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Chapter 8

Inverse Problems with Discrete
Observations in Smoothness Scales

In this chapter, we continue the study in Chapter 6. In practice one usually does
not have access to a ‘continuous’ observation Y, but only records noisy samples
of the unknown function Af at a finite number of locations in its domain. This
is the situation that we consider in the present chapter. To cope with discrete
observations, we consider the operator A introduced in Section 5.2 with a specified
domain. Assume that A : H — G is a linear mapping from a Hilbert space H into
a pre-Hilbert space G = L2(®) of square-integrable functions g : ® — R? on a
bounded domain ® C RY. Then, the observation is formed as follows. For a given
set of design points

D, ={r1,...,z,} CD. (8.1)
we observe the vector Y™ = (Y1,...,Y,,) defined by

with Z; i.i.d. standard normal random variables. We wish to estimate f from the
observations (z;,Y;)1<i<n-

This chapter extends results for the white noise model obtained in Chapter 6 to
the case of discrete observations. Although we repeat some necessary definitions,
we refer to the mentioned chapter for further examples and discussion. This chap-
ter is organized as follows. Section 8.1 demonstrates a procedure to reconstruct
continuous signals from discrete observations. With the help of the just mentioned
reconstruction procedure and the projection method from Section 5.3, we present
a general contraction theorem for the regression model in Section 8.2. Then, the
same priors considered in Chapter 6 are studied: series priors and Gaussian priors
in Section 8.3 and Section 8.4, respectively. In addition, Gaussian mixture pri-
ors are introduced to obtain adaptation in Section 8.5. In the end, Section 8.6
contains the proofs.
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8. INVERSE IN SMOOTHNESS SCALES: DISCRETE OBSERVATIONS

8.1 Signal Reconstruction

The sampling scheme (8.2) collects discrete data, but the operator A acts on a
continuous function, which we wish to estimate on its full domain. In this section
we describe an interpolation technique that maps discrete signals to the continuous
domain. A similar technique has been used in the context of proving asymptotic
equivalence of the white noise model and nonparametric regression; see [82] and
the references therein. The assumptions are also inspired by the theory from the
field of numerical analysis, see [12].

The range space G of the operator A : H — G is a collection of functions
g : D — R, equipped with a pre-inner product (-,-). The design points (8.1) give
rise to a “discrete” semi-inner product and semi-norm on G given by

(g:hhn =+ D glehlw)  lgllai=

(The notation ||-||,, clashes with the notation ||-||s for the norms of the smoothness
scales, but this should not lead to confusion as n will never appear as smoothness
level.)

For every n € N we fix an n-dimensional subspace Wn C G with two properties.
Assumption 8.1 (Interpolation).

(i) There exist constants 0 < Cy < Cy < 00, independent of n, such that

Cillwl< lwln< Caollw],  w e W,. (8.3)

(ii) For every g € G the unique element Z,,g of W, that interpolates g at the
design points, i.e. Z,g(x;) = g(x;), for every i = 1,...,n, satisfies, for every
s in some interval (sq, Sq),

1Zng — glI< da(n, s)llglls- (8.4)

Condition (8.3) requires that the discrete and continuous norms be equiva-
lent on the subspace Wn, whereas (8.4) ensures that the subspaces AW/n have good
approximation properties under discretization for smooth functions. In this condi-
tion ||-||s are the norms of a smoothness scale (Gs)ser as in Definition 2.1, in which
the space G is embedded as G = Gy, and the approximation numbers §4(n, s) will
often be the same as the approximation rates §(n, s) in Assumption 2.3. However,
the approximation (8.4) is typically not true for every smoothness level s > 0, but
only for s in a range (s4,54). For instance, for Sobolev scales the lower bound s4
is typically equal to d/2 for d the dimension of the domain D of the functions in
G, and the upper bound Sy is the regularity of the basis elements used to define
the scale. -

Condition (8.3) implies that the set W, is also n-dimensional over the design
points, so that the interpolation Z,,¢ indeed exists and is unique. In Lemma 8.3 it
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8.1. Signal Reconstruction

will be seen to be also the orthogonal projection of ¢ € G onto Wn C G relative
to the discrete inner product (-, -),,.

Fix an arbitrary orthonormal basis €1y, ..., epn n of Wn relative to the discrete
inner product (-, -),, and given the discrete data (Y3,...,Y,) as in (8.2), define

n 1 n
Yy =3 - > Yiein(x;) ein. (8.5)

i=1 " j=1

This embeds the discrete data as a ‘continuous signal’ into the space Wn C G.
If the observations satisfy (8.2), then the continuous observation Y (") can be
decomposed as

y (™ :Z<Afvezn n€in + — ZZ Zezn ‘77] €in = InAf+%£(n)7

i=1

where £ is a Gaussian random variable with values in the space in Wn Loosely
speaking, as n — oo the operators Z,, should tend to the identity operator, and
the mean of the signal Y™ should become more representative of the full signal
Af. As shown in the following lemma the noise ¢ remains bounded as n — oco.

Lemma 8.2. The variable £ defined in the preceding display is a Gaussian ran-
dom element in W,, C G with mean zero. Under (8.3) its covariance operator is
up to multiplicative constants that do not depend on n bounded below and above by
the orthogonal projection Qn: G — W relative to the continuous inner product

<’>

Proof. For g € G we can write (") g) = n=1/2 Eg 1 Z; El 1ezn(xj)<e”“g>
Clearly the expectation of this variable vanishes, while the variance is given by

Var(ﬁ(”),g> = % z": (z": €in(T5)(€in, 9>)2
1
>

j=1 i=1
1 n n n
= - ZZek,n(xj)<ek,nvg>el,n(xj)<el,n7g>
n k=11=1 j=1
n n
= Zeknaelnnekna elnvg _Hzeknvgekn
k=11=1

The right side is the square of the norm ||g,|| of the vector g, = (g1,n;---,In.n)
of continuous coefficients g;,, = (g, ex n> of g relative to the discrete basis. The
orthogonal projection Q, g of g onto W,L relative to the continuous inner product
can be written in terms of the discrete basis €1 p,...,€n,n as Qng = anl 0€4.n s
for a = (a1,...,a,)T = ¥,1g and ¥, the Gram matrix ({€jn,ejn)). Hence
Qngll?= aT8a = gTE 1g,. Because ¥, is bounded above and below by a
multiple of the identity, by Lemma 8.3 below, it follows that ||Qngll~ [gn|. O

Lemma 8.3. Suppose that (8.3) holds. Then
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8. INVERSE IN SMOOTHNESS SCALES: DISCRETE OBSERVATIONS

(i) For every g € G the function I,g is the orthogonal projection of g onto
W, C G relative to the discrete inner product (-,-),.

