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Chapter 4

Bayesian Nonparametrics for Gaussian
Linear Models

In this chapter, we survey some basic facts of Bayesian nonparametrics, retrieved
from [35]. In addition, we present a general contraction results for the Gaussian
linear model with a transformed drift.

4.1 Bayesian Nonparametrics

4.1.1 Bayes’ Rule

As mentioned in Section 1.3, Bayes’ rule on infinite-dimensional spaces requires
special care on measurability concerns. In this section, we sketch Bayes’ rule in
infinite-dimensional spaces. For more details, see Section 1.3 in [35].

The Bayesian procedure can be described in the following steps. First, the
statistician seeks for a prior distribution I to apply on the parameter space (0, .%),
where . is a g-algebra. Then, given 6, each element Py in the statistical model
{Py : & € O} becomes a regular conditional distribution on the sample space
(X, .2"). That means, the mapping © x 2" > (6, A) — Py(A) € [0,1] is a (proba-
bility) kernel from © to X i.e.

(i) with fixed 6, A +— Py(A) is a probability measure on X,
(ii) and with fixed A, 8 — Py(A) is .#-measurable.

Therefore, the pair (X, ) has a well-defined joint distribution

MXGAGG&z/P%@ﬁW)
B

on the product space (X x ©, 2" x .). Consequently, the (Bayesian) marginal
distribution of X is given by

P(A) = /PG(A) 1Y), Ae,
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4. BAYESIAN NONPARAMETRICS FOR (GAUSSIAN LINEAR MODELS

and the posterior distribution, the conditional distribution of 8 given X, is
I(B| X)=PAeB|X), Bel.

Remark 4.1. The posterior distribution is always well-defined, by Kolmogorov’s
definition. That means, II(f| X) is a measurable function of X such that, for
a fixed B € . and any A € 2, E[II(A| X)1{X € A}] = P(X € A,0 € B).
However, to obtain a regular version of the conditional distribution, the size of
the space (©,.7) cannot be too big. One sufficient condition is that © is a Polish
space, i.e. a complete separable metric space, and .# is the Borel o-algebra.

It is noteworthy that the posterior distribution IT(- | X) is unique up to null sets
under the Bayesian marginal distribution. For a faithful Bayesian, this does not
cause any problems, since it is believed that the Bayesian marginal distribution
generates the data. However, in the case that the Bayesian framework is treated
as an inference method, a ‘true’ distribution Py generating the data X is not
necessary identical to the Bayesian marginal distribution, and hence they do not
have the same null sets. This phenomenon leads to indefiniteness of the posterior
distribution. The pathological circumstance above is related to misspecification
and can be excluded by the following condition,

Py < / Py dI1(0).

When the statistical model & = {Pp : § € O} is dominated by a o-finite
measure pu, the Radon-Nikodym derivative provides densities pg related to the
dominating measure p such that (x,6) — py(x) is measurable. Then, the density
version of Bayes’ formula is given by

_ Jppe(X)dII(0)

MBI X) = ) are)

(4.1)

4.1.2 Bayesian Asymptotics

For a given Bayesian inferential procedure, i.e. estimating a parameter using
the posterior distribution generated by Bayes’ rule and a prior on the parameter
space, its statistical performance can be evaluated in the asymptotic framework.
Specifically, the following frequentist concepts are used to characterise posteriors.

For a sequence of experiments & = {X(”), %(”),Pén) : 0 € O}, consider a
prior IT on the Borel-algebra %(©), and fix a version IT,,(-| X (™) of its posterior
distribution, i.e. any given choice of a regular condition distribution of 6 given
X ™) (see Remark 4.1), which is referred to as the posterior.

The asymptotic consistency for Bayesian procedures is defined as follows.
Definition 4.2 (Consistency). The posterior IL,(-| X (™) is (weakly) consistent at
(n)
0

0y € O if, for every neighbourhood U of 6y, in P, * probability,

I, (U] X™) -0, asn— oo,

and it is strongly consistent if the convergence above is Péz)-almost surely.
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4.1. Bayesian Nonparametrics

The concept of contraction is useful for quantifying the speed that the posterior
concentrates around the truth.

