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Chapter 10

Bayesian Inference for Linear Evolution
Equations

To prepare the main focus of this chapter, the inference for linear evolution equa-
tions, we first recall some key results from Chapter 9. In this chapter, we always
assume the following condition, in which we choose a concrete but widely appli-
cable example for H.

Condition 10.1. With H = L?*(®), Assumption 9.12 and Assumption 9.14 are
satisfied.

A stochastic linear evolution equation is given by

, (10.1)

dX(t)+ LX () dt = f(t)dt + ﬁB dW<(t)
X0)=ueH

where w is the initial condition and f : [0,7] — H is the drift. Under Condi-
tion 10.1, the mild solution of (10.1) exists and is given by

X(t)=S(t)u+ /Ot S(t—s)f(s)ds+ % /Ot S(t — s)BdW<(s). (10.2)

Furthermore, since the functions v and f in (10.1) admit the following represen-
tations,

u(e) = Y wpr(z), and  fz,t)= Y fult)pu(z),

keNd keNd
where {©g }rene is the eigenbasis of £. The solution (10.2) admits a series repre-
sentation
xX() = 37 XV Wen, (10.3)
keNd

whose coeflicients are real-valued processes

t b t
X0 = e [ s+ BV [0 aw o), (104)
0 \/ﬁ 0
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10. BAYESIAN INFERENCE FOR LINEAR EVOLUTION EQUATIONS

where Wi (t) are independent standard Wiener processes, and the other constants
are from the aforementioned assumptions.

In this chapter, we investigate the Bayesian approach to the recovery of the
parameters u and f in (10.1). In Section 10.1, we study the recovery of initial
condition v and in Section 10.2 we investigate the inference for drift f. In each
section, we start with introducing a Gaussian prior that is tailored to the problem.
Then, the contraction rates are proved using the general framework developed in
Chapter 4. It is worthwhile to mention that our proofs do not rely on the conjugacy
nor other Gaussian properties of the prior. The contraction rates for other priors
can also be obtained using the same argument, namely verifying the conditions in
Theorem 4.10.

10.1 Recovery of the Initial condition

In this section, suppose that all other parameters except the initial condition u are
known. With no loss of generality, we can assume that f(¢) = 0, for all ¢ € [0, T].

Condition 10.2 (Observation of Final Value). Fix T > 0. For n € N, we observe
the solution X (™ (T') of (10.1) at time T, i.e.

1
u-‘r%

10.1.1 Spatial Gaussian Priors

X™(T) = S(T) /T S(T — s)BdW<(s). (10.5)

Since the operator £ governs the spatial status of the evolution system, it is natural
to consider a smoothness class that adapts to the structure of £ = A®).

Centred Gaussian distributions on a separable Hilbert space correspond bijec-
tively to covariance operators. By definition a random variable F' with values in
H is Gaussian if (F,g) is normally distributed, for every g € H, and it has zero
mean if these variables have zero means. The variances of these variables can then
be written as

E(F,g)* = (Cyg,g),

for a linear operator C : H — H, called the covariance operator. A covari-
ance operator C' is necessarily self-adjoint, nonnegative, and of trace class, i.e.,
> kend (Cor, wr) < 0o, for some (and then every) orthonormal basis (ox)gene of
H; and every operator with these properties generates a Gaussian distribution.

Since the spatial regularity is characterized by isotropic Sobolev spaces Hg,
we introduce the following Gaussian priors, which are fully adapted to the spatial
smoothness.

Given a multi-index a = (o, -+, @) € Ri, a spatial Gaussian prior is the law
of
ind dent
u= Z upPr, with wy Haepgiden N (0, |k*72). (10.6)

keNd

From Lemma 2.18, we conclude that o > % guarantees a ‘proper’ Gaussian prior
on H.
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10.1. Recovery of the Initial condition

10.1.2 Contraction Rate for Initial Condition

The observation (10.5) given in Condition 10.2 can be rewritten as a general linear
problem,
£

xn) — S
Au + N

where

A=S(T), ¢= /OT S(T — s)BdW<(s),

and £ is a proper Gaussian random element in H with the covariance operator

T
¥ = / S(T —r)BQB*S(T —r)dr = > o7 (k") %x,
0

keNd
with ) )
brar _ brqx
2 K 20, T k
== (1= L) ~ S22 10.7
Tk o, (1-e ) 20;, (10.7)

Because of Assumption 9.14, we have

lullfz = Z ~ Y kP, (10.8)

keNd g keNd

which implies He = H,,.