(it) CillZngl < ll9lln< CollZngll, for every g € G.

(i1i) The Gram matric ((€;n,€jn))ij=1..n Of any basis e1p,...,enn Of Wn that
is orthonormal relative to the discrete inner product (-,-), is bounded below
and above by the identity, up to multiplicative constants that do not depend
on n.

Proof. For an arbitrary orthonormal basis ey, ..., ep, of Wn relative to the dis-
crete inner product (-, -),, the matrix (e;n(2:)); ;—; , has orthogonal columns of
Euclidean length /n and hence can be represented as y/nO for an orthogonal
matrix O. The interpolation in Wn of a function g at the design points is the
function Z;’Zl ajej, with the coefficients o = (ay, ..., a,)? satisfying /nOa =
(9(%));—; ,,- The unique solution to the latter equation is @ = (1/v/n)O0" (9(z:)),—1 .,
which can be seen to be equal to ({g, € n)n);_; ,- Thus the interpolation is indeed
the orthogonal projection Z,g = > (g, €i.n)n€in.

As the functions g and Z,, g coincide at the design points, clearly ||g|ln= ||Z.9]n,
for any g € G, and this is equivalent to the continuous norm ||Z,g||», by (8.3).

To prove the third statement note that the square discrete and continuous
norms of Y1 | a,e;,, are given by a’a and o’ Xa, respectively, for ¥ the Gram
matrix of the basis functions e;,, relative to the continuous inner product. By
(8.3) these norms are proportional and hence the eigenvalues of ¥ are bounded
from below and above. O

The following two examples exhibit suitable discretization spaces, both with
equidistant design points.

Example 8.4 (Trigonometric Polynomials). This example is adapted from Section
2.3 in [82]. Let D = T4 = (0,1]%, for d € N, and consider the set of n = m? design
points D, = {k/m}pe(i,....m}e, for a given odd natural number m. In this case,
the Fourier system with i = v/—1,

er(z) = 2™ mod k= (ky, - k) € 29,
is not only orthonormal in the continuous space L?(T?), but also with respect to

the discrete inner product (-, -),, i.e.

1, ifj;=k modm,VIle{l,- -, d},
<ej,ek>n={ =5 { } (8.6)

0, otherwise.
The scale of isotropic Sobolev spaces H,(T?) is defined in terms of the Fourier
coefficients fr = [;4 f(2)er(x) d of functions f € L*(T%), as (for |k| any norm
on R9)

H(3) = {f € LAE) : flf= Y (1 + k)| fuf*< oo}

kezd
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8.1. Signal Reconstruction

For smoothness levels s € N, this norm is equivalent to the canonical Sobolev

l
norm ZmlgsHD fHL2(‘Id)'
The spaces V; obtained as the linear span of the basis elements, ordered suit-

ably, satisfy Assumption 2.3. Due to (8.6), the space W, = Span{er : |k|oo<
(m — 1)/2} satisfies (8.3) with C; = Cy = 1.
As noted in [82], the following estimates hold for f € H(TP),

If = Qufllee S = flm,,
||an —T.fll Sa n_s/d||f| H,- if s >d/2.

Here @), is the orthogonal projection on Wn Consequently (8.4) is fulfilled for
s> sq=d/2.

Example 8.5 (Wavelets). This example is adapted from Section 3.3 in [82]. Let D =
T4 = (0,1)%, for d € N, and consider the design points Dy, = {k277 }eqy,... 2134,
where n = 27¢ for some j € N. We consider a multiresolution analysis {V;};>0
on L?(%?) obtained by periodization and tensor products. Let ¢ be a standard
orthonormal scaling function of an S-regular multiresolution analysis for L?(R),
with compact support in [S — 1, S]. In particular, the polynomial exactness con-
dition is satisfied: ), ., kqa(m — k) — 29 is a polynomial of maximal degree ¢ — 1
for g € [0,S — 1]. As shown in [82], the functions

d
ejr(T,...,2q) = Z 2jd/2H$(2jxi — ki +29my),

mezd i=1

are well defined and form an orthonormal basis in L?(¥?). Furthermore, for W, =
V; = Span{e;\ | k € {1,---,27}9} with n = 29¢ > 28 — 1, conditions (8.3) is
satisfied with constants C7, Cy that depend only on (E Moreover, for the functions
ejx belong to the Besov space B3 ,(T), for s < 5, and, for every f in this Besov
space and d/2 < s < S,

If = ToflleS n/4 ]

Thus (8.4) is satisfied, with the smoothness scale (H;)scr taken equal to the
canonical Sobolev spaces (i.e. Besov spaces Bj ,) on T%.

s .
B3,

Other examples of suitable discretization spaces are provided by orthogonal
polynomials, for instance the systems of Legendre, Chebyshev, or Jacobi polyno-
mials, etc., for suitably chosen design points. First, (H¢(%))scr being canonical
Sobolev spaces on ¥ = (0, 1] satisfies Assumption 2.3 This is due to the standard
Sturm-Liouville theory (see 5.2 in [12]): the polynomials form infinitely differen-
tiable orthogonal bases in L?(T). Second Assumption 8.1 is satisfied with Gaussian
quadrature points as design points (Section 5.3 in [12]). These results can be ex-
tended to the multivariate domains by using tensor products. See Chapter 5 in
[12] for more information.
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8. INVERSE IN SMOOTHNESS SCALES: DISCRETE OBSERVATIONS

8.2 General Contraction Rates

In this section we present a general theorem on posterior contraction. We form the
posterior distribution IT,,(-| Y") as in (4.1), given a prior IT on the space H = Hy
and an observation Y = (Y1,...,Y},), whose conditional distribution given f is
determined by the model (8.2). We study this random distribution under the
assumption that Y follows the model (8.2) for a given ‘true’ function f = fy,
which we assume to be an element of Hg in a given smoothness scale (H;)ser, as
in Definition 2.1.

