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Dualities and non-Abelian mechanics

Michel Fruchart1,2*, Yujie Zhou3 & Vincenzo Vitelli1,2*

Dualities are mathematical mappings that reveal links between apparently unrelated 
systems in virtually every branch of physics1–8. Systems mapped onto themselves by a 
duality transformation are called self-dual and exhibit remarkable properties, as 
exemplified by the scale invariance of an Ising magnet at the critical point. Here we 
show how dualities can enhance the symmetries of a dynamical matrix (or 
Hamiltonian), enabling the design of metamaterials with emergent properties that 
escape a standard group theory analysis. As an illustration, we consider twisted 
kagome lattices9–15, reconfigurable mechanical structures that change shape by 
means of a collapse mechanism9. We observe that pairs of distinct configurations 
along the mechanism exhibit the same vibrational spectrum and related elastic 
moduli. We show that these puzzling properties arise from a duality between pairs of 
configurations on either side of a mechanical critical point. The critical point 
corresponds to a self-dual structure with isotropic elasticity even in the absence of 
spatial symmetries and a twofold-degenerate spectrum over the entire Brillouin zone. 
The spectral degeneracy originates from a version of Kramers’ theorem16,17 in which 
fermionic time-reversal invariance is replaced by a hidden symmetry emerging at the 
self-dual point. The normal modes of the self-dual systems exhibit non-Abelian 
geometric phases18,19 that affect the semiclassical propagation of wavepackets20, 
leading to non-commuting mechanical responses. Our results hold promise for 
holonomic computation21 and mechanical spintronics by allowing on-the-fly 
manipulation of synthetic spins carried by phonons.

Symmetries and their breaking govern natural phenomena from fun-
damental particles to molecular vibrations22. They are also powerful 
tools to design synthetic materials from chemical compounds to meta-
materials23–27. Here we start by asking a question almost deceptive in its 
simplicity: what is a symmetry? A symmetry is a transformation that 
maps a system onto itself, as illustrated by the threefold rotation C3 
acting on the structure in Fig. 1a. A duality, on the other hand, relates 
distinct models or structures1–8. A celebrated example is the Kramers–
Wannier order–disorder duality1,2 between the low- and high-temper-
ature phases of the two-dimensional Ising model, pictured in Fig. 1b. In 
self-dual systems, the distinction between dualities and symmetries is 
blurred: additional symmetries can emerge at a self-dual point even if 
the spatial symmetries are unchanged. This is what occurs in the critical 
configuration of the mechanical system shown in the middle panel of 
Fig. 1c. Here we show how such dualities can be harnessed to engineer 
material properties from wave propagation to static responses that are 
not predicted by a standard symmetry analysis based on space groups.

Mechanical structures are described at the linear level by normal 
modes of vibration and their oscillation frequencies. Both are deter-
mined by the dynamical matrix D̂, which summarizes the Newton equa-
tions of motion in the harmonic approximation ϕ D ϕ∂ = − ˆt

2 . The 
vector |ϕ〉 has components ϕ u m=p p p , where up is the displacement 
of particle p with mass mp from its equilibrium position. The eigenvec-
tors |ϕi〉 and eigenvalues ωi

2 of the dynamical matrix, such that 
D ϕ ω ϕˆ =i i i

2 , are the normal modes of vibration and the corresponding  

angular frequencies. In a spatially periodic system, the spectrum of 
the Bloch dynamical matrix D(k) is organized in frequency bands with 
dispersion relations ωi(k) parameterized by quasi-momenta k forming 
the Brillouin zone of the crystal. Although our discussion is focused 
on mechanics, our analysis applies when D̂ is replaced by other linear 
operators, such as the Maxwell operator of a photonic crystal28, the 
mean-field Hamiltonian of a quantum system (in which case the eigen-
values are energies) or the dynamical matrix of an electrical circuit29–31.