Notice that due to (9.7) and Assumption 9.12, the operator A = S(T') possesses
a smoothing property and the recovery of w from (10.5) is in fact an inverse
problem. By applying a general contraction result (Theorem 4.10) for inverse
problems, modified from Theorem 3.1 in [43], the contraction rate of the spatial
Gaussian prior from Section 10.1.1 for the recovery of initial condition w from
(10.5) is obtained in the following theorem.

Theorem 10.3 (Gaussian Prior for the Initial Condition Recovery).

With s = (s,-++,5) € R4 s > 0, let {Hg}s be the isotropic smoothness class intro-
duced in Section 2.3.1 with the orthonormal basis {¢k }rene from Assumption 9.12
and with A\g, = k;, i = 1,---,d. Consider the prior given in Section 10.1.1 with
a > (v+d)/2, and X™ be given in (10.5). For any ug € Hg with B > 0, the
posterior distribution satisfies, for sufficiently large M > 0,

1L, (u : ||’LL — UOHL2> M(]ogn)_s | X(")) -0

33904

The contraction rate is of logarithmic order, because of the exponential smooth-
ing property of the semigroup S(7'). Similar phenomenon has also been discovered
in the recovery of the initial condition in white noise, c.f. [60] and Chapter 7. A
noteworthy observation is that the rate obtained in Theorem 10.3 is identical to the

n ]P’gé) , with
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10. BAYESIAN INFERENCE FOR LINEAR EVOLUTION EQUATIONS

rate for the white noise case, see e.g. Theorem 7.14. In other words, the ‘smoother’
noise in (10.5), which in contrary to the white noise realises as a proper Gaussian
element, does not lead to a faster rate. This is because the extreme ill-posedness
from ‘inverting’ S(T') predominantly resolves the logarithmic rate, and any noise
with RKHS H,, with ¢ € R will not improve the order of the rate.

10.2 Recovery of the Drift

In this section, suppose that all other parameters except the drift
f:00,T]— H

are known. With no loss of generality, we can assume that u = 0.

Condition 10.4 (Indirect Observation of Drift Term). Fix T > 0. For n € N, we
observe continuously the solution X (™ (t) of (10.1) for 0 <t < T, i.e.

X0 (¢ /St—s ds—i——/ S(t— $)BdWS(s). (10.9)

10.2.1 Spatial-Temporal Gaussian Priors

For the recovery of drift terms, the priors necessarily need to sit in the function
space L?([0,T]); H), where H = L*(®). Since L?([0,T); H) = H ® L*([0,T]; R) =
L?(®Dr), one may introduce a Gaussian prior on the space L?*(D7) following
the same procedure in the previous paragraphs. However, as mentioned in Sec-
tion 2.3.1, it may be of interest to distinguish the smoothness in each spatial and
temporal directions.

We introduce zero Gaussian priors on L2([0,T|; H) using series expansion. In
order to do that, we fix an orthonormal basis {1} of L%([0,T7)).

From Section 2.3.1, recall that given the orthonormal basis {¢; };en of L?([0, T]; R),

{@r1} i jyendxn = {Pk @ Y1}, j)endxN

is an orthonormal basis of L?([0,T]; H), of which any function f(z,t) admits the
representation

> frgr@(t) with [{filleeen= Y fi <oo.

