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Towers of Solutions of qKZ Equations and
Their Applications to Loop Models

K. Al Qasimi, B. Nienhuis and J. V. Stokman

Abstract. Cherednik’s type A quantum affine Knizhnik—Zamolodchikov
(aKZ) equations form a consistent system of linear g-difference equations
for V,-valued meromorphic functions on a complex n-torus, with V,, a
module over the GL,-type extended affine Hecke algebra H,. The fam-
ily (Hn)n>o of extended affine Hecke algebras forms a tower of algebras,
with the associated algebra morphisms H,, — Hn+1, in the Hecke algebra
descending of arc insertion at the affine braid group level. In this paper,
we consider qKZ towers (f(">)n20 of solutions, which consist of twisted-
symmetric polynomial solutions f™ (n > 0) of the gKZ equations that
are compatible with the tower structure on (Hn)n>o. The compatibility is
encoded by the so-called braid recursion relations: f(™+% (z1,-.+,2n,0) is
required to coincide up to a quasi-constant factor with the push-forward
of f<") (#1,...,2n) by an intertwiner pin: Vsu — Vpy1 of Hp-modules, where
Vn+1 is considered as an H,-module through the tower structure on
(Hn)n>0. We associate with the dense loop model on the half-infinite
cylinder with nonzero loop weights, a qKZ tower (f<"))n20 of solutions.
The solutions f (") are constructed from specialized dual non-symmetric
Macdonald polynomials with specialized parameters using the Cherednik—
Matsuo correspondence. In the special case that the extended affine Hecke
algebra parameter is a third root of unity, f™ coincides with the (suitably
normalized) ground state of the inhomogeneous dense O(1) loop model
on the half-infinite cylinder with circumference n.

1. Introduction

Quantum Knizhnik—Zamolodchikov (qKZ) equations are consistent systems of
linear ¢-difference equations that naturally arise in the context of represen-
tation theory of quantum affine algebras [14] and affine Hecke algebras [5].
They appear as consistency equations for form factors and correlation func-
tions of various integrable models (see e.g., [19,26] for the first examples).
In this paper, we focus on Cherednik’s qKZ equations associated with the
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GL,-type extended affine Hecke algebra H,,. This case relates to integrable
one-dimensional lattice models with quasiperiodic boundary conditions, with
the integrability governed by the extended affine Hecke algebra H,,. Important
examples, also in the context of the present paper, are the XXZ spin—% chain
and the dense loop model.

The collection (Hy,)n>0 of extended affine Hecke algebras forms a tower of
algebras with respect to algebra morphisms H,, — H,+1 that arise as descen-
dants of arc insertion morphisms B, — B,.1 for the groups B, of affine
n-braids, cf. [1,3,15]. In this paper, we study families (f(™),>¢ of solutions
f (") of gKZ equations taking values in H,,-modules V,, that are naturally com-
patible with the tower structure.

It leads us to introducing the notion of a tower (f(™),>¢ of solutions
of gKZ equations. The constituents f(™ of the tower are polynomials in n
complex variables z1, ..., z,, taking values in a finite-dimensional H,-module
Vn. They are twisted-symmetric solutions of Cherednik’s qKZ equations
interrelated by the so-called braid recursion relations, meaning that f(+1)
(21, .., 2n,0) coincides, up to a quasi-constant factor, with the push-forward of
f(")(zl, ...y 2n) by an H,-intertwiner p,:V;, — V;, 11, where V,,41 is regarded
as an Hy,-module through the tower structure of (Hy,)n>0. In the terminol-
ogy of [3], the collection {(V},, tbn) }n>0 of H,-modules V;, and H,-intertwiners
tn: Vi — Viyq is a tower of extended affine Hecke algebra modules. From this
perspective, towers of solutions of qKZ equations are naturally associated with
towers of extended affine Hecke algebra modules. The braid recursion relations
are then determined by the module tower up to the quasi-constant factors.

In [3], the first and third authors constructed a family of module towers,
called link pattern towers, which depends on a twist parameter v. The link
pattern tower actually descends to a tower of extended affine Temperley—Lieb
algebra modules. The representations V,, are realized on spaces of link patterns
on the punctured disk, which alternatively can be interpreted as the quantum
state spaces for the dense O(7) loop models on the half-infinite cylinder (with
n the circumference of the cylinder). The intertwiners p,, in the link pattern
tower are constructed skein theoretically (for even n this goes back to [11]), and
are in fact closely related to arc insertion morphisms in a relative version of the
Roger and Yang [25] skein module in the presence of a pole (see [3, Rem. 8.11]).
In this paper, we construct towers (f(),>¢ of solutions of qKZ equations
relative to the link pattern tower with twist parameter one and describe the
corresponding quasi-constant factors in the braid recursion relations explicitly.
We consider two cases.

We show that the (suitably normalized) ground states f (") of the inho-
mogeneous dense O(1) loop model on the half-infinite cylinder with circum-
ference n form a tower of solutions relative to the link pattern tower. In this
case, the associated affine Hecke algebra parameter is a third root of unity.
This generalizes results from [11], where the braid recursion relations relat-
ing fCRH (21, ... 208,0) to fR) (2, ..., 201) were derived under the implicit
additional assumption that a unique normalized ground state for the inhomo-
geneous dense O(1) loop model exists when one of the rapidities is set equal
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to zero (the latter is not guaranteed, since the transfer operator is no longer
stochastic when one of the rapidities is set equal to zero). In an upcoming
paper [2], the full set of braid recursion relations for the ground states is used
to derive explicit formulas for various observables of the dense O(1) loop model
on the infinite cylinder.

We generalize this example by constructing a tower of solutions (f ("))nzg
for twist parameter one and for all values of the affine Hecke algebra parameter
for which the loop weights of the associated dense loop model are nonzero. In
this case, the constituents f(") are constructed using the Cherednik—Matsuo
correspondence [22,27]. The Cherednik—Matsuo correspondence, relating solu-
tions of qKZ equations to common eigenfunctions of Cherednik’s commut-
ing Y-operators, can be applied in the present context since the link pattern
modules are principal series modules, as we shall show in Theorem 6.6. It
leads to the construction of the constituents f(") of the tower in terms of
non-symmetric Macdonald polynomials. Subtle issues arise here since the two
parameters of the associated double affine Hecke algebra satisfy an algebraic
relation that breaks down the semisimplicity of the Y-operators. We resort
to Kasatani’s [20] work to deal with these issues. See [21] for an alternative
approach to construct polynomial twisted-symmetric solutions f(™) of the qKZ
equations using Kazhdan—Lusztig bases.

In both towers, the constituent f(™ is a nonzero twisted-symmetric homo-
geneous polynomial solution of the gKZ equations of total degree %n(n —1).In
fact, this property characterizes f(™) up to a nonzero scalar multiple, a result
that plays a crucial role in establishing the explicit braid recursion relations.
In particular, it allows us to prove the braid recursion relations for the suit-
ably normalized ground states of the inhomogeneous dense O(1) loop models
without addressing the issue of the existence of a unique normalized ground
state when the rapidities are outside the stochastic regime.

The content of the paper is as follows. In Sect. 2, we recall the definitions
of extended affine Hecke algebras and qKZ equations and introduce the notion
of a qKZ tower of solutions. In Sect. 3, we recall from [3] the definition of the
link pattern tower. In Sect. 4, we determine necessary conditions for the exis-
tence of nonzero twisted-symmetric homogeneous polynomial solutions f(™) of
total degree %n(n — 1) of the gKZ equations with values in the link pattern
modules. We show that the existence implies that (f (n))nZO forms a tower of
solutions relative to the link pattern tower, and we explicitly write down the
corresponding braid recursion relations. The construction of the tower of solu-
tions when the Hecke algebra parameter is a third root of unity is discussed
in Sect. 5. The general case is discussed in Sect. 6. We derive a dual version
of the braid recursion relations in Sect. 7. Lastly, in “Appendix A” we dis-
cuss uniqueness properties for various classes of twisted-symmetric solutions
to gKZ equations, some of which were considered before in [8,11,21].
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2. Towers of Solutions of qKZ Equations

In this section, we begin by recalling the extended affine Hecke algebra, the
gKZ equations, and introduce what we call a qKZ tower of solutions. The
extended affine Hecke algebra can be defined using two different presentations.
We make use of both presentations as one is more convenient for defining qKZ
equations, while the other is more suitable for relating the algebra to the
extended affine Temperley—Lieb algebra.

2.1. Extended Affine Hecke Algebras
Let t1 € C*.
Definition 2.1. Let n > 3. The extended affine Hecke algebra H,, = 'Hn(t%) of

type A,_; is the complex associative algebra with generators T (i € Z/nZ)
and p, p~! and defining relations

(Ti =t 3)(T3 +2) = 0,

T,T; = T;T; (i—j # 1),

T T =T T4, (2.1)
pLi = Tivap,

pp~t=1=p""p,

where the indices are taken modulo n. For n = 2, the extended affine Hecke
algebra He = Hg(t%) is the algebra generated by Ty, Ty, pT! with defining
relations (2.1) but with the third relation omitted. For n = 1, we set H; :=
Clp, p~1] to be the algebra of Laurent polynomials in one variable p, and for
n =0 we set Ho := C[X], the polynomial algebra in the variable X.

Note that T; is invertible with inverse 7,71 = Ty —t=2 4+ ¢2. For n > 1,
the element p" € H,, is central.

For n > 2, the affine Hecke algebra H% = H%(t2) of type A,_, is the
subalgebra of H,, generated by T; (i € Z/nZ). For n > 3, the first three
relations of (2.1) are the defining relations of H? in terms of these generators
(for n = 2 the first two relations are the defining relations). Furthermore,
‘H,, is isomorphic to the crossed product algebra Z x HZ, where m € Z acts
on H% by the algebra automorphism T; — T;ji,, (with the indices modulo
n). Equivalently, m € Z acts by restricting the inner automorphism h +—
P hp~™ of Hy, to HE. For n > 2, the (finite) Hecke algebra of type A,_1 is
the subalgebra HY of H® generated by T, ..., T,_1. The defining relations of
HY in terms of the generators T1,...,T,_1 are given again by the first three
relations of (2.1), restricted to those indices that they make sense.

Bernstein and Zelevinsky [23] obtained the following alternative presen-
tation of the extended affine Hecke algebra (see also [18] for a detailed discus-
sion).

Theorem 2.2. Let n > 2 and define Y; € Hy, forj=1,...,n by
V=T, 0T Ty T Ty T
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Then, H,, is generated by T1,...,T,_1, Ylil, ..., YL The defining relations
of H,, in terms of these generators are given by

(T, —t~2)(T;+t2) =0 (1<i<n),

TTiA T = T TiTia (1<i<n-—-1),

TiTj:TjTi (1§Z,]<n|l—j|>1),
TYinT: =Y (1<i<n),

T;Y; = Y;T; 1<i<n1<j<nj#i4,i+1),
YY; =YY (1<4,j<n),

VY, '=1=Y'Y; (1<i<n)

(2.2)

Note that p € H,, can be expressed as
P = T1T2 . Tn—lyn

with respect to the Bernstein—Zelevinsky presentation of H,,. Let A, be the
commutative subalgebra of H,, generated by Ylil, LY EL

More can be said about the structure of H,, in terms of the Bernstein—
Zelevinsky presentation (see [18,23]). Let f € C[z*!] := C[zif!, ..., 2! be a
Laurent polynomial in n variables z1,...,z,. Let f = > ;. ca2® (ca € C)
be its expansion in monomials z® := z{*...z%". Then, we write f(Y) :=
Y oaczn CaY® € Ap, where Y := Y™ ... Y > The map f — f(Y) defines
an isomorphism C[z*!] =+ A, of commutative algebras. In addition, the
multiplication map

HC @ A, — Hy, h® f(Y)— hf(Y),

is a linear isomorphism.
In [3, §8], it was shown that there exists a unique unit-preserving algebra
map vy, : Hy, — Hp41 satisfying for n > 2

vo(Ty) = T; i=1,....,n—1,
vn(To) = T, ToT,

vn(p) =t~ 10T, ", (2.3)

satisfying v1(p) = t’%pr1 for n = 1, and satisfying v(X) = t%p + t’%p*1

for n = 0. The v,, was obtained in [3, §8] as the Hecke algebra descent of an
algebra homomorphism C[B,] — C[B,,11], with B,, the extended affine braid
group on n strands, defined topologically by inserting an extra braid going
underneath all the other braids it meets. At the end of this section, we require
the algebra maps v, in constructing towers of H,,-modules and qKZ towers of
solutions.

2.2. qKZ Equations

We consider Cherednik’s [5,6] qKZ equations of type GL,. We will follow
closely [27], and we will restrict attention to twisted-symmetric solutions
of qKZ equations. The notations (m,k,&) in [27, §4.3] correspond to our
(n, ft%, p). The KZ equations depend on an additional parameter ¢, which
we for the moment take to be an arbitrary nonzero complex number.
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Recall that for n > 1 and t2 = 1, the extended affine Hecke algebra H, (1)
is isomorphic to the group algebra C[W,] of the extended affine symmetric
group W,, ~ S, x Z". Writing s; (i € Z/nZ) and p for the (Coxeter type)
generators of W,,, acting on C[z*!] and C(z) := C(zy, ..., 2,) by

(sif)(z) :=f(-o o) Zit1, 20y - 1) (1<i<n),
(SOf)(z) = f(qzna 22y ny Zn—laqilzl)a
(pf)(2) = (22, s 20,07 20), (2.4)

cf. Definition 2.1. Note that the W,-action on C[z*!] is by graded algebra
automorphisms, with the grading defined by the total degree. In addition, W,
preserves the polynomial algebra C[z] := C[z1, ..., 2,].

Define for n > 1 and i € Z/nZ,

~ Tt -T,
Cotr -t
which we view as rational H,,(¢2)-valued function in z. The key point in the

construction of ¢KZ equations is the fact that for any H,, (£2 )-module V,, with
representation map o,,: Hn (t2) — End(V,) and for ¢ € C*, the formulas

(V(s:)f)(2) == on(Ri(zi41/2:))(sif)(z)  1<i<nm,
(V(s0)f)(2) == o(Ro(21/q2n))(s0f)(2),
(V(p)f)(2) = a(p)(pf)(2), (2.5)

define a left W,-action on the space V,,(z) := C(z) ® V,, of V,-valued rational
functions in 21, . .., z,, where the W,,-action in the right-hand side is the action
on the variables as given by (2.4). For n = 0, we simply take V = oq acting on
Vo. The fact that (2.5) defines a W,,-action is a consequence of the following
identities for the R-operators R; (2),

N

Ri(2)Rita(2y) Riy) = Ri1 () Ri(wy) Rosa ()
Ri(2)R;(y) = R;(y) Ri(x) i—j#+l
Ri(x)R ( =1,
Ri(w) = Ria(2)p (2.6)

with the indices taken modulo n. The first equation is the Yang-Baxter equa-
tion [13, Vol. 5] in braid form.

