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CHAPTER 1

Radical Galois groups and cohomology

1. Introduction

Let K be a field of characteristic 0, and let K be an algebraic closure of K. Let i be the
subgroup of K consisting of all roots of unity. The maximal cyclotomic extension K (u) is
Galois over K, and we canonically identify its Galois group with a closed subgroup I'x of
the group of units Z* of the profinite completion Zof Z.

Let, in general, I' be a closed subgroup of Z*, and let A be a profinite abelian group.
Then the natural Z-module structure on A canonically induces an action of I' on A, which

we call the natural action of I' on A. A short exact sequence
0—A-Le-5HTr—1

in the category of profinite groups is called a natural extension of I" by A or simply a natural
extension of T if for all z € A and o € G we have o f(x)o~! = f(g(o) - x), where - is the
natural action of [' on A.

Let TV be a finitely generated subgroup of K *. We call dimq (W ®z Q) the rank of W.
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Let

Wi/ — {z € K 2™ e W for some m € Z>,}

be the group of all radicals of W, and note that K (W'/>) is a Galois extension of K. In
this chapter we study the structure of the Galois group of K (/) over K, and prove the

following main theorem.

Theorem 1 (Main theorem). Letn € Z>( and let I' be a free Z-module of rankn. Let G be a

profinite group, and let K be a finite field extension of Q. Then the following are equivalent.

(a) There exists a finitely generated subgroup W of K* of rank n such that
G = Gal(K(WY*)/K)
as profinite groups.
(b) There is a natural extension of I i
0—F —G—Tg—1

such that if K = Q, the image of F' in G equals the algebraic commutator subgroup
G,G] of G.

The case n = 1 over K = QQ was the subject of the author’s master’s thesis, see [Jav13]. The
special condition for K = Q was encountered already there. It is a condition entirely due to
the theorem of Kronecker—Weber (see [Hil96]), which shows how number theory is involved
in determining these Galois groups.

The (a) to (b) implication is a fairly easy consequence of Kummer theory and Schinzel’s
lemma, which we show in the next section.

The main tool in our proof of the inverse implication is the algebraic cohomology of

topological groups acting continuously on topological modules, which one calls continuous
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cochain cohomology. Given a topological group I' and a topological I'-module A, the con-
tinuous cochain cohomology of T with coefficients in A is the cohomology obtained from the

complex
0 — A -2 CY(I, A) -2 C2(T, A) 2 C3(T, A) -2 CY(I, A) 24
where for n € Z, the group C"(I", A) consists of all continuous maps of

r"=Irx-..-xn

n times
to A, and d,, is the standard coboundary map one also has in non-continuous group coho-
mology. For n € Z>,, we denote the cohomology groups of this complex by H"(I', A). See
section 1.3 for more details.

Now, let n € Z>, let I' be a closed subgroup of 2* and let F be a free Z-module
of rank n. We define an equivalence relation on the collection of natural extensions of I' by
F' (see 1.19), and find as in non-continuous group cohomology that the set of equivalence
classes under this equivalence relation may be identified with H*(T', F') (see 1.20). However,
natural extensions of I' by F' that have isomorphic profinite groups in the middle, do not
need to define the same element of H*(T", F). To work around this, we consider the Aut(F)-
orbit of the equivalence class of a natural extension 0 — F — G — [' — 0, which
may be identified with the isomorphism class of G. The next theorem shows that the set of
these orbits is in bijection with the set of subgroups of H?(T, 2) that can be generated by n

elements.

Theorem 2. Let n € Z>, let I' be an open subgroup of Z*, and let F be a free Z-module of
rank n. Let S be the set of isomorphism classes of profinite groups G for which there exists a
natural extension of I’

0—F —G—T—1.



CHAPTER 1. RADICAL GALOIS GROUPS AND COHOMOLOGY

Let T be the set of subgroups of H*(T', 2) that can be generated by n elements. Then there
is a well-defined bijection of S with T that sends a class [G] € S to the image of the group
morphism

CHom(F,Z) — HX(,Z), f+ BT, f)(E)

where CHom(F), 2) is the set of all continuous group morphisms from F to 2 and E €

H?(L, F) is the extension class of any natural extension ) — F — G — ' — 1.

For more details and the proof, see section 1.7 and section 1.8.
Our next step is to describe H*(T'g, 2) in terms of the field K. An important auxiliary
result is the following theorem, which has already been used in the rank 1 case over Q

in [Jav13].

Theorem 3. Let K be a number field, and let w be the number of roots of unity in K. Let A

be a profinite abelian group. Then for any m € Z>, we have
w-H" Tk, A) =0,

where Ik acts on A in the natural way.

See section 1.6 for more details.

Theorem 4. Let K be a number field, let w be the number of roots of unity in K, and let
{1y denote the subgroup of K* consisting of all roots of unity. Then the group H*(I'g, 2) is

isomorphic to
K(p)™nK*
qu*w ’
A more precise version of this theorem including a description of the isomorphism between
the two groups is given in Theorem 1.34.
Using Theorems 2 and 4, we see that an extension of ' as in part (b) of Theorem 1

(ll‘)*me*

corresponds to a subgroup H of K“w o that can be generated by n elements. The last step



1.1. INTRODUCTION

in the proof of the (b) to (a) implication of Theorem 1 is to lift this subgroup to a subgroup
W of K*. Putting M = K*/pu,, K* and A = K(")%, the following theorem enables us
Hw

to construct W in the case that K is unequal to Q.

Theorem 5. Let w € Z-4, and let M be a free module over Z/wZ. Let A be a submodule
of M, let n € Z>q, and let H C A be a finite subgroup generated by at most n elements.
Assume that the quotient group M [p|/A[p| of the p-torsion parts of M and A is infinite for
every prime p dividing w. Then there is a submodule I of M that is free over Z /wZ of rank
n such that | " A = H.

For the proof see Theorem 1.39 in section 1.10. Note that we have

*2 *

that is, we have A = M for K = Q. The restriction this puts on constructing W, in the case

of K = Q, translates into the extra condition in Theorem 1.

The present chapter is organized as follows.

In section 1.2 we prove the (a) to (b) implication of Theorem 1. In sections 1.3 and
1.4 we copy the definitions and theorems of continuous cochain cohomology and topological
group extensions from [Jav13]. The proofs, which are omitted in this section, are found
in [Jav13, Chapter 1]. In section 1.5 we prove a lemma in profinite group theory on natural
extensions. In section 1.6 we elaborate on Theorem 3 above. Section 1.7 is concentrated on
proving Theorem 2 above. Section 1.8 concerns the extended version of Theorem 4 above.
In section 1.9 we study the image of Gal(K (W'/*°)/K) under the bijection of Theorem 2.
In section 1.10 we prove the lifting theorems, such as Theorem 5 above. The last section

contains the proof of the main theorem.
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2. Maximal radical extensions of number fields

Theorem 1.1 (Schinzel). Let K be a field, let a € K, and let n € Z~ be not divisible by
char K. Let d be the number of n-th roots of unity in K. Then the splitting field of X" — a is

abelian over K if and only if there exists b € K with a® = b".
Proof. See [Sch77, Theorem 2], [Len07] . [ |
Definition 1.2. For an abelian group W we write rk(11) for the rank dimq (W ®z Q) of W.

Let K be a field of characteristic 0, let K be an algebraic closure of K, and let W be a

subgroup of K*. Let
Wi/ — {z € K 2™ e W for some m € Z>1}

be the group of all radicals of 1. The field K (WW'/°°) is the union over all positive integers

m of the Galois extensions K (W'/™) of K where
wim —{reK :az™eW}.

Therefore, the field K (W'/*) is Galois over K.
For a field L we write u(L) for the subgroup of L* consisting of the roots of unity of
L*. For simplicity we write y for the subgroup u(L) of T consisting of all roots of unity.
For an integer d € Z>; we write 114 for the subgroup of 1 consisting of the dth roots of unity.
The maximal cyclotomic extension K (u) is Galois over K, and there is a canonical
injection
Gal(K (p)/K) — Aut(p)

of profinite groups. Observe that Aut () is canonically isomorphic to Z* asa profinite group.

As Gal(K(p)/K) is compact and Z* is Hausdorff, we may identify Gal(K(pn)/K) with a
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closed subgroup of Z*, which we denote by I'x. As K(p) is clearly a subfield of K (W1/>),
we see that I'g is a quotient of Gal(K (W'/*)/K).
We write
Sat(W) = WY n K*
and
Cyc(W) = WV n K(u)*.
Proposition 1.3. Let K be a number field, and let K be an algebraic closure of K. Let

w = #u(K). Let K* be the maximal abelian extension of K inside K.

(a) Then we have

K*l/oo N Kab* = - K*l/w.
(b) Let W be a subgroup of K*. Then
Cye(W) = p- (Sat(W)'/* 1 K (12)").
Proof. To prove (a), note that the right-to-left inclusion follows immediately from Kummer
theory and the fact that cyclotomic extensions are abelian. For the left-to-right inclusion, let
o € K*1/% N K** Then there is n € Z>; such that o” = a € K*. As X" — a is abelian
over K, by Theorem 1.1 there exists b € K™ such that a® = b", where d is the number of
n-th roots of unity in K. Then we have o = Caab™?, where (,,q is some nd-th root of unity. It

follows that o« € - K *1/w_\which shows the left-to-right inclusion.
For (b), intersect K*1/>° N K** = 1 . K*'/* on both sides with Cyc(V) to obtain

Cyc(W) = (u- K*/*) N Cyc(W).
As pu C Cyc(W), it follows that
Cyc(W) = pu- (Sat(W)Y* N K (n)")

as desired. ]
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Lemma 1.4. Let K be a number field, and let W be a finitely generated subgroup of K*. Let
n = rk(W). Then the following statements hold.

(a) The group Sat(W) is finitely generated of rank n.
(b) The quotient Cyc(W)/u is free of rank n.

Proof. Note that Sat(WW)/W is equal to the torsion subgroup of K*/W. By Lemma 3 in
[Iwa53], there is a countably infinite index set / such that K* = u(K) x 71 Moreover,

there is a finite subset .J of I such that T is contained in z(K) x Z(”). Then
K* = u(K) x ZY) @ zU\D,

Hence, the torsion part of K* /W is a finitely generated abelian group, which is therefore
finite. As Sat(W)/W is finite, the group Sat(1V) is finitely generated of rank n, which
proves (a).

By Proposition 1.3 we have Cyc(W) = pu - (Sat(W)Y* N K(u)*). Observe that
Sat(W)'/* is finitely generated, so

Sat(W)"* N K (u)* = Cyc(W)/p

is also finitely generated. As the quotient Cyc(WW')/(u - Sat(W)) is finitely generated and
annihilated by w, it follows that Cyc(W)/(u - Sat(W)) is a finitely generated torsion group.
Hence

Cye(W)/(p - Sat(W))
is finite, which implies that Cyc(W)/pu is free of rank n. |

Recall that a topological module M over a topological ring R is an R-module M that is a
topological group such that R x M — M is continuous, where R x M has the product

topology. Similarly, a topological module M over a topological group I' is a I'-module M
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that is a topological group such that I' x M — M is continuous, where I' x M has the
product topology.

Let A be a profinite abelian group. Then by [Jav13, Lemma 2.3] A has a unique Z-
module structure, and it makes A into a topological Z-module. We call this the natural
Z-module structure of A. By restriction, A has a topological ['-action, for every closed
subgroup I' of Z*. For any such I', we call this the natural action of I' on A.

Moreover, a short exact sequence 0 — A B4 5 1of profinite groups

where A is abelian and for all 0 € E and x € A we have

of(x)o" = f(g(o) - )

with - the natural action, is called a natural extension of I" by A or simply a natural extension
of .

Let K be a field, and K an algebraic closure of K. For every k € Z>; let y; denote
the group of all kth roots of unity in K . Letm e Z-,, and note that for every multiple £ of
m, there is a group morphism fi;, — /i, sending ¢ € j, to ¢*/™. This defines a projective
system, of which the projective limit 7z is called the Tate module of the multiplicative group.
It is a profinite module over 7 that is free of rank 1. For o € it we let «v,,, denote its image in

(L, under the canonical projection i1 — fi,.

Theorem 1.5. Let K be a field of characteristic 0, and let W be a finitely generated subgroup
of K*. Let G = Gal(K(W'Y*)/K). Then there is a natural extension of T

0 — Hom(Cyc(W), 1) ——= G — T —> 1

such that for all f € Hom(Cyc(W), 1), z € WY and m € Zs, with ™ € Cyc(W) the

Galois automorphism ( f) satisfies

(f)(x) = f(@™ ) - .
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Proof. By Galois theory, there is a natural extension of I'x

0 — Gal(K(WY*)/K(u)) — G — Ty — 1.
By Kummer theory, there is an isomorphism

Gal(K (W) /K (12)) — Auteye(Cyc(W)Y>)

of profinite groups that sends each ¢ to its restriction to /> = Cyc(W)'/*. Moreover,

there is an isomorphism
AUtCyc(W) (CyC(W)l/OO) — HOHI(CYC(W), ﬁ)

of profinite I'x-modules given by sending ¢ to the group morphism Cyc(W) — [ that
sends z € Cyc(W) to (0(Ym)/Ym)m>1 Where y,, € K are such that y” = z for every
m € Z>o. As these isomorphisms are ' -linear, composing their inverses gives the desired

natural extension of I'x. [ |

Remark 1.6. Let /, I/ and n be as in Lemma 1.4. Then by Lemma 1.4 there are ¢4, ..., ¢, €
K(p)* such that Cyc(W) = p- (t1, ..., t,).

Proposition 1.7. Let K be a number field, and let W be a finitely generated subgroup of K*.
Letn = rk(W). Let ty, ..., t, € K(u)* be such that Cyc(W) = - (t1,...,t,). Then there
is an isomorphism

Hom(Cyc(W), i) — 3"

of topological Z-modules sending f € Hom(Cyc(W),7i) to (f(t;))",.
Proof. As /i has no torsion, we have Hom(Cyc(W), i) = Hom(Cyc(W)/u, ii). Let

p: Z" — Cyc(W)/p

10
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be the group isomorphism sending the standard basis elemente; € Z" tot;-pufore =1,...,n.

Then ¢ induces the isomorphisms
Hom(Cyc(W)/p, i) = Hom(Z", i) & 3"

of profinite groups, where the last isomorphism sends f € Hom(Z", i) to (f(e;))™,. By

[Jav1l3, Lemma 2.3] these are in fact Z-linear morphisms. [ |

Lemma 1.8. Let I' be an open subgroup of 2*, and let F' be a free module over Z of finite

rank. Let

0—F-"5G—T—1

be a natural extension of I by F. Let |G, G] be the algebraic commutator subgroup of G.
Then the following hold.

(a) There exists m € Z>q such that |(mF) C [G,G].
(b) [G,G] is closed in G.

Proof. Since the kernels ker(Z* —s (Z/mZ)*) form a fundamental system of neighbour-
hoods of 1 € Z*, there is m € Z-q such that ker(z* — (Z/mZ)*) is contained in I'.

Choose such m even, which we may do without loss of generality. Let
u=(14m,2) € HZP X Hz,,:i
Pl ptm

and note that u € Z*. Since u = 1 (mod m), we have u € I". Moreover, by construction we
have (u — 1)Z = mZ.

Now, let x € F, and let v € G such that 7(v) = u. Observe that

(u—1) -z =1 (v x)v  (z)™h),

11
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which is an element of .~ !([G, G]). It follows that
(u—1F =mF C . (G, G)]).

As mF is open in F, it follows that .~ ([G, G]) is open in F, so in particular it is closed in

F. Since ¢ is a closed map, |G, G] is closed in G, as desired. [

Now, we are able to prove the (a) to (b) implication of the main theorem of this chapter (see

Theorem 1 of the Introduction).

Proof of (a) implies (b) of the main theorem. By Theorem 1.5, there is a natural extension
of I K

0 — Hom(Cyc(W), 1) — G — T —> 1,

where Hom(Cyc(W), 7i) is free of rank n over Z by Proposition 1.7. Moreover, if K = Q,
then by the theorem of Kronecker—Weber (see [Hil96]) the image of Hom(Cyc(W), i1) is

necessarily the closure [G, G| of the algebraic commutator subgroup of GG. By 1.8(b) this is

equal to the algebraic commutator subgroup (G, G]. [

3. Continuous cochain cohomology

Let I be a topological group. We denote the category of topological I'-modules by I'-TMod,
and note that it is an additive category. The morphism sets in this category are denoted by
CHomp(—, —), CEndr(—) and CAutr(—). When it is clear that every group morphism be-
tween two topological I'-modules is continuous, we drop the ‘C’ from the notation; e.g. when
the domain is discrete. Similarly, we drop the subscript I' when it is clear that every group
morphism between two ['-modules is I'-linear; e.g. when I is trivial or when I is a closed

subgroup of Z* and the action is natural (see [Jav13, Lemma 2.3]).

12
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Let A be a topological I'-module. For n € Z(, endow I'’*" with the product topology,
and let C"(I", A) denote the group C(I'*™, A) of continuous functions from I'’*" to A. The
elements of C"(I", A) are called continuous n-cochains.

For n € Zs define the boundary map d,,: C"(T', A) — C"*(T, A) by
(@) (15 Yrr) = 71 025 Y+

+ 3 (=D (s Vit s - Y1) F (D) o (),

whose kernel is the group of continuous n-cocycles, and is denoted by Z"(I', A). For all
n € Z>o we have d,,1; od, = 0. Hence, for n € Z>; the image of d,,_;, denoted by
B"(T', A), is contained in Z"(I', A); its elements are called the continuous n-coboundaries.
Moreover, the group of continuous 0-coboundaries B’(T', A) is defined as the trivial subgroup
of C°(T', A). For n € Zxo, we define the n-th continuous cochain cohomology group of T
with coefficients in A as the quotient Z"(I", A)/ B"(I", A), denoted by H" (T, A).

We will almost always omit ‘continuous’ in the above defined objects. Note that if I’
is a discrete topological group, the notions above coincide with the usual group cohomology
notions.

The cohomology group H%(T", A) will often be identified with the subgroup A" of I'-
invariants of A via the group isomorphism ¢ — ©(1). Moreover, if I acts trivially on A, then
H'(T', A) is equal to the group of continuous group morphisms CHom(T", A) of " to A.

Let A and I be topological groups, and let o: A — I'and v»: A — B be continuous
group morphisms, where A and B are topological modules over I" and A, respectively. The

pair (¢, 1) is called compatible if for all § € A and a € A we have ¥ (¢(d)a) = d(¢(a)).

Lemma 1.9. Let o: A — ' and v: A — B be a compatible pair. Then the following

statements hold.

13
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(a) For eachn € Zxg there is an induced group morphism
C"(p,0): CMTI'A) — C™(A, B)

given by
Ce, ¥)(f) =vo fop™,

where o*™: A*" — %" sends (01, ...,0,) € A" 1o (p(d1), ...

(b) Foreachn € Zx the diagram

(T, A) —& ¢ (T, A)
C”(Wl))l lCnH(%d})
C"(A, B) —— C™(A, B)

is commutative.
(¢c) Foreachn € Zx there is an induced group morphism
H"(p,v): HY(I', A) — H"(A, B)
defined by sending [f] € H"(T', A) to [C"(p,¥)(f)].

Proof. See [Wil98, Lemma 9.2.1].

Let C be the category defined as follows. Let the objects of C be all pairs (I', A) where I' is a
topological group and A is a topological I'-module. A morphism between (", A) and (A, B)
is given by a compatible pair (p, 1)) where ¢: A — I" and ¢): A — B. Composition of
two morphisms (p: A — I'¢p: A — B)and (¢': [ — A,¢': B — () is given by

(¢, ") o (0,0) = (poy, ¢ o).

14
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Proposition 1.10. Let n € Z>. Then
C"(,-): C — Aband H"(-,-): C — Ab
are covariant functors from C to the category Ab of abelian groups.
Proof. See [Jav13, Proposition 1.3]. [}

Throughout the rest of this section, let I' be a topological group. The subcategory Cr of C
consisting of the pairs (I', A) with A a topological I'-module, and with morphisms all com-
patible pairs (idr, 1)) where 1) is a continuous I'-module morphism, can be canonically iden-
tified with the category I'-TMod of topological I'-modules. For a morphism %) of topological
[-modules, let C"*(T", 1)) = C"(idr, v) and H"(T", ¢) = H"(idr, ¥).

Proposition 1.11. Let n € Z>. Then

c*(l,): I'"TMod — Ab and H"(T',-): I'“-TMod — Ab
are additive covariant functors.
Proof. See [Jav13, Proposition 1.4]. [ |
Proposition 1.12. The functors C" (I, -) and H"(T', -) commute with arbitrary products.
Proof. See [Jav13, Proposition 1.6]. [ |

Proposition 1.13. Let

1—A-sB %051

be a short exact sequence of not necessarily abelian topological groups. Then the following

are equivalent.

(a) The map f induces a homeomorphism from A to its image, and g admits a continuous

set-theoretic section.

15



CHAPTER 1. RADICAL GALOIS GROUPS AND COHOMOLOGY

(b) There is a homeomorphism p: B — A x C, where A x C' has the product topology,

such that the diagram

AxC

commutes, where 14 sends a € A to (a,1) and m¢ sends (a,c) € A x C to c.
Proof. See [Jav13, Proposition 1.7]. [ |
Definition 1.14. A short exact sequence

1—A-sB %01

of not necessarily abelian topological groups is called well-adjusted if it satisfies either one

of the equivalent conditions 1.13(a) and 1.13(b) above.

All short exact sequences of discrete groups are well-adjusted, as are all short exact sequences

of profinite groups, see [Wil98, Lemma 0.1.2].

Proposition 1.15. Let

0— AL B0 —0

be a well-adjusted short exact sequence of topological I'-modules. Then for each n € Z>

there is a unique group morphism
6, HY(T,C) — H"THT, A)

such that for every ¢ € Z™(T, C) and for every a € C"(T', A) and b € C"(T', B) satisfying
C™(T, g)(b) = cand C"*Y(T, f)(a) = d,(b), we have a € Z" (", A) and §,([c]) = [a).

16
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Proof. See [Jav13, Proposition 1.13]. [
Theorem 1.16. Let

0—A-LB-%0c—0
be a well-adjusted short exact sequence of topological I'-modules. Then the sequence

HO(9) )
) — ) —

0—— 1T, A) w0, By 9 wor, ¢y~ 1T, 4) 2

n n n+1
w4 D g, By M g, o) s gy, Ay

Is exact.

Proof. See [Jav13, Theorem 1.15]. [

4. Topological group extensions
Throughout this section, let I be a topological group, and let A be a topological ['-module.

Definition 1.17. A ropological group extension of I by A is a triple (E, f, g) consisting of a

topological group F together with a well-adjusted short exact sequence
0—A-LEST —1
of topological groups, such that for all a € A and z € E we have zf(a)z™! = f(g(x) - a).

Notation 1.18. We will often denote the extension (£, f, g) by the well-adjusted short exact

sequence that is associated with it, or just by £ when the maps f and g are understood.

17



CHAPTER 1. RADICAL GALOIS GROUPS AND COHOMOLOGY

Definition 1.19. Let (E, f, g) and (E', f’, ¢') be two topological extensions of I' by A. Then
(E, f,g)and (E', f’, ¢’) are said to be equivalent if there exists an isomorphism ¢: £ — E’

of topological groups such that the diagram

commutes.

The above defines an equivalence relation on the class of all topological extensions of I' by
A. For convenience, let X denote the set of all equivalence classes of topological extensions
of I' by A.

Let (E, f, g) be a topological extension of I" by A, and let s be a continuous section of

g. Then associating to (E, f, g) the map I'*? — A given by

(71,72) = fH(s(m)s(12)s(n2) ), (*)
induces a well-defined map ¢: X — H*(T', A), see [Hu52].
Theorem 1.20. The map ¢ above is a bijection of sets.
Proof. See [Hu52]. [ |

The theorem above enables us to identify elements of H*(T', A) with equivalence classes of
topological extensions of I' by A, and vice versa.
Let B be a topological I'-module, and let ©): A — B be a morphism of topological

[-modules. Let (F, f, g) be a topological extension of I" by A. Compose

E — T — Aut(B)

18
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to obtain a canonical action of F on B. Then the pushout 1.(E) of E along v is

u(E) = (B x E)[{(¢(a),—f(a)) : a € A},

where the semi-direct product has the product topology and the quotient has the quotient
topology. One easily checks that (,(E), 13, 7) defines an element of H*(T', B), where ¢ is

the inclusion of B in 1, (F) and 7 is the canonical surjection of ¢, (E) to IT'.
Proposition 1.21. We have H*(T',¢)([E]) = [(¢«(E), t, )].

Proof. Clear from (). u

5. On profinite groups

Lemma 1.22. Let F' be a free Z-module of finite rank, and let H be a profinite group. Then

every group morphism F' — H is continuous.