(k,1)ENE xN kENd+1
Given a multi-index o = (aq, -+, @q+1) € Rf‘l and B, = (p,---,p,0) € Rf‘l,
the spatial-temporal Gaussian prior is the law of

fla )= > @@t = Y frapr(@)(t), (10.10)

(k,l)ENd xN (k,l)ENe xN
with d d
independent o a—
fie ORI N (0,107 72k 72),

156



10.2. Recovery of the Drift

i.e. fr are independent zero mean Gaussian random variables with variances
-2 -2

—2|ka‘—2: 1 +Zk1213 Z k?ai

i<d i<d+1

|k:ﬁ*

By Lemma 2.18, when H(a) > (d + 1)/2, the prior has sample paths that are
Hpg, -valued almost surely.

We conclude this section with the following remark. Using the basis con-
structed above, the function fi of (10.3) can also be expressed as

fu(t) = Z Jrati(t).

leN

10.2.2 Contraction Rate for Drift Recovery

In this section we study the performance of Bayesian methods in the recovery of
the drift term f € L%([0,7]; H). As shown in Condition 10.4, i.e. (10.9)

X(”)(t):/o S(tfs)f(s)ds+%/0 S(t —s)BdW<(s),

the noise is a vector-valued Gaussian process, whose RKHS is determined by the
operator-valued Kernel S(t — s). This imposes a challenging technicality, as some
analytical tools such as the operator version of Mercer theorem is required in order
to obtain a workable structure of RKHS. However, a unique characteristic of the
observation under discussion is that the same (operator-valued) integral kernel
k(t,s) = S(t — s) is applied to both the drift and the noise. This property offers
us a workaround to avoid the aforementioned difficulty: whitening the process. To
be specific, by a proper transform of the signal, we will show that the observation
(10.9) along its spatial basis is statistically equivalent to a sequence version of the
white noise model (Section 10.3.2.1), the latter of which can be further related to a
Gaussian (d+1)-dimensional sequence model (Section 10.3.2.2). As a consequence,
the problem is reduced to standard nonparametric estimation without inverse
nature, which is a multi-dimensional problem because the underlying space-time
domain is a compact set in R4+1.

Now we show the contraction rates of the Gaussian prior Section 10.2.1 in the
recovery of a Drift term.

Theorem 10.5 (Gaussian Prior for the Drift Recovery).

Let B = (p,---,p,0) € Rf‘l. For any fo € Hg with B > (., where Hg is an
anisotropic smoothness class defined in Section 2.3.1 with the orthonormal basis
{or @ Y1} j)enaxn such that {@y}rena from Assumption 9.12, an orthonormal
basis {11 }ien of L2([0,T]), and Ay, = ki, i = 1,---,d + 1. Let the prior be zero-
mean spatial-temporal Gaussian proposed in Section 10.2.1 with H(a) > (d+1)/2,
and X be the observations in the form of (10.9). The posterior distribution
satisfies, for sufficiently large M > 0,

Pf(n)
o (£ 11 = follis, > M| X™) 58 o,
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10. BAYESIAN INFERENCE FOR LINEAR EVOLUTION EQUATIONS

o (H(a)—(d+1)/2>/\ |
27{(&) 2 +25upi§d+1 (0‘176# ’

In particular, when o; = %ﬂi foreach 1 <1 < d+1, the two items in the

where

expression of s above are balanced and

H(B)

"TOHB) +d+1

Remark 10.6. The contraction rate is given in the norm of smoothness class Hg, .
With a proper choice of the basis functions, such as Fourier basis, the space Hga,
can be connected to certain type of multidimensional Sobolev spaces.

10.3 Proofs

10.3.1 Proofs in Section 10.1

The theorem is a corollary to Theorem 4.10. The main tasks are to determine
&, satisfying the prior mass condition (4.12) of the direct problem, and next to
identify n,, from the prior mass condition (4.13) and the other conditions.

The first task is achieved in the following lemma.