Note that in (2.4) and (2.5) the action of sg is determined by the action of
s; (1 <i < n)and of p, and hence does not have to be specified. We will often
omit the explicit formula for the action of sy in the remainder of the paper.
Following [27], we call the subspace V;,(z)Y(W») of V(W,,)-invariant elements
in V,,(z), the space of twisted-symmetric solutions of the qKZ equations on
V... We need a more refined class of qKZ solutions, defined as follows.



Vol. 20 (2019) Towers of Solutions of gKZ Equations 3749

Definition 2.3. Let ¢ € C* and ¢ € C. Fix a H,,(¢2)-module V,, with represen-
tation map an:Hn(t%) — End(V,,). For n > 2 write Sol,, (V,,;q,¢) C V,[z] for

the V,,-valued polynomials f € V,,[z] in the variables z1, ..., z, satisfying
on(Ri(zig1 )2 f (s zig1, 26, ) = f(z) (1 <i<n),
on(p)f (22,1 2,0 21) = cf (2). (2.7)

For n = 1, we write Sol;(Vi;¢,c¢) for the Vi-valued polynomials f € Vj[z] in
the single variable z satisfying the g-difference equation o1 (p) f(¢712) = ¢ f(2).
Finally, for n = 0 write Solg(Vp;q,¢) C Vy for the eigenspace of o¢(X) €
End(Vy) with eigenvalue c.

If n > 1 and Sol,,(V,,; g, ¢) # {0}, then necessarily ¢ € C*. In this case,
Sol,, (Vp; q,¢) = V() VW) q 1 g,

with Véc) denoting the vector space V,, endowed with the twisted action of, :
H, — End(V,,) defined by oS(T;) := 0,(T;) for i € Z/nZ and of(p) =

c ton(p). We call ¢ a twist parameter.

For n > 2, let wt*:7 : H,(t2) — End(C[z*!]) be Cherednik’s [7] basic
representation, defined by

1 _1
t22’i —t 2Zi+1

ﬁfﬁ’q(Ti) =7 4 < ) (si —1) (1<i<n),

Zi4+l — %4
3 q(T ) t% + t%qzn - t_%zl ( 1)
T, = — _— So— 1),
" 0 21 — (4zn 0

;
™ (p) = p
(see [27, Thm. 3.1] with (m, k;,€) replaced by (n,—tz,p) and specializing
to type A as in [27, §4.3]). For n = 1, we define the basic representation
1 1

T2 (t2) — End(C[z*!]) by 7t%9(p) := p. Note that C[z] is a WfL% A(H,)-
submodule of C[z*!].

By [27, Prop. 3.10] (see also [24, §4.1] and [22]), we have for n > 1 and
¢ € C* the following alternative description of Sol,, (Vy;q, ¢):

Soly (Vns g, ) = {f €Valz] | =, *9(h)f =05(J(h)f Vhe Hn(t%)},

where J: Hn(f%) — Hy, (t%) is the unique anti-algebra isomorphism satisfying

J(T;) == T; " (i € Z/nZ) and J(p) := p~'. Here, the basic representation
—1

wt, 29 acts on the first tensor component of V,,[z] = C[z]®V,,. More concretely,
_1

m, UL f = on(T7 D (1<i<n)

Sol,, (Vy; g, ):{fEVnH ‘
St ’ 7t () f = con(p)) f

[SE

(2.8)

where one needs to be well aware that the action on the variables through
the basic representation is with respect to the extended affine Hecke algebra
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'Hn(f%) and the action on V,, through o, is with respect to the extended
affine Hecke algebra M, (£2).

Before we can conclude this section with the introduction of the notion
of a qKZ tower of solutions we need to establish some notation. Let A be a
complex associative algebra and write C4 for the category of left A-modules.
Write Hom4 (M, N) for the space of morphisms M — N in C4, which we will
call intertwiners. Suppose that : A — B is a (unit preserving) morphism of
C-algebras, then we write Ind”:C4 — Cp and Res":Cp — C4 for the corre-
sponding induction and restriction functor. Concretely, if M is a left A-module,
then

Ind"(M) :=B®a M

with B viewed as a right A-module by b-a := bn(a) for b € B and a € A. If
N is a left B-module, then Res”(N) is the complex vector space N, viewed as
an A-module by a-n :=n(a)n for a € A and n € N.

For a left H,,+1-module V11, we use the shorthand notation V;jh for
the left H,-module Res”" (V,,+1). The following lemma introduces the concept
of the module lift of a gKZ solution.

Lemma 2.4. Let n > 0. Let V,, be a left Hn(t%)-module and Vyi1 a left
Hnﬂ(t%)-module, with representation maps o, and op41, respectively. Let
pn € Homyy, (V,,,V,/71) be an intertwiner. Extend p, to a Clz]-linear map
Vilz] — V7lz], which we still denote by p,. Then, its restriction to
Sol,, (Vs g, ¢n) is a linear map

i SOl (Vi @, ¢n) — Soln (V2 15q, ¢n).
Proof. This is immediate from the intertwining property

tn © 0n(h) = (Ons1vn)(h) 0 iy Vh € Hp. (2.9)
Indeed, if f € Sol,,(V; ¢, ¢y ), then it follows for n > 1 from (2.9) that

(On1vn) (Ri(Ziv1/2:) ) pn (f (- 2ig1s 205 - )
= tin (an(ﬁfi(ziﬂ/zi))f(. il 2 ))
= pn(f(2))

for 1 <i<n and

(0n+11/n)(p)f(22; sy Zny qilzl) = ,LLn(O'n(p)f(ZQ, ceey Zn,qilzl))
= cnpin(f(2)),

hence ju,(f) € Sol,, (V) 1:q,¢n). For n =0 and f € Solg(Vo; q,co), ie., f € Vo
satisfying oo (X)f = cof, we have

(o1v0)(X)po(f) = pol(oo(X)f) = copo(f),
hence po(f) € Solg(V]™; ¢, co). O
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By the intertwiner s, a qKZ solution f()(z) € Sol,(Vy; ¢, c,) gets lifted
to a solution in Sol,(V,/};;q,cy), taking values in the H,4i-module V.

Along with this upward module lift, there is also a downward descent of a
solution, which reduces the number of variables. It is defined as follows.
Recall the algebra map v,: H,, — Hn11 defined by (2.3).

Lemma 2.5. Let n > 0 and let V41 be a left Hnﬂ(t%)-module with assoctated
representation map op41. Then, forn > 1 and f € Soly1(Vai1; ¢, ent1),
(21,00, 20,0) € Sol, (V715 q, —t_%cnﬂ)7
and for n =0 and f € Soly(Vi;q,c1),
f(0) e Solo(Vf’O;q,t%cl + t_icfl).

Proof. Let n > 1 and f € Solpt1(Vat1;q,¢nt1). Set g(z1,...,2n)
= f(z1,...,24,0). For 1 <4 < n, we have

(Ons1vn)(Ri(2ig1/2)g (. - o) i1 %62

= 0n+1(Ri(Zi+1/Zi))f(Z17 ce ey Rl Ry e e ,Zn,o)
= f(z1,--,2n,0) = g(21, ..., 2n).

Hence, to prove that g € Sol,(V,/}:4¢, —t*%cnﬂ) it remains to show that

(O'n+1Vn)(p)g(22, sy Rny qilzl) = _tigcn-l-lg(z)' (210)
To prove (2.10), first note that

Un+1(PEn(Zl/an+1))f(Z2, sy Zn, qilzl, Zn+l)
= UnJrl(p)f(ZQ) sty Z’nr‘rl,q_lzl)
= Cn+1f(21, ey Zn+1)~

Setting 2,41 = 0 and using that ﬁn(oo) = limg o En (z) = —t%Tgl7 we get

1 _ _
7t20'n+1(an 1)9(227 sy Zny 4 121) = Cn+1g(zla ) Zn)

Then, (2.10) follows from the fact that v, (p) = ¢~ pT}; L.
For n =0 and f € Soly(V1;q,c1), we have

(0110)(X)F(0) = o1 (tTp+t7Tp 1) f(0) = (tiey +tTeh) £(0),
hence f(0) € Solg(V{; q,tic; 4+t ¢y t). O

By lifting solutions of qKZ equations by intertwiners p,, and descending
solutions of qKZ equations by setting variables equal to zero, we can con-
nect qKZ solutions of different ranks. This leads to the definition of a qKZ
tower of solutions. The starting point is the following definition of a tower of
extended affine Hecke algebra modules (compare with [3], where this notion
was introduced for modules over extended affine Temperley—Lieb algebras, see
also Sect. 3).
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Definition 2.6. A tower
Voﬂ,vlﬁ%ﬂ)vgﬁ,...

of extended affine Hecke algebra modules is a sequence {(Vy,, tin) nezs, with
V.. a left H,-module and p,, € Homyy, (an Vfil)'

To lift this notion of a tower to solutions of qKZ equations, it is conve-
nient to disregard quasiperiodic (with respect to the action of p) symmetric
normalization factors h, i.e., polynomials h € C[z]%" satisfying ph = Ah for
some A € C*. We call such h a A-recursion factor, and X\ the scale param-
eter. We write 7, C Clz] for the space of A-recursion factors. Note that
hf € Sol,(Vp;q, Aen) if f € Sol,(Viiq,¢,) and h € T, . By convention, we
define the space 7y » of A-recursion factors for n = 0 to be C if A =1 and {0}
otherwise.

If ¢ is a root of unity, then we write e € Zs( for the smallest natural
number such that ¢¢ = 1. We take e = oo if ¢ is not a root of unity.

Lemma 2.7. Letn > 1. Then, 7, » = {0} unless A = ¢~™ for some 0 <'m < e.
If0 <m <e, then

7. =Cl25,.. ., 2% (21 ... 20)™.

,q— ™ »n

The latter formula should be read as T,, ;—m = spanc{(z1...2,)"} if e = 00.

Proof. Let o € Z%. 1t suffices to show that > 5.5 7% € Clz]*" is a \-
recursion factor if and only if there exists a 0 < m < e such that A = ¢7™
and a; = m mod e for all ¢ (where the latter condition for e = oo is read as

a; = m for all 7).

Note that
p( Z zﬁ> = Z qiﬂnzf"zgl ...zﬁ"*l = Z g 2P,
BES, BES, BES,a

hence » 55 2P € T, if and only if A\ = ¢~ for all i = 1,...,n. This is
equivalent to A = ¢~ and a; = m mod e for some 0 < m < e. g

The following lemma shows that by rescaling a nonzero symmetric poly-
nomial solution of the qKZ equations by an appropriate recursion factor, it
will remain nonzero if one of its variables is set to zero.

Lemma 2.8. Letn > 1 and let V,, be a left H,,-module with representation map
on. If 0 # f € Sol,,(Vi; ¢, ¢n), then there exists a unique m € Z>g and g €
Sol, (Vs 4, ¢™ey) such that f(z) = (21...2,)"g(2) and g(z1,-..,2,-1,0) Z 0.

Proof. Recall that the existence of a nonzero f € Sol,(Vy;q,c,) guarantees
that ¢, # 0. Suppose that f(z1,...,2,-1,0) = 0. Using o,(p)f(22,-- -, 2n,
q'21) = ¢, f(z) repeatedly, we conclude that f(...,2;_1,0,241,...) = O.
Hence, f(z) is divisible by the ¢~ !-recursion factor zj ...z, in V,[z]. Now
divide this factor out and apply induction to the total degree of f. O
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Definition 2.9 (¢KZ tower). Let {(V,, ttn) tnez-,be a tower of extended affine
Hecke algebra modules. We call (f(n))nzo an associated qKZ tower of solutions
with twisting parameters ¢, € C* (n > 1) if there exist recursion factors
JASONS 7., (n>0) such that

(a) 0# f™ € Sol,,(Vi:q, ) for n > 0, with ¢ := tic; + t’%cl_l.

(b) D (2,...,2,,0) Z0 for all n. > 0.

(c) For all n > 0, we have

f(n+1)(zlv ceey Znao) = h(n) (Zla ERE Zn)y’n(f(n)(zla AR Zn)) (211)

We call (2.11) the braid recursion relations for the qKZ tower (f(),>q
of solutions.

Note that by Lemmas 2.4 and 2.5, we necessarily must have the compat-
ibility condition
—t7 e = Anen n>1 (2.12)
between the twist and scale parameters in a qKZ tower of solutions (note that
for n = 0 we have tic; + t‘icl_1 = ¢y by definition).

3. Extended Affine Temperley—Lieb Algebra

The qKZ towers we construct are built using modules of the extended affine
Temperley—Lieb algebra, which is a quotient of H,,. In this section, we recall the
definition of the extended affine Temperley—Lieb algebra and discuss the rele-
vant tower of extended affine Temperley—Lieb algebra modules, following [3].

The extended affine Temperley—Lieb algebras arise as the endomorphism
algebras of the skein category of the annulus, see [3] and references therein.
We first give the definition of the extended affine Temperley—Lieb algebra in
terms of generators and relations and then discuss its relation to H,, and the
qKZ equations. For more details on the theory discussed in this section, see
[3] and references within.

Definition 3.1. Let n > 3. The extended affine Temperley—Lieb algebra T L,, =
T L, (t7) is the complex associative algebra with generators e; (i € Z/nZ) and
p,p~ ', and defining relations

e? = (—t% - t_%)ei,

€i€; = €5€; if 4 —j 7_é :|:].,

€i€i+1€; = €,

pei = €i+1p,

-1 _q_ -1
pp- =1=p p,
n—1 n

(per)" " = p"(per), (3.1)
where the indices are taken modulo n. For n = 2, the extended affine
Temperley—Lieb algebra T Ly = T L(t2) is the algebra generated by e, e1, p*!

with the defining relations (3.1) but with the third relation omitted. For n = 1,
we set 7Ly = Hy = C[p, p~1], and for n = 0 we set 7Ly = Ho = C[X].
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The affine Temperley—Lieb algebra is the subalgebra 7 L% of 7L, gen-
erated by e; (i € Z/nZ). The first three relations in (3.1) are the defining
relations in terms of these generators (the first relation is the defining relation
when n = 2). The (finite) Temperley-Lieb algebra is the subalgebra 7L of
TL; generated by eq,...,en_1. The first three relations in (3.1) for the rele-
vant indices are then the defining relations. Note that the dependence on the
parameter t3 of T L, is actually a dependence on 3 4173,

It is well known that for n > 2 the assignments

Til—>6i+t7%, pr—p

for i € Z/nZ extend to a surjective algebra homomorphism 1, H,, (t2) —»
TL,(t2) see e.g., [3, Prop. 7.2] and references therein. For n = 1 and n = 0,
we take ¥,: H, — 7 L, to be the identity map.

Via the map v, the R-operators R;(z) := 1, (Ri(z)) (i € Z/nZ) on the
extended affine Temperley—Lieb level are

R;(z) = a(x)e; + b(x) (3.2)

as rational 7 L,,-valued function in z, with a(z) = a(z;t2) and b(x) = b(z;t?)
given by

1 1

z—1 Tt2 —t72
a(r) i = ———, b(x) = ——.

