — E;. This map is in general not
continuous. For a Montel space E (see [35] for definition), the spaces E; and E
are equal however. In particular it is true for E = S(IR"™), the space of Schwartz
functions on R", and E = S’'(R").

5.5 Schwartz’s kernel theorem for tempered distribu-
tions

Let L(E, E*) denote the space of continuous linear maps F — E*, where E is a
locally convex space and E* its dual, provided with the strong topology. According
to [35], Theorem 51.7 we have the following canonical isomorphism.

Theorem 5.9. The space of tempered distributions on R™*™ is canonically isomor-
phic to L(S(R™),S'(R™)). So given K € LISR™),S (R")), there is a unique
T € S8'(R™™) such that

(Ko, v) = (T, ¢ov)  (¢€SR™), ¢ e S(R")).

where (¢ @) (x,y) = o(x)P(y) (x € R™, y € R").



CHAPTER 0O

The oscillator representation of
SL(2,R) X O(2n)

In the first part of this chapter we compute the Plancherel formula of the oscillator
representation wa,, of SL(2,IR) x O(2n). The main tool we use is a Fourier integral
operator which was introduced by M. Kashiwara and M. Vergne, see [18]. After
that we can conclude that any minimal invariant Hilbert subspace of S’(IR*")
occurs in the decomposition of L2(IR*").

Finally we study the oscillator representation ws,, in the context of the theory
of invariant Hilbert subspaces. The oscillator representation acts on the Hilbert
space L2(R®"). Tt is well-known that S(IR*") is wa,(G)-stable, so, by duality,
wa,, acts on 8’ (IR?™) as well, and L?(IR*") can thus be considered as an invariant
Hilbert subspace of S’(IR*"™). Our main result is that any ws, (G)-stable Hilbert
subspace of S’(IR*") decomposes multiplicity free.

6.1 The definition of the oscillator representation

Let G be the group SL(2,IR) x O(2n) with n > 1 and let ws, be the unitary
representation of G on H = L*(IR*") defined by:

wa(9)f(x) = flg~"-x), geO(2n)
wonlg(@)f@) = a"flaw), g<a>—(g 1)

wan(t®)) f(z) = eI pa), t@_(é g)
won (o) f(xz) = in/m%fﬁ?m[m’y]f(y)dy, a:((l) 01)

Where [l',y} =1 +$2y2 + - +x2ny2n fOI' T = ($1,£L'27 oo 7x2n)7 Yy = (y17y27 ey
y?n)~

%)
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This is a well-defined representation for 2n. If we consider SL(2,IR) x O(n
with n odd, this is a unitary representation of SL(2,IR) x O(n) with SL(2,IR) a
double covering of SL(2,R) [10],[29],[30],[44].

We call wy,, the oscillator representation of G. More precisely, it is the natural
extension of the restriction of the metaplectic representation of the double covering
of the group Sp(2n,R) to SL(2,IR) x SO(2n), defined by Shale, Segal and Weil.

Let S(IR?™) be the space of Schwartz functions on IR*". Note that S(IR?") is
stable under the action of wyy, (G), so is the space S’(IR*") of tempered distributions
on R*".

6.2 Some minimal invariant Hilbert subspaces of
8/(]R2n)

We consider L?(IR?") as a Hilbert subspace of S’'(IR*") and we will try to decom-
pose it into minimal invariant Hilbert subspaces. Irreducible unitary representa-
tions of G are of the form 7 ® p where 7 is an irreducible representation of SL(2,IR)
and p one of O(2n). We will now construct intertwining operators from S(IR*") to
the Hilbert space of such representations. Not all combinations (7, p) occur. Here
are some of these operators.

Let H; denote the space of harmonic polynomials on ]R*", homogeneous of
degree [. This space has a reproducing kernel, say K;(z,y). For any f € H; one
has:

f(z) = /Szn_1 f(s)Ki(s,x)ds  (x € R™) (6.1)

with $2"~1 = {x € R*" : ||z||? = 22+ --+23, = 1}. The reproducing kernel K; is
known to be real-valued and is positive-definite. It satisfies K;(gz, gy) = K;(z,y)
for all g € O(2n), K;(\z, \y) = A2 K, (x,y), K;(z,-) and K;(-,y) are in Hj.

The group O(2n) acts irreducibly on H; by

for all g € O(2n) and f € H;.
Let CT denote the upper half plane {z = x+iy : y > 0} with invariant measure
(under SL(2,R)):

dxdy
y:
Let LEOI’W(CJF) be the space of holomorphic functions on C* satisfying,

G pym ey < o

with m an integer > 2 (in Chapter 2 this space is called H,,). The group SL(2,R)
acts irreducibly on this space by

Tm(9)f(2) = flg™" - 2)(ez +d) ™"
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. _ a b _
R

C

(mm belongs to the so-called analytic discrete

series, see Chapter 2)
Let us define an operator F; from S(IR*") into the Hilbert space L3t i4n (ch)
®oH; as follows:

FR&) = [ I o) iy, )y

This integral exists for all z € R*" and ¢ € €. We shall show:
1) The operator F; is well defined, i.e. Fip € Lﬁol7l+n(C+)®2Hl.

2) F is continuous as operator from S(IR*") to LR o140 (CT)@2H,.

3) Forl=0,1,2,... the operator F; intertwines the action of we,, and 74, ® p;.

Let us assume for the moment property 1) and 2), and let us show property 3).
It is clear that F; intertwines the O(2n)-action. The intertwining relations for
the elements g(a) and #(b) are easy to check. We now check the o-intertwining
relation:

]:lw2n(0')<p(§7 x) = 7Tl+n(0')(]:l<p)(§7 J,‘) (62)
for ¢ € S(R*"). By definition,

Funa(ooléca) =" [ eI oy (3. a)dy

with ¢ being the Fourier transform defined by ¢(x) = / o(y)e 2=yl gy,
R27m
We apply the following lemma, see [26], Proposition 5-1.

Lemma 6.1. For P € H;, a harmonic polynomial of degree I, and ¢ € S(R"™) one
has
| e Pa)paydn = e [ e Py p(a)da

n

with € € CT .

The proof is straightforward by induction on [, recalling that H; is spanned by
the polynomials of the form [y, 2]! with z € C" satisfying [2,2] = 27 +---+22 = 0.
For [ = 0 the result is classical and is related to the theory of the Fourier transform
of quadratic characters.

The lemma easily implies (6.2).

Now we prove property 1) and 2). Let us compute the square norm of F;p in
L}2101,1+n(@+)®2Hl for ¢ € S(R*"). We have:

/‘I;+ /52"71 |(-ﬁ§0)(§75)|2(1m é‘)n-‘,—l_gdsdé_
/C+ /]R2n /IR% em‘{\|y||2_wiE||z|\2<p(y)wKz(y,z)(Im g)nﬂ_zdzdydf

|| Fuel?
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here we have used the reproducing property (6.1) of K;(y, ).
Writing ¢(y) = ¢(rs), ¢(z) = ¢(ts') with r = [ly[|, t = [|2]|, s,s" € $>"71,
E=u+ivand u e R, v >0, we get,

|1 Figll? = / / / / / / RO ) 1 ST (s, )
—c0J0o Jo Jo Js2n—-1Jg82n-1

pl2n= Lyl 2n=1, n =2 4o q¢ drdtdvdu

/// / —2mr’ o(rs)(rs') K (s, s ) r2Hn=3y"H=24sds' drdv

g2n—1Jg2n—1

= / (/ e 2mur? = de) (/ / o(rs)o(rs' ) K;(s, s )dsds) :
0 0 S2n—1 J §g2n— 1

'T’2l+4n73d7’ (63)
Setting 27r2v = w we obtain

/OO 6727TUT2Un+172d’U _ F(’ﬂ + [ — 1) )
o (27TT2)7L+Z—1

Defining
(Pp)(rs') = / o(rs)K (s, s')ds,
SQ’IL 1

we get

/ / o(rs) p(ra) Ko (s, o )dsds' — / (Prp)(rs') ds’
S?nfl SZn—l S2nfl

since Pyp(r:) is in H; and o(rs) Z Pyp)(rs). By substitution we obtain from
1=0
(6.3),
I'(n —|— l— -
1l = S [ L s P s

By Parseval’s theorem,
> / |(Pip)(rs")*ds’ —/ lo(rs’)[?ds’
l>0 SZ'IL 1 S27L71

so finally we obtain

oo n+l 1
> oy Il = [ [ e asar <ol 6

1=0
This proves property 1) and also property 2) since (6.4) implies the inequality

Fn+1-1)

|| Fi]]* < WH@H%
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which actually shows that 7 is continuous in the L2-topology on S(IR*"), so on
S(R?™) itself, since the embedding of S(IR*") into L?(IR*") is continuous.
So we have shown:

Theorem 6.2. For | = 0,1,2,... the operator F; is a continuous intertwining
operator for the action of wa, on S(]RQ”) and Ty4n, @ Py on L%ol,l+n(®+)®2Hl'

6.3 Decomposition of L?(IR*™)

Clearly the proof of Theorem 6.2 in Section 6.2 also gives the decomposition of
Lz(lRQ") into minimal invariant subspaces. The decomposition is multiplicity free
(see [16]) and the irreducible unitary representations which occur are given by
Ti+n @ p;. Observe that the factor d; = (1“2(:;—1:[2 is the formal degree of m,4;. In

conclusion we have,

Corollary 6.3. Let ¢ be a function in S(R*™). We have the following Plancherel
formula

s x (2m)ntt ) 2
Ioll =3 pr gy Il

As representations of SL(2,IR) x O(2n), we have

L*(R?") = ZWHn ® pr.
1=0

6.4 Classification of all minimal invariant Hilbert sub-
spaces of S’(IR*™)

Instead of classifying the minimal wy, (G)-invariant Hilbert subspaces of S’(IR*")
we shall classify the extremal reproducing kernels.

Let us first compute the reproducing kernel of w4, ® p;. It is given by the
distribution 7; on R*" x IR*", satisfying:

<Tipev>=(Fedw) = [ [ Fle s FaEsm s

T; is equal to the distribution:
Ti(z,y) = did(|[|* = [lyl*) [l 7> Ki(s, s")

on R*™ x IR*™\ (0,0). This easily follows from the computation of ||F¢||? in
Section 6.2.

Let now H be a Hilbert subspace of &’(IR*"), invariant under ws, (G), and let
K be its reproducing kernel. By Schwartz’s kernel theorem we can associate to it
a unique tempered distribution 7" on IR?" x IR?*". This reproducing distribution
satisfies the following conditions:
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1. T is a positive-definite kernel, in particular a Hermitian kernel, i.e.

2. T(x,y) =T(y,x).

3. T is wo,(G)-invariant: (way,(g) X won(g))T = T for all g € G. The latter
property implies, in more detail,
3a. T(g-x,9-y) =T(z,y) for all g € O(2n).
3b. If a € R, then
T(ax, ay) = |a|~*"T(x,y).
3c. If b € R, then
e im0 lelP =N T (2, ) = T(2, y).

3d. T(x,y) = T(z,y).
By condition 3¢, we obtain
Supp T C Bz, = {(z,y) € R x R*" : ||| = [|y[}.

Let 2, = Z2, \ (0,0), being a cone in IR*™ x R*". In a neighborhood of =}, in
R*" x R*" we take as coordinates s = ||z||> — ||y||* and w € Z),,. So we can write
locally there

T =Y Si(w)®3%(s)

iel

where I is some finite subset of IN and the S; are distributions on =, . Applying
condition 3¢ again, we get that only the term with ¢ = 0 survives, so

T(w,y) = 6(||=|* = [ly[|*) R(w)

outside (z,y) = (0,0). It remains to study the distributions R on Z5,,. We get by
properties 3a and 3D,

R(z,y) = ||l=||7" 0(s, )

where o is a positive-definite distribution on S?"~! x $2"~! which is O(2n)-
invariant.

Now we have the following theorems. Let K; be, as before, the reproducing
kernel of H;, the space of harmonic polynomials on IR".

Theorem 6.4. Let U be a positive definite distribution on S = S"~1 x §"~1 O(n)-

invariant. Then
U= Zlel
1>0

with m; > 0 and m; of polynomial growth in .
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Proof. First we shall prove that C*°(S) has a topology also given by semi-norms
1/2

ZHA%JCH% with m an integer > 0 and Ag the Laplacian on S. Let H be
=0

equal to L?(S), 7 the continuous representation of O(n) on H by left translations
and Ho the space of C* vectors for m. We know that C*°(S) C He. By [5],
Theorem 3.3 we even have that

C(5) = Hoo- (6.5)
Applying a result of Goodman (see [2], Theorem 1.2) and (6.5) we obtain that

1/2
m

Co(S)={f e L*(S): [ D_IALfIE] < oo}
j=0

and thus, by Banach’s Theorem, the topology of C'*°(S) is also given by the semi-
1/2

norms Z ||Ajsf||§
3=0
By [7], Theorem Bochner-Schwartz page 375, U = Zlel with m; > 0 and

1>0
< U, K; >=my. Since U is O(n)-invariant

U(s,s') =U(s,ks®) = U(k™'s,s°) = Zlel(k_ls, s9)
1>0

with s = (1,0,...,0) and k € O(n). So there exists a constant C' such that,

my = <U(-,s, K,s) >
1/2

IN

m
O D NALK(, )13
§=0
1/2
= C{ DWW (I+n—27K(,s)3

Jj=0

1/2
m

= C(dimH,)'? [ 1P (1 +n-2)%

§=0
Since dim H; ~ "1, m; has polynomial growth.(]
Theorem 6.5. i) The extremal positive-definite wa,(G)-invariant reproducing

distributions are given by Ti(x,y) up to a positive constant. The associated
irreducible unitary representations are m,4; ® p; wherel =0,1,2, ...
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i) Any won(G)-invariant Hilbert subspace of S'(IR*™) decomposes multiplicity
free into minimal invariant Hilbert subspaces of S'(IR*™).

Proof. 1) Let T be an extremal positive-definite wa, (G)-invariant reproducing dis-
tribution. We saw before that a reproducing distribution outside of (0,0) is equal
to

T(x,y) = 6(l[2l1* = [lyl[*)l|z]| 7" 2o (s, ')

where o is a positive definite distribution on S?"~! x S§?7=1 which is O(2n)-

invariant. One has
i /
s = Zlel(s,s )
1>0

with m; > 0, m; of polynomial growth in [ by the last theorem.

Let us now formally consider 7 = Z%Tl This is a convergent series and 7
1
1>0
a tempered distribution satisfying the conditions a, b, ¢, d. Indeed, let Ag be the
Laplacian on S$?"~!. Then we have:

/ p-AgPds = / Agp - Pds
S2n—1 S2n—1

for all o € D(S?" 1) and P € H; (all I). Notice that Ag commutes with the
orthogonal projection of D(S?"~1) on H;. Moreover

AgP =—-l(l4+2n—-2)P
for all P € 'H;. By the computations in Section 6.2 we now get:
|<T,p®p>|<d|ASel

for some constant ¢ > 0 and some integer k > 0, where

Ak |2 7/ / |AEo(rs) 2 r2mLdrds.

So 7 is tempered and clearly satisfies a, b, ¢, d since all T; do.
From property 3¢ we conclude that

(lll* = llyl®)* (T = T) = 0
for k =1,2,..., hence, combining it with property 3d, we have
(B0 = A (T=T) =0
for k=1,2,..., in particular (A, — A,) (T'—7T) = 0. Here A, and A, denote

02 0?
Aa = 8x1+ ”+8x§’

n
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and o e
&=y "o,

The difference T'— 7T is easily seen to be zero since this difference has support in

(0,0) and satisfies (A, — A )(T'—7)=0. SoT =7. So, if T is minimal, T is a

positive scalar multiple of some Tj.

Observe that any minimal invariant Hilbert subspace of &’(IR*™) occurs in the
decomposition of L?(IR*"). Moreover, given I, or H;, the SL(2,R) component of
the irreducible representation m ® p; is determined, namely 7 = m,,4+;. This is the
well-known Howe-correspondence.

ii) As preparation for the multiplicity free decomposition of the oscillator re-
presentation, we shall show that any of the above reproducing distributions 1" is
symmetric: T'(z,y) = T(y,z). We have seen that

T(z,y) = 8(|zl* = [lyl1*)ll«|| 7> o (s, ')

outside (z,y) = (0,0) where ¢ is a positive-definite distribution on S27~! x §2n~1
which is O(2n)-invariant. Observe that o is symmetric, i.e. o(s,s’) = o(s’, s) since
0O(2n) acts doubly transitivily on S?"~! hence

T(z,y) =T(y,x)

on R?" x R?"\ (0,0).

We easily show that T'(z,y) — T(y, x), having support in (0,0) and satisfying
(Ay — AY)(T(z,y) — T(y,x)) = 0 as before, is actually zero. Hence T'(x,y) =
T(y,x), i.e. T is symmetric.

The multiplicity free decomposition of the oscillator representation now easily
follows from Criterion 5.6 with J7' = T. O

Remark 6.6. The case n = 1 is treated in a similar way. The contribution for
Il = 0 is given by m & id, where w1 is the limit of the analytic discrete series
representation, discussed in Chapter 2. So here a non-discrete series representation
occurs in the decomposition of L*(IR?).
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CHAPTER 1

Invariant Hilbert subspaces of
the oscillator representation of

SL(2,R) X O(p,q)

The explicit decomposition of the oscillator representation wy , for the dual pair
G = SL(2,R) x O(p,q) was given by B. @rsted and G. Zhang in [23]. In this
chapter we only study the multiplicity free decomposition of any w, ,(G)-stable
Hilbert subspace of S’(IRP*?). The oscillator representation acts on the Hilbert
space L2(IRPT9). Tt is well-known that S(IRP™7), the space of Schwartz functions
on RP is w, ,(G)-stable, so, by duality, w,, acts on S'(IRP*?), the space of
tempered distributions on IR”*9, as well, and L?(IRP?) can thus be considered as
an invariant Hilbert subspace of S'(IRP*9).

According to Howe [16], L2(IR”*?) decomposes multiplicity free into minimal
invariant Hilbert subspaces of S'(IRP*9).

We restrict to the case p+ ¢ even for simplicity of the presentation of the main
results. In addition we have to assume p > 1, ¢ > 2, since we apply results from
[9] where this condition is imposed. Our result is however true in general.

The contents of this chapter have appeared in [39].

7.1 The definition of the oscillator representation

Let G = SL(2,IR) x O(p,q) and let wy , be the unitary representation of G on
H = L?(IRP*7) defined by:

wpg(9)f(x)=flg7"-x), g€ O(D,a),

nalg() ) =l F 0T @), g = (j %)
wpg(H(B))f (x) = e~ ™07 f (), t<b><(1) lf)

65
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ona (@) =7 [ g o= (] ),

Rr+a

where [z,y] = z1y1 + ... + TpYp — Tpt1Ypt1 — .. — TpYp for & = (z1,...,2p),y =
(Y1, yn) and n = p +q.

This is a well-defined representation for p + ¢ even. If p 4 ¢ is odd, this is a
unitary representation of SL(2 R) x O(p,q) with SL(2 IR) a double covering of
SL(2,R) [10],[29],[30],[44].

We call w,, 4 the oscillator representation of G. More precisely, it is the natural
extension of the restriction of the metaplectic representation of the double covering
of the group Sp(n,R) to SL(2,IR) x SO(p,q), defined by Shale, Segal and Weil.

We shall assume from now on that n = p+¢ is even. Let S(IR"™) be the space of
Schwartz functions on IR". Note that S(IR™) is stable under the action of w), 4(G),
so is the space §'(IR™) of tempered distributions on R".

7.2 Invariant Hilbert subspaces of S’(IR")

Given a function f € S(IR™), we define its Fourier transform f by

f@)y= [ flye ™ =vldy.

R»

This definition naturally gives rise to a Fourier transform on S’(IR"). We denote
T this Fourier transform of a tempered distribution 7' € &’(IR"™). Observe that
E = S§'(R") is a quasi-complete, barrelled, locally convex, conuclear space and
wp.q(G) is a group of continuous automorphisms of E. So the theory of Chapter 5
applies in its full strength. Moreover wy, 4 is a representation of G on S(IR") and
its contragradient is a representation of G on 8’'(R"). The first statement follows
from [10]: the space S(IR™) is precisely the space of C'*°-vectors for the oscillator
representation of the double cover of Sp(n,IR) on L?(IR"). The second statement
follows since S(IR") is a Montel space.

