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Dualities are mathematical mappings that reveal links between apparently unrelated
systems in virtually every branch of physics' 8. Systems mapped onto themselves by a

duality transformation are called self-dual and exhibit remarkable properties, as
exemplified by the scale invariance of an Ising magnet at the critical point. Here we
show how dualities can enhance the symmetries of adynamical matrix (or
Hamiltonian), enabling the design of metamaterials with emergent properties that
escape astandard group theory analysis. As anillustration, we consider twisted

kagome lattices’ ™

,reconfigurable mechanical structures that change shape by

means of a collapse mechanism’. We observe that pairs of distinct configurations
along the mechanism exhibit the same vibrational spectrum and related elastic
moduli. We show that these puzzling properties arise from a duality between pairs of
configurations on either side of amechanical critical point. The critical point
corresponds to a self-dual structure with isotropic elasticity even in the absence of
spatial symmetries and a twofold-degenerate spectrum over the entire Brillouin zone.

The spectral degeneracy originates froma version of Kramers’ theorem

17 in which

fermionic time-reversal invariance is replaced by a hidden symmetry emerging at the
self-dual point. The normal modes of the self-dual systems exhibit non-Abelian
geometric phases'®” that affect the semiclassical propagation of wavepackets®,
leading to non-commuting mechanical responses. Our results hold promise for
holonomic computation* and mechanical spintronics by allowing on-the-fly
manipulation of synthetic spins carried by phonons.

Symmetries and their breaking govern natural phenomena from fun-
damental particles to molecular vibrations?. They are also powerful
tools to design synthetic materials from chemical compounds to meta-
materials®>%, Here we start by asking a question almost deceptiveinits
simplicity: what is asymmetry? A symmetry is a transformation that
maps a system onto itself, as illustrated by the threefold rotation C;
acting on the structure in Fig. 1a. A duality, on the other hand, relates
distinct models or structures' 8. A celebrated example is the Kramers-
Wannier order-disorder duality?between the low- and high-temper-
ature phases of the two-dimensional Ising model, pictured in Fig.1b. In
self-dual systems, the distinction between dualities and symmetriesis
blurred: additional symmetries can emerge at a self-dual pointevenif
the spatial symmetries are unchanged. Thisis what occursin the critical
configuration of the mechanical system shown in the middle panel of
Fig.1c. Here we show how such dualities canbe harnessed to engineer
material properties from wave propagation to static responses that are
not predicted by astandard symmetry analysis based on space groups.

Mechanical structures are described at the linear level by normal
modes of vibration and their oscillation frequencies. Both are deter-
mined by the dynamical matrix D, which summarizes the Newton equa-
tions of motion in the harmonic approximation 6,2|¢> =-D|¢). The
vector |¢) has components ¢ = uy, [m,, where u, is the displacement
of particle p with mass m, fromits equilibrium position. The eigenvec-
tors |@;) and eigenvalues w? of the dynamical matrix, such that
ﬁ‘¢i> = wiz‘¢i>, arethe normalmodes of vibration and the corresponding

angular frequencies. In a spatially periodic system, the spectrum of
the Bloch dynamical matrix D(k) is organized in frequency bands with
dispersionrelations w;(k) parameterized by quasi-momenta kforming
the Brillouin zone of the crystal. Although our discussion is focused
onmechanics, our analysis applies when D is replaced by other linear
operators, such as the Maxwell operator of a photonic crystal®, the
mean-field Hamiltonian of a quantum system (in which case the eigen-
values are energies) or the dynamical matrix of an electrical circuit®.,