O = O = T
Note that the R;(z) (i € Z/nZ) satisfy the Yang-Baxter-type equations (2.6)
in TL,. The weights a(z) and b(z) will play an important role in the next
section, where they appear as the Boltzmann weights of the dense loop model.

We can now define the following analog of the qKZ solution space
Sol,, (Vs q, ¢) (Definition 2.3) for left 7 £,,-modules V,,. For n > 2, it is the

(3.3)

space of V,,-valued polynomials f € V,,[z] in the variables z1, ..., z, satisfying
Jn(Rz(zz+1/Zz))f( -7 .7 SO ) = f(Z) (1 <i< TL),
on(p)f(22, ... 20,0 1 21) = cf(z), (3.4)

where o, is the representation map of the 7 L,-module V,,. For n = 1, it
is the space of Vj-valued polynomials f in the single variable z satisfying
o1(p)f(q 1z) = cf(z). For n = 0, it is the eigenspace of o (X) with eigenvalue
c. By a slight abuse of notation, we will denote this space of solutions again
by Sol,,(Vy; ¢, ¢). No confusion can arise, since Sol,, (Vy,; g, ¢) for the left TL,,-
module V,, coincide with Soln(f/n;q, ¢), where Vn is the H,,-module obtained
by endowing V,, with the lifted H,-module structure with representation map
On O Y.

From [3, Prop. 6.3], we have an algebra homomorphism Z,,: TL,, (t2) —
T L1 (t2) for n > 0 defined by Zo(X) = tip+t-ip~! and

Tn(ei) = e, 1<i<n,

To(p) = p(t T e, + t4)
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for n > 1. In particular, Z,(p!) = (tie, + ¢t~ 4)p~L. Note that we have a
commutative diagram

V’IL
Hn Hn+ 1
U wn+ 1
In
T£n Tﬁn+ 1

(3.5)

Following [3, Def. 7.1], we say that {(V,, in)}nez-, is a tower of extended
affine Temperley—Lieb modules if V,, is a left 7L£,-module and u, €
Homy, (Vn, Vnzﬁl) for all n > 0. We sometimes write the tower as

Vb#ovlul‘/?lmvgﬂfs_“

Note that (3.5) implies that an intertwiner u, € Homgz,, (VmVnIJﬁl) is

also an intertwiner V,, — {Zﬁl of the associated H,-modules. Hence, the tower
{(Va, ttn) In>0 of extended affine Temperley—Lieb algebra modules gives rise to
the tower {(V,, tn)}n>o of extend affine Hecke algebra modules. Conversely,
if {(‘7,1, Ln) tn>0 is a tower of extended affine Hecke algebra modules and the
representation maps ,: H,, — End(V},) factorize through 1,,, then the tower
descends to a tower of extended affine Temperley—Lieb algebra modules. We
will freely use these lifts and descents of towers in the sequel of the paper.

The tower of extended affine Temperley—Lieb modules relevant for the
dense loop model is constructed from the skein category S = S(t4) of the
annulus, defined in [3]. We shortly recall here the basic features of the category
S. For further details, we refer to [3, §3].

The category S is the complex linear category with objects Z>o and with
the space of morphisms Homg(m,n) being the linear span of planar isotopy
classes of (m,n)-tangle diagrams on the annulus A := {z € C|1 < 2| <
2}, with m and n marked ordered points on the inner and outer boundary,
respectively, modulo the Kauffman skein relation

\ =ti ] A ;

N

and the (null-homotopic) loop removal relation

O b eh
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We consider here planar isotopies that fix the boundary of A pointwise. The
ordered marked points on the boundary are &1 (1 < i < m) and &1
(1 < j < n) with & := €>™/¢, In these equations, the disk shows the local
neighborhood in the annulus where the diagrams differ. Let L be an (I,m)-
tangle diagram and L’ an (m,n)-tangle diagram. The composition [L'] o [L] of
the corresponding equivalence classes in S is [L’ o L], with L' o L the (I,n)-
tangle diagram obtained by placing L inside L’ such that the outer boundary
points of L match with the inner boundary points of L. For example,

©00

By [17, Prop 2.3.7] and [3, Thm. 5.3], we have an isomorphism
On: T Ly(t2) = Ends(ﬂ)( n) of algebras for n > 0, with the algebra iso-
morphism 6,, for n > 1 determined by

and for n = 0 by

X —

Moreover, in [3, Def. 6.1] an arc insertion functor Z: S — S is defined using
a natural monoidal structure on S. It maps n to n + 1 and, on morphisms, it
inserts on the level of link diagrams a new arc connecting the inner and outer
boundary while going underneath all arcs it meets (the particular winding
of the new arc is subtle, see [3, §6] for the details). The resulting algebra
homomorphisms Z|gyq,(n): Ends(n) — Ends(n+1) coincides with the algebra
homomorphism Z,, by the identification of Ends(n) with 7L, (t2) through the
isomorphism 6,,, see [3, Prop. 8.3].

Let v € C* and set w:= t1v+t~1v~!. The one-parameter family of link
pattern towers

Vo(u) 2% Vi (v) 25 Va(u) 22 Va(v) 22 ...
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of extended affine Temperley—Lieb algebra modules is now defined as follows
(see [3, §10]). For n = 2k, the T Lop-module Vo (u) is defined as

Var(u) := Homg(0, 2k) @72, (C(()u),

where Homg (0, 2k) is endowed with its canonical (7 Lo, 7 Lg)-bimodule struc-

ture and (Céu) denotes the one-dimensional representation of 7Ly = C[X]
defined by X +— u. For n = 2k — 1, the T Lo_1-module Voi_1(v) is defined as

Var—1(v) := Homgs(1,2k — 1) @7, Cgv)

with (C(IU) denoting the one-dimensional representations of 7L£; = C[p*!]
defined by p — wv. For Y € Homgs(0,2k), we write V,, := Y ®7, 1 for
the corresponding element in Vai(w). Similarly, for Z € Homg(1,2k — 1)
we write Z, := Z @7, 1 for the corresponding element in Vax_1(v). We
sometimes omit the dependence of the representations Vo (u) and Var_1(v)
onu=tiv+t 1v~1 and v, if it is clear from context.

The intertwiners ¢,, (n > 0) are defined as follows. Consider the skein
element

U:=ti 2 1 4o 2 1 € Homg(0,2).

Then,
Gar([L]u) := Z([L])w,

$2k-1([L]y) = (Z([L']) 0 U)u,
for a (0,2k)-link diagram L and a (1,2k — 1)-link diagram L'.

Ezample 3.2.
2 2
3
5 LR !
4 5
2 2
2
1 »ﬁ)t% 3 1 4+v 3 1
3
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The rather peculiar form of the intertwiners ¢or_1 can be explained in
terms of a Roger and Yang [25]-type graded algebra structure on the total
space Vo(u) ® Vi (v) @ Va(u) @ - - - of the link pattern tower, see [3, Rem. 8.11].

Let D = {2z € C| |z| < 2} and D* := D\{0}. A punctured link pattern
of size 2k is a perfect matching of the 2k equally spaced marked points 2{;;1
(1 < i < 2k) on the boundary of D* by k non-intersecting arcs lying within
D*. A punctured link pattern of size 2k — 1 is a perfect matching of the 2k
marked points 2%,:_11 (1 < j < 2k) and 0 by k non-intersecting arcs lying
within D. Only the endpoints of the arcs are allowed to lie on {0} U dD. Two
link patterns are regarded the same if they are planar isotopic by a planar
isotopy fixing 0 and the boundary 0D of D pointwise. The arc connecting 0
to the outer boundary of D is called the defect line. An arc that connects two
points on the boundary are sometimes referred to as an arch, and an arch that
connects two consecutive points that does not contain the puncture is called
a little arch. We denote the set of punctured link patterns of size n by L,. As
an example, the following punctured link patterns

2 2 2

constitute L.

For twist parameter v = 1, we can naturally identify the nth represen-
tation space V,, in the link pattern tower with C[L,] as a vector space by
shrinking the hole {z € C | |z| < 1} of the annulus to 0. The resulting action
of TL,, on C[L,] can be explicitly described skein theoretically, see [3, §8].

4. qKZ Equations on the Space of Link Patterns

In this section, we fix v = 1. We discuss the qKZ equations associated with
the T L,-modules V,, ~ C[L,] (n > 0) from the link pattern tower, and we
derive necessary conditions for the existence of qKZ towers of solutions. The
existence of gKZ towers of solutions will be the subject of later sections.

Let Ln = L(mn) € L, denote the link patterns

for n = 2k and 2k — 1, respectively. We call L € L, the fully nested dia-
gram. For g\")(z) = Ylec, g(L") (z)L € V,,(z), we call g(an) (z) the fully nested
component of g™ (z).
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The fully nested component plays an important role in the analysis of
polynomial twisted-symmetric solutions ¢(")(z) € Vn(c)(z)v(W”) of the qKZ
equations. In [11, §2.2] and [21, §3.5.2], it was remarked that such solutions are
uniquely determined by their fully nested component, and an explicit expres-
sion for the fully nested component was determined in case the solution is
polynomial of total degree $n(n — 1) (existence of such a solution is a subtle
issue) We recall these results here extend them to qKZ solutions taking values
in V2 1 and show how these results combined lead to explicit braid recursion
relations.

Lemma 4.1. Letn > 1, q,c € C* and let

(n) Z g(n) L eV c)( )
LeLl,

with coefficients g(Ln) (z) € C(z) (L € L,,). Then, g™ (z) € vl (2)V W) if and
only if for all L € L, and 1 <14 < n,

9;" (2) = bz [20)9 (sim) + Y i) palzia/z)ep (sim),
L'eLl,:e;L'~L
gén)(z) :c_lg/(ﬁ)lL(zz,...,zn,q_lz1), (41)
where e; L' ~ L means that L is obtained from e;L’ by removing the loops in

e; L’ (there is in fact at most one loop). The coefficient 'y(Li,)’L 18

—(tz +t~ %) if e; L' has a null-homotopic loop,

’Y(L,) L= th 4 ta if e; L' has a non-null-homotopic loop,

1 otherwise.

Proof. This follows directly by rewriting the qKZ equations
9" (2) = Ri(zi41/2)9"™ (... zig1s 20 - - ), 1<i<n,
9™ (z) = ¢pg'" (22, 20 g 1)
component-wise. O

For the following lemmas concerning the uniqueness of solutions, we need
to impose that the loop weights —(t% + t_%) and t1 + ¢~ 1 are both nonzero.

Lemma 4.2. Letn > 1, g,c € C* and ti € C* with (t% +1)(t+1)#0. Let

Z gL z)L € V(C)( )V(Wn).

LeLl,
(a) If 9" (z) = 0, then g (z) = 0.
(b) If g(n)( ) € Clz] is a homogeneous polynomial of total degree m, then so
zsgL ( ) for all L € L,,.
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Proof. In “Appendix A,” we show by induction that, given gz, (z), the recur-

sion relations (4.1) determine the other coefficients g(Ln)(z) (L € L,,) uniquely.

For this, the first equation in (4.1) is used in the following way: for L' € £,
and 1 < 4 < n such that L’ does not have a little arch between ¢ and 7 + 1,
denote by L € L, the link pattern such that e;L’ ~ L, then g( )( ) can be
computed from other base components by the formula

V(Ll,),La(ziJrl/zi)g(LTf) (siz) = g1.(2) — b(2iy1/2i)gL(s:2)
= Ve palzier ) 2) g% (siz)
L"eL,\{L'}:e; L/ ~L
since ’y](-j 1 7 0. By substituting the explicit expressions of the weights a(x)
and b(z), this can be rewritten as
; 1 1
W i = 20)g) (si2) = (1= ) (£ 25 — 2 2141)g1(2))
— (241 — ) > Vi 95 (si2),
L'eL \{L'}:e; L' ~L

from which 1t 15 clear that g(n)( ) will be a homogeneous polynomial of total

degree m if gL ( ) and gL,/( z) are homogeneous polynomials of total degree
m. g

A similar result holds true for the restricted modules Vnzﬁl'

Lemma 4.3. Letn > 1, q,c € C* and t1 € C* such that (t% +1)(t+1) #0.
Let

n n In,(c -
9@ = > V@I e V@),
LeLyntn
(a) If g(an) (z) = 0 with Ln = L(mnH) € L,41 the fully nested diagram, then
9"(z) = 0.
(b) If g(n)( ) € Clz] is a homogeneous polynomial of total degree m, then so
s gL ( ) forall L € Ly41.

Proof. The proof is similar to the proof of the previous lemma, but the check
that the recursion relations coming from the qKZ equations for the representa-

tion V, +1( ) determine all components in terms of the fully nested component
(n)

gL?n +1)(z) is more subtle. The details are given in “Appendix A.” (]
@

Corollary 4.4. Let n > 1 and
=" ¢"(@)L e V) ()Y,

LeL,
Then,
9(2) = Cu(z) ] (122 —t22)

1<i<j<n
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with Cy(z) € C(z)%. If in addition g(Lt]) (z) is a homogeneous polynomial of
total degree m and (t2 + 1)(t + 1) # 0, then m > in(n—1) and Cy(z) is a
homogeneous symmetric polynomial of total degree m — %n(n —1).

Proof. Note that L~ does not have a little arch connecting ¢ and ¢ + 1 for
1 < i < n. By the recursion relation (4.1), it follows that

g(an)(siz) (t%Zi+1 — t_%zi> = g(;:)(z) (t%zi — t_%Zi+1) (4.2)
for 1 <4 < n. The first result now follows immediately.

For the second statement, suppose that g(an) (z) is a homogeneous poly-
nomial of total degree m. Then, (4.2) and t? # 1 imply that g(an) (z) is divisible
by 1229 — 722 in C[z] and the resulting quotient is invariant under inter-
changing z; and z,. One now proves by induction on r that génm)(z) is divisible
by ngiq‘gr(tézj —t722) in C[z] and the resulting quotient is symmetric in
z1,...,%r. The second statement then follows by taking r = n. O

It follows from the previous result that if the loop weights are nonzero
and if there exists a nonzero ¢(™ € Sol,, (Vy; q, ¢n) with coefficients being
homogeneous of total degree %n(n — 1), then it is unique up to a nonzero
scalar multiple and

1 _1
@) =r [ (22 —1722)
1<i<j<n
for some k € C*.

The following lemma is important in the analysis of qKZ towers of solu-

tions relative to the link pattern tower {(Vy, ¢n)}n>0-

Lemma 4.5. For L € L,,, consider the expansion

¢n(L) = Z CL7L/L/ (CL,L’ c (C)

L'eLnt1
of ¢ (L) in terms of the linear basis Ly, of Vy,. Then, Cp i) = t—iln/2 6, v
N N

Proof. For n = 2k, consider a link pattern L € Lo that has a little arch
connecting 4,7 + 1 for some ¢ € {1,...,2k — 1}. All the link patterns in the
image ¢ax (L) also contain the same little arch since the inserted defect line at
the skein module level does not cross it (possibly after an appropriate number
of applications of Reidemeister IT moves). The only link pattern that does not
contain a little arch connecting 4,7 + 1 for any 1 < ¢ < 2k is Ln. By the
mapping ¢o, we have at the skein module level

k

k
Por k+1
k41 Q ( L \ , 1
2k+1
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and note that the image has k£ under-crossings. Resolving all the crossings
using the Kauffman skein relations gives a linear combination of link patterns.
The contribution to link pattern Ln € Lo +1 comes from taking the smoothmg
) ( for each crossing / Each of these contributions gives a factor ¢~ 4

which establishes the result for n even.