Lemma 10.7. For fy € Hg, the prior II from Section 10.1.1, as e | 0,

—logII(f : ||[Af — Afollu. < €) S (log i) , (10.11)

=) ()

Remark 10.8. Since v € N from Assumption 9.12 and d € N, » > 1.

where

Proof. The probability in the left side is the decentred small ball probability II(g :
lg — gollm, < ae) of the Gaussian random variable G' = AF' distributed according
to the prior under the linear transform 4. Symbolically we denote the covariance
operator (which is diagonal) of F' by Ar. Due to the property of Gaussian measure,
the random element G is also a centred Gaussian random element in H with the
covariance operator

AARA* : h = Z hior — Z 6_2T|kul|ka|_2hk<pk. (10.12)

keNd keNd

The RKHS Hg of G is given by

9=> grer € H:llgl= > "™ Ik*Pgl < ooy (10.13)
keN keNd
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10.3. Proofs

It is convenient to work with the following norm of Hg,
lglifig:= D e ¥ k[P gt,
keNd

which is equivalent to the norm in (10.13).

Recall (10.8), we have He = H, (as sets) and ||Aljm,~ ||h|[z,. Due to the
exponential smoothing property of A, for any f € H and s € R‘i, we have
Af € H,. Hence Pr(G € He¢) = 1. Hence the distribution of G' can be considered
as a Gaussian measure on H; with RKHS Hg.

The left side of (10.11) is therefore up to constants equivalent to

inf 91l — log TI(| g1, < €)- (10.14)
g€Ha:[lg—gollu, <e

See [64, 65, 99|, or Section 11.2, in particular, Proposition 11.19 in [35].
Let P; be the Ho-orthonormal projection to the j basis {44} <ji/a. Since
A and P; commute, using Remark 9.13, we have

1PjAfo — Afollfs,

= X TP 3 PO (k)
[kloo >4t/ |kloo>j1/4

Sa exp (—2Tj”/d) 52O ol 13, (10.15)

and hence ||P;Afy — Afollm, is bounded above by e for j ~p (—loge)?/”. By
substituting this value of j into

1PAfolli=" D IKPfex e D KPR G
|k]oo <j1/d [k|oo <j1/d
5 (a=B)VO
< lfoll3,
we conclude that the first term in (10.14) is bounded above by (—loge)2*7~ V0.
For the second term in (10.14), by Corollary 10.15, the metric entropy
IOgN(57 {g € He : HQHHGS 1}7 ||||H§) =~ (_ IOgE)(V+d)/V'

Hence, by [64] (see Lemma 6.2 in [100]),
(v+d) /v
gl <o) = ()

Finally, the assertion of the lemma follows from combining the above results. [

It follows that (4.12) is satisfied for any e, such that

1 2
e~llog )7 5 —ne?

where r > 1 is given in the lemma above. Let x = —loge,,. The preceding display
can be rewritten into

zxe%z =g < gnl/T.

r r

The following lemma is useful for the proof.
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10. BAYESIAN INFERENCE FOR LINEAR EVOLUTION EQUATIONS

Lemma 10.9. Let W(z) be the Lambert W function, i.e. the inversion of the
mapping [e”1,00) 3 x — xe®. We have, when x — oo,

W(z) ~ logx — loglog .

Proof. From the identity 2 = W (z)eV'®), W (z) is an increasing function with
respect to « and W (e) = 1. In addition, we also have the following identities,

W(z) = IOg(VVQZ:r)> and W(z) + log W(z) = log z.

From now on only consider the case z > e. The second relation in the last display
implies that W (x) < logz. Hence,

T x
W(x) = IOg(VV(x)) > 10g<logx> = logz — loglog z.
On the other hand,

W (z) = log < log = logx — loglog x + logloglog x.

x
log(ﬁ) log(ﬁ)

Since loglog z > logloglog x as x — oo, the proof is complete. O

The asymptotic expansion of the Lambert W function implies that x such that
T 2 VLD
= w/(ZpV/") ~log —¥Y -
T2 (” ) % Qlog n)7?
satisfies the last inequality above. Consequently, (4.12) is satisfied with
(log n)"/?

