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CHAPTER 1

Introduction

The unit residue group, to which the present thesis is devoted, is defined
using the norm-residue symbol, which Hilbert introduced into algebraic number
theory in 1897. This symbol is a bimultiplicative map whose values are roots
of unity. If we just work with the field of rational numbers, as we shall do for
now, those roots of unity are only 1 and —1.

One of the most famous theorems in elementary number theory is the
quadratic reciprocity law, proved by Gauss in 1801, which expresses an un-
expected symmetry property of the Legendre symbol. The norm-residue sym-
bol enables us to reformulate the quadratic reciprocity law, together with its
two supplementary laws, in terms of bilinear forms on vector spaces over the
field of two elements. This reformulation is not only concise and elegant, but
it also places the quadratic reciprocity law in the context of linear algebra.
In addition, it points the way to higher reciprocity laws in algebraic number
fields.

In Sections [I.]] to [I.6] everything we just mentioned, including the unit
residue group, will be explained for the field of rational numbers. Section
is an overview of the content of the thesis and in Sections[L.8 to[[.T7we outline
the main results of each chapter.



Chapter 1. Introduction

1.1 Quadratic reciprocity

Gauss called the quadratic reciprocity law both “Theorema aureum” (golden
theorem) and “Theorema fundamentale”. In his Disquisitiones Arithmeticae
[21] article 131] he explained the latter name as follows: “Quia omnia fere, quae
de residuis quadraticis dici possunt, huic theoremati innituntur, denominatio
theorematis fundamentalis, qua in sequentibus utemur, haud absona erit.’ﬂ
More than one hundred people published proofs of this law since Gauss proved
it in 1801. The formulation chosen here uses the Legendre symbol, which was
introduced by Legendre in 1798 in his Théorie des nombres [36].

Definition 1.1 (Legendre symbol). Let p be an odd prime number. For every
integer a, the Legendre symbol <a) is defined by
p

—1 if the equation #? = @ mod p has no solution in Z/pZ,

a
(> =<1 if the equation 22 = a mod p has a nonzero solution in Z/pZ,

b 0 if p divides a.

Theorem 1.2 (Quadratic reciprocity law (Gauss 1801)). Let p and q be two
distinct odd prime numbers. Then one has

BIOREE

In other words, the symbols (g) and (%) are equal unless p and ¢ are both

congruent to 3 modulo 4, in which case they are different. At first glance,
one may not expect any connection between the two symbols, because one is
defined by a congruence modulo ¢ and the other one by a congruence modulo p,
and p and q are coprime. Many number theorists view the quadratic reciprocity
law as a miracle that is not explained away by any of its many proofs.

The behaviour of —1 and 2 modulo an odd prime number is governed by
two other laws, called first supplement to the quadratic reciprocity law and
second supplement to the quadratic reciprocity law, respectively.

Theorem 1.3 (First supplement to the quadratic reciprocity law). Let p be
an odd prime number. Then one has

()=

1«Since almost everything that can be said about quadratic residues depends on this theo-
rem, the term fundamental theorem which we will use from now on should be acceptable.”
Translation into English by Clarke [20].




1.2. The Jacobi symbol

Theorem 1.4 (Second supplement to the quadratic reciprocity law). Let p be
an odd prime number. Then one has

()=

In other words, the symbol (_71) equals 1 if and only if p = 1 mod 4, and the
symbol (%) equals 1 if and only if p = £1 mod 8.

Some traces of these laws, in particular of the first supplement, can be found
in Fermat’s theorems about expressing a prime by a quadratic form around the
mid 1600’s [37, pp. 2-3]. During the 18th century Euler studied Fermat’s work.
He made conjectures equivalent to the quadratic reciprocity law in 1744 [37,
p. 4] and proved that for each prime p congruent to 1 modulo 8 the equation
22 = 2 mod p has a solution in Z/pZ [27, p. 70]. In 1785 Legendre discovered
the laws independently of Euler and gave an incomplete proof [35]. The first
full proof was given by Gauss in the Disquisitiones Arithmeticae [21] in 1801.

For more details about the history of the quadratic reciprocity law we refer
to the books by Lemmermeyer [37] and Weil [77].

1.2 The Jacobi symbol

A result closely related to the quadratic reciprocity law is Euler’s criterion.

Theorem 1.5 (Euler’s criterion (Euler 1748)). Let p be an odd prime. Then

for every integer a one has
a _
<) = 4" mod p.
p

From Euler’s criterion it follows immediately that the Legendre symbol is a
completely multiplicative function of its top argument, that is for all a,b € Z

(2)-() )

Formulated in group theory language, the Legendre symbol induces a group
homomorphism

(Z/pZ)" — {+£1}

with kernel the subgroup (Z/ pZ)*2 of squares.

When computing Legendre symbols, the quadratic reciprocity law makes it
possible to turn symbols upside down. Hence, it is natural to extend the symbol
to a function in two arguments. In 1837 Jacobi introduced a generalization of
the Legendre symbol.
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Definition 1.6 (Jacobi symbol). Let a be an integer and let n be an odd
integer. When n is positive, the Jacobi symbol (E) is defined by
n

() -T1(%)

%

where n = [, p* is the prime factorization of n. When n is negative, it is
defined by

(%) ita<o,
) =q7a
n <a> if @ > 0.

—n
Not everybody agrees on our definition of the Jacobi symbol: it is often defined
only for odd positive integers n and is sometimes defined for odd negative

integers n by (%) = (ﬁ) Our choice makes it a restriction of the Kronecker
symbol and is motivated by Theorem The supplements to the quadratic
reciprocity law generalize to the Jacobi symbol without amendment.

The Jacobi symbol equals the Legendre symbol when the denominator is
a prime number and provides an efficient algorithm to calculate all Legendre
symbols without performing factorization along the way. The quadratic reci-
procity law for the Jacobi symbol is slightly different from the one for the
Legendre symbol, because it also needs to take into account the sign of the

arguments of the symbol.

Theorem 1.7 (Quadratic reciprocity law and its supplements for the Jacobi
symbol). Let a and b be two odd coprime integers. Then one has

()=, ()= (3) () ronn

where
(0, b) —1 if both a and b are negative
a7 - = . . '
! 1 if at least one of a and b is positive

and

(a, b) —1 if both a and b are congruent to 3 modulo 4,
a” = . .
? 1 if at least one of a and b is congruent to 1 modulo 4.

The Jacobi symbol is a bimultiplicative function of its two arguments, that
is it is a completely multiplicative function of each of its arguments when
the other one is fixed. The quadratic reciprocity law implies that it is not

4
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symmetric. If we restrict the domain of the Jacobi symbol by requiring that a
and n are coprime in Definition then it takes values in the multiplicative
group {1}, which is isomorphic to the additive group Z/27Z. Moreover, it
is well-defined modulo squares. Since the quotient group Q* /(@*2 is a vector
space over Z/27 with the addition modulo 2 defined as multiplication modulo
squares, the Jacobi symbol is reminiscent of bilinear forms on vector spaces
over the finite field of two elements.

1.3 Orthogonal primes

In this section we turn the quadratic reciprocity law and its supplements into
linear algebra using the bilinear map called the norm-residue symbol. We
rephrase the statements of the laws in terms of bilinear forms on vector spaces
over the finite field of two elements. This formulation has the advantages of
compactness, symmetry, and generality. It combines three messy identities into
one beautiful mathematical structure. The role of the prime 2 is less excep-
tional than before and there are no coprimality constraints on the arguments of
the norm-residue symbol. Moreover, since the norm-residue symbol is defined
on every local field, and all completions of number fields are local fields, this
way of expressing the quadratic reciprocity law can be extended to any number
field. In order to make the section more broadly accessible, we postpone some
technical details and proofs to later sections.

We start by defining some vector spaces. Instead of taking the multiplicative
group of the field of rational numbers modulo squares, we mod out Q* by
each of the subgroups consisting of the elements that are locally squares, as
explained in Remark[T.13]. We get finite groups of exponent 2. The vector space
structure may cause confusion: the vector addition is the usual multiplication
and the scalar multiplication is the exponentiation.

Notation 1.8. Let T be the set of integers consisting of —1 and all the primes.
For each r in T' we define the group J, by

Q*/Q>0 if r=-1,
J, =< Q/(Q2-(1+87)) ifr=2,
Q*/(Q*2- (1+7Z)) ifr>2.

The group J_; is canonically isomorphic to the multiplicative group {£1}.
Using this isomorphism, the natural group homomorphism Q* — J_; is given
by the sign function.

In Section for each r in T" we show that the group J, is a vector space

5
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over the finite field Fy of 2 elements of dimension

1 ifr=-1,
dimg, J, =<3 ifr=2,
2 ifr>2.

In addition, we shall define the norm-residue symbol at r
(s Yyt Ip X T = {£1},

which is a nondegenerate symmetric bilinear map by Remark [I.15] In the case
r > 2, this symbol does not carry much more information than the Legendre
symbol (%).

Let S be a finite subset of T' containing —1 and 2. Let Jg be the group
IL.cs Jr- Note that we have dimp, Js = 2 - |S|. By taking the product compo-

nentwise we get the nondegenerate symmetric bilinear map
<'7 '>S : JS X JS - {:t]-}v
(:'E? y) = H <:177“? y'f‘>7’7

res

where = (z,)rcs and y = (yr)res. We call this bilinear map the norm-residue
symbol at S.

We rephrase the quadratic reciprocity laws in terms of orthogonality with
respect to the norm-residue symbol. See Remark [T.16] for more details.

Theorem 1.9. Let T be the set of integers consisting of —1 and all the primes.
Let p and q be two elements in T and let S be a finite subset of T containing
—1, 2, p, and q. Then p and q are orthogonal with respect to the norm-residue
symbol at S.

Proof. This follows from Lemma [1.1 O

Let (S) be the subgroup of Q* generated by the elements of S. It has dimension
|S| over Fy. By Lemma the natural group homomorphism Q* — Jg
restricts to a group homomorphism (S) — Jg with kernel (S)2. Hence, the
induced group homomorphism (S)/(S)? — Jg is injective. We will denote the
group generated by the image of S in Jg by (S).

Using the common notation for the orthogonal complement of a vector space

with respect to an inner product, we denote the annihilator in Jg of (S) with
respect to the norm-residue symbol at S b S)L. Note that Theorem [1.9
implies the inclusion (S) C (S)1. Theorem [1.10| states that this inclusion is

actually an equality.



1.4. The norm-residue symbol

Theorem 1.10. Let the notation be as in Notation [L.8] and let S be a finite
subset of T' containing —1 and 2. Then the group generated by the image of S
in Jg is its own annihilator with respect to the norm-residue symbol at S.

Proof. Note that we have
diIIl]F2 JS =2- |S| == 2dim[p2 <S>

Since the norm-residue symbol at S is nondegenerate, it follows that the an-
nihilator (S)* of (S) with respect to the norm-residue symbol at S has also
dimension |S| over Fs. Theoremimplies that (S)* contains (S). Since both
(S) and its annihilator have dimension |S| over Fy, the equality (S) = (S)*
follows.

Remark 1.11. The equality (S) = (S)* stated in Theorem implies that
the group homomorphism

Js — Hom(({S), {£1}),
x = (re—{z,rg),

induces a group isomorphism Jg /(S) = Hom((S), {#1}) and the norm-residue
symbol at S induces a nondegenerate bilinear map Jg/(S) x (S) — {£1}.