Twisted kagome lattices are a family of structures obtained from a
mechanical kagome lattice® ™ by actuating a mechanism, called a
Guest-Hutchinson mode’, that allows a global deformation of the unit
cells (see Supplementary Video demonstrating this property). This
family is parameterized by a twisting angle 6 described in Fig. 2. We
denote by D(6) the dynamical matrix of the structure with twisting
angle 0. To each twisted kagome lattice with a twisting angle 6 corre-
sponds adual mechanical structure, whichis another twisted kagome
lattice with a twisting angle 6*=26_- 6. Comparison of the lower pan-
els of Fig.2b, d reveals that two lattices related by a duality transforma-
tion share the same band structure despite their clear structural
difference. Remarkably, thereis a self-dual kagome structure with angle
0:=0.+ /4, where the band structure is doubly degenerate over the
entire Brillouin zone, as shown in the lower panel of Fig. 2c. We now
prove that the explanation of these phenomenological observations
can be traced to the existence of a mathematical duality between the
dynamical matrices of pairs of kagome lattices. An application of our
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Fig.1|Symmetries and dualities. a, A star-shaped polygonin LEGO bricks
illustrates threefold rotation symmetry: the mechanical molecule is mapped to
itselfby a2m/3 (120°) rotation C,. Thisis in contrast to a duality, which
generically maps one system toanother system. b, Inthe Ising model, spinsona
two-dimensional lattice can take two values, +1, represented by black (white)
pixels. A phase transition separates an ordered ferromagnetic phase at low
temperature in which spinsalign (right panel) from adisordered paramagnetic
phaseat high temperature (left panel). The Kramers and Wannier duality’
associatesto each (inverse) temperature S a dual temperature 8* and the ratio
ofthe partition functions at fand *is aknown smooth function. The self-dual
point g, =,8: corresponds to the critical phase (middle panel), where the phase
transitionbetween the ferromagnet and the paramagnet occurs. ¢, Twisted
kagome lattices form afamily of mechanical structures parameterized by a
variable 8 called the twisting angle. (See Fig. 2 for amodel in LEGO bricks.) To
each kagomelattice with angle fis associated adual kagome lattice with angle
6*=26.- 6, resultinginstrongrelations between their mechanical properties.
Atthesself-dual point, where 8, = 8; = /4, the duality becomes asymmetry.

general approachto electrical circuits is outlined in the Supplementary
Information.

We first introduce a unitary transformation / acting on the vibra-
tional degrees of freedom of a twisted kagome lattice as represented
in Fig. 3. A direct calculation (see Supplementary Information)
shows that

Uuk)DO", - k)t {(k) = D(8, k) o)
where (k) is the Bloch representation of operator 1. Hence, I should

be viewed as a linear map between different spaces, describing the
vibrations of the different mechanical structures with twisting angles

2.0
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Fig.2|Twisted kagomelattices and their band structures. a, ALEGO bricks
realization of the twisted kagome lattice tuned close to the critical point ..
Lower inset: visualization of the twisting angle 6. The angle between two
trianglesis t—26. Upperinset: unit cell of the mechanical structure. There are
threeinequivalent points (thatis, notrelated by Bravais lattice translations)
labelled M,, M, and M,.b-d, Band structures of the mechanical structures at
different twisting angles. The physical frequencies are non-dimensionalized by
acharacteristic frequency, w, =./(ko/m,), where k,and m, are the characteristic
spring constant and the mass, respectively. The dual twisted kagome lattices
with twistingangles 6.+ A@ have the same band structure (band d). The self-
duallattice with twisting angle 6. (c) has an twofold-degenerate band structure
(including for points outside high-symmetry lines). At the I’ point, adouble
Dirac cone canbe observed, highlighted by ablue shaded circle. The band
structures are obtained by diagonalizing the Bloch dynamical matrices D(6, k).
The masses m;of points M, are set to unity in units of m,. See Supplementary
Information for details and a video demonstrating the collapse mechanism.