Let H be a Hilbert subspace of S'(IR"), invariant under wy, 4(G), and let K be
its reproducing kernel. By Schwartz’s kernel theorem (see Theorem 5.9) we can
associate to it a unique tempered distribution 7" on IR™ x IR™. This distribution
satisfies the following conditions:

1. T is a positive-definite kernel, in particular a Hermitian kernel, i.e.

2. T(x,y) =T(y,x).

3. T is wp q(G)-invariant : (wp4(g9) X wp4(g))T = T for all ¢ € G. The latter
property implies, in more detail,

3a. T(g-z,9-y) =T(x,y) for all g € O(p, q).
3b. If a € R*, then

T(ax, ay) = |a| " T(2,y).
3c. If b € R, then

e_mb([w,w]—[y,y])T(x’y) =T(z,y).
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3d. T(z,y) = T(x,v).

A straightforward example is given by T(x,y) = §(x — y), the reproducing
distribution of H = L?(IR").

As preparation for our main result, the multiplicity free decomposition of the
oscillator representation, we shall show that any of the above distributions 7T is

symmetric: T(z,y) = T(y,x). We shall do this in several steps. Observe that
T(y,x) satisfies the same conditions as T'(x,y).

Step I
By condition 3c, we obtain

SuppT' C Zpn = {(z,y) € R" x R" : [z,2] — [y,y] = 0}.

Step 1T
Let =l = En.n\(0,0), being an isotropic cone in R™ x IR". In a neighborhood
of 2/ in ]R” x IR"™ we take as coordinates s = [z, z] — [y,y] and w € Z], ,,. So we
can wrlte locally there
T=> Si(w) @6 (s)

i€l

where I is some finite subset of IN and the S; are distributions on E;m Applying
condition 3c again, we get that only the term with ¢ = 0 survives, so

T(x,y) = 6([z, 2] — [y,y]) So(w)
outside (z,y) = (0,0). It remains to study the distribution Sy on =/, .
Step III
On the open subset of =/, | given by [z, z] # 0, we get by properties 3a and 3b,
with p =1 (n —2),

SO(xvy) = [Z‘,J?]_p 0-0(“‘)17 w2)
where o is an O(p, q)-invariant distribution on X+ x X+ or X~ x X~, with X* =
{z € R"|[z,x] = £1}. Tt is known that o is symmetric: og(w1, we) = go(wa, w1)
(see [38]), hence
T(x,y) =T(y,x)
on the open subset of R"™ x R" defined by [z,2] # 0 (or, what is the same,

[y,y] # 0).

So S(z,y) = T(x,y) — T(y, x) has support contained in [z, z] = [y,y] = 0.

Step IV

Set 2, = {# € R"|[z,z] = 0}. The distribution S has support in Z,, X =,.
With the coordinates s; = [z, ], s2 = [y,y] near Z,, X Z,,, which can be taken,
provided x # 0 and y # 0, so on =/, X Z/ (in obvious notation), we get

S(l’,y) - 6([3: i)’]] [ ]) (513 52) (517 52 € E/n)

where U is an O(p, q)-invariant distribution on =/, x 2/, homogeneous of degree
—2p + 2. Here we applied 3¢ again. Since S(z,y) = —S(y, ) it easily follows that

U(&, &) = —-U(&, &).
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Before we continue the preparation, we will recall now some structure theory
of O(p, q) and some results of [9] about distributions on =/. We therefore assume
(asin [9]) p > 1, ¢ > 2. Let P be the stabilizer in O(p,q) of the line generated
by & = (1,0,...,0,1). P is a maximal parabolic subgroup and has Langlands
decomposition P = M AN.

The subgroup M consists of matrices of the form

_ o O

0
m
0

O O =

where m is a matrix of the group O(p — 1,q — 1).
The group A is the one-parameter subgroup of matrices

1 1
3(u+ a) 0 5(u— a)
Qy = 0 1 0
1
Hu-) 0 bt
where u € R,
The subgroup NV consists of matrices of the form
1 * 1
1-5Q(a) a*  3Q(a)
Ng = « 1 —
~1Q(@) o 1+1Q()
where a € R" 2. If @ = (ag,...,ap_1), then
af = _at : Ipfl.,qflv
with
I, 4 0
I, 1q1=1(""
p—1l,g-1 < 0 — q—l)
and Q(a) =3+ a—aj — - —ai, .

The group N is isomorphic to R"~2. Moreover:
Qunaa,t =n
u o Uy — Tuoe

Step V
Since O(p, q) acts transitively on =/, we can conclude that to U corresponds a
M N-invariant distribution on =/,. Call it V.

We recall some results of [9] about such distributions, see ([9], III).
Define u(§) = 1 (& — &) on Z), and set for ¢t € R, Ty = {£ | u(&) = t}.
For f € D(Z),), the space of C°-functions on =/, one can define the function

Mf on IR* by
Mﬂw=/ﬂauma—w
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M maps D(Z!) continuously onto some topological vector space F of functions

on R™ with singularities at ¢ = 0 (see also [30]). And if W is a continuous linear
form on F, the distribution V defined on =/ by

V(f)=WMf) (f €D(E,)),

ie, V.= M'W, is invariant under MN. M’ is not surjective. One has ([9],
Proposition II1.1): if V' is a distribution on Z/, invariant under M N, then

V=MW+W

where W is a continuous linear form on F and V; is a distribution on =/, MN-
invariant and with support contained in I'y.

The structure of the distributions V7 is as follows. We use the local chart in a
neighborhood of Ty given by the map from A x N to =/,

(aua ﬁa) — Gy ﬁafov

where N consists of the matrices

1-3Q(a) —a*  3Q()
—a 1 —a

3Q(a) ot 1+3Q(a)

We denote by A the differential operator in this chart given by

Mo = , aeR"Z

82 82 82 82
A= —+- 4+ -— - — ... _ .
da3 da2  dal, oz, 4

We quote [9], Théoreme II1.2 here:

Let Vi be a M N-invariant distribution on E/, with support in I'g. Then there
exist a distribution Ty on IR"™ and constants Ay, Bk, k = 1,2,...,m such that, in
the above chart,

Vi=To®06+ Z (A + By sgn(u)) |u|p+k d_u ® Ak§

= ful

where ¢ is the Dirac measure at o = 0.

Step VI
We return to our distribution V' from Step V, and write it in the form V =
M'W + V1, as above. By abuse of notation we have

V() =V(g€”) = U(ge’, €°).

Because u(§) = u(g®) = 3 [9€°, £°] satisfies u(g€®) = u(g~'¢°), we easily get that

MW (g€%) = MW (g7'€).
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Since V(g€%) = =V (g71€%), we see that 2V (g€°) = V4 (g€°) — Vi (g7 1€0).
Now
V(a;olgauofo) = U(QGUOgoa auogo) =

U(uog€®, uo€®) = |uo| ~2 2V (g€°).

Let us apply this property to the distribution V5(g€%) = V1(g€°) — Vi(g~1€9),
supported by T'y. We get with ¢ = a, £, that

-1 — o 11— o _
Oy OuTa Oy = Ay Maluy = Gulygas

hence
Vo (au Nuga 50) = |u0|7n+2T0 @ 6(0‘)
“ d
+ 5 uo| 2 (A + Byosgn (u) \u|”+kﬁ ® A*S.
u
k=1

Since Va(ay Tuga £°) = |uo| " Va(a, T €°), we get Vo = 0. So V = 0, and hence
S = 0in a neighborhood of =/, xE! | and therefore Supp S C {(0) x=Z,,}JU{E,, x(0)}.
Step VII
From property 3¢ we conclude that

([, 2] = [y, y])* S =0
for k =1,2,..., hence, combining it with property 3d, we have
AFS =0

for k=1,2,..., in particular A S = 0. Here A denotes the d’Alembertian

(8_2+...+8_2_a_2_..._8_2)_(a_2 “._'_8_2_8_2 ..... 5_2)
ox? dxZ  Oxl,, 0z2 Oy? dy2 Y2, oy2

If S has support in {(0) x E,} U{E, x (0)}, and AS = 0, it easily follows, by
recalling the local structure of such distributions, being basically a finite linear
combination of tensor products of distributions supported by Z,, and the origin,
that S = 0 (see [28],Ch.III, §10). So finally we have shown that T'(x,y) = T(y, x).

7.3 Multiplicity free decomposition of the oscillator re-
presentation

The multiplicity free decomposition of the oscillator representation, i.e. the mul-
tiplicity free decomposition into irreducible invariant Hilbert subspaces of any
wp,q(G)-invariant Hilbert subspace of S'(IR"), is now easily proved by applying
Criterion 5.6 with JT = T. If H is any invariant Hilbert subspace of S'(IR") with
reproducing kernel 7 € S'(IR™ x IR™), then T is the kernel of the space J H and the
property J H = H comes down to T'(z,y) = T(x,y). Since T is positive-definite,
this is equivalent with T'(z,y) = T(y, z) which immediately follows from Section
7.2. So we have the following result.
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Theorem 7.1. Any wy, ((G)-invariant Hilbert subspace of S’'(R™) decomposes mul-
tiplicity free into irreducible invariant Hilbert subspaces of S'(IR™).

Theorem 7.1 is well-known for H = L%(IR") C S'(IR"), see [16]. We have shown
that the result extends to any w, ,(G)-invariant Hilbert subspace of S’(IR").
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CHAPTER 8

Decomposition of the oscillator
representation of

SL(2, C) x SO(n, C)

In this chapter we determine the explicit decomposition of the oscillator represen-
tation for the groups SL(2, C) x O(1, C) and SL(2, C) x SO(n, C) with n > 2. The
main tool we use is a Fourier integral operator introduced by M. Kashiwara and
M. Vergne for real matrix groups, see [18]. For the group SL(2,C) x SO(n,C)
with n > 2, given that SO(2,C) is an abelian group, we split the proof into
the cases n = 2 and n > 3. The computation of the Plancherel measure for
SO(n,€C)/SO(n — 1,C) is required in order to compute the explicit decomposition
for the case n > 3.

81 Thecasen =1

8.1.1 The definition of the oscillator representation

Let G be the group SL(2,C) x O(1,C) and let w; be the unitary representation of
G on H = L*(C) defined by:

S@f) = fg 2, g€ o)
Al@)f) = llfe). g =(5 L) ece

altO)IG) = 0, )= (5 1) bee
wi(0)f(z) = /GQWiRe(zw)f(w)dw’ 0’<(1) _01)

C

73
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where the Fourier transform is defined by

f(z)= / e~ 2miRe (Zw)f(w)dw.
C

We call wy the oscillator representation of G. More precisely, it is the natu-
ral extension of the restriction of the metaplectic representation of the group
Sp(1,C) C Sp(2,R) to SL(2,C) x SO(1, C).

Let S(C) be the space of Schwartz functions on C. Note that S(C) is stable
under the action of wy, so is the space S'(C) of tempered distributions on C.

8.1.2 Some minimal invariant Hilbert subspaces of S’(C)

We consider L?(C) as a Hilbert subspace of S&’(C). This space can be decom-
posed as L?(C) = L*(C); @ L?(C)_ with L?(C)y = {f € L?(C) : f is even} and
L?(C)_ = {f € L*(C) : f is odd}. Irreducible unitary representations of G are of
the form 7 ® p where 7 is an irreducible representation of SL(2,C) and p one of
O(1,€C). We will now construct intertwining operators from S(C) to the Hilbert
space of such representations. Not all combinations (7, p) occur. Here are some of
these operators.
Let ps be the irreducible representation of O(1, C) defined by,

S

ps(9) =g

with s = {0,1} and g € O(1, C).
Let V;,,,0 be the space of functions on C satisfying,

/ [f () f (w)]
C

Lz wpm dzdw < 00

with 0 < m < 2, m € R. The group SL(2, C) acts irreducibly on this space by

Fma(9)(2) = les + a2 (£

with g~ ! = (CCL z), g € SL(2,C) and 0 < m < 2. (w0 belongs to the so-called

complementary series, see Chapter 3)
Let us now define an operator Fi o from S(C)4 into the Hilbert space of V; o
as follows:

Gm@@=4ﬁmWﬁM%@@

This integral exists for all z € C.
The group SL(2, C) acts irreducibly on L?(C) by

B _of cz+d ! az +b
mo,1(9) f(2) = |ez + d <|cz—|—d|) f<cz+d)
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with g~ = (Ccl Z), g € SL(2,C). (mo,; belongs to the so-called principal series,

see Chapter 3)
Let us now define an operator g ; from S(C)_ into the Hilbert space of L?(C)
as follows:

(Fop)(2) = /C ™R GO0y (y)dy

This integral exists for all z € C.
We shall show:

1) The operators F19, Fo,1 are well defined, i.e. Fiop € Vio and Fo1p €
L?(C).

2) Fi0, Fo, are continuous as operators from S(C)4, S(C)- to Vi, L*(C)
respectively.

3) The operator F o intertwines the action of wy and m o ®1id. Fo 1 intertwines
the action of wy and mp 1 ® py.

So we have:

Theorem 8.1. The operator F1,0 on S(C)4 into V1o intertwines the action wy with
m0 ®id of SL(2,C) x O(1,C). Fo1 on S(C)— into L*(C) intertwines the action
w1 with 0,1 X P1

Proof. Let us assume 1) and 2), we show 3).

It is clear that Fy 0, Fo,1 intertwine the O(1, C)-action. The intertwining re-
lations for the elements g(a) and ¢(b) are easy to check. We now check the o-
intertwining relation:

Frowi(o)e(z) = m10(0)(Fro0)(2)
for ¢ € S(C). By definition,
Frosr()p(z) = [ e GOl Ry,
Applying Proposition 6-1 from [26] we obtain,
Fros(@)ez) = 17 [ &m0 )y
= mo(0)p(2).
Doing the same for F( ; we have,
Foawi(o)p(z) = / eimRe Gy (—y)dy
C

— — —imRe 2/
= —|2|7'2 1/@6 Re /=) yo(y)dy

= mo,1(0)p(2).
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Then we have proved that F; o intertwines w; and 7 g ® id and Fy; intertwines
w1 and 0,1 ® P1. O

Now we prove 1) and 2). Let us compute ||Fy o¢||? for ¢ € S(C)4 and ||Fo 14||?
for ¢ € S(C)_. First we need the following lemma

Lemma 8.2. Let ¢ be an even function in S(C) and ¥ a continuous bounded funtion

dz
2]

2 = 1 z z
/C\Il(z Yo(z)dz = 2/@‘1’( )e(Vz)

Proof. As ¢ is an even function
/ U(22)p(2)dz = 2/ U(23)p(2)dz
C Re z>0

Doing the change of variables 22 = w we obtain

1/ dw
= 2= [ U(w)p(vw)—
1 rwewvm
and we have the result. I
Now we compute ||Fy o¢||? for ¢ € S(C)+
F 2)(F w
||-7'-1,0<PH2 _ / ( 1,090)( )( 1,090)( )dZd’LU
o2 |z — wl

[ Frae ) Fnple) g,
c? |2

Applying the last lemma

4

1 elmie (=) itRe ((y—z)w)
= 1 /03 T@(\/@) </c€ Y @(\/E)CLT) dydzdw

| [ eimRe ((zHw)y—wa)
/C4 o(Vy)e(Vr)drdydzdw

E

eimRe (zy)
= | e sy

1

Writing z = 7€, y = se'¥ with 7,5 > 0, 6, € [0,27]. We then get,

o) o0 2 27 -
/ / / / eimrs cos(04Y) o (V/sei¥ ) p(V st ) sdfdapdrds
o Jo Jo Jo
e 2w - oS 2m
/ / p(Vse¥)p(Vse?)s (/ </ eimrs Cos(eﬂb)d&) dr> dipds
o Jo 0 0
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Using the following properties of Bessel functions

27
/ eimrs cos(0+) 4o — 97 7o (mrs)
0

and
/Ooojo(r)drl
we have
IFr00l> = / / Ve )p(Vseiv)s (/ Jol 7rrs)dr> dipds
= / / " Ve )p(Vsei)dpds
= 2/@90(\/5)%\@%
= 4 [ el

= 4ol
Now we compute ||Fo 1¢]|? for ¢ € S(C)—
1Pl = [ (Foo) e
— /(D3 eZTI'Re (zy®—za )yxso( ) ( )dmdydz

1 el ( [ et Mmdx) dyd
C

4Je Iyl ||

- PVDPD)
C lyl

= 2 /C e(y)e(y)dy

= 2llell3.
This proves 1). Moreover we have 2) since actually Fj o, Fo,1 are continuous in the
L?-topology on S(C), so on S(C) itself, since the embedding of S(C) into L?(C)

is continuous.

By the Parseval’s theorem as L?(C) = L?(C), @ L*(C)_,

1 1
eIl = lle+1I” + lle-11” = ZI1F100+1” + Sl Fo10- .
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8.1.3 Decomposition of L?(C)

Clearly the subsection 8.1.2 also gives the decomposition of L?(C) into a minimal
invariant suspaces. The decomposition is multiplicity free (see next chapter) and
the irreducible unitary representations which occur are given by 7 ¢ ® id and
To,1 ® p1. In conclusion we have,

Corollary 8.3. Let ¢ be a function in S(C). We have the following Plancherel
formula

1 1
llellz = lle+11” + lle-11” = ZI1Fr00+1” + Sl Fo 101
As representations of SL(2,C) x O(1, C), we have

L2(C) = 7'(‘170 [ Zd + 7'(‘071 & p1~

8.2 The case n = 2

8.2.1 The definition of the oscillator representation
Let G be the group SL(2, C) x SO(2,C) and let wy be the unitary representation
of G on H = L?(C?) defined by:

w2(g)f(z) = f(g_1 - 2), g €50(2,0C)

slo@)fe) = loPfa). g = (5 %) acc

wa(t())f(2) = e e A f(2), t(b)<(1J If) bec
wa(0)f(z) = 2rike () fovdw. o= (0 1
o) /¢ e, (1 0)

where [z, w] = zw; + zows if 2 = (21, 22), w = (w1, ws). The Fourier transform is
defined by

f(Z) _ AQ 6727riRe ([z,w])f(w)dw

We call wy the oscillator representation of G. More precisely, it is the restriction
of the metaplectic representation of the group Sp(2, C) C Sp(4,R) to G.

Let S(€?) be the space of Schwartz functions on €2. Note that S(C?) is stable
under the action of ws, so is the space S’(C?) of tempered distributions on C2.

8.2.2 Some minimal invariant Hilbert subspaces of S’(C?)

We consider L?(C?) as a Hilbert subspace of &’(C?). Irreducible unitary repre-
sentations of G are of the form m ® p where 7 is an irreducible representation
of SL(2,C) and p one of SO(2,C). We will now construct intertwining operators
from S(C?) to the Hilbert space of such representations. Not all combinations
(m, p) occur. Some of these operators are given below.
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Let pis,s be the irreducible unitary representation of SO(2, C) defined by,
piss(g) = (a + ib)™*

. a —b 15,0 s z 0
with s € R, § € Z, g € SO(2,C), g = 0 | We set 2*5° = |z| (—) for

b [2]
zeC".
The group SL(2, C) acts irreducibly on L?(C) by

B o (cztd T (az+b
Tam(9)f(2) = lez + d (|Cz+d|> d (cz+d)

with g~ ! = <(Cl Z), g € SL(2,C), A € iR, m € Z. (7, belongs to the so-called

principal series, see Chapter 3)
Let us now define an operator Fis 5 from S(C?) into the Hilbert space L?(C)
as follows:

i 2 4y3 . is
(Fruno) () = / emRe COTD) (4 + i) o1, ya)dyr o
CQ

with s € R and § € Z. This integral exists for all z € C.
We will show that:

1) The operator Fis s is well defined, i.e. Fjs s € L?(C),

2) Fiss is continuous as operator from S(C?) to L?(C).

3) The operator Fs s intertwines the action of we and m;s 5 ® pis,s-
First we want to prove 1) and 2). We have:

Proposition 8.4. For all s € R and § € Z the operator F;s s maps S(C?) into
L?(C) and Fis s is continuous.

Proof. Observe that w? +w3 = 1 can be parametrized by the two real parameters
teR,0€R,0<0<2r as follows: any g € SO(2, C) can be uniquely written as

g = hikg

where hy = ( cosht zsmht) = < cos 6 sm€> ’

—isinht cosht —sinf cosf
Hence w? + w3 = 1 is precisely {h;kgz®| t € R,0 < 0 < 27} where 20 = (é) .