£y~ ——
n \/ﬁ Y

Now we construct the reconstruction operator R,, : H — H. For g € H, we
consider the following truncation regularizer,

Rng = j{: e gron, (10.17)

Ikl oo <gin/*

(10.16)

where j, — oo as n — oo. Consequently, from Assumption 9.12, with some
positive constant ¢, we have

[Rull= sup exp (|k¥|T) = e/ *T, (10.18)
Ikl oo <in/

and (4.6) is satisfied with p,, = ecin/ T,
Besides, for ug = ), oy Uoxr € Hp, by Lemma 2.20, we have

IRudus ~ woll’= 3 ud s Sa g ol (1019)

koo >5n¢

The next step of the proof is to bound the prior probability in (4.13).
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10.3. Proofs

Lemma 10.10. Let R, be given as (10.17) and the corresponding j, = j. There
exist a,b > 0, such that for every j € N andt > 0,

T(f : [[RnAf — fllo> t+ aji/2=o/d) < e=bt%3*/",

Proof. Let f™ = R, Af. Therefore, the probability on the left concerns the
random variable (R, A —I)F, if F is a variable distributed according to the prior
II. Since F' is zero-mean normal with a covariance operator symbolically denoted
by Ap, this variable is zero-mean Gaussian with covariance operator (R,A —
IAp(R,A — I)*. We shall compute the weak and strong second moments of the
variable (R, A—I)F, and next apply Borell’s inequality for the norm of a Gaussian
variable to obtain the exponential bound.
Since

(RnA=DF=— > Fupx

with Fj, &5 A0, |k*|72), we have

(RnA—=1D)F,g) = — Z Frgk,

|kloo>5t/d

for arbitrary g = ), cnye gx@r- Then, the weak second moment of (R, A — I)F is
given by

Sup E<(R”'A*I)Fv f>2 < sup Z |k°‘\*2f,§ 2j72a/d.
I fllo<1 S fgg1‘klw>j1/d

The strong second moment of the Gaussian variable (R,A — I)F is

El(RuA-DFI* =" > [k|7
|kloo >4/
In the proof of Lemma 2.18, we have shown that for the hypercubes

C,,L:{keNd:kiSnl/d7 i:17...,d}’

the increment C,\Cy,—1 covers index points of the order n?1. Hence, the strong
second moment can be bounded by

Z k|20 <, Z Z Hk;2a/d ~ Z ji-1-20 < j(d=20)/d

[|oo 251/ 11/ kE[C\Cy 1] i<d 1>j1/d

where we used the estimate >, i~ <17/ (b—1), for b > 1.

Since the first moment of ||[(R,A — I)F||o is bounded by the root of its sec-
ond moment, the lemma follows by Borell’s inequality (see e.g. Lemma 3.1 and
subsequent discussion in [67]). O
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10. BAYESIAN INFERENCE FOR LINEAR EVOLUTION EQUATIONS

Let t? = 4n5,21/(bj721°‘/d). Then, t 2 j,ll/Q_O‘/d, due to the constraint (4.8), i.e.
Jn < me2. Substituting ¢ into Lemma 10.10,

H(f HRnAf - f||g> 4n5i/(bj,2f‘/d)) < e—4n5i’

which together with (10.16) implies

—a/d

N Z G (log )12,

In addition, the constraints eqs. (4.9) and (4.10) impose

T Z eTc 'i{/d (log n)r/2 7
vn
i 2 3P4,
where the right-hand side of the inequalities are given by (10.18) and (10.19).
We need to determine j,, in order to solve for 7,. Since d/v < r, (logn)¥" <«
ne2. Hence, we can choose j,, = é/¥(logn)¥" < ne?, with ¢ such that éTc < 1/2.
Substituting j, into the preceding constraints leads to
M 2 (logn)™ e )
N z n—(%—éTc) (log TL)T/27
—-B/v.

M 2, (1Og ’I”A)

The second inequality above is negligible compared to the other two. The theorem
follows from Theorem 4.10.

10.3.2 Proofs in Section 10.2

The major step of the proof can be summarized as follows.

(1) Section 10.3.2.1. Consider the sequence of scalar processes {X,gn)}keNd from
(9.13). Using a sequence of transforms {7 }y¢, the sequence of processes

{X]E;n)}kENd is whitened in time.