Twisted kagome lattices are a family of structures obtained from a 
mechanical kagome lattice9–15 by actuating a mechanism, called a 
Guest–Hutchinson mode9, that allows a global deformation of the unit 
cells (see Supplementary Video demonstrating this property). This 
family is parameterized by a twisting angle θ described in Fig. 2. We 
denote by D θ^( ) the dynamical matrix of the structure with twisting 
angle θ. To each twisted kagome lattice with a twisting angle θ corre-
sponds a dual mechanical structure, which is another twisted kagome 
lattice with a twisting angle θ* = 2θc − θ. Comparison of the lower pan-
els of Fig. 2b, d reveals that two lattices related by a duality transforma-
tion share the same band structure despite their clear structural 
difference. Remarkably, there is a self-dual kagome structure with angle 
θ θ π* = + /4c c , where the band structure is doubly degenerate over the 
entire Brillouin zone, as shown in the lower panel of Fig. 2c. We now 
prove that the explanation of these phenomenological observations 
can be traced to the existence of a mathematical duality between the 
dynamical matrices of pairs of kagome lattices. An application of our 
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general approach to electrical circuits is outlined in the Supplementary 
Information.

We first introduce a unitary transformation Û  acting on the vibra-
tional degrees of freedom of a twisted kagome lattice as represented 
in Fig. 3. A direct calculation (see Supplementary Information) 
shows that

U Uk D θ k k D θ k( ) ( , − ) ( ) = ( , ) (1)⁎ −1

where U k( ) is the Bloch representation of operator Û. Hence, Û  should 
be viewed as a linear map between different spaces, describing the 
vibrations of the different mechanical structures with twisting angles 

θ* and θ (compare the two lattices in Fig. 3). Note that U k( ) does not 
depend on the twisting angle θ. As Newton equations are real-valued, 
the Bloch dynamical matrix satisfies ΘD(θ, k)Θ−1 = D(θ, −k) where Θ is 
complex conjugation. Hence, by combining the anti-unitary operator 
Θ̂ with Û, we get an anti-unitary operator A Uk k Θ( ) = ( ) , which squares 
to A k( ) = − Id2  (where Id is the identity matrix) and such that

A Ak D θ k k D θ k( ) ( , ) ( ) = ( , ) (2)⁎ −1
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Fig. 1 | Symmetries and dualities. a, A star-shaped polygon in LEGO bricks 
illustrates threefold rotation symmetry: the mechanical molecule is mapped to 
itself by a 2π/3 (120°) rotation C3. This is in contrast to a duality, which 
generically maps one system to another system. b, In the Ising model, spins on a 
two-dimensional lattice can take two values, ±1, represented by black (white) 
pixels. A phase transition separates an ordered ferromagnetic phase at low 
temperature in which spins align (right panel) from a disordered paramagnetic 
phase at high temperature (left panel). The Kramers and Wannier duality1 
associates to each (inverse) temperature β a dual temperature β*, and the ratio 
of the partition functions at β and β* is a known smooth function. The self-dual 
point β β= *

c c corresponds to the critical phase (middle panel), where the phase 
transition between the ferromagnet and the paramagnet occurs. c, Twisted 
kagome lattices form a family of mechanical structures parameterized by a 
variable θ called the twisting angle. (See Fig. 2 for a model in LEGO bricks.) To 
each kagome lattice with angle θ is associated a dual kagome lattice with angle 
θ* = 2θc − θ, resulting in strong relations between their mechanical properties. 
At the self-dual point, where θ θ π= * ≡ /4c c , the duality becomes a symmetry.
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Fig. 2 | Twisted kagome lattices and their band structures. a, A LEGO bricks 
realization of the twisted kagome lattice tuned close to the critical point θc. 
Lower inset: visualization of the twisting angle θ. The angle between two 
triangles is π − 2θ. Upper inset: unit cell of the mechanical structure. There are 
three inequivalent points (that is, not related by Bravais lattice translations) 
labelled M1, M2 and M3. b–d, Band structures of the mechanical structures at 
different twisting angles. The physical frequencies are non-dimensionalized by 
a characteristic frequency, ω0 =  k m( / )0 0 , where k0 and m0 are the characteristic 
spring constant and the mass, respectively. The dual twisted kagome lattices 
with twisting angles θc ± Δθ have the same band structure (b and d). The self-
dual lattice with twisting angle θc (c) has an twofold-degenerate band structure 
(including for points outside high-symmetry lines). At the Γ point, a double 
Dirac cone can be observed, highlighted by a blue shaded circle. The band 
structures are obtained by diagonalizing the Bloch dynamical matrices D(θ, k). 
The masses mi of points Mi are set to unity in units of m0. See Supplementary 
Information for details and a video demonstrating the collapse mechanism.
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Equation (2) is the expression of a duality between the two lattices 
with twisting angles θ and θ*, illustrated in Fig. 1c. The dynamical matri-
ces of the two dual systems are related by a anti-unitary transformation. 
As a consequence, they have identical band structures (more precisely, 
the eigenvalues are related by complex conjugation, and are equal 
because they are also real) and the eigenvectors are related by A