Definition 4.3 (Contraction rate). Suppose that the parameter space © is equipped
with a pseudo-metric d(-,-). A sequence &, is a posterior contraction rate at the
parameter g if

IL, (9 2 d(0,60) > Mye, | X(")> — 0, asn— oo,

in ]P’é?, for arbitrarily slow M, — oco.

Definition 4.3 requires some clarifications. First, the sequence ¢, is a rate
rather than the rate, since any sequence decreasing slower also satisfies the defi-
nition. Certainly the fastest decaying sequence &, is of interest, but it may not
be tractable in general. Therefore, ¢, is actually an upper bound for a targeted
rate,but we will refer to it as the rate, with an abuse of terminology. In addition,
due to the inaccessibility of minimal rates, we are satisfied with the result that
the contraction rates are comparable (matching or close to) some benchmarks, for
which a frequently used example is the optimal rate in minimax sense.

For statistical models in infinite-dimensional spaces, it is often the case that
the unbounded sequence M,, can be replaced by a sufficiently large constant M,
which gives a slightly stronger result. On the other hand, for parametric models,
the unboundedness is required in order to obtain the regular rate n~/2. In this
thesis, in all chapters we consider the strong version of Definition 4.3, i.e. M being
a fixed constant, except in Chapter 7.

Some point estimators naturally emerge from the posterior distribution. An
example is the centre of the smallest ball containing at least posterior mass 1/2.
Another one is the posterior mean. For further details, see Section 8.1 in [35].

In the Bayesian approach, credible sets are used to quantify uncertainty, whose
counterpart in frequentist framework is confidence regions.

Definition 4.4 (Credible set). Fix a constant 1 —~ € (0,1). A subset C, (X)) of
O is a credible set for 6 of credibility level 1 — ~ if

M, (6 € Cu(X™)| X™) 214,
and the frequentist coverage of credible sets is given by
P, (9 € Cn(X(”))).
It is logical to consider the sets capturing most of the posterior mass while
retaining a reasonable size at the same time. For example, if the posterior is

unimodal, a ball centred at its mode can be considered as a credible set. Credibility
is not the main focus of this thesis, but we will touch it in Chapter 7.
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4. BAYESIAN NONPARAMETRICS FOR (GAUSSIAN LINEAR MODELS

4.2 Gaussian Linear Models

In Section 1.2, we have already mentioned the following model,
XM = Amg 4 ),

In this section, we formally define the model, using the elements introduced in
Chapters 2 and 3.

There are two components in the model: the transformed signal A™@ and
the noise £(™, and our interest is the original signal 0. Different combinations of
A™ and €™ leads to separate models. The choice of A highly depends on the
problem under investigation. In Part II, A is a forward mapping with smoothing
property, related to inverse problems, and in Part III, two items from the solution
mapping of evolution equations are represented as A. In the present chapter, we
only assume that A : ® — G is a bounded linear operator, from the parameter
space © to another Hilbert space G, both of which are separable, and our focus is
on the interpretation of noise. We are going to discuss two types of noise related
to different observation schemes.

4.2.1 Continuous Observation

We consider the following Gaussian linear model with continuous observations.
For n € N, let

1
(") = (") = —
A A and ¢ \/ﬁf’

ie.
(n) _ L
X" = A0 + \/ﬁﬁ . (4.2)

The forward operator is independent of the experiment sequence, while the noise
£ is a fixed Gaussian element ¢ scaled by 1 /+/n, representing more information
collected as n — oco. The observation is called continuous if we record the entire
signal Af in G with noise £. Using the duality structure of Hilbert space G, the
complete signal trajectory A6 is equivalent to ((A6,g), : g € G). Concerning
the noise, the conventional framework in statistics is Gaussian processes indexed
by space G, which will be illustrated below. We conclude the discussion with a
formula of the Kullback-Leibler distance between two observations with different
signals Af.