(2) Section 10.3.2.2. The signal f to recover is also isometrically transformed

into f The transformed observation can be expressed with a Gaussian
sequence,

1 ~
—& €R, (k1) €N xN,
\/ﬁfk,l (k1)

where the covariance structure of Ekyl is determined by the operators B and

Q.

(3) Section 10.3.2.3. As the final preparation for the proof of Theorem 10.5, we
establish a posterior contraction rate for the multi-dimensional white noise
model.

)?,i’? = fra+
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10.3. Proofs

(4) Section 10.3.2.4 Using the result obtained in Section 10.3.2.3, and an iso-
metric property possessed by the prior and the noise £, we finally conclude
the proof of Theorem 10.5.

Recall that the eigenbasis {@y}rene of £ is an orthonormal basis in space
and {Y }ren is an orthonormal basis in time, and denote their tensor product by

{Pri = ok @ Ui} 1yend xn-
10.3.2.1 Whitening Ornstein-Uhlenbeck processes

Due to (9.13), the observation (10.9) is equivalent to the following (functional)
sequence model, for k € N?, we observe

t b t
XM () = / et =5) £, (5) ds + VT / e TN AW (s),  (10.20)
0 \/ﬁ 0

in the product space (Lz([O,T];R))Nd with the product measure @) cya(1w,),
where pyy, are the probability measures induced by the processes Wy given in
(9.12), which are mutually independent Wiener processes.

Notice that the real-valued processes X ,in)(t) is Ornstein-Uhlenbeck processes.
We are going to convert them into the standard white noise model, and start with
introducing a useful function together with its inverse. For A > 0 and ¢ € [0, 7],

define ( ) N
_log(2At +1 1 -1
I(t) = o and U7 () = o (10.21)

where 97! is well-defined since 9 : [0,7) — R¥ is bijective. With function 9, we
can define the following transform

(Tg)(t) = V2Xt +1(go9)(t), te€[0,9(T)], (10.22)

for any continuous function g on [0, 7.
Using the newly defined transform 7, the noise can be whitened as follows.

Lemma 10.11. Let W (t) be a Brownian motion, i.e. a standard real-valued Wiener

process, and V(t) be given in (10.21). If

£(t) = / M=) 4 (s),

then (TE)(t) = V2M + 1(£ 0 ¥)(t) s a Brownian motion.
Proof. The process M (t) = eM&(t) is a continuous martingale whose quadratic

variation is
2Xt 1

t
M, = 2)s :e — —1 )
M), / ds=“5 ot =0 (1)

Consequently, M o ¥(t) is a continuous martingale with

[M o], = [M]yq = t.
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10. BAYESIAN INFERENCE FOR LINEAR EVOLUTION EQUATIONS

Therefore,

M o d(t) = N o d(t) = V2 + 1(€ 0 9)(t)
is a Brownian motion. O
Similarly, the transform (10.22) can be applied to the deterministic integral.

Lemma 10.12. Assume f € L?[0,T)]. Let

t
F(t) = / e=Mt=3) £ (5) ds
0
and f(u) be the transform of function f such that

7oy fov(u)
fw) = Jo—— (10.23)

Then, the following statements hold.

(i) (TF)(t) = V2Xt + 1(F o 9)( fo
(1) If {1x }r is an orthonormal basis for LQ[O,T], then,

9(T) 9(T)
du =6 d du = d
/0 Urbydu =0 an /0 fiby du = / fior du.