Then dtdf is both an invariant measure on SO(2, C) and on w? +w3 = 1. More
precisely, if dg is the thus defined invariant measure on G = SO(2, C), then

oo 27T
/G flg)dg = [ ) /O F(hko)dbdt (f € C.(G)).
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Then it follows:

27 fe%s)
— 2
RO /(F /0 [  FOw )| \Pdedpin (8.1)

where w; g = hekoxP.
Let ¢ € S(C?). Applying (8.1) we have

1 0o 2w
/ (21, 22)Pdz = Z/ / lo(VAwy )2 dOdtdN
C2 CJ—-oc0JO

Applying (8.1) to the intertwining operator we obtain

) 2 2 - 18
Fissp(z) = / ermRe FUtu2)) (4 4 o) 0 (1, yo)dyr dye
CZ

_ / ¢imRe (2N p() is, 6)dA (8.2)
C

1 . e’} 27 ) )
where F'(\,is,0) = Z)\“/2’5/2/ / (cosh t 4 sinh )2~ o(v/ My ) dOdt.

Since ¢ is a Schwartz class function

27
F(\is,0)] < // (v Nt o) |t

< c/ (14 e~ Nat
0

< C (1+u) Nu"tdu
Al

< C(L+ )72 In|)

by an easy calculation with N > 4. Thus F'(\,is,d) as a function of A is in
L?*(C) N L'(C) and therefore (8.2) is everywhere defined and Fis 5¢ is in L?(C).
We can see that the value of the constant C' is equal to C” Z [l¢l]a,0 where
la|<2N
|@]|la0 = sup (|z%¢(2)]) are norms in S(C?) and C’ is a constant. Then we have
z€®2

1 Fissell <C" 3 Nellao

|| <2N
for all ¢ € S(C?) where C" is another constant. Therefore we have proved that
Fis,s is continuous. O

Theorem 8.5. The operator Fis s from S(C?) into L?(C) intertwines the action of
wa with ms.5 @ pis,s of SL(2,C) x SO(2,C).
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Proof. First we prove the intertwining relation for SO(2, C). Let g be an element

of this group g = (2 _ab), then

) 2 2 . 18 —
Fisswa(g)p(z) = /cz eimRe (z(y1+y2))(y1 +iy2) ’%(9 . (Y1, y2))dy1dys.

1

Making the change of variables g7 - y = w we obtain

— (a + ib)is,& / eirch (z(wf+w§))(w1 + Z.IUQ)iS’(;QO(wl, wg)dw1dw2
2

= pis,s(9)Fiss0(2)

The intertwining relations for the elements g(a) and #(b) are easy to check. We
now check the o-intertwining relation:

Fis,sw2(0)@(2) = mis 5(0)(Fs,00)(2)
for ¢ € S(C?). By definition,

Froswa(0)p(z) = / eimRe I (y - igyy) =0~y —ya)dy.
CZ

Here we insert the following lemma:

Lemma 8.6. For every function ¢ € S(C?) one has
1 2 2 . s ~
/ e Re FUitva)) (yy 4 iyo )05 (yy, yo)dyr dye
CZ

j j 2442 . Nis
= 277072 /2 e~ A (Wit /) (yy iy )00 (y1, y2)dyndys
C
with s € R, § € Z and the Fourier transform is defined by
f(Z) — / e—27riRe ([Z’“’])f(w)dw.
CZ

Proof. We consider the auxiliary function

Brym (1, y2) = e il HI P =2l i
1,72

with 7, 79 > 0.
By definition of the Fourier transform and the dominated convergence theorem

/ cimRe (z(yf+y§))(y1 + iy2)is,6¢(y1’ yg)dy

o2

_ / eine (z(nyry%))(yl + iyg)is’é (/ 672i7rRe (y1w1+y2w2)@(w17w2)dw> dy
C2 C2

= lim lim eimRe (z(y%ﬂg))(?}l +iy2) 0 ey 1y (Y1, Y2)

To—0 71 —0 o2

) (/ 672i7rRe (y1w1+y2w2)¢(w17w2)dw) dy
C2
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Using Fubini’s theorem we get that the integral above is equal to

3 2 2 . is
/2 (w1, ws) (/2 ¢iRe (Fi ) 2vrwrtawa) () 4 oo )isdg (yl,m)dy) dw
C C

Let us perform the change of variables

y = Su, w=.Sv,

where S = % ( 1‘ 1) The above integral then equals

—1 1
4%/ @(Sv) (/ gimRe ((zu1u2)—(u1v2+u2v1))ugs,5e—nu1|2—‘r2u22du> dv (83)
Cc2 c2

The inner integral becomes

s _ 2 ; - - 2
/uzls, e imRe (ulvg)e 71 |u1| </ ¢imRe ((zu1 v1)u2)e T2|uz| dUQ> duy
C

C
2 2
s is. 8 —i _ 2 _ molzug—vg|
_ T ui*e imRe (ulvz)e 71 |ua| e Irg
T2 J¢

Ui .

Taking the limit 71 — 0, by the dominated convergence theorem, we see that (8.3)
converges to

= /@(Sv) U0 e imRe ““””e’wdul dv

427'2 C2 C
1, 5 ™ _ Pl ? “imRe (M2}, 1 \iss

= —|z| — [ e 72 ©(Sv)e™ ™ T (27 g ) 0 dug ) dug | doy
4 c l4m2 Je C

Now the term in the inner parenthesis, as a function of v is in L'(C) and taking
the limit 75 — 0 we know that the term in the outer parenthesis tends to this term:

[ ps0peme (i
C

in the space L'(C, dvy). Thus the integral becomes
1 . w1 )
Tl [ p(suenimme (5 sy

_ Z—is,—5|z|—2/ e—i‘rch ((W2+y32)/2) (y1 + iyg)“"s@(yhyz)dy
o2

We have thus proved the lemma. [J

Applying this lemma it follows

—i8,— — -1
Fiosn(@)p(s) = (~1%2 a2 Fopo( )
= ’/Tis,é(o—)fis,&w(z)

and Theorem 8.5 is proven. [J
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8.2.3 Decomposition of L?(C?)

Let us compute ||p||2. Making use of Plancherel’s theorem on the abelian group
SO(2,C) and (8.2) it follows

1 oo 27
/ o(21,20)%dz = 7// / lo(VAwy )2 dOdtdN
Cc2 4 CJ—c0 JO

_ % [ (Z /}R |F()\,is,6)|2ds> dA

OEZ

4 e
= ;Z/R‘/C|F()\,ZS,(5)| dXds

0EZ

1
= =2 [ IFuselas

0EZ

The above result also gives the decomposition of L?(C?) into minimal invariant
subspaces. The decomposition is multiplicity free and the irreducible unitary re-
presentations which occur are given by ;s s ® pis,s. In conclusion, we have

Corollary 8.7. Let ¢ be a function in S(C?). We have the following Plancherel

formula
1
2 2
|lell2 12 E /]R” bp||7ds

0EZ
As representations of SL(2,C) x SO(2,C), we have

L2(®2) = Z /]Rﬂ'is,é & pis,6d3~

0€EZ

8.3 The case n > 3

To determine the explicit decomposition of the oscillator representation for the
dual pair SL(2, C) x SO(n, C) with n > 3 we compute first the Plancherel formula
for SO(n,C)/SO(n —1,C), n > 3.

8.3.1 Plancherel formula for SO(n,C)/SO(n — 1,C), n > 3

8.3.1.1 The symmetric spaces SO(n,C)/SO(n — 1,C) for n > 3

Let G be the group SO(n,C). G acts on C" in the usual manner. Let [,] be the
G-invariant bilinear form on C”, given by,

(2,2 = 2120 4+ -+ + 202,

if 2 = (21,...,2n), 2 = (2},...,2)). The (algebraic) manifold [z,z] = 27 +--- +

7N
22 =1, called X, is invariant under this action, and G acts transitively on X.

Let 2° be the vector (1,0,...,0) in X. The stabilizer of 2° in G is equal to



84 Chapter 8. Decomposition of the oscillator representation

H =S0O(n —1,C). The space X is a complex manifold, homeomorphic to G/H.
Set

-1 0 0

0 1 0
J = )

0 O 1

J is not in G, but —J is as soon as n is odd. Define the involutive automorphism
o of G by o(g) = JgJ. Then H is of index 2 in the stabilizer H, of 0. So G/H is
a complex symmetric space. Observe that o is an inner automorphism if n is odd.
We will pass now to the Lie algebra g of G. Let g = h + q be the decomposition of
g into eigenspaces for the eigenvalues +1 and —1 for . Then we have:

0 --- 0
h= Ly : Ycomplex, antisymmetric » ,
0
0 29 P Zn
—29
q: . :ZQ,...,ZHG(D
: -0
—2n
0 1
Write L = [ -1 0 € g. This element actually belongs to q N € where
%

t = so(n,IR), the real antisymmetric matrices. The Lie algebra £ belongs to
K =8S0(n,R). Clearly g = t+ €. Call p =4it. Then iL € qNp.
The Lie algebra a = CL is a maximal abelian subspace of ¢; a is a Cartan subspace
of q with respect to o. Let m be the centralizer of a in . Then

0 0 0

00 --- 0

m= . :Y € so(n—2,0C)
Y
0 0

Let g+ be the eigenspaces of ad(iL) for the eigenvalues +1. Then

0 0 Ip
g =<X(p)=[0 0 ip|:peC?
-p —ip 0
and g— = o(gy+). We have the following decomposition of g into eigenspaces of

ad(iL):
g=g_-dOmBadgy.
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Set n = g_. Then n is a nilpotent subalgebra of g. The connected subgroup A and
N of G corresponding to the Lie subalgebras a and n are given by:

cosz sinz 0
A=<Sa,=expzL=|—sinz cosz 0 rzeC
0 0 171—2

and
Ltslppl iyl i'p o
N=qnp)=| zilp.pl 1-3lpp] —'p|:peC
—1p p In72

Let £° be the vector (1,4,0,...,0). Define Py : X — C by Py(z) = [,£"].
Observe that Py(na,ha®) =e % forn € N, a, € A, h € H.

Proposition 8.8. (i) The set NAH is open in G and dense. One has: g € NAH
if and only if Py(gx®) # 0.

(i) The map (n,a,h) — nah is a submersion and an immersion.

(ii) nah =n'd'h’ if and only if n=n', a=4d', h="H.

8.3.1.2 The cone E = G/M N and the Poisson kernel

The centralizer M of a in H consists of the elements of G of the form:

100 -~ 0
010 - 0

0 0 , with h € SO(n — 2, C).
Do h

0 0

Furthermore Zg(a) = MA, MNA = {e}. Put Z={z € C" : [z,2] =0,z # 0}, the
isotropic cone. The group G acts transitively on = and Stab(¢%) = M N, so = can
be identified with G/M N. The stabilizer of {)\50 A€ (D} is equal to P = M AN,
a parabolic subgroup of G.

Let K = SO(n,IR) as before, a maximal compact subgroup of G. Then G =
KP,KNP=(KNnM)exp(RL). So G -&° = K exp(iRL) - Y. Define for x € X
and € € £,

P is called the Poisson kernel and assumes all complex values. The following
properties are immediate:

(i) Pgz,g€) = P(z,§) for g € G,
(i) P(,8") = Po(2).
(iii) Define P: Z x 2 — C by P(&, &) = [£,¢]. Then one has:

P(gg?,€) =2 lim e~"P(ga_y2",€) (g€ Q).
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8.3.1.3 The representations s ¢

Write A = Agr Ay with Ag = exp(IRL), Ar = exp(iIRL). The subgroup P = M AN
is a maximal parabolic subgroup of G with Langlands decomposition

P = (MAR)A[N.

Observe that Ag is compact.
Define

—i0x S
Ts,s(Magayn) = e e’V

with § € Z, s € C a representation of P and define

s, = ind TS.s-
PG 7

The space of 755 is called Ej s and consists of complex-valued C*°-functions f on
G satisfying 4
flgmagiyn) = =PV f(g) (g€ @)

where p =n — 2.
The representation s  is then given by

W&,s(g)f(x) = f(g_lx) (xvg € G; f € E5,5)~

The following lemma is standard.

Lemma 8.9. Let f € D(G). Then, with suitable normalization of Haar measures,

/G f(g)dg = /K /M /A /N f(kmazn)e 2P 2 dkdmdzdn.

It follows that the non-degenerate sesquilinear form <, > on Es ;X Es s defined
by
< fih>— / FORYR(k)dk = / FO)R(B)b
K B=K/(MNK)

is G-invariant. Hence 75, is pre-unitary for s € iIR.

8.3.1.4 Realization on the cone =

Since the functions in Ej s are right M N-invariant they can be viewed as functions
on Z: to f € Ess we associate f(£) = f(g) if £ = g€°. Since a,£° = €*#¢°, we
easily get the precise properties of the functions on =:

s
A - = *
1080 = () Wse €ezaee). (8.4
G acts on Ej54(Z) by m55(9)f(€) = f(g7¢). According to Theorem 8.3 in [36],
75,5 (s € iR) is irreducible and pre-unitary for s # 0.
We will not make a more detailed study of the representations s s concerning
irreducibility, equivalence, unitarity etc.
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The cases n = 3,4 are well-known through the isomorphism
SO(3,C) ~ SL(2,C)/{£1} and SO(4,C) ~ SL(2,C) x SL(2,C).

But the cases n > 4 should be treated, and we should consider SO(3,C) and
SO(4, C) as part of these cases. A major point in the analysis of the representations
ms,s would be the description of their K-types. We will give it only for reference
here.

8.3.1.5 The K-types of 75

Clearly any function in FEj s is completely determined by its restriction to K.
Actually we get Cg°(K), the space of C*°-functions on K satisfying:

- f(kay) = e“sa:f(k)
- f(km) = f(k)ifme MNK =2SO(n—2,R).

If we set B = K -£° then B ~ K/(MNK). So, Ess ~ C°(B), the space of
C>-functions on B satisfying f(\b) = A2 f(b) (A € C, |\| = 1). As a representation
of K (so restricting ms s to K), this space is just the space of

ind e~ 0w,
(KNM)ARTK

Clearly
L*(B) = @ L}(B) (orthogonal direct sum).
S€Z

It is well-known that Lg(B) splits multiplicity free into irreducible representa-
tions of K. We need a detailed description of the K-types. We refer therefore to
[31].

We introduce the following notation. Let H,(z) be the space of harmonic
polynomials on C", homogeneous of degree j; harmonic meaning:

0? 0? )
(8—2%+-~-+6—Z?l)p(z) =0 ifpeH,;)

with p(z) = p(z1,...,2n). So H;(z) is the complexification of H;(IR"), the har-
monic polynomials on IR", homogeneous of degree j. These polynomials are com-
pletely determined by their values on S"~! = {z € R" : 2% + --- + 22 = 1}. The
group K acts irreducibly on H;, as well as G. So we can speak of highest and
lowest weight vectors (for the G-action). Clearly p(z) = [z,£°)9 is a highest weight
vector with weight e=7¢.

We also consider the spaces H;(z) (complex conjugates of elements in H,;(z)).
The K representation is “the same”. Set Hun, .my = Him, (2) ® Him, (2). The space
B can be seen as the variety [2,2] = 0, [2,2] = 2 in C". Let £ as before
and &' = (0,0,1,4,0,---,0) is n > 4. According to [31] we have the following.
The irreducible representations of SO(n), which occur in the decomposition of
L?(SO(n)/SO(n — 2)) are of the form Ry, m, with m = (m1,ms,0,...,0) highest
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weight, m1 > mg >0 (n > 4).
The representation Ry, m, occurs m; — mg + 1 times and has a unique represen-
tative in Hi, 4my 15+ms With I1 + 1o = my —mg, I1 > 0, I3 > 0. The highest weight
in these spaces is:

2,61 [2,€°) ([2, €[, €'] — [2, €[z, €)™
Clearly, if l; — ly = 6, we are in L(B); this occurs once. So we get for n > 4:

Proposition 8.10. Ifn > 4, then

LiB) = @ Roits4mm if 62>0
1>0,m>0

= @ R2l75+m,m Zf 6 <0.
1>0,m>0

The highest weight vectors are:
You(2) = [, €17, ([2.€°7.6' - [2. 176N (620
and
Vou(2) = [2. €167 (2. €7, - [2.€'1[7,6)™ (6 <0)
respectively.
Remark 8.11. For n = 3 we have to replace ¢! by es = (0,0,1) and only take

mo = 0 or 1; for n = 4 we have to take in addition the vectors where &' is replaced
by Zl. We refer to [31], for more details.

Let us denote the representations Ry |5|4m,m just by p?’m; observe that p?’m ~
p 2 the identification is given by the map ¢(z) — ¢(%).

8.3.1.6 Casimir operators

Let D(X) be the algebra of invariant differential operators on X. Observe that the
(real) rank of X = G/H is equal 2. So D(X) has two generators. We shall present
now these generators. Both belong to the center of U(g). We shall also study
the effect of their action on Ej . The Lie algebra g is complex with Killing form
F(X,Y) = (n—2)tr XY. This form F is non-degenerate, Ad(G)-invariant and
complex bilinear. This gives rise, by well-known techniques, to a holomorphic and
an anti-holomorphic invariant differential operator; call them 2; and Q5. Then
0 =Qy 4 Qs is the Casimir operator. According to [20] we have:

Proposition 8.12. The holomorphic invariant operator is equal to the following

U = oty () = i) + 43 30NN, + 3 622

where Y € g corresponds to (Y f)(g) = %f(g exp zY)|Z:0, f holomorphic. For
notation see [20].
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Let f € Es 5. Then
1 0? 0
(2 f)lg) = =2 (@ - P@) flgaiz)|._,

1 82 0 —(s—p)x —16
= 5o (5 ) O

= somg (9= 1)

where 2 =1 (£ —i2).
Similarly, )
(Q21)(9) = Sn—2) ((s = 8)* = p?) f(9)-

Let Q be the Casimir operator of the real Lie algebra g. Then

Qf)(g) = (s +6%—p°) flg) for f € Es,s.

4(n —2)

8.3.1.7 Construction of the spherical distributions

Define Py : 2 — C by Pi(§) = [2°,£] = &. If f € Ej54(Z), define

Zs.(f) = /B Py(b)=*=P3 £ (b)db

1
with y*! = |y|* (l%l) .
We want to extend the analytic distribution-valued function s — Z; 5, defined
on {s | Re s < —p+ 1} to a meromorphic distribution-valued function on C.

Proposition 8.13. If f € E;(2), the integral defining Zs s(f) is absolutely con-
vergent for Re (s) < —p + 1 which has a meromorphic continuation with at most
simple poles at {—p + |8] +2,—p+ 5| +4,—p+ 5| +6,...}.

Proof. We use the identification of B with ¥ = {0 = (p,q)| p,q € S@R"), (p,q) =
0}. The integral Zs s(f) can be written as
Zisf) = [ Pyt an
B
= /E(pl +iq) P f(p1 + gy o+ ign)d(p, @)
where d(p, q) is a measure on X. By (8.4) a function f is a function on X with the
property

5
VAECAAO0 f(Ao) =|A[F (ﬁ) (o). (8.5)

Then we use a very important lemma.
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Lemma 8.14. The following equality holds for x € C*, Re A > —1

e, ) [o* -, () = / |Re (uz)|* - sgn” (Re (uz)) - 6, (u)du,
|z U(1,C)
where e(v, \) = —2OTURN  Here 5, (%) = e? for some v € 7.

RSz ypsasy

The proof is given in [3], Appendix B, section B.2.
This lemma permits to write down the integral Zs s(f) in the form

F( —5—p+5+2 )P( —s—p—6+2)
Ts o = 2 2 . —5—p,8, 8
55(0) T s o JuRe (@1 + i)

since for a € R, |a|* - sgn'a = a™. We change the variables p; + ig; — (p; +
igj)u~t with j =1,...,n. By (8.5) one has

F( —s—p2+5+2 )F( —s—p—03042 )

Zss(f) = 25T (1 — s — 5)

/ U Py TP f(py + i, - - P+ ign)d(p, @) | du
va,o) Ls

Using classical results for the distributions |z|* and |z|* sgnz ([11]), we see that
the integral in square brackets can be analytically continued to the entire s-plane
with at most simple poles at

s = —p+1,—p+3,—p+5,... ifdiseven;

s = —p+2,—p+4,—p+6,... if§isodd.
The Gamma function I'(e) is known to have simple poles at ¢ = 0,—1,—2,...
Thus, Zss(f) admits a meromorphic continuation with at most simple poles at
s=—p+0+2,—p+6+4,—p+i+6,...