Proof. Note that every finite index subgroup of F' is open, because multiplication on F' by
every element of Z is a continuous morphism. By [Wil98, Proposition 1.1.6(d)] the map
F — H is continuous if and only if for every open normal subgroup N of H the compo-
sition fy: FF — H/N is continuous. As H/N is finite, it follows that ker fy is open in
F.

By [Wil98, Lemma 1.2.6], a map from a profinite group to a discrete space is continu-
ous if and only if there is an open normal subgroup N of G such that f factors through G/N.

It follows that /' — H is continuous. ]

Lemma 1.23. Let F' be a free Z-module of finite nonzero rank, and let I" be an open subgroup
of Z*. Let

0—F -G —T-—0

19
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be a natural extension. Then the image of v is equal to the centralizer
Co([G,G)) ={9 € G:gx =zgforal x € |G,G]}
of |G, G| in G.

Proof. First, note that [G, G] C «(F), because I' is abelian. As +(F’) is abelian, it centralises
every subgroup. Hence «(F') C Cq([G, G]).

Conversely, note that by Lemma 1.8(a) there is m € Z-q such that «(mF) C [G,G].
Let o € Cg(|G,G]), and let x € F. As 1(mx) € [G, G], we have

o 1(mzx) = oulma)o™t = o(ma).

Since F'is torsion-free, it follows that o acts as the identity on F'. Equivalently o maps to the
identity in I, because F'is a free Z-module of finite nonzero rank. Hence o € ((F), which

proves that C([G, G]) C (F). u

6. Roots of unity and cohomology

Let I be a closed subgroup of Z*. Define

=Y Z(y-1)

yerl

to be the Z-ideal generated by I' — 1 = {y —1:~ €T}, andlet Jr = Ir be its topological
closure in Z. For example, one has [, = J;. = 2Z.
Let M be a profinite abelian group. As M is a Z-module, there is an induced module

structure of Z on H*(I", M) for each n € Z,.

Theorem 1.24. Let I' be a closed subgroup of Z*. Let M be a profinite abelian group, and
let I' act naturally on M. Then for all n € Z>q we have Jr - H"(I', M) = 0.

20
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Proof. See [Jav13, Theorem 2.16]. [

Recall that for a field K of characteristic 0, we identify the maximal cyclotomic Galois group

Gal(K(p)/K) of K canonically with a closed subgroup of Z*, which we denote by I'x.

Theorem 1.25. Let K be a field of characteristic 0, and let I'k be its maximal cyclotomic

Galois group. Then Jr,, = Anng(u(K)).
Proof. See [Jav13, Theorem 2.17]. [ |

Corollary 1.26. Let ' be as in Theorem 1.25, and let M be a profinite abelian group with
the natural Ik -action. Then for all n € Z>y we have Anng(u(K)) - H*(I'g, M) = 0.

Proof. This follows immediately from Theorem 1.24 and Theorem 1.25. ]

Example 1.27. Let K be a field of characteristic 0 with only finitely many roots of unity, say
w = #p(K). Then Anng (u(K)) = wZ = Jp. Hence w-H" (', M) = 0 for every profinite
abelian group M.

7. Orbits of natural extensions

Throughout this section, let n € Zx, let M be a free Z-module of rank 1, let F" be a free
Z-module of rank n, and let I' be an open subgroup of Z*. Let S be the set of isomorphism

classes of profinite groups GG such that there exists a natural extension
0 —F —G—I—1

Such an extension has a class [0 — F — G — I' — 1] that belongs to H*(T', F'); for
f € Hom(F, M), the map H*(T', f) sends this class to an element of H*(T", M).
Let T be the set of subgroups of H*(I', M) that can be generated by n elements. In this

section we prove the following theorem.
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Theorem 1.28. The map p: S — T given by
G = {B*T, f)(0 — F — G —T —1]): f € Hom(F, M)}
is well-defined and bijective.

We briefly give an outline of the proof. First, note that the theorem is trivial for n = 0.
Assume n > 0 and for simplicity take F' = Z®" and M = Z. We define GL,(Z)-actions on
H(T", Z®") and H*(T", Z)®" and give an isomorphism
w: HA(T,Z") —s H2(T, Z)®"

of GL,(Z)-modules. We give S and T the trivial GL,(Z)-action, and construct GL,(Z)-
equivariant maps

H([,Z®") — S
and

H%([,Z)®" — T
that both have the property that two elements in the domain map to the same element in the

codomain if and only if they are in the same GLn(z)—orbit in the domain. We show that the

latter maps make the diagram

H(T', Z9") —“— H(T', Z)®

T

S———F

commutative in the category of GLn(Z)-sets. Then p is the map induced by w on the orbit

spaces. As w is an isomorphism, the map p is a bijection, as desired.

Assume that n > 1. By additivity of H*(T', -) there is a ring morphism

CEndp(Z8") —s End(H2(T, Z®"™))

22



1.7. ORBITS OF NATURAL EXTENSIONS

given by f +— H*(T, f). By Lemma 1.22 and the fact that any continuous group morphism
of profinite abelian groups is Z-linear (see [Javl3, Lemma 2.3]), we may drop the ‘C’ and
subscript T, so that we have an End(Z®")-module structure on H*(I', Z®"). For simplicity
we write M,,(Z) for End(Z®") and GL,(Z) for Aut(Z®").

By additivity of H*(T', -) the map

w: HA(T,Z") — HX(T, Z)®"

given by z — (H*(T, m;) (x))?zl where 7; is the i-th projection of Z®" onto Z, is an isomor-

phism of groups. Then

End(H2(T, Z®")) — End(H%(T, Z)®")

~

!'is an isomorphism defining the M, (Z)-module structure on

given by f — wo fow™
H?(I", Z)®". The map w then becomes an isomorphism of M, (Z)-modules. Moreover, for

f€M,(Z)and (z1, ..., z,) € HX(T', Z)®" we explicitly have

fr(@n. o ma) = (Z HA(T, m, OfOLj)(wj>>
J=1 i=1
We summarize the above in the following lemma.
Lemma 1.29. Assume thatn > 1. Fori = 1,...,n let m; be the i-th projection of 7" onto
2, and v; the i-th injection of Z into Z®". Then the map
w: HA(T,Z") — H(T, Z)®"

~

defined by x +— (H*(T',7;)(x))", is an isomorphism of M,,(Z)-modules, where for f &
M,(Z) and z € HX(T, Z%") and (1, . .., z,) € H*(T', Z)®" we have

frz=H(T,f)(x)
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and

f(xy,...,zp) = (ZHQ(F,m ofo Lj)(asj)> .

i=1

Lemma 1.30. Assume thatn > 1. Let GLR(Z) act on H*(T, 2@") by restricting the Mn(Z)—
action, and let GLn(z) act trivially on S. Then the map H*(T, 2@”) — S given by

0—Z%" — G —T — 1] [d]

is a well-defined GLn(z)-map with the property that two elements in H*(T', 2@”) map to the
same element in S if and only if they are in the same GLn(Z)—orbit.

~

Proof. The map is clearly well-defined. Equivariance under GL,,(Z) follows from the second
statement of the lemma, which we prove now.

Let
(G, f1,90)] = [G1], [(Gas fo, g)] = [Ga] € HA(T, Z°™)

and suppose that they map to the same element in S. Let av: G; — G4 be an isomorphism

of topological groups, which exists since G; and GG, map to the same element in .S. As
a(Cg, ([G1, Gh])) = Ca, ([Ga, G,

Lemma 1.23 implies that the map « induces an isomorphism o/ : Z®" —s Z®" such that the

diagram

0 Zen N o ST 1

0——=Z%" —— Gy T —— 1

commutes. The vertical map I' — I is induced by the universal property of cokernels.

Since the action of T" on Z®" is the same as the actions of G4 and G5 on 2@", it follows that
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the vertical map I' — T is the identity. Moreover, as G is the pushout of GG along ¢/,
Proposition 1.21 implies that H*(T', o/)([G1]) = [Ga].

Conversely, suppose that there is f € GL,(Z) with H2(T, f)([G1]) = [Gs]. By Propo-
sition 1.21, the latter equality implies that (G5 is isomorphic to the pushout f.(G;) of Gy
along f. As f is an isomorphism, it follows that GG is isomorphic to f.(G1). Hence, we have

G = G4 as profinite groups. ]

Let R be a not necessarily commutative ring. Recall that the Jacobson radical Jac(R) of R
is the intersection of all maximal left ideals of R. Moreover, recall that a left R-module M
is called simple if it has exactly two R-submodules, and that M is called semisimple if it is
the direct sum of simple R-modules. The ring R is called semisimple if it is semisimple as a

module over itself. The ring R is called semi-local if R/ Jac(R) is semisimple.

Lemma 1.31. Let R be a (not necessarily commutative) semi-local ring. Let A be a finitely
generated R-module, and let P be a finitely generated projective R-module. Assume that
we have two surjective R-module morphisms f,q: P — A. Then there is an isomorphism

h: P — P of R-modules such that g o h = f.

Proof. First, assume that R is semisimple. Then A is projective, so we have R-module
isomorphisms

p1: P— A®ker f

and

po: P— A®keryg

such that f = 74 o p; and g = 74 o py, where
ma: ADkerf — A

and

i ADkerg — A
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are the canonical projection maps. As P is both noetherian and artinian as [2-module, the
theorem of Krull-Remak-Schmidt (see [Lan02, Chapter X, Theorem 7.5]) implies that ker f

and ker g are isomorphic as R-modules. Choose any R-module isomorphism
p: ker f — kerg.

It follows that

h=p, o(ida@®p)op: P— P

is an R-module isomorphism that satisfies g o h = f. Indeed, we have
goh=myopyoh=m)0(ids®p)opi =ma0op = f,

which proves the statement for R semisimple.
Now drop the assumption that R is semisimple. By definition of a semi-local ring,
the ring R/ Jac(R) is semisimple. For simplicity write J = Jac(R). Then f and ¢ induce

surjective R-module morphisms
f,g: P/JP — A/JA.

As R/J is semisimple, the R/J-module P/JP = (R/J) ®gr P is projective. Hence, there is

an R-module isomorphism

h: P/JP — P/JP

such that o h = f. Let Z be the pullback of the canonical projection A — A/JA and
f: P/JP — A/JA. Let Z' be the pullback of the same diagram with f replaced by g.

As the pullback diagrams of Z and Z’ are isomorphic, there is an isomorphism

q: 2 — 7'
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such that the cube

P/JP — —AJJA
i Lo
P/JP—2—— A/JA
commutes. By the universal property of Z, the canonical projection P — P/JP and f
induce an R-module morphism uy: P — Z. By a diagram chasing argument, one easily

sees that this map is surjective. Analogously, we have a surjective morphism
Uz . P—7.

By projectivity of P, there is a morphism h: P — P such that uz o h = g o uy. Now, the

three-dimensional diagram

v PlIP——— | A/JA
. 4
PlJP——% S AJJA

commutes. Note that we have g o h = f. Therefore, it remains to show that A is an isomor-
phism of R-modules. To show surjectivity, note that vz, ¢ and p are surjective. Therefore,

the map p o uy o h = 7o his surjective. Thus, we have P = h(P) + JP. Since P is finitely
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generated, the quotient P/h(P) is so too. Moreover, we have J(P/h(P)) = P/h(P). Hence,
by Nakayama’s lemma (see [Lam91, Theorem 4.22]) we have P/h(P) = 0. It follows that h
is surjective.

By projectivity of P the sequence 0 —> kerh — P — P — 0 splits, that is, there

is an R-module isomorphism ¢: P — ker h & P such that

0——kerh ® P——0
\ /
kerh @ P

commutes, where mp is the projection to P. As P is finitely generated and the sequence
splits, ker A is also finitely generated. Applying the functor (R/.J) ®g — to h = 7p o p shows
that

P/JP h P/JP

s

ker(h)/(J - ker(h)) & P/JP

commutes. As h and p are isomorphisms, it follows that 775 is an isomorphism. Hence, we
have

ker(h)/(J - ker(h)) = 0.

Then Nakayama’s lemma (see [Lam91, Theorem 4.22]) implies that ker A = 0, so that h is

injective. This shows that /& is an isomorphism of R-modules, which finishes the proof. =

Lemma 1.32. Assume that n > 1, and that M = Z. Let GL,(Z) act on H*(T, 2)@" by
restricting the M,,(Z)-action, and let GL,,(Z) act trivially on the set T from Theorem 1.28.

Then the map
H(T,Z)®" — T
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given by
(1, ooy @) = (X1, o, Tp)
isa GLH(Z)—map with the property that two elements in H* (T, 2)@” map to the same element

in T if and only if they are in the same GLn(Z)—orbit.

~

Proof. Equivariance under GL,,(Z) follows from the second statement of the lemma, which
We prove now.

Let (zy,...,7,)and (y1, ..., ¥,) be elements of H*(T, 2)@". Suppose that (z1, ..., z,)
and (yy, ..., y,) are the same subgroup of H*(T', 2), say N. By Theorem 1.24, the ideal Jr
annihilates the group H*(T, 2) As I is open, it is equal to [, for some number field K.
Hence, by Example 1.27 there is w € Z>, such that wZ = Jr. Now Jp - H¥(T, 2) =0
implies that H*(T, 2) is torsion. It follows that IV is a finite group. Now, we replace Z with
the ring ZN = Hp‘#N Z,, because the action of 7 on N factors via ZN. As ZN is a finite
product of local rings, it is semi-local; in particular, the quotient Z N/ J ac(z ~) is semisimple.

Each set of generators of /V defines a surjective morphism
Zy — N
of Z ~-modules by sending the standard basis to the set of generators. Let f be the morphism

corresponding to (x1, . .., x,), and let g be the morphism corresponding to (v, . - ., ¥, ). Then

by Lemma 1.31 it follows that there is an isomorphism
he 28— 73"

of Z n-modules such that g o h = f. Extend A to an automorphism of AL by the identity on

[Lsn Zyp-
Let A be the matrix in GL,(Z) corresponding to h. Then

()-()
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This action of A on (xy,...,x,) is the same as the action of h on (xy, ..., x,). It follows that
h-(x1,...,2,) = (y1,...,yn) as desired.
Conversely, suppose there is [ € GLH(Z) such that f - (z1,...,2,) = (Y1, -, Yn)-

Then y; is a Z-linear combination of x4, ..., z, forevery : = 1,...,n. Hence, we have

Y1y s Yn) T, T).

The other inclusion follows from the identity f~* - (y1,...,y,) = (z1,...,2,). |

Remark 1.33. One easily sees that the above lemma is true if we replace H*(T, 2) by an

abelian torsion group A that is an M,,(Z)-module, and replace 7" by the corresponding set of

subgroups of A that can be generated by n elements of A.

Proof of Theorem 1.28. Observe that the theorem is trivial for n = 0. Assume n > 0. It is
clear that we may take F' = Z®" and M = Z, which we do for simplicity. To show that p is

well-defined, note that
H?(T, Z®") x Hom(Z®",Z) — HX(T', Z)

given by (z, f) ~ H?*(T, f)(z) is a bilinear mapping. Hence, for fixed z € H*(T, 2@")
the image H*(T, Hom(z@", 2))(3:) is indeed a subgroup of H*(T', 2) Moreover, the group
Hom(z@”, 2) is generated as a Z-module by the n projection morphisms 7y, ..., m,. Then
by additivity of H(T,-) it follows that H*(T", Hom(Z®", Z))(x) is indeed a subgroup of
H*(T, 2) that can be generated by n elements.

To show that for [G] € S the image p([G]) does not depend on the equivalence class
[0 — Z%" — G — T —» 1] in HX(T', Z®"), suppose [(G, f1,91)] and [(G, fa, g2)] are

two elements of H*(T, 2@”). Let o: G — G be an automorphism of G. By Lemma 1.23,

30



1.8. COHOMOLOGY OF THE TATE MODULE

there exists an isomorphism o’ of Z®" such that

2€Bn f1

J

7o —— G
92
commutes. Then clearly G is the pushout of GG along o/, so that we have

H2(F7 f)([(Gv f2792)]) = HQ(P7 f © O/)([(G7 flagl)])‘

As composition with o induces an automorphism of Hom(z@”, 2) it follows that
HE (T, Hom(Z°", Z))([(G f1,0)]) = H3(T, Hom(Z*", Z)([(G, 2, 92)))-

Hence, the map p is well-defined.

Now, one easily checks that we have a commutative diagram

A~

H2(T, Z8™) 2 H(T, Z)®"

of GLn(/Z\)—equivariant maps, where w is defined in Lemma 1.29. By Lemma 1.30 and 1.32,
the sets S and 7 are in bijection with the orbit spaces of H2(I", Z®") and H?(T", Z)®" under

the action of GLn(Z), respectively. By commutativity of the diagram p is a bijection. ]

8. Cohomology of the Tate module

Throughout this section, let X be a number field, K an algebraic closure of K, and w =
#4(K). For every m € Zs, we put K,, = K . For every positive integer m’ dividing m

we have a surjective map K,, — K, given by exponentiation by m/m’. This forms a
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projective system and its limit is denoted by K*. The elements x = (x,,),>1 of K* are, in
particular, systems of compatible roots of x;, that is, for every m,d € Z>; we have 2] = x;

d _
and z7 ; = Tp,.

Theorem 1.34. There is a unique isomorphism

K(pw)™n K~ 2>p
 ———— — H(I
b o (T, 1)
such that for every x € K (u)**NK*, every (Ty,)m>1 € K* with 1 = x and every continuous
set-theoretic section s: 'y — Gal(K /K) we have
$(0)$(T) T
K = | (0, 7) v | DT T .
o - p K™) [(0 T) ( p s )mZJ

Proof. Exponentiation by w is a continuous I" x-module endomorphism of jz, giving the well-

adjusted sequence (see 1.14)
0— 711 -5 05 fty — 0

of topological I'x-modules. By Theorem 1.16 the following long sequence

0 ~ HO(w) L -g ~ HO(m) __g
0——H' (I'x,pt) — H'(T'g, 1) —H (FK,#w>>

40

( 1 o HY(w) ~ HY(m) 4
H (FKMLL)—)H (FKmu)—>H (FK7/L1U)>

61

. H2(w PR H2 )
<—>H2(FK,M) Ty (e ) —

of continuous cohomology groups is exact. By Corollary 1.26 we have
Anng (u(K)) - (T, i) = 0.
As 11 has no non-trivial w-torsion, it follows that

(T, i) = 37 = 0.
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As Anng (1(K)) = wZ (see Example 1.27) and H™(T'k, -) is an additive functor for every
m € Z>q (see Proposition 1.11), the group morphism H™ (I, -w) is the zero map. Thus, the
map 0o : ft — H'(I'g, i) is an isomorphism of groups.

Moreover, the long exact sequence above gives the exact sequence
1 ~ BYm) 111 61 112 ~
0 — H (I, ) — H Pk, py) — H* Tk, 1) — 0.

As 'y acts trivially on j,,, we have H' (I'x, jt,,) = CHom(T'g, 14y, ). By Kummer theory the

map
K ()™ n K-
R, ——————

o — CHom(T'k, pt)

defined by
t
uK™ — (o — #)

where t € K is such that {* = z, is an isomorphism of groups. Using Proposition 1.15, one
easily checks that

H (i, 71) 2" CHom (e, 1)

)[ ZT'{
9o |2

K(p)™ nK*
How Jrw

is a commutative diagram, where the lower horizontal map is the natural inclusion. Hence,

the map ¢, o x induces an isomorphism

K(p)™n K~

1 rw —>H2(FK7:ZI)

of groups, which we will call .
Let x € K(u)™ N K*, (Tm)m>1 € K* with 21 = = and s: T —> Gal(K/K) a

continuous set-theoretic section. We will show that the image of x - 1, K under ¢ is

[(0, T) = (%) mzj'
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Then we have x(z- K*) = [a > %:)] . For brevity we will denote x(x - K**) by 7,. Now,
for the image of 7, under d; we are going to apply Proposition 1.15.
Define 5,: 'x — by o — (%) and note that it is an element of C'(I'g, 1)
m m>1

that maps to vy, under C*(I'g, 7). Moreover, writing out the formula for d; (see beginning of

Section 1.3) we obtain

dy (ﬁx) (07 T) =

On the other hand, define

QIZPKXFK—)ZL\

by (0, 7) — (M) . Since x € K(pu)*, for all m € Z~; we have
m>1 -

s(oT)Tmuw

$(0)$(T) T
$(0T) Tmuw "

The formula for d,(/3,) given above shows that the map cv, maps to d; (3, ) under C*(T'x, -w).

Hence, by Proposition 1.15 the identity 6; ([y.]) = [ holds.

It follows that the image of x - 11, K** under ¢ is [o], as desired. ]

9. Galois groups of maximal radical extensions

Throughout this section, let A be a number field, let K an algebraic closure of K, let w =

#u(K), and let
K(p)™ nK*
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Letn € Z>o, and let I be a free Z-module of rank n. Let S be the set of isomorphism classes

of profinite groups G such that there exists a natural extension of 'y
0—F —G—Txg—1,

and let T be the set of subgroups of H*(T'x, 1) that can be generated by n elements. Then by
Theorem 1.28 the map p: S — 1" given by

[G] — {H* Tk, /)(0 — F — G — T — 1]) : f € Hom(F,[i)}

is a bijection. Let 7" be the set of subgroups of A(K’) that can be generated by n elements.

The isomorphism ¢ of Theorem 1.34 induces a bijection
o: T — T

given by H — p(H), and its inverse ®~': T' — T" is given by H + ¢ '(H). Thus, the
map

x=0"op
is a bijection of S with 7" given by
X([G]) = ¢ ({H* Tk, /)([0 — F — G — T — 1]) : f € Hom(F, i)}).
Observe that for any finitely generated subgroup W of K* of rank n, the Galois group
Cal(K(WV*>)/K)

defines an element of S by Theorem 1.5 and Proposition 1.7. In this section we prove the

following theorem.

Theorem 1.35. Let W be a finitely generated subgroup of K* of rank n, and let

Cyc(W) = WY 0 K(u)*.

35



CHAPTER 1. RADICAL GALOIS GROUPS AND COHOMOLOGY

Then the image of the isomorphism class of Gal(K (W) /K) in S under the bijection  is

(Cyc(W)* N K*)K*
Iqu*w

C A(K).

Let A be a discrete abelian group. Then Hom(A, 1) is a topological I' x-module, where 'k
acts via the second argument. For any x € A we have a continuous ['k-linear morphism

ev,: Hom(A, 1) — fi given by f — f(z). This induces a group morphism
H?(Tg,ev,): H*(Tg, Hom(A, 1)) — H*(Tk, 7).

As H*(T'g, ) is an additive functor (see 1.11) and for any z,y € A we have ev,,, =

ev, + ev,, there is a group morphism
Ya: H* (D, Hom(A, i) — Hom(A, H*(T'k, 1))
given by [c] + (x — H?(ev,)(c)). This defines a morphism of additive functors in A.
Lemma 1.36. Let W be a finitely generated subgroup of K* of rank n, and let
Cyc(W) = WYV N K(u)*.

Let 1) be the group morphism \cycw) defined above, and let K* be as defined in the beginning

of section 1.8. Then
i 1P, Hom(Cyc(W), /1)) —> Hom(Cyc(W), H(I'x, i)

is a group isomorphism such that for every x € Cyc(W), for every (p;)m>1 € K* with
w1 = x and for every continuous set-theoretic section s: 'y — Gal(K /K), the image of

the equivalence class of the natural extension of ' i

e: 0 — Hom(Cyc(W), i) — Gal(K(WY*®)/K) — T'x — 1
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of Theorem 1.5 is defined by
T > [(0, T) (Siiirsf;x):m>m2j .
Proof. We first show that 1z is an isomorphism. To this end, observe that
va: Hom(Z, ) — i
defined by f — f(1) is an isomorphism of I"x-modules. Hence
H* (T, xa): H* (T, Hom(Z, fi)) — H*(T'c, 1)
is an isomorphism of groups. Moreover
Xi2(r . Hom(Z, H* (T, 1)) — H? (T, 1)

is an isomorphism of groups. Since xyz(r, ) © Yz = H*(T'g, X7)» the map 9z is an isomor-
phism.

Now, note that Hom(Cyc(W), 1) = Hom(Cyc(W)/u, i) and that Cyc(W)/u = Z"
for some n € Zs; (see Lemma 1.4). Moreover, since p is divisible and H*(I'x, 7i) has

exponent w (see Theorem 1.34), we have
Hom(Cyc(W), H*(I'x, i)) = Hom(Cyc(W)/u, (I, i))-

Then by additivity of H*(I'x, Hom(-, 7i)) and Hom(-, H*(I'x, i), the map tcycow) is an
isomorphism of groups.
For the second part of the lemma, let z € Cyc(W), (2,,)m>1 € K* with r1 = x and

s: 'y — Gal(K/K) a continuous set-theoretic section. Let

e: 0 — Hom(Cyc(W), i) — Gal(K(WY*)/K) — 'y — 0
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be as in Theorem 1.5. Then e corresponds to the element (o, T) — s(c0)s(7)s(o7) "] of the
cohomology group H*(I' i, Hom(Cyc(W), 1)) (see Theorem 1.20).