The theorem is stated in terms of the Galerkin solution to the continuous in-
verse problem, which is defined as follows. (See e.g., [57] for a general introduction
to the Galerkin method and Section 5.3 for a self-contained derivation of the nec-
essary inequalities, exactly in our framework.) Let W; = AV; C G be the image
under the operator A of a finite-dimensional approximation space V; linked to the
smoothness scale (H,)ser as in Assumption 2.3, and let Q; : G — W; be the
orthogonal projection onto W;. If A: H — G is injective, then A is a bijection be-
tween the finite-dimensional vector spaces V; and W;, and hence for every f € H
there exists fU) € V; such that AfW) = Q;Af. The element f() is called the
Galerkin solution to Af in Vj;, and is an approximation to f that is more accurate,
but also more complex, for larger j.

In our current setting we have no access to the continuous function Af, but
must reconstruct f from the discrete approximation to A, f, for A, = Z,, A, and Z,,
the interpolation operator defined in Section 8.1. Thus we shall use the Galerkin
solution fU") = A71Q; A, f to the interpolation A, f of the discrete signal. This
discrete Galerkin solution is illustrated in the following diagram

H>f A=hnd A FeW, C @

y

H>V; > fuomn A QjA.feW; CG

In this scheme the space Wn, used to construct the continuous interpolation, may
or may not be equal to W,, = AV,,. Setting it equal to W,, simplifies the scheme,
but then the interpolation properties in Assumption 8.1 must be verified for AV,.

Theorem 8.6. For smoothness classes (Hg)ser as in Definition 2.1, assume that the
opeartor A : Hy — G satisfies || Af||~ || f||—~, for some~y > 0. Let f%™) denote the
discrete Galerkin solution to A, f = I, Af relative to linear subspaces V; associated
to (Hs)ser as in Assumption 2.3 and interpolation spaces AW/n satisfying (8.3)-(8.4)
from Assumption 8.1. Let fo € Hg and Afy € Ggiy for some 5 € (sqa—,Sa—"),
and for n, > €, 1 0 such that nsi — o0, and j, € N such that j, — o0, and some
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8.2. General Contraction Rates

c > 0, assume

jn < cnes, (8.7)
En

M 2 <7 ) 8.8

6(jn,7) (8:8)

M 2 6(jn, B) V ——————- 8.9

e A0 = 5Gar) (59

Consider prior probability distributions II on Hy satisfying

I(f € H: ||Af — Afolln< e0) > e ", (8.10)

I(f € H: |f0) = fl[> m) S e . (8.11)

Then the posterior distribution in the model (8.2) contracts at the rate 0, at fo, i.e.
for a sufficiently large constant M we have IL,(f : ||f = foll> Mnn | Y1,...,Y,) —
0, in probability if Y1,...,Y, follow (8.2) with f = fo.

Proof. The Kullback-Leibler divergence and variation between the (multivariate-
normal) distributions of (¥7,...,Y;,) under two functions f and fy are given by
n||Af — Afol|2/2 and twice this quantity, respectively. Therefore the neighbour-
hoods By, 2(fo,&x) in (8.19) of [35] contain the balls {f € H : | Af — Afo|ln< en}.
By assumption (8.10) this has prior mass at least exp(—ne?).

Because the quotient of the left sides of (8.11) and (8.10) is o(exp(—2ne2)),
the posterior probability of the set {f : [[fU=™ — f||> n,} tends to zero, by
Theorem 8.20 in [35].

By a variation of Theorem 8.22 in [35] it is now sufficient to show the existence
of tests 7, such that, for some M > 0,

P;:)Tn — 0, sup P)(cn)(l —7n) < e—dnen
IL.f = foll>Mnn,
£~ fl| <
Define the operator R; : G — V; by R; = A7'Q;, where Q; : G — W; is the
orthogonal projection onto W; = AV, and A~! is the inverse of A (restricted to
W;). Then we shall employ the tests

70 = 1{[R;, Y™ = fol> Mo}, (8.12)

where M is a given constant, to be determined.
By definition fU") = R A, f is equal to the discrete Galerkin solution to A, f.
For Y™ defined in (8.5) we have

. 1 , 1
R;Y ™ = RiALf + ﬁRjg(”) = fUm 4 %RJ{W (8.13)

The variable ij(”) = Rij§(”) is a centered Gaussian random element in Vj
with strong and weak second moments

. j
E|R;€™ < IR IPEIQs™IPS IR < 55
IR;EM* < (IRS1IPEIQ€™12S IRy 5GP
1
sup E(R;€M, )2 = sup E(€™,RiNE S sup IRIFIES IRNPS -
<t I71<1 ! RS I 6(5,7)?
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8. INVERSE IN SMOOTHNESS SCALES: DISCRETE OBSERVATIONS

In both cases the inequality on [|R;[|= ||R;|| at the far right side follows from (5.7),
and we also use that, by Lemma 8.2, the covariance operator of § () is bounded
above by a multiple of the projection onto W,,, and hence the identity, so that the
covariance operator of Q;§ (") is bounded above by a multiple of Q.

The first inequality shows that the first moment E||R;¢™|| of the variable
[R;€™)]| is bounded above by v/7/3(j,7). By Borell’s inequality (e.g. Lemma 3.1
in [67] and subsequent discussion), applied to the Gaussian random variable R ;¢ (n)
in Hy, we see that, there exist positive constants a and b such that, for every ¢ > 0,

\/j —b 25 . 2
Pr(||R;E™|> t + a— < UM
(IR5¢ o)
For t = 2/nn,,/v/b and n,,, €, and j,, satisfying (8.7), (8.8) and (8.9) this yields,

for some a; > 0,
Pr(IR;, €0I1> arv/im, ) < e 1<k, (8.14)
We apply this to bound the two error probabilities of the tests 7,,.
Under fy the decomposition (8.13) is valid with f = fo, and hence R;Y (™ —
fo= n_1/27€j§(”) + féj’n) — fo. By the triangle inequality it follows that 7,, = 1

implies that n='/2|R;, €M™ |> Mon, — | f™ = fo||. By the triangle inequality
followed by (5.7) and (8.4), and (5.9),

9™ — o< IR, 1 TnAfo — Afoll+HIR;Afo — foll

§d(naﬂ+’y) .
5»7 A +6 n SM ns
STy A Solls G, Bl ol My

by assumption (8.9). Hence the probability of an error of the first kind satisfies

(n) Lir. e _
PR < Pr( s R, €)1 (Mo = My ).

For My — My > aq, the right side is bounded by 6*4”53, by (8.14).