ˆ
. Equa-

tion (1) is also a duality between the same lattices. In contrast to equa-
tion (2), it is ruled by a unitary operator, but is non-local in momentum 
space (it relates k to −k). Alone, it would ensure that the band structures 
of both lattices are the same only up to an inversion of momentum.

We now move on to explain the global twofold degeneracy observed 
in Fig. 2c. This degeneracy is reminiscent of a celebrated theorem from 
Kramers16,17 stating that the energy states of time-reversal invariant 
quantum systems with half-integer spin are at least doubly degenerate. 
At first sight, this theorem does not apply here, as the mechanical 
degrees of freedom are neither quantum mechanical nor fermionic. 
Yet Kramers’ theorem can still formally apply provided that some anti-
unitary operator squaring to minus the identity matrix commutes with 
the dynamical matrix. At the critical twisting angle θ θ π= * ≡ /4c c , the 
mechanical structure is self-dual. The duality shown in equation (2) 
acts as a hidden symmetry of the critical dynamical matrix D(θc), 
through A Ak D θ k k D θ k( ) ( , ) ( ) = ( , )c

−1
c . As A = − Idˆ2

, Kramers’ theorem 
can indeed be applied, and implies that the band structure is twofold 
degenerate at every point k of the Brillouin zone, as observed in Fig. 2c. 
Interestingly, A

ˆ
 acts in the same way as the combination of spatial inver-

sion and a so-called fermionic time-reversal would in an electronic 
system, although neither is present in our mechanical system. Owing 
to the presence of the self-dual symmetry, the critical band structure 
exhibits exotic features. For instance, a finite-frequency linear disper-
sion (a double Dirac cone) is observed at the centre of the Brillouin 
zone (called Γ; see Fig. 2c) that is uncommon in systems with time-
reversal invariance (see Supplementary Information for a discussion 
and references).

When the self-duality is combined with the usual crystal symme-
tries, anomalous point groups can be realized. Consider paving the 
two-dimensional plane with a single regular polygon. This is possible 
with a triangle, a square or a hexagon, but not with a pentagon or a 
dodecagon. This is a manifestation of the crystallographic restriction 
theorem: the only point group symmetries compatible with lattice 
translations are of order 1, 2, 3, 4 or 6, in two dimensions. (The order 
of an operation g is the smallest integer n such that gn is the iden-
tity matrix.) The point group C3v of twisted kagome lattices at the 
centre Γ of the Brillouin zone contains threefold rotations (as visible 
in Fig. 2), perfectly compatible with this assertion. At the critical angle 
θc, the duality relation (1) turns into an additional symmetry of the 
dynamical matrix. The point group at Γ has effectively to be supple-
mented with U(Γ), which has order 4 (see Fig. 3). Combined with a 
threefold rotation from C3v, the self-dual symmetry U(Γ) produces an 
anomalous symmetry of order 3 × 4 = 12, making the effective point 
group at Γ non-crystallographic (isomorphic to D12; see Supplemen-
tary Information). The emergence of this non-crystallographic point 
group is curious, as the twisted kagome lattices are indeed crystals, 
not quasicrystals. However, there is no contradiction with the crystal-
lographic restriction theorem, because the self-dual symmetry is not 
a spatial symmetry.