Recall that the isomorphism a: Gal(K (W) /K (1)) — Hom(Cyc(W), i) is de-
fined by o — <y —> (M>m>1> (see Theorem 1.5). Then we deduce

Ym

beyem(€)(@) = [(0.7) = als(o)s(r)s(or))(x)]

Observe that for any o, 7 € I'x and m € Z>, the identity

s(0)s(r) (—SW*M) B

Im

S(O'T) <s(072*1:1:m )

m

holds. Thus, for any o, 7 € I'x and m € Z>, we have

s(or) Yzm

s(0)s(7)s(07) " 5(0)s(7)m 8(0)8(7)(—% )  5(0)8(7)m

T  s(0T)Tm S(O_T)<S(U-2*1wm>  s(oT)T,

This shows that
Yeyew) (€)(x) = [(0, T) = (m) J.

Let IV be a finitely generated subgroup of K* of rank n, and let Sat(W/) = W'/>° N K* and
Cyc(W) = W/ N K (u)*. By Proposition 1.3 we have

Cyc(W) = p- (Sat(W)"/* N K (u)).
Moreover, as (i is divisible and A(K') has exponent w, the map
vy : Cyc(W) — A(K)

defined by z — vy - p,, K, where % = ( - y for some ( € pand y € K*, is a well-defined

group morphism.
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Lemma 1.37. Let W be a finitely generated subgroup of K* of rank n, and let
Cyc(W) = WY 0 K(u)*.

Then for every x € Cyc(W), for every (zm)m>1 € K* with x1 = x and for every continuous

set-theoretic section s: 'y — Gal(K /K) we have

(woywxxy:[wnﬂk+<%gﬁgkﬁ)mxl

where ¢ is defined in Theorem 1.34.
Proof. Let x € Cyc(W), (Zm)m>1 € K* with 21 = z and s: [y — Gal(K/K) a
continuous set-theoretic section. Let ( € p and y € K* be such that x* = y(. Then

(xm)%zl = (Ym)(Gn)m>1 for some (Yp)m>1 € -f(\* with v, = y and (¢ )m>1 € [/(\* with
(1 = (. Then by Theorem 1.34 we have

(poy)(z) = wﬂ0F>(ﬂgEEE@ﬂ>mN]

S(0T) Ymuw

_ oo <s<o>s<r><xm<;;>)m>1]

s(O7)(@m )

= |(o,7) (%)mxl

where we used that for every v € I'x and m > 1 we have s(7)(n = Y. ]

Lemma 1.38. Let W be a finitely generated subgroup of K* of rank n, let
Sat(W) = WY n K*,
and let
Cyc(W) = WV N K(u)*.

Then the kernel of vy is Sat(W) - u and its image is
(Cyc(W)* N K*) - K*
HwK*w ’

v (Cye(W)) =
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Proof. This is clear since modulo y the map vy is given by exponentiation by w, and because

by Proposition 1.3 we have Cyc(W) = p - (Sat(W)Y* N K (u)*). n

Proof of Theorem 1.35. Let Gy = Gal(K (W'/>*)/K), and let v = vyy. Recall the defini-

tions of p and ®~! from the beginning of this section. We will first show that
p([Gw]) = @(v(Cyc(W))),
where @ is the inverse of ®~1. To this end, let
Ew:0— Hom(Cyc(W),i) — Gw — ' — 1
be the natural extension of I' of Theorem 1.5. Note that
p([Gw]) = {H*Tk, f)([0 — F — Gw — I'x — 1]) : f € Hom(F, 1)},

where it does not matter which equivalence class of natural extensions of ' by F' we take
(see Theorem 1.28). As Hom(Cyc(W), iz) is isomorphic to F as topological Z-module, we

have
p([Gw]) = {H*(Tk, 9)([Ew]) : g € Hom(Hom(Cyc(W), i), i)},

where again we are free to choose which equivalence class of natural extensions of ['x we
use.
On the other hand, note that v(Cyc(W)) is indeed an element of 7", since Cyc(W)/u

is free of rank n (see Lemma 1.4) and ;1 C ker(v). Hence

O(v(Cyc(W))) = (¢ o v)(Cyc(W))

is an element of 7. By Lemma 1.36 and Lemma 1.37 we have

(¢ o v)(Cyc(W)) = ¢([Ew])(Cyc(W))
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where [Eyy] is the equivalence class of Fyy in H*(I' i, Hom(Cyc(W), 1)), and 1 is defined

in Lemma 1.36. Recall that
d([Ew]): Cye(W) — H*(Tk, 1)
is given by x +— H*(I'k, ev,)([Ew]), where ev,: Hom(Cyc(W), 1) — [ is evaluation at
x. Hence
U([Ew])(Cye(W)) = {H*(Tk, eva)([Ew]) : @ € Cye(W)},
which we want to be equal to
{H*(Tk, 9)([Ew]) : g € Hom(Hom(Cyc(W), 1), /i) }-
To see this, note that the canonical group morphism
Cyc(W) — Hom(Hom(Cyc(W), i1), fz)

given by z — ev, has kernel p. It induces an injective Z-module morphism

(Cye(W)/ ) @2 Z — Hom(Hom(Cyc(W), i), fi) = Hom(Hom(Cyc(W)/u, /i), fi). (+)
Note that (x) is an isomorphism when Cyc(W)/u is replaced by Z". As

Cyc(W)/n=127Z"

as groups, the map (x) is an isomorphism (cf. the proof of Lemma 1.36). Hence, we have

(v(Cyc(W))) = (pov)(Cyc(W))
= Y([Ew])(Cyc(W))
= {H*(Tx,ev.)([Ew]) : v € Cyc(W)}
= {H*(Tk,9)([Ew]) : g € Hom(Hom(Cyc(W), f1), 1)}
= p([Gw]),
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as we wanted to show.
Now, applying ®~! we obtain x([Gw]) = v(Cyc(WW)). Hence, by Lemma 1.38 we

have
(Cyc(W)¥ N K*) - K*
MwK*w ’

x([Gw]) = v(Cyc(W)) =

10. Lifting

In this section we prove the following two theorems.

Theorem 1.39. Let w € Z~4, and let M be a free module over Z/wZ. Let \ be a submodule
of M, let n € Z>,, and let H C A be a finite subgroup generated by at most n elements.

Assume that M|l)/A[l] is infinite for every prime | dividing w. Then there is a submodule |
of M that is free over Z /wZ of rank n such that I N A = H.

Theorem 1.40. Let K be a number field unequal to Q, and let w = #u(K). Let M =

K* [, K** and N = % Then for every prime | dividing w the quotient M{l]/A[l] is

infinite.

We remark that Theorem 1.40 does not hold for Q, since

Q(w)*NQ*

j:Q*2 — Q*/ + Q*2

holds as a corollary of the Kronecker-Weber theorem.

Proof of 1.39. As Z/wZ is a Gorenstein ring, projective modules are injective. Therefore

M is injective over Z /wZ. Let I be a free Z /wZ-module of rank n and choose an injection
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H — I. Let H — A — M be the composition of injections. Then by injectivity of M

there is a group morphism f: I — M making the diagram

0 H [—=51/H——0

| | b

0 A M —— M/A——0

7.r/

commutative, where 7 and 7’ are the canonical quotient maps, and f is the induced map on
the quotients.

We will construct a group morphism ¢: I/H — M such that the map

fH+gn=f+n'g: I/H— M/A

induced by f + g7 is injective. Given such a g, the Snake Lemma implies that the map
f+gm: I — M is injective. Then we have injective morphisms / — M and [/H —
M /A making the above diagram commute, which finishes the proof, for I can be identified
with a free Z /wZ-submodule of M of rank n whose intersection with A is H.

To construct g, we first assume w = [ where [ is prime and k& € Z>;. Let
(—)[l]: Ab — Ab

be the functor of the category of abelian groups to the category of abelian groups sending
objects A to their [-torsion subgroup A[l] = Hom(Z/IZ, A), and morphisms ¢: A — B to
their restriction ¢[l]: A[l] — B]l] to the [-torsion subgroup of the domain.

As (—)[l] is left exact, we obtain the exact sequence
0 — Al — M) 25 (My/a)[0.

This induces the injection M|l]/A[l] — (M /A)[l], which we also denote by 7’[l] by abuse
of notation. Let c¢: (M/A)[l] — N be the cokernel of f[I], and let N, be the image of
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con'll]l. As (I/H)[l] is finite, it follows that N and N are both infinite. We have the

following commutative diagram

(/I - (/A —— N ——0

o

cor'[l]

MIl]/A[l] — No——0
with exact rows. Observe that all groups in this diagram are F;-vector spaces, hence they are
injective and projective over F,. Since (I /H)[l] is finite dimensional over F; and Nj, is infinite
dimensional over F;, we can embed the former in the latter. Choose such an embedding and
call it j. Using projectivity of (I/H)[l], lift j to a morphism j: (I/H)[l] — M]l] via the
surjective composition
MIl] — M]l]/A[l] — Np.
Composing with the canonical embedding M [[| — M, we obtain a morphism
(I/H)[l] — M.

Using injectivity of M, we lift this map to a map g: [/H — M via the embedding
(I/H)|[l] — I/H.

Now we show that f + gm = f + 7'g is injective. As w = [*, it suffices to show that

(f + 7'g)[l] is injective. Note that
(f+ 7'l = fll] + [l o g o gll],
where ¢ is the surjection M[l] — M][l]/A[l]. Composing with ¢ gives
co(F+7g)ll = cofl] +corllogogl] =0+ 107,

As j and ¢ are both injective, the composition c o (f 4 7'g)[l] is injective. It follows that
(f + m'g)[l] is injective. Thus, we have constructed g such that f + g is injective, proving

the theorem for w a prime power.
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Now, suppose w € Z-1. Let [ be a prime divisor of w. Restrict f to the [-part of / and
do the above for the [-part of H, I, A and M. This gives a morphism g; for every [ dividing
w. The direct sum of all the g; defines a map g: I/H — M such that f + g is injective,

which finishes the proof. ]

Lemma 1.41. Let K be a number field, let L be a finite extension of K, and let I' be a (not
necessarily finite) abelian extension of K. Let M = F'- L. Let p be a prime of K that does not
ramify in L, and let p and q be primes of L lying above p. Then the inertia groups 1,(M /L)
and 1,(M /L) are equal.

Proof. Letl, = I,(F/K),1, =1,(M/L) and I; = 1I;(M/L). As p does not ramify in L, we
have

LNFCF»=F.

Recall that there is a canonical isomorphism between the Galois groups Gal(F'/L N F') and
Gal(M/L). Hence I, corresponds to a unique subgroup of Gal(M /L), which we again
denote by I,.

Observe that F - L. = M. We claim that E - L is contained in M. Indeed, let s be
a prime of £ - L dividing p. Then s N E is unramified over p, since F is the inertia subfield
of p in F'. Moreover, as M is the compositum of F' with L, and s N £ is unramified over
s N (F N L), it follows that s is unramified over p. Hence M' C M, which gives I, C I,
and proves the claim.

Consider I, as a subgroup of Gal(F/F N L), and note that I, C I, implies E C F™.
Let t be a prime of M dividing p. Then t is unramified over E - L, as E - L is contained in
the inertia subfield of t N L = p in M. Moreover, vt N (£ - L) is unramified over F, since p is
unramified over p N (L N F).

On the other hand, t N F™ is totally ramified over E, since E is the inertia subfield of

pin F. This implies that t N I is totally ramified and unramified over F, hence F*» = E.
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It follows that I, = I,,.

Analogously, we find I, = I, so that I, = I, as desired. [}

Proof of Theorem 1.40. Let [ be a prime divisor of w. Let K = K (K*'/*), let M, be the
maximal exponent [ extension of K(y,z2) contained inside of K, and let A; be the maximal
exponent [ extension of K (j1,) contained inside of K (1) N K. One easily checks that under
Kummer and Galois dualities with K (11,,2) as basefield, the quotient M [[] corresponds to M;,
and A[l] corresponds to A;. To show that M[l]/A[l] is infinite is then equivalent to showing
that M;/A,; is an infinite extension.

Suppose by contradiction that M;/A, is finite. Then there is a finite extension L of
K (pty2) such that M; = L - A;. Let F' = Q(i) N A, and note that F - K (p,,2) = Ay, so that
F-L=M,.

Now, let p be a prime number different from [ that splits completely in L. As K # Q,
there are two distinct primes p and q of K above p. Let p’ and q' be primes of L above p and
q, respectively. Since [’ is abelian over Q, and p is unramified in L, Lemma 1.41 with Q in
the role of K implies that I, (M;/L) = I,,(M;/L). Moreover L is unramified at p over K, so

we have

L(M/K) = Ly(M/L) = 1g(M,/L) = 14(Mi/ K).

Let a € K* such that o does not have a [-th root in L, a € p \ p?, and o ¢ q. Then
X! — a € K[X] is Eisenstein at p, so that K’ = K (a'/") is totally ramified at p. Therefore
the inertia group I,(K’/K) is nontrivial. However, the prime q does not contain [ nor «,
which implies that q does not ramify in K. Note that K’ is contained in K , and moreover, as
it has exponent [ over K, it is contained in M. Thus, it follows that I,(M;/ K) # 1,(M;/K),

which is a contradiction. We conclude that M, has infinite degree over A;, as desired. [ |
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11. The main theorem

In this section we prove the main theorem of this chapter.

Theorem 1.42 (Main theorem). Letn € Z>, and let I’ be a free Z-module of rank n. Let G

be a profinite group, and let K be a number field. Then the following are equivalent.
(a) There exists a finitely generated subgroup W C K™ of rank n such that
G = Gal(K(WY*)/K)
as profinite groups.
(b) There is a natural extension of I i
0—F —G—Tr—1

such that if K = Q, the image of F in G equals the algebraic commutator subgroup
G,G] of G.

Proof of main theorem. As the implication (a) to (b) was already proven in Section 1.2, it
remains to show the implication (b) to (a).

First, suppose K is unequal to Q, and let us be given a natural ' -extension
0 —F —G—Tr—1

Then we want to show that there is W C K* of rank n such that G = Gal(K (W) /K) as
profinite groups.
Let S be the set of isomorphism classes of profinite groups that are natural I" x-extensions

by F. Let T be the set of subgroups of

K(p)™n K~

A=
Iqu*w
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that can be generated by at most n elements. As described in the beginning of Section 1.9,
there is by Theorems 1.28 and 1.34 a bijection y of .S with 7”. Under this bijection the class
of G in S corresponds to a unique element, say H, of 7".

By [Iwa53, Lemma 3] we know that K* /1, is free over Z. It follows that
M — K*/Iqu*w

is free over Z /wZ. Then by Theorem 1.40 and Theorem 1.39, there exists I C M such that
Iis free over Z/wZ of rank nand I N A = H. Let x4, ..., x, be a Z/wZ-basis of I, and lift
them to K*, to say v, . . ., Y. Let W be the group generated by vy, ..., Y.
Let
Sat(W) = W~ n K*

and

Cyc(W) = WV n K(u)*.

By Lemma 1.4 the group Sat(W) is finitely generated of rank n. As Sat(W) contains W,

and the image of W under the canonical map

is equal to the free module / of rank n over Z/wZ, the image of Sat(W) is also equal to /.

Hence, the identity
_ Sat(W) K
o ,qu*w

holds. Let Gy = Gal(K (W?'/*)/K). Then Theorem 1.35 implies that

I

(Cyc(W)® N K*) K™

X([GW]) = L FC7

Moreover, recall that

Cye(W) = p- (Sat(W)"* N K (n)")
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by Proposition 1.3. Hence, we have

Sat(W)K*" ~ K(p)™ N K*
Lo I [y FCF®
Sat(W)K** N K (u)™ N K*
Lo T
(Sat(W) N K ()™ N K*)K**
NwK*w
(Cyc(W)* N K*)K*
Lo FCF®
= x([Gw]),

H=INnA =

we see that H is the image of [Gy|. As x is a bijection, it follows that G € [Gy], that is, we
have G = Gy

Now, suppose K is equal to Q, and note that I'x, = Z*. Let
E:0—F—G—2Z"—1

be a natural extension of Z* with F = |G, G]. Suppose that n = 1. Since the semi-direct
product has commutator subgroup 27 and G,G]| = Z, it follows that G is not the trivial
extension. Then [Jav13, Theorem 1, page v] states that any natural extension of A by Z that
is not the trivial extension Z x Z*, is isomorphic to a Galois group Gal(Q({r)'/>=)/Q) for
some r € Q*. This proves the theorem for n = 1.

Now suppose n € Z>s, and let fi, ..., f, be generators of Hom(F, 2) Then
(B2, f)iy: B2, F) — HY(Z", 2)™"

is an isomorphism of groups that sends [E] to (H2(Z*, f;)([E]))™;. As 2 - HX(Z*,Z) = 0 by

Theorem 1.24, the group H2(2*, 2) is an F5-vector space. Moreover, the subgroup

(H2(Z*, f)(E]) :i=1,...,n)
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is an Fy-subvector space of H2(/Z\*7 2) We show that this subspace is in fact n-dimensional,
that is, we show that H*(Z*, f,)([E]), ..., H*(Z*, f,)(|E)) are lincarly independent over Fs.

To this end, let N be any nonempty subset of {1,...,n} and consider f = »._ fi.
Then by Proposition 1.21 we have

HA(Z*, /) ([E]) = [0 — Z — f(G) — Z* — 1],
As f is surjective, the map G — f,(G) is surjective. Therefore, we have

[£(G), £.(G)] = f(IG.G)) = Z.

Since f.(G) has commutator subgroup Z, it is not the trivial extension Z x Z*, that is, the
element H(Z*, f)([E)) is different from 0. As N was any nonempty subset of {1,...,n},

the elements
HQ(Z*a fl)([E])v R H2(Z*7 fn)([E])
are linearly independent over Fs.

Define S, 7" and x similarly as above for K = Q and

_awene
AT

Under x the isomorphism class [G] maps to a subgroup H of A that is free of rank n over

- Q/+Q*

Z/27Z. We define W to be the subgroup of Q* generated by the liftings of the n generators
of H. Let Sat(W), Cyc(W) and Gy be similar as above for K = Q. Then Theorem 1.35

implies that

~ (Cye(W)?PNQY)Q*
x(low]) = S
Moreover, similarly as above we have
B Sat(T/V)C,)*2
X([G]) = T1qQ?

Using Q(p)** N Q* = Q* one checks similarly as above that x([G]) = x([Gw]), from which

it follows that G = Gy, as desired. [ ]
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CHAPTER 2

Reductions of multiplicative subgroups of

number fields

1. Introduction

Let K be a number field, and let W be a finitely generated subgroup of K*. Let Ok be the
ring of integers of K. For a maximal ideal p of Ok, let v,: K — Z U {oo} be the p-adic
valuation function, let Ok , be the localization of Ok at p, and let k(p) be the residue field

of Ok at p. Let Qx be the set of maximal ideals of O, let
S ={p € Qg : thereis w € W such that v,(w) # 0},

and note that S is finite. Then for p € Qx \ S we have W C O}(’p. Thus, the canonical ring
morphism Ok, — (p) induces a group morphism m,: W — x(p)*.
Let V be a subgroup of W such that 1¥//V is finite cyclic. Note that for any p € Qg \ S

the kernel of 7, is such a subgroup of WW. Let

AW, V) ={p € Qg \ S : ker(m,) C V}.

51
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For any subset N of {2 we write d(/NV) for its natural density, if it exists. In this chapter we
show that the set A(1V, V') has a natural density d(A(W, V')) in Qk, and prove properties of

this density of both qualitative and quantitative nature.
Theorem 6 (Main theorem).
(a) The set A(W, V') has a natural density d(A(W,V)) in Q.
(b) The density d(A(W, V) is rational.
(¢) As a function of K, W and V, the density d(A(W, V")) is computable.

(d) Let V' be a subgroup of W containing V', and suppose that W is infinite. Then
d(AW, V) =d(AW, V")) ifand only if V = V".

(e) The density d(A(W,V)) is positive.
(f) We have d(A(W,V)) = 1 ifand only if V=W or W is finite.

See Theorem 2.24 and Theorem 2.25 in Section 2.7 for the proof.

Suppose x and y are positive integers with the property that for all positive integers n
the set of prime numbers dividing 2™ — 1 is equal to the set of prime numbers dividing y™ — 1.
Pal Erdos asked, at the 1988 number theory conference in Banff, whether it follows that z is
equal to y. This question was labeled the support problem, and was answered affirmatively
by C. Corrales-Rodrigainez and R. Schoof in [CRS97], who, in the same paper, formulated
and proved an elliptic analogue of the support problem. One can find many generalisations
and variations of the support problem in the literature, see [Kha03, Proposition 3], [BGKO05],
[Lar02], [Wes03], [Bar10], [Per09], [Per12]. As an application of Theorem 6(e), we give an
alternative solution to the following two generalisations of the support problem.

Throughout this chapter, we use the phrase almost all as a substitute for all but finitely

many.
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Theorem 7. Let K be a number field, and let X and Y be finitely generated subgroups of
K.

(@) Let " ={p € Qi : Jx € X UY :vy(x) # 0}. ThenY C X if and only if for almost
allp € Qg \ S’ we have Y (mod p) C X (mod p).

(b) Suppose thatY C X. Let | be a prime number. Let
S'={peQk:3xeX:vy(x)#0}.

Then
(X:Y)<ooandlt(X:Y)

if and only if

foralmostall p € Qg \ S" we have 1 1 (X (mod p) : Y (mod p)).

See Theorem 2.27 and Theorem 2.28 in Section 2.8 for the proof.

Let K be a number field, let W be a finitely generated subgroup of K*, and let V'
be a subgroup of W such that W/V is finite cyclic. The existence of the natural density
of A(W,V) is obtained by a version of Chebotarev’s density theorem for infinite algebraic
extensions of a number field. Using this theorem, we also obtain a formula for d(A(W, V))
that is, however, a finite product of infinite sums. In order to obtain a closed-form formula for
d(A(W,V)) we investigate the radical extensions of K occurring in this formula. We refer
to Section 2.3 for the infinite version of Chebotarev’s density theorem and to Section 2.4 for
the proof of the existence and formula of d(A(W,V)).

Let s be a Steinitz number, that is, let s = Hp pe(p), where p runs over all prime numbers

and e(p) € Z>o U {oo}. Let K be an algebraic closure of K and define

WY ={z e K :3d € Zs :d|sand 2% € W}.
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The field K (W'/*) is Galois over K and any field automorphism of K (W'/%) over K is
determined by its action on 1//'/%, that is, we can identify Gal(K (W'/*)/K’) with a subgroup
of the group Autyy (1W'/%) of automorphisms of 1¥!/* that are the identity on W. By abuse of
notation we denote this subgroup also by Gal(K(W'/*)/K). We remark that Auty (W/*)

is the profinite group

lim Auty (W)
d

where d runs over all positive integers dividing s. As Gal(K (W'/#)/K) is compact and
Auty, (W1/#) is Hausdorff, the subgroup Gal(K (W'/*)/K) of Auty (W/*) is closed.
For a prime p let v, be the p-adic valuation function. Moreover, for a group G write

exp(G) for its exponent.

Theorem 8. Let K be a number field, let W be a finitely generated subgroup of K*, and let

s be a Steinitz number.

(@) Then Gal(K(W'/*)/K) is an open subgroup of Auty, (W1/*).
(b) Suppose that s = p™, where p is prime. Let

b K(ps) ifp=2,

K(p,) otherwise.

Then exp((W/* 0 F*) /W) is an integer, and moreover, for
j = vplexp(WY* 0 F*) /W)
and for all 1 € Z>; we have

Aty (W) C Gal(K (W) /K).
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See Section 2.5 for the proof of this theorem.
By using elementary group theory, we are able to calculate the order of an automor-
phism group of the form Autyy,.. (W), where W is as in the theorem above, 2/, € Z>;

and z’ divides . As a result, we obtain the following closed-form expression for the density

d(A(W, V).

Theorem 9. Let K be a number field, let W be a finitely generated subgroup of K*, and let
V' be a subgroup of W such that W/V is finite cyclic. Let m = (W : V), let U = VY™, and
let L = K(U). Let n = k(W) (see Definition 1.2), and let P be the set of prime divisors of
m. Let (j,)pep € (Z>0)” such that for every p € P

Aut,, 0 (UYP7) C Gal(L(UVP™)/L).