Under f the decomposition (8.13) gives that RjY(”) — fo= n*1/272j§<“> +
fU™ — fo. By the triangle inequality 7, = 0 implies that n=/2||R;, £™)|>
| £ — fo||l—Mon,. For f such that ||f — fol|> Mn, and || f — fO™)|< n,, we
have || fUr") — fol|> (M — 1)n,,. Hence the probability of an error of the second
kind satisfies

n 1
PP = 7)< Pr( Ry €02 (M = 1= Mo)in).

For M — 1 — My > ag, this is bounded by 6’4"51, by (8.14).
We can first choose M large enough so that My — M; > a1, and next M large
enough so that M — 1 — My > aq, to finish the proof. O

The theorem has a similar form as Theorem 6.1 obtained in Chapter 6 in the
case of observation of a continuous signal (in white noise). Some interpretations
of the theorem from the previous chapter are also applicable to the current one.
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8.2. General Contraction Rates

For completeness, we repeat them here. Inequality (8.10) is the usual prior mass
condition for the ‘direct problem’ of estimating Af at the design points (see [33]).
It determines the rate of contraction &,, of the posterior distribution of Af to Afy
relative to the discrete seminorm ||-||,,. The rate of contraction 7, of the posterior
distribution of f is slower due to the necessity of (implicitly) inverting the operator
A. The theorem shows that the rate 7, depends on the combination of the prior,
through (8.11), and the inverse problem, through the various approximation rates.
The factor d4(n, B4+7)/6(jn,7) in (8.9), which arises from having discrete observa-
tions only, will typically be negligible relative to d(j,, 5). The Galerkin projection
@™ in (8.11) now incorporates the errors of both inversion and discretisation.

Same adaptation by mixture priors (c.f. Theorem 6.11) can also be achieved.
The following theorem refines Theorem 8.6 by considering a mixture prior of the
form

= /HT dQ(7), (8.15)

where II; is a prior on H, for every given ‘hyperparameter’ 7 running through
some measurable space, and () is a prior on this hyperparameter. The idea is to
adapt the prior to multiple smoothness levels through the hyperparameter 7.

Theorem 8.7. Consider the setup and assumptions of Theorem 8.6 with a prior
of the form (8.15). Assume that (8.7), (8.8), (8.9) and (8.10) hold, but replace
(8.11) by the pair of conditions, for numbers 0, » and C > 0 and every T,

L (f < || f = f ~ine, /

~(f: ol|<2mn,.) <e n, YT with 9y . > Chy, (8.16)
i a2

IL(f 2 [|f9%™) = fl|> nn,r) < e 4en. (8.17)

Then the posterior distribution in the model (8.2) contracts at the rate n, at fo, i.e.
for a sufficiently large constant M we have IL,(f : ||f — fol> Mn, | Y1,...,Y,) —
0, in probability if Y1,...,Y, follow (8.2) with f = fo.

Proof. We take the parameter of the model as the pair (f,7), which receives the
joint prior given by f| 7 ~ I, and 7 ~ Q. With abuse of notation, we denote
this prior also by II. The likelihood still depends on f only, but the joint prior
gives rise to a posterior distribution on the pair (f,7), which we also denote by
IL,(-| Y™), by a similar abuse of notation.

By (8.15) and eqs. (8.16) and (8.17),

H((fa T) Y, > C"?na ”f - f0||< 27771,7—) <e 4 8",
. 2
I((f,7) < |f9™) = fI> o) < 74750,

In view of (8.10) and Theorem 8.20 in [35], the posterior probabilities of the two
sets in the left sides tend to zero. As in the proof of Theorem 8.6, we can apply
a variation of Theorem 8.22 in [35] to see that it is now sufficient to show the
existence of tests 7, such that, for some M > 2C,

P}:)Tn — 0, sup P}n)(l —Tn) < e~4nen,
(fvT):l‘fffO”>M77n\/27]n,7'7
Hf(]"’")*f\lﬁnnw
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8. INVERSE IN SMOOTHNESS SCALES: DISCRETE OBSERVATIONS

(Note that Mn, V 2n, » = Mn, if 5, < Cn, and M > 2C.) We use the tests
defined in (8.12), as in the proof of Theorem 8.6. The latter proof shows that the
tests are consistent. The bound on the power can be adapted same as in the proof
of Theorem 6.11, and hence the detail is omitted here.

O

In a typical application of the preceding theorem the priors I, for 7 such that
M, = Cny, will be the priors on rough functions, with ‘intrinsic’ contraction rate
Mn, slower than n,. These ‘bad’ priors do not destroy the overall contraction rate,
because they put little mass near the true function fy, by condition (8.16). It is
necessary to address these priors explicitly in the conditions, because they will
typically fail the approximation condition (8.11), which must be relaxed to (8.17).

In Theorem 8.6 and Theorem 8.7, it is sufficient for the operator A to satisfy
the following two properties: lifting property || Af||~ || f||- with some v > 0 and
Afy € Ggi if fo € Hg. However, when analysing particular priors, the afore-
mentioned conditions on .4 may not be strong enough for verifying the conditions
(8.10) and (8.11), while they can be verified with the following condition, which
is stronger but often satisfied in practice, e.g. Example 5.4. More examples can
be found in [57].

Assumption 8.8 (Smoothing property of A). For some v > 0 the operator A :
H,_, — G, is injective and bounded for every s > 0, and, for every f € HoyNH,_,,

IAS 2= 1115~ (8.18)

8.3 Random Series Priors

In this section we study the performance of the random series prior from Section 6.3
to the inverse regression model (8.2). We briefly recall the set-up of the prior and
the further details are referred to Section 6.3.

Suppose that {®;}icn is an orthonormal basis of H = Hj that gives optimal
approximation relative to the scale of smoothness classes (H)scr in the sense
that the linear spaces V; = Span{¢; };<; satisfy Assumption 2.3. Consider a prior
defined as the law of the random series

M
F=> fitn (8.19)
i=1

where M is a random variable in N independent from the independent random
variables f1, fa,...in R.

Condition 8.9 (Random series prior). (i) The probability density function pys
of M satisfies, for some positive constants by, b,

e Spa(k) SeTF, Wk eN

(ii) The variable f; has density p(-/k;)/k:, for a given probability density p on
R and a positive constant «; such that, for some C' > 0 and 0 < v < w < o0,

124



8.4. Gaussian Priors

Bo >0 and a > 0,

e S p(a) S el (8.20)
iPold < i <, (8.21)

The same contraction rate is obtained for the random series prior in the inverse
regression model. The discussion on the result is referred to the discussion of
Theorem 6.5.