6* and 6 (compare the two lattices in Fig. 3). Note that 2/(k) does not
depend on the twisting angle 6. As Newton equations are real-valued,
the Bloch dynamical matrix satisfies @D(6, k)O™ = D(6, —k) where O is
complex conjugation. Hence, by combining the anti-unitary operator
Owith 1, we get an anti-unitary operator A(k) = 1(k)©, which squares
to A(k)*=-1d (where Id is the identity matrix) and such that

AK)D(O", k) A (k) =D(6, k) (2)
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Fig.3|Schematicaction of the duality operator. The duality operator maps
thevibrational degrees of freedom of a twisted kagome lattice to the
vibrational degrees of freedom of the dual kagome lattice. The vibrational
degrees of freedom (inblue, red and green) in a unit cell (bold outline) are
rotated by 90° counterclockwise and translated to another unit cell.
Importantly, the translation depends onthe degree of freedom: the vibrations
of mass M, (inblue) are not shifted, whereas the vibrations of mass M, (inred)
areshifted by onelattice vector a,and the vibrations of mass M, (ingreen) are
shifted by another lattice vector —a,. The operator I is written as a block
matrix; the different blocks describe the different massesin the unitcell (as
represented by the colours), and the (real) matrices ry=io, (the square

Equation (2) is the expression of a duality between the two lattices
with twisting angles 8 and 6%, illustrated in Fig. 1c. The dynamical matri-
cesof the two dual systems are related by a anti-unitary transformation.
Asaconsequence, they haveidentical band structures (more precisely,
the eigenvalues are related by complex conjugation, and are equal
because they are also real) and the eigenvectors are related by .A. Equa-
tion (1) is also a duality between the same lattices. In contrast to equa-
tion (2),itis ruled by aunitary operator, butis non-localinmomentum
space (itrelates kto—k). Alone, it would ensure that the band structures
of bothlattices are the same only up to aninversion of momentum.

We now move on to explain the global twofold degeneracy observed
inFig.2c. This degeneracy is reminiscent of a celebrated theorem from
Kramers'®" stating that the energy states of time-reversal invariant
quantumsystems with half-integer spin are at least doubly degenerate.
At first sight, this theorem does not apply here, as the mechanical
degrees of freedom are neither quantum mechanical nor fermionic.
YetKramers’ theorem can still formally apply provided that some anti-
unitary operator squaring to minus theidentity matrix commutes with
the dynamical matrix. At the critical twisting angle 6,= 67 = /4, the
mechanical structure is self-dual. The duality shown in equation (2)
acts as a hidden symmetry of the critical dynamical matrix D(8,),
through A(k)D(6,, k) A (k)= D(6,, k). As AZ =-1d, Kramers’ theorem
canindeed be applied, and implies that the band structure is twofold
degenerate atevery point k of the Brillouin zone, as observed in Fig. 2c.
Interestingly, Aactsin the same way as the combination of spatial inver-
sion and a so-called fermionic time-reversal would in an electronic
system, although neither is present in our mechanical system. Owing
to the presence of the self-dual symmetry, the critical band structure
exhibits exotic features. Forinstance, afinite-frequency linear disper-
sion (a double Dirac cone) is observed at the centre of the Brillouin
zone (called T; see Fig. 2¢) that is uncommon in systems with time-
reversal invariance (see Supplementary Information for a discussion
and references).
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represents fourfold rotationon the degrees of freedom) act for each masson
the two orthogonal vibrations along xandy, mapping (u,, u,) to (u,, —u,). The
operator 7 acts on the Bravais lattice as space inversion, but does not modify
theinternal degrees of freedom (see Supplementary Information). Iterated
applications of i show that {#” =-1d, 7’ =~ and i/* = 1d, showing that the
symmetry has order 4.In the self-dual lattice, the transformation resembles a
non-symmorphic symmetry composed of a 90° rotation followed by anon-
integer lattice translation at first sight. However, further inspection shows that
thisoperationis different from the duality operation, and isnot asymmetry of
theself-duallattice (see Supplementary Information for a visual proof).