Remark 1.12. The group Js/(S) can be viewed as a Galois group. Let Kg
be the number field Q(/7 : r € S) and let Gg be the Galois group Gal(Kg/Q).
We have the well-known Kummer pairing

Gs % (8)/(8)* = {£1},

o (/")
D

It is a nondegenerate bilinear map and therefore we have a group isomorphism
Gs = Hom((S)/(S)2,{£1}). See Theorem for a more general statement
in abelian Kummer theory. Since the groups Js/(S) and Gg are isomorphic
to Hom((S), {£1}) and Hom({S)/(S)?, {£1}), respectively, we obtain a group

isomorphism Jg/(S) = Gg. This is a group isomorphism we also get from
class field theory.

(o,7) —

1.4 The norm-residue symbol

The natural definition of the norm-residue symbol uses class field theory. In
the present section we give a more concrete and accordingly more artificial
definition.
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Let r be a prime. Every nonzero rational number x can be written in the
form 7" ¢, where n, a, and b are integers with ab # 0 mod r. The integer n is
unique, is called the valuation of x at r, and is denoted by v,.(x).

For any odd prime r the map

Q" - (Z/22) ® (2/rZ)"/(Z/rD)"?),

v = Tn% > (v(z) mod 2, ab mod r),

where n is the valuation of z at » and a and b are integers that are not divisible
by r, is a surjective group homomorphism with kernel Q*2-(14-rZ). This proves
that the group J, is generated by the images of r and any integer that is not
a square modulo 7.

For r = 2 the map

Q" —>Z/2Z s (Z/8Z)",

x = 2”% — (v2(2) mod 2, ab mod 8),

where n is the valuation of z at 2 and a and b are odd integers, is well-defined.
It is a surjective group homomorphism with kernel Q** - (1 4 8Z). So .J, is
isomorphic to the group on the right-hand side, which is generated by the
images of 2, —1, and 5. Therefore, we can write Jo as (2) x (—=1) x (5).

It follows from the definition that for each r € T the group J, has exponent
2 and we have just shown that it is a vector space over the finite field Fy of 2

elements of dimension

1 ifr=—1,
dimp, J, = ¢3 ifr =2,
2 ifr>2.

Remark [T[.13]explains the origin of these groups to the reader who knows about
completions of Q.

Remark 1.13. The set T can be thought of as the set of places [Defini-
tion of Q. For each r € T the group J, is Q* modulo the subgroup of
the elements that are locally squares at the place corresponding to r. The
group J_; is isomorphic to R* /R*2 and for each positive r € T the group J,
is isomorphic to Qy /(@:2, where Q, is the field of r-adic rationals.

In 1897 Hilbert introduced his symbol, which we present in our setting. For
each r in T we define the norm-residue symbol at r, which is a bilinear map

(Yt Ip X Jp = {£1}.

8



1.4. The norm-residue symbol

We proceed in the following way: we define a bilinear map
(9 Q" x Q" = {£1}

and the norm-residue symbol at r is the map induced by the natural group
homomorphism Q* — J,.. We distinguish three cases: r > 2 and the two special
cases r = —1 and r = 2. The first one has a clear connection to the Legendre
symbol, while the other two appear in the quadratic reciprocity law for the
Jacobi symbol and take into account the sign and the congruence modulo 4 of
the arguments of the symbol.

Case r > 2. For each (z,y) € Q* x Q* we set

r—1
ve(y)\ 2
(z,y), = <(1)V"($)V"(y)x ( )> mod r.
yvr(@

This formula may look quite involved, but it defines the same map, linear in

. . . r—1
each argument and with values in {£1}, as the following: (r,r), = (=1) =
and for each integer a that is not a square modulo r one has (a,a), = 1 and
(a,7)y = (r,a), = —1. The formula is also similar to the congruence in Euler’s

criterion. In fact, using the Legendre symbol, for any integer b that is not

multiple of r we get
b
by = (r,b)r = — | .
e = ), = (2

Moreover, for all integers ¢ and d that are not multiple of r we have (¢, d),. = 1.
Case r = —1. For each (z,y) € Q* x Q* we set

(2, 4) —1 if both x and y are negative,
x? - = . . oy.
Y- 1 if at least one of x and y is positive.

Case r = 2. For each (x,y) € Q* x Q* we set

(@) = (1) 2 s () 2235y (). (12

where ©z = 2V2(")‘;—i and y = 2"2(3/)‘;—; with aq, b1, az and by odd integers.
Writing Js as (2) x (=1) x (5), an explicit description of the norm-residue
symbol at 2 is given by the following table.

<'L'>2 ‘ 2 — 5
2 1 1 -1
-1 1 -1 1
5 -1 1 1
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The table is equivalent to the following formula: for all integers a_1, as, as,
b_1, by, and b5 one has

<(_1)a_1 . 9a2 _5(157 (_1)5—1 _252 A 5b5>2 _ (_1)a_1b_1+a2b5+a5b2.

The definition of the norm-residue symbol is convoluted, in particular for r = 2,
but Remark shows that the symbol also has an interpretation in terms of
the existence of a nonzero solution of a certain equation.

Remark 1.14. Let r € T and let F' be the corresponding local field in Re-
mark [[L.T3] Then one has
(@) —1 if 22 = ax® + by? has no nonzero solution (z,y,2) € F3,
a,0)r = . .
1 if 22 = ax® + by? has a nonzero solution (x,y,2) € F3.
Remark 1.15. It follows from the definition that for each r € T the norm-

residue symbol at r
() s o X Jp = {21}

is a nondegenerate symmetric bilinear map.

1.5 Orthogonality

We explain why we say that Theorem [I.9] rephrases the quadratic reciprocity
law in terms of orthogonality.

Remark 1.16. Theorem [I.9]states that if p and g are two elements in S, then
they are orthogonal with respect to the norm-residue symbol at S. Firstly,
suppose that p and ¢ are two distinct odd primes in S. Since for each odd
prime r different from p and ¢ we have (p, q), = 1, we get the equality

0, 0)s = 0, Q) —1(p, 0)2 (P, O (D, D>

which can be written, using the Legendre symbol, as

(p,g)s = (-1)"T T (Z) (;) .

Hence, the quadratic reciprocity law is equivalent to the equality (p,q)s = 1.
Similarly, for each odd prime p, the equalities (—1,p)s = 1 and (2,p)s = 1 are
equivalent to the two supplements to the quadratic reciprocity law.

Lemma 1.17. Let the notation be as in Notation and let S be a finite
subset of T containing —1 and 2. Then the group generated by the image of
S in Jg is contained in its own annihilator with respect to the norm-residue
symbol at S.

10
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Proof. A straightforward computation shows the equality (—1,—1)g = 1:

(=1, -1)s =(-1,-1)_1(=1,-1)2 H (-1, _1>p =(-D(-1-1=1

peS\{-1,2}

In a similar way, we can prove the equalities
(-1,2)s =(2,-1)s = (2,2)s = 1

and for all odd primes p in S the equality (p,p)s = 1. These equalities cover
all cases where both entries of the norm-residue symbol at S are in the set
{—=1,2} or equal. Hence, using also the symmetry of the norm-residue symbol
at S, we may assume that the second entry is an odd prime in S and the first
entry is different from the second one. By Remark [[.16] for distinct elements
re€Sandr €5\ {-1,2} we have (r,r')s = L. O

Let the notation be as in Notation [I.8] For each r in T we define a group
homomorphism J, — Z/27Z. For r = —1 the map is the zero map. If r is
positive, the map is given by x — v,.(z) mod 2. For each r € T we denote the
kernel of this homomorphism by U,.. We have U_; = J_; and for each positive
r € T we get a short exact sequence

1—U, — J. — 7Z/2Z — 0. (1.18)

Let S be a finite subset of T containing —1 and 2. As before, we denote the
group [],cg Jr by Js. Moreover, we define the group

Us = [[Ur = {(zr)r € Js : ¥r € S\ {~1} : v, (2,) = 0 mod 2}.
res

Now it is straightforward to prove Lemma

Lemma 1.19. The natural group homomorphism Q* — Jg restricts to a group
homomorphism (S) — Jg with kernel (S)?.

Proof. Tt follows from the definition of the components of Jg that (S)? is
contained in the kernel of the group homomorphism (S) — Jg. On the other
hand, any element in the kernel has to be contained in Ug, that is it has even
valuation at each prime number in S, and has to be positive. This implies
that it is an element of (S)2. Hence, the kernel of the group homomorphism
(S) — Jg is (S)? . O

We focus our attention on the norm-residue symbol at S. It follows from its
definition that for each r € T the annihilator U} of U, with respect to the
norm-residue symbol at r is contained in U,.. As before, we distinguish three
cases.

11



Chapter 1. Introduction

Case 7 > 2. We have the equality U, = U;. It follows that the dimension
over Fy of U, /Ut is 0.

Case r = —1. The group U_; is equal to J_1. Since the norm-residue symbol
is a nondegenerate bilinear map, the annihilator U+, of U_; is trivial. Hence,
the dimension over Fy of U_; /U is 1.

Case r = 2. Writing J5 as (2) x (—1) x (5) the group Us is the subgroup
(—1) x (5) of Jo. Its annihilator is the subgroup (5) and therefore the dimension
over Fy of Uy /U5 is 1.

Summarizing, the dimension over Fy of U, /U is 0 if r is greater than 2
and 1 if r is equal to —1 or 2. Hence, the annihilator U, §- of Ug with respect
to the norm-residue symbol at S is contained in Ug and the dimension over
Fy of Ug/ Ué- is 2. We present the situation in the following diagram, which is
reflected upside down by taking the annihilators. Each segment connects two
groups, of which the lower one is a subgroup of the higher one, and is labelled
by the dimension over Fy of their quotient group.

Js #5—1
\
o
() =(S)* 2
% Ug
17 #5-1

The diagram shows two ways to break up Jg. On the right-hand side we find
the quotient group Ug /U é‘ Note that it is independent of S and has order 4.
Up to a natural isomorphism, this group is the 2-nd unit residue group of the
field of rational numbers [Theorem [5.32]. In Section we see how S can be
replaced by T.

1.6 Global formulation

Many results will become more interesting as soon as we are able to define the
group Jr for the infinite set T, which consists of —1 and all the primes. An
obvious choice would be the direct product [], s J,. Unfortunately, in this
case it is not clear how to extend the norm-residue symbol to Jr x Jp. The
product componentwise does not work, because there can be infinitely many
nontrivial components. It works if we take the direct sum @, ., Jr, but then
we do not have anymore a natural group homomorphism Q* — Jp. It seems
that the direct product is too ‘big’ and the direct sum too ‘small’ for our
purposes. We are going to define a topological group J in between that does
not present these problems.

12



1.6. Global formulation

We define the group

J={(z,), € H Jp : for all but finitely many r € T : z, € U,.}.
reT

We endow the groups J, with the discrete topology, consider them as topo-
logical groups, and endow .J with the topology that makes .J the restricted
topological product of the J,. with respect to the U,.. Here we do not give the
general definition, which can be found in Definition but we remark that
a standard notation is B ,

T=1] 7

reT

Let U = 1<+ U be the topological product of the compact groups U,. It is
a compact topological group and is a subgroup of J.

Remark 1.20. The reader who knows about ideles may think of J as the
group of ideles of Q modulo squares and of U as the group of unit ideles of Q
modulo squares.

We have a short exact sequence

1—>U—>7—>@JT/UT—>1.
reT

We extend the norm-residue symbol to a bilinear map J x J — {+1}. By
taking the product componentwise, we define the norm-residue symbol

(o) o d x J — {£1},
(x7 y) g H<xr7y7ﬂ>r7

reT

where © = (z,)rer and y = (y,)rer. It is well-defined, because for all but
finitely many r € T' we have (z,,y,), = 1. This follows from the fact that for
all but finitely many odd primes r € T we have v,.(z,) = v,(y,) = 0.