Theorem 8.10 (Random Series Prior). Let (¢;);en be an orthonormal basis of Hy
such that the spaces V; = Span{¢; }i<; satisfy Assumption 2.3 with 6(j,t) = j /¢
relative to smoothness classes (Hg)ser as in Definition 2.1 and sufficiently large
t to be specified. Suppose that Assumption 8.1 holds with 64(n,s) = n=5/¢, the
operator A satisfies Assumption 8.8, and let fo € Hg for some g € (0,5] and
B+~ > sq. Then, for the random series prior defined in (8.19) and satisfying
Condition 8.9 with By < 8, and sufficiently large M > 0, for 7 = (8 + 7)(1 +

2v/d)/ (28 + 2y + d),

p(m)
I (f f = follo> Mn=P/ G2+ (log )T | y<n>) %9,

8.4 Gaussian Priors

In this section we study the posterior contractions of Gaussian priors in the inverse
regression model (8.2). Recall the definition of a Gaussian prior from Section 6.4.
Centred Gaussian distributions on a separable Hilbert space correspond bijectively
to covariance operators. By definition a random variable F' with values in Hj is
Gaussian if (F) g)¢ is normally distributed, for every g € Hy, and it has zero mean
if these variables have zero means. The variances of these variables can then be
written as

]E<F7 9>g = <Cg7g>05

for a linear operator C' : Hy — Hy, called the covariance operator. A covari-
ance operator C' is necessarily self-adjoint, nonnegative, and of trace class, i.e.,
Y ien(Coi, ¢i) < oo, for some (and then every) orthonormal basis (¢;)ien of Ho;
and every operator with these properties generates a Gaussian distribution.

In the setting of a Hilbert scale (H;)ser generated by the operator L it is
natural to choose a Gaussian prior with covariance operator of the form L~2%,
for some a > 0. If L™! has eigenvalues )\;, then this operator is of trace class if
ZjeN /\j_?a < 00. Thus a must be chosen big enough for the Gaussian prior to
exist as a ‘proper’ prior on Hy. For instance, if A\; ~ j~1/4 then every choice
a > d/2 yields a proper prior.

This leads to the following theorem on posterior contraction rates for Gaussian
priors, the proof of which is given in Section 8.6.

Theorem 8.11 (Gaussian Prior). Consider a Hilbert scale (Hs)scr generated by
an operator L as in the preceding such that L=' : Hy — Hy is compact with
eigenvalues A\; satisfying \; o~ j=Y4d. Suppose that Assumption 8.1 holds with
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Sa(n,s) = n=s/%, the operator A : Hy — G satisfies Assumption 8.8, fo € Hpg,
for some B > 0 such that B+ v > sq, and let the prior be zero-mean Gaussian
with covariance operator L=2%, for some o > (d — ~y) V. d/2. Then the posterior
distribution satisfies, for sufficiently large M > 0,

(n)
1, (f Uf = follo> Mn—((@=d/278)/(ect2y) | y(n)) i .

The results are comparable to Theorem 6.7, and hence we refer to Section 6.4
for the discussion.

8.5 Gaussian Mixtures

The posterior contraction rate resulting from a zero-mean Gaussian prior with co-
variance operator L~2%, as considered in Section 8.4, is equal to the minimax rate
n =P/ (2B+27+d) (see [19]) only when a — d/2 = 3, i.e., when the prior smoothness
a — d/2 matches the true smoothness 8. As shown in Section 6.5, by mixing over
Gaussian priors of varying smoothness the minimax rate can often be obtained
simultaneously for a range of values 8. In this section we consider the same mix-
ture of the mean-zero Gaussian priors with covariance operators 72L 2% over the
‘hyperparameter’ 7, from Section 6.5. Thus the prior II is the distribution of 7F,
where F is a zero-mean Gaussian variable in Hy with covariance operator L™2%, as
in Section 8.4, and T is an independent scale parameter satisfying Condition 6.10.
We repeat the condition below for the reader’s convenience.

Condition 8.12. The distribution @ of 7 has support [0,00) and satisfies

—logQ((t,2t)) St72, ast |0,
—log Q((t,2t)) St/(@=d/2) a5t — c0.

Theorem 8.13 (Gaussian mixture prior). Consider a Hilbert scale (Hs)scr gener-
ated by an operator L as in the preceding such that L1 : Hy — Hy is compact with
eigenvalues \; satisfying A; ~ j=Y4. Suppose the operator A : Hy — G4~ satis-
fies Assumption 8.8, assume that fo € Hg, for some (d/2 —v) V0 < B < a, and
let the prior be a mizture of the zero-mean Gaussian distributions with covariance
operators T2L™2% over the parameters T equipped with a prior satisfying Condi-
tion 8.12, for some o > (d—~)Vd/2. Then the posterior distribution satisfies, for
sufficiently large M > 0,

pm
o (£ 5 11f = follo> Mn=5/@5+20+0) |y} "8,

The proof is given in Section 8.6.
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8.6 Proofs

8.6.1 Proof of Theorem 8.10
The theorem is a corollary to Theorem 8.6. We shall verify the conditions with

en o~ (logn/n)B+N/@6+2+d) 5~ d/(26+274d) (1o ) (28+27)/ (26+27+d)

Let P; be the orthogonal projection of H on the linear span of the first j — 1 basis
elements ¢;, and define an additional sequence of integers by

in ~ (n/logn)¥ @6+2r+d),

By the orthogonality of the basis (¢;), the function ¢; is orthogonal to the space
Vj spanned by (¢;)i<;. Hence Pj¢; = 0, so that [|¢;]|—s< 8(j,s)lldslloS 57/,
for every j and s > 0, by (2.4). The same estimate is also true for 0 < —s < S
directly by assumption (2.3). Therefore, by the triangle inequality, we have