Then d(A(W,V)) equals

1 1 Jp—1 1
[L:K] HpeP [L(Ul/pjp):u n+1 1 + Z P ( Ul/p) L [L(Ul/pi7wl/pi+1):L]>:|.

For the sake of showcasing, we remark that in certain cases the above lengthy formula breaks

down to a rather simple formula, presented by the following corollary.

Corollary. Suppose that for every p € P we have
Cal(L(UYP™)/L) = Auty (UYP™).

Then

AAWV) = Hpnﬂ 2

In addition, suppose that [L : K| = ¢(m)m"~', where ¢ is Euler’s totient function. Then we

have
pn+1

mn n+l _ 1 :
peEP p
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See Section 2.6 for the proof of Theorem 9 and its corollary.
At last, using the closed-form formula given in Theorem 9, we are able to make the

following quantitative observations about d(A(W,V)).

Theorem 10. Ler K, W, V, m, U, L, n, P, and (j,)pep be as in Theorem 9. Then the density

d(A(W, V) exists and equals a positive rational number in the interval

1 1 pr—1
mn H pUpr=D+1) . (pntl — 1)’ H (1 B p( s . (prtl — 1))]

pEP pEP

whose denominator divides m™ - [ cp (pr D=t (prtl — 1)).

See Section 2.7 for the proof of this theorem.

The present chapter is organised as follows.

In Section 2.2 we recall the necessary definitions and lemmas of measure theory. In
Section 2.3 we state the infinite version of Chebotarev’s density theorem. In Section 2.4 we
prove the existence of the density of Theorem 6 and give a formula for it. In Section 2.5 we
prove Theorem 8, and in Section 2.6 we prove Theorem 9. In Section 2.7 we prove Theorem
10 and the remaining parts of Theorem 6. At last, Section 2.8 contains the proof of Theorem

7.

2. Haar measure on profinite groups

In this section we briefly recall the theory of Haar measures on profinite groups. For a more

elaborate treatment of the subject see [HR79], [FJ08] or [RV99].

Definition 2.1. Let X be a set, and let X be a o-algebra over X. A measure on X is a function

A: Y — R U {oo} that satisfies:
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(a) Forall £ € ¥ we have A(F) > 0;
(b) We have \(()) = 0;

(c) For all countable collections { E; },c; of pairwise disjoint sets in > we have

A (]_[ E) => AE).

el i€l

Proposition 2.2. Let X be a set, let 3. be a o-algebra on X, and let \ be a measure on X..

Then the following statements hold.
(a) For By, Ey € X with By C Ey, we have A\(Ey) < A(E»).
(b) For Ey, Ey € X with Ey C Ey and \(E2) < oo, we have \(E1 \ Ey) = A Ey) — A(E2).

(c) For any countable collection { E;}c1 of sets in 3 we have

A (U E) <> OAE).

i€l iel
Proof. See [BauOl, §1.3]. [

Let G be a profinite group. The o-algebra B((G) generated by all open sets of G is called the
Borel algebra of G. An element of B(G) is called a Borel set of G.

Theorem 2.3. Let G be a profinite group. Then there is a unique measure A on B(G) satis-

fying:
(a) Forevery g € G and E € B(G) we have \(gE) = \(E);
b \G) = 1.

Proof. See [FJO8, Theorem 18.2.1]. [ |
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Definition 2.4. Let GG be a profinite group. We call the unique measure on 3(G) of Theorem
2.3 the Haar measure on GG and denote it by A, or just A when the group G is understood.

Elements of B(G) are called measurable under the Haar measure or Haar measurable.
Lemma 2.5. Let G be a profinite group. Then the following statements hold.
(a) Let H C G be a Haar measurable subgroup of finite index. Then
ANH)=1/[G: H].
(b) Let H C G be a Haar measurable subgroup that is not of finite index in G. Then
AMH) =0.
Proof. See [FJOS, §18.1]. [ |

Lemma 2.6. Let 7: G — H be a surjective morphism of profinite groups. Then for each
E € B(H) we have 7~ '(E) € B(G) and Ay (E) = Aa(7 1 (E)).

Proof. See [FJO8, Proposition 18.2.2]. [ |

Lemma2.7. Letn € Z>,. Let G4, . . ., G,, be profinite groups with Haar measures A\, . . ., Ay,
respectively. Let G = [[\_, G;. Fori =1,... ,nlet E; € B(G;). Then \¢(Ey X - -- X E,,) =
M(EL) - Au(En).

Proof. See [FJOS8, Proposition 18.4.2].

3. Chebotarev density theorem for infinite extensions

In this section we briefly recall the theory of infinite Galois extensions of number fields to
state the Chebotarev density theorem for an infinite Galois extension of a number field. For

details and proofs we refer to [Ser89] or [Neu99].

58



2.3. CHEBOTAREV DENSITY THEOREM FOR INFINITE EXTENSIONS

Let K be an algebraic extension of Q. We denote the set of maximal ideals of O
by Q. For p € Qx we denote the residue field of Ok at p by x(p). Now, suppose K is a
number field, and let L be an infinite Galois extension of K with Galois group G. Let p be a
maximal ideal of Ok and q a maximal ideal of Oy, extending p, that is, ¢ N /i = p. Then the

decomposition group
D(a/p) ={oc € G:0o(a) = aq}

of q over p is a closed subgroup of G. There is a canonical morphism of topological groups

r: D(a/p) — Gal(x(a)/(p)),

which is surjective. The kernel of r, called the inertia group 1(q/p) of q over p, is trivial if
and only if p is unramified in L.
Suppose that p is unramified. Then 7 is an isomorphism of topological groups. Note

that Gal(x(q)/x(p)) is topologically generated by the Frobenius morphism
Frob,: k(q) — x(q)

sending * € r(q) to #*®). We denote the inverse image of Frob, under r by Frob(q/p)
and call it the Frobenius element of q over p in (G. The Frobenius elements of the different
maximal ideals extending p form a conjugacy class in G. We write (p, L/K) for the conju-
gacy class consisting of the Frobenius elements Frob(q/p) where q runs over all primes of L
extending p.

Let C be a subset of G. Let C be the closure of C' in G, and let C° be the interior of C
in G. Then the boundary OC of C'is equal to C'\ C°. Equivalently, we have 9C' = ﬁﬂm.

Let P be a subset of Q. Recall that the natural density d(P) of P in Q is equal to

iy TP E P #r(p) < o
z—o0 #{p € Qi : #£(p) < a}

We have the following version of the Chebotarev density theorem that can also handle infinite

Galois extensions of number fields.
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Theorem 2.8. Let K be a number field, and let L be a Galois extension of K that is unram-
ified outside a finite set of primes S of K. Let C be a Haar measurable subset of Gal(L/K)
that is closed under conjugation. Assume that the boundary OC' has Haar measure 0. Then

the set

{peQr\S:(p,L/K)CC}

has a natural density in Qg that is equal to \(C).

Proof. See [Ser89, Corollary 2, page 1-9]. ]

4. Existence of the density

Definition 2.9. Let IV be a group, and let V' be a subgroup of WW. Then V' is called cofinite
if V' is of finite index in W. Moreover V is called cocyclic if W/V is a cyclic group.

Let K be a field, and let K be an algebraic closure of K. Let W be a subgroup of K*, and let

s be a Steinitz number not divisible by char K. Define
WY ={xeK :3Ine€Zs :n|sanda™ € W}.

Observe that /5 = U, W1/ where n runs over all positive integers dividing s. As usual,
we write i, for the group of s-th roots of unity {1}'/5.
Now, let K be a number field, and for p € 2 let v, be the p-adic valuation function.

Let W be a finitely generated subgroup of K*, and let
S={peQx:FweW:v,(w)#0},

and remark that S is finite. For every p € Q \ S the canonical projection Ox — k(p)

induces a group morphism m,: W — x(p)*.
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Let V' be a cocyclic cofinite subgroup of W of index m, and write P(m) for the set of

prime divisors of m. Moreover, let
AW, V) ={p € Qg \ S : ker(m,) C V}.

To ease notation we will write P for P(m) and A for A(W, V') throughout this section.

In this section we prove the following theorem.

Theorem 2.10. Letm = (W : V), let U = VY™ and let L = K(U). Then A has a natural

density, which equals

(e 9]

1 1
> oo\ e )

peP =0

d(4) = L 1 K]

Lemma 2.11. Let W be a group, and let V' be a cofinite subgroup of W. Let
T W — W

be a group morphism. Then kerm C V ifand only if (W : V) = (z(W) : w(V')).
Proof. Let N = ker m. Observe that 7(V') = 7(V N), so that

m(W)/x(V) = (W/N)/(VN/N) = W/VN
as sets. Hence, we have (7(W) : w(V)) = (W : V.N). It follows that

(r(W):m(V)) = (W:V)

if and only if V' = V N. This is equivalent to VV containing N. ]

Throughout the rest of this section let K, W, V', A, m, P, U, and L be as in Theorem 2.10.
Let p: Q — Qk be given by q — q N K, and let

S = (S)YU{g€ QL :meq}.
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Then for every q € Q, \ S’ we have the reduction map 7,: U — x(q)*, where (q) is the

residue field of L at q. Thenwe let A" = A'(W, V) = {q € Q; \ 5 : ker(my|w) C V}.

Lemma 2.12. Suppose that d(A’) exists. Then d(A) exists and we have

1
[L: K]

d(A) = d(A).

Proof. First, note that for all q € Q;, \ 5" we have 7, (W) = 7 (q) (W), so that

ker (7q|w) = ker(myq)|w)-

On the other hand, for p € A and q € Q. \ S’ dividing p, we have q € A’. It follows that for
allp € Qi \ Sand q € Qy \ S’ dividing p, we have p € Aif and only if g € A’.

Now, let p € A, and let q € Q0 \ S’ be a prime dividing p. Then by Lemma 2.11 we
have (m,(W) : m,(V')) = m, which implies that m divides #x(p)* and

mp(V) C K(p)™™.
It follows that p splits completely in K (V'/™) = L. Thus, for € R, we have
#{qe€Qr:qe AAANL)q(q) <z} =[L: K|#{p € Qx : p € AANNg/q(p) < z}.

Hence we have

. #{9€Q:q€ A'and Ny q(q) < z}
d4) = 1
i [L: K]#{p € Qkx :p € Aand Ng/q(p) < =}
= 1m
T—00 #{q S QL : NL/Q(q) < SL’}
. #{pEQK p € A and NK/Q(]J) S%}
= |L: K] lim .
[ ]zﬁoo #{q € QL : NL/Q(C[> S .Z'}

As
#{a€Qr:Nyjglq) <z}

im =1,
e—o0 #{p € Qi : Ng/q(p) < o}
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we have
, . #{peQg:pe Aand Ng/q(p) < z}
d(A") = [L: K] lim
( ) [ ]z%oo #{q € QL : NL/Q(C[> S ZB}
. #{p € Qi :p € Aand Ng/q(p) <z}
= |L: K| lim
= [L:K]d(A).
It follows that d(A) exists and that d(A) = 5 d(A'). ]

Lemma 2.13. We have A’ = {q € Q. \ 5" : mg(W) = 7,(U)}.

Proof. Let q € Q \ S’. Observe that V' = U™, and that (7m,(U) : 7q(U™)) divides m,
since x(q)* is cyclic. Moreover, as U = V'™ contains a primitive mth root of unity, it
follows that m divides #m,(U) and (74(U) : mq(V')) = m. It follows that 7,(U) = 74(W)
if and only if (74(W) : my(V)) = m. On the other hand, we have by Lemma 2.11 that
(mqg(W) : mq(V')) = m if and only if ker(7y|w) C V. u

Let m™> = Hpep p>. Let L be an algebraic closure of L, and write G for its Galois group

over L. Since W C U, we have for every p € P the following tower

L c LWy c L(UY?y c LUY?, WPy c ...

41

. C L(Ul/pi) c L(Ul/pi7W1/pi+1> c L<U1/pi+1) - L(Ul/p ,Wl/pH—Q) -

L C LUYP) c LUY™ ) c L

of Galois extensions of L.

Forallp € Pandi € Z>, U {oo} let
Gypi = Gal(L/L({U'Y)),

and for ¢ € Z>, let
H,; = Gal(L/L{UY" WY""™)) C G,

63



CHAPTER 2. REDUCTIONS OF MULTIPLICATIVE SUBGROUPS OF NUMBER FIELDS

Note that for all p € P and ¢ € Z>, we have
Gpoo C - CGpix1 CHy,; CGp; C---CGpo

by the above. Moreover, define

Cpi = Gpi \ Hpj,
and
C,=J G
=0
One easily sees that C), is a disjoint union of sets C,,;. At last, we define C' = ﬂpep Ch.

Lemma 2.14. The subset C of G is closed under conjugation and open in G.

Proof. As for all p € P and for all i € Z,, the sets G, ; and H,, ; are normal subgroups of
G of finite index, it follows that C),; = G,,; \ H,,; is closed under conjugation and open in G.

Thus C' = mpE’P C), is closed under conjugation and open in G. ]

Lemma 2.15. The boundary OC of C'in G satisfies \(OC) = 0, where X is the Haar measure
on GG (see 2.4).

Proof. Forp € P and i € Z> let

Then observe that G\ C contains the open set

D= JD,,
Py

of G, where p runs over P and ¢ runs over Z>q. Hence 0C' C G\ (C' U D).
Now, for o € G let N, be the Steinitz number [[ ., p” with 0, € Z>o U {00} the
largest element such that o € G, ;, where we order Z>( U {o0} in the natural way, that is

o, =sup{i:o € Gp;}.
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Let 0 € G and suppose that N, is an integer. This implies that for every p € P there
exists i € Z>q such that 0 € G,,; \ G, +1. Then one easily sees that either 0 € C' or o € D.
Thus o € 0C' implies that N, is an infinite Steinitz number. As there are only finitely many
primes dividing m, it follows that 9C' C (. Gal(L/L(U"/P™)). Since the field L(U'/7™)
contains the infinite extension L (i, ) of L, the former is also infinite over L. Therefore, the
group Gal(L/L(UYP™)) is of infinite index in G. Then by Lemma 2.5(b) the Haar measure
of Gal(L/L(U?™)) is 0. Thus, by Proposition 2.2 the Haar measure of 9C is 0. n

Lemma 2.16. We have d(A’) = A\g(C) (see text above Lemma 2.12 for the definition of A’).
Proof. Letq € 2, \ S'. As ¢, € U, we have (my(U) : m4(U™)) = m. Moreover
urcwclU,

so that (my(U) : mq(W)) divides m. It follows that 7,(U) = m4(W) if and only if for all

p € P there is i € Zsq such that p* divides (k(q)* : my(U)) and p'** does not divide

(r(a)" : my(W)).
Letp € P and i € Z>, and note that q splits completely in L(U/ pi) if and only if

P (k)" mo(U).
Similarly q does not split completely in L(W'/?"™") if and only if
P (R(a)" g (W).

Now, let M = L(UY™), let G' = Gal(M/L), and let C’ be the image of C' under
the canonical surjective map G — G’. Observe that there are only finitely many primes
ramifying in M. We will show that d(A’) = A¢/(C”). Then by Lemma 2.6 we have d(A’) =
A¢(C), which finishes the proof.
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To this end, recall that q splits completely in an intermediate extension F' of M /L if

and only if for any prime ideal @) of M dividing q we have Frob(Q/q)|r = id if and only if
(0, M/L)|p = {o|r: 0 € (g, M/L)} = {id}.

Thus, we have 7,(U) = m4(WV) if and only if for all p € P there is i € Z>( such that

(q> M/L)|L(U1/pi) = {id} and (Cla M/L)‘L(Ul/pﬂwl/pi“) 7é {id}'

By Lemma 2.13 we have A’ = {q € Q. \ 5" : 7y(U) = 7mq(W)}. Hence, by the equivalences

that we just saw we have
A'={qeQ\5:(q,M/L) C C'}.
Then by Theorem 2.8 and Lemma 2.15 we have d(A") = A/ (C"). n

Proof of Theorem 2.10. For p € P let G, = Gal(L(U'?™)/L), and for i € Zx let
Gy(i) = Gal(L(U"™) /L(U'")),
H,(i) = Gal(L(U'?™) /LU . WP™))
and C, (i) = G, (i) \ H, ().

Let p € P and note that L contains the pth roots of unity. Hence, for every i € Z>( the
field L(U'/?") is of p-power degree over L. It follows that the fields L(U'/*™) for p € P are
linearly disjoint over L, so that the canonical morphism

0: G — H G,
peEP
of profinite groups is surjective. One easily sees that

o(C) = H H Cp(i)a

peP =0
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so that by Lemma 2.7 and Lemma 2.6 we have

2a(C) =] Xe, (]_[ op(z')> .

peEP

Using Definition 2.1, Proposition 2.2 and Lemma 2.5, we find

d(A/) = )\G(C) = H Z(AGP(GP(Z» _ )\GP(HP(Z)))
_ = 1 )
. 1716—7[’; [L(UP) L] LU, W) L

- 1 1
- [L(Ul/pi) . L} (1 N [L(Ul/ﬁi’WI/Pi“) . L((jl/pl’)})'

The desired formula for d(A) now follows by applying Lemma 2.12. ]

5. Galois representations on radical groups

For GG a group and H a subgroup of GG, we write Auty (G) for the set of group automorphisms
of G that are the identity on H.

Let L be a field, let U be a subgroup of L*, and let s be a Steinitz number that is
not divisible by char L. The field L(U'/*) over L is Galois and any field automorphism
of L(U'*) is determined by its action on U'/*, that is, we can identify Gal(L(U'/*)/L)
with a subgroup of Auty(U'/*). By abuse of notation we denote this subgroup also by
Gal(L(UY#)/L). If U is finitely generated, the group Auty (U'/#) is the profinite group

lim Auty (UY),
d

where d runs over all positive integers dividing s. As Gal(L(U'*)/L) is compact and

Auty (UY#) is Hausdorff, the subgroup Gal(L(U'*)/L) of Auty (U'/*) is closed.
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For L a number field, U a subgroup of L*, and s a Steinitz number, we define
Sat,(U) = UY*n L*
and
Cye,(U) = UY* N L{ps)".

In some cases, we expand our notation to Sat,(U, L) and Cyc,(U, L) for these groups, to
clarify the base field L in which we view U as a subset. When s is oo = [ ]| , P> where p runs
over all prime numbers, we leave out the subscript s from the notation, which is consistent
with the notation of the previous chapter (see Section 1.2).

For a group G we write exp((G) for its exponent. Moreover, recall that for a prime
number p we write v,, for the p-adic valuation function.

In this section we prove the following theorem.

Theorem 2.17. Let L be a number field, let U be a finitely generated subgroup of L*, and let

s be a Steinitz number.

(a) Then there is d € Z>, such that for every d' € Z~, with d|d'|s we have

Autyye (UY®) € Gal(L(UY#)/L).
(b) Suppose that s = p™, where p is prime. Let

b L(pa) ifp=2,

L(u,)  otherwise.

Then exp(Sats(U, F')/U) is finite, and there is j € Z>q with
J < vy(exp(Sats(U, F)/U))
such that for all 1 € Z>; we have

Aty (UY®) € Gal(L(UY?)/L).
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Lemma 2.18. Let s = p™, where p is a prime. Let I’ be a number field with p, C F”*,
and if p = 2, with puy C F*. Let U C F* be a subgroup such that Sats(U) = U. Then
Cst<U) = s - U.

Proof. The inclusion D clearly holds. Moreover, the quotient

Cye,(U)/(U - pis)

is p-primary, so it suffices to show that this quotient has no element of order p. To this end,
let z € F'(us)* such that 27 € U - ug. We will show that x € U - 5. Note that there are u € U
and ¢ € p, such that 2”7 = u - (. Let  be a pth root of (, and let y = z/§ € F(us)*. Then
we will show that y € U, which implies that x € U - 114, as desired. Suppose thaty € ™. As
U = Sat,(U) and y* € U, it follows that y € U, as desired.

Suppose that y ¢ F™*. Since F™* contains y,, and also j4 if p = 2, we have
Cal(F(1,)/F) = Z,

as profinite groups. Moreover, as y? € U C F*, it follows that F'(y) is the unique subexten-

sion of F'(us)/F of degree p over F'. Then by Kummer theory we have that
F(y) = F('),

where € is a generator of j4(F'), and moreover, there are i € {1,...,p — 1} and a € F** such
that

yP =€ - aP.
Now, as Sats(U) = U, we have ¢ € U. Furthermore, since a? € U, we have a € U. It

follows that y = 7 - a for some 1 € p,, that is, we have y € p, - U, as desired. [

Throughout the rest of this section, let L be a number field, let U be a finitely generated
subgroup of L*, let n = rk(U) (see Definition 1.2), let s be a Steinitz number, let I'y; =
Gal(L(us)/L), let Ay = Aut,, (), let G = Gal(L(UY*)/L), and let A = Auty (UY*).
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Lemma 2.19. The groups Sats(U) and Cyc,(U)/ s are finitely generated of rank n.

Proof. By Lemma 1.4, the groups U and Sat(U) are finitely generated of rank n, and
Cyc(U)/p is free of rank n. Since U C Saty(U) C Sat(U), we have that Sat,(U) is finitely
generated of rank n.

Let (Cyc,(U))1or be the torsion subgroup of Cyc,(U). Note that the quotient

Cye,(U)/(Cyey(U))sor

maps injectively to Cyc(U)/u. As the latter is a free abelian group of rank n, it follows that
Cyc,(U)/(Cyec,y(U))sor is free of rank n.
Let w = p(L), and observe that

ps € (Cycy(U))tor € Utlo/rS C fs-

AS [y / 115 1s finite, it follows that Cyc,(U)/ s is finitely generated. ]

Lemma 2.20. (a) The Galois group I is open in A,.

(b) Suppose that s = p*°, where p is prime. Let j1; N\ L* = p,e. Suppose that e € Z>y. If
p = 2, suppose that ¢ € Z>s. Then

[y = Aut,, . (i)
inside As,.

Proof. By the irreducibility of the cyclotomic polynomials over QQ, we may identify the

Galois group Gal(Q(us)/Q) with Aut(sus). Moreover

[y = Gal(Q(us)/ (L N Q(ps))),

as profinite groups. As L N Q(u,) is a finite extension of Q, it follows that I, is a closed

subgroup of finite index in Aut(u). It follows that I'; is open in Ay, as desired.
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Suppose s, p, and e are as in (b). There is a canonical isomorphism
¢ Aut(ps) — Z,

of profinite groups, so ¢(I',) is an open subgroup of Z.

As every element of Iy is the identity on fi,, the image ¢(I'y) is contained in the
subgroup 1 + p°Z, of Z;. Moreover, since p,e+1 ¢ L, the image ¢(I') is not contained in
1+ p*tiZ,.

Now, because e > 2 for p = 2, we have 1 + p°Z,, = Z,, as profinite groups. The latter
implies that 1+ p°Z, is topologically generated by any element not in 1+ p“™'Z,. Thus ¢(T';)
is equal to 1+ p°Z,,. We conclude that the image of I', inside A is equal to Aut,, . (x). This

proves (b). [
Proof of Theorem 2.17. As p, is a direct summand of U 1/s_ the natural map
r:A— A,

sending f to f

.. 18 surjective. Moreover, one easily checks that the kernel Aut,, ./ (UY*) of
r is canonically isomorphic to Hom(U'/*/(p, - U), p,) as a profinite group.

On the other hand, by Kummer theory the kernel of the restriction morphism G — T’
is canonically isomorphic to Hom(U'*/ Cyc,(U), iis) as a profinite group. The surjective
morphism UY*/(pu, - U) — UY*/Cyc,(U) of discrete groups gives rise to a canonical

injective morphism
Hom(U"*/ Cye,(U), ) — Hom(U"* /(s - U), ps)
of profinite groups that makes the following diagram of profinite groups

0—— Hom(U"*/ Cyc,(U), us) G I, 0

| J l ()

0—— Hom (U /(s - U), 1) A A, 0
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commutative, where all other maps are defined above.

The kernel of U'/* /(jus-U) — U'#/ Cyc,(U) is equal to Cyc,(U)/(uus-U). Therefore
the cokernel of the left vertical map is contained in Hom(Cyc,(U)/(us - U), ps). As by
Lemma 2.19 the quotient Cyc,(U)/(us - U) is finite, it follows that the cokernel of the left
vertical map is finite.

On the other hand, by Lemma 2.20 the profinite group I'; is open in A, implying that
the cokernel coker(I's — Aj) is finite. Hence coker(G — A) is finite. As G is closed in A
(see beginning of this section), it follows that GG is open in A. Equivalently, there is d € Z>,
such that

Auty/a(UY?) € Gal(L(UY*)/L).

Moreover, for every d’ € Z~; with d|d’|s we have
AutUl/d/ (Ul/s) C AutU1/d<U1/S),

which finishes the proof of (a).
Suppose that s = p>°, where p is prime. By (a) we know that there is j € Z> such that
forevery 1 € Z>;

Aty (UY*) = Gal(L(UY*) /L(UYY).