In our measurement model the observation X (™ will be a stochastic process
(X (w) : w € G) such that

XM (w) = (Ab,w)e + %f(w), we G, (4.3)

where £ = ({(w) : w € G) is a Gaussian process defined as follows. Let Q : G — G
be a bounded self-adjoint positive-definite operator. With the inner product (-, )¢
and norm ||-||¢ on G, we consider the noise £ to be a Gaussian process indexed
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4.2. Gaussian Linear Models

by the Hilbert space G such that, for every h,g € G, £(h) is Gaussian with zero
mean, i.e. E£(h) =0, and

E¢(h)é(g) = (h, Qg) ¢ (4.4)

By abuse of notation, we also call Q the covariance operator of the Gaussian
process £.

The processes X (™ and £ are viewed as measurable maps in the sample space
RE, with its product o-field. Statistical sufficiency considerations show that the
observation can also be reduced to the vector (X (w;), X (wy),...), which
takes values in the sample space RY, for any orthonormal basis (w;);en of G. The
coordinates X (™) (w;) of this vector are random variables with normal distributions
such that

2 1
EX ™ (wi) = (A6, w))g, B(X ()" = 10" w3,

with covariance Cov(X™ (w;), X" (w;)) = (w;, Qu;), given by (4.4). If the
basis (w;);en is also orthogonal with respect to the inner product induced by Q,
ie. (w;, Qwj), = 01if i # j, then the variables {(w;),£(w2), . .. are stochastically
independent normal variables. In this case, (X ™ (w), X (wy),...) is known as
the Gaussian sequence model in statistics, albeit presently the ‘drift function’ .46
involves the operator A. See [11, 50] and references therein. In the rest of this
thesis, we will consider the following cases.

(i) In Part II, Q@ = id on G. € is an isonormal process on G and cannot be
realised as a proper element of G. However, (4.3) makes perfect sense and
(4.4) corresponds to E&(h)E(g) = (h, g), the defining equation of isonormal
process. We take G = id(G).

(ii) In Part III, Q # id on G. The covariance structure of £ is characterised by
Q. If Q is of trace class, then £ induces a centred Gaussian measure on G,
whose RKHS is G = Q'/%(G) equipped with norm |h|g= ||Q~'/2h||¢. Con-
sequently, (4.2) defines a Borel mapping X (") into G, and the interpretation
X™(g) = (XM, g),, leads to (4.3). Otherwise, if Q is not of trace class, the
same argument from the white noise case applies.

In both cases, the law of X is dominated by &/y/n is equivalent to A6 €
QY2(G@) = G. So we assume Ran.A C Ran(Q'/?). Moreover, the Kullback-
Leibler distance is given in the lemmas below. For the proper Gaussian case, it is
a direct consequence of Lemma 3.20.

Lemma 4.5. Let £ be a proper centred Gaussian on a Hilbert space G with G being
the RKHS. Let 74, ,7g, be the law of

Xi=g1+& and Xy =g2+¢

respectively. Then, we have

dvy 1 d
B oz 22| = Sl —ulls and Vary,[log 52| = o1 - gl

g2
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4. BAYESIAN NONPARAMETRICS FOR (GAUSSIAN LINEAR MODELS

where the subscript g1 denotes that the integrals are calculated with respect to
measure g, -

For the white noise case, it requires more elaboration. We consider the obser-
vations in the sequence model.

Lemma 4.6. For § = (01,60,...) let Py be the distribution of the random element
(Z14 601,25+ 02,...) in R*® for Z1,Z5 ... i.i.d. mean-zero normal variables with
variance o®. If 0 € (2, then Py is absolutely continuous relative to Py with log

likelihood - -
dPy 1 1
1o X1, X0, )= — S 0:X — — Y 62
g dP ( 1, 2, ) 0_2 ; 20_2 Zz:; 7

where the first series converges almost surely and in second mean. The expectation
and variance of this variable are

dP, 1
Ey {log dPH} = > 292 and Varg [log } == 292

Proof. That the series converges in L? is clear from the fact that # € £2; the almost
sure convergence next follows from the It6-Nisio theorem. The expectation and
variance of the right side are easy to compute as limits.