£l D 1515774, if f=" fid;
i i

Furthermore, since fy € Hg by assumption, the norm duality (2.1) gives that

| fo,il= |{fo, @idol < | follsllill —pS i~/
First we verify the prior condition (8.10) of the direct problem. By Lemma 8.3,

lAf —Afolln= |1 Z.(Af — Afo)||l- By several applications of the triangle inequality,
since 8+ € (sq,Sa) and [|Af (g~ [|f]l5,

|Z (Af=AfIS 1 Zn Af — Af I+ Z0Afo — Afoll+[|Af — Afoll
S da(n, B+ ) flls+ folls) + [If = Fi, foll—v+Ifo — Ps, foll—
S da(n, B+ = B, folls+If — P, foll -
+6a(n, B+ )| P, follg+ follg) + 0(in,¥)0(in, B)| folls,

by (2.4). The last term is of the order §(iy,v)d(in, 8) = in A/ o while the
second last term is bounded above by d4(n, 8 —|—’y)(||f0||/6(zn, B) + Hf0||g) < ep, if

B+~ >d/2For f = ZZ 1 i¢; € V3, the sum of the first two terms is bounded
above by

ip—1 Tnp—1 in—1

Sa(n, B+7) Y _|fi = foli +Z|f foli™ S N fi = fou
i=1

i=1

Same as shown in Section 6.6.1, the right side of this equation is bounded above

by &, with prior probability at least e~"en/2. Since also (M =i, —1) > e b1in >
e~men/2 it follows that (8.10) is satisfied.

Next we verify (8.11). Since II(M > j,) < e~P2in < e~4n<% | by Condition 8.9,

we may intersect the event in (8.11) with the event M < j,. For M < j the

random series f = Zf\il fi¢; is contained in V; and the Galerkin approximation
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R;Af of f is exact. Since fUmn = R;Z,Af, the triangle inequality followed by
(8.4) give, for s+ € (sa,.5q),

1£O™ — Il < IR ZLAF — R AF+IR;AF — £l

5d(” 5+7)
< D IRy AS - )
< dalmst7) g

= 0(4,7)9(4, 8)

if f € V}, by (2.3), for s such that f € H,. We conclude that it suffices to prove

that
jn -1

1Y 125 G my+2) < e
i=1
With the given choices of 7, and j,, for some a € R,
02 (jin /)22 = n(4(s+7)(ﬁ+7)—Qdﬁ)/(2ﬁ+2’y+d)(log n)®.
For sufficiently large s this is an arbitary high power of n. We have that

Jn—1 Jn—1

]E Z f2 Z K} 2a+1

Jn—1 Jn—1
P END IR R
=1

By the tail bound on the density p we further have that the 1, /o Orlicz norm of
f? is bounded above by xZ. Therefore,

jn—1 2a+1/2 . » .
]Z (f2 —Ef2) \ g™t 4 (log ju)?/Y maxicy, 62, i <2,
g % i » ]721a+1/2 + (ZZ<‘]" K2q)1/q if2<ov< 4’

204+1/2

where ¢ is conjugate to v/2. In both cases the first term j;, dominates. So

provided
nA(s+7)(B+7)—2dB)/(26+27+d) (logn)® > j2o+l

we can first center ZJ" f? at mean zero, and next bound the tail of the centered

variable with the help of the Orlicz norm. This will give a bound of the type

n(4(s+)(B+7)=2dp)/(26+27+d) (1og o
1/%/2( 2012 )

Under the preceding display the quotient is a positive power n of n times a
logarithmic factor and we obtain a bound of the form

otyw/2
e ()"

Here ¢ can be arbitrarily large by choosing s large. So condition (8.11) holds
provided s can be chosen sufficiently large in the interpolation inequality.

128



8.6. Proofs

8.6.2 Proof of Theorem 8.11

The theorem is a corollary to Theorem 8.6. The main tasks are to determine
€n satisfying the prior mass condition (8.10) of the direct problem, and next to
identify n,, from the prior mass condition (8.11) and the other conditions.
Similar to the proof of Theorem 8.10, the prior mass condition (8.10) is de-
composed into different components, which will be studied separately. Recall that
by Lemma 8.3, ||Af — Afolln~ |Z,(Af — Afy)||. By triangle inequality, we have

1Zn(Af = Afo)lI< 120 Af = Afl+IZ0Afo — Afoll+IAf = Afoll.

In the preceding display, the last term is same as the prior mass condition for
white noise model and has been studied in Section 6.6.2. We recall the result in
the following lemma.

Lemma 8.14 (Lemma 6.12). Under the assumptions of Theorem 8.11, for fo € Hg,
ase |0,

g/ (aty=d/2) ifd/2 < a<p+d/2
— . _ < ) — 9
logIT(f : A4S = Afoll< &) 5 {g—@a—%)/(ﬂ“), if a > B+ d/2.

Hence, It follows that TI(f : |Af — Afolo< £./2) > e " with

2d/(2a+27)nf(a+“/fd/2)/(2a+27), if d/? <a< ﬂ+d/27
1S\ 9(20-28)/(20429) y— (B4 /et 20) | if o > B4 df2.

The conditions of €,, given above can be further simplified into

En > ng/(27+d)n—(ﬂ/\(a—d/2)+v)/(20¢+27), (8.22)

where 24/(27+d) < 2 is independent of o and 3 and C will be determined below.
Since B+ > d/2 = s4, we have ||Z, Afo—Afol| < da(n, B+7)| foll = n=+1/4.

Therefore, by selecting a sufficiently large constant C' in the preceding display

such that the right hand side of (8.22) is upper bounded by &,, we obtain that

1(f : | ZnAfo = Afoll+AF = Afollo< en) > e,
Using a basic probability property, P(AN B) = P(A) + P(B) — P(AUB) >
P(B) — P(A°),
H(f : |ZnAf — Af[HIZnAfo — Afoll+IAf — Afollo< en)
>TI(f < | ZnAfo — Afoll+IAf — Afollo< en/2, [ TnAf — Afl<en/2)
2I(f : | ZnAfo — Afoll+[Af = Afollo< en/2) = TL(f : [|ZnAf — Afl|Z €0/2)
e —IU(f  |ZoAS — AfI|> €/2).
Since the prior of f is a centred Gaussian distribution with covariance operator

L2 fis in H, almost surely for s < a — d/2. Consequently, Af € G, almost
surely. Since « is chosen in the range a > (d —v) V d/2, which implies oo + v > d,
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and consequently there exists an s satisfying d/2 = sq < s+ < Sy4. Hence, (8.4)
holds and we have

[ ZnAf — AfII< da(n, s + )| flls= da(n, s + )L Fllo-

It leads to

s En
(f : |ZnAf — Af|> en/2) <TT (f HIL A= %d(nerv)) '

Therefore, it suffices to show that, for the transformed centred Gaussian random
variable L°F with covariance operator L=2(®~%) (where F is centred Gaussian
with covariance L~2%),

(|F||> 1) < e 0,

where 7, = and e, is as given in (8.22).