If we change ¢ — —6 and consider Z_;s(f) we obtain the same answer for
Z_5s(f). So, in fact, Z5s(f) admits a meromorphic continuation with at most
simple poles at s = —p+ 0| +2,—p+ [0] +4,—p+ |0] +6,... O

Let us write for f € Ej 5(E)

1
—s— [
F( P;r| |+2)

ué,s(f) = Zé,s(f)

Then by the above proposition, the function us s(f) is an entire function of s € C.
Furthermore:

uss € Bss(2)  (s€C)
w5 (h)us,s = s, forall he H.

If ¢ € D(G) we define:

4-575(90) =< U577§77T5j;>0(90)u5,s > .
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Proposition 8.15. The distribution (55 is an H-bi-invariant eigendistribution of
D(X):

MG, ((5 + 5)2 - 102) Cs,s

8(n—2)
1

QaGs,s m

((s =0)* = p?) Gos-

8.3.1.8 Intertwining operators

Let f € E54(Z). Define

(4s.0)(€) = [ PlED 07 f0),
This is a meromorphic function of s € C.
Lemma 8.16. (i) If f € Es 5, then Assf € E_s5_s.
(ii) Ass: Ess — E_s5_s is continuous.
(ii3) As,s intertwines the action of G:
Assomss(g) =m_s_s(g)0Ass forall geq.

Let w € K be the element

01 0
1 0 0
00 -1
I
Then wLw™! = —L and wNw~! = N. An easy calculation shows that

(Asof) (g€%) = 27573 /ﬁ F(guwng®)dm

provided dn is suitably normalized. This is the standard intertwining operator,
see [19].
8.3.1.9 The Fourier transform

We start with the Cartan-Berger decomposition of X.

Lemma 8.17. (i) There holds G = KEH, with AT = {a_y = exp—itL : t >
0}. More precisely: to any x € G corresponds a unique t > 0 such that
r € Ka_; H.

(i) The set C*°(K \ G/H) is (by restriction to Ar) in bijective correspondence
with C*° (R)eve™.
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(iii) The map K/M x Ry — G/H defined by (k,t) — ka_iH, is a diffeomor-
phism onto an open subset of G/H.

Choose from now on the G-invariant measure dx on X such that:

/XSD(SU)de:/K/M /000 o(ka_;;2°) A(t)dkdt,

where dk is the Haar measure of K with total volume 1 and A(t) = (sinh 2¢)"2.

Definition 8.18. If ¢ € D(X), then the Fourier transform Fj ,¢ is given by
o) €)= [ P P pads (Re (5> p)

If ¢ € D(G), then
(]:5,5()0) (f) = (‘7:5,3500) (6)

where

polx) = /H p(gh)dh  (z = ga°),
where dh is the Haar measure of H such as dg = dhdzx.
We have:

(i) For fixed §, the map s — F5 () is meromorphic in s.

(ii) .7:575(90) € Fs .

(iii) Fs,s commutes with the G-action.
(iv)

Fss(p) = ﬁ ((s+0)* = p?) Fs,5(0)

1

Fs,5(Qap) = 8(n=2) ((s = 6)* = p?) Fs.s()

Remark 8.19. The spherical distributions are related to the Fourier transform. If

v is a function in D(G), then we have the following relation:

1
Gan@*9) = == . [ 1FspPa
F(7157p2+|5|+2)1—\(257p1;|5|+2) B

with ¢(g) = ¢(g~1) and s € R.
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8.3.1.10 The Plancherel formula

In this section we will formulate the Plancherel theorem. For this we use the same
method as Van den Ban. In our case only one parabolic subgroup occurs. To
define the Plancherel measure, we need, as Van den Ban has done, to construct a
specific intertwining operator T , between 75 s(g) and 75 _5(g). Composing T _
with T, we have an intertwining operator from Ejs(Z) to Ess(Z). Then using
the Schur’s lemma we arrive to the conclussion that this must be a constant. For
more details see [36].

We begin with the construction of Ts 5. Let Ag : Es s(2) — E_54(E) be given
by ©(§) — ¢(£). Then

Agomss(9) = m—5,5(g) © Ao
where g is the complex conjugate of g. Observe that K is fixed under this conjuga-
tion. Ag o As s is an intertwining operator between 75 5(g) and w5 _s(g) with As s
as before. Calling A%,s = Ag o As. s, the specific operator T s is equal to 25+pAg’S.
We have Ts s o Ts s is an intertwining operator between Ej 4(Z) and E5 s(Z). By
Schur’s lemma Ts_, 0 Ts, = M. Taking & = €0, f(b) = [¢°,0)° if 6 > 0 and
€ =¢9 f(b) = [€°,b]7° if § < 0. Applying Schur’s lemma for s ¢ restricted to
K it follows T5f(€) = ¢(6,s)f(€) and ¢(d,s) = ¢(0,s — |d]) for all 6. Therefore
A =¢(0,8)c(d, —s).
We compute the value of ¢(0, s). Taking ¢ = €0 and f = 1, we obtain

c(0,s) = (To.of)(€9)
= 257P(A . F)(£0)

= oot / [P0, )| > b
B

= gt / P, ke®) > dk
K

= 25tr 2 lim e 'P(ka_yua®, %) "5 dk
K — 00

= tlim e(Ser)t/ |P(ka_gx°, %)~ dk. (8.6)
Let ¢(t, s) be equal to / |P(ka_;;2°,€%)|7*~Pdk. Using property (iv) of the

Fourier transform, we obtain that u = ¢(. , —s) is a solution of

1 d du 9 9
MEA@)E = (5" —p)u.

We can solve this equation by first deriving a differential equation for v(t) =
(cosh 2t)(=5+P)/24(t), and then substituting tanh? 2¢ as a new variable in the equa-
tion thus found, to obtain a hypergeometric differential equation. Solving the latter
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we find (using the fact that ¢(¢, —s) is regular for ¢ = 0)

(p—s p—s+2 1+p

_ hot) (=02
u(t) = (s) (cosh 20) s

tanh? 2t).

We now determine 3(s)
5s) = ul0) = [ 1P ) a
K
- / 152 1 52|92
Snfl

2 ™ T ) . . o .
N W/O /0 (sinf)*~PF1 L (sinp1)* " 2d0y ... dby 1.

[ L(+5%) .
Using / sin® tdt = /1 =<, we obtain
0 (=5%)
_ 2m n—2 F(S_§+2)
ﬂ(s) V01(5n71)<\/%) F(37g+n
F( F(s §+2)

Substituting this value in (8.6) and using relations between hypergeometric
functions see [6], we get

pts pts+2 1+p

c(0,s) = 75li)rgoe(s'“’)tﬂ(—ts:)(cosh275)(_5_’3)/2}7( 1 1Ty

tanh? 2t)

P(E)T(E)
o2 DD (ET()
D= D (55T (22
LT (=) (52)

Remark 8.20. During the calculation we had to assume Re (s) < —p, but the result
is valid for all s, because both sides of the equality are meromorphic functions of
s.

Now we can compute the value of ¢(d, )

L (§)D(52)0 (=52 T (=3 1)

— op—1
c(d,8) =2 ﬁr(_s+‘52\_p+n)r(—s+\25\+p)
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Theorem 8.21. Let f € D(X). Then it follows

112 = CZ/| Sl s

0EZ
with C a positive constant.

Remark 8.22. Taking the same normalization of the measures as Van den Ban,
the value of the constant C is equal to 7.

-1
Remark 8.23. Forn = 3 the value of ¢(d, s) is W and we obtain the Plancherel
s —

formula of SL(2,C)/SO(2,C). Forn =4 we get ¢(d,s) = ﬁ and we obtain
5 —

the Plancherel formula of SL(2, C) x SL(2,C)/D, where D stands for the diagonal

of SL(2,C) x SL(2,C).

8.3.2 Decomposition of L?(C™)
8.3.2.1 The definition of the oscillator representation

Let G be the group SL(2,C) x SO(n,C) with n > 3 and let w, be the unitary
representation of G on H = L?(C") defined by:

wn(g)f(z) = f(g_l : Z)’ g€ SO(’I’L,(D)
sulol@)f) = lafed). gl = (G L) eee

wn(t D) f(z) = e iR Gl o) g(p) = ((1) ?) bee
wn(a')f(z) — /n eQiTrRe ([zw])f(w)dw’ o= <(1) _01>

where [z, w] = zyw1 +2zowa+- - F 2wy if 2 = (21,22, . .., 2n), w = (W1, Wa, ..., Wy).
We call w,, the oscillator representation of G. More precisely, it is the restriction
of the metaplectic representation of the group Sp(n,C) C Sp(2n,R) to G.

Let S(C™) be the space of Schwartz functions on C”. Note that S(C") is stable
under the action of wy,, so is the space S'(C") of tempered distributions on C".

8.3.2.2 Some minimal invariant Hilbert subspaces of S’(C"™)

We consider L?(C") as a Hilbert subspace of 8’(C") and we will try to decompose
it into minimal invariant Hilbert subspaces. Irreducible unitary representations of
G are of the form 7 ® p where 7 is an irreducible representation of SL(2,C) and p
one of SO(n, C). We will now construct intertwining operators from S(C") to the
Hilbert space of such representations. Not all combinations (7, p) occur. Here are
some of these operators.
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Let E5s(Z) be the space of C*-functions on = = {z € C" : [z,2] =0,z # 0}
such that:
A\°
100 = () e (eezaee)
with § € Z, s € C.
The group SO(n, C) acts irreducibly on Ej5(Z) by

pss(9)f(z)=flg™" - 2)

for s # 0, with g € SO(n,C) and f € E;s(E). The representation is pre-unitary
for s € ilR, see Section 8.3.1. Let us denote the unitary completion of this space
by H57s.

The group SL(2, C) acts irreducibly on L?(C) by

- o eztd -m az+b
m(9)f(2) = |cz +d] (|cz+d|> f(cz—i—d)

with g~ ! = ch Z , g €SL(2,0), A € iR, m € Z. (75, belongs to the so-called

principal series, see Chapter 3).
Let us now define an operator F;s s from S(C") into the Hilbert space L?(C)
®oMs.is as follows:

(Fios)(2:6) = / eI CLww) [y, €659 (w)duw (87)

n

withs € R, §€Z,2€ Cand £ € =.
We will show that:

1) The operator Fj, s is well defined, i.e. Fys 5 € L*(C)®2Hs is-
2) Fis.s is continuous as operator from S(C™) to L2(C)@2Hs is-
3) The operator F;s s intertwines the action of w, and ms 5 ® pis,s.

First, we want to prove 1) and 2).
We have:

Proposition 8.24. For all s € R and § € Z the operator F;s s maps S(C™) into
L?(C)®2Hs.is and Fis s is continuous.

Proof. We take ¢ = £ = (1,4,0,...,0) in (8.7). To get the result we divide the
proof in several steps.

1. Consider the following map:

(Fo)(2) = / CI
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for z € C, p € S(C). We will make some estimations for |(Fy)(z)|, which
we need later on.

We may assume z € R. Indeed, writing z = |z|e?’ we obtain:
(Fe)(z) = (Fe1)(|2])

with @1 (w) = @(e=/?w).
So assume z € IR. Then

. 2 2
(Po)) = [ e (o, y)dady.

Set £ +y =u, x —y =v. Then

1 . u+v u—v
F _ - T ZUY dudv.
(Pl =5 [ e (5015 ) dudo

1 _ _
Write g(t,v) = 5/ e (u ; v’ 4 5 v) du. This is again a Schwartz
R

function in S(IR?), and

(Fo)(z) = /}R g(z0,0)dv.
So we have:

[(F)(2)| < sup [(1 +t2+ T2)N\g(t,7")|] /]R(l + |zv]? + v?) " Ndv

t,r

with N a positive integer.

The Schwartz-norm

lgll = sup (14 + ) Ng(t,r)]]

is bounded by a Schwartz-norm of @1 (“£%, “5%), hence by a Schwartz-norm

of 1, hence by a Schwartz-norm of ¢, since all operations which occur are
continuous S(IR?) — S(IR?).

So we get for z € C:

(Fo)) < Cllgll /}R (14 (14 2P)?) ™ o
< COllgli(1+ |2?) V2 / (1+02) Ny
R
< Ol [V

with C and C’ constants.
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2. Consider now

(fis,zS(P)(Z) = /2 cimRe (z(w§+w§))(w1 + iw2)is—p76<’0(w17w2)dw1dw2
C
forisc C,peIN,§€Z, 2 € C, p € S(C?).

The integral exists anyway for Re (is) > p. For other is we use analytic
continuation.

To estimate (F;s,5¢)(2) also for these is, we need an explicit description of
this analytic continuation. We make use of [24], p. 138,139.

Perform the change of variables y; = wy + tws, yo = w1 — tws. Then we get

1 3 i5— B
(Fisso)(2) = 1 /2 el (Zy1y2)y1 p’6</7 <y1 + Y2, L 5 y2) dy1dys
C
. Y1 8
= [l () atemmpan (53)
C |Y1]

1 _ _
where g(u,y1) = Z/ ¢imRe (y2u) <y1 + o, L - y2) dys. Now g is again
C

in S(C?) and the operation ¢ <y1 + Yo, w) — g(u,y1) is continuous
i
S(C?) — S(C?).
i0

We write this integral using polar coordinates y; = re'’,

(fis,gw)(z):/ ris_pﬂh(z,r)dr
0

2
where h(z,7) = / g(zre®® rei?)ei?dg.
0

Now the meromorphic continuation reads:

_ (1! !
(Fiss)2) = o= 2y s = 1yis /0 g iz r)dr

One has:

gh(z 7) /QTF [zewig(zrew Teie) +Zefwig(zrew Teie)
or 0 Oy ’ 9y, ’
in 0

+e
0y

o ) S
g(zrew, rew) +e ¥ Fg(zrew, rew)] e 4.
Ya

Hence, for some s € R,

(Fso) A < Cllall @+ B2F [ (142 ) ar
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for some Schwartz-norm of g, depending on a positive integer N and with C
a constant.

This gives:
CNlgll(1 + |22) 57 (1 + |2[?) /2

Clgll(L + =2y
Ol (1 + |22

|(Fis,s0)(2)]

ININ TN

for some Schwartz-norm of ¢ and C, C’, C" constants.

k
Remark 8.25. It follows that %h(z, 0)=0fork=0,1,...,|5|—1. So (8.8)
r

is the actual analytic continuation to Re (is) > p — |0] — 2.

Define by analytic continuation

(Fis,s0)(2,€°) =/ e'mRe Gl () 4 a0 p(w) dw

withseR,p=n—-2,0€Z,z€C, p € S(C").
Applying 1. and 2. step by step we get:
n—2
(Fiss0) (2,60 < Cllell(1+ 227 1+ [2*) 7"
< Cllpll(X+[=*)71

for some Schwartz-norm of ¢ and with C' a constant.
Define by analytic continuation:

n

(-7:1'5,5@)(2’7 S) = / eiﬂ-Re (z[w,w})[w’ 5]is_p76<p(w)dw

¢ € B=K¢ K = SO(n,R). This is a C®-function of (z,£). Then clearly,
writing ¢ = k€0 for some k € K, we get:

(Fis.s0)(2,€) = (Fiss(Lup))(2,€°),

SO
|(Fiss0)(2,6) < Cllll(1 + [2*) 7

for all £, for some Schwartz-norm of ¢ and with C' a constant. Hence (Fis 59)(2, )
€ L*(C x B), and ¢ — Fis 5¢ is continuous S(C") — L*(C x B). O
In order to prove the intertwining relation we introduce the following lemma.

Lemma 8.26. For every function ¢ € S(C") one has
/ eiﬂ'Re (z[w,w]) [w’ f]is";@(w)dw

:Zfis,fé‘z|fn/ emimRe ([w,wl/2) [y ¢] () dw
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with € € 2, s € R, § € Z and the Fourier transform is defined by

f(Z) _ ‘/Cn e—QTriRe ([z,w])f(w)dw

Proof. By definition
/ eiTrRe (z[w,w]) [w7 5]”’5<ﬁ(w)dw

— / (,O(x) </ eiﬂ'(Re (z[w,w])—2Re ([w,w])) [’w7§}is’6dw> da

We claim that the inner integral is equal to
/ eiﬂ' (Re (z[w,w])—2Re ([wﬂc])) [w’ f]is’éd’w

_ Zfis,76|z‘fn[x,g]is,éefiﬂ'Re ([z,z]/=z) (89)

By the SO(n, C)-invariance of the equality it suffices to prove it for ¢ =(1,14,0,...,0)
€ 2. In that case, writing w = (w1, ws,w) in C x C x C" 2, we have

/ eiﬂ'(Re (z[w,w])—2Re ([w,w])) [U), g]is,édw

_ (/ eiﬂ' (Re (z2(wi+w3))—2Re (u;111+1z)2m2)) (’U)1 + iw2)is,5dw1dw2>
o2

_ / oim(Re Glw,a])—2Re ([0.2]) gz
on—2

It follows from Lemma 8.6 in Section 8.2 that the first integral in the above is:
/ eiTr(Re (z(wf—&-wg))—QRe (wlwl—i-ngz)) (wl + iWQ)iS’(sdwlde
C2
— Zfis,fé‘z|f2(x1 + ix2)is,6efi7rRe ((zf+x§)/z)
The second integral, by the Bochner formula (see Lemma 4.5 in [17]) is:

/ eiﬂ'(Re (z[w,w])—2Re ([w,x]))du—} — |z|—n+2e—i7rRe ([i,i]/z)

Cn72

Multiplying these two we have thus proved the equality (8.9) and thus the lemma.
O

Remark 8.27. We note here that we can, as in the proof of Lemma 8.6 in Section
8.2, introduce the Gaussian kernel and prove the above lemma rigorously.

So we have:

Theorem 8.28. For s € R, 6 € Z the operator F;s s intertwines the action w,, with
Tis,s @ ps,is of SL(2,C) x SO(n,C).



8.3. The casen >3 101

Proof. It is clear that F;s s intertwines the SO(n,C)-action. The intertwining
relations for the elements g(a) and t(b) are easy to check. We now check the
o-intertwining relation:

fis,éwn(a)w(zvg) = 7Tz'875(0')(fi5,590)(2,€) (810)

for ¢ € S(C™). By definition,

Frvston(0)p(z,€) = / ¢ (L) [y €559 3(—0)du.

n

Lemma 8.26 easily implies (8.10) and thus the theorem. [

8.3.2.3 Decomposition of L2(C"™)

First we introduce the following lemma.

Lemma 8.29. Let f be a function in S(C™). Then the relation
fera= [ [ FOWNP2dAdp(w)
cn CJw?+ - Fw2=1

holds where du(w) is a suitably normalized SO(n, C)-invariant measure on X =
{fweC| wi+ - +w?=1}

Proof. Let T be the map from C™ \ {z? + --- 4+ 22 = 0} into C x X where
X ={w € C" : w} + - +w? = 1} such that for every z we have T(z) =

(\/ﬁ, V22 + -+ 22). Then T is a diffeomorphism and we can apply the

theorem of change of variables. Therefore we obtain

(2)dz = / FOW)TO, w)dp(w)dA (8.11)
Ccn CxX

Now we want to compute the value of this function J(A, w). First we see that the
function J does not depend on w, i.e. J(A,w) = J(A). Let g be an element of
SO(n, C). Then we get for all functions f

f@ds = [ flg- e
cn cn
= [ flo- Gu) IO w)duw)ax
CxX
- / T w) (A w)duu)

= [ w0 wda(w)in
CxX
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since dp(w) is an SO(n, C)-invariant measure on X. Comparing this relation with
(8.11) we see that J (A, w) = J(A, g-w) for all g € SO(n, C). This means J(A,w) =
J(A). Therefore it is proven that

(2)dz = / FOW)TON)dp(w)dA
Ccn CxX

Now we will compute the value of J(\). Let o € C*. Then we have

flaz)dz
Cn

/ flaiw) J(N)dp(w)dA
CxX

[ s0wI0a el Zdu(w)ix
CxX
On the other hand we can write the above integral as follows

flaz)de = Ja]™" [ j(2)dz
cn cn

= fol™ [ W) IO)du(w)ix
CxX
We can conclude that
J(/\a_l) = |a|_2”+2J(/\).