We have a natural group homomorphism Q* — J, because, given a nonzero
rational number, for all but finitely many r € T its image in J, is contained in
U,. Moreover, this natural group homomorphism has kernel Q*? and induces
an injective group homomorphism Q* /Q*2 < J. We will denote the group
generated by the image of Q* in J by Q*. We see that the role played by S
in the previous sections is played by Q* here. This observation suggests the
statement of the following theorem, which collects the main results we have
presented so far.

Theorem 1.21. The image of Q" in J is its own annihilator with respect to
the norm-residue symbol J x J — {£1}.

13
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Proof. The inclusion Q* C @L follows from Lemma Let y € @L.
Multiplying y by an element in Q*, we may assume y_; = 1 and for each
positive r € T the equality v,.(y,) = 0. We cannot have yo # 1, because in this
case (—1,y) = (—1,y2)2 and (2,y) = (2, ya)2 are not both equal to 1. Suppose
there is s € T'\ {—1,2} with ys # 1. Then we have

<$7y> = <57 1>2 : <Says>s = -1,
which contradicts y € @L. Hence, we get the inclusion @l C Q. O

Remark 1.22. The image of Q* in J is a discrete subgroup of J.

Remark 1.23. Theorem and Remark can be extended to global
fields [Definition containing a primitive m-th root of unity. See Theo-
rem [4.52| and Theorem [4.53

- —L1 = . 7 . .
We look at the annihilator U™ of U in J with respect to the norm-residue

symbol. The inclusion Ul C U follows from the definition of the norm-residue
symbol. We remark that the inclusion is strict and therefore we get the non-
trivial quotient group U/UL. This is the group substituting for Ug/U. §- in
Section when we replace the set S by T'. Since Us/Ug is independent of

. . . = 771 . .
S, it is not surprising that U/U~ is a finite group of order 4 and, up to a
natural isomorphism, is the 2-nd unit residue group of the field of rational
numbers [Theorem [5.32]. The behaviour of the group U with respect to the
norm-residue symbol can be considered as a possible starting point of our re-
search. For instance, what happens if we replace Q by a number field or a
function field?

The situation for the field of rational numbers is summarized in the follow-
ing diagram. Each segment connects two groups, of which the lower one is a
subgroup of the higher one, and its label refers to their quotient group.

j chctc
Compay ﬁ
=7

= order 4
—1
disc& U
1 4mpact

We say that the subgroup Q* of J lies halfway in J, because it is its own
annihilator with respect to the norm-residue symbol. Do we have a similar
subgroup on the right-hand side? The answer is affirmative and it gives rise to
the virtual group [Definition .

14



1.7. Overview

1.7 Overview

We will now replace Q by a global field K, i.e. either an algebraic number field
or the function field of a curve over a finite field. The fields R and Q, will be
replaced by the completions K, of K at the places v of K; these completions
are local fields. We also fix a positive integer m such that K contains a primitive
m-th root of unity; for K = Q we took m = 2. We denote by p,, the group of
m-th roots of unity in K.

The role of the groups J,. will be played by the groups K}/K;™, which
are finite abelian groups, “most” of which have order m?2. For each v there
is a norm-residue symbol, which is a nondegenerate antisymmetric pairing
K:/K:™ x K /K™ — pm. As before, we write J for the restricted direct
product of the groups K}/K*™, with v ranging over all places of K; it is
a topological group, which one may identify with J/J™, where J is the so-
called group of ideles of K. The product of all norm-residue symbols defines
a nondegenerate antisymmetric pairing J x J — p,,. Just as for the field of
rational numbers, the image K* of K* in J equals its own annihilator with
respect to this pairing.

Let it now first be assumed that K is a function field. In this case each group
K} /K™ has order m?, and it has a subgroup U, that plays the role of the
groups U, in the rational case; U, has order m and is its own annihilator with
the respect to the norm-residue symbol. The product U of all U, is a subgroup
of J and equals its own annihilator with respect to the pairing defined on .J.
The latter equality leads to a construction of the so-called the Tate pairing,
which is important both in arithmetic geometry and in cryptography.

Not everything we just wrote carries over to the case of number fields, where
the situation is more complicated. Investigating it is one of the main purposes
of the present thesis.

Let K be a number field. The first difficulty is the existence of infinite places,
which are places v for which K, is isomorphic to R or C. For K = Q there
is just one infinite place, corresponding to r = —1. For general K the set of
infinite places is finite and nonempty. When v is infinite, then it is not obvious
how to define U, and we choose U, = K}/K}™; this group is trivial unless
m = 2 and K, = R, in which case it has order 2. As for K = QQ, we now define
U to be the product of all U, as v ranges over all places of K. The second
difficulty is that, while almost all of the groups K /K™ have order m?, there
are exceptions when m > 1. These exceptions are exactly those v for which U,
is not its own annihilator with respect to the norm-residue symbol. However,

— —
our definition ensures that the annihilator U™ of U with respect to the pairing
defined on J satisfies UL cU.

N
Thus, the quotient group U /U™, which is trivial in the function field case,
measures the complication of the number field situation. One of our results
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Chapter 1. Introduction

is that it is isomorphic to (Z/mZ)?*, where s is the number of infinite places

of K. Also, W/UL carries again a nondegenerate antisymmetric u,,-valued
pairing. This group, together with its pairing, is called the unit residue group.

By its definition, the unit residue group is a direct sum of local contributions.
It also has a subgroup of a global nature, called the virtual group, which is the
image of K* NU in the unit residue group. The virtual group equals its own
annihilator with respect to the pairing, and has order m?®, but it is not generally
isomorphic to (Z/mZ)s.

In the present thesis we give a precise description of the unit residue groups
and their virtual subgroups for some classes of number fields, including all
quadratic fields. In addition we point out connections to two classical theorems
on ideal class groups, namely the theorem of Armitage and Frohlich on 2-ranks
and Scholz’s theorem on 3-ranks.

In Chapter [10| we study certain subgroups of the multiplicative group of a
local field that play an important role in an algorithm for computing norm-
residue symbols. Chapter [I1] is independent of the rest of the thesis. We de-
scribe its contents in Section

1.8 Skew abelian groups

In Chapter [2], which is purely auxiliary, we collect some results about finite
abelian groups equipped with an antisymmetric pairing, rephrasing them in
terms of the skew element.

The norm-residue symbol defined in Section [I4] is a nondegenerate sym-
metric bilinear map. Since it is defined on groups of exponent 2, it is also
antisymmetric. For general exponents the norm-residue symbol is antisym-
metric.

Definition 1.24 (Skew abelian group). A skew abelian group is a triple
(A,C,B), where A is a finite abelian group, C is an abelian group, and
B:Ax A— C is an antisymmetric perfect pairing [Definition .

Remark shows that not much generality is lost in Definition by
assuming C' = Q/Z.

Every skew abelian group has a special element called its skew element,
which has order dividing 2. In the skew abelian groups we study, the skew
element is usually the residue class of —1.

Definition 1.25 (Skew element). Let (A, C, ) be a skew abelian group. The
skew element of (A, C, ) is the element g € A such that 5(g,a) = f(a,a) for
all a € A.

An alternating pairing is a well-known example of an antisymmetric pairing.
We call a skew abelian group symplectic if its pairing is alternating. Theo-
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rem [2.15] states this occurs if and only if the skew element is the identity
element of A.

Definition 1.26 (Isomorphism of skew abelian groups). Let (A,C, ) and
(B,C,~) be skew abelian groups. An isomorphism of skew abelian groups
is a group isomorphism ¢ : A — B such that for all z,y € A one has

Bz, y) = v(p(z), p(y)).

The classification of symplectic abelian groups up to isomorphism [Theo-
rem is well-known: every symplectic abelian group is isomorphic to the
direct sum of a finite abelian group and its dual group. The classification of
skew abelian groups up to isomorphism [Theorem distinguishes two cases,
according to the parity of the 2-rank; this 2-rank is even if and only if the skew
element is orthogonal to itself [Remark . The odd case is reminiscent of
the classification of symplectic abelian groups, which is itself a special case of
the more complicated even case; the skew element still plays a decisive role
here.

1.9 The local norm-residue symbol

In Chapter [3| we review local class field theory and the norm-residue symbol.

For a positive integer m and a local field F' that contains a primitive m-
th root of unity, the norm-residue symbol is a pairing F* x F* — pu,, that
is characterized by a few easily stated properties [Theorem ; while the
uniqueness of the norm-residue symbol allows a perfectly elementary proof, its
existence proof uses local class field theory.

In Section B/ we show that for an Archimedean local field the norm-residue
symbol is the trivial map, unless the field is the field of real numbers and m is
equal to 2. In this case, the second power norm-residue symbol is the pairing

() :R*xR* — (—1)
defined for all a,b € R* by

(a,) —1 if both @ and b are negative,
a7 = . . oy .
1 if at least one of a and b is positive.

It gives rise to the skew abelian group (Ugr/Ug, (—1),(:,")), where Ug = R*,
Ui = R., and the pairing is the map induced by the norm-residue symbol.
This skew abelian group has order 2 and its skew element is —1 - Uﬂé—.

Also in the case of a non-Archimedean local field does the norm-residue
symbol give rise to a skew abelian group. When F' is a non-Archimedean local
field containing a primitive m-th root of unity, the map

() : F*JF*™ x F*[F*™ =

17
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induced by the m-th power norm-residue symbol is an antisymmetric perfect
pairing. Since the group F*/F*™ is finite, the triple (F*/F*™, tim, (-, ) p.m) is
a skew abelian group. Theorem shows that its skew element is —1 - F*™
and describes how this triple fits into the classification of skew abelian groups.
When the characteristic of the residue field of F' does not divide m, we have a
group isomorphism F*/F*™ = (Z/mZ)?.

Narrowing our focus on the group Ug of units of the ring of integers of F'
produces a result of the same nature [Corollary . In particular, if U I% is
the annihilator in Up of Ur with respect to the norm-residue symbol, then the
triple (Up /U, tim, (-, ) .m) is a skew abelian group with skew element —1-Uz,
and Up /U is trivial if and only if m is not a multiple of the characteristic of
the residue field of F'.

When F ranges over completions of a global field K, the skew abelian groups
Ur/Ug are the local components of the m-th unit residue group of K.

1.10 The global norm-residue symbol

The local norm-residue symbols induce a pairing on the group of ideles of any
global field. This pairing is studied in Chapter [4]

Let m be a positive integer, let K be a global field containing a primitive
m-th root of unity, and denote by J the group of ideles of K [Definition [4.19].
Taking the product of the local norm-residue symbols over all completions
of K, we obtain a nondegenerate antisymmetric pairing J x J — fi,,, where
J = J/J™ and p,, is the group of m-th roots of unity in K. We refer to this
pairing as the global norm-residue symbol.

Two important subgroups of J are the multiplicative group K* of K and
the group of unit ideles U of K. The former is a discrete subgroup of J and its
image K* in J equals its own annihilator in J with respect the global norm-
residue symbol. The latter is a compact subgroup of J and its image U in J

contains its own annihilator UL in J with respect to the same pairing. The
global norm-residue symbol induces a perfect pairing of finite abelian groups

ENT) x T)(E"-T) = pim.
When K is a function field, Remark[£.70]shows that this pairing is an extension
to larger groups of the inverse of the Tate pairing [Definition , which has
found several applications in cryptography. As a corollary we obtain a new
proof of the fact that the Tate pairing is a perfect pairing.