For F, Since E||F|?= EieNi_% < o0, the first moment of E||F| is also
bounded by Jensen’s inequality. In particular, the upper bound of E||F|| is inde-
pendent of n. The weak second moment is given by

o= sup E(F,h)= sup ||hH2_(a_s).
Ihllo<1 IAllo<1

By the norm duality (2.1), the right side is equal to

sup sup (f,h)g < sup [If[< 1.
”hH()Sll‘fHafsSl Hfllafsgl

Then by Borell’s inequality, when r,, > E||F||,

(| F[[> ) <I(|F[|=E[F[|> rn — E[LF]])

(rn—E[f1)?
SefT § e*""n(Tn*E”FH) < efnei’
where we use the fact that ne? < r,, — oo since 64(n, s) ~n~%/% and s+~ > d/2.
Combining above results, we have shown that the (8.10)

2
67”746“

DO | =

I(f € H: [Af — Afolln<en) 2

is satisfied with &, given in (8.22).
The next step of the proof is to bound the prior probability in (8.11). The
following lemma is a modification of Lemma 8.2 in [43].

Lemma 8.15. Under the assumptions of Theorem 8.11, there exist a,b > 0, such
that for every j € N and t > 0,

T(f : || f9 = fllo> ¢+ aj /2=o/d) < e=t#5*",
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Proof. We have fU) — f = (RjA, — I)f, for R; = A7'Q; and A, = I,A.
Therefore, the probability on the left concerns the random variable (R;A,
I)F, if F is a variable distributed according to the prior II. Since F' is zero-
mean normal with covariance operator L~=2¢, this variable is zero-mean Gaussian
with covariance operator (R;A, — I)L™2%(R;A, — I)*. We shall apply Borell’s
inequality to obtain the exponential bound, after computing the weak and strong
second moments of the variable (R;A, — I)F.

Because ((R;A, — I)F,g)o = (F,(R;A, —I)*g)o is zero-mean Gaussian with
variance ||L™%(R;A, — I)*gl|3= ||(R;An — I)*g|%,, the weak second moment of
(RjA, — I)F is given by

sup E((RjAn — )F,9)5 = sup [|(RjAn —1)*g]%,
llgllo<1 llgllo<1

By the norm duality (2.1), the right side is equal to

sup  sup (f,(RjAn, —1)"g)§ < sup ||(RA Dfllg
lgllo<1 117 la<1 Flla<

d(n,a+1) o ? 2
(M2 v s.0) < oGP,

when 6(j,s) = j7°/4, n>> j and (5.9).
The strong second moment of the Gaussian variable (R;A, — I)F is equal to
the trace of its covariance operator. As

Trace(S*S E:IISQSZH2 ZZ (Sohi, ;)* Z||5*¢z||2— 151175

we have

E|(R;ZnA — DF|*= (I = R;, Lo A) L™ s
<R NP Zn = 1+ Gagy — Gollzzs|lAlI?
HI( = Ry, A) : Ho — Hollys||L™ + Ho — Hal/?
SAD RPN, = T2 Gasy = Gollis+I(I = Rj, A) : Ho — Holl3ys,  (8.23)

where the first inequality is because of an elementary application of triangle in-
equality and a norm estimation of the operators in Hilbert spaces (see Proposi-
tion A.20).

In the following argument we will use some results from approximation num-
ber (and more generally s-number) in Hilbert spaces. The necessary material is
collected below, and for the detail we refer to Section 2.4. Recall that the ith
approzimation number of a bounded linear operator T : X — Y between normed
spaces is defined as

al(T G — H) URE nkU<l||T U”X%Y

where the infimum is taken over all linear operators U : X — Y of rank (i.e.,
dimension of the range space) strictly less than j, and the norm on the right is the
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operator norm ||7'—U|| x -y = sup g, « <1 /(T =U) f[ly. Approximation number is
in fact an example of a more general concept called s-numbers, which also include
singular values. We will use the following fact: on Hilbert spaces there is only
one s-number, i.e. singular value and approximation number are identical to each
other.

Introduce a temporary notation S := (I —R;, A) : H, — Hy, whose operator
norm is [|S : Hy, — Hol|S i by (5.9). Since I : H, — Hy is compact
and R;, A is of finite rank, S is compact as well. Hence it has singular values
si = a((I —R;,A) : H, — Hp), and in particular, the first singular value is
bounded by its operator norm, i.e. s3 < j;a/d. Since a;(I : H, — Hy) ~ 0(l, «)
(see the discussion following (2.6)), we have

al(‘s : Ha — HO) Z 6(]1@ + l701),

which is because that the infimum on the right hand side is taken with all operators
with rank less than j, + [, while on the left hand side there is a fixed part R;,.A
and the infimum is only taken over the operators with rank less than [. On the
other hand, with the operator U = R;, 11 A — R;, A of rank [, we have

a(S:Hoy = Ho) < I —Rj, A=U|<(jn + 1, ).
Combining the previous inequalities, we obtain
S] = a’l(S : Ha — HO) = 5(.]’” + l,Oé),

which leads to

(I —R;,A): Hy — Holl}s= Z(jn )2l = Z [2a/d < j1-2a/d
=1 I=jn+1

where we used the estimate >, . it <70 /(b—1) for b > 1.

With the same argumentabove,

||In —1I: Ga+7 — GOH%{SS n1—2(a+7)/d.

Since v + v > d/2, jn, < ne2 <n and |R;, IS 1/0(jn,y) = jn"/? the first term
in (8.23) is of order strictly smaller than the second term.

Since the first moment of ||[(R;A, — I)F|o is bounded by the root of its sec-
ond moment, the lemma follows by Borell’s inequality (see e.g. Lemma 3.1 and
subsequent discussion in [67]). O

For t2 = ne? /(4b 'ia/d) the bound in the preceding lemma becomes e

Hence (8.11) is satisfied for

M 2 V/nen [§0 4+ jal2meld,

Here we choose ¢,, the minimal solution that satisfies the direct prior mass condi-
tion (8.10), given in (8.22). Next we solve for 1, under the constraints , (8.8) and

2
—4ne;, .
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(8.9). The first of these constraints, j, < ne2, shows that the first term on the
right side of the preceding display always dominates the second term. Therefore,

we obtain the requirements j, < ne? and
N = \/ﬁn_(ﬁ/\(a—d/2)+’y)/(2a+zfy)7
Ny > n~ (ONa=d/2)49)/2a+27) jr/d.