For the case n = 2k — 1 odd the first step of the argument is similar. The
only link pattern that does not contain a little arch connecting 7,7 + 1 for any
1 <17 < 2k —11is Ln. By the mapping ¢or—1, we have at the skein module
level

k—1 k—1
—1
k k
P2k—1 1
! q
2k—1 2k 2k
2k—1 2k—1

and note that each term in the image has £ — 1 under-crossings. Resolving
all the crossings using Kauffman’s skein relations gives a linear combination
of link patterns. The contributions to the link pattern Ln € Loy come from

taking the smoothing ) ( for each crossmg / : in the first term. Each of

these contributions gives a factor ¢~ 4, which establishes the result for n odd.
O

The next lemma provides necessary conditions on the parameters g, ¢,
for the existence of a qKZ tower of solutions of minimal degree relative to the
link pattern tower.

Lemma 4.6. Let v = 1 and ¢, ¢,,t3 € C* (n > 1) with (t2 + 1)(t + 1) # 0.
Suppose that for each n > 1 there exists a g™ € Sol,(Vy; q, ¢n) with

1 St
g(Lnﬁ)( )= H (t2zj—t 2zi).
1<i<j<n
Write g =1 e V.
Then, the following two statements are equivalent:

(a) (g("))n>0 is a qKZ tower of solutions relative to the link pattern tower

{(Vm d%:)}nzo .
(b) g=t%, co=(—t"9)"" m>1)andco =17 +t"1.
If these equivalent conditions are satisfied, then N\, :=q~ 1 (n > 1), Ao = 1,
h™ (z) = galn/2l=2n) 5 00 2 (n>1)

and K0 = 1. In other words, the corresponding braid recursion relations are
then given by

g(”+1)(zl, ey Zn,0) = t%(L”/2J_2n)z1z2 e 2 Op (g(”)(zl, R zn)), n > 0.
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Proof. Note that for n > 1,
(en)"g ™ (z) = p"g™ (g 21, .. g7 2y) = ¢ 2D g () (4.4)

since p" acts as the identity on V,, and ¢(" is homogeneous of total degree

in(n —1). Hence, (¢,)" = ¢ 2= (n > 1). Furthermore, ¢; = 1 since gV

is constant.
By the rank descent lemma, we have

("+1)(21, ..y 2n,0) € Sol, (VIjﬁl; q, _t_%anrl),

n

g
while the representation lift lemma gives ¢, (g™ (21,...,2,)) € Sol, (VnI_’;l;
q, ¢y). The fully nested component of ("t (2, ..., 2,,0) is

gi’?jﬁf)(zl, ey 2n,0) = (7t,%)n2122 .o Zn H (t%zj — tiézi).
o 1<i<j<n

Using Lemma 4.5, the fully nested component of ¢, (g™ (z1,...,2,)) is

a2 I (e — 72 2).
1<i<j<n

(a) = (b): assume that (¢\™),>¢ is a qKZ tower of solutions. Then, the above

analysis of the fully nested components implies that A\, = ¢~ and
R (z) = ¢a(l/21=20) 5 2 2

for n > 1, while Ay = 1, h{®) = 1 for n = 0. Hence, the corresponding braid
recursion takes on the explicit form (4.3). Note that ¢y = t3 411 since g0 =
1. For n > 1, the left-hand side of (4.3) lies in Soln(VfJﬁl; q, —t’%cnﬂ), while
the right-hand side lies in Soln(Vnzﬁl; q,q cp); hence, the twist parameters c,,
must satisfy c,41 = —¢ ¢, (n>1). Since ¢; = 1, we conclude that

Cn = (—q_lt%)nfl, n>1.
Combined with (4.4), we obtain for n > 1,

(q—Qt%) 3n(n—1) — q—%n(n—l)7
which is satisfied if and only if ¢ = ¢3. It follows that ¢, = (—t—1)""! for
n > 1, as desired.
(b) = (a) in view of Lemmas 4.2 and 4.3 we only have to show that under
the parameter conditions as stated in (b), the fully nested components of the

left- and right-hand side of (4.3) match. This can be confirmed by a direct
computation. O

We can now state the main theorem of the paper.

Theorem 4.7. Let ti € C* with (t2 +1)(t +1) # 0 and set v = 1, ¢ = 3.
There exists, for alln > 1, a unique solution g™ (z) € Sol, (Vy; t3, (—t_%)”_l)
homogeneous of total degree in(n —1), such that

9@ = ]I (t%zj - t*%zi> :

1<i<j<n
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Then, (Q(n))nzo, with ¢ =1 € SolO(VO;t%,ti +t’%), is a qKZ tower of
solutions, with the associated braid recursion relations given by (4.3).

The proof of the theorem will be given in Sect. 6. The key step is the con-
struction of ¢(™)(z) for generic ti € C* in terms of specialized non-symmetric
dual Macdonald polynomials using the Cherednik—-Matsuo correspondence [27]
and using results of Kasatani [20]. The generic conditions on t3 can then be
removed by noting that the constructed solution g™ (z) is well defined over

C(t7) and the fact that the coefficients g(L”)(z) for L € L,, are regular at the

values 3 € C* for which (¢2 4+ 1)(¢ 4 1) # 0. Indeed, g(an) (z) is clearly regular

at t7 € C*. By the recursion relations expressing g(Ln)(z) in terms of gg;)(z)

(see the proof of Lemma 4.2 and “Appendix A”), it then follows inductively

that all coeflicients g(Ln)(z) (L € L,) are regular at the values ti € C* for

which (t2 4+ 1)(t 4+ 1) # 0.

Remark 4.8. Note that for t3 = exp(mi/3), we have t3 = 1 and —t2 —t~2 =
1 = ti + ¢~ 1. The resulting qKZ tower of solutions (950 from The-
orem 4.7 is closely related to the inhomogeneous dense O(1) loop model
on the half-infinite cylinder, see Sect. 5 and [11]. In fact, the constituents
g™ € Sol, (Vn; 1, 1) then are the renormalized ground states of the inhomo-
geneous O(1) dense loop models on the half-infinite cylinder. In this case, the
braid recursion relations reduce to

g% (21, .. 20-1,0) = (—1)kt7%21 oo zop 109k 1 (9P (21, 2ak1)),

g(%"'l)(zl7 ey 20k, 0) = (—1)kzl ... ZogpOok (ng)(zl, e 2ok))-

5. Existence of Solution for ti = exp(mi/3)

In this section, we recall the construction of the polynomial solutions ¢(™ (z) €
Sol,, (Vyr(1);1,1) of degree 3n(n — 1) for v =1 and t3 = exp(mi/3) (see Theo-
rem 4.7). In this special case, the construction of the qKZ tower of solutions
is facilitated by the fact that the underlying integrable model, the inhomoge-
neous dense O(1) loop model on the half-infinite cylinder, is stochastic. This
allows one to construct g(™ (z) as a suitably renormalized version of the ground
state of the inhomogeneous dense O(1) loop model, following [11].

The section begins with discussing the Temperley—Lieb transfer operator,
and then we specialize the analysis to the inhomogeneous dense O(1) loop
model on the half-infinite cylinder. In this section v = 1.

5.1. Transfer Operator

The transfer operator T := T(z; 21, . .., 2,): C[L,] — C[L,] can be defined
as follows [9,11]. For n > 0 consider the following two tiles

// \\
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which we denote by 7% and 7"¢, respectively, where ‘nw’ and ‘ne’ indicate
that the north edge of the tile is connected to the west or east edge by an arc.
Then, T (z;2) = T (x; 21, ..., 2,) is defined by

where 7; € {7"%, "¢},

T — z;

Prow(z/2:) = a(x/z) =

t%zift_%x’
1 1
t2x —t"2z;

Proc(z/2;) = b(z/2;) = T 1 .

t2z; —t 22

Note that the inner boundary of the annulus is always taken as the north
edge of the tile. Moreover, for the case n = 1, tiling the annulus is done by
stretching the tile so that the east and west edges are identified. The string
of tiles covering the annulus can immediately be interpreted as an element in
S, (t7). Hence, by the algebra isomorphism 6,,: 7L, (t2) — Ends(t%)(n) we

have T (z;2) € C(x,2) ® TL,(t2).

The case n = 0 is special. We define 7(©) := 0o(X) (recall that TLy =
C[X]). We also point out that since 7£; = C[p, p~!] we have

1 1
T — 2z tzx —t7 229

IO (w;21) = 01(p™") + 01(p)-

I _1 I —1
t2z1 —t 2x t2z1 —t" 2x

We will drop the isomorphism 6, when it is clear from context. Using
diagrams, we write the R-operator as

Ri(ziq1/2:) = ;

Zitl Zi42 Zitl Zi42

(5.1)
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and also as

.o
. c .

Ri(zit1/72i) =

21

Zi—1

Zq

i+l Zi42

where we view the crossing in the annulus as a weighted sum of the two
diagrams given in (5.1). Using the diagram description of the R-operator, the
Yang-Baxter equations and inversion relation [lines 1 and 3 of (2.6)] can be
depicted as

Yy Y
x z x Yy
) .
= and =
z
z T x Y
Yy Y
(5.2)

respectively. The area within the dotted lines is a local neighborhood in the
annulus.

The transfer operator can now be defined in terms of the R-operators
R;(z) for i € Z/nZ as follows. Let

M$™ (232) == pRp_1(2/20) Rp—2(x/2n—1) . .. Ro(x/21) € T L i1

be the monodromy operator where we view the auxiliary point asn+1 =0
(modulo n 4 1). Then,

T (z;2) :=cly (Mé") (:E;z))

where cly corresponds to the tangle closure [16] at the auxiliary point 0. In
this specific case, clg amounts to disconnecting the two arcs from the inner-
and outer boundary points labeled ‘0’ and connecting them in Ends(n) by an
arc that under-crosses all arcs one meets.

The transfer operators with different values of x commute in 7L,,,

[fn (7;2), T, (2',2)] = 0.

This can be shown by interlacing two T operators with R-operators. In the
literature, it is usually shown diagrammatically using the inversion relation
and Yang—Baxter equation (5.2) of the R-operators. For an example of this
technique, we refer the reader to [9] for dense loop models and [4] in general.
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Using the Yang—Baxter equation and the relations involving p [see (3.1)], one
shows that

Rl(ZH_l/Zl)j;(n) (:ZE, ey Ri41yRgy e e ) = f(n) (I, Z)Ri(zi+1/zi),
T (2529, ... 2n, 21) = T (23 2)p. (5.3)

In [11], the authors made the crucial observation that the R-operators
R;(0), R;(00) € T L,, can be interpreted as a single crossing in the skein descrip-
tion of the element,

R;(0) = i 0 1, Ri(c0) = 43 0 L

i
i+ 1 i+ 1

Consequently,

n—1
T (z521,. .., 20-1,0) = —t1 Z (H PT(CL‘/ZZ)> ‘ .
T1yeesTn—1 =1 ,

Noting this over-crossing and recalling the algebra map Z,,_1:7L,_1 — 7L,
arising from the arc insertion functor, we obtain the following braid recursion
relation for the transfer operator, which is due to [11, §2.4]:

N

Proposition 5.1. Forn > 1,
IA“(")(x; Z1y.vy2n-1,0) = —t%In,l (f(”_l)(a); 21y ey zn,l)) .

5.2. The Inhomogeneous Dense O(1) Loop Model

The transfer operator 7™ (z;2) € TL, acting on the link pattern tower rep-
resentation V,, in the special case v = 1 is by definition the transfer operator
T (z;2) € End(V,,) of the inhomogeneous dense O(—tz — ¢~ 2) loop model
on the punctured disk [11,21]. We specialize in this section further to the case
t3 = exp(7i/3), in which case
T —tTE =1 =th 4

This means that all loops can be removed by a factor 1. As we shall discuss
in a moment, the resulting O(1)-model is not only Bethe integrable but also
stochastic. We identify V,, with C[L,,] as vector spaces (see the end of Sect. 3).

In [11], the authors stated the existence and uniqueness of a suitably
normalized ground state of the inhomogeneous dense O(1) loop model, with

z regarded as formal variables. For the convenience of the reader, we provide
a full proof of this result. It uses the irreducibility and stochasticity of the
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transfer operator f(”)(x; z) for a particular parameter regime, and it uses the
algebraic dependence of f(”)(:c; z) on = and z.

Consider the matrix A™ (x;2) := (App(;2))1. e, of TV (z;2) with
respect to the link pattern basis,

T (2;2)L = Z Arpp (2;2)
LeLy,
The coefficients Ay (x;2z) depend rationally on x, z1,. .., z,. For the special
value ti = exp(mi/3) the Boltzmann weights a(x) and b(z) [see (3.3)] satisfy

a(z)+b(z)=1
hence » ;. App/(z;2z) = 1 for all L' € L,,. Furthermore, 0 < a(z) < 1 if
z =% with 0 < 0 < 27/3, hence A" (x;z) is left-stochastic if 7/z; = €% with
0<6; <2r/3 for j =1,...,n. In this situation, A (z:7) is irreducible; this
follows from the fact that each L € L,, is a cyclic vector for the 7 L,-module
V.., which can be proven as follows.

For n = 2k even, let L;, € Lok be the least-nested link pattern, which is
the link pattern that has little arches connecting boundary points (2i — 1, 2i)
for 1 < i < k such that the little arches do not contain the puncture. All
L € L,, can be mapped to L;, by acting with ejes...esr—1. In turn, L;, can
be mapped to the fully nested link pattern L by the action of p*grgr_1 ... g2
with g; := e;e;49 ... eax—;. Lastly, by the inductive argument in “Appendix A,”
LA can be mapped to any L € L,,. The case for n odd is analogous.

Lemma 5.2. Let v = 1, ¢ = 1 and t1 = exp(wi/3). There exists a unique
3" (z) = dorecr, §(L (z)L with A(")( ) € C(z) such that

T0)(:2)5(2) = 2)
for all z € C and such that } ;. A(n)( ) = 1. Furthermore,
3™ (2) € (C(z) ® V)

Proof. Consider A (z) := A (1;2). Since the matrix coefficients Ay 1/ (z) :=
App(1;2) satisfy 3, o, Apr(z) = 1, we have det (A" (z)—1) = 0 and hence
there exists a nonzero vector x(z) = (k1 (z)) with k1 (z) € C(z) such that
A (z)rk(z) = k(z). Consider

N(z) := Z kL (2).