Let

L(pa) ifp=2,
F—

L(u,) otherwise.

and let U’ = Sat (U, F'). Then Lemma 2.19 implies that exp(U’/U) is finite. Let
e = v,(exp(U'/U)).

We will show that j can be taken equal to e, which finishes the proof. To this end, we will

prove that Auty (U'V/%) C G.
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First, note that ;N F* = p, N U’. Then Lemma 2.20(b) implies that
Gal(F(p)/F) = Autuny, (1)
Since F'(us) = L(us), it follows that
Aty (1s) = Gal(L(ps)/ F).
On the other hand, by Lemma 2.18 we have
Cyc, (U, F) = s - U
Moreover, since U'Y* = U/, we have
Hom(U'*/ Cyc (U', F), pis) = Hom(U"* /(s - U'), ).
Replacing L by F' and U by U’ in (), we obtain

0—— Hom(UY*/ Cyc, (U, F), ps) — Gal(L(U"*)/F) — Gal(L(us)/F) — 0

| l |

0 ——Hom (UY*/(ps - U"), ps) ——— Autr (UY*) ——— Autprny,, (1s) —— 0

where, by the above, the left and right vertical maps are isomorphisms. It follows that
Gal(L(UY*)/F) = Auty (UY*),
so that Auty:(U'*) C G. Atlast, as U’ C UY?", we have
Autyye (UY) € Auty (UY?) € G,

which finishes the proof. ]
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6. Rationality of the density

Throughout this section, let /' be a number field, let W be a finitely generated subgroup of
K*, and let V' be cocyclic cofinite subgroup of W. Let m = (W : V), let P be the set of
prime divisors of m, let n = k(W) (see Definition 1.2), let U = V™ andlet L = K (U).
We remark that W/V = Z/mZ implies that W C U.

In this section, we prove a closed-form expression of the density d(A(W, V")) using the

formula given in Theorem 2.10 and Theorem 2.17.

Theorem 2.21. Let (j,)pep € (Z>o)” such that for every p € P

Aut (UYP™Y € Gal(L(UY?P™)/L).

U1/vip

Then the density d(A(W,V)) equals

w1 Ler [L(Ul/lp”wzu ' 22?1:11) + X ( [L(UJPU:L] B [L(Ul/?%v;l/p”l):mﬂ '
We remark that one can find suitable (j,),ep, as in the theorem above, in Theorem 2.17.
Corollary 2.22. Suppose that for every p € P we have
Gal(L(UYP™)/L) = Auty (UYP™).

Then
1 p'(p—1)
d(A(W,V)) = TR p];[) iy

In addition, suppose that [L : K| = ¢(m)m™~!, where ¢ is Euler’s totient function. Then we

have
n+1
p

1
R T § S

Proof. The proof follows directly from Theorem 2.21 by putting j, = 0 for all p € P. [ ]
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Lemma 2.23. Let p € P, and let i € Z>(. Then the following hold.
(a) The degree [L(UYP"™") : L(UY?")] divides p™*, and if i > j,, it is equal to p"*.
(b) The degree [L(UYP' ,W'/P™) . L(UY")] divides p, and if i > 7, it is equal to p.

Proof. Let s = p™. As U is a finitely generated abelian group of rank n and pu,, C U, we
have U = %Z/Z @ Z", where u € Z>, is divisible by m. Then we have

JL/p o %Z/Z &> (1 Z) :

up p
so that
i+1 (]UpH_1 i+1
1/pit ~ 1/pit
Aut i (U R = Hom< i L UYP
1 n+1 1 1 n
Since

. 1 "
# HOIIl((Z/pZ)n+1, Z/upz—i-lz e (pi—H Z) ) — pn—l-l7
we have that

i+1 n
H# Aty (UVP) = pt

Now, note that

Gal(L(UY7™) /LU'P)) © Autye (U,

which implies that [L(U/?") : L(U'/?")] divides p" 1.
Now, suppose that ¢ € Z>;, . Then by Theorem 2.17

Gal(L(UY*)/L(UY")) = Autyy,,: (UY*).
Moreover, by [Pal14, Theorem 2.12] the sequence

0 — Auty, i (Ul/s) — AUty (Ul/s) — AUtUl/pi(Ul/piH) —0
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of profinite groups is exact. Then by Galois theory
P = Auty (U = L0V S LU,

This proves (a).
For (b), note that W'/ c L(U'/?")*. Hence, by Kummer theory

[L(UYP WP LYY = (WYP L LYy q Wi,
Recall that U™ = V' C W, so that (Um)l/pi C W', One easily checks that

i—1

WP (Ut c YR A LUy,

i—1

As WP (Y P maps to the unique subgroup of index p of the cyclic group
Wl/pi/(Um)l/pi
of order m, it follows that (W/?" : W/ 0 L(U'/?")*P) divides p. Hence
L WY L] | p.

On the other hand, the degree [L(U"/?"™") . L(UY/?", W/?""")] divides p", as the p'*'th roots

of unity are already contained in L(U"/ Pt ). Hence for i > j, we have
(LU, WYP™) L L(UYP)] = p,
as desired. |

Proof of Theorem 2.21. Write A = A(W, V). Then by Theorem 2.10 we have

1 > 1 1
d(A) = , 1— : : : )
AT H; Z L) I ( (LU WY L(UW)})
By Lemma 2.23, we have for allp € P and i € Z;,

(LU L(UYP')] = it
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and
[L(Ul/pi7wl/pi+1) : L(Ul/pi)] = p.
Hence
oL (- 1
L) I\ LU W) LU
is equal to
L 53 ! <1_1)_ 1 pp—1)
[LUYP") L) = pmt i p) o [LUYPT) L] prt =1

Using this in the expression for d(A), we find

1 1 Pp—1)
A= [L:K]E{[me:u o1

fl 1 1
Z (LU« L) (1 LUV W L(Ul/”i)])]’

=0

which is the desired formula. ]

7. Main theorem
In this section we

Theorem 2.24. Let K be a number field, let W be a finitely generated subgroup of K*, and
let V be a cocyclic cofinite subgroup of W. Let m = (W : V), let U = VY™ and let
L = K(U). Let n = rk(W) (see Definition 1.2), and let P be the set of primes dividing m.
Let (j,)pep € (Zs0)" such that for every p € P

Aut,, i (UYPT) C Gal(L(UYP™)/L).

Then the following statements hold.
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(a) The density d(A(W, V) exists and equals a positive rational number in the interval

1 1 < =1 )
- | TJT(1- ,
mm p];[D p(]p—l)(”‘H) . (p”""l — 1) ];1;7[) p(”‘*‘”]p . (pn+1 — 1) ]

whose denominator divides m" - [ cp (prn D=t (prtl — 1)).

(b) A(A(W, V) = 1ifand only if V=W or W is finite.
(c) d(A(W,V)) is computable as a function of K, W and V.

Proof. By Theorem 2.21 we have that d(A(W, V')) exists and is equal to

1 1 . pt(p=1) Jp—1 1
e Loer | gmmma - = RPEE ([L(Uw DiL] [L(Ul/p%vvl/pi“m)}’
which is rational. We first note that [L : K] divides ¢(m)m™!, where ¢ is Euler’s totient
function.

Now, let p € P. By Lemma 2.23 we have for all ¢ € Z> that
(LU L LU | prtt
and
(L@ WPy (U] | p.

To ease the notation, for ¢ € Z~( write

1 1

T, = R —
L@V L] L@, W) I

and note that

1 1
T, = | 1 N ).
[L(UYP) : L ( [L(UYP, WHe) L(Ul/pl)])
Hence [L(UY/?", W/»"™") . L(U'Y?")] = 1 implies T} = 0. Using Lemma 2.23 we obtain for
peP

1 = pn+1 _ pn p— 1
[L(UYP7) : L] ' n+1 1 + ZT = plnt)j ’ Pl =1 prUs—DHis (prtl — 1)
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so that

1 p—1
>
d(AW,V)) > [L: K] pl})pn(jp—l)ﬂp(pnﬂ —1)

1 p—1
¢(m)mn71 H pn(jp71)+jp<pn+1 _ 1)

peEP

Then using the identity ¢(m) =m - [[ cp (1 - 117) in the latter, we obtain the lower bound

1 H 1
n Gp—1)(n+1) . (pn+1 _
mr U (p 1)

for d(A(W,V)). For the upper bound, note that
Jp—1 1

2T S = gy g

Then for p € P write d, = [L(U"/?") : L], so that we have

ip—1
1 p'(p—1) 1 p"(p—1) 1
—'W—_1+2Ti R
=0

d, — d, pvtt-1 d,
1 (p—1
< 1- (P
p(n'H)]p p”‘f'l —1
- 1- pr-1

p(nt1ip . (pntt — 1)’

where we use that d, < p("+1ir (see Lemma 2.23). Thus, as [L : K] > 1, an upper bound

for d(A(W,V)) is
[T(1- 1
pntDip . (pntl — 1) )7

peP
Now, we want to find = € Z>; such that = - d(A(W, V')) € Z. To this end, note that

p(m)m" - [L: K| € Z.
Moreover, by Lemma 2.23 we have

PV LUy L) e Z.

79



CHAPTER 2. REDUCTIONS OF MULTIPLICATIVE SUBGROUPS OF NUMBER FIELDS

Asfori € {0,...,j,—1} the fields L(U'/?") and L(UY?", W'/P""") are contained in L(U'/%""),
p

we have
Jp -1

n+1 ZTGZ

It follows that the denominator of d(A(W, V")) divides

B ) pn+1 -1

pEP p—1
which by using ¢(m) =m - [[,cp (1 — %) is equal to
mn - [T (9 (= 1)),
peP
as desired.

From the lower bound, we see that d(A(1V,V')) is nonzero. From the upper bound, we
see that d(A(W,V')) = 1l only if m = 1 or n = 0, that is, only if V' = W or W is finite. On
the other hand, if V.= W or IV is finite, we easily see that d(A(W, V')) = 1. This proves (a)
and (b).

To prove (c), we will show that there exists an algorithm that terminates after finitely
many steps, whose input is K, W, and V', and whose output is the density d(A(W,V')). Let
K,W,V,n,P,U, and L be as in the theorem. By Theorem 2.21 we have that d(A(W,V))

equals

i Lyer [L(Ul/lpjp):L] e R 1<[L<U1/P DLl [L(Ul/p%vél/p“ﬂzmﬂ ’
so it suffices to show that there exist three algorithms for calculating (1) P, (2) (j,)pep, and
(3) the degrees of the field extensions [L(U/?") : L] and [L(UY?", W/»"") . L] for i e
{0,...,j,}. The algorithms for (1) and (3) are well-known from elementary computational
algebraic number theory for which we refer to [Coh96]. It remains to show that for each

p € P we can compute j,.
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To this end, let p € P, and let s = p™°. Let

L(py) ifp=2
.

L otherwise.
Compute and write
k
U=]Jw-v"
i=1

and compute

So=(x e F:aPe{uy,...,u}).

If Sy C U, we have exp(Sats(U, F')/U) = 1 and put j, = 0 (see Theorem 2.17). Otherwise,

let Uy = U - Sy, and write
k1
U1 = Hui’l . Uf
i=1

Then compute

Sl = <$ cF:.2P e {U171, c. ,Uk1,1}>.

If S; C Uy, then we have exp(Sats(U, F')/U) = p and put j, = 1. Otherwise, repeat the
above process to define U, and find S5, and so on. By Lemma 2.19 the quotient Sats (U, F') /U
is finite, so there is ¢ € Z such that S; C U;. Continue the above process until S; C U;, and put
jp = i. Then observe that exp(Sat,(U, F')/U) = p’». This shows that there is an algorithm

to compute (j,),ep, which finishes the proof of (c). |

Theorem 2.25. Let K be a number field, and let W be a finitely generated subgroup of K*
of positive rank, and let V' be a cocyclic cofinite subgroup of W. Let V' be a subgroup of W

containing V. Then d(A(W,V)) = d(A(W, V")) if and only if V =V".

Proof. First, note that V' = V' clearly implies d(A(W,V)) = d(A(W,V")). To prove the

reverse implication, let V'’ be a subgroup of W containing V', and assume V' # V. We
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will show that d(A(W,V)) < d(A(W, V")), which finishes the proof. As for V' such that

V c V" C V' we have
d(A(W,V)) < d(AW, V")) < d(A(W, V")),

we may assume that V' is of prime index, say ¢, in V.

Now, let m = (W : V), let U = VY™ let L = K(U), let A/(W,V) as defined
above Lemma 2.12, and let L be an algebraic closure of L (and of K). For p dividing m and
i € Lo, let G, Hy,,, Cp, C, and C be as defined above Lemma 2.14. Then by Lemma

2.16 and Lemma 2.12 we have

AAWV)) = T e (€)

Observe that Gal(L/L) is a subgroup of G = Gal(L/K) of index [L : K]. By abuse of

notation we write C' for the image of C' in G, that is, henceforth we have
C={o€Gal(L/K) : 0|y =idy, Vp|m : 3i € Zxq : 0|1/ =1dA 0|1 # id}.
Then we have
d(AW,V)) = Ac(C).

Now, let m/q = m/' = (W : V'), let U’ = V'V/™ let L' = K(U'), and note that V' C V/4
implies that U" C U and L' C L. For p dividing m’ and i € Zxo let G}, ;, H) ;, C, ;, C; and

("’ be defined as above with L replaced by L’ and U by U’. Moreover, by abuse of notation

write C” for the image of C’ in G, so that
C'={o € Gal(L/K) : 0|y = idy, Vp|m': Ti € Zso : 0] ynyp = 1A A 0|y # id}

Then we have

d(AW, V")) = Ac(C).
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Moreover, for every prime p and ¢ € Z>, we have Ut c VP so € O C G. We will
show that there is a non-empty open subset of C” that is disjoint from C', which by the above

and the fact that non-empty open subsets have positive density, proves that
d(A(W,V)) < d(AW, V")),

as desired. Let j € Zxg be such that Aut,,,,; (U") C Gal(L(U'9")/L) (see Theorem
2.17).

Suppose first that ¢ does not divide m’. For primes p dividing m/, let

X, =0Cp = U G\ Hp,;
i=0

and

Xq = Hq,j \ Gq7j+1'

Note that X, N C,, = (). We claim that the set

X=X,

plm

has the desired properties of being a non-empty open subset of C’ that is disjoint from C'.
That X is open is proved in the same way as Lemma 2.14. That each X,,, including X, is
non-empty follows from Lemma 2.23 (at this point it is used that W is infinite, so that n in
Lemma 2.23(a) is positive). Since for primes p dividing m the degrees of the fields L(U 1/ poo)
over L are p-powers, they are all linearly disjoint over L, so X is non-empty as well. As ¢
does not divide m/, we have X C C’. From X, N C, = () it follows that we have X N C = ().
This finishes the proof of this case.

Now, suppose that ¢ divides m’. We claim that for every i € Z>( we have

/e — i/ em'a) | yri/a
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It suffices to prove the claim for : = 0. To this end, observe that
vimw £ v,
because IW/V is cyclic of order m’q. Moreover, as W C U’, it follows that
vimow e

As V'/V has order ¢, also U’'/V/™ has order ¢. It follows that U’ = V™ . W, which

finishes the proof of the claim. We remark that for ¢ € Z>; we have

yy'a) _ 31/ me ) /et

)

so that the claim states that

i—1

Uvet — gyt /et

As U1 = VY™ is contained in V'™ = U, we have U C U’/4, so that
L' cLcLUY.
Then the claim implies that for every i € Z>, we have
LUy = Lot wiaTh,
and moreover, since W C U, we have the following diagram

(Ull/tf“) — L(Ul/tf+1 Wl/qi”)
L(UMa™t ety

\

Ufl/cf+1 —L(Ul/q [/Vl/cf+1

Ul/qi“)
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of fields, where the upper field is the composite of the fields on the left and right. The

corresponding diagram of Galois groups looks as follows:

q i+2 — q i+l — z+1 N Gq i+1
q o \ / q o
!
G%H'l

where the arrows in the diagram depict inclusions.

Now, for the prime divisors p of m’ that are not equal to g, let

U

and let
Yo =Gl \ (Hyjy UGgjn).

Note that one has Y, C H,; \ G, ;+1, so that we have Y, N C, = (). We claim that the set
Y = ﬂp‘m Y, has the desired property of being a non-empty open subset of C” that is disjoint
from C. That Y is open is proved in the same way as Lemma 2.14. We next prove that each
Y, is non-empty. For p # ¢ this follows directly from Lemma 2.23. For ¢ = p, our choice
of j and Lemma 2.23 imply first that G, ;1 has index ¢" in H, ;, and next that ;. has
index ¢ in G/ j1, whichby H, ;1 = H, ; ., N Gy .1 implies that G ;11 is not contained in
H, .y, sothat H ;. # H, ;. Thus, since n € Z,, each of G ;11 and Hy ;. is a proper
subgroup of G| ;,, = H,;, which implies that Y, is non-empty. By linear disjointness, the

set Y is non-empty as well. From Y, N C, = () it follows that we have Y N C' = (), while from
Y, C G \Hy iy CC

we obtain Y C (. This finishes the proof. ]
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Corollary 2.26. Let K be a number field, let W be a finitely generated subgroup of K*, and
let V' be a cofinite cocyclic subgroup of W. Let

S ={p € Qg : thereis w € W such that v,(w) # 0}.

Forp € Qg \ S let W, denote the kernel of the restriction map m,: W — k(p)*. Let S be
a finite subset of Qx \ S. Then there are t € Z>1,p1,...,p; € Qx \ S’ such that

V= (W, i€ {l,....t}).

Proof. Let 7' = (W, : p ¢ S, W, C V). Then T is cofinite and contained in V, and
moreover, d(A(W,V)) > 0 implies that 7" is cocyclic in W. Since 7 is finitely generated,
there are t € Z>o,p1,...,p: € Qi \ S’ such that T = (W,, : i € {1,...,t}). Now, one
easily sees that d(A(W,T)) = d(A(W,V')). Hence Theorem 2.25 implies that 7" = V/, as

desired. ]

8. Applications

Theorem 2.27. Let K be a number field, and let X and 'Y be finitely generated subgroups of
K*. Let
S'={peQx:Jxec XUY :vy(z) #0}.

Suppose that for all primes p in a subset of Qi \ S’ of density one, we have
Y (mod p) C X (mod p).
ThenY C X.

Proof. Suppose that Y ¢ X, let W =Y - X, and note that X C W. As W is a finitely

generated abelian group, there exist a prime number p and a surjective morphism

fW —Z/pZ
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of groups with kernel containing X . Let V' = ker f, and note that X C V. As W/V is finite

cyclic, Theorem 2.24 implies that
d{p € Qx : W, CV}) >0,

where W, is the kernel of the reduction map m,: W — k(p)*.
Observe that for p € Qp \ S’ the condition Y (mod p) C X (mod p) is equivalent to
X (mod p) = W (mod p), so that

d({p € Qx : X (mod p) =W (mod p)}) = 1.

Let p be a prime of K such that W, C V and X (modp) = W (mod p). As X C V
and W, C V, we have
mp(X) = (X - Wy) /Wy, C VW,

Moreover, since f is surjective, we have
W, CcV W
Hence V/W, C W/W,. However
X (mod p) =W (mod p) = W/W,,
which is a contradiction. It follows that Y C X. ]

Theorem 2.28. Let K be a number field, let X be a finitely generated subgroup of K*, let Y

be a subgroup of X, and let | be a prime number. Let
S'={peQk:IreX:vy(x)#0}.
Suppose that for almost all p € Qg \ S" we have
[+ (X (modp):Y (modp)).

Then (X :Y) <ooandl{ (X :Y).
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Proof. Let V = X' .Y, and note that Y C V C X. For almost all p € Qx we have
[ 1 (X (modp):Y (modp)). As X (mod p)/V (mod p) is annihilated by [ and for almost
all p we have

Y (mod p) C V (mod p) C X (mod p),

it follows that for almost all p we have X (mod p) = V' (mod p). Then Theorem 2.27 implies
that X =V = X' Y, sothat (X/Y)' = X/Y. As X/Y is afinitely generated abelian group
with the property that (X/Y)! = X/Y, it follows that X /Y is finite of order coprime to /. ®
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CHAPTER 3

Reductions of the Mordell-Weil group

over number fields

1. Introduction

In this chapter we carry out for elliptic curves with complex multiplication the analogue of
Chapter 2 for the multiplicative group. In the previous chapter, say in the multiplicative
case, all modules involved are over Z, whereas in this chapter, say in the elliptic case, the
modules are over the endomorphism ring of an elliptic curve with complex multiplication.
Moving from the principal ideal domain Z to an order in a quadratic number field, which is
not necessarily a principal ideal domain, is where the complications are met in this chapter.
For simplicity, we do assume that the order is maximal, in the sense that it is a Dedekind
domain, but we remark that with some minor alterations the theorems in this chapter remain

valid without the maximality restriction.

For our first theorem, recall Theorem 1.1 from Chapter 1, also known as Schinzel’s

theorem. We state and prove an analogue of this theorem for elliptic curves with complex
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CHAPTER 3. REDUCTIONS OF THE MORDELL-WEIL GROUP OVER NUMBER FIELDS

multiplication.
For a field K of characteristic 0, an algebraic closure K of K, an elliptic curve E over

K with endomorphism ring O = Endg(F), and an ideal a of O we write
E(K)a] = {P € BE(K):a-P =0}
for the O-module of a-torsion points of E/ over K, and we write
Ela)={Pc E(K):a-P =0}

for the O-module of all a-torsion points. Then for elliptic curves the analogue of the nth
radicals of an algebraic number is obtained by dividing points of the elliptic curve by an ideal
a of O. More precisely, for an O-submodule W of E(K) and a nonzero ideal a of O we
write

Wia={PeEK):a-PCW}

for the O-module of a-division points of WW. Field extensions of K obtained by adjoining
division points are called division fields over K.

Moreover, for a module M over a ring [? we write
Anmmg(M)={re R:rM =0}

for the two-sided annihilator ideal of M. Then the analogue of Schinzel’s theorem, men-

tioned above, is as follows.

Theorem 11. Let K be a field of characteristic 0, let E be an elliptic curve over K with
O = Endg(FE) # Z a Dedekind domain, let W C E(K) be an O-submodule, and let a be a
nonzero ideal of O. Then K (W : a) is abelian over K if and only if

Annp(E(K)[a]) - W C a- E(K).
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See Section 3.4 for the proof of this theorem.
Our second main theorem is an analogue of Theorem 2.17(a) for elliptic curves with

complex multiplication. Let / be a number field, and let £ be an elliptic curve over K with

O = Endg(F) # Z a Dedekind domain. Let
O =1im O/b,
b

where b runs over all nonzero ideals of O, be the profinite completion of O as a ring. A
Steinitz ideal a of O is a closed ideal of O. See Definition 3.5 for more details.

Let IV be an O-submodule of F(K), and let a be a Steinitz ideal. Then we define

E(K)l] = |JE(K)[0],
b
Ela) = &[],
b
W:ia = U Wb,
b
where b runs over all nonzero ideals of O dividing a.
Now, the field K (W : a) is Galois over K, and any field automorphism of K (W : a)
over K is determined by its action on 1 : a. Moreover, the action of O on W : a commutes
with the action of Galois. Hence, we may identify Gal(K (¥ : a)/K') with a subgroup of the

group of O-automorphisms Aute w (W :a) of W: a that are the identity on 1. Note that

Auto w (W : a) is the profinite group
l'&n Aut@,W(W : b),
b

where b runs over all nonzero ideals of O dividing a. As Gal(K (W :a)/K) is compact and

Auto w (W : a) is Hausdorff, the subgroup Gal(K (W :a)/K) of Auto w (W : a) is closed.
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Theorem 12. Let K be a number field, and let E be an elliptic curve over K with O =
Endg(E) # Z a Dedekind domain. Let W C E(K) be an O-submodule, and let a be a
Steinitz ideal of O. Then the map

v: Gal(K(W:a)/K) — Autow (W :a)
is open.

See Section 3.7 for the proof.
We prove this theorem in two steps. As in the case of the multiplicative group, we have

a commutative diagram

0— Gal(K(W:a)/K(E|a])) — Gal(K(W:a)/K) — Gal(K(E[a])/K) —0

l | l

0 —— Auto weE(W:a) —— Autow (W :a) — Auto wq(Ela]) — 0.

In Section 3.5 we prove that the right vertical map is open, and do so effectively. The latter

means that we give an explicit nonzero ideal b of O dividing a such that
Auto g (Ela]) C Gal(K(Ela])/K).

In Section 3.6 we prove that the left vertical map is open. By combining these two results,
we prove that the middle vertical map is open, as desired.