The existence of the Tate pairing relies on the equality U = U™ The unit
residue group naturally arises when one tries to extend the Tate pairing to
number fields and can be also viewed as an obstruction to the existence of a
similar pairing. Indeed, in the case of number fields and for m greater than 1,
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— —1
the group U strictly contains its own annihilator U . In Chapter [5| the m-th

unit residue group of K is defined to be the quotient group U/U  together
with the antisymmetric perfect pairing induced by the global norm-residue
symbol.

When K is a number field, the global norm-residue symbol does not give a
clean duality between Cl[m] and Cl/Cl™, where Cl is the ideal class group of
K, but it induces pairings that do not deviate much from a naturally defined
perfect pairing Cl[m] x C1/CI™ — p,, [Theorem [4.84 and Theorem [4.86]. We
show that an upper bound for these deviations is provided by the m-th virtual
group of K [Definition [5.15], which is a subgroup of the m-th unit residue
group of K.

In the function field case, the groups K*NU and J/(K*-U) are very familiar
to algebraic geometers. Indeed, they have an interpretation in terms of étale
cohomology. For more details about this subject we refer to the books by
Milne [46], [47]. If C'is the projective nonsingular absolutely irreducible curve
over a finite field of which K is the function field, then we have natural group
isomorphisms

K*NU S HYC, ) and  J/(K*-U) = H*(C, ).

A duality theorem from algebraic geometry implies that there is also a bilinear
cup product

Hl(ca :U'm) X H2(C, Nm) — HS(C, P @ Nm)a

which is a perfect pairing of finite abelian groups. Since the abelian group
H3(C, ptyn, @ i) is canonically isomorphic to p,,, one may expect that, mod-
ulo the isomorphisms just mentioned and with suitable sign conventions, the
pairing induced by the global norm-residue symbol coincides with the cup
product.

1.11 The unit residue group

Chapter [5] is devoted to introducing the unit residue group and the virtual
group, and presenting general results on them.

In Section [1.5] we introduced the 2-nd unit residue group of the field of
rational numbers, which is described in detail in Section [5.3] It has only two
nontrivial local components, at 2 and at infinity, and as an abelian group it is a
Klein four-group. Equipped with the pairing given by the second power norm-
residue symbol of Q it is a skew abelian group. This pairing is essentially a
combination of the two pairings in the quadratic reciprocity law for the Jacobi
symbol.
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Given a positive integer m and a global field K containing a primitive m-th
root of unity, we define in Chapter [5| the m-th unit residue group of K. It
is a finite abelian group equipped with a pairing induced by the m-th power
norm-residue symbol. This pairing makes it into a skew abelian group. When
K is a function field, the m-th unit residue group of K is the trivial group.
In general, as an abelian group, the m-th unit residue group of a global field
K is isomorphic to (Z/mZ)?¢, where s is the number of infinite places of K
[Theorem .

The m-th unit residue group of K is isomorphic to an orthogonal sum of
skew abelian groups that are defined locally at the places of K dividing m and
at the real Archimedean places of K. It has a subgroup that is defined globally:
the m-th virtual group of K. It is a maximal self-annihilating subgroup of the
m-th unit residue group, of order m*® [Theorem and its order equals its
index in the m-th unit residue group. We remark that the m-th virtual group
is not necessarily isomorphic, as an abelian group, to (Z/mZ)°. In fact, in
Chapter [6] we give an example of a number field whose 4-th virtual group is
not a free module over Z/47 [Theorem .

The m-th virtual group of K is also the image of a natural surjective group
homomorphism [Remark from the group of m-virtual units of K, which
are the elements in K that have normalized valuation divisible by m at every
non-Archimedean place of K. This group homomorphism enables us to com-
pute the m-th virtual group by explicitly specifying a set of m-virtual units
of K of which the image generates the m-th virtual group, as well as the rela-
tions among those generators. The field extensions of K that are obtained by
adjoining m-th roots of m-virtual units of K can ramify only at the places of
K dividing m and at the real Archimedean places of K.

1.12 Quadratic number fields

In Chapter [6] we explicitly describe all unit residue groups and virtual groups
of quadratic number fields, including their Galois module structure.

Let K be a quadratic number field, Ok be its ring of integers, A be its dis-
criminant, and G be the Galois group Gal(K/Q). By the 2-adic component of
the 2-nd unit residue group of K we mean the product of its local components
at the places of K dividing 2, and by its component at infinity we mean the
product of its components at the real places. The 2-nd unit residue group is
the orthogonal sum of its 2-adic component and its component at infinity.

The component at infinity of the 2-nd unit residue group of K is trivial if
K is imaginary, and is a free (Z/2Z)[G]-module of rank 1 if K is real. In the
latter case the skew element is the unique nontrivial Galois invariant element,
which is the image of —1.

20
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We next discuss the 2-adic component. The group

(Ok /40K)" /(Ok [40K)*?

is a Klein four-group and there is a unique perfect pairing
B: (O J40K)* /(Ok [40Kk )™ x (0K J40K)* /(0K [40K)*? — {£1}

that makes ((Ox/40k)*/(Ok /40k)**, {£1}, ) into a skew abelian group
with skew element the residue class of —1. This skew abelian group is naturally
isomorphic to the 2-adic component of the 2-nd unit residue group of K. Its
structures as a Galois module and as a skew abelian group are intimately
linked: they are both determined by the skew element. In fact, the Galois action
is trivial if and only if the skew element is the identity element, and if and only
if the skew abelian group is symplectic [Definition [2.6]. Also, this occurs if and
only if A is congruent to 4 modulo 8 [Corollary For A # 4 mod 8 the 2-
adic component of the 2-nd unit residue group of K is a free (Z/2Z)[G]-module
of rank 1. In order to write down an explicit (Z/27)[G]-module isomorphism,
we will distinguish the cases A =1 mod 4 and A = 0 mod 8 [Theorem [6.12].

To describe the 2-nd virtual group V, we first assume that K is imaginary
quadratic. Then V has order 2, and is therefore trivially acted upon by G. Since
for A # 4 mod 8 the 2-nd unit residue group of K is a free (Z/2Z)[G]-module
of rank 1, it has only one nontrivial Galois invariant element; this is the residue
class of —1, which is therefore a generator of V. For A = 4 mod 8 the residue
class of —1 is trivial; in this case it turns out that V' is generated by the image
of 2 under the surjective group homomorphism {2-virtual units of K} — V in
Remark These results are proved in Section [6.5

Now let K be real quadratic. Then the 2-nd virtual group V of K is a
Klein four-group. For A = 4 mod 8, we shall prove that it is generated by the
images of —1 and 2 under the map {2-virtual units of K} — V and is therefore
trivially acted upon by G. Next suppose A # 4 mod 8. If A has a prime divisor
p that is congruent to 3 modulo 4, then V is, for any such p, generated by the
images of —1 and p, and again trivially acted upon by G. If no such p exists,
then there is an integer a for which A —4a? is a square, and V is, for any such
a, generated by the images of —1 and 2a — v/A. Also, in the latter case V is a
free (Z/2Z)[G]-module of rank 1. These results are proved in Section

1.13 Two-ranks of ideal class groups
Chapter [7] places the 2-nd virtual group of a number field K in the classical
context of inequalities involving 2-ranks of ideal class groups.

What is the difference between the 2-ranks of the ideal class groups of K
in the strict sense [Definition and in the usual sense? We show how this
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difference is measured by the projection of the 2-nd virtual group of K on the
product of local components of the 2-nd unit residue group of K at the places
dividing 2 [Theorem .

Using a lower bound on the 2-rank of the projection just mentioned [Corol-
lary we get the inequality in Oriat’s theorem [T heorem. This theorem
is a strengthening of the theorem of Armitage—Frohlich [Theorem , which
gives a lower bound on the 2-rank of the ideal class group of a number field.

1.14 Biquadratic number fields

Using unit residue groups we rephrase and prove Scholz’s theorem in Chapter g}
Moreover, we present and employ a probabilistic model on 3-ranks of ideal class
groups of quadratic number fields.

Let d € Z~1 be squarefree and let K be the number field Q(v/d,v/—3). The
number field K/Q is normal with Galois group G a Klein four-group. The 3-rd
unit residue of K is a free (Z/3Z)|G]-module of rank 1 [Theorem [8.1]. There
are two different Galois module structures of the 3-rd virtual group of K and
they correspond to the two cases in Scholz’s theorem on the 3-rank of the ideal
class group of the quadratic subfields of K [Theorem . As a byproduct we
get a proof of Scholz’s theorem in this setting.

In Section [8.5| we present Dutarte’s probabilistic model on 3-ranks of ideal
class groups of quadratic number fields, which he used to study the compatibil-
ity of the Cohen—Lenstra heuristics with Scholz’s theorem. We show that the
basic assumptions in his model and a further, much more natural assumption
are sufficient to compute the probability that a real quadratic number field
has prescribed 3-rank [Theorem . The value of this probability is exactly
the one predicted by the Cohen—Lenstra heuristics. We get a similar result for
imaginary quadratic number fields [Theorem .

1.15 Cyclic number fields

In Chapter [0] we describe the 2-nd unit residue group and the 2-nd virtual
group of a number field that is Galois over Q and unramified at 2. In the case
of a cyclic number field K/Q of degree either 3 or 5 these descriptions give rise
to an unexpected bijection involving the set of real Archimedean places of K.

Let K be a number field that is Galois over Q with Galois group G and
unramified at 2. The 2-nd unit residue group of K is a free (Z/27)[G]-module
of rank either 1 or 2 according as the extension K/Q is complex or real [Re-
mark [9.22]. The latter case includes all abelian extensions of Q of odd degree
[Lem. When G is abelian and its exponent divides at least one of the
integers in the set {2" + 1 | n € Zs¢}, the 2-nd virtual group of K is the graph
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of a (Z/2Z)[G)-module isomorphism between two free (Z/2Z)[G]-modules of
rank 1 that is also an isomorphism of skew abelian groups [Theorem . In
the case of a cyclic number field extension of QQ of degree either 3 or 5 we give
a more precise description of this isomorphism [Theorem Theorem
and Theorem . These results are connected with the fact that both the
finite field extension of degree 3 over Z/27Z and the finite field extension of
degree 5 have a unique self-dual normal basis over Z/27Z.

In a real quadratic number field K of discriminant congruent to 1 modulo
8, the rational prime 2 splits completely in the ring of integers of K. There
are two prime ideals of the ring of integers of K dividing 2 and K has two
real places. Using the two square roots of the discriminant of K, which are
conjugate under the action of the Galois group Gal(K/Q), there is a way of
defining a natural bijection between the set of primes above 2 and the set of
real places of K [Theorem . Both this bijection and a similar bijection in
the case of a quadratic number field for which the rational prime 2 is inert in
the ring of integers of the number field are suggested by the descriptions of
2-nd unit residue groups and 2-nd virtual groups of quadratic number fields.
We extend this result to cyclic number field extensions of Q of degree either 3

or 5 [Theorem Theorem and Theorem .

1.16 A large norm group

In Chapter[I0]we study a certain group that occurs in algorithms for computing
the norm-residue symbol by Daberkow [I3] and Bouw [7].

Let p be a prime number and let F' be a finite extension of the field Q,
of p-adic rationals. Let P8 be the maximal ideal of the ring of integers of F,
and write U™ for the multiplicative group 1 + 98, which is a Z,-module. The
cardinality of the residue field of F' is denoted by g¢.

Let m be a prime element of I, and write H, for the sub-Z,-module of u®
generated by the set of all elements of the form 1 — (7, where ¢ ranges over all
q — 1-st roots of unity in F' and i over all positive integers not divisible by p.