LeLl,

V(Wh)

LeL,

Note that A (z) is irreducible left-stochastic if z; = e™% with 0 < §; <
27 /3; hence, for generic specialized values of the rapidities in this stochastic
parameter regime, A(") (z) has a one-dimensional eigenspace with eigenvalue
1, spanned by the Frobenius-Perron eigenvector v""(z), and the Frobenius-
Perron eigenvector v (z) (normalized such that the sum of the coefficients is
one) has the property that all its coefficients are > 0. Hence, for generic values
of the rapidities in the stochastic parameter regime, N(z) # 0. In particular,
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N(z) € C(2)\{0}, and we may set 5 (z) == ;. gy (2)L with " (z) ==
k1(z)/N(z) € C(z). Then,

T (1;2)3" (2) = 3 (2)

and Y ;o A(n)( ) = 1. It follows from restricting to the stochastic parameter

regime again that these two properties determine (™ (z) uniquely.
Let z € C and set

3" (x;2) :== T (2;2)§" (2).
Write

g(n) (z;2) Z g(n)

LeL,
with §i™ (z;z) € C(z). Since [T (1;2), T™ (2;2)] = 0, we have
T (1;2)g" (2;2) = ™ (w; 2).
Since ) pcq Arr(z;z) = 1 for all L' € L,, we furthermore have
Yorec, 9 gon )(x;z) = 1. Hence, g\ (z;2) = g™ (2), i.e.,
T (2;2)5"™ (2) = 5 (2).
This completes the proof of the uniqueness and existence of g, (z).

For the second statement, let 1 < i < n and set h;(z) := R;(ziy1/2)3"™
(siz). Then, by the first formula of (5.3),

T (w; 2)hi(2) = hi(2),
and the sum of the coefficients of h;(z) is one since a(x) 4+ b(z) = 1. Hence,
hi(z) = 5 (), ic.,
Ri(zi41/2)3™ (siz) = ™) (2).
In the same way, one shows that pg(™ (za, ..., zn, 21) = (), now using the

second equality of (5.3). This completes the proof of the lemma. O

Now, we are ready to prove Theorem 4.7 in the special case that tr =
exp(mi/3). By Corollary 4.4, the fully nested component is of the form

i@ =cum [ (tz-tis)
1<i<j<n
with 0 # C,,(z) € C(2)%». Since in the present situation ¢ = 1 and C,(z) is
symmetric, we have that the renormalized function
9" () = Cu(2)"'g" (2)

is also a symmetric solution of the qKZ equations, (™ (z) € (C(z) ®Vn)v(W").

Now, ¢(")(z) has fully nested component

g @ = ] (e —t3z). (5.4)

1<i<j<n
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By Lemma 4.2, we conclude that ¢(™(z) € Sol,(V,;1,1) is a homogeneous

polynomial solution of total degree %n(n — 1), which completes the proof of

Theorem 4.7 in the special case that t7 = exp(mi/3).

Remark 5.3. From Proposition 5.1, it follows immediately that
(T (w321, 20))g " (2,0) = "+ (2,0)

when t3 = exp(mi/3). In [11], the authors use this equation to prove the braid
recursion relation for v = 1,1 = ¢ ti = exp(mi/3) and n even (see Remark 4.8).
However, they implicitly assume that g("*)(z,0) is uniquely characterized as
ground state of 71 (1;z,0), which is though not clear since there is no
stochastic parameter regime when one of the rapidities is set equal to zero. We
have circumvented this problem here by using the characterization of g(”)(z)
as a twisted-symmetric solution of qKZ equations.

6. Existence of Solutions for Generic ¢4

In this section, we construct for generic t1 (i.e., for values t1in a nonempty
Zariski open subset of C) nontrivial polynomial twisted-symmetric solutions
to the qKZ equations for link pattern modules, leading to the proof of The-
orem 4.7 for generic tt € C*. As we remarked in the paragraph following
Theorem 4.7, the generic condition on t1 can subsequently be weakened to
the condition that the loop weights are nonzero.

A major difference between the generic case and the case that tr =
exp(mi/3) is that we do not have the argument of a stochastic matrix to
construct ¢(™ using the Frobenius-Perron theorem. We instead use the
Cherednik—Matsuo correspondence [27]. This is different from the approach
in [21], where Kazhdan-Lusztig bases are used.

In order to be able to apply the Cherednik—Matsuo correspondence, we
first need to identify the link pattern representations V,, with principal series
representations. This is done in the first subsection, for general twist parameter
v. In the subsequent subsection, we recall the Cherednik—Matsuo correspon-
dence and rephrase it in terms of dual Y-operators. In the last subsection,
we prove Theorem 4.7 by constructing the polynomial solution of the qKZ
equation from dual non-symmetric Macdonald polynomials with specialized
parameters.

For fixed v € C*, the link patterns £,, form a (non-canonical) basis of
V. We can naturally identify V,, with C[£,] as a vector space by shrinking
the hole {z € C| |z| < 1} of the annulus to 0. A choice needs to be made for
the winding of the defect line, unless v = 1.

6.1. V,, as a Principal Series Module

In this section, we take n > 2, and we fix v € C*. We recall first the definition
of the principal series representation M?(v) of the affine Hecke algebra H,, =

Ho(t2).
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Let €; (1 <4 < n) denote the standard basis of R™. Set Ry := {¢; —¢;|1 <
i # j < n}, the root system of type A,_;. We take R = {e; — ;|1 <
i < j < n} the set of positive roots. The corresponding simple roots are
a; =€ — €41 (1 < i < n). We write s, (o € Rp) for the reflection in a.
Then, the simple reflections s; := s4, (1 < i < n) correspond to the simple
neighboring transpositions i «<» i + 1. For a = ¢; —¢; € Ry we write 2% = z;/z;
and Y =Y;/Y; in C[z*!] and H,, respectively.

For I C{1,...,n — 1}, we write

T'=T" = {y e (C)" | vi/vipr=t"" Viel}.

For v € T, let X{y = Hj(t%) — C be the one-dimensional representation of
the parabolic subalgebra H; = H(t2) := (C(Yjﬂ,Tih' el,j=1...,n) of
H,,(t2) satisfying Xﬁ(YJ) =7, (1<j<n)and X{,(Ti) =tz (iel). It is well
defined since v € T!. The corresponding principal series module M7 (v) with
central character 7 is

MI(’Y) =Hn OH; foy'

Comparing with the notations from [27, §4.3]: (k,m,(, H(k)) correspond to
our (—t%,n,p,Hn(t%)). The principal series module M? () then corresponds

to the principal series module M ~**>=I () from [27, Lem. 2.5].

Let S,.; = (s; | i € I) C S,, be the standard parabolic subgroup gener-
ated by the simple neighboring transpositions s; (i € I), and S the minimal
coset representatives of S,,/S, ;. For w € S, let T, € HY be the element
Ty =TT, ... T, if w=5s;8;,...5, is a reduced expression. This is well
defined since the T}’s satisfy the braid relations. A linear basis of MZ(v) is
given by {U{U(V) =T, OH; 1X'Iv }weSfl-

For a finite-dimensional left H,,-module V' and £ € (C*)", we define the
subspace of vectors of weight ¢ by

Ve foe V| Yo—gv (1<j<n)}
The module V' is said to be calibrated if V = P, V.
For 1 <i < n set
Li=T,(1=Y%)+(t"7 —t2)Y™ € H,. (6.1)
The following theorem is well known, see [27, Thrm. 2.8, Cor. 2.9] and refer-

ences therein.

Theorem 6.1. For w € S,, and w = 8;,S;, - .. S, a reduced expression,

Iw = Ijljjz "'Ij'r S Hn

is well defined (independent of the choice of reduced expression). Furthermore,
for all f(z) € Clz*!] and w € S,, we have

Lo f(Y) = (wf)(Y) I,
Ty-11y = eu(Y)
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21 25,1

(@) D3 € Va (b) D3k+l € Varqa

FIGURE 1. The element D7 € V,

in Hy, with
ew(z) = [ (2 —t722) (2 —t722) € Clz).

aeRéﬂw*lRa

If V is a left H,,-module, then the previous theorem implies that I,,(Ve) C
Ve for w € S, and £ € (C*)".

It is known that MZ(«) is calibrated for generic v € T with correspond-
ing weight decomposition

MI('Y) = @ MI('V)ww MI(’Y)wV = (quIu(’Y)

wesSt

with bL () == I, @, Ly (see e.g., [27, Prop. 2.12], for the specific additional
conditions on 7).

We now view the 7 £,,-module V,, from the link pattern tower as an H.,,-
module through the surjective algebra map ¢,,: H,, - T L,, satisfying ¢, (T;) =
ei+172 (1 <i<n)and 1,(p) = p. The aim is to show that V,, is isomorphic
to M (v) for an appropriate subset I C {1,...,n — 1} and v € T for generic
ti. As a first step, we create explicit weight vectors in V,.

Write & = [§] and let J C {1,...,k} be a subset, say J =
{73,--,jr},1 < j1 < -+ < jr < k. Let D%} be the element in V,, shown
in Fig. 1. Note that in the definition of D%, the arches (2m — 1,2m) include
the hole of the annulus if m € J, and (2js41 — 1,2js41) is positioned over
(2js—1,2j5). Furthermore, ngﬂ is obtained from D2* by inserting the defect
line at 2k + 1, which is positioned over all other paths.

We require the skein theoretic description of ,,(Y;) € 7L,,. From the
expression Y; = Tj__l1 I Ty ... T, we obtain

2j—n—

Qpn(yj) =t 4 i}]
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with 37] € TL, ~ Ends(n) the skein class of

Set €, := (—1)".

Lemma 6.2. Write n = (n1,...,7n/2)) with n; € {v, t=2v "}, Let E(g) €
(C*)™ be given by

= (771_177717772_1,7727"'an\__nl/gj7nln/2j) if n even,
E(ﬂ) = 1 1 q .
(771 y 115 1o 7772’"'777Ln/gj777ln/2j7v) if n odd
and write for J C{1,...,|n/2]},
#J _
cj(n)=t1 Hnj L
jeJ
Then, ?}Qn(ﬂ) = %(Q)Qn(g) 'V, forj=1,...,n, where
Qn(n) == > Dy eV,.
JC{1,....|n/2]}
In particular, we have Qn(1) € Vi ¢(,) with weight

&)

(t% =1 At gt D ) if
. m M, My 5eees nLn/ng Min/2] I n even,

1l1-n _ 4  3—m b5-—mn _q n=5 _q n=3 n—1 .
(Tt st ey, Niny2ppt & Ning2)t v) if n odd.

Proof. Tt suffices to show that }A/an(n) = gj(n)Qn(n). Write k& := |n/2].
There are three cases to consider, j = 2¢,2i — 1 (for 1 < i < k) and, if n is
odd, j = n = 2k + 1. We consider first j = 2i. Note that by the definition
of D% an arch is placed on top of the previous arch if they both encircle the
hole of the annulus. For }/}QiD;L, the path connected to 2¢ that is wound around
the diagram passes over all paths connected to [ < 2¢ and under all paths
connected to [ > 2i. Due to these properties, the action of }A’gi on D7 will only
affect the arch (2¢ — 1,2¢) and leave the others unchanged.

Consider now Y2;Q, (1) and combine the terms J and J U {i} for subsets
J not containing 1, B

Daum = S cslm)VaiDy

= Z CJ(Q)Y% ( ?—’_th;lD?U{Z}) .
JE{L, R\ {i}
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Focusing on the action of }A/'gi on the terms in the bracket, we claim that
Vo (Dﬁ + t%ni_ngu{i}> = (v + By — fé’?i_l)D? + t%D?U{i}
for all J C {1,...,k}\{¢}. Since »; satisfies
N = v T — e

it then follows that }/}QlQn(ﬂ) = 1;Qn(n). To prove the claim, we show

Yy, D"
1A/2Z‘D?u{i} =74 D}

(v + 207D + 1 DG gy,

for J C {1,...,|n/2]}\{i}. These equalities follow from the following dia-
grammatic calculations, in which we omit all paths that are not involved in
the computation. The first diagrammatic computation is for }/}ging in Vo,
the second for }A’giDikH in Vag41 (note that the defect line creates a subtle
difference) and the third for }Afgin}U{i} in V,, (in this case the defect line does
not affect the calculation):

Yai = — ¢4 +(w+t207h) ;
2i—1 2i—1 2i—1 2¢—1

> 1 —1
Yo; = = t3 +t 1
2i—1 2k+1 201 2k+1 2i—1 2k+1 2i—1 2k+1
2i 2i 2i 2i
1 _1
=ta + +t72
2i—1 2k+1 2i—1 2k+1 2i—1 2k+1
2i 2i 2i
1 —1 1
=t1 + (v +t20) ;
2i—1 2k+1 271 2k+1
2i 21
~ _3
Yo = =—t 1 .
21 21 21
2i 2i 2i

The check that ?zi,lQn(g) = n;lQn (n) is analogous.
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The proof that }A/QkHQQkH(Q) = vQak+1(n) with n = 2k + 1 odd is

simpler. All that the operator Yax11 does is wind the defect line a full turn
around the hole of the annulus. The operator keeps the defect line above all
other curves. This full turn in V5541 can then be removed by the multiplicative
factor v. O

From now on, we choose
_ € €
n=(v",...,v")

and we write @Q,, £ and gfor the corresponding Q,(n), £(n) and Z(g) Con-
cretely,

Qu= Y T Djev
JC{L, o n/2]}
and
- (T oL T e, T T T e T ) if neven,
B (tl%v,tﬁnv_l,t%v, . ,t"Tfsv,t"Tfsv_l,t"Tflv) if n odd.

(6.2)
Lemma 6.3. Q, # 0 for generic t1.

Proof. Consider first n = 2k even. Let Zs, € Homg(2k,0) be the skein class of
the (2k, 0)-link diagram with little arches connecting 2i—1 and 2i for 1 < i < k.
Composing on the left with Zyj; defines a linear map Homg (0, 2k) — Ends(0)
that descends to a well-defined linear map Zsy, : Vor, — V >~ C. Then,

Zoe(Que) = > T (ppd ol 1) (g )
JC{1,...k}

which is a nonzero Laurent polynomial in t1 (look at its highest order term).

For n = 2k + 1 odd, we apply a similar argument, now using the element
Zok+1 € Homg(2k+1, 1) which is the skein class of the (2k+1, 1)-link diagram
with little arches connecting the inner boundary points 2i—1 and 2¢ (1 < i < k)
and with a defect line connecting the inner boundary point at 2k+1 to the outer
boundary point at 1. Then, the resulting linear map Zogy1: Vogy1 — Vi =~ C
maps Qap+1 to

o Z t#J/4U#J(U—1ti +vt_i)#’](—t% _ t_%)k—#J
JC{1,....k}

for some k € Z, which again is a nonzero Laurent polynomial in t (the factor
for the removal of a closed loop around the hole with a defect line running
over it is (v~ 4 vt~ 1), as shown in the proof of the previous lemma). [

To establish an identification V,, ~ M (v) as H,,-modules, we will use Q,,
and the intertwiners I,, (w € S,,) to construct the corresponding cyclic vector
in V;,. But first we determine what the subset I C {1,...,n — 1} should be.