Besides vibrational modes, the duality induces a relation between 
the elastic tensors ℓc θ( )ijk  and ℓc θ( *)ijk  that describe the static mechan-
ical response of dual structures in the linear regime (see Supplementary 
Information). A striking manifestation of the enhanced symmetry at 
the self-dual point is revealed by considering the elastic tensors of a 
twisted kagome lattice in which inequivalent springs have different 
stiffnesses. In this case. there are no spatial symmetries besides trans-
lations (the space group is p1). In the Supplementary Information, we 
show that three distinct elastic moduli exist for θ ≠ θc, whereas at the 
self-dual point θ = θc the elastic tensor becomes isotropic and only one 
non-vanishing modulus remains.
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Fig. 3 | Schematic action of the duality operator. The duality operator maps 
the vibrational degrees of freedom of a twisted kagome lattice to the 
vibrational degrees of freedom of the dual kagome lattice. The vibrational 
degrees of freedom (in blue, red and green) in a unit cell (bold outline) are 
rotated by 90° counterclockwise and translated to another unit cell. 
Importantly, the translation depends on the degree of freedom: the vibrations 
of mass M1 (in blue) are not shifted, whereas the vibrations of mass M2 (in red) 
are shifted by one lattice vector a2 and the vibrations of mass M3 (in green) are 
shifted by another lattice vector −a1. The operator Û  is written as a block 
matrix; the different blocks describe the different masses in the unit cell (as 
represented by the colours), and the (real) matrices r◼ ≡ iσy (the square 

represents fourfold rotation on the degrees of freedom) act for each mass on 
the two orthogonal vibrations along x and y, mapping (ux, uy) to (uy, −ux). The 
operator Î  acts on the Bravais lattice as space inversion, but does not modify 
the internal degrees of freedom (see Supplementary Information). Iterated 
applications of Û  show that Û = − Id

2
, U Uˆ = − ˆ3

 and Û = Id
4

, showing that the 
symmetry has order 4. In the self-dual lattice, the transformation resembles a 
non-symmorphic symmetry composed of a 90° rotation followed by a non-
integer lattice translation at first sight. However, further inspection shows that 
this operation is different from the duality operation, and is not a symmetry of 
the self-dual lattice (see Supplementary Information for a visual proof).
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We now show how non-Abelian sound waves arise in our self-dual 
mechanical structures. Non-commuting (or equivalently non-Abelian) 
behaviour is pervasive in mechanics, from the moves of a Rubik’s 
cube to the non-holonomic dynamics of rolling spheres and robotic 
arms. Here, we focus instead on a more subtle phenomenon: the non-
commutative behaviour of the classical excitations (that is, sound 
waves) that propagate on top of a background configuration. Note 
that because our reasoning does not rely on a particular length scale, 
it should also apply to nanostructures with quantum phonons. The 
propagation of a wavepacket constructed out of vibrational modes 
can be affected by geometric (or Berry) phases. For a single isolated 
band, the Berry phases are complex numbers of modulus one that 
manifestly commute. To obtain non-Abelian Berry phases, a set  
of (at least) two degenerate bands is required. The geometric  
phases then become 2 × 2 unitary matrices that do not need to  
commute18,19.