Write ¥, for the right side of the display, and ¥, for the expression obtained
by replacing the infinite sums by the sums from 1 to n. Thus ¥, = X ahnost
surely. Since Ege?¥n = e2i=1 07/ is uniformly bounded in n, it follows that e*
is uniformly integrable and hence converges in mean to e*>~. In particular, the
mean of the latter variable is 1, the mean of the former variables.

It follows that the Borel measure on R* defined by B ~— Eq1g(X)e*= is a
probability measure. For every Borel set B it is the limit of Ey 15(X)e*", which
is Py(B) if B depends only on the first n coordinates, as e*» is the density of the
distribution of (Zy + 61,...,Z, + 6,,) with respect to its distribution at § = 0.
Since the Borel o-field on R* is generated by the algebra of all cylinder sets, it
follows that Py and the measure B — Eq 15(X)e™> agree. O

Recall that a bounded operator @ : H — H is called diagonalisable, if with an
orthonormal basis {¢y }ren for H, for all f € H,

of = ZQkfk-sOk with fr = (f, ox) g

keN

The last result can be easily extended to the case of diagonalisable operators.

Corollary 4.7. Let Zy in Lemma 4.6 be independent mean-zero normal variables
with variance o3 such that sup, oy, < oo. Then, the same result holds with

dP, — i
lo o8 (Xl,XQ,...):Zin—

and



4.2. Gaussian Linear Models

4.2.2 Discrete Observation

In practice, it is rare that complete information can be acquired from measure-
ments, and only partial observations can be gathered. It is often designated by
a natural number n, representing the amount of observations having been made.
We consider the following type of partial observation. Let G be the space L?(D)
of square integrable functions on a bounded domain ® C R? with d € N. Instead
of observing the entire trajectory of Af in G, we observe the process at the design
points, a set ©,, = {x;}i<n, C D. To formalise the description, let

AP = gMA € = (23)icn,

where £ : G — R” is the evaluation operator at design points, and (2i)i<n is
the standard Gaussian in R™. The observation X (") is a random vector (Xi)i<n
in R™, with the coordinates given by

Xi:(A@)(CCi)-i-Zi, i=1,---,n,

where z; are i.i.d standard Gaussian variables.

In literature (e.g. [42]), the majority of discrete observations refers to the afore-
mentioned type. While, less frequently, it may address the continuous observations
being truncated, e.g. only the first n entries of the infinite vector (X (wy));ey-
We do not follow this convention, but it is often equivalent to the discrete observa-
tions at design points, with regularity assumptions on the signal Af. For example,
in Section 8.1, we will also present a concrete construction that the observation at
design points implies the truncated continuous observation.

Connection to white noise model

We are going to give some heuristics to link the regression to the white noise
model. Since only the observation is relevant, the shorthand notation g = A6
is used. We assume that there exists a partition {®; : 1 < ¢ < n} of ® such
that the subdomains are mutually disjoint and of equal volume vol ®; ~ 1/n, and
furthermore each subdomain ®; contains only one design point x;.

The observations in white noise can be reduced to the projections on a or-
thonormal basis {vg }ren of L2(D). If the basis functions are continuous as well
as the drift function g, the projection can be approximated by the Riemann sum-
mation,

/ g(z)v(z) dx =~ Zg(:nz)v(a:z) vol D;.
D i=1
Recall vol®; ~ 1/n. By plugging in the noisy observations from regression, the

noise is
= v(w;) 1 2
i ~ M|0, - i 19; |.
;z p R( nZv(m) Vo )

i=1
On the other hand, from Example 3.31,

%f(v) _ %/@g(m(t) dthi@(O,i/@v(m)th)
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4. BAYESIAN NONPARAMETRICS FOR (GAUSSIAN LINEAR MODELS

Both of the noises are centred and their variances are asymptotically equal.