Set

I™.={1,...,[n/2] =1,[n/2] +1,...,n—1}.
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The associated parabolic subgroup S,, ;) of S, is isomorphic to Sy x Sy if
n = 2k even, and S X Sp_1 if n =2k — 1 is odd.

Lemma 6.4. Dlm(Vn) = #(Sn/SnJ(n)) — #Srl;(n) )

Proof. For n = 2k even, Lo} is in bijective correspondence with the set of
binary words of length 2k with letters a, 8 of length 2k such that k letters
are . The bijection is as follows. Orient the outer boundary of the punctured
disk anticlockwise. Given L € Lo, orient the arcs in L in such a way that the
closed oriented loop obtained by adding a piece of the oriented outer boundary
of the punctured disk, is enclosing the puncture. Then, the word of length 2k
in the letters {a, 5} is obtained by putting « as the ith letter if the orientation
of the arc at 7 is away from ¢, and g if it is toward 1.

In the odd case n = 2k — 1, we create a bijective correspondence of Log_1
with the set of binary words of length 2k — 1 with letters «, 3 such that k
letters are o by a similar procedure, with the only addition that « is assigned
to the outer boundary point that is connected to the puncture.

Clearly, the cardinality of the set of such binary words is equal to

#(Sn/Sp,10m)- O

Remark 6.5. The minimal coset representatives S,IL(M are described as the set
of permutations o € S,, such that £(os;) = £(c) + 1 for all i € I where ¢

is the length function of S,,. It follows that STIL(") is the set of permutations
o € S, such that

o(l)y<o(2) <---<o([n/2]), o([n/2]+1) <o([n/2]+2) < <a(n).

We define w,, € S,, as follows:

/12 3 4 . 2%k—1 2k
Wk =\1 k41 2 Ek+2 ... k 2% )
1 2 3 4 . 22 2k—1
“’”“‘(1 k+1 2 k+2 ... 2%k—1 &k ) (6.3)

Note that wor = togp—1(wak—1) with ¢,,: Sp,—1 < S, the natural group embed-
ding extending o € S,,_;1 to a permutation of {1,...,n} by o(n) = n. Note
that

4 (1 2 3 .. k E+1 k+2 ... 2%k—1
Woa-1=\1 3 5 ... 2%—-1 2 4 ... 2%k—2)

It follows that w, ! € Sé(”), cf. Remark 6.5. We now define y = (") € (C*)»
by

v =wn € (C)"
with £ the weight of V,, as given by (6.2). Concretely, we have

1—n -1 5—n —1 n—3 -1 3—n 7T—n n—1 .
o itz gt tTT T v, T ) if neven,
")/:

1—n

(5

5—n n—1 3-n T—n n—3 .
vt vttt et T if n odd.

(6.4)

3
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Note that v € T (n), and hence we have the associated principal series module
M ().

Theorem 6.6. For generic ti, we have M1 (v) = V,, as left H,,-modules, with
the isomorphism Ml(n)('y) 5 V,, mapping vg(n) (v) € M (7)y to Ly, Qn €
Vi, where e is the unit element of the symmetric group S,.

Proof. We have I,,,Q, € V;, 4 by Lemma 6.2 and Theorem 6.1. Furthermore,
by Theorem 6.1 again,

Iw,jllwn Qn = €uw, (S)Qn

and

ew, (&)= J] (7 —tTRem)tE —tTEe) £ 0
a€RNwy 'Ry
for generic ti, since R(J{ Nw, 'Ry consists of the roots ey — €am—1 (I < m).
Hence, I,,, Qn # 0 for generic t1. Consider now the vectors

7(n)
Uy 1= Tylw, Qn € Vi wy, weS, .

)
Then, for w € SI™™ we have

Iy = ew(7>lann

by Theorem 6.1. Furthermore, e,,(v) # 0 for generic ¢3 since for w € S,Il(n) we

have
R Nw™ Ry C{e—em | 1<1< /2] & [n/2] +1<m < n}

for w € Sﬁ(n), in view of Remark 6.5. It follows that 0 # w,, € V,, 4 for all
w e S,Il(n). Hence, by Lemma 6.4, for generic 4,

Vn = @ Vn,w’y

wesL™

with V,, .y = Cuy, for all w € Sé(n), since the wy’s (w € S,Il(n)) are pairwise
different for generic +1. Tt remains to show that Tiue = t*%ue for i € I™ and
generic t1. Fix i e I, Then, Lu. € V;, 5, = {0} since

sy & {wy | we sy

for generic ¢3. By the explicit expression of the intertwiner I; (see (6.1)), we
then obtain

[N

0= Lue=(1—~")Tu.+ (t_% —t
=1 -t YT+ (t

1

= (1=t -t 2)u.

)7 e

—t3)t

=

_1 .
Hence, T;u. =t~ 2u., as desired. O
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6.2. The Cherednik—Matsuo Correspondence

Now that we have identified the link pattern modules V,, with principal series
representations, we can apply the Cherednik—Matsuo correspondence to ana-
lyze the existence of polynomial solutions of the associated qgKZ equations.

The Cherednik—Matsuo correspondence gives a bijective correspondence
between meromorphic twisted-symmetric solution to qKZ equations associated
with a principal series module and suitable classes of meromorphic common
eigenfunctions for the action of the Y-operators under the basic representa-
tion [22,27].

The version of the Cherednik—Matsuo correspondence we need is as fol-
lows. If I C {1,...,n — 1} and w € S, then we write w € S,,; and W € SI
for the unique elements such that w = ww. Let wy € S,, be the longest Weyl
group element, mapping j ton+1—jfor j=1,...,n. Let I* := {i* | i € I}
with ¢ € {1,...,n — 1} such that wWo(o;) = .

Theorem 6.7. Fiz c € C*, I C {1,...,n — 1} and { € T!. Then, we have a
linear isomorphism

{f(Z) € C[z]

;51 (Y) _C(EOC l)jf fOI‘alllS]S’n L SOln(MI(C) q C)
k. : ‘I(T)f—tz foralli € I'*

CMy ¢
(6.5)
with CMy ¢ given by
CMrc(f)i= Y mh U Tymt) f @ vl (C).

weST

Proof. For ¢ = 1, this is an easy consequence of [27, Cor. 4.4 & Thm. 4.14].
For general ¢, it then follows using the fact that M7 (c71¢) ~ MT(¢)© ) with

isomorphism given by vl (¢71¢) — v (¢) for w € SI, and
Sol (M(¢) 34, 1) = Sol (M (Q); g, ).
O

=

We want to re-express the common eigenspace for 7t *+4(Y;)-operators
in the left-hand side of (6.5) in terms of the dual Cherednik operators, in order
to apply the results of [20] in the next subsection. The dual Y-operators are
defined by

Y =Tj.. . Toap "Iy ... T, € H,y (1<j<n),
cf. [20, §2.2]. The relation to our commuting Y -operators
Y =T, AT T T Ty T
is as follows.
Lemma 6.8. We have in H,,

Toni = Tnfinga 1<i<n,
TwY; = ?;ilijwm 1<j<n
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Proof. The first identity is well known. For the second identity, it suffices to
show that

TwopTy! =Ty .. . TopT, Yy . T
This follows using pT; = T;+1p and the fact that
wo = (Sp—1-.-81)(Sn—1.--82) ... (Sn—18n—2)Sn—1,
=(81.--8n-1)(Sn—2...51) .. (Sn—28n—3)Sn—2
are two reduced expressions for wy € 5,,. d

Returning to the Cherednik—-Matsuo correspondence (see Theorem 6.7),
we can reformulate it as follows.

Corollary 6.9. Fiz c € C*, I C {1,...,n— 1} and ¢ € T!. Then, we have a
linear isomorphism

J() € Cle] ﬂ_;’%,ql(vj)f:cfl(woc)jf foralll <j<mn -~ SOln(MI(C) a,¢)
Tt (T, )f =ti f for, alli € [* | o™ Y
(6.6)

CMy ¢

with CiMLC given by
—r —1/2 1 o
CMrc(f):= D mn T LT, @ v (©).

weST

1
Proof. By the previous lemma, 7t > ’q(Tgol) restricts to a linear isomorphism

from the space defined by the left-hand side of (6.6) onto the space defined by
the left-hand side of (6.5). Hence, it suffices to note that

R _1
CMI,C = CMLC o 7Tt ? ’q(Til),
which follows from the fact that for all w € SZ,
T T t=7 71T 7 L7 =T T
o~ Wwo w Wy Ty T w, w Wy

ww,
0

6.3. Dual Non-symmetric Macdonald Polynomials
In this subsection, we take n > 2. The next step will be to introduce the
_1 .
polynomial eigenfunctions of the dual Cherednik operators * *-4(Y;) (1 <
j < n), called the dual non-symmetric Macdonald polynomials. We follow
Kasatani [20]: The (t%,w,Yj) in [20] corresponds to our (ft*%,pfl,?j).
For A € Z" let

1<i<j<n
(a) 1 ifa >0,
a =
X 1 ifa<0

Then, 2p(A) = Y., di(N)e; with
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Write
sy 1= (—fé)zpmqA e (), ez,

ie., sx=(8x1,---58xn) With s); = (—t_%)di(/\)q)‘i.

For generic ¢ and ta (or indeterminates), the monic dual non-symmetric
Macdonald polynomial

E\ = E\(z; —tié,q) € (C[zil}

of degree A € Z" is the unique Laurent polynomial satisfying the eigenvalue
equations

%’q(f(Y))EA = f(sx)Ex  forall f € C[z%]

such that the coefficient of z* in the expansion of Ey in monomials {2"},enn is
one. It is well known that E) is homogeneous of total degree || := A1+ -+ A,
In addition, Ey € C[z] if and only if A € Z%,. The intertwiners with respect
to the dual Y-operators are defined by

B; Z:,_Ti(?H,l?i_l—].)'f't%—t_%, 1<t <n,
cf. [20, Lemma 2.6]. Then, for 1 <14 < n,
(tsnirisyy — Dt tsnigrsys — 1)

(sxi+1/5xi — 1)

ot BB By = —th ( ) Esy  (6.8)
if A€ Z™ and \; > AiJrl.

Kasatani [20] analyzed the dual non-symmetric Macdonald polynomials
E\ with parameters specialized to t7*~1¢"~! = 1 with 1 < k < n — 1 and
r > 2. In our situation, we are going to need the special case that k = 2 and
r = 3, i.e., when t73¢?> = 1 (cf. Theorem 4.7). In fact, for our purposes it
suffices to take ¢ = t2. We recall some key results from [20] in this special
case.

Definition 6.10. We say A € Z" has a neighborhood if it has a pair of indices
(i,4) such that conditions 1 and 2 are satisfied:

(1) p(Ni —p(N); =2,
(2) (a) Ai—A; <1, 0r
(b) )\i—)\j:2andj<i.
Write
S§23) . — {\ e Z" | Ahasaneighborhood}
BE® = 7M.
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By [20, Thm. 3.11], the dual non-symmetric Macdonald polynomial E) can be
specialized at ¢ = t3 if \ € B23)_ For ¢ = t2 write
Z@23) .= {7 € C" | Thereexistdistinctiy,is, iz € {1,...,n}
and positive integers 1,72 € Zx>g
such that z;,,, = z;,tq"™ fora = 1,2,
r1+ry <1, andi, < igqyqifr, =0},
and define the ideal 1?3 C CJz] by
133 .= {f € Clz*'] | f(z) =0 for allz € Z(Q’B)}.

_1 )
Then, for ¢ = t2 and generic t3, the ideal 123 is a 7t 22 (H, (¢t~ 2))-
submodule of C[z*!] and
129 = (B CEu(z;—t"%,1%)
MEB(2’3>
by [20, Thm. 3.11].

Remark 6.11. The conditions f(z) = 0 for z € Z(3) are known as wheel
conditions. It originally appeared in [12] (see also [21]).

We recall now the notion of a (2,3)-wheel in A € Z", following [20, Def.
3.5].

Definition 6.12. Let ¢ = t3 and fix A € Z". A three-tuple (i1,12,43) with
distinct 41,142,153 € {1,...,n} is called a (2, 3)-wheel in X if there exists r1,72 €
Z>¢ such that

8;32 = S;,tltilqu’ 5;,13 = S;;f_)tilq”b
with r1 + 79 <1, and i, < i441 if 7, =0 (a = 1,2).

Two wheels (i1, i2,43) and (j1, j2, j3) in A are said to be equivalent if there
exists a 0 € S3 such that i, = j,-1(q) for a = 1,2,3. We write #23)(\) for
the number of equivalence classes of (2, 3)-wheels in A. Note that (still under
the assumption that ¢ = t%) we have #(23)(\) = 0 if and only if 3;1 e 7(23),
Furthermore, from [20, §3] (Definition 3.7) we have

{pez | #%9(u) =0} € B,
6.4. Proof of Theorem 4.7

Let n > 2 and specialize throughout this subsection v = 1 and ¢ = t2. Fur-
thermore, we set

Cp = (—f%)n_l,
cf. Theorem 4.7. Recall the notation 1™ = {1,... [n/2] -1, [n/2]+1,...,n—
1} and the central character y = (™) € T with v =1 (see (6.4)), so

(T T T ST YT if neven,
Y= -1 3-n ,7—n n—3 . (69)
TN, tTT) ifnodd

[

5—

(Ea S

n

5.
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In the even n = 2k case, the decomposition wy = Wow, of the longest element
k . .
wo € Sox as a product of wy € Sé,(: " and wq € Sy, r2k) gives the expressions

_ (1 2 ...k k+1 k+2 ... 2k
Wo=\k+1 k+2 ... 26 1 2 ... k)
/12 .k k+1 k+2 ... 2
Wo=\p k=1 ... 1 2% 2%—-1 ... k+1

Hence, for n = 2k even, we have 1(2¥)* = J(2k) anq
{2k —i | i e PR} = [(2R),
In the odd n = 2k — 1 case, the decomposition wy = wWow, of the longest

_ (2k-1) .
element wg € Sai_1 as a product of wy € Sékq and wy € Syp_q 2e-1) gives
the expressions

(1 2 k E+1 k+2 ... 2%k—1
Wo=\r k+1 ... 2%-1 1 2 . k-1
(12 .k k+1 E+2 ... 2%k—1
Yo~k k-1 ... 1 2%—-1 26-2 ... k+1

Therefore, I2F=1* = {1, k—2,k,k+1,...,2k — 2} and
{2k—1—1i|i€ 1(21@71),*} — J(2k—1)

Hence, it follows from Theorem 6.6 and Corollary 6.9 that for generic t%, we
have

{f(Z) € Clz]

,L 3
2,t2

=c, (wov)] foralll <j<n
i) f f=tif foralli € 1(™)

3
,t2

g i)l } — Soln (Vi q,¢n)
P ( CM,,
(6.10)

with 6\1\//In g‘iven by

m\w

,L
=2 ™

wesH™

T 5T f @ Tulu, Qn.