We are interested in the Z,-module U®") /H,. Tt is not difficult to exhibit
an element § € UM with the property U = §% . H, [Lemma , S0
UM /H, is cyclic as a Z,-module. For each u € UM there exists k € Z,, with
u € 6% - Hy; also, such a value for k is typically easy to compute when wu is
given, but it is only uniquely determined modulo the annihilator of the module
UY/H,.

The relevance of H, in the context of norm-residue symbols is as follows.
Suppose that n is such that F' contains a primitive p™-th root of unity. Then
one checks that the p"-th power norm-residue symbol (,d) is a primitive
p"-th root of unity [Lemma[10.10], and that one has (7, h) =1 for all h € H,
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[Lemma. Hence if u € 6% - H, is as above, then we have (7, u) = (,8)*,
so that for given u the number k is at least uniquely determined modulo p™.
It follows that the annihilator of the Z,-module U()/H, is divisible by p™.

It is natural to ask whether the number £ gives us any additional information
about u, in other words whether it has any significance independently of the
norm-residue symbol. Theorem shows that the answer is negative: if we
take n maximal, then U /H is cyclic of order p™, its annihilator is generated
by p", and k is really only well-defined modulo p™. This state of affairs can
also be expressed by the existence of a short exact sequence

1= Hy 5 UY = ppn — 1,

where the second map is the inclusion map and the third sends u to (m,u)

[Theorem [10.2].
The proofs in Chapter [10| make use of local class field theory.

1.17 Quadratic characters

In Chapter [11] we study group isomorphisms between the groups of quadratic
characters of two number fields that preserve L-series.

To every number field one can associate many mathematical objects, such
as the ring of integers, the unit group, the ideal class group, the adele ring, the
absolute Galois group, and the Dedekind zeta function. A very natural question
is determining to which extent these objects characterize the number field up
to isomorphism. For instance, in 1926 Gafimann showed that the Dedekind
zeta function of a number field does in general not determine the number
field up to isomorphism [I9], whereas in 1976 Uchida proved that the absolute
Galois group does [71].

More recently, Cornelissen and Marcolli proved that two number fields are
isomorphic if there is a group isomorphism between the groups of abelian char-
acters of their absolute Galois groups that preserves L-series [12]. Generalizing
a result by de Smit, Pintonello proved that it is enough to consider only two
elements in the group of quadratic characters [Theorem [11.3).

We prove that the natural map from the set of field isomorphisms between
two number fields to the set of group isomorphisms between their groups of
quadratic characters that preserve L-series is bijective [Theorem . As a
corollary we get the known result that the existence of a group isomorphism
that preserves L-series between the groups of quadratic characters of two num-
ber fields implies that the two number fields are isomorphic [Corollary .
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CHAPTER 2

Skew abelian groups

We classify up to isomorphism triples (A, C, ), where A is a finite abelian
group, C is an abelian group, and 8 : A x A — C is an antisymmetric per-
fect pairing. We call these triples skew abelian groups and their classification
is Theorem [2:28] The main reference, which we summarize and link to our
theorems in Section is [73] by Wall. Similar results are given in [57] by
Poonen and Stoll for the nondivisible part of the Shafarevich—Tate group of
an abelian variety over a global field.

2.1 Preliminaries

We state definitions and theorems that are useful for understanding the classi-
fication in Section Abelian groups are considered with additive notation.
As a reference for some definitions and basic results see [32] by Lang.

Definition 2.1 (Pairing or bilinear map). Let A, B, and C be abelian groups.
A pairing or bilinear map from A x B to C is a map

B:AxB—=C,
such that for each a € A the function B — C, x — f(a,z), is a group

homomorphism and, similarly, for each b € B the function A — C, x — S(x,b),
is a group homomorphism.
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Theorem 2.2. Let A, B, and C be abelian groups and let §: A x B — C be
a map. Then the following are equivalent.
(i) The map B: Ax B — C is a pairing.
(ii) There is a group homomorphism A — Hom(B, C) given by a — B(a,-).
(iii) There is a group homomorphism B — Hom(A, C) given by b+ 5(-,b).

Proof. See Proposition 5.1 of Chapter XI in [22] by Grillet. O

Definition 2.3 (Perfect pairing). Let A, B, and C be abelian groups. A
pairing 8 : A x B — C is a perfect pairing if the group homomorphisms
A — Hom(B,C), a — B(a,-), and B — Hom(A,C), b — B(-,b), are group
isomorphisms.
Definition 2.4 (Alternating pairing, antisymmetric pairing). Let A and C be
abelian groups. A pairing §: A x A — C'is

(a) alternating if B(a,a) =0 for all a € A,

(b) antisymmetric if 5(a,b) = —5(b,a) for all a,b € A.
Theorem 2.5. If a pairing is alternating, then it is antisymmetric.
Proof. Let B: Ax A — C be an alternating pairing. For all a,b € A we have

0= 6(a+ b,a+ b) = B(aaa) +B(aab) +ﬂ(b7 (l) +B(b7 b) = 6(0” b) +B(b7 a)'

Hence, the pairing is also antisymmetric. O

Definition 2.6 (Symplectic abelian group). A symplectic abelian group is a
triple (4, C, 3), where A is a finite abelian group, C' is an abelian group, and
B:Ax A— C is an alternating perfect pairing.

Definition 2.7 (Skew abelian group). A skew abelian group is a triple
(A,C, ), where A is a finite abelian group, C is an abelian group, and
B:Ax A— C is an antisymmetric perfect pairing.

Remark 2.8. By Theorem [2.5] every symplectic abelian group is a skew abe-
lian group.

Definition 2.9 (Similarity of skew abelian groups). Let the triples (4, C, 3)
and (B, D, ) be skew abelian groups. Let C’ and D’ be the groups generated
by the images of § in C' and of v in D, respectively. A similarity of skew abelian
groups is a pair (p,) of group isomorphisms ¢ : A — B and ¢ : C' — D’
such that for all z,y € A one has ¥(5(z,y)) = v(o(z), ©(y)).

The diagram

AxA— P o

BxB— "1 D
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visualizes Definition 2.9

Definition 2.10 (Isomorphism of skew abelian groups). Let (A,C, ) and
(B,C,~) be skew abelian groups. An isomorphism of skew abelian groups
is a group isomorphism ¢ : A — B such that for all z,y € A one has

Bz, y) = v(p(z), p(y)).

Using Remark we give similar definitions for symplectic abelian groups.
We say that two symplectic abelian groups are similar (isomorphic) if they
are similar (isomorphic) as skew abelian groups.

Theorem 2.11. Let (A,C, ) be a skew abelian group. Then there exists a
unique g € A such that B(g,a) = B(a,a) for all a € A.

Proof. See Theorem O

Definition 2.12 (Skew element). Let (A, C, ) be a skew abelian group. The
skew element of (A, C, ) is the element g € A such that 8(g,a) = B(a,a) for
alla € A.

Theorem 2.13. Let (A, C, 8) be a skew abelian group. Then the skew element
of (A,C,B) has order dividing 2.

Proof. Let g € A be the skew element of (A, C, ). For all a € A we have

B8(29,a) = B(g,a) + B(g,a) = B(a,a) + B(a,a) = 0,

because 8(g,a) = B(a,a). Since the group homomorphism £(2g,-): A — C
is trivial and by definition of perfect pairing the map A — Hom(B,C),
a — B(a,-), is a group isomorphism, we get 2g = 0. O

Corollary 2.14. Let (A,Q/Z, ) be a skew abelian group and let g be its skew
element. Then one has either 8(g,9) =1/24+7Z or B(g,g) = 0.

Proof. The result follows from Theorem [2.13 O

Theorem 2.15. Let (A, C, ) be a skew abelian group. Then the following are
equivalent.

(i) The pairing B : A x A — C' is alternating, that is, the triple (A, C,B) is
a symplectic abelian group.

(ii) The skew element of (A, C, ) is the zero element of A.

Proof. Let g be the skew element of (A, C, ). Since 8 : A x A — C'is a perfect
pairing, we have g = 0 if and only if the group homomorphism 8(g,-) : A — C,
a — B(g,a), is trivial. This is equivalent to the pairing §: A x A — C being
alternating, because for all a € A we have 5(a,a) = 5(g, a). O
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Definition 2.16 (Dual group). Let A be a finite abelian group. The dual
group A of A is the group Hom(A4,Q/Z) of homomorphisms from A to Q/Z.

Theorem 2.17. A finite abelian group is isomorphic to its own dual group.
Proof. See Theorem 9.1 of Chapter I in [32] by Lang. O

Corollary 2.18. Let A be a finite abelian group. Then the natural map
A — Hom(A4,Q/Z), a— (f — f(a)), is a group isomorphism.

Proof. See Corollary 3.2 of Chapter 3 in [74]. O

Corollary 2.19. Let A be a finite abelian group and let A be the dual group
of A. Then the pairing A x A — Q/Z, (a,b) — b(a), is a perfect pairing.

Proof. The result follows from Corollary O

Corollary 2.20. Let A be an abelian group, let B be a finite abelian group,
and let §: Ax B — Q/Z be a map. If there is a group isomorphism A — B
given by a — B(a,-), then B is a perfect pairing.

Proof. Suppose there is a group isomorphism A — B given by a — ((a,-). By
Theorem the map B is a pairing. By Corollary the map
B — Hom(B,Q/Z), b — (f — f(b)), is a group isomorphism. Using the
group isomorphism A — g, a — B(a,-), we get the group isomorphism
B — Hom(A,Q/Z), b+ 5(-,b). Hence (8 is a perfect pairing. O

Definition 2.21 (Exponent of a group). Let G be a group and let eg be
its identity element. The exponent of G is the smallest positive integer m, if
there exists one, such that for every g in G one has g™ = eg. Otherwise, the
exponent of G is zero.

The following theorem was proved by Priifer [3] for countable groups. The
general case is due to Baer [3].

Theorem 2.22 (Priifer [58], Baer [3]). Let A be an abelian group of positive
exponent. Then A is isomorphic to a direct sum of cyclic groups.

Proof. See Corollary 10.37 of Chapter 10 in [60] by Rotman. O

Given a positive integer n and an abelian group A, the subset {a € A : na = 0}
forms a subgroup of A. We denote it by A[n].

Theorem 2.23. Let A be a finite abelian group, let e be the exponent of A,
and let C' be an abelian group. Then the following are equivalent.
(i) There exist an abelian group B and a perfect pairing 5: Ax B — C.
(ii) The subgroup Cle] of C is a cyclic group of order e.
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Proof. == Let B be the dual A of A. By Corollary we have
the perfect pairing A x B — Q/Z, (a,b) — b(a). Since A has exponent e, the
image of this pairing is contained in %Z/ Z. Composing with an isomorphism
17.)7. = Cle] gives a perfect pairing A x B — C.
= By definition of perfect pairing the group homomorphism
B — Hom(A,C), b — B(-,b) is a group isomorphism. Since for all b € B
we have ef(-,b) = 0, the exponent of B divides e and the image of § is con-
tained in Cle]. A similar argument shows that e divides the exponent of B.
Hence, they are equal. The group C contains an element c¢ of order e, because
Hom(A, C) has exponent e. By Theorem the group B is isomorphic to
a direct sum of cyclic groups. Since Hom(B, C) is finite, the group B is also
finite. We have N
B =~ Hom(A,C) D Hom(4,{c)) 2 A
and R
A = Hom(B,C) 2 Hom(B, (c)) = B.
Theorem [2.17] implies that the inclusions are equalities. Since every element
in Cle] is in the image of at least one homomorphism B — C, the equality
Hom(B,C) = Hom(B, {(c)) implies that all elements in C[e] are in the group
(c). O

Remark 2.24. Since for every finite cyclic group C’ there is an injective group
homomorphism C’ — Q/Z, by Theorem every skew (symplectic) abelian
group is similar to a skew (symplectic) abelian group of the form (A, Q/Z, 3),
where A is a finite abelian group and [ is an antisymmetric (alternating)
perfect pairing. Hence, we will give results for skew (symplectic) abelian groups
of the form (A, Q/Z, 8). By abuse of notation an element in Q/Z will be often
denoted only by a rational number.