Proof. Since f € L?, F is continuous. The first statement follows from
9(t)
(TF)(t) =V2Mt + 1/ e MO=9) £(5) ds
=2 N T e MO / M) £ o9 (u)d (u) du

' fod(w)
I(u W(u) du = PELION du,
/ fe ) du 0 V2 u+1 B

where (-)" denotes the ordinary derivative.
The next statement is obtained by changing variables. The first equation
follows from

an YD g () (D) | s [T B
/0 ¢k¢ld“—/0 1 du = /O%(S)wl(s)ds—%z-

The same argument also applies to the second one. O

Applying the transform 7 defined in (10.22) to

t t
X(t) = / e M=) f(s)ds + ¢ / e =D aw(s), telo,T],
0 0
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10.3. Proofs

we obtain

X(t)=TX(t) = /0 f(s)ds+cW(t), tel0,9(T)),

where f is given in (10.23) and W(t) is a Brownian motion.
Now given an orthonormal basis {t; };en of L2[0,T], we can form, for [ € N,

INT) _ 5 T INT) _ B
/ Y dX(s) = / f(s)i(s)ds + c/ Y dW = fi + ¢z, (10.24)
0 0 0

where z; are i.i.d. standard Gaussian.

10.3.2.2 Complete Sequence Model

Now consider the independent signals X ,i") as given in (10.20). Define Ty as the
transform (10.22) from the previous section, with A = 3 and ¢ = (\/qrbr)/ v/
Then, we can transform the signals into

Xé”) (t) := ’77€X,§") )= [ fr(s)ds+ cxWi(t), (10.25)

0
where W;(t) are independent Brownian motions. Because of (10.24), we can form

observations
biA/qk

N
where 2, Ry (0,1). In fact, these are the observations of the coordinates of

the following multidimensional Gaussian sequence model,

~ ~ 1
X — -
Fr =

where f = {featpenixy € (N x N) are the coefficients of f in the series

representation with basis {¢r ® ¥ }rena jen and €= {Ek,l}(kyl)eNde is a random

X\ = fra+ 21 €R, (k1) € N* x N,

£, (10.26)

. d+1 . . . .
vector in RN whose entries are independent zero mean Gaussian random vari-

-2
ables with variance (ZK a kY ) . This variance is determined by the decay of
br+/qr under Assumption 9.14.

10.3.2.3 Gaussian Posterior Contraction for Multi-dimensional White Noise
Model

In this subsection, as the final preparation for proving Theorem 10.5, we prove
the posterior contraction rate of the equivalent prior of Section 10.2.1 on sequence
spaces, for a simple Gaussian sequence model. To be precise, we consider the
following situation.

Let o € R be a multi-index. Consider a prior as the law of F' = {F}.}renm,
where F}, are independent centred real Gaussian random variables with variance
|k*|=2. We impose H () > m/2 so that the prior are almost surely realised in the
space /2(N™).
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Lemma 10.13. Consider the observation is given by the multi-dimensional white
noise model,

n 1
XM = g+ TRk for k e N™, (10.27)
where zi, are independent standard Gaussian random variables. If true parameter
fo = {fok}tkenm € hg, where hg is a Sobolev ellipsoid defined in Section 2.3.1
equipped with norm (2.17), then the Gaussian prior above behaves, as € | 0,

—logTI(f : ||f — folle<e) SeT™ ve ™ (10.28)
with ( BV 0
ao; — Pi) V m
ro=2sup ——— and T9 = —m—.
! ig}z Bi ? H(a) —m/2

Proof. Notice that the RKHS Hp of the prior F is h, C ¢?. The left side of
(10.28) is up to constants equivalent to

inf 2 _logll <e). 10.29
feh(y:‘|f7f0|u2<€||f||ha g (|| fllez< €) ( )

See [64, 65, 99], or Section 11.2, in particular, Proposition 11.19 in [35].

Let Py be the truncation of a sequence to {k < N : k; < N;, ¢ < m}
with N = (Ny,---, Np,). Applying Lemma 2.20, we obtain || Prfo — follz< e, if
N; 2 e~ 1/Bi for all i < m.