As an application of the above theorems, we state and prove an analogue of Theorem 6
of Chapter 2, see Theorem 13 below.

Let W be an O-submodule of E(K), let V be an O-submodule of W such that

WV =0o/I

as @-modules, for some nonzero ideal I of O.
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Throughout this chapter, we use the phrase almost all as a substitute for all but finitely
many. Let x be the set of maximal ideals of Ok. Choosing a model of E over a finitely
generated subring of /', we may talk about the reduction of £ modulo p for almost all max-
imal ideals p of Ok, and denote it by FEj,. For the definition of good, bad, ordinary, and
supersingular reduction we refer to [Sil94].

As all elements of O are defined over K, the action of O on the tangent space at the
origin induces an injective ring morphism O — K, which extends to an injective map
F — K (see [Sil94, Chapter 2]). Throughout this chapter, we identify O and F' with their
images in K, so that we have O C Ok and F' C K.

Let S be the subset of {2 consisting of the primes where E), is not defined, the primes
of bad reduction for £, the primes of supersingular reduction for E (see [Sil94]), and the
primes dividing I - O. By [Lan87, Theorem 12, §13.4] the set of supersingular primes has
density zero. As there are only finitely many primes for which F), is not defined, finitely
many primes of bad reduction for £, and finitely many primes dividing [ - Ok, the set S has
density zero too.

Now, for every p € Q \ S we have a reduction map
mp: W — Ey(k(p))
of O-modules, where £ (p) is the residue field of O at p. We define
AW, V) ={p € Q \ S : ker(m,) C V'},

for which we often simply write A.

Then we prove the following theorem about the density d(A(W, V).

Theorem 13. Suppose that I is not divisible by any prime number that splits completely in

O. Then the following statements hold.
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(a) The set A(W, V') has a natural density d(A(W,V)) in Q.

(b) The density d(A(W,V')) is rational.

(c) The density d(A(W,V)) is positive.

(d) We have d(A(W,V)) = 1ifand only if V=W or W is finite.

The proof of this theorem has a similar structure to that of Theorem 6 in Section 2.1. Note
that computability of d(A(W,V)) is missing in this theorem. There is little doubt that de-
tailed scrutiny of our proofs will lead to a proof that d(A(W, 1)) is indeed computable, and
that likewise the assumption on the ideal [ can be omitted at the cost of some additional

complications. We leave these issues to the diligence of the interested reader.

The present chapter is organised as follows.

In Section 3.2 we define division in modules over a commutative ring. In Section 3.3
we apply this theory to elliptic curves, and define Steinitz ideals and treat their properties.
Section 3.4 contains the proof of Theorem 11 above. In Section 3.5 we prove the openness
of the right vertical map in the commutative diagram above, and in Section 3.6 we prove that
the left vertical map is open. Section 3.7 contains the proof of Theorem 12. In Section 3.8
we prove part (a) of Theorem 13, and in Section 3.9 we prove part (b) of the same theorem.

The last Section 3.10 consists of the proofs of the last two parts (c¢) and (d) of Theorem 13.

2. Division in modules

Let O be a commutative ring, and let M be an O-module. Let W be an O-submodule of M,

and let a C O be an ideal. Then we define the module of a-division points of W in M as

Wya={xeM:a-xC W}
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3.2. DIVISION IN MODULES

If a = (a) is principal, we simply write W :); a. Moreover, if W = O - z, we simply write
Wy a = x )y a. When the module M is understood, we leave it out of the notation.

We define the module of a-torsion points M|a] as 0: a. Note that M[a] C W:a and
(W:a)/W = (M/W)]a].

Lemma 3.1. Suppose that a is finitely generated, and let S be a multiplicatively closed subset
of O. Then ST'(W 3y a) = ST'W 515 S a

Proof. Suppose a is generated by ay, ..., a, € O, where n € Z>,. Then W : a is the kernel

of the morphism
oM — P myw
i=1

of O-modules defined by = +— (a1 - + W,...,a, - © + W). By exactness of S~'(—), we
then have that S~*(WW: a) is the kernel of

ST STIM — @ ST M/STIW.
=1

Observe that the kernel of S~1(f) is exactly equal to S™*W :g-1;; S~'a, which proves the

lemma. u

Proposition 3.2. Let W and V' be O-submodules of M, and let a and b be ideals of O that
are coprime. Then W :ab =W :a+ W :b.

Proof. First, observe that the right to left inclusion is straightforward. To prove the other
inclusion, let x € W:ab. As a and b are coprime, there exist a € a and b € b such that
a+b=1. Notethat b-ax C Wanda-bxr C W, sothatar € W:band bx € W:a. It
follows that x = (a + b)zr = ax +br € W:a+ W:b. u

We say an ideal a of O is invertible if it is projective of rank 1. Moreover, throughout the
rest of this section, and only in this section, we denote the localisation of an O-module N at

a prime ideal p of O by N,.
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Proposition 3.3. Let W be an O-submodule of M, and let a C O be an invertible ideal.
(@) Then aW:a =W + M|a].
(b) Suppose that aM = M. Then W = a(W : a).

Proof. First, observe that the right to left inclusions of (a) and (b) are straightforward. To
prove the left to right inclusions of (a) and (b), we first prove them in the case that a is
principal. To this end, suppose that a = (a), and let x € aWW:a. Then ax = aw for some
w € W, sothat z — w € M]al. It follows that z € W + M |a]. This proves (a) for principal
ideals a.

Letx € W. AsaM = M, there is y € M such that ay = x, and hence y € W:a. It
follows that x € a(W : a), which proves (b) for principal ideals a.

Now, suppose a is any invertible ideal. As a is projective of rank 1, it is finitely gener-
ated and its localisation at every prime p of O is principal in O,. Let p be a prime of O. Then

(aW), = a,W,. By Lemma 3.1 we have
(a-W:a)y = a,Wp i, ay.
On the other hand, by exactness of localisation we have
(W + Mla]), = W, + May,

where M [a], = M,[a,] by Lemma 3.1.

Since we proved the principal case, and a, is principal, we have
ap Wy ag, ap = Wy + My[ap).
It follows that for every prime p of O we have

(a-W:a)y, = (W + Mla]),.
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Hence alW:a = W + M|a], which proves (a).

For (b), let p be a prime ideal of O, and observe that (a(W:a)), = a,(W,:a,). As
a, is principal, it follows that a,(W,: a,) = W,. As this holds for every prime p of O, we
conclude that a(W:a) = W. u

Proposition 3.4. Let a C O be an invertible ideal, and suppose that the module M satisfies
M = aM. Let W and V' be O-submodules of M. Then

(W+V)ia= W:a)+ (V:a).
Proof. First,letx € W:aand y € V: a and note that
alz+y) Car+ay C W +V,
so that
r+ye(W+V):a

This proves the right to left inclusion. To show the reverse inclusion, we first suppose that
a = (a) is principal.

Letz € (W+V):a. Thenaxr =y + zforsomey € Wand z € V. As M = aM we
have y = au for some u € M. Since au = y € W, we have u € W :a. On the other hand,
the identity

ar=y+z=au+z

implies that

a(x —u) = z.

As z € V, it follows that x — © € V : a. Then
r=u+(x—u)e W:a)+ (V:a),

which proves the statement for principal ideals a.
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Now, suppose a is any invertible ideal, and let p be a prime of O. By Lemma 3.1 we

have

(W+V)ia)y =W +V),:a,.

By exactness of localisation, we have (W + V'), = W, + V},. As qa, is principal, we have
Wy +Vo)iay € (Wyiap) + (Varay) = (Wea)y + (Via)y = (W:ia) + (V:a)),.

Hence (W 4+ V):a C (W:a)+ (V:a), which proves the proposition. n

3. Dividing points on elliptic curves

Throughout this section, let /K be a field of characteristic 0, let K be an algebraic closure of
K, let E be an elliptic curve over K with O = Endg(F) # Z a Dedekind domain, and let
F be the fraction field of O. In this chapter, for an ideal a of © and W an O-submodule

of F(K), the module of a-division points W : a of W, defined in the previous section, is
taken inside M = E(F) For any field extension L of K and nonzero ideal a C O, we
write F/(L)[a] for the module of a-torsion points of the O-module F(L), and E(L);,, for the

O-module of all torsion points of £ over L. For simplicity, we write F[a] for F(K)[a], and

Etor for E(K)tor~

Definition 3.5. Let O — l'glb O /b, where b runs over all nonzero ideals of O, be the profinite
completion of O as a ring. A Steinitz ideal a of O is a closed ideal of O. One easily checks
that the set of open ideals of Oisin bijection with the set of nonzero ideals of O. Therefore,

we often identify an open Steinitz ideal with the ideal it corresponds to in O.

Let a be a Steinitz ideal of O. For an O-submodule W of E(K ), we define

W:a= U(W:b),
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where b runs over all nonzero ideals of O dividing a. Consistently with our notation for
ideals of O, we write Ela| for the a-torsion 0: a = | J, £[b], where b runs over all nonzero
ideals of O dividing a. Note that both W : a and E|a] are O-modules. In fact, the canonical
module structure of O on E,, extends naturally to a module structure of O on E.... Then the

O-module Ela] is canonically an O /a-module.

Remark 3.6. For a nonzero ideal a of O, there is a unique factorization of a into prime
ideals of O. The same can be done for Steinitz ideals. Indeed, an ideal of a product [],_; R;

of topological Hausdorff rings R; is closed if and only if it is of the form [[,_; J;, where J;

icl

is a closed ideal of R; for each 7 € I. For a maximal ideal p of O, let
vp: ' — Z U {o0}

be the p-adic valuation, and let O, be the completion of O at p. The nonzero ideals of O, are

powers of the maximal ideal pO, and closed. Now, observe that
p

as profinite rings. Hence, putting p>*0O, = {0}O,, we may represent a Steinitz ideal a

uniquely as
a= Hpr(a)Op.
p

For simplicity, we often leave out O, from the notation.

For a nonzero ideal a of O, we write a® for the ideal
[Tv=0, x [[Oy c O =]
p p’ q

where p runs over the maximal ideals of O dividing a, and p’ runs over the other maximal

ideals of O, and g runs over all maximal ideals of O.
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Note that for any O-submodule W C E(K) and Steinitz ideal a of O, the module E|[a] is
contained in W : a, and K (W : a) is Galois over K (W).

Let W be a finitely generated O-submodule of F(K') and let a be a Steinitz ideal of
O. The field K(W : a) is Galois over K, and any field automorphism of K (W :a) over K
is determined by its action on W :a. Moreover, the action of O on W :a commutes with
the action of Galois. Hence, we may identify Gal(K (W :a)/K) with a subgroup of the
group of O-automorphisms Aute w (W :a) of W:a that are the identity on WW. Note that

Aute w (W : a) is the profinite group
I'&nAut@,W(W: b),
b

where b runs over all nonzero ideals of O dividing a. As Gal(K (W :a)/K) is compact and
Auto w (W : a) is Hausdorff, the subgroup Gal(K (W :a)/K) of Auto w (W : a) is closed.
Endow F'/O with the canonical O-module structure, and note that this structure natu-

rally extends to an O-module structure.
Proposition 3.7. Let a be a Steinitz ideal of O. Then the following statements hold.
(@) Ela] Zp (F/O)]a] ={z € F/O : ax =0} and Ei,, =0 F/O.

(b) Endp(FEla]) =0 O /a as O-algebras, and for a Steinitz ideal o' of O divisible by a the

restriction map Auto(E[a’]) — Auto(Ela]) is surjective.
(c) The field K(E|[a]) is abelian over K.

Proof. The second statement of (a) follows from Theorem 3 in [Len96]. The first statement
follows directly from the second one, since OJ-module isomorphisms respect the O-torsion.
This finishes the proof of (a).

For the first statement of (b), let b a nonzero ideal of O dividing a. One easily sees

that (F//O)[b] = O/b as O-modules, and Endp(O/b) =» O/b as O-algebras. Then (a)
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implies

Endo(E[b]) =0 Endo((F/0)[b]) =0 Endo(O/b) =0 O/b
as O-algebras. Using Efa] = lim E[b], where b runs over all nonzero ideals of O dividing
a, we obtain

Endo(Ea]) = Endo(lim E[b]) =0 lim Endo(E[b]) 2o lim O/b = O/,
b b b

as (D-algebras. This proves the first statement of (b).
For the second part, we first prove the statement for a’ = Hp p°° where p runs over all
maximal ideals of O. Then we have E[da'] = Fi., and O Ja' = O. The above implies that

there are canonical isomorphisms
AutO(Etor) — O*

and

Auto(E[a]) — (O/a)*

which make the diagram
Auto(Ery) —— T (%)
Auto(E[a]) — (O/a)*
commutative, where the vertical arrows are the restriction maps. Moreover, using the identity
= [ ], Oy, one easily checks that the diagram

>~

o— — [1, 0, (%)

| |

(0/a) ———T1,(Op/p**®)"

is commutative, where p runs over all maximal ideals of O, and p> equals the zero ideal of

O,. Since O, is a local ring, the map O; — (O,/ p*»(@))* is surjective. By commutativity
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of (%), we have that O — ((’3 /a)* is surjective. Then commutativity of (x) implies that
Auto(Eior) — Aute(E|a]) is surjective, as desired.

Now, the case for general @ follows directly from the fact that O* —s (O/a)* factors
via 0" — (O/d')".

For (c), note that Gal(K (F[a])/K) is a subgroup of Aute(F]a]). By (b) we have

Auto(E[a]) = Endo(Ela))* = (0/a)*.

As the last group is clearly abelian, the subgroup Gal(K (Ela])/K) is abelian also, so that
K(FEla)) is abelian over K. n

For a module N over a ring R, we write Anng(N) = {r € R: Vo € N : rz = 0} for the

annihilator ideal of V.
Proposition 3.8. (a) There is an inclusion-reversing bijection

Y. {Steinitz ideals of O} — {O-submodules of Ei, }

of sets, given by sending a Steinitz ideal a to Elal. Moreover, its inverse is also

inclusion-reversing, sending an O-submodule M of Ei,, to the O-annihilator
Ann@(M):{TG@:T-M:O}
of M.

(b) Let a and o' be Steinitz ideals of O. Then a = Anng(E(K)[']) if and only if Ela] =
E(K)[d].

Proof. For (a), define the map

¢ {Steinitz ideals of O} — {O-submodules of F//O},
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by sending the Steinitz ideal a to (F//O)[a] = {z € F/O : a-x = 0}. We will show that ¢
is a bijection.

For any fractional ideal a of O we write a™! for its ideal inverse
Orpa={reF:a-zCO}

As O is Dedekind, there is a bijection of the set of nonzero ideals of O with the set of
fractional ideals of O containing O given by the ideal inverse. Moreover, one easily checks
that the map from the set of finite O-submodules of F'/O to the set of fractional ideals of O
containing O defined by sending M C F/O to the fractional ideal Annp (M )~! is a bijection,
and its inverse sends a fractional ideal a of O containing O to a/O. Composing the above
two bijections, we obtain another bijection, which is in fact the restriction of ¢ to the subset
of open Steinitz ideals of . Thus ¢ restricts to a bijection of the subset of open Steinitz
ideals of O with the subset of finite O-submodules of F'/O.
Now, let a be a Steinitz ideal, and note that
(F/O)[a) = | J(F/O)[o] = o~ /0,
b b

where b runs over all nonzero ideals of O dividing a. Then

a.

Anng((F/O)[a]) = Anng (U bl/(’)> = ﬂAnné(bfl/(’)) = m 6O
b b b
Conversely, let M be an O-submodule of F//O. One easily checks that
M = pre(p)/oj
p

where p runs over the maximal ideals of O, and e(p) € Z>o U {oo}, and p~>° = [J;5p ™"

Hence, we have

Anng (M) = H pe®O,,
p
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where p runs over the maximal ideals of O. Then one easily sees that
(F/O)[Anng(M)] =Y p~P/O,
p

where p runs over the maximal ideals of O, which shows that ¢ is a bijection.
By Proposition 3.7(a) there is an isomorphism f: Fi,, — F/O of O-modules. This

induces a bijection
{O-submodules of F//O} — {O-submodules of E, },

which composed with ¢ gives us v, independent of the choice of the isomorphism f. As ¢
is a bijection, it follows that v is a bijection. One easily checks that ¢ and its inverse are
inclusion-reversing, which finishes the proof of (a).
For (b), let a and o’ be Steinitz ideals of 0. Observe that for an O-submodule M of
E}.;, part (a) implies that
a=y (M) & ¢(a) =M.

Hence
a = Anng(E(K)[a]) = ¢~ (E(K)[a]) & Ela] = ¢(a) = B(K)[o],

as desired. ]

4. Abelian division fields

Throughout this section let K be a field of characteristic 0, let K be an algebraic closure of
K, let K" be the maximal abelian extension of K contained in K, let F be an elliptic curve
over K with O = Endg(FE) # Z a Dedekind domain, let /' be the fraction field of O, let 19)
be as in Definition 3.5, and let W C E(K) be an O-submodule.

In this section we prove the following theorem.
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Theorem 3.9. Let a be a Steinitz ideal of O, and let vo = Anng(E (K )tor). Then
(B(K): @S EI) _ (B(K): (10 + ) + Elwal.

To prove this theorem, we first prove the following analogue of Schinzel’s theorem (see

Theorem 1.1) for elliptic curves with complex multiplication.

Theorem 3.10. Let a be a nonzero ideal of O. Then K(W : a) is abelian over K if and only
if Annp(E(K)[a]) - W C a- E(K).

Remark 3.11. In the rest of this section, we write tv = Ann5(£(K)tor), and for a Steinitz
ideal a we write w, = v + a. By Proposition 3.8(a) we have for a Steinitz ideal a and an

O-submodule M of E,, the equivalence
a=Anns(M) & Ela] = M.
Therefore, we have E[w] = E(K ). Moreover, we have
Elw,] = Efw + a] = Efw][a] = E(K)or[a] = E(K)]a],

so Proposition 3.8(b) implies

we = Anng(E(K)[a]).
Proposition 3.12. The field K(E(K):w) is abelian over K.

Proof. By Remark 3.11 we have E[tv] = E(K ).

Now, let
¢: Gal(K(F(K):t)/K) — Hom((E(K):w)/E(K), Ew])

be the map defined by
o [Q+ E(K)— o(Q) — Q.
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As E[w] C E(K), the map ¢ is a group morphism. A field automorphism of K (E(K): w)
over K is determined by its action on E(K):w. Hence ¢ is injective. As the codomain is

clearly abelian, it follows that Gal( K (E(K):1w)/K) is abelian. |

Proof of Theorem 3.10. We first prove the ‘if” part. To this end, recall by Remark 3.11 that
wy, = 10 + a = Anns(E(K)[a]). Suppose that w, - W C a- E(K). We will prove that
K (W :a) is abelian over K. To this end, let Q € W : a, and note that

aw,Q C aE(K).

Then Proposition 3.3(a) implies w,&Q C E(K) + E[a]. Since a is an ideal of O, the ideal w,

is open and we may consider it as an ideal of O. Then Proposition 3.4 implies
Q € (E(K):w,) + Ela]: w,,

where E|a|: w, = Flaw,]. By Proposition 3.7(c) we know that K ( E.,) is abelian over K, so
in particular K (E[aw,]) is abelian over K. On the other hand, by Proposition 3.12 we know
that K(F(K): w,) is abelian over K. It follows that K ((E(K): w,) + E[aw,]) is abelian
over K, so that K (@) is abelian over K. We conclude that K (W : a) is abelian over K.

Now, we prove the ‘only if” part. Suppose that K (W : a) is abelian over K. We will
show that w,- W C a- E(K). To this end, suppose first that a = (a) is principal. Let P € W,
and recall that we write P: a instead of (O - P):a. As P:a C W:a and K(W :a) is abelian
over K, the field K'(P: a) is abelian over K. Write G for its Galois group Gal(K(P:a)/K),
and let () € P:a be such that a@) = P.

The natural O-module structure and G-module structure on Ea] are compatible with

each other, so E|a] is an O[G]-module. By Proposition 3.7(b) we have

Endp(E[a]) = O/aO.
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It follows that for every 0 € G we can choose c¢(o) € O such that o acts on E[a] by

multiplication with ¢(o). We fix such ¢(o) € O. Now, for every o € G we have

Therefore, for every o € G there is T, € Fl[a] such that 0(Q) = Q + T,. Let o, 7 € G, and

observe that
70(Q) = 0(Q) = 07(Q) — 0(Q) = 0(Q) + 0(T7) — 7(Q) = c(0)T5.
Moreover, we have
c(0)Tr = c(0)Q + ¢(0)T; — ¢(0)Q = ¢(0)7(Q) — c(0)Q = 7(c(0)Q) — ¢(0)Q.
Thus, we have 70(Q) — o(Q) = 7(c(0)Q) — ¢(0')Q, which is equivalent to
7(c(0)Q — 0(Q)) = c(0)Q — o (Q).
As the latter holds for all o, 7 € G, we conclude that
c(0)Q —0(Q) € E(K)
for all ¢ € G. Multiplying by a on both sides, we obtain
(c(o) —1)- P € aB(K),
forall o € G. Let

v=(a)+ > (c(o) = 1)O,

ceG

and note that

0-P C(a) E(K).
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We will now show that 8 = Annp(E(K)[a]). To this end, observe that Proposition 3.8
implies that 9 = Annp(E(K)[a]) if and only if E[0o] = E(K)[a]. Note that a € 9, so
E[0] C Elal. Let T € Ela], and observe that

TeFEK)aeVoeG:o(T)=T&VoeG:(c(lo)—1)T=0&T € E],

that is, we have E[0] = E(K)[a]. Hence ? = Annep(F(K)[a]).

Now, we have shown that for every P € W we have
Annp(E(K)a]) - P C (a) - E(K),

which implies that

Annp(E(K)a]) - W C (a) - E(K).

This proves the statement for principal ideals a.

Now, suppose a is any nonzero ideal. We will show that w,W C aE(K). Since O is
Dedekind, there is an ideal b of O such that a + b = O and ab is principal. Moreover, by
Proposition 3.2 we have

bW :.ab=0bW:a+ bW :b,

and

bIW:b =W + E|b]

by Proposition 3.3(a). As E[b] is abelian over K, and by assumption, the field K (W : a) is
abelian over K, the field K (bW :ab) = K((6W :a) + E[b]) contained in K ((W: a) + E[b])
is abelian over K. Then, because ab is principal, the above proof for principal ideals shows
that wg, - bW C abE(K).

By Remark 3.11 we have E|w,] = E(K)[a] and Fwg] = E(K)[ab]. Moreover, we
have

Elwa + 0] = Elwe] N Efa] = E(K)[ab] N Ela] = E(K)[a] = Elwd).
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Thus wqp + a = w, by Proposition 3.8.
Recall from the above that w,, bW C abFE/(K), so that

Wy - bW = (wgp + a) - bW = we,bW + abW C abE(K),
where we used that abl/’ C abE(K). As a+ b = O, we have
weW = wq(a+ b)W = weaW + w,bW.

Moreover w,aWW C wy,aE(K) C aE(K), and w,bW C abE(K) C aF(K). Hence, we
have

w W = waaW + w,bW C aE(K) +aE(K) C aE(K),

as desired. ]

Proof of Theorem 3.9. We first prove the right to left inclusion. By Proposition 3.12 and

Proposition 3.7(c), we have
(E(K):w) + Eyor C E(K™).
By Remark 3.11 we have
E[w] = E(K)ior C E(K),
so that (F(K): (v+a))+E[wa] is contained in F(K): aand in (E(K): w)+ Ey,,. Therefore,
we have

(E(K): (v + a)) 4+ Efrwa] C (E(K):a) N EB(K™) = (E(K): a) /K™

which proves the right to left inclusion.
We prove the other inclusion in two steps. First, we prove the inclusion for a a nonzero
ideal of O@. To this end, let
X = (E(K): a)GaE/E™)
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As E[a] C X, Proposition 3.3(a) implies that
aX:a= X+ Ela] = X.

Moreover, it is clear that aX C E(K) is an O-submodule. Now, as K (aX:a) = K(X) is

abelian over K, Theorem 3.10 implies that

wy - (aX) C aE(K),
where w, = tv + a (see Remark 3.11). It follows that

we- X CaFE(K):a=FE(K)+ Elal,
where the equality follows from Proposition 3.3(a). Thus
X C(E(K)+ Ela)):ws = (E(K):w,) + (Ela]: w,),
where the equality follows from Proposition 3.4. Observe that
Ela]: w, = Elaw,] C E[aw].

Hence, we have

X C(E(K): (o +a))+ Elat],

as desired.