When the self-duality is combined with the usual crystal symme-
tries, anomalous point groups can be realized. Consider paving the
two-dimensional plane with asingle regular polygon. This is possible
with atriangle, a square or a hexagon, but not with a pentagon or a
dodecagon. This isamanifestation of the crystallographicrestriction
theorem: the only point group symmetries compatible with lattice
translations are of order 1,2, 3, 4 or 6, in two dimensions. (The order
of an operation g is the smallest integer n such that g"is the iden-
tity matrix.) The point group C;, of twisted kagome lattices at the
centrel of the Brillouin zone contains threefold rotations (as visible
inFig.2), perfectly compatible with this assertion. At the critical angle
6., the duality relation (1) turns into an additional symmetry of the
dynamical matrix. The point group at I' has effectively to be supple-
mented with (I, which has order 4 (see Fig. 3). Combined with a
threefold rotation from C,,, the self-dual symmetry ¢/(I') produces an
anomalous symmetry of order 3 x 4 =12, making the effective point
group atI' non-crystallographic (isomorphic to D,,; see Supplemen-
tary Information). The emergence of this non-crystallographic point
group is curious, as the twisted kagome lattices are indeed crystals,
not quasicrystals. However, thereis no contradiction with the crystal-
lographicrestriction theorem, because the self-dual symmetryis not
aspatial symmetry.

Besides vibrational modes, the duality induces a relation between
theelastic tensors ¢, .(6)and c;; (%) that describe the static mechan-
icalresponse of dual structuresinthe linear regime (see Supplementary
Information). A striking manifestation of the enhanced symmetry at
the self-dual point is revealed by considering the elastic tensors of a
twisted kagome lattice in which inequivalent springs have different
stiffnesses. Inthis case. there are no spatial symmetries besides trans-
lations (the space group is p1). In the Supplementary Information, we
show that three distinct elastic moduli exist for 8 # 6., whereas at the
self-dual point 8= 6, the elastic tensor becomesisotropic and only one
non-vanishing modulus remains.
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Fig.4|Mechanical spintronics vianon-Abeliangeometric phases. Pushing
onawavepacket with an effective force fmakes it move in momentumspace
and changesits pseudo-spinstate|). Thisis described by the holonomy Wofa
non-Abelian Berry connection, which acts on|p)asasingle-qubit gate.a, The
vibrational states "Vz"Vl“Pim> (W1Wz‘§0m;>) obtained after the sequence of forces
(fu.fo) (of (f,,f1)) were applied foraduration rsuch that fr=a;* arerepresented
by ellipses describing the motion of the masses, with the colour representing
their phases. They are equivalently represented on a Bloch sphere

(see Supplementary Information for a definition of the momentum-dependent
basis). b, Sketch of the real space and momentum space trajectories

(see Supplementary Information for the numerically integrated solutions).
c,d, Toavoid non-adiabatic transitions, an asymmetry 8mis introduced
between the three massesinaunitcell (m,, m,,m;)=(1-86m,1,1+8m),

We now show how non-Abelian sound waves arise in our self-dual
mechanical structures. Non-commuting (or equivalently non-Abelian)
behaviour is pervasive in mechanics, from the moves of a Rubik’s
cube to the non-holonomic dynamics of rolling spheres and robotic
arms. Here, we focusinstead on amore subtle phenomenon: the non-
commutative behaviour of the classical excitations (that is, sound
waves) that propagate on top of a background configuration. Note
thatbecause our reasoning does not rely on a particular length scale,
it should also apply to nanostructures with quantum phonons. The
propagation of a wavepacket constructed out of vibrational modes
can be affected by geometric (or Berry) phases. For asingle isolated
band, the Berry phases are complex numbers of modulus one that
manifestly commute. To obtain non-Abelian Berry phases, a set
of (at least) two degenerate bands is required. The geometric
phases then become 2 x 2 unitary matrices that do not need to
commute’®?,