If A = 1 then we have J(a) = c|a|?”~2 with ¢ a positive constant and the result is
proven. [J
Let us compute ||p||?. Let ¢ € S(C™). Applying Lemma 8.29 we have

/ |<p(zl,...,zn)|2dz:0/c/2 lo(VAZ1, ..o, VAZ) PN 2d () d N
n 34 Fx2=1

with C a constant. Applying the lemma to the intertwining operator and by
analytic continuation we obtain

Fissp(2,€) = / eimRe Gloel iy, )i po(w)dw
= C / em™Re GNP() s, 6, €)dA (8.12)
C
where F()\,is,0,§) = Alis=p)/24n=2,3/2 / [z, f]is_p’(s‘P(\/Xx)dM(x)~
x4 42 =1

Making use of Plancherel’s theorem on SO(n, C)/SO(n — 1,C) see Theorem
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8.21 in Section 8.3.1 and (8.12) it follows
Lera = e[ [ A
_ /(Z/| 515|2||F)\236)||ds>
OEZ.
C/Z/|c525 (/||F)\zs5 |d)\)

0EZ

'S [ gl Fasells

0EZ

D(2)(de)p(ietlilet2yp —istil)

\/ﬂ“( zs+|52|—p+n)r( —is+2|6|+p)

where ¢(d,is) = 2/~ and C, C’, C" are cons-

tants.

The above result also gives the decomposition of L?(C™) into a minimal in-
variant subspaces. The decomposition is multiplicity free (see next chapter) and
the irreducible unitary representations which occur are given by m;s 5 ® pis,s. In
conclusion, we have

Corollary 8.30. Let ¢ be a function in S(C"). We have the following Plancherel

formula
lelE =D [ ol sl s

0EZ

with D a constant.
As representations of SL(2,C) x SO(n, C), we have

(Dn Z/ Tis,8 ® Pis, 6d5

0EZ
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CHAPTER 9

Invariant Hilbert subspaces of
the oscillator representation of

SL(2,C) xSO(n, C)

In this chapter we study the oscillator representation w,, for the groups SL(2,C)
x O(1,C), SL(2,C) x O(2, C) and SL(2, C) x SO(n, C) with n > 3 in the context of
the theory invariant Hilbert subspaces. Our main result is that any w, (G)-stable
Hilbert subspace of §’'(C") decomposes multiplicity free. For this purpose, we first
need to prove, in case n > 3, that (SO(n, C),SO(n— 1, C)) are generalized Gelfand
pairs and to compute the M N-invariant distributions on the cone.

We do not know if the result holds for the cases SL(2,C) x SO(1,C) and
SL(2,C) x SO(2,0C).

9.1 Thecasesn =1 and n = 2

If G is equal to the group SL(2,C) x O(1,C) then it is easy to prove that every
invariant Hilbert subspace of §’'(C) decomposes multiplicity free. We leave this to
the reader to check by similar techniques as applied in this section. We are going
to prove here the case n = 2.

9.1.1 The definition of the oscillator representation

Let G be the group SL(2, C) x O(2, C) and let wy be the unitary representation of
G on H = L?(C?) defined by:

wa(9)f(z) = flg™'-2)., g€0(2,0)
al@)f0) = laffe. gw=(5 L) ece

alt)f) = TR E), n= (f 7) vec

105
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WQ(O')f(Z> — /C2 627riRe ([z,w])f(w)dw7 o= (g _01)

where [z, w] = zyw1 + 2ows if 2 = (21, 22), w = (w1, ws). The Fourier transform is
defined by

f(Z) — /(D2 e—2m‘Re ([z,w])f(w)dw.

We call wy the oscillator representation of G. More precisely, it is the natu-
ral extension of the restriction of the metaplectic representation of the group
Sp(2,C) C Sp(4,R) to SL(2,C) x SO(2, C).

Let S(C?) be the space of Schwartz functions on €. Note that S(C?) is stable
under the action of wy, so is the space S’(C?) of tempered distributions on C?.

9.1.2 Invariant Hilbert subspaces of S’(C?)

The definition of the Fourier transform of a function on S(C?) naturally gives
rise to a Fourier transform on &’(C?). We denote 7' this Fourier transform of a
tempered distribution T' € S'(C?).

Let H be a Hilbert subspace of S’(C?), invariant under wo(G), and let K be its
reproducing kernel. By Schwartz’s kernel theorem we can associate to it a unique
tempered distribution 7 on €2 x €?. This distribution satisfies the following
conditions:

1. T is a positive-definite kernel, in particular a Hermitian kernel, i.e.

2. T(z,y) = T(y, ).
3. T is wy(G)-invariant : (wa(g) X wa(g))T =T for all g € G. The latter property
implies, in more detail,

3a. T(g-x,9-y) =T(x,y) for all g € O(2,C).

3b. If a € C*, then
T(az, ay) = |a|™*T(x,y).

3c. If b € C, then
e~ imRe bz~ (g ) = T(x,y).
3d. T(z,y) =T(z,y).

As preparation for our main result, the multiplicty free decomposition of the
oscillator representation, we shall show that any of the above distributions 7T is
symmetric: T'(z,y) = T(y,z). We shall do this in several steps. Observe that
T(y,x) satisfies the same conditions as T'(z,y).

Step I
By condition 3c, we obtain

SuppT C Z92 = {(z,y) € C? x C? . [z, 2] — [y,y] = 0}.

Step 1T
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Let =5 5 = Z32\(0,0), being an isotropic cone in C? x €% In a neighborhood
of Z5, in €2 x €? we take as coordinates s — [z,7] — [y,y] and w € E5,. So we
can write locally there

T=>Y Si(w)®6(s)

el

where I is some finite subset of IN and the S; are distributions on Z5 ,. Applying
condition 3¢ again, we get that only the term with ¢ = 0 survives, so

T(l‘,y) = 6([I7I] - [y7y]) SO(W)

outside (z,y) = (0,0). It remains to study the distribution Sp on =5 ,.
Step IIT
On the open subset of =5 , given by [z, ] # 0, we get by properties 3a and 3b,

So(z,y) = oo(wr, wa)

where o is an O(2, C)-invariant distribution on X x X, with X = {z € C?| [z, 7]
= 1}. The distribution oq is symmetric: og(w1, we) = op(wz, w1). We are going
to prove this. Observe that X ~ SO(2,C). Let go = <(1) _01> , g = (_ab 2) ,
with a? + b? = 1, then
go-(g-a°)=g7" -2’
with 20 = (1,0).
So

oo(wi, w2) = ao(g - 2°, h-2°) = 00(g0 - (g 2°), go - (h-2"))

=oo(h- 330, qg- 330) = oo(wa, w1)

with g, h € SO(2, C).
Hence
T(z,y) =T(y,x)

on the open subset of €? x C? defined by [z, z] # 0 (or, what is the same, [y, y] # 0).
So S(z,y) = T(x,y) — T(y, x) has support contained in [z, z] = [y,y] = 0.
Step IV
Set Z5 = {x € C* : [z,2] = 0}. The distribution S has support in Z5 x Zs.

With the coordinates s; = [x,2], s2 = [y,y] near Z5 X Eg, which can be taken,

provided x # 0 and y # 0, so on =) x Z), (in obvious notation), we get

S(l’,y) - 6([x ZL'] [ ]) (513 52) (517 52 € E/Z)

where U is an O(2, C)-invariant distribution on Zf x Zf, homogeneous of degree

4. Since S(z,y) = —S(y,x) it easily follows that U(&y, &2) = —U (&2, &1).

Step V

The cone Z, = {x € €? : 27 + 23 = 0,2 # 0} consists of two disjoint pieces:
C*¢0 and C*€0 with €0 = (1,4).
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So the O(2, C)-invariant distribution U on =} x Zf has 4 components:
U, u®), UAED, u®), U’ u€0), UNED, )
with A\, p € C*.
By homogeneity and O(2, C)-invariance, the first two components are zero, i.e.
U, tu€”) = [t U A", ue®) = U(NE®, i)

for all ¢ # 0.
Consider the third component. By O(2, C)-invariance we have

U(tAE%, 11 %) = UAE, pu€?)
for all ¢ # 0. By homogeneity,
U@t u®) = [ U N, ¢72u€0) = U, pe®)

for all t # 0. So U(AE°,tu€0) = [t[2U (A0, u®). Hence U (X, u®) = dp @ V(A).

Similarly we get U (t2X0, u€0) = |t|*U (XY, u€®). Hence V(t)\) = [t|2V(N), so
V(A) =dA.

By consequence, o o

UAEY, u€) = U (u€®, XE0).

If we apply go = ((1) _01) € 0(2,0), we get

UAE?, u€0) = U (€, A).
We have seen before that the distribution U also satisfies

U6, &2) = —U(&2, &)

Then we obtain that also the third component is zero. We can do the same for the
fourth component.
Then we obtain that the O(2, C)-invariant distribution U on =4 x Ef is equal

to zero. Hence S = 0 in a neighborhood of E} x Z), and therefore Supp S C

{(0) x B} U{Es x (0)}.
Step VII
From property 3c we conclude that

([z,2] = [y, y)* S =0
for k =1,2,..., hence, combining it with property 3d, we have
O0FS=0
for k =1,2,..., in particular 0.S = 0. Here OJ denotes the d’Alembertian
0? 0? 0? 0?

o2 " 0i3 0 03
If S has support in {(0) x Za} U {E2 x (0)}, and OS5 = 0, it easily follows, by
recalling the local structure of such distributions, being basically a finite linear
combination of tensor products of distributions supported by =5 and the origin,
that S = 0 (see [28],Ch.III, §10). So finally we have shown that T(x,y) = T(y, x).
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9.1.3 Multiplicity free decomposition

The multiplicity free decomposition of the oscillator representation, i.e. the multi-
plicity free decomposition into irreducible invariant Hilbert subspaces of any ws(G)-
invariant Hilbert subspace of S’ ((132), is now easily proved by applying Criterion 5.6
with JT = T. If H is any invariant Hilbert subspace of S’ (@2) with reproducing
kernel T € S'(C? x €?), then T is the kernel of the space J H and the property
JH = H comes down to T(z,y) = T(z,y). Since T is positive-definite, this is
equivalent with T'(z,y) = T(y, x) which immediately follows from the last section.
So we have the following result.

Theorem 9.1. Any wy(G)-invariant Hilbert subspace of S'(C?) decomposes multi-
plicity free into irreducible invariant Hilbert subspaces of S'(C?).

9.2 The case n > 3

9.2.1 Complex generalized Gelfand pairs

In this section we show that the pairs (SO(n,C),SO(n — 1,C)) are generalized
Gelfand pairs for n > 2.

9.2.1.1 Definition of generalized Gelfand pairs

We shall give a brief summary of the theory of generalized Gelfand pairs which is
connected with the theory of invariant Hilbert subspaces that we have introduced in
Chapter 5, for more details see [40]. Let G be a Lie group and H a closed subgroup
of G. We shall assume both G and H to be unimodular. Denote by D(G), D(G/H)
the space of C*-functions with compact support on G and G/H respectively,
endowed with the usual topology. Let D'(G), D'(G/H) be the topological anti-
dual of D(G) and D(G/H) respectively, provided with the strong topology.

A continuous unitary representation 7w of G on a Hilbert space H is said to be
realizable on G/H if there is a continuous linear injection j : H — D’(G/H) such
that

jﬁ(g) = ng

for all ¢ € G (Ly denotes left translation by g). The space j(H) is called an
invariant Hilbert subspace of D'(G/H). We shall take all scalar products anti-
linear in the first and linear in the second factor.

Definition 9.2. The pair (G, H) is called a generalized Gelfand pair if for each
continuous unitary representation 7 on a Hilbert space H, which can be realized
on G/H, the commutant of 7(G) in the algebra End(H) of all continuous linear
operators of H into itself, is abelian.

For equivalent definitions we refer to [37] and [33]. A large class of exam-
ples is given by the Riemannian semisimple symmetric pairs and by the nilpotent
symmetric pairs [37], [1].
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A usefull criterion for determining generalized Gelfand pairs was given by
Thomas ([33], Theorem E). We shall apply it throughout this section. Its proof is
easy and straightforward (1.c.).

Denote by D'(G, H) the space of right H-invariant distributions on G pro-
vided with the relative topology of D'(G). Tt is well-known that D’'(G, H) can be
identified with D'(G/H).

Criterion 9.3. Let J : D'(G,H) — D'(G, H) be an anti-automorphism. If JH =
H (i.e. (J|n) anti-unitary) for all G-invariant or minimal G-invariant Hilbert
subspaces of D' (G, H), then (G, H) is a generalized Gelfand pair.

We shall apply it in the following form.

Criterion 9.4. Let 7 be an involutive automorphism of G which leaves H stable.
Define JT =T" for all T € D'(G,H). If JT =T for all bi-H-invariant positive-
definite (or extremal positive-definite) distributions on G, then (G, H) is a gene-
ralized Gelfand pair.

Remark 9.5. T7 is defined by < T7,f >=<T,f7 > (f € D(G)) and f7(g) =
f(1(9) (g € G). T is defined by < T, f >=<T,f > (f € D(Q)).

An important consequence of being a generalized Gelfand pair is the multipli-
city -free desintegration of the left regular representation of G on L?(G/H). So one
could, more or less without ambiguity, call this the Plancherel formula for G/H.
If a fixed parametrization is used for the set of irreducible unitary representations
realized on G/H, there is no ambiguity at all.

Let Z denote the algebra of all analytic differential operators on G which com-
mute with left and right translations by elements of G. Any bi-H-invariant com-
mon eigendistribution of all elements of Z is called a spherical distribution. It
is a well-known consequence of Schur’s Lemma that any bi-H-invariant extremal
positive-definite distribution on G is spherical. Spherical distributions play an
important role in the harmonic analysis on G/H.

9.2.1.2 Morse’s lemma

Let X be a complex analytic manifold of dimension n (n € IN), and f: X — C
an analytic function on X. The tangent space of X at a point z° will be denoted
by TX,0. A point 2° € X is called a critical point of f if the induced map

fe : TXz0 — T'Cy(yoy is zero. If we choose a local coordinate system (21, ..., 2,)
in a neighborhood U of 2 this means that

of . o of o

It I —=0.

92, @) pr. ()

A critical point 20 is called non-degenerate if and only if the matrix

(&?;ffﬂj <x0)>

is non-singular.
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Theorem 9.6. (Morse’s lemma) Let f : X — C be an analytic function from
a complex manifold X into C and let z° be a non-degenerate critical point of f.
There are local coordinates (x1,...,2,) at x° with (0,...,0) corresponding to x°
such that f can be written as

f(iCl,...,fL'n) :f(ﬂfo)—l—xf—i——kxi

The proof of the theorem is similar to the proof of Morse’s lemma in [15] p.146.

9.2.1.3 The pairs (SO(n,C), SO(n — 1, C))

Assume n > 3.
Let G and H be the groups SO(n, C) and SO(n — 1, C) respectively. The space
X = G/H can be clearly identified with the set of all points = (z1,...,2,) in
C" satisfying 2% + - + 22 = 1.
We consider the following function @ on the space X which parametrizes the
H-orbits on X:
Q(z) = 1.
0 _

Q is an H-invariant complex analytic function on X with Q(z°) = 1 where 2° =
(1,0,...,0).

Define X (z) = {z € X : Q(z) = z} for z € C. Now the H-orbit structure on
X is as follows:

Lemma 9.7. a) Let z € C, z # 1,—1. Then X(z) is a H-orbit.
b) X (1) consits of two H-orbits: {x°} and Ty = {2°+v € X : v e {2} \0}.

c) X(—1) consits of two H-orbits: {—2°} and Ty = {-2"+v € X : v €
{2} \ o}

In order to treat the sets X (1) and X(—1) separately, we choose open H-
invariant sets X_; and X; such that X(-1) ¢ X_;, X(1) ¢ X1, X(1) C X;,
X(-1) ¢ X7 and X_; U X; = X. These sets clearly exist.

The critical points of Q are z° and —z°. Both critical points are non-degenerate.

We examine @ in the neighborhood of a critical point. Firstly, near z° there
exists a coordinate system {w,...,w,_1} such that

Q(wlv"'awn—l):1+w%+"'+w721—17

20 corresponding to (0,...,0). Secondly near —x° there exists a coordinate system

{w1,...,wy—1} such that

Q(wi,...,wy_1)=—1+wi+ - +w2_,,

—z9 corresponding to (0,...,0). This is due to Morse’s lemma.
From the properties of @, we deduce applying [26] the existence of a linear map

M, which assigns to every f € D(X) a function M f on C such that

/ F(Q(@))f (x)de = / F(z)Mf(2)dz
X C
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for all F' € D(C). Here dx is an invariant measure on X, dz = dzdy (z = = + iy).
Mf(2) gives the mean of f over the set X(z). Let H = M(D(X)) and H; =
M(D(X;)) (i = —1,1). Using the nature of the critical points of @ and the results
of [26], §6 we get:

H = {¢+noo+mi1 = ¢,v%0,¢1 € D(C)}
H_1 = {éo+n0to : do,10 € D(Q(X-1)}
Hi = {d1+mr @ d1,01 € D(Q(X1)},

where
() = |z 4+ 1|72 if n is even
082 = |2+ 1/"2Log|z + 1| if n is odd

and
() = |z — 1|2 if n is even
M= |z = 1" 2Log|z — 1| if n is odd

If we topologize H, H_1 and H; as in [26] we have for i = —1,1:
a) M :D(X;) — H; is continuous.

b) The image of the transpose map M’ : H; — D’'(X;) is the space of H-
invariant distributions on X;. M’ is injective on H}, because M is surjective.

Similar properties hold for M : D(X) — H.
So, given an H-invariant distribution on X, there exists an element S € H’
such that

<T,¢>=< S, Mo > (9.1)

for all ¢ € D(X) . Fix Haar measures dg on G and dh on H in such a way that
dg = dxdh, symbolically. For f € D(G) put

fila) = /H flgh)dh  (z = gH).

Given a bi-H-invariant distribution Ty on G, there is an unique H-invariant
distribution 7' on X satisfying < Ty, f >=< T, f* > (f € D(G)). This is a
well-known fact.

We are now prepared to prove that (G,H) is a generalized Gelfand pair. We
apply Criterion 9.4 with JT =T (T € D'(G, H)). We have to show that T = T
for all bi- H-invariant positive-definite distributions 7" on G. Since T'= T for such
T, we shall show the following: for any bi-H-invariant distribution 7" on G one
has T = T. Here < T,f >=<T,f >, f(g9) = f(g") (g € G, f € D(G)). In
view of the relation between bi-H-invariant distributions on G and H-invariant
distributions on X, and because of (9.1), this amounts to the relation

MI(f)F) = M(f%)
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for all f € D(G). For all F € D(C) one has

[ Pemiaee: = [ PQ@)7iei

C

/G F(Q(9))f(9)dg
/G F(Q(s™1)f(9)dg.

Since Q(g9) = Q(g7 ") (g9 € G) we get the result.
So we have shown:

Theorem 9.8. The pairs (SO(n,C),SO(n—1,C)) are generalized Gelfand pairs for
n > 3.

The case n = 2 is easily seen to provide a generalized Gelfand pair too, since
SO(2,C) is an abelian group.

9.2.2 M N-invariant distributions on the cone
9.2.2.1 The symmetric spaces SO(n,C)/SO(n — 1,C) for n > 3

We repeat here some facts from Section 8.3.1.
Let G be the group SO(n,C). G acts on C" in the usual manner. Let [,] be
the G-invariant bilinear form on C", given by,

[2,2'] = 2124 + -+ + 2n2),

if 2= (21,...,20), 2’ = (2],...,2,). The (algebraic) manifold [z, z] = 22 +--- +
22 =1, called X, is invariant under this action, and G acts transitively on X.
Let 2° be the vector (1,0,...,0) in X. The stabilizer of 2° in G is equal to
H =S0O(n —1,C). The space X is a complex manifold, homeomorphic to G/H.
Set

-1 0 0

0 1 0
J:

o 0 --- 1

J is not in G, but —J is as soon as n is odd. Define the involutive automorphism
o of G by o(g9) = JgJ. Then H is of index 2 in the stabilizer H, of 0. So G/H is
a complex symmetric space. Observe that o is an inner automorphism if n is odd.
We will pass now to the Lie algebra g of G. Let g = h+ q be the decomposition of
g into eigenspaces for the eigenvalues +1 and —1 for . Then we have:

0 --- 0

h= oy : Ycomplex, antisymmetric » ,
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O 29 e Zn
— 2
q= . :Z27--~7Zne®
: -
—Zn
0 1
Write L = [ -1 0 € g, actually in q N ¢ where ¢ = so(n,IR), the real

ey

antisymmetric matrices. The Lie algebra € belongs to K = SO(n,R). Clearly
g==t+it Call p=1it. TheniL € qNp.