Now, suppose a is any Steinitz ideal, and note that

(B(K): a)Gal(?/Kab) _ U(E(K) : b)Gal(F/Kab)
b
c JUBE): (0 + b)) + Elbro))

= (JEK): (w+1b)) + | Elbr],

b b
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where b runs over all nonzero ideals of O dividing a. At last,

J(EK): (0 + b)) € E(K): (v +a)

and |, E[bw] C Elaw], so that
(E(K): a)%E/E™) « B(K): (v + a) + Elaw],

as desired. ]

5. Galois representation on torsion points

Throughout this section, let K be a number field, let £ be an elliptic curve over K with
O = Endg(F) # Z a Dedekind domain, let F' be the fraction field of O, let O be the ring
of integers of K, and let ¢ be the conductor of E over K (see [Sil94, §IV.10]). Remark that ¢
is a nonzero O -ideal. For an extension of prime ideals q/p in an extension of rings we write
e(q/p) for the ramification index of q over p, if it exists.

As all elements of O are defined over K, the action of O on the tangent space at the
origin induces an injective ring morphism O — K, which extends to an injective map
F — K (see [Sil94, Chapter 2]). Throughout this chapter, we identify O and F’ with their
images in K, so that we have O C Ok and F' C K.

For p a maximal ideal of O, define i, € Z> as follows. For primes q of O dividing

p, let iy € Z>( be such that

1 if v4(c) = 0 and e(q/p) # 1,

YO ifv,(c) > 0ore(q/p) = 1,

g =

where v, is the g-adic valuation (cf. Remark 3.6), and observe that

iqg=0<«[e(q/p) =1landqfc.
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By Theorem 6 in [ST68] we have for all primes q of O that v4(c) is divisible by 2. Hence

iq is an integer. Let p be the characteristic of O/p, let
g e(P/p)J }
my = max ) + 13,
’ { {e(q/p)w {p -1

|5 ] ifpfe(a/p)

mq +e(p/p) - vp(e(a/p)) ifple(a/p).

Then put 7, = min, i, 4, where q runs over the primes of O dividing p. Now, observe that

and let

lpg =

for maximal ideals p of O not dividing ¢ - Ag/r, where A/ is the discriminant of K over
F, we have i, = 0. Thus, for almost all maximal ideals p of O we have i, = 0.

For an O-module N and O-submodule N’ of N we write Auto n+ (V) for the group of
O-automorphisms of NV that are the identity on /N'. Moreover, observe that for a Steinitz ideal
a of O the group Gal(K (E[a])/K) may be identified with a subgroup of Aute p(x)q(E|a])
(see also the text before Proposition 3.7).

In this section, we prove the following theorem.
Theorem 3.13. Let a be a Steinitz ideal of O.
(a) Then Gal(K(FE|a])/K) is open in Auto(E[al).

(b) Let P be the set of maximal ideals of O dividing a that satisfy vy(a) > i,. Then the

subgroup [],cp Auto g (Elp"*™]) of Auto(Ela]) is open, and moreover, we have

[ Auto e (Elp*®]) C Gal(K (E[a])/K)
peP

as subgroups of Aute(Ela]).

General notation. Let L be a number field, and let a be a nonzero ideal of Oy. Then we

write O, for the a-adic completion of Oy, and L, = L ®¢p, Op 4. If a = (a) is principal,
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we simply write Oy, instead of O, 4, and L, instead of L,. Note that O , = Hp Or, and
L, = [, Ly where p runs over all primes of Oy, dividing a.

Suppose that a = p is a prime ideal. Then by abuse of notation we also write p for the
maximal ideal of the ring of integers of the local field L,. For i € Z>, we write U, ; or U Ly,

for the «th unit group of L,, that is,
Upo = (Orp)”
and fori > 1

We write [, for the idele group of L.

Let L'/L be an extension of number fields, and let q be a prime of Oy, dividing p.
For the extension L; /L, of local fields, we sometimes write e(L;/L,) for e(q/p). We write
N1, /1, : Ior — I, for the idele norm. Let p be the characteristic of p, and embed L;,* inl;,

by putting 1’s at the primes not over p. Then we write
Nigw, = [T TTNwn: L — 15
poa

for the restriction of the idele norm to L;)*, where p runs over the primes of Oy, dividing p,

and g runs over the primes of O, dividing p.

Let a be a nonzero ideal of O. By Proposition 3.7 we have
Ela) =0 (F/O)[a] =a™/O = O/,

so that Autp(E[a]) = (O/a)*. Moreover, the latter isomorphism is compatible with the
restriction maps Aute(FE[a]) — Autp(E[a’]) and canonical maps (O/a)* — (O/a’)* for
a’ an ideal of O dividing a. Hence, we have

Auto(E[a*]) = lim Auto(E[a']) = O,
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where for simplicity we write O, for Or,. We define the map ¢, as the following composi-

tion of canonical maps
Gal(K (E[a™])/K) — Autp(E[a™]) — OF,

and note that , is injective. As K (E[a*]) is contained in the maximal abelian extension
K® of K (see Proposition 3.7(c)), the global reciprocity law induces a surjective morphism

Ve: Ix — Gal(K(E[a>])/K) of topological groups. We define p, as the composition
Pa=Pa 0 Vy: Ix — OF.

Now, let a = (0), and define ¢, ¥, and p, by doing exactly the above while replacing O,
with O. If a = (a) is principal, we simply write a subscript a instead of a subscript a in the
above notation, and if a = (0), we simply write no subscript.

As we remarked earlier, for a prime q of Ok dividing the conductor ¢, Theorem 6

in [ST68] implies that v,(c) is divisible by 2. We write
1+ \/E = HU%vqT(c) C (OK,c)*7
q
where q runs over all primes of O dividing c.
As F'is a quadratic imaginary field contained in /, the field K is totally complex.

Proposition 3.14. Let F* be endowed with the discrete topology. Then there is a unique
continuous group morphism ¢: I — F* such that €(x) = Ng,p(x) for all x € K*, and

such that for each prime number p and each a € I

pp(a) = e(a) Nk, ((a,) ") € Oy,

where a, = (aq)q € [ | o Kq and q runs over the maximal ideals of Ok dividing p. Moreover,

the kernel of € contains

(14 ) x HU‘%OXHK:’
q v
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where q runs over all finite primes of O not dividing ¢, and ¢ runs over all infinite primes of

K.

Proof. For the first part of the theorem see [Ser72, Theorem 5] or [ST68, §7]. For the second
part see [ST68, Theorem 6 and Theorem 11]. [ ]

Lemma 3.15. Let p be a prime number, let L be a finite extension of Q,, let L' be a finite

extension of L, and let e, = e(L/Q,).
(a) Suppose that e(L'/L) = 1. Then for all i € Zx, we have
Uri = Nzyn(Upy),
where Ny, /1 L™ — L* is the norm function.
(b) Leti € Z>4, and let m = max { {m—‘ , L%J + 1}. Put

[i/ e(L'/L)] ifpte(l’/L),

m+er-vy(e(L'/L)) otherwise.

9 =

Then
Uri, C NL’/L(UL’,i>7

where Ny, : L' — L* is the norm function.
Proof. If e(L’'/L) = 1, then [Ser79, Chapter V, §2] implies that for every i € Z>
Uri = Npyn(Up ),

which proves statement (a) and also statement (b) in the case that e(L'/L) = 1.
Now, suppose that z > (0. By transitivity of the norm and the above case, we may

assume that L'/ L is totally ramified. Let L be the maximal tamely ramified extension of L
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inside L', let e(L'/L); = [L; : L] be the tame part of e(L'/L), and lete(L' /L), = [L' : L]
be the wild part of e(L'/L).

Note that for x € L we have

Let p be the maximal ideal of the ring of integers O, of L and let q be the maximal ideal of

Op. Then p C q°*/) implies that

(UL’fe(Ti/Lﬂ

As for | € Z>, the groups Uy, ; are pro-p-groups, we have

(ULJe(L'i/L>1 - (UL’[e(Lf/Lﬂ

Suppose that p does not divide e(L’/L). Then e(L’/L), = 1, so

(/1)
) C Nuy(Upna).

(L/1),
) C Nuy(Upna).

)e(L’/ L)

)e(L’/L)p

YLl = (U“W1 Ny (Urra),

which proves the lemma in the case that p { e(L'/L).

Now, suppose that e(L’/L), # 1. Since m > e(+ﬁ)’ we have

)e(L’/L)p

(ULﬂn)e(L//L)p C (UL,[ C NLI/L(UL/7i)‘

e(L’l/L)-I

Moreover, by [Ser79, Chapter XIV, Proposition 9] we have for every integer [ > z% that

(Ur)? = UL 4e, -

Hence, since m > pe_Ll, we have

UL,io = UL,m+eL-vp(e(L//L)) = (UL,m)e(L,/L)p C NL’/L(UL’,i)7

which proves the lemma in the final case that p | e(L'/L). |

116



3.5. GALOIS REPRESENTATION ON TORSION POINTS

Proof of Theorem 3.13. We first prove (b) for the Steinitz ideal a = Hp p°°, that is, we first

show that

[T Aty (BI9™)) € Gal(K (Fuor) /),

as subgroups of Autey(FE}.,), where p runs over all maximal ideals of O. To this end, let
U= (14 x HUCLO X HK;‘,
q T

where 1 + /¢ is defined above Proposition 3.14, where q runs over all finite primes of O
not dividing ¢, and t runs over all infinite primes of /.

For an ideal b of O, let ¥, @y and p, be as defined above Proposition 3.14. Recall
that if (b) is principal, we simply write v, ,, and pj, for these maps, and if b = (0) we have
(0)*° = a and simply write v, ¢ and p.

We claim that p = Hp pp, Where p runs over all maximal ideals of O.

Indeed, we have O = Hp O, as profinite rings, so that O = Hp O;, as profinite groups.
Moreover, for a maximal ideal p of O we have the following commutative diagram

p

Ik =2 Gal(K (Byy) | K) —2— O

| J
Ix — Gal(K(E[p>™])/K) —— O;
’l/)p Pp p
Pp
where the two right vertical maps are the canonical maps. The claim now follows from the
universal property of products.
Now, by Proposition 3.14 we have for all prime numbers p that p,(U) = Ng, /r, (U,),

where U, is the pth component of U. Then for a maximal ideal p of O one easily sees that

pP(U> = H NKq/Fp(UCI)7
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where q runs over all primes of O dividing p, and U, is the qth component of U.
Let p be a maximal ideal of O, and let q be a maximal ideal of O dividing p. If

v4(c) = 0, we have U, = U, by definition of U, so i; > 0 implies that
Uq D UKqu .
On the other hand, if v4(c) > 0, we have

Uq - Uq7vQ2(c) - Uq

:iq
by definition of U and 7,. Thus, in both cases the inclusion Uk, ;, C U, holds. Moreover, the
equivalence

ig =0 [e(q/p) =1and q 1]

holds. Then Lemma 3.15, where L' = K, L = F}, and i = i,, implies that

Uvaip,q - NKq/Fp (Uq)'

Thus, for all maximal ideals p of O and q of Ok dividing p, we have by definition of i,

that

UFp:iu C H NKq/Fp<UQ)’
q
which implies that the image of p,, and also of ¢y, in O} contains Ug, ;,.

Since p(U) =[], pp(U) and the image of ¢ contains p(U), the inclusions
im(¢) > p(U) O [[ Urys,
P

hold, where p runs over all maximal ideals of O.
Now, under the isomorphism O —s Autp(Eior) the subgroup Hp U, i, corresponds

to the subgroup

H Auto gy (E[p™])
P
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of Auto(FEje), where p runs over all maximal ideals of O. Thus, we have

[T Avtto i (BIp™]) € Gal(K (Byor)/ ),

where p runs over all maximal ideals of O.

At last, observe that for a maximal ideal p of O the subgroup

Auto g (E[p™])

is open in Aute(E[p>°]). Simultaneously, we have i, = 0 for almost all maximal ideals p of

O. Therefore, the subgroup

H Auto g (E[p™])
P

is open in

H Aut@(E[poo]) = AUtO(Etor)a
b

where p runs over all maximal ideals of O. Consequently, the group Gal(K (E;.,)/K) is
open in Auto(Ey,). This proves (a) and (b) for the Steinitz ideal a = Hp p°°, where p runs
over all maximal ideals of O.

Let a be a Steinitz ideal. Then the diagram

Gal(K (Eior)/K) — Auto(Fior)

| |

Gal(K(E[a])/K) — Auto(FEla])

is commutative, where the vertical maps are the surjective restriction maps (see Proposition
3.7(b)). As the vertical maps are open, commutativity of the diagram implies that the com-
position

Gal(K (B /K) — Gal(K (Ela])/K) — Auto(E[a])

is open. Hence Gal(K (E|a])/K) — Auto(E[a]) is open, which proves (a).
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Let P be the set of maximal ideals p of O dividing a with multiplicity at least ¢, that
is, let

P ={p C O :pmaximal, p|a, v,(a) > i,}.

Using Proposition 3.7(b) we see that the image of the subgroup [], Auty g (E[p™]),

where p runs over all maximal ideals of O, under the restriction map
Gal(K (Fior)/K) — Gal(K(E[a])/K)

is equal to

H Auto g (Elg7®]),
qeP

which proves (b). [

6. Kummer theory

Throughout this section, let K" be a number field, let K be an algebraic closure of /i, let F be
an elliptic curve over K with O = Endg(F) # Z a Dedekind domain, let /" be the fraction
field of O, and let U C E(K) be an O-submodule.

In this section we prove the following theorem (see the text before Theorem 3.13 for

the definition of the automorphism groups mentioned).

Theorem 3.16. Let a be a Steinitz ideal of O. Then the canonical map
Gal(K (U: a)/K(Ea])) — Auto,uss(U: )

is injective and open.

Notation. Let a be a Steinitz ideal of O. Then we write

Sate(U) = (U:a) N E(K) = (U:a)®0E/K)
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and

Cyc,(U) = (U:a) N E(K(Ela])) = (U : )G/ K(Ela)

In some cases, we expand our notation to Sat,(U, K) and Cyc, (U, K) to clarify the base field
K. When a = cop = Hp p°°, where p runs over all maximal ideals of O, we leave out the

subscript a from the notation.

Definition 3.17. For an O-module M we write rko (M) for the O-rank dimp(M ®o F') of
M, where I’ is the fraction field of O.

Observe that rkp (U) is finite.
Proposition 3.18. Let n = rkp(U).
(a) Let a be a nonzero ideal of O. Then U : a is finitely generated over O of O-rank n.

(b) Let a be a Steinitz ideal of O. Then for any finite extension K'/K the O-module
Satq (U, K) is finitely generated over O of O-rank n.

(c) Let a be a Steinitz ideal of O. Then Cyc,(U)/Ela] is finitely generated over O of
O-rank n.

Proof. Let a and K’ be as in (b). By the Mordell-Weil theorem (see [Sil09]) we know
that F(K’) is finitely generated over Z, and, consequently, over O. As Sat,(U, K') is con-
tained in E(K’), we have that Sat,(U, K') is finitely generated over O. Then the quotient
Q) = Sat, (U, K')/U is finitely generated over O. Moreover, by definition of Sat,(U, K') the
quotient () is torsion over O. It follows that Sat,(U, K') has the same O-rank as U, which
proves (b).

Now, let a be as in (a). As U is finitely generated over O, the module U : a is finitely
generated too. Then the field K’ = K (U : a) is finite over K. By (b) the module Sat, (U, K')

121



CHAPTER 3. REDUCTIONS OF THE MORDELL-WEIL GROUP OVER NUMBER FIELDS

is finitely generated of O-rank n. As
UCU:acC Sat,(U, K'),

it follows that U : a has O-rank n. This proves (a).

Let a be as in (c). Let K" be the maximal abelian extension of K contained in & . Let
O be the profinite completion of O, and let tv = Anns(E(K)ior). As K is a number field,
the module F/(K )i, is finite, so that v = Anne(E (K )¢ ). Observe that

Cyc,(E(K)) C (E(K):a) N E(K™).
By Theorem 3.9 we have
(B(K):a)N E(K*™) = (B(K): (v +a)) + E[wal.

First, we will show that Cyc,(F(K))/E]|a] is finitely generated over O. By the above, it
suffices to show that (F(K): (o + a)) and E[wa]/Ela] are finitely generated over O.

To this end, observe that v+ a = Annp(E(K)[a]) is an ideal of O and F(K) is finitely
generated over O, so E(K): (1 + a) is finitely generated over O.

Moreover, the O-module Efwa] decomposes as P, £ [pYe(™)+ve(@)] where p runs over

all primes of O dividing twa. Then one easily sees that

E[ma}/E[a] o @(E [pr(m)Jer(a)]/E [pvp(a)})’
p

where p runs over all primes of O dividing twa such that v,(a) < oo and v,(w) > 0. As
there are only finitely many such p, and v,(a) and v,(to) are finite, the decomposition is a
finite direct sum of finitely generated modules over O. It follows that E[ta]/FE|[a] is finitely
generated over O, so that Cyc,(F(K))/FE|a] is finitely generated over O.

Now, as

UCCyc,(U)cU:a
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U:a
U

follows that Cyc,(U)/FEla] is finitely generated over O of the same O-rank as U, which

and is torsion over O (annihilated by a), we have that tko(Cyc,(U)) = rko(U). It

proves (c). [ |

In the rest of this section, we use two Gal(K (E[a])/K)-modules extensively, which we de-
fine as follows.

Let a be a Steinitz ideal. Recall from Theorem 3.13 and Proposition 3.7(b) that we may
consider Gal(K (E[a])/K) as a subgroup of (O/a)*. The short exact sequence

0 — Gal(K(U:a)/K(E[a])) — Gal(K(U: a)/K) — Gal(K (Ea])/K) — 0

induces a Gal(K (E[a])/K)-module structure on Gal(K (U : a)/K (E[a])), because the latter
is abelian by Proposition 3.12.
On the other hand, define
ket Gal(K (U a)/ K (Ea])) —> Home (& E[a])
Cyc,(U)

as the canonical map given by o — [Q + Cyc,(U) — (@) — @], and note that x, is an in-
jective group morphism. The multiplication action of O /a on E[a] induces an O /a-module
structure on Homp (A E [a]). In particular, there is a Gal( K (E]a])/K)-module struc-

Cyeq(U)?

ture on Homp : E[a]) , where we consider Gal(K (E[a])/K) as a subgroup of (O /a)*.

U:a
Cycy(U)
Lemma 3.19. Let a be a Steinitz ideal of O. Then the following statements hold.

(a) The group Homep (Cyli—(“U), E[a]) is profinite.

(b) Let G C Homp (CyZ—(“U), E [a]) be a closed subgroup. Then G is a finitely generated

profinite group.
Proof. The O-module
U:a
Cyc,(U)
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is the union of the submodules
U:b
(U:6) N Cyc,(U)’

where b runs over all nonzero ideals of O dividing a. For each such b, the corresponding

module is finite and annihilated by b. It follows that the group Homp (Cy(i—(“U), E [a]) may be

identified with the projective limit of the finite groups
U:b
Eb
TGy £

Hy, = Homo<

and is therefore profinite. This proves (a).

Now, let G be as in (b). Since G is closed, we have
G = l&n Gh,
b

where G, is the image of GG in Hy. We will show that there is ¢ € Z>; such that for every
m € Z>; we have #(G/mG) < m€, which implies that G is finitely generated (see [RZ09,
Lemma 2.5.3]), as desired.

To this end, let m € Z>,, and let n be the O-rank of U. We will show that for every

nonzero ideal b of O dividing a we have
#(Gy/mGy) < m* 2,

Let b be a nonzero ideal of O dividing a, and note that £[b] =» O/b (see Proposition 3.7(a)).
As U: b is a finitely generated O-module of rank n whose torsion submodule is cyclic and

contains £/[b], we have

U:b~p M (O)c)

where M is a finitely generated projective O-module of rank n and ¢ is a nonzero ideal of O
divisible by b. Then
U:b

e Son (M/6M) & (O/b),
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which is O/b-projective of rank n + 1. As projective modules of constant rank over finite

commutative rings are free, we have

U:b
WG] >~ (O/b)"H. (%)

Now, since every [ € Hj is annihilated by b, we may identify H, with a subgroup of

so that () and the identity E[b] =» O/b imply that H, may be identified with a subgroup of
(O/b)"1. As Gy is a subgroup of Hy, we see that Gy, may be identified with a subgroup of

(O/b)"*1. Then using that O is quadratic over Z, we obtain
Gy/(m - Go) Zo Gy[m] C ((O/b)[m])""",

so that G, /(m - G) has order dividing m?"*2,
We conclude that for every nonzero ideal b of O dividing a and for every m € Z>; we

have #Gy,/m Gy, < m***2. At last, one easily checks that

7 (@1 Gb/me) < m*
b

and that

@Gb/me go G/mG,
b

where b runs over all nonzero ideals of O dividing a. Hence we have
#(G/mG) S Tn2n—i—27
as desired. ]

Proposition 3.20. Let a be a Steinitz ideal of O. Then the following statements hold.
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(a) The map k,, defined above Lemma 3.19, is Gal(K (E[a])/K)-linear, and its image

generates Homp ( RGN E[a]) as an O /a-module.

(b) The image of kK, is open in Homp (CYIé—(aU), E[a]).

Proof. Let a be a Steinitz ideal, and for simplicity, write G = Gal(K(U: a)/K(FEla])),
and H = Homp (%, E[a]). Moreover, we write x for r,. Let G be the O/a-module
generated by x(G) inside H. We first prove the second statement of (a), namely that G’ = H

First, as GG is compact, the subset x(G) is compact in H. As (’3 is of rank 2 over Z as a
module, we have O = Z - 1 + Z - o for some a € O. Moreover, since k(G)is a Z-module,

we have

G' =k(G)+ k(G) -«

as a Z-module. Then, as x(G) is compact and H is Hausdorff, the submodule G’ of H is
closed.
For o € G, the kernel ker(x(0)) is equal to
(U:a)@
Cyc,(U)’
where (U: a){ is the group of fixed points of U : a under the subgroup (o) of G' generated

by 0. Hence, we have

ﬂ kerf _ U a)G Cycu<U)

Cyen(U) ~ Cyey(@)

fex(G)

so that a fortiori
ﬂ ker f = 0.
fear

We will show that G’ maps surjectively to Homep (M, E[a]) for all finite O-submodules M of

U:a
Cycq(U)”
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To this end, let M be a finite O-submodule of Let

u(U)

¢: G — Homp (M, Ela])

be the canonical O-module morphism given by f +— f|y. As|) recr ker f =0 (see above),

one easily sees that

ﬂkerfz(),

fel
where I = ¢(G"). Now, let

t: M — Home (I, Ela])

be given by x — [f — f(x)]. For x € ker 1), we have
v € \ker f =0,
fer
which implies that 1) is injective. Since finite modules over a Dedekind ring are direct sums
of cyclic modules and the O-module Ea] is isomorphic to (£'/O)[a] (see Proposition 3.7(a)),

one easily sees that for finite O-modules X that are annihilated by a we have
#X = # Homo (X, Ela]).
Therefore, we have
#M < #Homp (I, Efa)) = #I < #Homep(M, Ela]) = #M,

that is, we have I = Homep (M, Elal). Therefore, the map ¢ is surjective.
Now, observe that

:@Homo(]\LEM)?

where M runs over all finite O-submodules of % so that surjectivity of ¢ implies that
G’ is dense in the profinite group H. Then the closedness of G’ in H implies that G’ =

which finishes the proof of the second statement of (a).
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For the first statement of (a), write I' = Gal(K (E]a])/K) and consider it as a subgroup
of (O/a)*. Letz € T,0 € G,and 7, € Gal(K (U :a)/K) alift of 2. Then the action of I" on
G is given by

x-azrgcm';l.

Now, let () € U : a. Recall that
U:a=|JU:b,
b

where b runs over all nonzero ideals of O dividing a. Let b be a nonzero ideal of O dividing

a such that () € U: b. Then for b € b we have

bQ € U C E(K),
50
bQ =7, (0Q) = b7, 1 (Q).
Hence
Q—17,'(Q) € E[b] C Elal,
so that

It follows that

Thus
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where the latter - is the natural action of O /aon H. As the above holds for all ) € U: a, we
have

k(x-o)=uxz-kK(0).

Hence « is I'-linear, as desired.

Now we prove (b). By (a) we have
(O/a) - k(G) = H.

Let R be the subring of O /a generated by I'. As k is ['-linear (see (a)), we have

Then, since R is a subring of @ /a, the image (G) is in fact an R-submodule of H. We will
first show that R is open in O /a, so that ((5 /a)/R is finite.

For p a maximal ideal of O let i, be as defined before Theorem 3.13. Then let

ip+1 if Np/q(p) =2andi, =0,

ip otherwise.
As for almost all p of O we have 7, = 0 (see definition of i,), we have for almost all p of O
that z; = 0. Now, for ease of notation, let P be the set of maximal ideals of O dividing a.
Then using Theorem 3.13(b) one easily sees that the group

o= JT(@/p ) T (1495 (@) < I (1)

i, =0 vp(a)>iy, vp (@) <y,
iy >0

is a subgroup of I', where each product runs over p € P, and where we identified the auto-
morphism groups in Theorem 3.13(b) with their image in (O Ja)*.
Observe that

Ofa=T[(0/p»@)x T] {0},

peP p maximal
pfa
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where p>° = {0}, and consider the canonical morphism

p: O/a— H (OP/P%> X H O, /p"@
vaa)ZOi;, (a)<iy
Tp>

p

of profinite rings, where each product runs over p € P, and observe that it is surjective.