illustrated by circles of different sizes. As aconsequence, the double Dirac cone
becomes massive, withagap (ingrey) proportional to Smat first order, while
the global twofold degeneracy is preserved. e, An effective forcef,,, acting on
the wavepacketsis produced by applying a spatially varying harmonic
potential that essentially shifts the optical bandsin frequency proportionally
to the potential (see Supplementary Information). f, Comparing W, W, W;'w! to
theidentity matrix provides a quantitative measure of the non-commutativity.
Theabsolute value of the trace of their differenceis plotted asa function of the
starting point k, of the protocol. In the numerical simulations, we have
considered awavepacket projected on the bands with dispersions w;(k) = w,(k),
andwe havesetk,=(2,1) and 8m=0.1(see Supplementary Information for
details on the numerical computationand orders of magnitude).

The self-dual kagome lattice is a suitable platform to realize non-
Abelian sound because it has a global twofold-degenerate phonon
spectrum, allowing us to realize a pseudo-spin mechanical degree of
freedom|gp), represented by a Bloch sphere in Fig. 4a, b. To do so, we
needtoisolate asingle twofold-degenerate bandin the spectrum. This
is done by assigning different values to the three masses in the unit cell
tolift the threefold rotation symmetry of the lattice, creatingagapin
thedouble Dirac cone atT (see Fig.4c, d). This modification preserves
the self-dual symmetry of equation (2), so the global twofold degen-
eracy persists regardless of the values of the masses. Consider an acous-
ticwavepacket constructed fromthe central set of twofold-degenerate
bands with dispersions w,(k) = w,(k), where dispersion relations w,(k)
withi=1,...,6 arelabelled with increasing frequencies (see Fig. 4d). As
we apply external forces to the wavepacket asin Fig. 4b, it evolves within
the twofold-degenerate subset of mechanical vibrations, as long as the
external perturbationis small enough (see Supplementary Information
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for orders of magnitudes). The wavepacket can then be treated as a
particle-like object described by semiclassical equations of motion
(see Supplementary Information and refs. 223 that govern the evo-
lution of its semiclassical position r(t), momentum k() and pseudo-spin
(thatis, polarization) |¢(t)).

Whena constant forceis applied to the wavepacket, its momentum
k(¢) increases linearly in time while its pseudo-spin state changes from
aninitial value|g, .y toWI[Cllg, .) (this situation is analogous to Bloch
oscillationsinsolid-state physics). Here W[C] = P exp(—fc A) isaWil-
son line operator, the non-Abelian analogue of aBerry phase, thatacts
on|p) as a single-qubit gate, and A is the non-Abelian Berry connec-
tion'®" describing the twofold-degenerate band (see Supplementary
Information). An effective force acting on wavepacketsis not equivalent
toaforceactingonthe elements of the mechanical lattice. The effective
force on the wavepackets can be obtained through an additional har-
monic potentialimposed to each mass with a spatially dependent stiff-
ness, asillustratedin Fig. 4e. This effective forceisapplied for aduration
tchosen so that the momentum changes by exactly one reciprocal
lattice vector a;*. As a consequence, C;(1) = ky+ Aa; is a closed loop
starting and ending at k, (see Fig. 4b), and the Wilson loop W, = W[(C}]
is the holonomy of the Berry connection along C;.

Pictorially, pushing on the wavepacket changesits pseudo-spinstate:
this change is the holonomy W|C]. Here, the point is that the holono-
mies donot commute: when one pushes on the wavepacket in different
directions, the order of the pushes matters because the pseudo-spin
state keeps track of what happened. Thisis represented in Fig. 4b. After
theforces (f,,f,) are sequentially applied during the appropriate dura-
tion, the pseudo-spin of a wavepacket initially at k, changes from any
initial state|g, .) toW,Wlg, ). The reversed sequence (f,, f;) produces
adifferent final pseudo-spin state WW,l, ), because the two Wilson
loops typically do not commute:

wiW, = W)W 3

These non-commuting mechanical responses share similarities with
non-Abelian excitations such as anyons*%, However, in the present
study, non-commutativity arises from how independent wavepackets
respond to external forces, whereas for anyons it is associated with
the exchange (braiding) of these quasi-particles with each other. In
Fig. 4f, we assess how the choice of the initial point k, affects the non-
commutativity of W;(k,) and W,(k,) by quantifying the deviation of
W,W,W W3 from the identity matrix.