The Lie algebra a = CL is a maximal abelian subspace of q; a is a Cartan subspace
of q with respect to o. Let m be the centralizer of a in . Then

00 --- 0
00 --- 0

m= . :Y €so(n—2,0)
oY
0 0

Let g+ be the eigenspaces of ad(iL) for the eigenvalues +1. Then

0 0 ‘p
g-=<¢X(p)=|[ 0 0 ip|:peCn?
-p —ip O
and g_ = o(gy). We have the following decomposition of g into eigenspaces of

ad(iL):

g=g-oOmSadgy.
Set n = g_. Then n is a nilpotent subalgebra of g. The connected subgroup A and
N of G corresponding to the Lie subalgebras a and n are given by:

cosz sinz 0

A=<a,=expzL=|—sinz cosz 0 z€eC
0 0 I, o
and
1+ 3lp,p)  ilp,p) i
N=qnp)=| 3ilppl 1-3lpp] —'p|:peC?
*ip P 171,—2

9.2.2.2 The cone E = G/MN

The centralizer M of a in H consists of the elements of G of the form:

100 - 0
010 - 0

00 , with h € SO(n — 2, C).
o .
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Furthermore Zg(a) = MA, MNA ={e}. Put E={z€C":[z,2] =0,z # 0},
the isotropic cone. The group G acts transitively on = and Stab(¢%) = M N, so =
can be identified with G/MN. Let &Y be the vector (1,4,0,...,0). The stabilizer
of {/\EO A E (D} is equal to P = M AN, a parabolic subgroup of G.

The group M N is unimodular, so = has a G-invariant measure which we shall
denote by d¢. Let u be the map from = to C defined by u(§) = [£,£°] = & + i,
u is M N-invariant and holomorphic, since Z is a complex subvariety of C".

Proposition 9.9. The M N-orbits on E are: Zg \ = {\} with A € C*, 2, = {£ €
Eru(é) =t} fort € C* and Zg = {&:u(€) =0,& ¢ CE} if n > 3.

The open set Z* = U Zr=4{&: u(§) #0} is dense in E. The open set of
t£0
regular points for u is given by &' = &
points of =g = U Eo,a-
A0

*UEgg. So the singular points are the

9.2.2.3 M N-invariant distributions on =

Denote by D), (E) the space of distributions on =Z, invariant with respect to M N.
Recall that for f € D(E) we can define the function M f on C* by :

Mi(t) = / FE)3(u(e) — 1).

With the help of the results of Rallis-Schiffmann we want to describe the image of
M. For this we introduce the following space.

Definition 9.10. Let 7 be the space of functions from C* to C such that
o(t) = p1(t) +n(t)pa(t)
with ¢1, w2 € D(C) and

() = [t if n is odd
M= |t"*Loglt| if n is even.

If we topologize J as in [26]. M is a map from D(E) to a space J, which is
continuous and surjective. If S is a continuous linear form on J, the distribution

T defined by
T(f)=5SMf) (f € DE)),

so T = M'S, is invariant under M N. We shall see later on that M’ is not
surjective.

Proposition 9.11. Let T be a distribution on Z invariant under M N then
T=MS+T

where S is a continuous linear form on J and Ty is a M N -invariant distribution
on = with Supp T1 C Zy.
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Let us assume n > 3 (as usual). Then clearly, if the support of f € D(E) is
contained in Z’; the complement of =g, we have M f € D(C). The restriction M
of M to D(E') has a image D(C), and the transposed map My, : D'(C) — D'(E’)
has as image D}, (Z'). Let T be a distribution on =Z, invariant under M N. By the
above, the restriction 7" to =’ is of the form 77 = M{ Sy, where S is a distribution
on C. But every distribution on C can be extended to a continuous linear form on
J. Let S be such an extension of Sy, and consider the distribution 77 defined by

T,=T-MS.

Since the distributions 7" and M’S coincide on Z’, the support of T} is contained
in =g, so we get
T=MS+T.

We are now going to study the structure of the M N-invariant distributions on =
with support in =.
9.2.2.4 Singular M N-invariant distributions on E
We use local coordinates in a neighborhood of Eg provided by the map:
AxN — E

(a,m) +— ang’

We have: . . . .
0 0 In—2

(if u = €%*, then we get the usual expression for a,)

1+ ia,a]  —ila,0] —ila
Na=| —ile,al 1-3[a,a ~ta|, acC'?
o « I,_2
So we have:
u+ Lo, al
aufa = | (u— L[a,a])i
2l

We denote by A the differential operator which is given by (in these coordinates):

0? 02
A= —+- -4+ —.
da3 a2
Let T be a distribution on = which is M N-invariant and whose support is
contained in Zy. Consider a function f in D(Z) which can be written, on the
above local coordinates, as

f(ayTa?) = ®(u, ) ¥(a, @)
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where ® € D(C*) and ¥ € D(C"?), f=d R V.
For @ fixed, the map
U — T(® @ )

is a distribution on €™ 2, supported by the origin and SO(n — 2, C)-invariant.

Let us now assume that n > 3. (The case n = 3 has to be treated separately
since in this case M = 1). We may then conclude that there are constants Cy
such that

m k
T(@@U) =) Y CpAkF~ A w(0)
k=0 1=0
where the constants depend on ®: Cy,; = T} (®), and T} are distributions on

Cc*:
m k
T(®®WV) :ZZTN Ak ZA‘I’()

k=0 1=0
so we have:
m
=33 Tha(w) © AR 5(a).
k=0 1=0
We are now going to use that 7" is also N-invariant.

So let
1+ iz,2]  Li[z,a] itw
n(z) = | Lifr,x] 1-1[z2] -tz ],zeC" >
—ix x I

For x small we get:
nxauﬁago = au’ﬁa’fo-
A simple calculation gives:

o = a- E[cu,a]
u

v o= u—2[a, 1] + %[a,a][:@x].

The distribution T is invariant under N if and only if

0 0
<T,fong >= -— <T,fon,>=0
6.23]' =0 al‘j o0

for j =3,4,...,n
Lemma 9.12. Let f be a C*°-function on =. Set
flauiaé?, ayigé0) = F(u, T, o, @).

We have:
9 — oF 1 OF . _
o, F(na€,naf) o, 20— (u, 0, 0, @) — a[a,a]aﬁ%(u,u,a,a)
9 — ) S| oF
oz; USRI - 20 = (u, 0, 0, @) — ﬁ[a,a]aﬁ@(u,u,a,a)
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where £ = a,Ma® and 3 < j < n.
So, using this lemma, we get:

oF 1 or
<T7_2Olj%—_ o) =—

oF 1—5F

T, —2a;— — -

<5y ﬂ[

Suppose F is of the form F(u,u,a, @) = ®(u, ﬂ)\IJ(a,a). Then we get:

k
> (2< Tkl,— > AFR (0 0)(0)

01=0

NE

£
Il

P - ov
+ < T > AR ([a,a]@)(O)) =0

and

m

k o
Z(2<Tkl,— > A=A (@, 9)(0)

k=0 1=0

+<Tkl,§>Ak lA ([ ]g—)(O)):O

Applying the relations:

YA
@
[, ] A*S = 2Kk(2k 4+ n — 4)AF 16

O[jAk(S =

and similar relations for A, we conclude:

m k
SN (4t -1 <1, 92 5 LR A=)
ou = Oa;
k=0 1=0
@ a k—1—1
2k = 1)(20k = 1) +n —4) < oy, — > 2 Ax'a \1/(0)) 0
Oa;
and

W oo 0

ZZ(4Z<TM, > L AT ARy (o)

o I da

k=0 1=0

+21(21+n—4)<Tkl,_>—A L ARl (0 )) 0.
oa;

Therefore, we obtain the following two equations

Ot _ (g "= Dot g sy
ou 2 U
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and

Okt _ <z+"_4> Tet for 11, Vi
ou

So we have:
Tw; = Ak’lunT%—kk_lﬂnT%—H ifk>1,1>1

= Spplw)@u Tt ifk=11>1

= uT e S @) ifl=0, k>1
where Sy i, Sk, are distributions on C* depending on u, @ only respectively and
Aj, are constants.

Now we consider the case n = 3. In this case M = 1 then we can not use the

M-invariant as we did before.

Let T be a distribution on = which is M N-invariant and whose support is
contained in Zy. Consider a function f in D(Z) which can be written as

Flauna®) = @(u, w) ¥ (o, @)

where ® € D(C*) and T € D(C), f =P V.
For ® fixed, the map
U T(®®0)

is a distribution on C, supported by the origin. We may then conclude that there
are constants C},; such that

m k . ok—1l o
T(ee¥) = Z Z(_l) Ck,lm@‘y(o)
k=0 =0
where the constants depend on ®: Cy; = Ty (®), and T} are distributions on
C*:
m_k . gkl gl
(V)= Z Z(*l) Tk,lmﬁq’(o)v
k=0 1=0
so we have:
m k 8k_l 8l
k=0 1=0

We are now going to use that 7' is also N-invariant. Using as before the last
lemma, we get:

oOF 1 ,0F
T, —20— — —a?~—
<5 “ou  u” ba >
oF 1_,0F
T, 20— — —a’—
<5 “on 7" oa -
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Suppose F is of the form F(u,u,a, @) = ®(u,u)¥(a,a@). Then we get:

m k
6@ okt ol
SO =DM (2 < Thay s — (a)(0)
k=0 1=0 ( o~ 9 om
P o=t ot L,ov
+<T’“’Z> dak—1 ot 804)( )) =0
and
iz’“: ( 9o ol g
( 1) 2<Tk:l7 > _( \I/)(O)
k=0 1=0 du = dar! oa'
okt ot ow
t< Tt e > g (@ aa)(o)) —0
Applying the relations:
81@ akfl
a@ak 0 fk:aak T 1)
6k ak—Z
2 _
(0% Wd_k(k 1)aak 2(5

k

and similar relations for we conclude:

L
Oék

m k
od ak—l—l al
ZZ ( —l <Tkl,a—>Wﬁ\I}(0)

(I) ak—l—l al

and

m k
o akfl alfl
k
> (DR (20 < T, 75> s a1 Y0

akfl al 1
BT 5 o W(0) =0.

Therefore, we obtain the following two equations

811” k—1-1 Tk,
) — il f
ou ( 2 ) U or k>1

(0]
l(l*1)<Tkl7_

and

8Tkl -1 Tkl
» = —— | — for [ >1, Vk.
ou ( 2 > m or 121,V
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So we have:

k

Teo = Agu = a7z ifk>11>1
= Skk(u) @u T ifk= I,1>1
= TR Se@) ifl=0, k>1
where Sk r, Sk are distributions on C* depending on w, @ only respectively and

Ay, are constants.
Then we get the following theorem:

Theorem 9.13. Let T be a M N -invariant distribution on = with Supp T C Zg.
Then there exist distributions To o = Too(u, @), Skr(u, @) = Skx(u), Sko(u,T) =
Sk.0(@) on C* and constants Ay such that

TN k1 _ ok “ k-1
T = T070®6+’;u 2 ®Sk’0(u)®w§+;5k,k(u)®u 2 ®ﬁ6

N 51 k-1 A
2+ (i> ﬂ@ g g —0 forn=3

m k—1
2.2
k=11=1

|ul ul2 = 0o+ o
and
T = Tood+ > uT @S+ Suueus *er's
k=1 k=1
m k—1 u k—21 du
+Z Akl|U|k+p< |) m \2®Ak ) forn > 3.
k=1 1=1

9.2.3 Invariant Hilbert subspaces of the oscillator representation
9.2.3.1 The oscillator representation

Let G = SL(2,C) x SO(n,C) with n > 3 and let w,, be the unitary representation
of G on H = L?(C") defined by:

(
wn(9)f(z) = f(g™" - 2),  g€8SO(n,C
sulg@)fC) =l ) g@ = (5 ) aee

n

anl) ) = [ e Cb e, o= (1 ).

where [z, w] = zyw1 + ... + zpwy, for 2 = (21, ..., 20), w = (W1, ..., wWp,).
We call w,, the oscillator representation of G.
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9.2.3.2 Invariant Hilbert subspaces of 8’(C™)

Given a function f € S(C"), we define its Fourier transform f by

f(Z) _ f(w)€72m‘Re ([z,w])dw.
Cn

This definition naturally gives rise to a Fourier transform on &'(C™). We denote
T this Fourier transform of a tempered distribution 7' € S'(C™).

Let H be a Hilbert subspace of §’(C"), invariant under wy, (G), and let K be its
reproducing kernel. By Schwartz’s kernel theorem we can associate to it a unique
tempered distribution 7" on C" x C". This distribution satisfies the following
conditions:

1. T is a positive-definite kernel, in particular a Hermitian kernel, i.e.

2. T(z,y) = T(y, ).
3. T'is wy(G)-invariant : (wn(9) X wn(g)) T =T for all g € G. The latter property
implies, in more detail,
3a. T(g-z,9-y) =T(x,y) for all g € SO(n,C).
3b. If a € C*, then
T(ax, ay) = |a| 2" T (z,y).

3c. If b € C, then

e~ imRe Gzl =l (g ) = T(z,y).

3d. T(z,y) =T(x,y).

As preparation for our main result, the multiplicty free decomposition of the
oscillator representation, we shall show that any of the above distributions 7T is
symmetric: T'(z,y) = T(y,z). We shall do this in several steps. Observe that
T(y,x) satisfies the same conditions as T'(z,y).

Step 1
By condition 3c, we obtain

SuppT C Epn = {(2,y) € C* x C" : [z,2] = [y,y] = O}.

Step 11

Let 2}, ,, = 2., \(0,0), being an isotropic cone in €" x C". In a neighborhood
of =7, ,, in C" x C" we take as coordinates s = [z, 2] — [y,y] and w € Z] ,,. So we
can write locally there

T=>Y Siw)®(s)

iel
where I is some finite subset of IN and the S; are distributions on =7, ,,. Applying
condition 3¢ again, we get that only the term with ¢ = 0 survives, so

T(z,y) = 6([z,2] = [y,9]) So(w)
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outside (z,y) = (0,0). It remains to study the distribution Sy on =7, ,,.

Step III

On the open subset of =/, ,, given by [z,z] # 0, we get by properties 3a and 3b,
with p=n — 2,

So(z,y) = |[x,z]| ™" oo(w1, wa)

where o¢ is an SO(n, C)-invariant distribution on X x X, with X = {z € C"| [, z]
= 1}. It is known that o¢ is symmetric: og(wi, w2) = op(we, w1) (see Section
9.2.1), hence

T(x,y) = T(y,x)

on the open subset of C" x C" defined by [z, 2] # 0 (or, what is the same, [y, y] # 0).
So S(x,y) = T(z,y) — T(y, ) has support contained in [z,z] = [y,y] = 0.
Step IV
Set E,, = {z € C" : [z,z] = 0}. The distribution S has support in =,, X Z,.

With the coordinates s; = [z, z], s2 = [y,y] near E, x =Z,, which can be taken,

provided x # 0 and y # 0, so on =/, x Z! (in obvious notation), we get

S(l'vy) = 6([1'756]’ [y’y]) U(fl, 52) (517 {2 S E/n)

where U is an SO(n, C)-invariant distribution on =], x 2/, homogeneous of degree
—2p + 4. Since S(z,y) = —S(y, ) it easily follows that U(&1, &) = —U(&q, &1).

Before we continue the preparation, we will recall now some structure theory of
SO(n, C) and some results of Section 9.2.2 about distributions on Z/,. We therefore
assume (as in Section 9.2.2) n > 3. Let P be the stabilizer in SO(n, C) of the line
generated by ¢° = (1,4,0,...,0). P = MAN is a maximal parabolic subgroup.

The subgroup M consists of matrices of the form

0
0

m

O O =
O = O

where m is a matrix of the group SO(n — 2, C).
The group A is the one-parameter subgroup of matrices

1 1
%(qua) i(u—? 0
— 1
W k1) Yt ) 0
0 0 1

where u € C*.
The subgroup N consists of matrices of the form

1+ 3,0l So, 0] i'a
Ne = Ha,al  1-1laa] —fa
—ix o 1

where o € C" 2,
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The group N is isomorphic to C" 2. Moreover:
Gunaa,l =n
u o gy — Tyoe

Step V
Since SO(n, C) acts transitively on Z/ , we can conclude that to U corresponds
a M N-invariant distribution on =/,. Call it V.

We recall some results of Section 9.2.2 about such distributions.

Define u(€§) = &1 +i& on =), and I'y = {€ : u(€) =t} for t € C*, T = {NY}
with A € C*, T = {€ : u(é) =0,¢ ¢ €Y.

The open set I'* = U Iy ={¢: u(€) #0} is dense in Z'. The open set of

t#0
regular points for u is given by I = I UTg. So the singular points are the
points of 'y = U Lo, x.
A#£0
For f € D(Z)), the space of C2°-functions on E/,, one can define the function

Mf on C* by
Mf(t) = / F(6)6 (u(e) —1).

M maps D(Z])) continuously onto some topological vector space J of functions on
C* with singularities at ¢ = 0, see Section 9.2.2. And if W is a continuous linear
form on 7, the distribution V defined on =/, by

V(f)=WM[) (f €DE)),

ie, V= M'W, is invariant under MN. M’ is not surjective. One has (Section
9.2.2, Proposition 9.11): if V' is a distribution on =/ invariant under M N, then

V=MW+W
where W is a continuous linear form on J and V; is a M N-invariant distribution
on =/ with support contained in T'y.
The structure of the distributions V; is as follows. We use the local chart in a
neighborhood of Ty given by the map from A x N to &,

(Qu, Ta) — @y M€,

where N consists of the matrices

1+ 3fe,a]  —5la,0]  —ita
Na=| —ile,a] 1-3[a,a] ~ta|, acC'>
—ix o 1
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We quote 9.2.2, Theorem 9.13 here:

Let Vi be a M N-invariant distribution on E/, with support in I'g. Then there
exist distributions Tp o, Sk k, Sk,0 on C* and constants Ay, ; such that, in the above
chart,

WL _ ok i k1 OF
Vi o= T0,0®6+;u > ®Sk70(u)®W5+kz::ISk,k(u)®u 2 ®ﬁ5
m k-1 51 k=l gl
du 0 1o}
A i (L) Lo 95 forn=3
and
Vi = Too® 5+Zu%2+k®5k,o(ﬂ) ® A’“6+ZSk,k(u)®ﬂ%2+’“ @ A's
k=1 k=1
m k—1 u k—21 du .
AN Ay fultr (W) e © AR forn >3
k=11=1

where ¢ is the Dirac measure at o = 0.

Step VI
We return to our distribution V from Step V, and write it in the form V =
M'W + Vi, as above. By abuse of notation we have

V() =V(ge") =U(g€" €).
Because u(¢) = u(g€®) = [g€°, €] satisfies u(g€®) = u(g=1¢€%), we easily get that
MW (g€%) = MW (g~1€%).

Since V(g€”) = =V (g7 '€°), we see that 2V (g£%) = Vi(g€°) — Vi(g~'€0).
Now

V(a;()lga’uogo) = U(gauogov auogo) =
U(uog€’, uo€®) = |uo| =24V (g€°).

Let us apply this property to the distribution V2(g€®) = V1(g€°) — Vi(g~1€Y),
supported by I'g. We get with g = a,1,£0, that

S N _
Ay CuTaOuy = Gyl Moy = Gy

hence
— 0 -2 - —2 —k, k=1 — o
‘/é(aunuoaé- ) = |UQ| TO7O®6+Z|UO| UO u 2 ®Sk;)0(u)® W{S
k=1
m k
B T k=1 0
+I;|u0| U Sk,k(u) Ru 2 & ﬁ
m k—1 E_y k—1 I
—o —(k—1)——1 ey (w2 du 0 0 B
+ZZ|UO| Ug U Ak,l|’Uz|2 (m) W@)Wﬁé forn=3

k=11=1
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and

Vo (@ uga £°) = |uo| = To 0 ®5+Z|uo| 200y 2Ry T R @ 5y (W) @ ARG

k=1
+ D uol 20 Sy (w) @ 7T @ B
k=1
m k-1 L
+ Z \uo\_2pu52(k7l)ﬂ52lj4k,l |ulPtk (|—> Tal? ® AMIA'S for n > 3.
u
k=11=1

Since Va(ay Muga £2) = |uo| =27 4Va(ay Ta €°), we get Vo = 0. So V = 0, and hence
S = 0 in a neighborhood of =/ xE/ | and therefore Supp S C {(0) x=Z,, }U{E,, x(0)}.
Step VII
From property 3¢ we conclude that

([, 2] = [y, y])* S =0
for k =1,2,..., hence, combining it with property 3d, we have
O"S =0

for kK =1,2,..., in particular (0S = 0. Here O denotes the d’Alembertian

02 02 02 02
T R

If S has support in {(0) x E,} U{Z, x (0)}, and 05 = 0, it easily follows, by
recalling the local structure of such distributions, being basically a finite linear

combination of tensor products of distributions supported by Z,, and the origin,
that S = 0 (see [28],Ch.III, §10). So finally we have shown that T(x,y) = T(y, x).