The self-dual kagome lattice is a suitable platform to realize non-
Abelian sound because it has a global twofold-degenerate phonon 
spectrum, allowing us to realize a pseudo-spin mechanical degree of 
freedom φ , represented by a Bloch sphere in Fig. 4a, b. To do so, we 
need to isolate a single twofold-degenerate band in the spectrum. This 
is done by assigning different values to the three masses in the unit cell 
to lift the threefold rotation symmetry of the lattice, creating a gap in 
the double Dirac cone at Γ (see Fig. 4c, d). This modification preserves 
the self-dual symmetry of equation (2), so the global twofold degen-
eracy persists regardless of the values of the masses. Consider an acous-
tic wavepacket constructed from the central set of twofold-degenerate 
bands with dispersions ω3(k) = ω4(k), where dispersion relations ωi(k) 
with i = 1,…,6 are labelled with increasing frequencies (see Fig. 4d). As 
we apply external forces to the wavepacket as in Fig. 4b, it evolves within 
the twofold-degenerate subset of mechanical vibrations, as long as the 
external perturbation is small enough (see Supplementary Information 
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Fig. 4 | Mechanical spintronics via non-Abelian geometric phases. Pushing 
on a wavepacket with an effective force f makes it move in momentum space 
and changes its pseudo-spin state φ . This is described by the holonomy W of a 
non-Abelian Berry connection, which acts on φ  as a single-qubit gate. a, The 
vibrational states W W φ2 1 ini  (W W φ1 2 ini ) obtained after the sequence of forces 
( f1, f2) (of ( f2, f1)) were applied for a duration τ such that fiτ = ai * are represented 
by ellipses describing the motion of the masses, with the colour representing 
their phases. They are equivalently represented on a Bloch sphere 
(see Supplementary Information for a definition of the momentum-dependent 
basis). b, Sketch of the real space and momentum space trajectories 
(see Supplementary Information for the numerically integrated solutions).  
c, d, To avoid non-adiabatic transitions, an asymmetry δm is introduced 
between the three masses in a unit cell (m1, m2, m3) = (1 − δm, 1, 1 + δm), 

illustrated by circles of different sizes. As a consequence, the double Dirac cone 
becomes massive, with a gap (in grey) proportional to δm at first order, while 
the global twofold degeneracy is preserved. e, An effective force fext acting on 
the wavepackets is produced by applying a spatially varying harmonic 
potential that essentially shifts the optical bands in frequency proportionally 
to the potential (see Supplementary Information). f, Comparing W W W W1 2 1

−1
2
−1 to 

the identity matrix provides a quantitative measure of the non-commutativity. 
The absolute value of the trace of their difference is plotted as a function of the 
starting point k0 of the protocol. In the numerical simulations, we have 
considered a wavepacket projected on the bands with dispersions ω3(k) = ω4(k), 
and we have set k0 = (2, 1) and δm = 0.1 (see Supplementary Information for 
details on the numerical computation and orders of magnitude).
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for orders of magnitudes). The wavepacket can then be treated as a 
particle-like object described by semiclassical equations of motion 
(see Supplementary Information and refs. 20,32–34) that govern the evo-
lution of its semiclassical position r(t), momentum k(t) and pseudo-spin 
(that is, polarization) φ t( ) .

When a constant force is applied to the wavepacket, its momentum 
k(t) increases linearly in time while its pseudo-spin state changes from 
an initial value 〉φ| ini  to C 〉W φ[ ]| ini  (this situation is analogous to Bloch 
oscillations in solid-state physics). Here C

C( )∫W P A[ ] = exp −  is a Wil-
son line operator, the non-Abelian analogue of a Berry phase, that acts 
on φ  as a single-qubit gate, and A is the non-Abelian Berry connec-
tion18,19 describing the twofold-degenerate band (see Supplementary 
Information). An effective force acting on wavepackets is not equivalent 
to a force acting on the elements of the mechanical lattice. The effective 
force on the wavepackets can be obtained through an additional har-
monic potential imposed to each mass with a spatially dependent stiff-
ness, as illustrated in Fig. 4e. This effective force is applied for a duration 
τ chosen so that the momentum changes by exactly one reciprocal 
lattice vector ai*. As a consequence, C λ k λa( ) = +i i0

⁎  is a closed loop 
starting and ending at k0 (see Fig. 4b), and the Wilson loop CW W= [ ]i i  
is the holonomy of the Berry connection along Ci.