In the next lemma, we relate the spectral point ¢, *(w,7y) to the spectrum of
the dual non-symmetric Macdonald polynomials.

Lemma 6.13. For g =t2,

(n) —

C wo'y = Sx\(n)

with A € Z" given by
AR — 2k — 2.2k —4,...,0,2k — 1.2k —3,...,1),
A@’H):(2k—2,2k—4,...,0,2k—3,2k—5,...,1).

Proof. By a direct computation, for ¢ = t%,

2k—2 2k—2 k—— —
Con wofy(%)—(ft 2,—1 2,...,—1 —g2k— 1 —g2k—2 .77tk):5>\(2k),

(2k—1) _ (t2‘“‘2,t2’“—3,...,t’“‘l,tz’“‘E,tz’“‘5 ot

_ 1
C2k71207 2) = Sy@k-1).

O
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.1
Hence, we have for generic ¢4,

O] = b)) forallpe) € (C[Zi”} = ol (Va, 4, ¢n).

CM,,
(6.11)

Next, we need to verify that the dual non-symmetric Macdonald polynomials
E\ ) are nonzero under the specialization ¢ = t3,

f(2) € Clz] 3.3 :
{ at iy =iy foralli e 1(")

Lemma 6.14. S,A(" N B2 = (oA | ¢ € S}V, In particular, \(") €
B®3) and for generic t%,

0 # Eym(z; —t_%,t

:) € Clal

s well defined, homogeneous of total degree %n(n — 1), and satisfies
1.3 1 1z
2 (p(Y)) Exew (577, 82) = p(syon ) Exen (5 —t 77, £2) Vp(z) € ClzH!).

-
T,

Proof. Note that by Remark 6.5 and the definition of A\("),
(o™ | 0 e8I = e SN | i — =2 =i < j} (6.12)
Now suppose that g € S,A" N B®3) and p; — p; = 2. By (6.7),
p(p)i = p(p)j = #{r | e < pid — {7 | e < 5}
=#{r [ <pr <py+1p=2
Since u € B3| this implies that i < j. By (6.12), we conclude that p €
{oA™ | o e 517y

Conversely, suppose that p € {oA™) | o € S,Il(n)}. Suppose that p(u); —
p(p); = 2. By (6.7), this implies that

#r | e <pit —#{r [ pe <pi}=2.
It follows that p; > pj;, and hence
| g < pe < pi} =2,

forcing j1; — p1; = 2. By (6.12), this implies that i < j, and hence u € S,A™ N
B23) The remaining statements now follow immediately (note that the degree
of By (2) is X1 A™ = In(n —1)). O

Proposition 6.15. For generic t%, we have

3

1 3
m B (T) By (55—t 2,82) = t2 By (5 —t~2,t2)  Vie I™.
In particular, there exists a unique k, € C* such that
g™ = Kn CM,, (EM,L)(-; —t_%,t%)) € Soln(Vn;t%, (—t_%)"_l)
has fully nested component

ggr:)(z) = H (t%zj - t_%Zi)- (6.13)

1<i<j<n
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Proof. For the first statement, fix i € I, In fact, for n = 2k even the (2, 3)-
wheels in s;\(**) are (i,i+1,k+i+1) and (k+i+1,i,i+1)if 1 <i < k and
(i,i4+1,i—k), (i—k,i,i+1)if k+1 < i < 2k. For n = 2k —1, the (2, 3)-wheels
in s; A=Y are (i,i+1,k+1d), (k+i,i,i4+1)if 1 <i < kand (i,i+1,i—k+1),
(i —k+1,4,0+1)if k+1 <i < 2k — 1. Hence, #Z3) (5;A() = 1.

By [20, Lemma 4.13], it follows from #2%)(s;A(") = 1 that E, e
(z;—t‘iq) can be specialized to ¢ = t2 for generic ¢i. By (6.8), we then
obtain

D=
Njw

t

™ it

(Bi)Exim (5 —t72,t2) =0

since sy(m) j41/8xm ;i = t=! and /\Z(.n) > /\Ei)l. Substituting the explicit expres-
sion of B; then gives

-1 3
2.t2

U (By) By (5 —t 5, 13)

0=

= ((3/\<n>,z‘+13;&>7i —)mf,
_1

= (" = D) (7" T(T) — £2) By (5 —t72,83),

[N

3
t 2

hence 7T7{ ! (E)E)\(") (7 _t_%at%) = t%E,\(n) (7 _t_%,t
It follows that

wlw

) for i € 1™,

0% g := CM,, (Eyeo (5 —t72,12)) € Sol, (Vps t2, (—¢ 1))
is homogeneous of total degree %n(n —1). By Corollary 4.4,
N(Li) (2) = kn H (t%zj — tf%zi)

1<i<j<n

for some k, € C*, hence the result. O

With the last proposition, we have completed the proof of Theorem 4.7
for generic ti € C* (note that uniqueness follows from Lemma 4.2 and that for
n = 1 the desired unique solution g is simply given by the constant function
gV = 1). The remark following Theorem 4.7 then completes the proof of
Theorem 4.7 for all values ¢t € C* for which (t2 4+ 1)(t 4+ 1) # 0.

7. The Dual Braid Recursion

The extended affine Temperley—Lieb algebra Tﬁn(t%) is invariant under the
inversion 7 — ¢~ . In this last section of the article, we discuss how this
symmetry results in a dual braid recursion for the qKZ towers of solutions
(9\™)>0 from Theorem 4.7. We set v = 1 in this section.
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First, we discuss the inversion on the Kauffman skein relation (3.6). If we
invert t1 and then rotate the diagrams by ninety degrees, we have

Comparing this to the original equation, we see that all the over-crossings swap
to under-crossings and vice versa. Hence, in the identification of Tﬁn(t%) with
Ends(n), the inversion t1 — ¢~1 amounts to replacing under-crossings by
over-crossing and vice versa.

Let Z!: T L,, — T L4 be the algebra map Z,, with the role of ti replaced
by t1, Hence, in the skein theoretic description, the arc insertion is now done
by over-crossing all arcs its meets, instead of under-crossing. Similarly, we
write

N

4]

¢, € Homzz, (V, Vi)

for the intertwiner obtained from replacing in the construction of ¢, €

Homrc, (V,, VZ,) the parameter t7 by ¢4 and the role of Z,, by Z..

Theorem 7.1. With the assumptions as in Theorem 4.7, let g™ €
Sol, (Vi 2, (=t=3)"=1) for n > 1 be the homogeneous polynomial solution
qKZ of degree zn(n — 1) with fully nested component

gpl@) = [ (e -17ts)

1<i<j<n
and set g0 :=1 € Solg(Vp, t2,t71 +t—4). Write
ﬁ(")(z) = (z129... zn)”*lg(”)(zl_l, 22_1, e z;l).

Then, g (z) € Vy|z] is a Vi,-valued homogeneous polynomial of total degree

in(n—1) and

G (21, .., 20,0) = ga@n=ln/2) Zn @t (ﬁ(")(zl, i Zn))s n > 0.

Proof. Let Ri(z) € TL, be the R-operator R;(x) with ¢3 replaced by ¢~ %,

1 1
r—1 xtT2 —t2
@) (t—é t%c) “t (t—% t:1>a:>

Note that R:(z) = R;(z~1), from which it follows that
R;(’zlﬂLl/Zl)g(n)( cey Bidly Ry e ) = g(n) (Z)
for 1 < i < n. Furthermore, with q = t%,

n—l( n—1

pg(n)(ZQ""7Z"’qzl) =4q le’ﬂ) pg(n)(zglw~~7Z;17q_12;1)
n— —3\n— n— n — _
=¢" Nt (2. 2) 1g( )(zl Loz

= (—t1)" 15" (z).
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Hence, 'g(”)(z) is a twisted-symmetric solution of the qKZ equation with
respect to the action V* of W,, obtained from V by inverting t7 and setting
q= t3. Furthermore, the fully nested component of 'g(”)(z) is

~ 1 _1

i@ = [ (tFz—t3s).

1<i<j<n
As in Lemma 4.2, it follows that §(”)(z), as symmetric solution of these qKZ
equations, is determined by the fully nested component and that all coefficients
N(n)(z) are homo 1 ials i f 1 1 -
T geneous polynomials in z1,..., z, of total degree 5n(n —1).

In particular,

7" (2) € Sol, (Vi3 t2, (—t5)"")
with Sol’, (Vi.; ¢,dy) being the polynomial Vj,-valued functions f(z) € V,[z]
satisfying
Ri(zix1/z)f(- .., zix1, 20y - . .) = f(2), 1<i<n,
pf(z2,... 20, q21) = dn f(2).

Using slightly modified versions of Lemmas 2.4 and 2.5 one now shows that
(21 20) 8§ (21, 20)) € Soly (Vs t3, (—83)"H),

G (21, 20, 0) € Solty (ViEr 583, (—t3) ).

Furthermore, a modified version of Lemma 4.5 yields

$n(L)= > dupl

L'€Lpnt1
with d, 1) = 9, L(u)tﬂ”/zJ. Hence, g™tV (2, ..., 2,,0) and t1(2n=n/2])
N N

21... 20k (ﬁ(") (z)) have the same fully nested component. The properly mod-
ified version of Lemma 4.3 then shows that they are equal. O
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Appendix A: Recursion Relations for Link Pattern Components
of qKZ Solutions

In this section, we prove Lemma 4.2(a) and Lemma 4.3(b), i.e., we show that
twisted-symmetric solutions of gKZ equations with values in link pattern mod-
ules are determined by the fully nested component. This proof is done for three
different representations of H,: link patterns C[LPg;] (when n = 2k), punc-
tured link patterns C[£,] ~ V,, (Lemma 4.2) and the restricted modules V.,
(Lemma 4.3). The first two cases have been considered before in the litera-
ture, see [8,11,21]. We recall these here in detail, since the technicalities play
an important role in proving the most delicate third case.

A link pattern of size 2k is a diagram with 2k equally spaced points on
the boundary of the disk D that are connected by k non-intersecting curves
lying within the disk. To establish convention, the points are numbered 1 to
2k going counterclockwise around the disk. We denote the set of link patterns
of size 2k by LPy;. As an example, LPg consists of the following link patterns:

3 2 3 2 3 2 3 2 3 2
20800
5 6 5 6 5 6 5 6 5 6
Link patterns can also be drawn by placing the endpoints on a horizontal line
such that the k non-intersecting curves lie above it. To establish convention,

the points are numbered in increasing order from left to right. As an example,
the link patterns of LPg can be drawn as

(T A 2 /\n/_\ A~ oA

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 1 2 4 5 6 1 2 3 4 5 6

respectively. Due to this form, the curves are sometimes referred to as arches
and a little arch is one that connects two consecutive points.

A Dyck path of length 2k is a lattice path from (0,0) to (2k,0) with steps
(1,1) called a rise and (1, —1) called a fall, which never falls below the z-axis.
We denote the set of Dyck paths of length 2k by D Psi. As an example, D P;
consists of the following Dyck paths:

NP A AL N

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

A Dyck path can also be encoded by a string of 2k numbers (a1, . .., asg) where
a; for 1 < j < 2k is the height of the path after step j. Furthermore, for a
Dyck path L we define its content |L| to be the number of boxes within the
gray triangle that lie above the path. For example, if L € DPs denotes the
last Dyck path in the example above, then |L| = 3.

There exists a bijection between LPy; and DPsj. To go from link pat-
terns to Dyck paths, consider the link pattern drawn on a horizontal line
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and traverse along the line from left to right. Each point ¢ that is the begin-
ning/end of an arch corresponds to a rise/fall at step ¢ in the Dyck path.
To go from Dyck paths to link patterns, for each rise draw the start of an
arch and for each fall an end, and then complete the diagram by connecting
a start with an end such that the arches do not intersect. For example, the
ordered lists of elements in LPg and DPgs are the same under the bijective
correspondence.

The bijection allows us to establish a containment ordering on link pat-
terns. For two link patterns L, L’ € LPay, we say that L contains L’ if the entire
corresponding Dyck path of L’ can be drawn along or below the Dyck path of
L. More formally, let L and L’ correspond to the Dyck paths (ay, ... as) and
(b1, ...bak), respectively. Then, L contains L' if a; > b; for all 1 < j < 2k. As
an example, in the list of Dyck paths in D P the first path contains all other
paths. Furthermore, note that if L contains L’ then |L| < |L/|.

Using the disk diagrams, one can define the action of 7Lg, on C[LPg]
similarly to that on C[Lax], one just ignores the puncture so we do not have
the loop removal rule for non-contractible loops. Using the horizontal line
diagrams is more suitable when discussing the action of the finite Temperley—
Lieb algebra Tﬁgk. The induced action of Tﬁgk on C[DPy] can then be
described as follows.

At step i for 1 <i <2k — 1, a Dyck path can have one of three different
local situations:

(1) Steps 4,7+ 1 form a local maximum, i.e., a rise followed by a fall;
(2) Steps 4,7+ 1 form a local minimum, i.e., a fall followed by a rise;
(3) Steps 4,7+ 1 form a slope, i.e., two consecutive rises or falls.

If steps i,7 + 1 form a local maximum, then the action of e; acts as a scalar,
leaving the path unchanged and multiplying by a factor —(t% + t_%) (line 1,
Fig. 2). If steps ¢,i + 1 form a local minimum, then e; changes it into a local
maximum (line 2, Fig. 2). For a slope, if it is two consecutive rises, say with
heights a; = m and a;11 = m + 1, then let 7 > i+ 1 be the first step that is a
fall with a; = m. The action of e; then changes step ¢ + 1 into fall and j into
a rise, creating a local maximum at i,7 + 1 and decreasing the height of the
path between ¢ and j by two (line 3, Fig. 2). This decrease in height shifts the
internal path down, and we refer to it as a collapse. If the slope is downwards
with height a; = m,a;41 = m — 1, let j < be the last rise with a; = m + 1.
Then, the action of e; changes step 7 and j to a rise and fall, respectively. This
creates a local maximum at 4,7+ 1 and causes a collapse decreasing a; by two
for 7 <1 < i. Note that a collapse leads to a smaller Dyck path in the inclusion
order.

Figure 2 shows a diagrammatic definition of the action on Dyck paths.
The dotted frame indicates the section of the paths where they differ, and the
dotted line in the third mapping represents a Dyck path of length j — i — 2.
The case for two consecutive falls is the same as the third line but with the
diagrams reflected across a vertical line in the middle of the diagrams.
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FIGURE 2. The action of e; on Dyck paths

A.1. Link Patterns

Let Ly € DPyj denote the Dyck path with k rises followed by k falls, i.e.,
(1,2,...,k,k —1,...,0). Note that Ly contains all Dyck paths in DPs; and
|Lo| = 0. We show that the solution g**)(z) € Solyy,(C[LPag]; ¢, car) is deter-
mined by its base component g(Lzok)(z).