Our results raise the prospect of materials in which information is
encoded and processed using non-Abelian mechanical excitations and
canbe seenasafirst step towards an extension of phononics® includ-
ing mechanical pseudo-spins, which we call mechanical spintronics.
More broadly, our work illustrates the power of duality relations in
mechanics and wave physics. The counterintuitive degeneracies of
elastic moduli and phonon spectra at the self-dual point suggest that
dualities and their breaking may play as crucial arole in the design of
metamaterials as symmetries currently do.
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Methods

Non-Abelian holonomies

Geometric phases'®*°*? describe the residual influence of its environ-
mentonasubsystem considered inisolation. They typically arise when
the system undergoes a slow cyclic change of its parameters. In this
situation, the state of the system is transported over the parameter
spaceto describethe evolution. The change in this state frombefore to
afteronecycleis ageometric phase factor. Formally, it is the holonomy
of a connection along the closed loop travelled in parameter space:
the connection provides a covariant derivative describing the paral-
lel transport in the vector bundle of system states. The holonomies
(geometric phase factors) are not necessarily mere U(1) phases, but
canbe matrices referred to as non-Abelian geometric phases®, because
the formalism allows for non-commuting holonomies (phase factors).
More precisely, let

we)=r exp[— L A) 4)

be the holonomy of the connection along the curve C in parameter
space. Here, A is the connection form (see Supplementary Information
for details), called a non-Abelian gauge field in the context of gauge
theory*. The quantity W (C)is also called aWilson loop operator**, and
can be computed numerically (see Supplementary Information). We
are interested in situations where two holonomies do not commute,
thatis, whenW (C) W (C,) # W(C,) W(C))for two closed loops C;starting
(and ending) at the same point.

In the main text, we consider the propagation of wavepacketsina
lattice of coupled mechanical oscillators. In this situation, the restric-
tionto asubsystem described inisolation consists inassuming that the
wavepacket stays in agiven (set of degenerate) phonon bands, ignor-
ing the bands with higher or lower frequencies. The parameter space
is momentum space (that is, the Brillouin torus): the quasi-classical
momentum changes because aforce is applied to the wavepacket, and
effectively acts as an external parameter from the point of view of the
wavepacket (see Supplementary Information and refs. 203273445-50) we
emphasize that although the wavepacket moves both in momentum
space and in position space, the non-Abelian geometric phase factors
discussed in the main text are related to the trajectory in momentum
space (not position space).

Non-Abelian holonomies arise in various physical contexts. The most
common situation corresponds to an abstract parameter space®>.In
thesituation analysed in the main text, the relevant parameter space is
momentum space. Thisis similar tosituations arisingin the study of arti-
ficial spin-orbit coupling and non-Abelian gauge fields in optics**~**and
in ultracold atomic gases® *'. Non-Abelian holonomies can also arise
with position space as the relevant parameter space, suchasin the non-
Abelian Aharonov-Bohm effect® recently predicted and reported in
optics®?%%, Again, similar phenomenaarise in ultracold atomic gases™ °.,
Inanother context, (non-Abelian) anyons®****° can also be understood
as (non-Abelian) holonomies®”"; where the relevant parameter space
isessentially describing the positions of the excitations. Interestingly,
similar situations where classical excitations can be braided around
one another were reported in optics and mechanics® %72,