Pictorially, pushing on the wavepacket changes its pseudo-spin state: 
this change is the holonomy CW [ ]. Here, the point is that the holono-
mies do not commute: when one pushes on the wavepacket in different 
directions, the order of the pushes matters because the pseudo-spin 
state keeps track of what happened. This is represented in Fig. 4b. After 
the forces (f1, f2) are sequentially applied during the appropriate dura-
tion, the pseudo-spin of a wavepacket initially at k0 changes from any 
initial state 〉φ| ini  to 〉W W φ|2 1 ini . The reversed sequence (f2, f1) produces 
a different final pseudo-spin state 〉W W φ|1 2 ini , because the two Wilson 
loops typically do not commute:

W W W W≠ (3)1 2 2 1

These non-commuting mechanical responses share similarities with 
non-Abelian excitations such as anyons35–38. However, in the present 
study, non-commutativity arises from how independent wavepackets 
respond to external forces, whereas for anyons it is associated with 
the exchange (braiding) of these quasi-particles with each other. In 
Fig. 4f, we assess how the choice of the initial point k0 affects the non-
commutativity of W1(k0) and W2(k0) by quantifying the deviation of 
W W W W1 2 1

−1
2
−1 from the identity matrix.

Our results raise the prospect of materials in which information is 
encoded and processed using non-Abelian mechanical excitations and 
can be seen as a first step towards an extension of phononics39 includ-
ing mechanical pseudo-spins, which we call mechanical spintronics. 
More broadly, our work illustrates the power of duality relations in 
mechanics and wave physics. The counterintuitive degeneracies of 
elastic moduli and phonon spectra at the self-dual point suggest that 
dualities and their breaking may play as crucial a role in the design of 
metamaterials as symmetries currently do.
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Methods

Non-Abelian holonomies
Geometric phases18,40–42 describe the residual influence of its environ-
ment on a subsystem considered in isolation. They typically arise when 
the system undergoes a slow cyclic change of its parameters. In this 
situation, the state of the system is transported over the parameter 
space to describe the evolution. The change in this state from before to 
after one cycle is a geometric phase factor. Formally, it is the holonomy 
of a connection along the closed loop travelled in parameter space: 
the connection provides a covariant derivative describing the paral-
lel transport in the vector bundle of system states. The holonomies 
(geometric phase factors) are not necessarily mere U(1) phases, but 
can be matrices referred to as non-Abelian geometric phases19, because 
the formalism allows for non-commuting holonomies (phase factors). 
More precisely, let

C P
C

 




∫W A( ) = exp − (4)

be the holonomy of the connection along the curve C in parameter 
space. Here, A is the connection form (see Supplementary Information 
for details), called a non-Abelian gauge field in the context of gauge 
theory43. The quantity CW ( ) is also called a Wilson loop operator44, and 
can be computed numerically (see Supplementary Information). We 
are interested in situations where two holonomies do not commute, 
that is, when C C C CW W W W( ) ( ) ≠ ( ) ( )1 2 2 1  for two closed loops Ci starting 
(and ending) at the same point.

In the main text, we consider the propagation of wavepackets in a 
lattice of coupled mechanical oscillators. In this situation, the restric-
tion to a subsystem described in isolation consists in assuming that the 
wavepacket stays in a given (set of degenerate) phonon bands, ignor-
ing the bands with higher or lower frequencies. The parameter space 
is momentum space (that is, the Brillouin torus): the quasi-classical 
momentum changes because a force is applied to the wavepacket, and 
effectively acts as an external parameter from the point of view of the 
wavepacket (see Supplementary Information and refs. 20,32–34,45–50). We 
emphasize that although the wavepacket moves both in momentum 
space and in position space, the non-Abelian geometric phase factors 
discussed in the main text are related to the trajectory in momentum 
space (not position space).

Non-Abelian holonomies arise in various physical contexts. The most 
common situation corresponds to an abstract parameter space51–54. In 
the situation analysed in the main text, the relevant parameter space is 
momentum space. This is similar to situations arising in the study of arti-
ficial spin–orbit coupling and non-Abelian gauge fields in optics46–56 and 
in ultracold atomic gases57–61. Non-Abelian holonomies can also arise 
with position space as the relevant parameter space, such as in the non-
Abelian Aharonov–Bohm effect43 recently predicted and reported in 
optics62,63. Again, similar phenomena arise in ultracold atomic gases57–61. 
In another context, (non-Abelian) anyons35,64–69 can also be understood 
as (non-Abelian) holonomies69–71; where the relevant parameter space 
is essentially describing the positions of the excitations. Interestingly, 
similar situations where classical excitations can be braided around 
one another were reported in optics and mechanics36–38,72.