9.2.3.3 Multiplicity free decomposition of the oscillator representation

The multiplicity free decomposition of the oscillator representation, i.e. the mul-
tiplicity free decomposition into irreducible invariant Hilbert subspaces of any
wy, (G)-invariant Hilbert subspace of §’(C"), is now easily proved by applying Cri-
terion 5.6 with JT = T. If H is any invariant Hilbert subspace of S’(C") with
reproducing kernel 7' € S’(C™ x C"), then T is the kernel of the space .J H and the
property J H = H comes down to T'(z,y) = T(x,y). Since T is positive-definite,
this is equivalent with T'(z,y) = T(y, ) which immediately follows from the last
section. So we have the following result.

Theorem 9.14. Any w, (G)-invariant Hilbert subspace of S’'(C™) decomposes mul-
tiplicity free into irreducible invariant Hilbert subspaces of §'(C™).



APPENDIX A

Conical distributions associated
with the orthogonal complex

group SO(n,C), n > 3

The group G acts transitively on the isotropic cone of the quadratic form associated
with it. The action of G in the space of homogeneous functions on this cone defines
a family of representations of G. Their study leads to the conical distributions.
In this appendix we compute the conical distributions in the case of the group
SO(n, C) with n > 3. We follow the same method as in [9].

A.1 The cone 2 =G/MN

Let G be the orthogonal group SO(n, C) of the quadratic form
[2,2) = 2} + -+ 22.

Let P be the stabilizer of {A\¢% : A € C} with £ = (1,4,0,...,0). The subgroup
P is a maximal parabolic subgroup and is equal to P = M AN where M is the
subgroup of matrices of the form

100 --- 0
010 -+ 0
0 0
s h
0 0

with h € SO(n — 2, 0),

cosz sinz 0
A=<a,=|—sinz cosz 0 : with z € C
0 0 I,_»

127
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and
1+3lppl gilp,p]  di'p
N=(n,= %i[p,p] 1—%[ ,p] —'p cpe Q2
_ip p In—2

Let 75,5 be the character of C* defined by

Te5(2) = 250

with § € Z, s € C. The representation 7, s of G’ induced by 7, 5 can be realized in
a space of homogeneous functions defined on the cone:

E={fel": £#0,[§¢ =0}

G acts transitively on = and Stab&® = MN, so = can be identified to G/MN.
The space of 7, s is called E; s and consists of complex-valued C*°-functions f on
= satisfying

A

)
FOE) = 7 s (WA () = (W) APPIE) (E€EAe )

where p =n — 2.
The representation 7, 5 is then given by

Ts5(9)f(&) = F(g7'€) (EE€E,9€G;f € Eyp).

The group M N is unimodular, so = has a G-invariant measure which we shall
denote by d¢. Let u be the map from = to C defined by u(§) = [£,£°] = & + i,
u is M N-invariant and holomorphic, since Z is a complex subvariety of C™.

Proposition A.1. The M N-orbits on Z are: 29 x = {\%} with A € C*, 5, = {€ €
Eru(l) =t} fort € C* and Zop = {&:u(€) =0,& ¢ CE if n > 3.

The open set Z* = U Zr={&: u(§) #0} is dense in E. The open set of

t#£0
regular points for u is given by E' = =* U Zy . So the singular points are the

points of =y = U Eo,A-
A#£0

A.2 Definition of conical distribution
Let 75,5 be the character of C* defined by
Te5(2) = 2*° with § € Z, s € C.
A function f defined on Z is 7-homogeneous if

f(28) = 7.5 (22177 f(£)-
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Let f be a continuous function on =, 7-homogeneous. We can define the distribu-
tion T on = by

T(3) = / F(6)B(€)de

where d¢ is the invariant measure on =.
Calling

we have d(z£) = |z|?°d¢ and

T(@.) = o [ 1RO = 7. s(2)T(@).
Definition A.2. A distribution T on = is called 7-homogeneous if
T(®,) = 75,5(2)| 2| T(P).
Definition A.3. A distribution T on = is called T-conical if
(1) T is 7-homogeneous
(2) T is M N-invariant.

We can associate to ¢ the 7-conical distribution v, ¢ defined as follows

du
<vrof>= [ f)r@lul i
C Jul?
We call -
k u\? " du ok=t 9t
Ry =ul2™ | — —5 @ 7—7——7=0
bt = [l (|u|> ul? © 90k gl
which is a (—%, —% + 1)-conical distribution with support on =g if n = 3 and
u " du 1
Liy = |uf?t® <) — ® AFUATS
Jul Jul

which is (—k, —k + 20)-conical distribution with support on =g if n > 3.

A.3 The function M

We can define the integral of a function f € D(Z) on E; as follows: exists a
continuous function Mf on C*, integrable on C, such that for all continuous
function F' on C,

[ P ses = [ FoMs

with

MY(t) = / F)8(ule) — 1),
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The function M f € C*(C*) and has a singularity in ¢ = 0. This is due to the
critical points of the function & — u(&) which are the points of Ey.
We will use the following chart in a neighborhood of Zj.

We have:
1 1 1 1
E(U+z) —i(U*—) 0
a= -ty Tutrly o], wee
0 0 In—2

(if u = €%*, then we get the usual expression for a.)

1+ 3[a,a]  —ila,a]  —ita
Na=| —ila,a] 1-1ila,a] ~ta ], acC*™
Q (6% I o
So we have:
u+ Lo, a
Ao &0 = (u - %[a,a])i
2l
and
2

w(ayTiat?) = E[a, al.

In this chart the invariant measure is

de = 2201 T 4,
|ul?

Let f be a function in D(Z) whith the support contains in AN¢. Calling

N flu,7) = / F(@uTa€®)6((0r 0] — 7)

such that, if F' is a continuous function on C
du

/_ F(u(€))(€)dg =22 / F(g[a,a])f(auﬁafo)wda

= AXN u

tu
_ /@ ¢ FON F, )t

and
tu

MF(t) = /@* N, 5y

We summarize here some results of Rallis-Schiffmann [26].
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Let @ be a non-degenerate quadratic form
Q) =21+ +z

and let f be a function of D(C"). There exists a function A/ f on C such that for
all continuous function F' on C

S P@ENI G = [ PN
Definition A.4. Let J be the space of functions from C* to € such that

p(t) = pr(t) +n(t)p2(t)

with ¢1, p2 € D(C) and

(1) = [t 2 if n is odd
T [t"2Loglt| if n is even.
Calling
au+v
Bu v e 0
W) = a0

if u,v=0,1,2,3,..., we obtain that B, ,(N f) is a multiple of AUA"S.

A.4 Conical distributions with support on =

Proposition A.5. A. The case n=3.
(1) If s = =% with k=1,2,....

-
a) If s and § satisfy s +0 = —k and s — § = —k with k = 3,4,... the
space of T-conical distributions with support on Z¢ has dimension

4. These distributions are as follows

k

011/)7—70 + CQU%Eiig + Oguzjizﬂ% + C4Rk,5+%.
b) If s and § satisfy s +0 = —k and s — 0 # —k with k = 3,4, ... the

space of T-conical distributions with support on Z¢ has dimension
3. These distributions are as follows

Ol"/’r,o + CQU%E¥_% + C3Rk,6+%'
¢) If s and 0 satisfy s+ 06 # —k and s — 0 = —k with k = 3,4, ... the

space of T-conical distributions with support on Z¢ has dimension
3. These distributions are as follows

148 k__ k=1
Cl,l/]‘r,o -+ C2u 2 ay 2 + Cng15+§ .
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d) If s and § satisfy s +0 # —k and s — § # —k with k = 3,4,... the
space of T-conical distributions with support on Z¢ has dimension
2. These distributions are as follows

Cl,(/)‘f',o + CQRk’§+§ .

(2) If s # —% withk=1,2,....
a) If s and § satisfy s +0 = —k with k = 3,4,... the space of 7-
conical distributions with support on Z¢ has dimension 2. These
distributions are as follows

k—1 1+s—46
CH#G#)+-CEU457ﬂ 2
b) If s and 0 satisfy s — 6 = —k with k = 3,4,... the space of T-
conical distributions with support on =g has dimension 2. These
distributions are as follows

s+1435

C&¢ql)+-Cbu 2 HE%A.

¢) Otherwise the space of T-conical distributions with support on Zg
has dimension 1. These distributions are as follows

Cle,O-
B. The case n > 3.

(1) If s = —k, withk=1,2,....
a) If s and 0 satisfy s+0 = —2k and s—0 = —2k with k = 2,3, ... the

space of T-conical distributions with support on Zo has dimension
4. These distributions are as follows

k=96 —k+p+d __p—

P2 4 P= _p=2
Cle,O + Cou2 +ku 2 + Cgu 2 u 2 +h + C4Lk S+k .
)2

b) If s and 6 satisfy s+0 = —2k and s—06 # —2k withk = 2,3,... the
space of T-conical distributions with support on Z¢ has dimension
3. These distributions are as follows

p—k—46

Ciro + CQU%QHCH 2+ C’3Lk,542.7k.

¢) If s and 6 satisfy s+0 # —2k and s—6 = —2k withk = 2,3,... the
space of T-conical distributions with support on Zo has dimension
3. These distributions are as follows

—k+p+é

Cithrg + Cou™ 7T T T8 4 4Ly s

¢) If s and 6 satisfy s+0 # —2k and s—06 # —2k withk = 2,3, ... the
space of T-conical distributions with support on Zo has dimension
2. These distributions are as follows

Civ¥ro + Csz,%.
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(2) If s # —k with k=1,2,. ...

a) If s and 0 satisfy s+ 6 = —2k with k = 2,3,... the space of 7-
conical distributions with support on =g has dimension 2. These
distributions are as follows

kpké

Cipro + Cou’z +

b) If s and ¢ satisfy s —§ = —2k with k = 2,3,... the space of T-
conical distributions with support on =g has dimension 2. These
distributions are as follows

k+p+6

Cipro+Cou™ 2 W 2 Tk

¢) Otherwise the space of T-conical distributions with support on Zg
has dimension 1. These distributions are as follows

C1r0.

Proof. Let T be a 7-conical distribution with support on Zy. Since T is M N-
invariant, Theorem 9.13 of Section 9.2.2 can be applied and we have:

SN _ ok - k1 Ok
T = To,0®5+;u > ®Sk,o(u)®w5+;5k,k(u)®u T ® ol

m k—1 k_ k—1 1
1 u\? du 0 0
—5—5 E Apilul? s+ <ﬂ> |u|2®6ak [ 9a —06 forn=3
k=11=1

and
T = Tho®d+ Y uT oS 0@ oA s+ Sl eu™ *oi's
k=1 k=1
m k—1 k—21 du
+Z Akl|U|k+p< |> Tl ‘2 ® AFIAlS forn > 3
k=1 1=1

where Ty 0 = To,0(u, @), Skx(u,w) = Skk(w), Sko(u, ) = Sk o(w) are distributions
on C* and Ay, constants.
If f is a function of D(E) such that
F&) = f(auMag®) = ®(u)¥ ()

where ® € D(C*) and ¥ € D(C"?), then

MO =f (i) =9 (%) \4 (%) =3, (u)¥y(a).
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If follows that

G o
<T, fa >=<To0,®x > V(0) + > <u'T @ Spo(7), Py >< o0 Uy >
k=1
m ket ak
+Z<Sk7k(u)®u 2 Dy >< ﬁé,qb\>
m k—1 kg k—1 1
k(w2 du 0 0 B
YD Ay < ul? (W) p ® >< Gai g ¥ > forn=3

k=11=1

and

<T, fr >=<Tp0, P\ > ¥(0) + Z <u"T R Sy o(@), By >< AFS T, >
k=1

i - —k
+) < Sekl(w) QT T By >< A5, Ty >
k=1

Jrik_lAkl < ‘u|k+p ( Y >k2l duQ,q))\ > AF- ZA 6,V > formn>3.
== |ul |ul
Since T is T7-homogeneous, i.e.
<T,fa>=7N\N <T,f >
we obtain for n = 3

A\°
< Top, ®x >= [ <T|> <Tp,0,P > (A1)
A

é
@ Sko(@), 0y >= AT (—> ANo<u™ @ Seo(@),® > (A2)

Al
A 5—k k—1
< Sk(u) ®@U ‘I)A >= |A\[MF <T|> A <Spru)eu =z 0> (A.3)
—§+l A \?
A N5 ( ) k| AT () (A.4)
Al Al
and for n > 3
A\?
< To, Pr >= AT <A|> <To,0,P > (A.5)

é
= A p—
<u o+ ® Sk,o(ﬂ),q))\ >= ‘)\|p+s <m> A%k <y 22 +k ® Sk,O(ﬂ)7(I) > (AG)

)
_ AN\ _
< Spa(u) @TT TR By >= NPT (A') W< Sun) @T TR @ > (AT)
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—k+21 )
APt (i) — ANt <i> . (A.8)
Al Al

Let us first assume that n = 3. Then we get from equation (A.1) that Ty =
Cro. Equation (A.2) leads to s + 0 = —k — 2 and Sk is a distribution on C*

s+1-4
homogeneous of degree **

, i.e.

s+1-6

Sk@ =Cu =2

where C' is a constant.
From equation (A.3) one finds that s —§ = —k — 2 and Sy is a distribution on

C* homogeneous of degree #, ie.

s+146

‘9k$ =Cu 2

where C' is a constant.
Finally, from equation (A.4) we derive that Ay ; =0 if (k,1) # (=25, — s).
For the case n > 3 we have from equation (A.5) that Ty = C¢, 0. Equation

(A.6) leads to s+ 0 = —2k — 2 and that Sy ¢ is a distribution on C* homogeneous
s+p—34
2

of degree , Le.

stp—0

Skp =Cu =

where C' is a constant.

Equation (A.7) shows that s —§ = —2k — 2 and that Si  is a distribution on C*

homogeneous of degree w, ie.

s+p+3d

Agkk =Cu 2

where C is a constant.
Finally, equation (A.8) results in Ay = 0 if (k,1) # (—s, %52).
Therefore we have proven the proposition.[]

A.5 Conical distributions

Let ® be a function of J and Re s > p — 1 then we define

Z,(®) = W/@mw (é)éé(z)dz.

If ® € D(C), the function s — Z,(®) can be extended to an entire function on C.
The distribution Z, is (s—p, §)-homogeneous. All distributions which are (s—p, §)-
homogeneous on C are proportional to Z,. If & € 7, the function s — Z.(®P) can
be extended to a meromorphic function on C with simple poles in s = —2k —|6| —2
with k= 0,1,2,....
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Let ® be a function in J, ® can be written as follows

oo

e}
®(2) = a; k()22 +1(2,2) Y bjn(®)27Z"

3,k=0 j=0

where
(2,%) = |22 if n is odd
e z) = |z|"2Log|z| if n is even.

First T assume that n is odd. If 6 > 0 the residue of Z, in s = —2k — |§| — 2 for
k=0,1,2,... is

Res (Z;,s =—2k—6—2)=—

— < bi kts-
ok ’
r (=)

If § < 0 the residue of Z, in s = =2k — |§| — 2 for Kk =0,1,2,... is
47

———br_sk
—2k— ’
r(=4)

Finally, if n is even. If § > 0 the residue of Z, in s = —2k—|d6|—-2for k =0,1,2,...

1S
!
Res (Z,,s = —2k — 6 — 2) = 4ni (l> <M> Bie o

Res (Z;,s = —2k+6—2) = —

r 2
If § < 0 the residue of Z, in s = =2k — |6| — 2 for Kk =0,1,2,... is

1\ [/ —2k—
Res (Zy,s = —2k + 6 — 2) = 4 <f> (#) br_s.p-

For the above computations see [11].
For Re s > p — 1 we have

, o (&) \’
<M Z, f >= F(S‘%I‘;H)-/EW(Q' <|u(§)|> f(€)dE.

Calling ¢, 1 = M'Z,. Therefore, the function s — 1, ; can be meromorphically
extended to € with poles at s = —2k — |§| — 2 for £k =0,1,2,.... The residues in
these poles are

Res (¥r.1,—2k — [6] — 2) = M’ (Res (Z,, —2k — |5] — 2)).
These residues are equal to
Res (’(/J-,—,l, -2k —6 — 2) = Mk’6L2k+5’k+5 if § Z 0

and
Res (1/)7—’1, —2k+6-2)= trsLlog—sk ifo <O
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where i 5 is a constant different of 0.
If s = =2 is a pole of ¥, ; then

Res (7,1, —2) = po,0Loo

where 100 is a constant different of 0.
The distribution 1 defined by

7 s Moo
¢ = lim (¢r,1 . 2¢T,0)

is (=2, 0)-conical.
Proposition A.6. A. The case n=3.

(1) If s=—% withk=1,2,....
a) If s is not a pole of ¥r1.
i) If s and § satisfy s +0 = —k and s — 6 = —k with k =3,4,...
the space of T-conical distributions has dimension 5. These
distributions are as follows

1-5_k 146 _ &k

Cl’(ﬂTJ +ng7—70+03u%ﬂi_z +C4UT_ZH% —|—C5Rk75+§.

it) If s and § salisfy s+ = —k and s — 6 # —k with k = 3,4,. ..
the space of T-conical distributions has dimension 4. These
distributions are as follows

k—1 1-46
Citpr1 + Cothro + Cou > W7 4 4 CaRy g, 1.

i11) If s and § satisfy s +0 # —k and s — § = —k with k = 3,4, ...
the space of T-conical distributions has dimension 4. These
distributions are as follows

Citbrs + Catprg + Cau'® 512 + CaRy 5, 5.

w) If s and § satisfy s+ # —k and s — 0 # —k with k = 3,4,. ..
the space of T-conical distributions has dimension 8. These
distributions are as follows

Cripra + Cothro + C3Ry 5, k.

b) If s is a pole of ;1.
i) If s = —2 the space of T-conical distributions has dimension 2.
These distributions are as follows

Y = C1ir 1 + O
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it) If s £ —2.

it.1) If s and § satisfy s+0 = —k and s—§ = —k with k = 3,4, ...
the space of T-conical distributions has dimension 4. These
distributions are as follows

C1¢70+Czu ER TR +03u17;6_*_ + C4R,, ok

1.2) If s and § satisfy s+0 = —k and s—9§ # —k with k = 3,4, .
the space of T-conical has dimension 3. These dzstmbutwns
are as follows

k—1_1-5_ k
CleToﬂ—C’gu 2 u 2 4 +C3Rk,6+§'

i.3) If s and 0 satisfy s+ # —k and s—6 = —k with k = 3,4,. ..
the space of T-conical distributions has dimension 3. These
distributions are as follows

k

s
Cﬂ[/-,—o—FOQU = 71_ +03Rk5+k.

ii.4) If s and 0 satisfy s+ # —k and s—0 # —k with k = 3,4, ...
the space of T-conical distributions has dimension 2. These
distributions are as follows

Ciypro+ CoRy 50

(2) If s # — ’, with k=1,2,....

a) If s and § satisfy s+ = —k with k = 3,4, ... the space of T-conical
distributions has dimension 3. These distributions are as follows

—1 1+b )

Ci1r1 +C2¢70+C:3U z 2

b) If s and 6 satisfy s—0 = —k with k = 3,4, ... the space of T-conical
distributions has dimension 3. These distributions are as follows

Crprg + Catpro + Cou™ 2 @ = .

¢) Otherwise the space of T-conical distributions has dimension 2.
These distributions are as follows

Ci¢r1 + Cothrp.
B. The case n > 3.

(1) If s=—k, withk=1,2,....
a) If s is not pole of ;1.
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b)

i)

iii)

)

If s and § satisfy s+6 = =2k and s—6 = =2k with k =2,3,...
the space of T-conical distributions has dimension 5. These
distributions are as follows

Clwrl +021/J70+C3u 3 +k —|—C’4u%ﬂ%—2+k+
CsL Sk -
If s and 0 satisfy s+6 = —2k and s—8 # —2k with k = 2,3,...

the space of T-conical distributions has dimension 4. These
distributions are as follows

Clwr 1+ 027/)7- o+ Cgu B +k_ + 04 sgk .

If s and § satisfy s+6 # —2k and s—6 = =2k with k = 2,3,...
the space of T-conical distributions has dimension 4. These
distributions are as follows

Clw'r 1+ 021/)7- o+ C?,U 2 = LJrk + C4 sgk .