A fascinating facet of non-Abelian holonomies is the possibility of
harnessing them to realize holonomic computations®. This idea was
developed with quantum computationin mind, butit canindeed also
be applied to classical systems (and hence, classical computation).
From this point of view, the non-Abelian holonomies described in the
main text canbe seen as single-qubit gates. Thisis not enoughtorealize
any quantum computation, even with quantum degrees of freedom
(phonons). For that, one would need two-qubit gates, which would
requireaninteraction between the wavepacketsignoredin our analysis.
Nonetheless, a suitable design of the pattern generating the effective

forces should allow the realization of simple classical operations on
the mechanical pseudo-spins carried by the wavepackets that would
enrich the growing toolbox of phononic systems®7,

Semiclassical equations and Bloch oscillations

In the main text, we consider a wavepacket centred at a positionrand
amomentum k. We assume that this wavepacket is composed of anar-
row band of frequencies corresponding to the two degenerate bands
with dispersions w,(k) = w,(k) (the same analysis could be done onthe
upper bands w;(k) = w,(k)). Its compositionin the corresponding two-
dimensional space is summarized by a pseudo-spin (polarization) ).
Inthe context of wave physics, semiclassical approximations provide
an approximate particle-like description of a wavepacket localized in
both physical space and momentum space. For instance, geometrical
optics canbe viewed as ashort-wavelength approximation of Maxwell
equations™. Here, the position rand momentum k and the pseudo-spin
|gp)are promoted to the status of dynamical variables (called semiclas-
sical variables) that evolve when the systemis perturbed, for example
when the wavepacket propagatesinanon-uniform medium. The equa-
tions describing the semiclassical dynamics of the wavepacketin a
(perturbed) spatially periodic structure can be systematically obtained
from the underlying wave equations?**>*77° (see also refs. >4 for
application to classical waves). They read

00
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where Q(k) = w,(k) = w,(k) is the dispersion relation of the relevant
degenerate bands, V(r) is an external potential, and A(k) and F(k) are
the matrix-valued non-Abelian Berry connectionand curvature forms
ofthe degenerate band®"* (see Supplementary Information for more
details).

The case of a constant (uniform) force f, = -0,V considered in the
main text describes so-called Bloch oscillations®, asituation realized
insemiconductor superlattices® and in optical lattices of cold atoms®
that provides a powerful tomographic tool for Bloch states® %, In this
case, the momentum equation & =f,canbeintegrated to k(t) =k, +fot.
The pseudo-spin can then formally be obtained up to a phase as a Wil-
son loop along the momentum space trajectory (see Supplementary
Information for more details).

Fabrication of the kagome lattices in LEGO bricks

The LEGO bricks realization of the kagome lattice allows us to demon-
strateits collapse mechanism. Itis composed of LEGO Technic liftarms
connected by pins (see Supplementary Fig. 15).

Each pin can be attached to at most four liftarms, at different heights
h,,...,h,; andinthe kagome lattice, it must be attached to exactly four
liftarms. As the liftarms are rigid, they should not be bent, so the two
pins connected by a liftarm should be attached at the same height.
Amusingly, this constraint is similar to the ice rule of the six-vertex
model. A practical consequence is that the unit cell of the kagome
lattice hasto be enlargedinthe LEGO bricks realization. In our design,
the unitcellisdoubled with respect to the original latticein order for
the vertices to satisfy the ice-like rule. It is composed of 12 ‘liftarms
1x 6 thin’ (LEGO part 32063) and six ‘pins without friction ridges
lengthwise’ (3673).

The presence of edges induces additional (unwanted) zero-energy
mechanisms besides the global Guest-Hutchinson mechanism. They
are suppressed as much as possible with an additional structure that
prevents local motions without preventing the global deformation
of the system.
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Data availability
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Code availability

The code used to compute the band structures and the holonomies, to
performthe group-theoretical analysis, to integrate the semiclassical
equations of motion and to verify the duality relations is available on
Zenodo at https://doi.org/10.5281/zenodo.3417426 under the 2-clause
BSD licence.
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