Taking N; ~ ¢~ /8 4§ < m, an upper bound on the first term in (10.28) is
obtained as,

o 4 20¢l 0
I1Pxfoll, = S IkPSE e < S0 | DD PRIV g2

k<N E<N [i<m
2(a; i) VO 2(a; ) VO
Sa DO IRP | DRI g < | DD N Rl
k<N i<m i<m
2(o; —B4)VO ﬁ D)V _ 2(o; —B4)VO B DV
&~ Z £ ||f0||h5< d e >Pism ||f0||hg
i<m

For the second term (small ball probability) in (10.28), by Corollary 2.24, the
metric entropy log N(e,{f € hg : |[flln,< 1}, [[le2) is of the order e=™/#(e),
Hence, under the condition H(a) > d/2, by [64] (see Lemma 6.2 in [100]),

—log I1(]| f[¢2< €) = &~ 7z

According to equations (1.2) nd (1.3) in [99], the minimal &,, satisfying

—logII(f : || f — follez< €n) S mel
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is the posterior contraction rate of the Gaussian prior considered in this section.
By direct calculation, it can be shown that when for all 1 < i < m,

the rates 71 and ro in (10.28) are balanced to r; = ro = m/H(S) and the posterior
contraction rate reaches the minimax rate (see [53]), i.e.

__HB)
Ep =N 2HE)+TM

10.3.2.4 Proof of Theorem 10.5

After the long preparation, the proof of Theorem 10.5 simply follows from assem-
bling all the results obtained up to now.

Recall {@r.1}(k,nyenexn = {9k @ Ui} (k1yenexn is a fixed basis of L?(Dr), satis-
fying the assumptions in Section 9.5. For a function f in L?(D7), its coefficients
in the basis {@k1}(x,1)enexn are denoted by f= {fr1} (kpyenaxn- Recall that for
the norms [|-|[ 22, |||z, [|]l¢2, ||| from Section 2.3, we have the isometries

1flle2= 1lezs 1 eza= 1 Fllnes

implying that it is sufficient to show the convergence of the coefficients in the

sequence space. N
Consider the change of variables f = {|k”*|fr1} & 1)enaxn. The model (10.26)
can be rewritten into,

a(n) = 1
X;i,z) = frg+ Ak for k € k, 1} (1 1yene xn,

7

where z;; are independent standard Gaussian random variables. Notice that the
prior of f induces a prior of fin ??(N? x N). Therefore, using Lemma 10.13, we
obtain the posterior contraction rate of the induced prior in [|-[[s2(q41)-

For the preceding change of variables, an isometry || f||2= ||J7Hh;a* holds, given
fisin hg,. The isometry implies that rates of f relative to |||, can be translated

to the rates of f relative to |-|| hs, - Consequently, the result can be translated to
the rate in [|-||z,, and the proof is complete.

10.4 Entropy Number with Non-Polynomial Rates

In Section 2.4, we have shown the estimate of metric numbers of the embedding
t: Hgyy — H; with the scale. The same argument can be applied to ¢« : H — H;
where H is another Hilbert space contained in the smoothness class {Hy }4, see the
lemma below.

Lemma 10.14. Given Hg from (10.13) and the isotropic Sobolev spaces {Hsg}scr
defined in Section 2.3.1. Then for the canonical embedding v : Hg — Hg, when j
is large enough, the entropy number is of the order

)

o v/ ()

<ej(t:Hg — Hy) < e , (10.30)
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where c1,co are universal positive constants.

Proof. The proof follows the same argument from Section 2.4 (also see the Ap-
pendix B in [43]). The singular values of ¢ : Hg — H are of order e Ti"" j=(a=s)/d
for which the upper bound is obtained using the same argument in (10.15) and
the lower bound is obtained by taking the unit vector ¢ such that k; ~ j1/¢.
Consequently, the approximation numbers a;(¢ : He — H,) have the same order.
In particular, a;(¢ : Hg — H,) = O(e’TjV/d). By the second example in Section
3 of [103], we obtain the final statement of the lemma. O

Because € — H (g, ¢) is the inverse mapping of j — e;(¢), we obtain the corollary
below.

Corollary 10.15 (Metric entropy). The metric entropy of the unit ball of He, given
in (10.13), in isotropic Sobolev spaces {Hg}scr is given by

v+d

v

1
(e, = tog ¥ (214 € Ho s lallao< 1 s, ) ~ (1o 1)

ase 0.
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