Remark 4.8 (Continuity). It is noteworthy that the assumption on the continuity
of both drift g and the test function v is crucial. As we will see in the subsequent
Chapter 7 and Chapter 8, the drift Af needs to possess certain smoothness, which
corresponds to the minimal requirement on securing continuity.

The heuristics above shows that the regression model converges to the contin-
uous model in a certain sense, while more data are gathered. However, conversely,
the point evaluations of white noise model does not lead to a regression model.
This is because point evaluation is only defined for continuous functions, but the
while noise £ is only distribution-valued (see Example 3.31). One cannot talk
about the values of £ evaluated at points.

4.3 Bayesian Contraction for Gaussian Linear Models

In this section we present a general theorem on the posterior contraction for linear
problems in the following form. First we introduce the smoothness class. Let
(0, (,-)) be a separable Hilbert space. Given a set & in a finite dimensional
ordered space (e.g. R™, m € N), assume that there exists a smoothness scale
{Os, (-, *)s}ses with ©¢ = O, such that for s < ¢, the induced norm ||-||; is strictly
stronger than ||-||s and ©, C ©,. We consider the observation scheme as introduced
in Section 4.2.1, a transform A6 of 6 in G with Gaussian process £ indexed by G,

1
(n) —
X0 = A0+ ¢ (4.5)

Let £ be a centred Gaussian process indexed by a separable Hilbert space G with
covariance operator Q. Assume that A : ©® — G is a bounded linear operator
satisfying

Ran A C H := QY2(@),

where H is a Hilbert space equipped with the induced inner product (see Lemma A.11),
() )y = <Q—1/2., Q—1/2.>G

We will only consider the non-degenerate case, i.e. H is dense in G. To link the
spaces G and O, we introduce the following assumption.

Assumption 4.9. The family {R,, } nen of linear reconstruction operators R,, : H —
O satisfies the following properties.

(i) With j,, — o0, let {W;, }nen be a sequence of subspaces of G such that, for
alln € N,
dim an = Jn, Wj“ c W;

In+17

W

In € H7

and the kernel (i.e. the null space) of R, is WJJ-L

(ii) Let p, be a monotonically nondecreasing sequence which may go to infinity
as n — 00. R, satisfies
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4.3. Bayesian Contraction for Gaussian Linear Models

(iii) For s € &, let {0(jn, $) }sez be a family of monotonically decreasing functions
such that 0(jn,s) J 0 as n — oo, for all s € &. We assume

IR A8 — 810 (i, 5)6]]. (4.7)
holds, for # € ©4, s € 6.

We form the posterior distribution II,,(- | X ™) as in (4.1), given a prior II,, on
the space © = Oy and an observation X ("), whose conditional distribution given
0 is determined by the model (4.5). We study this random distribution under the
assumption that X follows the model (4.5) for a given ‘true’ function 6 = 6y,
which we assume to be an element of ©4 in a given smoothness class (O;)sea-

The result is based on an extension of the testing approach of [35] to the
parameter inference of (4.5). The recovery problem is handled with the help of
the reconstruction family from Assumption 4.9. We note that the reconstruction
family only appears as a tool to state and derive a posterior contraction rate. In
our context it does not enter into the solution of the linear problem, which is
achieved through the Bayesian method.

Clearly the reconstructed signal (") = R,, A is an approximation to #, which
will be better for increasing n, but increasingly complex, when p,, is unbounded.
The following theorem uses p,, that balances approximation to complexity, where
the complexity is implicitly determined by a testing criterion.