2.2 The classification

We want to classify skew abelian groups up to similarity. By Remark
we will consider only skew abelian group of the form (A,Q/Z, 3), where A is
a finite abelian group and g is an antisymmetric perfect pairing. Moreover,
since the results do not change and isomorphism is a stronger notion than
similarity, we will only classify skew abelian groups of the form (A, Q/Z, 3) up
to isomorphism.

Theorem 2.25 (Classification of symplectic abelian groups). There is a bi-
jection

{finite abelian groups}/= — {symplectic abelian groups (4,Q/Z, 8)}/=,
(B = (B o B,Q/Z7)),
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Chapter 2. Skew abelian groups

where 7y is the map
v:(B® B) x (B® B) - Q/,
((br, f1), (b2, f2)) = f2(b1) — fu(b2).

Proof. Theorem implies that the map is well-defined. By Theorem [2.60
it is surjective. The injectivity follows from Theorem and the structure
theorem for finite abelian groups. O

Definition 2.26 (p-rank). Let p be a prime and let A be an abelian group.
The p-rank rk,(A) of A is the dimension of A/pA as a vector space over Z/pZ.

Remark 2.27. In order to simplify the exposition, Theorem [2.28| contains the
following abuses of notation. The map

Z)2Z x7/27 — Q/Z,
0 ifgy=0o0r gy, =0,

(91’92) — {1

5 if g1 = g2 = 1mod 2,

is denoted by (g1, g2) — g192/2. In a similar way the map

%Z/Z x %Z/Z - Q/Z,

0 ifep=0o0rcy =0,
(01702)»—>{ ! 12

1 if61262=§,

2
is denoted by (c1,c2) — 2¢1ca.

Theorem 2.28 (Classification of skew abelian groups).
(a) Odd 2-rank: there is a bijection

skew abelian groups (A,Q/Z,3) /2
of odd 2-rank -

[B] = ((Z/2Z & B & B,Q/Z,7)),

{finite abelian groups}/= — {

where v is the map
v:(Z/2Z® B & B) x (Z/2Z & B& B) —» Q/Z,
(9101, 12). (g2: b2, f2)) = T52 4 fa(br) = fa(b2):
(b) Even 2-rank: there is a bijection

(B,g): B is a finite abelian 2 skew abelian groups (A,Q/Z, 5) =
group and g € BJ[2] o of even 2-rank o

(B, 9)] = [(B® B,Q/Z,7)],
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2.2. The classification

where two pairs (B1,g1) and (Ba, g2) on the left are defined to be isomorphic
if there is a group isomorphism ¢ : By — By with ©(g1) = g2 and where 7 is
the map

v:(B& B) x (B& B) - Q/z,
((b1, f1), (b2, f2)) = f2(b1) — f1(b2) + 2f1(9) f2(9)-

Proof. Theorem and Theorem imply that the maps are well-defined
and the skew elements of (Z/2Z® B® B,Q/Z,~) in 15) and of (B®B,Q/Z,~)
in (b) are (1,0,0) and (g,0), respectively. By Remark Theorem [2.61] and
Theorem they are surjective. The injectivity in (faf) follows from Theo-
rem and the structure theorem for finite abelian groups. Since isomor-
phisms of skew abelian groups map skew elements to skew elements, the in-
jectivity in follows from Lemmam O

Definition 2.29 (Heights). Let A be an abelian group and let a € A. The
height of a is the largest positive integer n, if there exists one, such that the
equation nz = a has a solution = € A. Otherwise, the height of a is infinite.
Let p be a prime number. The p-height of a is the largest positive integer n,
if there exists one, such that the equation p"™x = a has a solution z € A.
Otherwise, the p-height of a is infinite.

Lemma 2.30. Let By and By be finite abelian groups and let g1 € B1[2] and
g2 € Bs[2]. Let t; and to be the 2-heights of g1 and gs, respectively. Then the
following are equivalent.

(i) There exists a group isomorphism ¢ : By — Bg with ©(g1) = ga.

(ii) There exists a group isomorphism By — Bo and t; = to.

Proof. (i) = Obvious.

(i) = If g1 is the zero element, then the implication is obvious. Hence,
we may assume that g; is not the zero element. Since the order 2 of g is prime,
there exists by € B; such that 28b; = g; and the subgroup (b1) is a direct
summand of B;. Similarly, there exists by € By such that 2?2by = g and the
subgroup (by) is a direct summand of Bs. From the equality t; = t2 we get
the group isomorphism (b;) = (b3}, by + ba. Let H; and Ho be finite abelian
groups such that By & (by)® H; and By = (by) ® Hs. The structure theorem for
finite abelian groups implies the existence of a group isomorphism H; — Ho.
Now the result follows by extending the group isomorphism (b;) — (bs),
b1 — by, to a group isomorphism B; — Bs. O

Remark 2.31. Theorem and Theorem [2.62] imply that the case distinc-

tion in Theorem [2:28]is the same as the one in Corollary 2:14] Given a skew

abelian group (A, Q/Z, 8) with skew element g, we have the following facts.
(a) The 2-rank rky(A) is odd if and only if one has 8(g,g) = 1/2.
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Chapter 2. Skew abelian groups

(b) The 2-rank rko(A) is even if and only if one has 5(g,g) = 0.

Remark 2.32. Since every symplectic abelian group is a skew abelian group,
one may wonder where symplectic abelian groups occur in Theorem They
are the skew abelian groups given by the pairs (B, g) in @ with g = 0, because
(g,0) is the skew element of the skew abelian group (B & B, Q/Z,~).

2.3 Examples

We show how to construct antisymmetric perfect pairings on finite abelian
groups.

Example 2.33. Let p be a prime, let r € Z>q, and let A=Z/p"Z S Z/p"Z.
We denote by x and y the elements (1,0) € A and (0,1) € A, respectively. The
map (z) x (y) = A, (x1,x2) — 21 + x2, is a group isomorphism. We construct
amap 3: Ax A— Q/Z by setting
1
5($a$):ﬁ(y7y):07 B(m7y):_ﬁ(y7l‘):?a

and extending by bilinearity, that is, for all 4, j, k,l € Z we set
Bl + ke -+ 1y) = iB(e.a) + il3(a,) + KB 3) + 78 (0) = 2
It is immediate to get S(iz + jy,iz + jy) = 0 for all 4,5 € Z. Hence S
is an alternating pairing. Moreover, for each a € A\ {(0,0)} we cannot
have both S(a,z) = 0 and S(a,y) = 0. Hence, the group homomorphism
A — Hom(A,Q/Z), a — p(a,-) is injective. Theorem implies it is a
group isomorphism. By Corollary the map f is a perfect pairing. Hence
(A,Q/Z, B) is a symplectic abelian group. The skew element of (A, Q/Z, ) is
the zero element, because 3 is alternating. R

Let B = Z/p"Z, let b be a generator of B, and let f be the element in B such
that f(b) = 1/p". Consider the group isomorphism ¢ : A — B @ B defined by
setting the images p(z) = (b,0) and ¢(y) = (0, f) of the generators x and y
of A and extending to the whole group by the homomorphism property. Let
be the map

v:(B& B) x (B& B) - Q/Z,
((b1, f1), (b2, f2)) = fa(b1) — fu(b2).

By definition it is a pairing and we have

7((b7 0)7 (ba O)) = ’7((07 f)a (07 f)) =0

A((5,0), (0, 1)) = —7((0, ), (b,0)) = pi
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Hence, we get the following commutative diagram.

Ax A b

(B& B) x (Ba B)

The situation described in Example is very general, as we can see in
Theorem [2.34] and in Theorem [2.60l

Theorem 2.34. Let B be a finite abelian group and v be the map

v:(B& B) x (B& B) - Q/Z,
((b1, f1), (b2, f2)) = fa(b1) — fu(b2).

Then the triple (B ® E,Q/Zﬁ) is a symplectic abelian group.

Proof. Corollary [2.19] implies that there are group homomorphisms

B & B — Hom(B,Q/Z), B & B — Hom(B,Q/Z)
(b1, f1) = (b2 = —f1(b2)), (b1, f1) = (fo = fa(b1)),

and their kernels are the groups B @ {0} and {0} ® B , respectively. Using the
natural group isomorphism

Hom(B @ B,Q/Z) = Hom(B,Q/Z) x Hom(B,Q/Z),

we get an injective group homomorphism B & B — Hom(B & B Q/ Z)
(b1, f1) = ((ba, f2) = f2(b1) — f1(b2)). Since by Theorem-the group B& B
and its dual group are finite groups of the same cardinality, it is a group iso-
morphism. Corollary 2:20]implies that the map v is a perfect pairing. A direct
computation shows that it is also alternating. O

Example 2.35. Let A =7/2Z and let 8: A x A — Q/Z be the map defined
by setting 8(1,1) = 1/2 and £(0,1) = £(1,0) = 3(0,0) = 0. We see that g
is an antisymmetric perfect pairing and the skew element of the skew abelian
group (A,Q/Z,B) is 1. The perfect pairing § is not alternating, because we
have B(1,1) = 1/2.

Example describes the case of a skew abelian group (A, Q/Z, 5) with skew
element g such that (g, g) = 1/2. More generally, we have Theorem and
Theorem 2.611
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Theorem 2.36. Let B be a finite abelian group and v be the map
v:(Z/2Z.& B® B) x (Z/2Z & B & B) — Q/Z,
((g1,01, 1), (g2, b2, f2)) = 917292 + fa(b1) — fi(b2).

Then the triple (Z/2Z & B & E,Q/Z,’y) is a skew abelian group of odd 2-rank
and its skew element is (1,0,0).

Proof. Since the pairing Z /27 x Z/ZZ — Q/Z, (g1, 92) — 29192, is perfect and
by Corollary [2.19| the map B x B — Q/Z, (b, f) — f(b), is also a perfect pair-
ing, as in the proof of Theorem [2.34] we get an injective group homomorphism

7/27.& B ® B — Hom(Z/2Z & B & B,Q/7),
(91,01, f1) = ((g2, b2, f2) = 29192 + fa(b1) — f1(b2)).