If s and § satisfy s+6 # —2k and s—6 # —2k withk =2,3,...
the space of T-conical distributions has dimension 8. These
distributions are as follows

Crpr1 + Cothro + C3Ly, sy

If s is a pole of ;1.
i) If s = —2 the space of T-conical distributions has dimension 2

and these distributions are as follows

P = Cripr1 + Cath.

it) If s £ —2.
i.1) If s and & satisfy s +0 = —2k and s — § = —2k with k =

2,3, ... the space of T-conical distributions has dimension 4.
These distributions are as follows

—k+p+s L
Cle o+ Cou z +k Jr Cyu™ 2 +k + C5 k, 8k -

i.2) If s and & satisfy s+ 0 = —2k and s — § # —2k with k =

2,3,... the space of T-conical distributions has dimension 3.
These distributions are as follows

p—2 _p—k=%
Cithro + CouT TR 2 4 O3, ssn.
T2

11.8) If s and 0 satisfy s+ 0 # —2k and s — § = —2k with k =

2,3,... the space of T-conical distributions has dimension 3.
These distributions are as follows

—k+p4s

2524k
Olwr’o +Cou™ 2 W 2 + CgL]%#.
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it.4) If s and & satisfy s+ 0 # —2k and s — § # —2k with k =
2,3,... the space of T-conical distributions has dimension 2.
These distributions are as follows

Crpro + Caly spn.

(2) If s # —k with k =1,2,....
a) If s and 0 satisfy s + 6 = —2k with k = 2,3,... the space of -
conical distributions has dimension 3. These distributions are as
follows

Chtpr1 + Cothro + Coyu T g5
b) If s and ¢ satisfy s —§ = —2k with k = 2,3,... the space of T-
conical distributions has dimension 3. These distributions are as

follows
—k4p+s  p—2
_L_!’T +k.

Civorn +Cotpr o+ Csu™ 2 W

¢) Otherwise the space of T-conical distributions has dimension 2.
These distributions are as follows

Crr1 + Cathro.
Proof. Let 7 be equal to (s,d) and let ¢ be a 7-conical distribution. We call ¢’ the
restriction to Z'. The distribution ¢’ is M N-invariant and 7-homogeneous. There
exists a distribution S’ on € which is (s — p, d)-homogeneous such that
Y= M(S),
The distribution S’ is proportional to Z,, i.e. S’ = C1Z,.

a) If s is not a pole of 9,1 then the distribution ¢ — Ci1; 1 is 7-conical and
with support in =y. We only have to apply last proposition to get the result.

b) If s is a pole of ¢, 1. Then s = —2k — |§| — 2 for k =0,1,... and let Z? be
equal to
d
ZE = £(8 +2k+ 0| +2)Z; ’s:_gk_w_g.

T

t
79 is not an homogeneous linear form. Calling fy(¢) = f (}\) its follows

)
Zo(fy) = AP (&) Z.(f)

and

oitsi—n (A’
Z0(f) = A2 <|7> 29(f)

s A)°
+ |\ 2Rl p(W) Log |A[Res (Z,(f), —2k — |6] — 2).
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Calling 2 | = M'(Z2) we get

)
B2 () =|A| 21012 (%) 0L (f)

s
A
# A2 () Log |ARes (6r (1) ~2k - 1] - 2)
The distribution 9, = ¢ — 011/1911 is M N-invariant and satisfies
V1(fx) = [APT (N1 (f) = —C1[A[PT(A)Log [ARes (¥r1(f), —2k — [6] — 2).
Proposition A.7. Let 7 be equal to (—2k — |6] — 2,0) with k =0,1,....
Let T be a distribution on = such that
(1) T is M N -invariant
(2) T has support in Zo
(3) T satisfies
T(f2) = NPrOVT(f) = CINPT(\) Log N Lakssxia(f) 6> 0
or

T(fr) = NPT(NT(f) = CINPT(N) Log |A|Lak—sk(f) if 6 <O.

If kK #20 or 6 # 0 then C = 0 and T is T-conical. If k = 0 and § = 0 then

d
T-C —¢:0 is T-conical.
ds s
For the proof we follow the same method as in [9] using Theorem 9.13 of Section
9.2.2.
From this proposition we get the result. If k£ # 0 or § # 0 then Cy; = 0 and
is a conical distribution with support on =.
If k=0 and § = 0 we obtain,

d
Y —C1ply = —Cipog d—wr,o + Cotra
o s=—2
and
7 . 10,0
=1 rl— —=W%r

Y= lim (ﬂf 1 8+21/) ,0)

d
0
— 00— oo Sy, O
Y71~ 10,0 dsil) o,
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AprPENDIX B

Irreducibility and unitarity

In this appendix we study the irreducibility and unitarity of the representations of
SO(n, C) induced by a maximal parabolic subgroup and defined in Section 8.3.1
in more detail. We follow the same method as in [41].

B.1 The standard minimal parabolic subgroup

We refer to [19].

Let G be the group SO(n,C) with n > 3 and let g be the Lie algebra with
Cartan decomposition g = € @ it. Let ag be the maximal abelian subalgebra of £
where

0 ixl
7Z‘£L'1 0
0 i!,l?g
—il‘g 0
ag = . , z; €R
0 iwk
—il‘k 0
0
if n=2k+1 and
0 i.’L'l
—ixl 0
0 il‘g
ag = —iT2 0 , ; €R
0 ixk
—ixk 0

if n = 2k.

143
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Let mg be the centralizer of ag in €, then it is equal to

0w
-y 0
0 Y2
—-y2 0
my = . s Yi S ]R
0
-y 0
0
ifn=2k+1 and
0 Y1
-y 0
0 w
my = —y2 0 , B €R
0
Y

if n =2k.
Let h; be the function such that h;(H) = z;, 1 < j < k where H € ay.
The set of roots is

A ={th; £ h; withi#j}U{x£lh} if n=2k+1
and
A = {xh, £ h; with i # j} if n=2k.
The root space decomposition is

—a®my® Y ga
aEA

where g, = CH,,. To define H,, first let ¢ < j and o = +h; £ h;. Then H, is zero
except in the entries corresponding to the i** and j** pairs of indices, where it is
equal to

with
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To define H,, for o = +h; in case n = 2k + 1, write

pair entry
I 2k+1

with zeros elsewhere and with

1 1
Xhz = (—Z) and X*hl = <Z> .

The set of positive roots is
AT ={h; £ h; withi <j}U{m} if n=2k+1

and
AJr:{hi:l:hj Wlch<]} if n=2k.

We define ng = Y ga and po = mg + ag + ng. We call Py = MyAgNy the
aeAt
standard minimal parabolic subgroup where Ay = exp ag, Ng = expng and M is
the centralizer of ay in K = SO(n,R).
The set of simple roots is

2:{hl—hg,hg—h;g,...,hk_l—hk,hk} if n=2k+1

and
E:{hl—hg,hg—hg,...,hk_l—hk,hk_1+hk} if n=2k.

For any subset F' C ¥ let Pr = MpApNp be the Langlands decomposition of
the parabolic subgroup P associated to F', then Py C Pp, My C Mg, Ap C Ag
and Ny C Ny. For details on parabolic subgroups see [42]. Taking F' =X — {h; —
he} we getif n=2korn=2k+1andn >4

0 iz
ap = —iz 0 with z € R
0
and if n =4
0 dx O 0
ap = 781: 8 8 —(zx with x € R

Ifn:3thenPF:P0.
We define Ap = ANIN - F, in our case Ap = F, then

mip =mg+ap+ g o, np = E Ja
a€EAR a€AT\Ap
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and
pr=mip +np.

Let mp be the orthogonal complement of ar in m; z with respect the inner product
< X,Y >= —Re F(X,Y), where F is the Killing form defined in Section 8.3.1.6,
then

mp =mp+ag.

Let Mir be the centralizer of arp in G, Np = expnp, Ap = expap, Mip =
MpAp and Pp = MpArpNp. We can see that Pr = P where P = MAN is a
parabolic subgroup with M, A and N defined in Section 8.3.1.

Put p =n — 2 and define for s € C, § € Z

Ess ={f € C®(G) : flgmagiiyn) = €= f(g),
for all (g,m,aztiy,n) € G X M x Ax N}.

B.2 Irreducibility

To prove the irreducibility we are going to follow the same method as in [41]. First
we will study the irreducibility of Ey s, by determining sufficient conditions under
which the, up to scalars, unique K-fixed vector is cyclic in Ey . Put ps = shq,
p1 = (n — 2)h; then it is easily seen that

Ess ={f €C®(G) : f(gman) = xs(m™*)e~retrilosap(g),
for all (g,m,a,n) € G x Mp x Ap x Np}.

where
cosx sinzx

Xs(m) = x5 | —sinz coszx = W0

where t € SO(n — 2,C).
We have endowed FEj5 ¢ with a pre-Hilbert space structure with norm

12 = /K ) Pk

where K = SO(n,IR) and dk the normalized Haar measure on K. Furthermore
the sesqui-linear form

< fih>= / F(R)R(k)dk (B.1)
K

defines a non-degenerate G-invariant pairing between Es; and Ej5 _5 with s € C,
0 €.
Now define for A € ag, arbitrary

Es(G/Po, \) ={f € C(G) : f(gman) = X(;(m_l)e_(AJr”O)log“f(g),
for all (g,m,a,n) € G x My x Ay x No}.
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Define the following special elements of ag,:

k—1
po=2Y (k—ihi if n=2k,
i=1

k—1
po=Y_ (2(k—i)+ 1) hi+hy ifn=2k+1,
=1
As)=ps+p1—po (s€C)ifn=2korn=2k+1.

These elements can also be written as

h; = e;, (B.2)
As)=(s,—2k+4,-2k+6,...,—2,0) ifn=2k
As)=(s,—2k+3,-2k+5,...,-3,—-1) ifn=2k+1, k#1
As)=1(s) ifn=3

whith respect to {e; : i = 1,..., k}, the standard basis of C*.
Lemma B.1. Let s € C, then Ess C Es(G/Py, A(s)), 6 € Z.
By the duality (B.1) we deduce
Corollary B.2. Let s € C, then Ej5_, is a quotient of Es(G/Py, —\(s)) for ¢ € Z.

For X € af, define

where (-, -) is the usual invariant bilinear form for SO(n, C).

e(A) is the denominator of Harish-Chandra’s c-function, see [14]. The Killing
form is up to a constant equal to the invariant bilinear form (-, -) for SO(n, C), but
this formula is independent of that constant.

The Iwasawa decomposition of G is given by G = K AgNy. Define

1x(kan) = e-Atro)losa (e | o € Ag,n € Ny),

then 1, € Eo(G/Po,)\)

Theorem B.3. (Helgason [14]) 1y is a cyclic vector in Eo(G/Py, A) if and only if
e(N) #0.

Let us call Zqe, the set of even integers and Z,qq the set of odd integers.

Lemma B.4. e(—A(—s)) # 0 for
a) for alls € C\ (ZN (—0,0)) when n = 3,5
b) for all s € C\ (Zeyen, N (—0,0)) when n =4
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c) for all s € C\ (Zeyen N (—00,n — 6]) when n is even > 4

d) for all s € C with s ¢ Zoga N (—o0,n — 6] and s & Zeyen, N (—00,0) when n
s odd > 5.

Proof. Using the identification (B.2) one easily gets for n = 2k

—j—i+2k i#1,j#k
_ ()\(75),61'+6j) _ % ] Z:l,]:k
(ei +ej.eitej) iz g) i=1j#k "’
k—i i#£1,j=k
. . 1’. k
(M=s),¢e; —e;) jﬁ Z zfljfk
B » €4 J) 572197‘) =LJ)=
(ei—ej,ei—ej) (2 J iil,j#k’ ’
k—'i i£1,j=k

formn=2k+1withk#1

—i—j42%4+1 i#1lj#k
 (A(=s)eite) sl i=1,7=k
(eitejeite) | TEEH i=Lj#k "’
k—it1l i A1, =k
J— i#FLj#Fk
 (A(=s),ei—ey) =1 i=1,5=Fk
(ei—ejoei—e;) | 24 i=Lj#k’
k—i i£1,j=k
(A(—s).eD) 2k—i)+1  i#1k
EERSALSLL A2 S i=1
(i, €:) 1 i=k

and for n =3
(A(=s).e1) _

(e1,e1)

)

and we obtain the result. [

Since also G = KM AN, the function 1,(kma,iyn) = e~ =P (k€ K, m €
M,y € R and n € N) is well-defined and is in Ey ;. Corollary B.2 combined with
the above results gives

Lemma B.5. 1, is cyclic in Ey s as soon as e(—A(—s)) # 0.
Corollary B.6. Ey s is irreducible for
a) for all s € C\ Zeyen, when n is even > 4 and for all s € C\Z%,,,, whenn =4

even

b) for all s € C\ Z* when n is odd > 3.
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Proof. This follows easily from Lemma B.5 and the observation that mg , is irre-
ducible if and only if 1, is cyclic in Ey s and 1_; is cyclic in Ey 5. O

Next we are going to study the irreducibility of E; , this is done by applying
the method of “translation of parameters” introduced by Wallach [43].

Consider the action of SO(n, C) on C". Put

vo = (1,-1,0,...,0), wp=(L,4,0,...,0).
a. - vy = e P
a.-wo=ewy (2 € Q)
m - vy = Vg
m-wy=wy (meM)
T vy = Vo
n-wyg=wy (n€N,nEN).
Define
Fo(g) = (9 -vo,wo), (9 €G)
whith (-,-) defined as before. For any v € C" define the matrix coefficient

Cv(g) = (g : ’U(),U), (g € G)
The map v — ¢, is a G-equivariant injective linear map from C" into E_; _1_,.

Lemma B.7. (Wallach [43], Ch. 8.13.9) Fy - 15 is cyclic in E_y s_1 as soon as 14
1s cyclic in Eo .

Proof. Since G = KM AN the G-invariant subspace generated by Fy - 1, clearly
contains [m, s(G)1s] - Fy. Hence if f € E_; _1 is orthogonal to m_1 s_1(G)(Fp - 15)
then f- Fy =0,s0 f=0.0

To obtain § = —n in the above lemma we have to do the same as before but
taking Fy(g)™ and if we want 6 = n we take Fy(g)”. Calling

Fo(g)™ ifé=-n
Fs(g) =

Fo(g)™ ifd=n
We obtain
Lemma B.8. Fs -1, is cyclic in Es o5 as soon as 1, is cyclic in Ey ;.
For the main corollary we need another lemma.

Lemma B.9. Ej ¢ is irreducible if Fs-15_5 is cyclic in E5 s and Fs-1_4_s is cyclic
mn E(g’,g,
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Proof. We assume that 6 = —n, and consider an invariant subspace V' C Ej ;.

Any invariant subspace under G, is invariant under K. Recall that Fj, in this
case, is equal to Fp(g)" = (¢ (0o ®@ vy ® -+ ® vp), (wo @ wo ® + - - ® wy)), and we
have

span{ K — translates of F5} ~ span{K - (wp @ wo®@ - - Qwp)} CC"®--- C".

We will see that the space span{K — translates of Fj} is irreducible and occurs
once. If we prove that there is, up to scalars, only one vector v in span{K - (wg ®
wp ® - - ®wp)} such that

cosf sinf 0 _
—sinf cosf 0| v=e" (B.3)
0 0 h

with A € SO(n — 2,IR), we have proven, applying Frobenius reciprocity theorem,
both statements. The vector wg ® wy ® - - - ® wq is, up to scalars, the only vector
that satisfies (B.3). Therefore span{K — translates of Fj} is either in V or in
Es.s/V, hence by the assumptions of the lemma V = Ej5; or V = (0), so Es is
irreducible.

For 6 = n we have to do the same. [

Corollary B.10. Let us consider s € C and § € Z.
a) If n >3 and n odd, Es s is irreducible when s ¢ Z.
b) If n >4 and n even, Es s is irreducible when s — 6 ¢ Zieyen -

For the proof we have to apply the two last lemmas.

B.3 Unitarity

When are our representations ms ; unitary? We know that our representations are
unitary if s € 4R and we want to compute when 7o s with s € R is unitary. To do
this we need to construct an inner product and to see when it is positive definite.
Let Ag s be the intertwining operator between Ey s and Ey _, defined in Section
8.3.1. We have

Apsls =¢(0,8)1_,

()M (2D (=52)

— _9p
where ¢(0, s) 2 NENEEZ3R . Let us call
AO,S
AO,S - 0(07 8)7

then Ag s is well defined for s < p.
We take n odd then we know that A4y = I on Ey since 7 o is an irreducible
representation on Epo. On each K-type we have that

As,s = 'AO,S
Ao—sAgs =1 for —1<s<1,
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what means that Ag ; is Hermitian and invertible on each K-type. To obtain the
second equality we apply that 7 s is irreducible for —1 < s < 1 see Corollary B.6.
This is the reason for requiring the bound being equal to 1.

Now we need a lemma.

Lemma B.11. (Knapp [19], Lemma 16.1) Let F(x) be a continuous function from
a topological space X to the vector space of n-by-n Hermitian matrices such that
F(x0) is positive definite for some xo and such that det F(z) is nonvanishing for
x in a dense connected subset Y. Then F(x) is positive definite for x in'Y, and
F(x) is positive semidefinite for all x in X.

Applying the latter lemma withn odd, X = {s e R : -1 <s< 1}, Y =X
and F(xz) = Ags|k—type We obtain that < Agsp,¢ > is positive definite for
—1 < s < 1. We have proven that mg ¢ is unitary for —1 < s < 1 if n is odd.

We can do the same for the case n = 4 since the representation my o and 7 s
for —2 < s < 2 are irreducible, see Corollary B.6. We obtain that m s is unitary
for -2 < s<2ifn=4.
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Samenvatting

De resultaten die we in dit proefschrift presenteren behoren tot het gebied van
de harmonische analyse en zijn sterk beinvloed door ontwikkelingen in de na-
tuurkunde, vooral in de quantummechanica. We houden ons vooral bezig met
eigenschappen van een bijzondere unitaire representatie, de metaplectische repre-
sentatie.

De metaplectische representatie —ook bekend als oscillator representatie, har-
monische representatie, oftewel Segal-Shale-Weil representatie— is een dubbel-waar-
dige unitaire representatie van de symplectische groep Sp(n,R) op L?(IR™).

Is, in het algemeen G een Lie groep en ‘H een Hilbert ruimte waar G unitair op
werkt, dan verstaan we onder een unitaire representatie van G een homomorphisme
7 van G in de groep van unitaire operatoren op de Hilbert ruimte H zodat de
afbeelding ¢ — 7 (g)x continu is van G naar H voor elke z in H. Een van de centrale
onderwerpen in de harmonische analyse is het ontbinden van de representatie van
G op ‘H in irreducibele representaties: het vinden van de zogenaamde Plancherel
formule voor de gegeven G-actie.

In dit proefschrift beschouwen we de ontbinding van de een-waardige oscilla-
tor representatie voor enkele ondergroepen van de symplectische groep, namelijk
SL(2,R) x O(2n), SL(2,R) x O(p,q) en SL(2,C) x SO(n,C).

De belangrijkste resultaten zijn de Plancherel formule van deze representaties
en de multipliciteitsvrije ontbinding van elke invariante Hilbert deelruimte van de
ruimte van getempereerde distributies.

De ontbinding van een invariante Hilbert deelruimte van de ruimte van getem-
pereerde distributies heet multipliciteitsvrij als voor elk paar minimale invariante
Hilbert deelruimten H; en Hs, die voorkomen in de ontbinding en niet evenredig
zijn, de irreducibele representaties op H; en Hso niet equivalent zijn.

Een essentieel gereedschap dat wordt gebruikt voor de berekening van de Plan-
cherel formule is een Fourier integraal operator, voor het eerst geintroduceerd door
M. Kashiwara en M. Vergne.

Om de multipliciteitsvrije ontbinding te bewijzen hebben we gebruik gemaakt
van een criterium van Thomas.
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S’ha feito de nuey

S’ha feito de nuey
tu md guardas ya
lo peito me brinca

tornate a besar.

Lo nuestro querer
no se crebard
aunque charren muito

y te fagan plorar.

Yo no quiero vier
giiellos de cristal
mullaus por glarimas

que culpa no hay.

FEscuita muller
disxa de plorar
yo siempre e’stau tuyo

tu mia has d’estar.

Dicen qu’en querer
ye de dos no mas
y que ye mas facil
ferlo caminar
cuando ['uno caye
l’otro a devantar,
cuando l'uno caye

l’otro a devantar.

S’ha feito de nuey
tu m’a guarda ya
lo peito me brinca

te quiero besar.

—Jota en fabla, antigua lengua aragonesa, cantada por mis primas Maria Luisa y
Gloria.