Theorem 4.10. Assume 0y € ©g with 3 € R such that A©g C H.
For e, | 0 such that ne2 — oo, suppose Assumption 4.9 holds with

- 2
Jn < cney,, (4.8)
where ¢ is a positive constant. In addition, for n, > ,, assume

M 2 PnEns (4.9)
N 2 6(jn, B)- (4.10)

Let 0 denote a reconstruction estimator R, A8 to 0. Consider prior proba-
bility distributions I1 on © satisfying

(6 : A € H) = 1, (4.11)
(0 : || A0 — Abp||u< e,) > e ", (4.12)
(6 : |6 — 6]jo> nn) < e 47, (4.13)

Then the posterior distribution in the model (4.5) contracts at the rate 0, at 0o,
i.e. for a sufficiently large constant M we have IL, (6 : |0 — 0| o> Mn, | X™) = 0,
in probability under the law of X given by (4.5) with 6 = 6.

The conditions in Theorem 4.10 deserve some explanations.

The desirable structure of priors is characterised by egs. (4.11) to (4.13). Since
we only consider dominated models in Gaussian noise, (4.11) assures the validity
of the density version (4.1) of Bayes’ formula. (4.12) is the prior mass condition,
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4. BAYESIAN NONPARAMETRICS FOR (GAUSSIAN LINEAR MODELS

that is, a set around the truth should have sufficient probability mass at most
exponentially decay with ne2. The last condition (4.13) states a requirement
on the prior related to the testing approach via the constructed signals. It says
that the prior mass on a set, whose elements, even without noise, cannot be
accurately reconstructed quantified by 7,,, should have prior mass upper bounded
by a negative exponential of ne2.

The final contraction rate is determined with the constraints eqgs. (4.8) to (4.10).
The first (4.8) can be interpreted as a consideration that the reconstruction should
be capped by the available information, indicated by ne?. The second constraint
(4.9) shows the cost to recover the original signal 6 from the transform A, and
the last one (4.10) simply states the fact that the rate cannot be faster than the
recovery rate for noiseless signals.

We conclude this section with proving the main theorem of this section.

Proof of Theorem 4.10. Using Lemma 4.5, Lemma 4.6, and Corollary 4.7 from
Section 4.2.1, the Kullback-Leibler divergence and variation between the distribu-
tions of X under two functions 6 and 6, are

n|| A0 — Abo||%/2 and n|l.A0 — Ab |

Therefore the neighbourhoods By, 2(6p,¢) in (8.19) of [35] contain the ball {6 €
© : | A9 — A=< }. By assumption (4.12) this has prior mass at least e~"<n.
Because the quotient of the left sides of (4.12) and (4.13) is o(e~2"<%), the
posterior probability of the set {f : |8 —0]o> 7, } tends to zero, by Theorem 8.20
in [35].
By a variation of Theorem 8.22 in [35] it is now sufficient to show the existence
of tests 7,, such that, for some M > 0,

2
Pé:) Tn — 0, sup Pén)(l —7p) < e e,
0:1]0—00lo>Mnn,
[16C) =010 <ns

Indeed, in the case that the prior mass condition (8.20) in Theorem 8.22 of
[35] can be strengthened to (8.22), as is the case in our setup in view of (4.12),
it suffices to verify (8.24) only for a single value of j. Furthermore, we can apply
Theorem 8.22 with the metrics d,(x,y) = || — y|lo€n/nm in order to reduce the
restriction d,,(0,0,.0) > Me, to |6 — 6yllo> Mn,,.

Let {ex}r<j, be an G-orthonormal basis of W, , and denote the G-orthogonal
projection onto W; by

PjnIG—)an C H.

By slight abuse of notation, define the projection P;, of process £ onto W, by

n

P& =Y &ler)er,

i<jn

where {(ey) is a zero-mean Gaussian random variable with covariance (ey, Qex) -
P;,.§ is a proper Gaussian element in the finite-dimensional space W;, , because
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4.3. Bayesian Contraction for Gaussian Linear Models

each &(ey) is Gaussian. Furthermore, notice that for any u,v € H,

E(P;, & u) (P &0) =E || 3 &lex)(uen) | | D &le) (v, er)

k<jn 1<jn
= (u,er) (v, en)(en, Qer)g
kJSj'IL
:<P’nu7 QPnU>G-

Since P, = Py, P;,§ is a centred Gaussian with covariance P;, QP; . Thus, the
following expression makes sense,

1
’P]”X(n) = PJvLAe + ﬁpjnf
Besides, because of the first property in Assumption 4.9, we have

f™ =R, Af =R, 0P Af, YfecoO.