Tin Z j;ﬁ/d
Depending on the relation between « and 8 + d/2, two situations need to be
discussed separately.

(i) a < B+d/2. We choose j, ~ n%(22+27) = ne2 and then see that the first two
requirements in the preceding display both reduce to 7, > n~(@=4/2)/a+27)
while the third becomes 7,, > n—A/2a+27) and becomes inactive.

(ii) a > B4 d/2. We choose j,, ~ n?(22+27) < ne2 and then see that all three
requirements reduce to 1, > n~8/(e+27),

Finally apply Theorem 8.6 to complete the proof.

8.6.3 Proof of Theorem 8.13

Let I, denote the zero-mean Gaussian distribution on H with covariance oper-
ator 72L72% (where o > d/2). The following lemmas are the counterparts of
Lemmas 6.14 to 6.16.

Lemma 8.16. Under the assumptions of Theorem 8.18, for fo € Hg and (d/2 —
YNVO<pf<a,asel0,

3

1>(204—25)/(5+’Y) N (7—>d/(a+'yfd/2)
. .

—logll (f: |[Af — Afoll<e) % (

Lemma 8.17. Under the assumptions of Theorem 8.13, for fo € Hg and (d/2 —
NVO<B<a,asel0,

7\ &/ (a—=d/2)
~logIL(/ : [Iflo< &) 2 () -

Lemma 8.18. Under the assumptions of Theorem 8.13, there exist a,b > 0 such
that, for every j € N and x,7 > 0,

2,2a/d

IL(f : | f9 = fllo> T2 + rag'/?=o/d) < 7P

Proofs. The proofs are identical to the one in Section 6.6.3, and hence they are
omitted. O

As preparation for the proof of Theorem 8.13, we first show that the minimax
rate can be obtained by a Gaussian prior with the deterministic scaling, dependent
on (3, given by

7, = nle=d/2=0)/(26+2v+d) (8.24)
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Theorem 8.19. Assume the conditions on the Hilbert scale, the forward operator
A and the true parameter fy in Theorem 8.11 hold. Suppose that the priors 11 are
zero-mean Gaussian with covariance operators T2 L2 with T,, as given in (8.24)
and a > (d—~)Vd/2. Then for (d/2—~)V0 < B < «, the posterior distribution
satisfies, for sufficiently large M > 0,

P(”)
M (1 11f = follo> Mn=2/@3+27+0) | y () 14,

Proof. The theorem is a corollary to Theorem 8.6. The proof follows the same
lines as the proof of Theorem 8.11. By Lemma 8.16, inequality (8.10) is satisfied
for

£y > n~ B/ @B+2y+d)

By Lemma 8.18, inequality (8.11) is satisfied for
M 2 Tn(\/ﬁgnjrja/d + j’r11/2_a/d)'

We choose j,, =~ ne2, and the minimal solution &, = n~(F+1)/(28+27+d) 4 the

second last display. It is then straightforward to verify that (8.8), (8.9) and (8.11)
are satisfied for 7, ~ n~—A#/(2F+2y+d) O

Theorem 8.13 is a corollary of Theorem 8.7, with the choices

N ~ =P/ (20+2y+d) £y, o~ n~ BN/ (@B+27+d)

n o~ ne? = @/ (2B+2y+d)

Conditions (8.7), (8.8), and (8.9) are satisfied for these choices. It remains to
verify (8.10), and (8.17)(8.16).

For ease of notation, for the moment, define 7, and ¢, as in the preceding
display, with exact equality (i.e., with the constant set equal 1). Let 7, be the
‘optimal’ scaling rate defined in (8.24).

Verification of (8.10). For 7 ~ 7, and € =~ ¢,, as given and 8 < «, both terms
in the right side of Lemma 8.16 are of the order ne?. The lemma yields, for
7 < 7 < 27, and some constant a; > 0,

—logIL (f : | Af — Afol|< en) < arne?.
This shows that
(F 3 AF = Afol < 2) = [ (73 [AS = Afall< 20) dQ()
0
> efalneiQ(Tn,%'n).
If « — d/2 < 8, then 7,, — 0, and Condition 8.12 on @ gives that

1o Q(m, 2m) < 7% = n(2A-20d) /(28 +274d) < /B2y _ 2

)
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iff<a If0< B <a-—d/2, then 1, — oo, and Condition 8.12 on @ gives that

108 Q7 27) < 7H(@=d/2) _ p(dle—d/2=B)/(a=d/2) 2B +27+d)

< pd/@2B+2y+d) _ 2

= n*

Finally if o« — d/2 = B, then 7,, = 1 and Q(7,,27,) = 1. Thus in all three
cases Q(7p,27,) is bounded below by a power of e "en. Combining this with the
preceding, we see that II(f : ||Af — Afol|ln< en) > e~%2"<5 | for some positive
constant as, which we can take bigger than 1. Then (8.10) is satisfied for €,, equal
to y/az times the current &,.

Verification of (8.16). Lemma 8.17 gives that

—as(r 4/(a=d/2)
HT(f : ”f - f0||0< 27771,7‘) S H'r(f : Hf||0< 27’71,7‘) S (& 3( /nn’T) )
for some constant ag. This is bounded above by e—daznel if
Tn,r = 247 Y2/ CERHD — 9q, 7, /7,

for a sufficiently small constant aq > 0.

Verification of (8.17). Choosing & = a4nn/Tn = Mn,+/(27) in Lemma 8.18, we

see that the left side of (8.17) is bounded above by e~4a2nel, if j - satisfies

aj,l/zfo‘/d < agMn/Tn, and bai(nn/Tn)ijLa/d > 4agne?.
Both inequalities become equalities for j, of the order j, ~ n®/(28+27+d) ag
indicated at the beginning of the proof. Since 1/2—a/d < 0 and 2a/d > 0, the left
side of the first inequality is decreasing in j,, and the left side of second inequality
is increasing. Thus both inequalities are satisfied for j, = azn®/(2+27+d) and a
sufficienty large constant as.

Finally we choose €, and j, in Theorem 8.7 equal to /a2 and as times the
orders indicated at the beginning of the proof. Then (8.7) is satisfied, and (8.8)
and (8.9) are satisfied if n,, is chosen of the indicated order times a sufficiently
large constant.

135