A fascinating facet of non-Abelian holonomies is the possibility of 
harnessing them to realize holonomic computations21. This idea was 
developed with quantum computation in mind, but it can indeed also 
be applied to classical systems (and hence, classical computation). 
From this point of view, the non-Abelian holonomies described in the 
main text can be seen as single-qubit gates. This is not enough to realize 
any quantum computation, even with quantum degrees of freedom 
(phonons). For that, one would need two-qubit gates, which would 
require an interaction between the wavepackets ignored in our analysis. 
Nonetheless, a suitable design of the pattern generating the effective 

forces should allow the realization of simple classical operations on 
the mechanical pseudo-spins carried by the wavepackets that would 
enrich the growing toolbox of phononic systems39,73.

Semiclassical equations and Bloch oscillations
In the main text, we consider a wavepacket centred at a position r and 
a momentum k. We assume that this wavepacket is composed of a nar-
row band of frequencies corresponding to the two degenerate bands 
with dispersions ω3(k) = ω4(k) (the same analysis could be done on the 
upper bands ω5(k) = ω6(k)). Its composition in the corresponding two-
dimensional space is summarized by a pseudo-spin (polarization) φ .  
In the context of wave physics, semiclassical approximations provide 
an approximate particle-like description of a wavepacket localized in 
both physical space and momentum space. For instance, geometrical 
optics can be viewed as a short-wavelength approximation of Maxwell 
equations74. Here, the position r and momentum k and the pseudo-spin 
φ  are promoted to the status of dynamical variables (called semiclas-
sical variables) that evolve when the system is perturbed, for example 
when the wavepacket propagates in a non-uniform medium. The equa-
tions describing the semiclassical dynamics of the wavepacket in a 
(perturbed) spatially periodic structure can be systematically obtained 
from the underlying wave equations20,32,33,75–79 (see also refs. 34,45–50 for 
application to classical waves). They read 

r
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k

F k

k
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r

φ Ω k V r A k φ
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˙ = −
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where Ω(k) = ω3(k) = ω4(k) is the dispersion relation of the relevant 
degenerate bands, V(r) is an external potential, and A(k) and F(k) are 
the matrix-valued non-Abelian Berry connection and curvature forms 
of the degenerate band18,19,43 (see Supplementary Information for more 
details).

The case of a constant (uniform) force f0 = −∂rV considered in the 
main text describes so-called Bloch oscillations80, a situation realized 
in semiconductor superlattices81 and in optical lattices of cold atoms82 
that provides a powerful tomographic tool for Bloch states83–88. In this 
case, the momentum equation k f˙ = 0 can be integrated to k(t) = k0 + f0t. 
The pseudo-spin can then formally be obtained up to a phase as a Wil-
son loop along the momentum space trajectory (see Supplementary 
Information for more details).

Fabrication of the kagome lattices in LEGO bricks
The LEGO bricks realization of the kagome lattice allows us to demon-
strate its collapse mechanism. It is composed of LEGO Technic liftarms 
connected by pins (see Supplementary Fig. 15).

Each pin can be attached to at most four liftarms, at different heights 
h1,…,h4; and in the kagome lattice, it must be attached to exactly four 
liftarms. As the liftarms are rigid, they should not be bent, so the two 
pins connected by a liftarm should be attached at the same height. 
Amusingly, this constraint is similar to the ice rule of the six-vertex 
model. A practical consequence is that the unit cell of the kagome  
lattice has to be enlarged in the LEGO bricks realization. In our design, 
the unit cell is doubled with respect to the original lattice in order for 
the vertices to satisfy the ice-like rule. It is composed of 12 ‘liftarms 
1 × 6 thin’ (LEGO part 32063) and six ‘pins without friction ridges 
lengthwise’ (3673).

The presence of edges induces additional (unwanted) zero-energy 
mechanisms besides the global Guest–Hutchinson mechanism. They 
are suppressed as much as possible with an additional structure that 
prevents local motions without preventing the global deformation 
of the system.
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