It is also surjective, because by Theorem [2.17]it is an injective group homomor-
phism between two finite groups of the same cardinality. Corollary [2.20]implies
that the map v is a perfect pairing. A direct computation shows that v is also
antisymmetric and the skew element of (Z/2Z ® B @ B,Q/Z,~) is (1,0,0).
Hence (Z/27 ® B ® B, Q/Z,~) is a skew abelian group and by Theorem
its 2-rank is odd. 0

Example 2.37. Let s € Zsg, and let A = Z/2°Z & Z/2°Z. We denote
by x and y the elements (1,0) € A and (0,1) € A, respectively. The map
() x {y) = A, (x1,22) — 21 + 22, is a group isomorphism. We construct a
map [ : AXx A — Q/Z by setting

5(m,$):07 B(x,y)z—ﬁ(y,x)z B(yvy): 5

?a
and extending by bilinearity as in Example For all ¢, 5, k,l € Z we set

il — gk gl
il—3j +=L

i+ jy, kx + ly) = .
Bliz + jy, kz + ly) 5 5

For all ¢, j,k,l € Z we get

il —jk gl kj—li | 1j
il —jk  j :_(] il

2 2s 2

ot i b ) —
Blix + jy, kx +1y) 5 5

) —B(kx +1y, iz + jy),

because we have 1/2 = —1/2 mod Z. Hence  is an antisymmetric pairing.
Moreover, for each a € A\ {(0,0)} we cannot have both S(a,z) = 0 and
B(a,y) = 0. Hence, the group homomorphism A — Hom(A4,Q/Z), a — S(a,-),
is injective. Theorem implies it is a group isomorphism. By Corollary [2.20]
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the map S is a perfect pairing. Hence (A, Q/Z, 3) is a skew abelian group. The
skew element of (A4,Q/Z, 3) is the element 2°~ 'z, because for all i,j € Z we
have

B2 ez + jy) = 227 iB(x,y) = 5 = jB(y.y) = Blix + jy, iz + jy).

J
2
Let B = (x) be the subgroup of A generated by x and let f be the element
in B such that f(z) =1/2%. Note that we have f(2°~'z) = 1/2. Consider the
group isomorphism ¢ : A — B& B defined by setting the images ¢(z) = (z,0)
and ¢(y) = (0, f) of the generators x and y of A and extending to the whole
group by the homomorphism property. Let v be the map

v:(B® B) x (B& B) = Q/Z,

B 0 if fi(g) = 0 or f2(g) =0,
((br, f1), (b2, f2)) = f2(b1) — fi(b2) + {% if f1(9) = f2(9) = 3.

A straightforward computation shows that it is a pairing and we have
v((2,0), (z,0)) =0, ~((0,£),(0,f)) =

l\ﬂg‘,_kl\:)\r—\

Hence, we get the following commutative diagram.

BEBB B@B

Example describes the case of a skew abelian group (A4,Q/Z, ) with
nontrivial skew element ¢ such that S(g,g) = 0. More generally, we have
Theorem 238 and Theorem 2.62]

Theorem 2.38. Let B be a finite abelian group and let g € B[2]. Then the
triple (B @ B,Q/Z,~), where v is the map

v:(B® B) x (B® B) - Q/Z,
(b1 f1), (b2, f2)) = fa(b1) — f1(b2) +2f1(g) f2(9),

is a skew abelian group of even 2-rank and its skew element is (g,0).
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Proof. We claim that there are group homomorphisms

B @& B — Hom(B,Q/Z), B@® B — Hom(B,Q/7),
(b1, f1) = (b = —=f1(b2)), (b1, f1) = (f2 > fa(b1) + 2f1(9) f2(9)),

and the intersection of their kernels is {0}. A straightforward computation
shows that there is a group homomorphism B & B - Hom(,BS7 Q/Z),
(b1, f1) = (f2 = 2f1(9) f2(g))- Now the claim follows from Corollary As
in the proof of Theorem [2:34] from the group homomorphisms of the claim we
get an injective group homomorphism

B& B — Hom(B & B,Q/Z),
((b1, f1), (b2, f2)) = ((b2, f2) = fa(b1) — fi(b2) + 2f1(g) f2(9))-

Since by Theorem the group B® B and its dual group are finite groups of
the same cardinality, it is a group isomorphism. Corollary [2.20]implies that the
map 1 is a perfect pairing. A direct computation shows that ~ is also antisym-
metric and the skew element of (BEBB (@/Z v)is (g,0). Hence (B & B ,Q/Z,~)
is a skew abelian group and by Theorem its 2-rank is even. O

2.4 Pairings

We recall common definitions we have not used yet.

Definition 2.39 (Orthogonal or perpendicular). Let A, B, and C be abelian
groups and let 8 : A x B — C be a pairing. An element a € A is orthogonal
or perpendicular to a subset B’ of B with respect to § if one has f(a,b’) =
for all ¥ € B’.

The set of elements of A orthogonal to a subset B’ of B is a subgroup of A and
is denoted by +B’. If B’ is a set with exactly one element b, then by abuse of
notation we write +b’ for ~B’. We make similar definitions for elements of B.
If A’ is a subset of A, then we denote by A’* the set of element of B orthogonal
to A’. Note that we have B = 0 if and only if the group homomorphisms
A — Hom(B,C), a — B(a,-), is injective. Similarly, we have A+ = 0 if and
only if the group homomorphism B — Hom(A, C), b — 5(-,b), is injective.

Remark 2.40. If a pairing g : A x A — C is antisymmetric, then for each
subset A’ of A we have +A’ = A’‘. Hence, in this case we will use only the
notation A’*.

Definition 2.41 (Nondegenerate pairing). Let A, B, and C be abelian groups.
A pairing B : A x B — C is a nondegenerate pairing if one has both ~B = 0
and A+ = 0.
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2.5 Antisymmetric pairings

Theorem 2.42. Let A be a finite abelian group, let C' be an abelian group,
and let : Ax A — C be a perfect pairing. Then the following are equivalent.

(i) The map Q: A— C, a— B(a,a), is a group homomorphism.

(ii) The pairing B : Ax A — C is antisymmetric, that is, the triple (A, C, )
s a skew abelian group.

(iii) There exists g € A such that 5(g,a) = B(a,a) for all a € A.

(iv) There exists a unique g € A such that B(g,a) = f(a,a) for all a € A.

Proof. () = Since the pairing 5 : A x A — C is perfect, the group

homomorphism A — Hom(A4,C), a — f(a,-), is a group isomorphism. Since

We have Q@ € Hom(A, C), there exists a unique g € A such that @ is the map
A — C

) Obvious.
For all a,b € A we have
B(a,b) + B(b,a) = B(a+ b,a+b) — B(a,a) — B(b,b) =
= B(g,a+b) — B(g,a) — B(g,b) = B(g,0) = 0.

i) = For all a,b € A we see that

Q(a+b) = ﬁ(aﬂa)+ﬂ(a7b)+5(b7 a)+ﬁ(b7 b) = ﬂ(a, a)+ﬂ(b7 b) = Q(a)+Q(b)
Hence, the map @ : A — C, a — [(a,a), is a group homomorphism. O

Definition 2.43 (Orthogonal sum). Let I be an index set. For each ¢ € I let A;
be a finite abelian group, let C; be an abelian group, and let 5; : A; x A; — C;
be an antisymmetric pairing. Suppose that for all but finitely many i € I the
group A; is trivial and that for each i € I there exists a positive integer e;
such that the group C] generated by the image of §; in C; is a cyclic group of
exponent e;. Let C' be an abelian group such that for each ¢ € I the subgroup
Cle;] of C is cyclic of order e;. For each i € I let ¢, : C; — C be an injective
group homomorphism. The orthogonal sum

B= J_ Bi
i€l
of the sequence (3;);es of pairings is the pairing
B:EPAxPai—C,
il iel

((@i)is (0)i) = > wilBilai, bi)).

icl

37



Chapter 2. Skew abelian groups

Remark 2.44. Each map ¢; : C/ — C in Definition is part of the
structure of the orthogonal sum. The orthogonal sum depends on the choice
of these maps.

Remark 2.45. In Definition [2:43] the group generated by the image of 3
in C is a cyclic subgroup of C' and can be mapped injectively to Q/Z. In
order to simplify the notation, now we restrict our attention to antisymmetric
pairings with image contained in Q/Z and to orthogonal sums where the maps
Wi e%Z/Z — Q/Z in Definition are the inclusion maps.

Definition 2.46 (Skew pair). A skew pair is a pair (A, §), where A is a finite
abelian group and 8 : A x A — Q/Z is an antisymmetric pairing.

Remark 2.47. Let (A, ) be a skew pair. If 8 is a perfect pairing, then
(A4,Q/Z,B) is a skew abelian group.

Definition 2.48 (Isomorphism of skew pairs). Let (A4, 8) and (B, ) be skew
pairs. An isomorphism of skew pairs is a group isomorphism ¢ : A — B such
that for all z,y € A one has B(x,y) = v(p(z), ©(y)).

Remark 2.49. Let (4,Q/Z, 8) and (B, Q/Z,~) be skew abelian groups. They
are isomorphic as skew pairs if and only if they are isomorphic as skew abelian
groups.

Let A be an abelian group and let H; and Hs be subgroups of A. If the map
Hy x Hy — A, (hi,hs) — hy + ha, is a group isomorphism, then we write
A= H1 X HQ.

Let (A, ) be a skew pair and let H be a subgroup of A. Then (H, §|g) is also
a skew pair, where 8|y : H X H — Q/Z is the restriction of 5 to H x H. Let Hy
and Hy be subgroups of A. Then we write (A4, 8) = (Hy, Blw,) L (Ha, Blm,), if
the map Hy X Hy — A, (h1,ha) — hi+ ha, is an isomorphism of skew pairs. In
order to simplify the notation we will often write only A = Hy; 1 Hy if there
is no ambiguity on the pairing 5.

Lemma 2.50. Let (A, 3) be a skew pair and let Hy and Hy be subgroups of
A such that A = Hy X Hy. Then one has A = Hy 1L Hs if and only if Hy and
Hsy are orthogonal to each other.

Proof. Let a € A and let hy € Hy and he € Hs with a = hy + hy. If we have
A = H; 1 Hs, then B(hy,h2) = B|m, (h1,0) + B|m,(0, he) = 0. Hence H; and
Hy are orthogonal to each other.
Now suppose that H; and Hs are orthogonal to each other. For all g,h € A,
g1,h1 € H1, g2, h2 € Ha, with g = g1 + g2 and h = hy + ha, we have
B(g,h) = B(g1 + g2, h1 + ha) = B(g1, h1) + B(g1, h2) + B(g2, h1) + B(g2; ha)
= B(g1,h1) + B(g2, h2) = Blu, (91, h1) + Blm, (g2, h2).

Hence, we get A = H; | Ho. O
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Lemma 2.51. Let (A, ) be a skew pair and let Hy and Hy be subgroups of
A such that A= Hy L Hy. Then B is a perfect pairing if and only if B|g, and
Blm, are perfect pairings.

Proof. The map ¢ : A — Hom(A, Q/Z) may be written as
¢: Hy L Hy — Hom(H;,Q/Z) ® Hom(Hs,Q/Z).

Since H; and Hy are orthogonal to each other, this map preserves the compo-
nents. The map [ is a perfect pairing, which is equivalent to ¢ being an iso-
morphism, if and only if ¢ induces group isomorphisms H; — Hom(H{, Q/Z)
and Hy — Hom(Hy, Q/Z), that is, the maps 8|z, and B|g, are perfect pair-
ings. O

Lemma 2.52. Let (A, 8) be a skew pair and let H be a subgroup of A such that
(H,Q/Z, B|#) is a skew abelian group. Then one has A= H | H*. Moreover
B is a perfect pairing if and only if B|g. is a perfect pairing.

Proof. By definition the kernel of the map ¢ : A — Hom(H,Q/Z),
a+ (b B(a,h)), is H+. Since (H,Q/Z, Bx) is a skew abelian group, which
is equivalent to ¢|y being an isomorphism, we have H N H+ = {0} and the
natural map H — A/H"' is a group isomorphism. Hence, the subgroups H
and H' span A. By Lemma we get the decomposition A = H L H'.
The last statement follows from Lemma 2511 O

Lemma 2.53. Let (A,Q/Z,B) and (B,Q/Z,~) be skew abelian groups. Then
the orthogonal sum (A,Q/Z,B) L (B,Q/Z,~) is a skew abelian group.