Now we claim that
1
Rno Pan(n) = ‘9(") + ﬁRn o Pjng (414>

is a well-defined Gaussian random element in ©. It suffices to sAhow the noise
Ry, oP;,€ is a proper random element in ©. Denote R,, o P;, by R,. Since

EHﬁngH?‘) = Trace(RnPj7L Q,Pjn R:L) = Trace |:(Rn7)7n Q1/2)(RWP77L Ql/z)*]

=[RuP;, Q2 Hs= Y IIRaP;, Q' 2erlP< IRall* D IPs, (" %er)|?

k<jn k<jn
Sinbi,
where we use the properties of Schatten norms (see Proposition A.19 and Proposi-
tion A.20), and the fact that ||P;, (Q'2e;)||< || QY ?ex||¢< ||Q'/?||. The preceding

inequality shows that R, X (") is indeed a proper random element in ©. In addi-
tion, the weak second moment of the variable R,¢ is

sup ]E(&ﬁnéﬁ_) = sup (0,R,P;,QP;,Rn0)¢
16]lo<1 [[0llo<1

= sup [|QV*P; Riblg= 1Q"*P;, Ry 3.
[[0]lo<1 '

=R P;, Q% |E&0= RulZ:0lPs, Q1P o3,

where the last inequality follows from the boundedness of P;, and Q2 and
Assumption 4.9. R
The first inequality shows that the first moment E[R,&||, of the variable

[Rn€llo is bounded above by \/jnpn. By Borell’s inequality (see Lemma 3.11),
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4. BAYESIAN NONPARAMETRICS FOR (GAUSSIAN LINEAR MODELS

applied to the Gaussian random variable ﬁnf in ©¢, we see that there exist posi-
tive constants a and b such that, for every ¢t > 0,

P(||7/?\,n§”0> t+a jnpn) < e V00,

With t = 2/nn,, /V/b, for n,, and ¢, satisfying (4.9) and (4.10) this yields, for some
ay >0,

P(IRullo> a1y ) < e, (4.15)

We apply this to bound the error probabilities of the tests
Tn = l{HﬁTLX(n) - 90”02 MO'qn}7 (416)

where Mj is a given constant, to be determined. R
Under 6, the decomposition (4.14) is valid with § = y, and hence R, X —

Op =n~Y 273715 —I—H(()n) —60y. By the triangle inequality it follows that 7,, = 1 implies
that n=1/2|Rpll0> Mony, — ||9(()n) — Bollo- By (4.7), the assumption that fy € Hg

implies that ||0(()") — Oollo< M16(jn, B), for some My, which is further bounded by
M;in,,, by assumption (4.10). Hence the probability of an error of the first kind
satisfies

n 1 -~
2hy) 0 < P(TRatllo> (Mo — M ).

For My — My > aq, the right side is bounded by e“mei, by (4.15).

Under 6 the decomposition (4.14) gives that R XM — 0y = n~V2R € +
9™ — y. By the triangle inequality 7, = 0 implies that n=1/2||R,.&[jo> 6™ —
ollo—Mon,. For 6 such that [|@ — bglo> Mn, and [0 — 07|¢< 7, we have
00" — 6]lo> (M — 1)n,,. Hence the probability of an error of the second kind
satisfies

n 1 S
B (1= m) < B( s Ratlloz (M = 1= Mo)in),

For M — 1 — My > a1, this is bounded by 6’4”531, by (4.15).
We can first choose M large enough so that My — M; > a1, and next M large
enough so that M — 1 — My > aq, to finish the proof. O
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