!/

Observe that vy(a) < i, implies that 4,

> 0. Now, as there are only finitely many p with
i, > 0, the codomain of ¢ is finite, and therefore discrete. Hence ker(p) = ¢~({0}) is an

open ideal of O /a. We will show that

ker(p) CT" =T" = {y=7": 7,7 €'}

Then, as R is a ring containing I/, we have ker(¢) C R. Therefore ker(y) being open in
O /a implies that R is open in O /a, as desired.
Let a = (ap)pep € ker(p). We will show that for every p € P there are 7, and v, in

the p-th component of I, such that
Gp = Yp — Vp- (%)

If we restrict ¢ to a component where p € P and v,(a) < i, then we have the identity map.
Thus, for p € P with v (a) < i, we have a, = 0. Hence ~, = 7, = 1 proves (*) in this case.

Letp € P with 4, > 0 and v,(a) > 4;. Then we have
L+ap € 1+ p*(0p/p"@),

so taking v, = 1 + a, and 7, = 1 proves (*) in this case.

At last, let p € P with i, = 0. By the definition of i;, we have at least three residue
classes modulo p. Therefore, we may choose u, € O,/p**® such that u, # 0 (mod p) and
uy, # a, (mod p). Then putting 7, = u,, and v, = u, — a, proves (x) in this last case as well.

Hence, we have ker(¢) C IV — I, so R is open in O /a, as desired.
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Now, the image ~(G) is a closed subgroup of H, so Lemma 3.19(b) states that x(G) is
finitely generated. Thus, there is a finite subset X C (G) such that (X) = x(G). Note that
we also have R - X = (G). As R is open in O/a, it is also closed. Hence, by compactness
of O /a, the ring R is compact, so that R- X is compact. The latter implies that R- X is closed,
thus R- X = R- X = x(G). It follows that x(G) is finitely generated as an R-module.

Then by finiteness of (O/a)/R the quotient
(Ojé_c.l)ﬁ'(fg)@ (%)
is finite. By (a) we have (O/a) - (G) = H and R - (G) = x(G). Thus, the finite quotient

(x%) is equal to H/k(G), which shows that x(G) is open in H, as desired. |

Proof of Theorem 3.16. Let a be a Steinitz ideal of . By Proposition 3.20(b) we have that
ka(Gal(K (U : a)/K (E[a]))) is open in Home (cyU—(U) E[a]).
Observe that for any O-submodule V' of U : a containing F[a] the map
U:
Home (Ta’ E[a]) — Auto v (U:a)
given by f — [Q — Q + f(Q)] is an isomorphism of topological groups. Hence, we have

the identification

U:a
AUtO,U+E[a](U: Cl) = Hom@ (TE[G]’ E[a]) .

Moreover, we have the inclusion

H, = Homo ((in—Fw E[a]) C H! = Home (#ﬁg[a} E[a]).

Now, by Proposition 3.18(c) the O-module Cyc,(U)/E][a] is finitely generated of the same
O-rank as U. Therefore, the quotient H)/H, is finite, so that H, is open in H]. As im(k,)
is open in H,, and H, is open in H, it follows that im(k,) is open in H/, which proves the

theorem. u
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7. Galois representations on division points

Throughout this section, let & be a number field, let K be an algebraic closure of K, let Ef
be an elliptic curve over K with O = Endg (F) # Z a Dedekind domain, and let U C E(K)
be an O-submodule.

In this section we combine Theorem 3.13 and Theorem 3.16 from the previous two

sections to prove the following theorem.

Theorem 3.21. Let K be a number field, and let E, O, and U be as above. Let a be a Steinitz
ideal of O. Then Gal(K (U :a)/K) is an open subgroup of Auto (U : a).

Proof. Let a be a Steinitz ideal of O. By elementary module theory over O, we have the

following short exact sequence
0— Aut@7U+E[u](U: Cl) — Aut@,U(U: a) — Autovy[a](E[a}) — 0. (%)
Moreover, we have the commutative diagram

0—— Gal(K(U: a)/K(Ea])) — Gal(K(U: a)/K) —— Gal(K (E[a])/ K) —— 0

l l l

0 —— Auto 4 (U:a) ———— Autp,y(U: a) —— Autp yq(Ela]) —— 0

of profinite groups, where the vertical maps are the canonical injective maps. By Theorem
3.16 the left vertical map is open, and by Theorem 3.13(a) the right vertical map is open. It

follows that the middle map is open, which proves the theorem. ]

8. Existence of the density

Throughout this section, let K be a number field, let £ be an elliptic curve over K with

O = Endk(F) # Z a Dedekind domain, let ' be an O-submodule of F(K), and let V' be
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an O-submodule of W such that W/V = /I, where I is a nonzero ideal of O. Let P be the
set of prime ideals of O dividing /,let U = V' : [, and let L = K(U). Let F be the fraction
field of O, and let n = rkp(U) (see Definition 3.17).

Let €2x be the set of maximal ideals of Q. Choosing a model of £ over a finitely
generated subring of /', we may talk about the reduction of £ modulo p for almost all max-
imal ideals p of O, and denote it by £,. For the definition of good, bad, ordinary, and
supersingular reduction we refer to [S1194].

Let S be the subset of )i consisting of the primes where £, is not defined, the primes
of bad reduction for £, the primes of supersingular reduction for E (see [Sil94]), and the
primes dividing /. By [Lan87, Theorem 12, §13.4] the set of supersingular primes has density
zero. As there are only finitely many primes for which FE), is not defined, finitely many primes
of bad reduction for F, and finitely many primes dividing I, the set S has density zero too.

Now, for every p € 2 \ S we have a reduction map
Tt W — Ey(k(p))
of O-modules, where x(p) is the residue field of Ok at p. We define
AW, V) ={p € Q \ S : ker(m,) C V'},

for which we often simply write A.

In this section we prove the following theorem.

Theorem 3.22. Suppose that I is not divisible by any prime number p that splits completely

in O. Then the set A has a natural density equal to

1 > 1 1
=5 IS o g (- o)

peEP i=0
The proof of this theorem, given at the end of this section, follows the same lines as the proof

of Theorem 2.10.
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Lemma 3.23. Let R be a commutative ring, and let ¢: N — N’ be a morphism of R-
modules. Let X be an R-submodule of N such that N/ X =g R/a, where a is an ideal of R.
Then ker(p) C X ifand only if p(N)/o(X) =g R/a.

Proof. ‘Only if’: note that there is a canonical isomorphism
N/(X +ker(p)) — o(N)/(X)
induced by ¢ and the projection map ¢(N) — ¢(N)/p(X). Hence, if ker(p) C X, then
p(N)/p(X) =r N/X =g R/a.

‘If’: on the other hand, suppose that p(N)/p(X) =g R/a. As R is commutative, any
surjective map R/a — R/a of R-modules is an isomorphism. It follows that the canonical
map

[ NIX — o(N)/p(X)
induced by ¢ and the projection map ¢(N) — ¢(NN)/¢(X) is an isomorphism. Now, the
kernel of f, which is trivial, contains (ker(y) + X)/X, so that ker(¢) + X = X. Hence, we
have ker(yp) C X, as desired. u

Letp: Q0 — Qx be givenby q — qN K, and let S" = ¢ ~1(.9). Then for every q € Q1 \ S’
we have the reduction map 7,: U — E,(x(q)), where x(q) is the residue field of L at q.

Now, since W/V =» O/I, we have IW C V, so that W C U. Hence, we may define
A'={qeQp\ S5 :ker(my|w) C V}.

Similarly to the case of .S, also S’ has density zero.

Lemma 3.24. Suppose that d(A’) exists. Then d(A) exists and we have

A(A) = gy U040,
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Proof. First, note that forall p € Qx \ S and q € Q \ S’ dividing p, we have p € A if and
onlyif q € A'.
Now, letp € A, and let q € Qy, \ S’ be a prime dividing p. We will show that p splits

completely in L.

As p is of ordinary reduction, the reduction £, of £/ modulo p has endomorphism ring

O. Moreover, by [Len96, Theorem 1] we have

N = Ey(k(p)) =o O/(m — 1),

where 7 is the Frobenius endomorphism of F,. As O is Dedekind, every submodule of the
cyclic module N is again cyclic. Therefore 7, (W) and m, (V') are cyclic. Now, since p € A,

we have ker(m,) C V, so Lemma 3.23 implies that

(W) /mp(V) =0 O/1.

Hence, by cyclicity m, (V') = Im,(W), so that m, (V') C IN. Let M = E,(x(p)) where s(p)

is an algebraic closure of the residue field x(p). By Proposition 3.3(a) we have

mo(V) s I C N+ M),

Moreover, since N =» O/(m — 1), we have (m — 1) C I. Then O/(p — 1) maps surjectively
to O/1, so that M[I] C N. It follows that m,(V') :p; I C N. We conclude that p splits

completely in L.

Thus, for x € R>; we have

#{qeQp:qe A ANLg(q) <z} =[L:K]-#{p € Qx:p € ANNgsq(p) <z}
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Hence, we have

d(4) =

we have

i 7€ Qg€ A and Npjq(g) < a3
11m
AT H e 0 Noja(a) < 7}
i [L: K]#{p € Qx :p € Aand Ng/q(p) <z}
1m
T—00 #{q € QL : NL/Q(q) < .17}
. #{p (— QK pc A and NK/Q(p) < l’}
L: K| lim )
[ ]zﬁoo #{q € QL : NL/Q(C[> S .Z‘}

’ #{a € Qr:Nyjqlq) <z}
1m
200 #{p € Qi : Ng/q(p) <

. #{peQgipeAand Ngjg(p) < o}
[LK]zh_{Tolo #{q EQLINL/Q<C|) <}
. #{p € Qg :pe Aand Ng/q(p) < 2}
K] 1
L ) e € O Nyl < o)
L : K]d(A).

It follows that d(A) exists and that d(A) Lo d(A").

= LK)

Lemma 3.25. We have A’ = {q € Q; \ 5" : mg(W) = 7,(U)}.

Proof. Let q € 0y \ 5, and recall that S” has density zero. As q is of ordinary reduction, the

reduction £; of £ modulo g has endomorphism ring O. Moreover, by [Len96, Theorem 1]

we have

where 7 is the Frobenius endomorphism of £;. Since O is Dedekind, every submodule of

N = Eq(r(q)) =0 O/ (r — 1),

the cyclic module /V is again cyclic.

By Proposition 3.3(b) we have I - U =V, and by O-linearity of m, we have
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Therefore
mq(U)/7q(V) = mq(U)/(I7q(U)).

On the other hand E[I] C U and Ey[I] C mq(U) C N, so that the cyclicity of N implies that
mq(U)/m(V) =0 O/

It follows that 7, (W) = 7(U) if and only if 7y(W)/7,(V) =o O/I. By Lemma 3.23, the
latter holds if and only if ker(W — E(k(q))) C V. u

Proof of Theorem 3.22. As W C U, we have for every p € P and ¢ € Z> that
W:p' CcU:p'.
Let M = L(V: 1) = L(W:1*) = L(U: I*) and note that
M=LU:p>*:peP).

For p € P with residue characteristic p, the finite subfields of L(U : p>°) have p-power de-
gree over L. Hence, since [ is not divisible by two distinct primes having the same residue

characteristic, we have for distinct p and q in P that
LU:p>*)NLU:q9>) = L.

It follows that G = Gal(M/L) decomposes as a product over p € P of the Galois groups
Gy = Gal(L(U:p>)/L), thatis, we have G = [, Gy. Now, forall p € P and i € Zx let

Gpi = Gal(M/L(U:p")),

let

Hy; = Gal(M/L((U:p"), (W:p"™))) C Gy,
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and note that we have

- CGyit1 CHy; CGp Coev
by the above. Define
Coi = Gy \ Hpg,
and

Co=JCp
=0

One easily sees that C,, is a disjoint union of sets C), ;. At last, define
C=()C.
peP
To prove that C' is closed under conjugation in GG, open in G, and that A\(0C') = 0,
where ) is the Haar measure on (G, one easily imitates the Galois theoretic proofs of lemma’s
2.14, and 2.15.
The rest of the proof is an imitation of the proof of Theorem 2.10. One uses Lemma

3.25 to show that d(A’) = A\(C). Then by Lemma 3.24 and the decomposition

G =[] Gal(L(U:p>)/L),

peP
one finds
d(A N <_ L )
K2 U L) O\ L), WepH)) s LU p)] )
as desired. ]

9. Rationality of the density

Throughout this section, let /' be a number field, and let £ be an elliptic curve over K with

O = Endg(FE) # Z a Dedekind domain. Let W be an O-submodule of F(K), and let V' be
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an O-submodule of W such that W/V = O/I where [ is a nonzero ideal of O. Let P be the
set of prime ideals of O dividing /,let U = V' : [, and let L = K(U). Let F be the fraction
field of O, and let n = 1k (U) (see Definition 3.17). Write N for the field norm N q.

In this section we prove the following theorem.

Theorem 3.26. Suppose that I is not divisible by any prime number p that splits completely

in O. Let (jy)pep € (Z>o)" such that for every p € P
Aute 17, e (U:p>) C Gal(L(U:p>)/L).
Then the density d(A(W,V')) equals

1 1 N(p)"(N(p)—1) Jp—1 1
[L:K] Hpep[[L(U:pjp):L] B N s + Z P ( )L] — [L(U:pi,W:pi“):L])]'

We remark that ( jp)pe'p, as in the theorem above, exist by Theorem 3.21.
Lemma 3.27. Letp € P, and let i € Z>. Then the following hold.

(a) The degree [L(U:p™tt) : L(U:p")| divides N(p)"*™, and if i > j,, it is equal to
N(p>n+1_

(b) The degree [L(U:p', W :p"tt) . L(U:p")] divides N(p), and if i > jy, it is equal to
N(p)-

Proof. Write X = U :p‘*!. By Proposition 3.3(b) we have pX = U : p’. Then the inclusions
E[p] C U C pX imply that the morphism

f: Aut(97px(X) — HOIIl(Q(X/pX, E[p])

of groups given by o — [x+pX — o(x)—z]is an isomorphism. As X is a finitely generated

O-module of rank n whose torsion submodule is cyclic and contains E[p], we have

X =o M@ (0/b),
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where b is an ideal of O divisible by p and M is a finitely generated projective O-module of
rank n. It follows that

X/pX =0 (O/p)"+1.

Since E[p] =o O/p and #(O/p) = N(p), the group Aute ,x(X) has order N(p)™+.

Now, recall that we have an injective morphism
o: Gal(L(X)/L(pX)) — Autopx(X)

of groups, implying that [L(X) : L(pX)] divides N(p)"*'. Moreover, if i € Z;,, then one

easily checks that ¢ is an isomorphism. The latter shows that
[L(X) : L(pX)] = N(p)"*,

which proves (a).
To prove (b), write
Y = W:pth
and observe that Gal(L(pX,Y")/L(pX)) maps injectively to Autp ,x (Y + pX). One easily

checks that

Y X
Autopx (Y +pX) — Hom@( P >E[P]>

pX
sending 0 — [z + pX +— o(x) — x] is an isomorphism, and that

Y4pX Y
pX  °Ynopx

holds. Therefore, for the first statement of (b) it suffices to show Homp (Y;)’;X JE [p]> has
order dividing N(p). We will show that the order of Y/(Y N pX') equals N(p), which finishes
the proof of the first statement of (b).

To this end, recall that U = V' : I, so that [ - U = V. We claim that

Y/(V:pth) =20 O/, (%)
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and prove it as follows.
AsY is a finitely generated O-module of rank n whose torsion submodule is cyclic and
contains E[p*!], we have

Y =0 N&(0O/c),

where ¢ is an ideal of O divisible by pi*! and N is a finitely generated projective O-module

of rank n. It follows that
Y

p’i+1Y
By Proposition 3.3(b) we have pi™'Y = W, so that the index (Y : W) of W in Y equals

o (O/p1)™.

N(p**1)"*1. Similarly, one shows that
((V:pi-‘rl) . V) — N(pi-i-l)n—l—l.

Now, observe that

Y : V)= W) - (W:V)

and

Y:V)= (Y : (V:p”l)) . ((V:p”l) : V),

from which it follows that
(Y (V:pi“)) = (W :V)=N().

Moreover, the annihilator of Y/(V: p*™) is equal to /. Indeed, from I - W C V we see

I-Y C V:p™L Conversely, for x € O with
Y p—
v (gt ) =0

r-Y CVip'th

we have

141



CHAPTER 3. REDUCTIONS OF THE MORDELL-WEIL GROUP OVER NUMBER FIELDS

Multiplying the latter by p*™! and using Proposition 3.3(b) we see that z - W C V, which
implies that x € I.

Thus, we have that Y/(V : p™!) has order N(7) and its O-annihilator equals 7. As up
to isomorphism there is only one O-module of order N (/) and with O-annihilator /, namely
O/ 1, this finishes the proof of the claim (x).

Observe that we have the following inclusions
Vip™tcpY + (Vipt) cYnpX C Y.

Then by (x) we have that Y/(Y NpX) is cyclic. Moreover, as W is annihilated by p,

it follows that Y/(Y Np.X) is also annihilated by p. Therefore Y/(Y Np.X) is a vector space
of dimension 0 or 1 over O/p, so that Y/(Y N pX) has order 1 or N(p).
Suppose that Y/(Y N p.X) has order 1. Then by definition of Y and X we have

Weptt cp(U:p™h).

Multiplying by p**! and using Proposition 3.3(b) we find
W CpU=p(V:I).
Writing [ = Jp for some ideal J of O, we obtain
W cp((V:J):p)=V:J,

so that JW C V. However, the latter means J - (W/V') = 0, which is a contradiction, since
W/V has annihilator [ and J strictly contains /. It follows that Y/(Y N p.X) has order N(p),

as desired. We conclude that
[L(pX,Y) : L(pX)] | N(p).

Now, note that we have the equality

w4 (S0 (55 )
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where by the above we have

HX/pX) =N and (TP ) = Nip),

so that

X n
#(Y—l—pX) = N(p)".
Then
[L(X) : L(pX,Y)] | N(p)".

Suppose that i € Z;,. Then by (a) we have [L(X) : L(pX)] = N(p)"*'. As [L(X) :
L(pX,Y)] divides N(p)™ and [L(pX,Y) : L(pX)] divides N(p), it follows that [L(X) :
L(pX,Y)] = N(p)" and [L(pX,Y) : L(pX)] = N(p). -

Proof of Theorem 3.26. This is completely analogous to the proof of Theorem 2.21, using

Theorem 3.22 instead of Theorem 2.10 and Lemma 3.27 instead of Lemma 2.23. [ ]

10. Main theorem

Let K be a number field, and let £ be an elliptic curve over K with O = Endg(F) # Z a
Dedekind domain. Let W C E(K) be an O-submodule, and let V' C W be an O-submodule
such that W/V =» O/I where I is a nonzero ideal of O. Let U = V: I, and let L = K (U).
Let n = rko (W) (see Definition 3.17), and let P be the set of prime ideals of O dividing I.

Let (jy)pep € (Z>0)” such that for every p € P we have
Attt 7.y (U :p™) C Gal(L(U:p)/L).
We remark that such j, exist by Theorem 3.21.

Theorem 3.28. Suppose that I is not divisible by any prime number p that splits completely
in O. Let A(W, V) be defined as above Theorem 3.22. Then the following statements hold.
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(a) The density d(A(W, V) exists and equals a positive rational number in the interval

1 N(p)— N(p)"—1
[W . HPGP N(p)™p =D Hp (N(p)nt+1-1)” HPEP <1 B N(p)‘"+1)jp~(N(p)"+1—1)>]

whose denominator divides

K] <N(p)(”“ —Ng():; — 1).

(b) A(A(W, V) =1 ifand only if V.=W or W is finite.
Observe that Theorem 13 in Section 3.1 follows from the above theorem.

Proof. By Theorem 3.26 we have that d(A(TV, 1)) exists and is equal to

1 1 N(p) Jp—1 1
[L:K] HPGP[[L(U:W'P):L] ' N(:J)"*1 1 }+ 2 ilo ([L U:p?):L] [L(U:péW:pi“):L}ﬂ’

which is rational.

Now, let p € P. By Lemma 3.27 we have for all © € Z> that

[L(U:p™h) : L(U:p")] | N(p)"
and
[L(U:p", Wep™) - L(U:p")] | N(p)-
To ease the notation, for ¢ € Z>( write

1 1
VTILUp) L) [L(U:ph, Wapit) s L]

and note that

1 1
e [L(U:p’) - L] <1 LU W) L(Uipi)]>'
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Hence [L(U:p", W:p“) : L(U:p")] = 1 implies T; = 0. Using Lemma 3.27 we obtain for

p € P that
1
1 N(p)"(N (S
. . T;
T N T 2
is greater than or equal to
1 N(p)" = N(p)" _ N(p) -1

N NGy =1 Ny G (N 1)

Thus, we have the lower bound

N(p) — 1
d(A(W,V)) le_[ YnUp=D+ip (N(p)t! — 1)

For the upper bound, we have for i € Z>

L(U:p', W:p'™) C LU:p"),

so that
Jp—1 1
<1-— —.
E:T S CEDR?
Then for p € P, write d, = [L(U: p’*) : L] and note that we have
1
L N(p)"(N( S L N(»)"(N(p) — 1) L
— . < . _
a; N@wﬂ—1 +§:T S 4 T Ner -1 g
< 1oL _N®(NE) -1
N(p)(n+Dav N(p) ™+t —1
1 N(p)" -1

N(p)e#17 - (N(p)"*+t — 1)
where we use that d, = [L(U:p’*) : L] < N(p)"*+% (see Lemma 3.27). Thus, as [L : K| >
1, an upper bound for d(A(W,V)) is

3 N(p)" -1
11(1 Mmmﬂm-mmwﬂ—lo'

peP
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Now, we want to find = € Z>; such that z - d(A(W, V)) € Z. By Lemma 3.27 we have
N(p) % - [L(U:p?) : L] € Z.

As for i € {0,...,j, — 1} the fields L(U: p*) and L(U: p’,W:p"*!) are contained in
L(U : p’»), we have

Jp—1

N(p)ie . " T; € Z.
=0

It follows that the denominator of d(A(WW, V")) divides

[L: K] H (N(p>(n+1)jp . Mﬂ_l)’
peP

which finishes the proof of (a).
From the lower bound, we see that d(A(W, V")) is nonzero. From the upper bound, we
see that A(A(W,V)) = lonlyif I = O orn = 0, that is, only if V= W or W is finite. On
the other hand, if V' = W or W is finite, we easily see that d(A(W,V')) = 1, which finishes
the proof of (b). [
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Samenvatting

De Nederlandse vertaling van de titel van dit proefschrift is Delingspunten in de getalthe-
orie. Het proefschrift bestaat uit drie hoofdstukken, waarvan de eerste twee hoofdstukken
delingspunten van elementen van de multiplicatieve groep van een getallenlichaam betref-
fen. Het derde hoofdstuk betreft delingspunten van punten op een elliptische kromme met

complexe vermenigvuldiging over een getallenlichaam.

In hoofdstuk één kijken we naar lichaamsuitbreidingen van getallenlichamen verkre-
gen door het adjungeren van alle radicalen van eindig voortgebrachte multiplicatieve onder-
groepen, zogeheten maximale radicale uitbreidingen. We bewijzen stellingen over de struc-
tuur van de pro-eindige groepen die optreden als Galoisgroep van een maximale radicale

uitbreiding van een getallenlichaam.

In hoofdstuk twee bestuderen we de Galoisgroepen van alle radicale uitbreidingen
van getallenlichamen en bewijzen wij hiermee stellingen over de natuurlijke dichtheid van

bepaalde verzamelingen van priemen van getallenlichamen.

In hoofdstuk drie voeren we het analogon uit van hoofdstuk twee voor elliptische krom-
men met complexe vermenigvuldiging over een getallenlichaam. We bestuderen de Galois-
groepen van lichaamsuitbreidingen van getallenlichamen verkregen door het adjungeren van
delingspunten van een elliptische kromme met complexe vermenigvuldiging over een getal-

lenlichaam. Hiermee bewijzen we het analogon van de dichtheidsstelling van hoofdstuk twee
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voor het geval van elliptische krommen.
In alle genoemde gevallen hebben de genoemde Galoisgroepen een open beeld binnen

een geschikt gedefiniéerde groep van moduulautomorfismen.
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