We prove this by showing that if g(LZOk)(z) =0, then we have g(L%)(z) =0
for all L € DPyy. This is done using the qKZ equations (4.1), which give for
1< <2k,

9 (2) = b(zj11/27)9"" (5;2) = So o AP Lazia )zl (s52),
L’'€LPyy:ej L' ~L

(A1)

where e; L’ ~ L means that L is obtained from e;L’ by removing the loops in
e; L’ (there is in fact at most one loop). The coefficient 'y(L],) 5, is defined by

) { - (t% +t- %) if e; L' has a null-homotopic loop,
Yoo =

1 otherwise.
We begin with the inductive hypothesis,
g(LQk) (z) =0if |L| < m,

where m € Z>o. Now consider a Dyck path L such that |L| = m with a local
maximum at, say, step ¢ with a; > 1 (if such a local maximum does not exist,
then L is the unique Dykh path with maximal content |L|, and hence there
is nothing to prove). We use Eq. (A.1) for j = ¢ and examine the pre-images
L' in the sum on the right-hand side. We find that besides L there is only
one pre-image that is contained by L. This is the pre-image that has a local
minimum turned into a local maximum by the action of e;. Let us denote this
particular Dyck path by N. Switching a local minimum to a local maximum is
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equivalent to removing a box, so we have |[N| = m + 1. Furthermore, all other
pre-images L' # N contain L so |L'| < m and g(LQ,k)(z) = 0. Thus, gg\?k)(z) =0
with |[N| = m + 1 by (A.1). Since |Lg| = 0, it provides the base case of the

induction and determines all other components.

Remark A.1. The algorithm of this proof can be viewed as collapsing the local
maxima till we end up at the last component, which has k local maxima with
height 1. Since a Dyck path cannot fall below the z-axis we cannot collapse a
local maximum with a height 1. Thus, the algorithm never uses (A.1) at j if
the height a; is one. This is an important remark for the proofs that follow.

Remark A.2. The Dyck path L corresponds to the link pattern that connects
point i with 2k — ¢ + 1. The same arguments used in this proof can be found
in [10] where they prove the unique solution for the model with reflecting
boundaries.

A.2: Punctured Link Patterns
Here, we present the proof to Lemma 4.2. Let L~ denote the link pattern

k
F k+1
+
q K2 q
2k 2k+1

in Lo and Lok41, respectively. A little arch in a punctured link patterns is
an arch connecting points 7,5 + 1 that does not contain the puncture. For
example, LA only has one little arch, it connects points 2k + 1 to 1.
We show that the solution ¢(™(z) € Sol,,(C[L,];q,¢,) is determined by
its base component g(an) (z). The qKZ equations written component-wise are
917(@) = bz [2)g (sm) = D ) palz /=)l (siz), (A2)
L'€Ln: e L' ~L

gén)(z) :C_lgf(:i)lL(ZQa"'aznaq_121)7 (A?))

where ¢; L’ ~ L means that L is obtained from e;L’ by removing the loops in

e; L' (there is in fact at most one loop), see (4.1). The coefficient 'yg/{ ; is

—(t% 412 ) if e; I’ has a null-homotopicloop,
W(LZ,), L= th 4t if e; I/ has a non null-homotopic loop,
1 otherwise.

We treat the even and odd case separately.

A.2.1. Case n = 2k. Let LPg,;’j) denote the set of punctured link patterns
in Lo} such that the puncture could be connected to a point on the bound-
ary between points j and j + 1 (modulo 2k) without crossing a line. Then,

Lo = Ufil LP;Z’j) (not necessarily disjoint) and p: LPg;’j) — LPg;’jH). Note
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that L isin LPS,;’k) and if we define Loy, := p¥-Ln then Lo € LP;;’%). Define
a bijection from LP;};’%) to LPs; by simply removing the puncture. This map-
ping preserves the action of Tﬁgk. Furthermore, it maps Lo € LPgZ’Qk) to
Lo € LPo.

To prove that g(Lz:) (z) determines the solution, we have the following

steps. First, if gff)(z) = 0 then by using Eq. (A.3) k times we have gfi)(z) =

0. Second, by the mapping from LP;’,:’%) to LPs, and the proof on LPy; we

have g(sz)(z) =0forall L€ LPS};’%). Last, we use Eq. (A.3) to show that if

9" (z) = 0 for all L € LP$;" then ¢{2"(z) = 0 for all I € LP{ Y,

There is one key subtlety that we have ignored, which we point out and
address. There is a difference between Eq. (A.1) and (A.2); in the latter equa-
tion, the pre-images are in Lof and not just LPgg. So when determining all the

components for L € LP;C’%) we must check that all the pre-images L’ are also

in LP(;,;’%). Recall Remark A.1; each step of the algorithm is on a local max-
imum, which corresponds to a little arch in a link pattern. For the equation
e; - L' = L, the only case where we have L' ¢ LPg];’zk) is if the little arch in
L is on the boundary of the domain that contains the puncture. Such a little
arch corresponds to a local maximum of height 1. Recalling again Remark A.1,
we do not collapse such local maxima, and therefore we do not have this case

and can conclude all pre-images are in LPg,;’Qk). IfLe LP;’;’%) has a little
arch (i,7 + 1) on the boundary of the domain containing the puncture, then

L' ¢ LPg};’%) is the link pattern identical to L but with the puncture inside
the little arch.

A.2.2. Case n = 2k+1. Let LP;Z’i)l denote the set of punctured link patterns
in Lok41 such that the defect line connects the puncture to point j on the

boundary. Then, we have Lo 41 = Ufgﬂ LPgZ’j_)l and p: LP;Z’i)l — LPgZ’flLl).

Note that Ln is in LPS "™ and if we define Logyq := p¥ - L then Logi €

LP;C’JQF];JFD. Define a bijection from LP;}Z’JQFI;JFI) to LPgj by simply removing the

defect line, puncture and boundary point 2k + 1. This mapping preserves the

action of Tﬁgk. Furthermore, it maps Logy1 € LPé’;’i’iH) to Lo € LPy.

Now to prove that gffﬂ)(z) determines the solution we have the fol-

lowing steps. First, if g(LkaH)(z) = 0 then by using Eq. (A.3) k times we have

(LQ;Zi)(Z) = 0. Second, by the mapping from LPéZ’iliH) to LPsy and the proof

on LPs; we have ggk) (z)y =0foral L € LPéZ’i’iH). Last, by Eq. (A.3), if

g(L%H)(z) =0forall L € LPQZ’% then g(LQ/kH)(z) =0forall L' € LPEZ’:&U.
The same subtle issue occurs in this case and the argument is identical.
The only case a pre-image L’ is not in LPg};’ﬁH) is when the little arch in L is
on the boundary of the domain that contains the puncture. Such a little arch
corresponds to a local maximum of height 1. Again, recalling Remark A.1, we

do not collapse such local maxima, and therefore we do not have this case and
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can conclude all pre-images are in LPgZ’ﬁH). IfLe LPé}ﬁ_’iH) has a little

arch (i,7 + 1) on the boundary of the domain containing the puncture, then
L'¢ LP%’?IH) is the link pattern with either point ¢ or ¢+ 1 connected to the
puncture and the other to the point 2k + 1.

A.3. The Restricted Module V% |

Here, we present the proof to Lemma 4.3. Let ¢(™(z) € Sol, (V,/315q,¢n). The
qKZ equations associated with the representation V7, written component-
wise are
L) (2) = bz51/ )91 (552) = £l1a(zi41/2)91) (552)
9L j+1/%5)9p "\8iZ) = Yo/, LA\Zj+1 zj)91 (852),
L,€£n+116_7’L’NL

(A.4)
tii Z Véylb,)[,ggf)(z%'"azn7qilzl)

L'elpti:enl'~L
+ gy (20,20 ) = 0 g (2) (A.5)

for 1 < j < n. It is important to note that the link patterns are in £,
but the first equation is only for 1 < j < n; there is one equation less than
in the previous cases. Note furthermore that (A.5) follows from the fact that
To(p) = p(t e, + 1),

The proof for the even and odd case are treated separately.

A.3.1. The Case n = 2k. Note that for the case n = 2k the link patterns are in
Lok+1. Recall from “Appendix A.2” the definitions for Ln, Lag+1 € Log+1 and

LPg;’i)l. We show the solution g(?*)(z) is determined by its base component

(2K) /N -
gy (z) in three steps.

First, consider Eq. (A.5) for L = Ln. Since Ln does not have a little

arch connecting (2k, 2k + 1) there is no pre-image L’ such that esy - L' ~ Ln.

Therefore, there are no terms in the sum (over L’) on the left-hand side of

the equation, and if gg:) (z) = 0 then g/(fi)m (z) = 0. Continuing this way, we
conclude that gf?ﬂ (z) = 0 for all 0 < ¢ < 2k. But then we have covered
(2k)

all the possible rotations of LA, so g
gL(Qk) (Z) =0.
2k+1
The second step is identical to “Appendix A.2.” By the mapping from

i (z) = 0 for all i € Z. In particular,

LP;Z’_?;H) to LPg; and the proof on LPs, we have g(LQk)(z) =0forall L €
LP;C’JZFI;H). The fact that we have one equation less does not play a role here

as the mapping from LP;Z’i’iH) to LPg; decreases the size of the link patterns

by one.

The last step is to use Eq. (A.5). However, this is not as simple as “Appen-
dix A.2” because Eq. (A.5) has an extra term on the left-hand side. It is a sum
over pre-images for the action of e,,. We will refer to it as the pre-image sum.
Consider Eq. (A.5) for L € LPgZﬁ). Since L has the defect line connected

to point 2k there are no pre-images L’ such that eg - L’ ~ L. Therefore, the
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c LPQ(*,Zk:—l—l)’

k+1
2k+1
2k
%
€ LPyY
2k41
2k

FIGURE 3. Pre-images of L € LPéZ’_?l for the action of eqy,

pre-image-sum of (A.5) does not give a contribution and g(L%) (z) = 0 because

gCP(z) = 0 as p- L € LPS?5 ™). Now consider (A.5) for L € LPS 4™V, By

the same argument, the pre-image-sum gives no contribution and gflz) (z) =0.

Since each L’ € LP;;’}F)l is of the form p - L for some L € LP;’,;’_?_];H) we have

99 (2) = 0 for all L € LPSyD,.

Having shown that g(LQk)(z) =0for L € LPé:i)l I_ILP(;,;’iﬁ) uLPéZ’JQF’iJrl), we
now use an inductive argument to complete the proof. The induction hypoth-
esis is

2k A *,2k *,2k+1 *,j
99 (z) = 0ifL € LPS2Y) LiLpSe?hst) | | LPS 7,
1<5<i

for some 1 < i < 2k. Consider Eq. (A.5) for L € LP;?«?r If L does not have a
little arch connecting (2k, 2k+1), then we have the same argument used before:
There are no pre-images and the pre-image sum does not give a contribution,
and hence g(L%) (z)=0for L € LP;;’_TIU. If L does have a little arch connecting
(2k,2k + 1), then the pre-image L’ must have the defect line connected to
points 4, 2k or 2k + 1. The case that the link pattern L’ in the pre-image
lies in LPgZ’j_)l is obvious. For the other two cases, the parts of the pre-images
connected to 7,2k, 2k + 1 are shown in Fig. 3. It follows that the pre-image

L' is in LP(Q’;’_?_’;) U LPg;’ﬁH) L LP;Z’_?l and the pre-image sum is equivalently

zero. Hence, in both cases g,(flz)(z) = 0 and since p:LPéZ’i)l — LPSC’EED we
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it1 i+1
P J J
(*,2k—2)
. or € LP,, ,
m 2k m 2k
2k—1 2k—1
i+t1
P J
(%,2k—1)
e LPLD),
2k
2k—1
i+1 i, i+1 i
p
J J ( k)
*,2
or € LP,), .
m 2k m 2k
2k—1 2k—1

(

FIGURE 4. Pre-images of L € LP{""

for the action of eqgp_o

have g(L%) (z) =0 forall L € LPgZ’_ﬁl). This completes the induction and the

base case is ¢ = 1 which was discussed in the previous paragraph.

A.3.2. The Case n = 2k — 1 (k > 1). Note that for the case n = 2k — 1
the link patterns are in Lof Recall from “Appendix A.2” the definitions for
Ln, Loy, € Lo and LP;’,:’J). We show the solution g(**=1)(z) is determined by
its base component g(Lkafl)(z) in three steps.

The first step is identical to the case n = 2k. The link pattern L~ does
not have a little arch connecting (2k — 1, 2k) and neither do the link patterns
oL for 1 <j <k. Soif g(LQ:_l)(z) =0, then g(LQ;Z_l)(z) =0.

The second step is similar to “Appendix A.2”; however, there is a new

subtle issue to note; we have one equation less. By the mapping from LPS,:%)

to LPgj and the proof on LPy, we have g(L2k71)(z) =0forall L€ LP;Z’%).
Indeed, Eq. (A.4) with 1 < j < 2k — 1 suffices since a local maximum at step
2k — 1 must have height one, cf. Remark A.1.

For the final step, consider Eq. (A.5) for L € LPg}:zk*l). Since L does
not have a little arch connecting points (2k — 1, 2k), there is no pre-image L’
and hence the pre-image sum does not give a contribution. Therefore, we have

g(LQk_l)(Z) —0foral L € LPS,;’%_D since p- L € LP;};’%). Next, consider the
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equation for L € LPé};’Qk_m. If L has a little arch connecting points (2k—1, 2k),

then L is also in LP(ZZ’%) SO g(LZk_l) = 0. If L does not have a little arch

connecting points (2k — 1,2k), then there are no pre-images L’ and the pre-

image sum does not give a contribution, so g(LQkfz) (z) = 0 because p- L €
(*,2k—1)
LPs, .

Now consider Eq. (A.5) for L € LPéZ’Qk). All the possible pre-images of

L with respect to the action of e 1 are in LP;;’J) for j =2k — 2,2k — 1, 2k.

Therefore, the pre-image sum gives no contribution and g(LQk_l)(z) = 0 for

Le LPg;’l). We now use an induction argument. The hypothesis is
¢ Vz)y=0 ifLeLPS?) forj =2k —2,2k—1,2k,1,...,i

for some 1 < i < 2k —2. Consider Eq. (A.5) for L € LPgZ’i). If L does not have
a little arch connecting points (2k — 1, 2k), then we have the same argument as
before: There are no pre-images and the pre-image sum gives no contribution,
and hence gF(ka_l) =0 and g(LQ,fﬂ_l)(z) =0forall L” € LPS;’H'U. If L does have
a little arch connecting points (2k — 1, 2k), then we examine the pre-images of
L with respect to action of e 1. We find that

(L' € Lylesk 1 L' ~ L} C LPSF=2 u Ll =D y Lp(? u Lpl?

(see Fig. 4). Therefore, the pre-image sum is equivalently zero and since
g(L%fl)(z) =0and p-L € LPg;’Hl), we have g(LZkfl)(z) =0for L e LP;;”H).
This completes the inductive step, and the base case is ¢ = 1 which was dis-

cussed in the beginning of this paragraph.
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