Proof. Apply Lemma [2.51] to the orthogonal sum. O

Lemma 2.54. Let (A, ) be a skew pair and let Hy and Hs be subgroups of
A such that A = Hy x Hs. If the exponents of Hy and Ho are coprime, then
A=H, 1L H,.

Proof. Let e; and es be the exponents of Hy and Hs, respectively. Then for
all hy € Hy and hy € Hy we have
e1B(h1, he) = eaB(h1, ha) = 0.

Since e; and ey are coprime, we get 5(hi, he) = 0 for all hy € Hy and hy € Ho.
Hence H; and Hs are orthogonal to each other and by Lemma we have
A=H; 1 H,. O

Definition 2.55 (p-primary component of an abelian group). Let p be a prime
and let A be an abelian group. The p-primary component A[p™] of A is the
subgroup

Ap=1= J AP

iEZZO
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of A.

Theorem 2.56. Let A be a torsion abelian group and for each prime p let
A[p>] be its p-primary component. Then the map

P Ap>— A,
p prime
(ap)p — Z Gps

p prime
s an isomorphism of abelian groups.
Proof. See Theorem 4.1.1 in Section 4.1 of Chapter 4 in [59] by Robinson. O

Theorem 2.57. Let p be a prime, let (A,C, ) be a skew abelian group, and
let A[p>] be the p-primary component of A. Then (A[p™], C, B|ape-) is a skew
abelian group.

Proof. By Theorem there is a subgroup H of A such that A = A[p™] x H
and the exponents of H and A[p™] are coprime. By Lemma we get
A = A[p™] L H. The result follows from Lemma . O

Definition 2.58 (p-primary component of a skew abelian group). Let p be a
prime, let (A, C, 8) be a skew abelian group, and let A[p>] be the p-primary
component of A. The p-primary component of (A,C, ) is the skew abelian

group (A[p>], C, Bl ap=])-

Theorem 2.59. Let (A, C, 3) be a skew abelian group and for each prime p let
(A[p™], C, Blagpe=) be its p-primary component. Then the group isomorphism

e: P Ap™— A,

p prime

(ap);l"_> Z Qp,

p prime

s an isomorphism

J_ (A[poo]’caﬁ‘fl[poc]) = (A7C76)

p prime
of skew abelian groups.

Proof. Since A is a finite abelian group, for all but finitely many primes p
the group A[p] is trivial. Hence, the orthogonal sum in the statement of the
theorem is well-defined. The result follows from Theorem 2.56land Lemma .54

O
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Theorem 2.60. Let (A,Q/Z,) be a symplectic abelian group. Then there
exist a finite abelian group B and a group isomorphism ¢ : A = B @® B such
that the diagram

Ax A

commutes, where v is the map

v:(B®B) x (B® B) = Q/Z,
(b1, 1), (b2, f2)) = fa(b1) — f1(b2).

Proof. We pick an element a € A of maximal order e. Let (a) be the subgroup
generated by a. Then the short exact sequence 0 — (a) - A — A/{a) — 0
splits. We choose a splitting of the sequence. Composing the projection of A
onto (a) with the isomorphism (a) = 1Z/Z that maps a to 2 mod Z as in the
diagram

gives a homomorphism x : A — Q/Z. Since the pairing f is perfect, by duality
there is an element b € A such that for all x € A one has x(z) = S(z,b).
Hence, we have (a,b) = X and the order of b is e. Since we have (a) C (a)*
and (b)N{a)t = {0}, the subgroups (a) and (b) form a direct sum H = (a)® (b)
in A and the pairing |y is perfect. By Lemma we get the decomposition
A= H 1 H* and the pairing 3|5 is perfect.

The pairing satisfies 3(a,a) = 8(b,b) = 0 and S(a,b) = —S(b,a) = 1/e. If we
identify the group (b) with the dual group of (a) as above, the restriction of our
pairing to ((a) @ (a)) x ((a) ©(a)) becomes ((a1, f1), (a2, f2)) = fa(a1) = fi(az)-
By induction on the order of the group A we conclude the proof. O

Theorem 2.61. Let (A,Q/Z,) be a skew abelian group, let g be its skew
element, and suppose B(g,g) = 1/2. Then there exist a finite abelian group B
and a group isomorphism ¢ : A = 7/2Z & B ® B such that ¢(g) = (1,0,0)

41



Chapter 2. Skew abelian groups

and the diagram

(Z/2Z.® B ® B) x (Z/2Z.& B & B)

Ax A

Q/Z

commutes, where v is the map
v:(2/2Z& B® B) x (Z/2Z & B& B) — Q/Z,
((91:b1, 1), (92, b2, f2)) = T2 + fa(br) = fu(b)-

Proof. We have g ¢ <g)L. Hence, the pairing f3|(, is perfect. By Lemma
we get the decomposition 4 = (g) L (g)* and the pairing Blgyr is per-
fect. It is also alternating, because a € (g)* implies B(a,a) = B(g,a) = 0.
Hence ((9)*,Q/Z, B] (5~ ) is a symplectic abelian group. We conclude by com-
bining Theorem applied to ({9)*,Q/Z, B (gy+) and the skew abelian group
isomorphism (g) — Z/2Z, g +— 1mod?2, from ({(g), Q/Z,Blgy) to
(2/2Z,Q/Z, (g1, 92) = 9192/2)- O

Theorem 2.62. Let (A,Q/Z, ) be a skew abelian group, let ga be its skew
element, and suppose B(ga,ga) = 0. Then there exist a finite abelian group
B, an element g € B[2], and a group isomorphism ¢ : A = B @ B such that
?(ga) = (9,0) and the diagram

Ax A

commutes, where v is the map

v:(B® B) x (B® B) - Q/Z,
(b1, f1), (b2, f2)) = fa(b1) — f1(b2) + 2f1(9) f2(9)-

Moreover, for ga # 0 there exists a subgroup H of A such that A= H 1 H*,
the triple (H+,Q/Z, B|y1) is a symplectic abelian group, and (H,Q/Z,B|)
is a skew abelian group isomorphic to (Z/2°Z ® Z/2°Z,Q/Z, ), where s is the
largest positive integer such that the equation 2°~1x = ga has a solution © € A
and 6 is the map 6 : Z)2°ZDL/2°Z — Q/Z, 6((3,7), (k,1)) = (il—jk)/2°+jl/2.
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Proof. The case g4 = 0 is Theorem [2 By Theorem [2.13| we are left with the
case when g4 has order 2. By Lemma we can assume that A is a 2-group.
Let s be the largest positive integer such that the equation 2!z = g4 has
a solution z € A. Since the order 2 of g4 is prime, there exists a € A such
that g4 = 2°"1'a and the subgroup (a) is a direct summand of A. We have
B(a,a) = Bla,ga) = 2°"1B(a,a) = 0, because either s = 1 and a = g4 or s > 1
and an odd multiple of 3(a, a) equals 0. Now, as in the proof of Theorem
there is b € A of order 2° such that (a,b) = 1/2° the subgroups (a) and
(b) form a direct sum H = (a) ® (b) in A, and the pairing S|y is perfect. By
Lemma we get the decomposition A = H | H* and the pairing 8|1 is
perfect. It is also alternating, because ¢ € H' implies ¢ € g% and therefore
B(e,e) = B(ga,c) = 0. Hence, the triple (H+,Q/Z, B|x1) is a symplectic
abelian group.

The pairing satisfies 8(a,a) = 0, 5(b,b) = 1/2 and S(a,b) = —3(b,a) = 1/2°.
Hence, the group isomorphism H — Z/2°7 @ 7Z/2°Z given by a + (1,0) and
b+ (0,1) is an isomorphism between the skew abelian groups (H,Q/Z, 8|x)
and (Z/2°Z ®Z/2°7,Q/Z,0), where ¢ is the map § : Z/2°Z & Z/2°7 — Q/Z,
5((4,7), (k 1)) = (il — jk)/2° + jl/2. If we identify the group (b) with the dual
group ( ) of (a) as in the e proof of Theorem | the restriction of our pairing

) X

to ((a) ® < N x ((a) ® ( )) becomes
((alvfl) (a2 f2)) = fQ(Cll) - fl(a2) + 2f1(gA)f2(gA).

If we have H- = {0}, then the result follows by taking B = Z/2°Z,
g=2"1mod2°Z € B, and ¢ : A — B @ B such that ¢(a) = (1,0) and
»(b) = (0,1). Otherwise, the result follows by combining this particular case
and Theorem applied to the symplectic abelian group (H*, Q/Z, 8|y ).

O

2.6 Wall’s results

We summarize the results about isomorphism classes of skew abelian groups
of the form (A4, Q/Z, 3), where A is a finite abelian group and £ is an antisym-
metric perfect pairing, in [73] by Wall. We link his notation to our examples
and proofs.

Let 91 be the set of isomorphism classes of skew abelian groups of the form
(A,Q/Z, 8). By Lemma the orthogonal sum induces a commutative and
associative operation on 91. The class e of the trivial group is an identity
element of this operation. Hence 9 is an abelian monoid. We want to give
generators and relations for 9.

For p prime and r € Zs( define Wy as the isomorphism class in 9 of
(A4,Q/Z, B), where A = (z) x (y), the subgroups (z) and (y) of A have both
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order p”, and B(z,z) = B(y,y) = 0, B(z,y) = —B(y,z) = 1/p". This is the
isomorphism class given by a cyclic group B of order p” in Theorem It
is also the isomorphism class of the skew abelian group (A,Q/Z, ) in Ex-
ample and of the skew abelian group (H,Q/Z, 8|g) used in the proof of
Theore when H has order p?"

Define Y5 as the isomorphism class of the skew abelian group (4,Q/Z, B),
where A = (g) has order 2 and S(g,g) = 1/2. This is the isomorphism class
given by the trivial group B in (@ of Theorem It is also the isomorphism
class of the skew abelian group (A4, Q/Z, 3) in Example [2.35 and of the skew
abelian group ((g), Q/Z, |(4)) used in the proof of Theorem [2.61

For s € Z~ define Xss as the isomorphism class of the skew abelian group
(A,Q/Z,B), where A = () x (y), the subgroups (z) and (y) of A have both
order 2° and B(z,z) = 0, B(x,y) = —B(y,x) = 1/2%, B(y,y) = 1/2. This is
the isomorphism class given by a cyclic group B of order 2° with g # 0 in @
of Theorem [2.28] It is also the isomorphism class of the skew abelian group
(4,Q/Z, B) in Example and of the skew abelian group (H,Q/Z, 3|x) used
in the proof of Theorem when H has order 22°.

Theorem 2.63 (Wall [73]). Let (A,Q/Z, ) be a skew abelian group, let g be
its skew element, and let W be the set W = {Wyr : 7 € Z>o, p prime}. Then
the isomorphism class of (A, Q/Z, B) in M can be written

(a) uniquely as a finite sum of elements in W if B is alternating,

(b) as a sum of Yo and a finite sum of elements in W if 5(g,q9) =1/2,

(¢c) as a sum of Xos and a finite sum of elements in W if g £ 0, 5(g,9) =0,
and s is the largest positive integer such that the equation 2° 'z = ¢ has a
solution x € A.

Proof. Theorem and f Theorem [2.28| give @ and (@ respectively.
SL

Combining @ of Theorem |2 Lemma|2.30, and the orthogonal sum decom-
position in Theorem m gives 1 0

Theorem 2.64 (Wall [73]). The monoid M is generated by the elements in
the set
M = {Wyr,Ys, Xos : 17 € Zs0, S € Lo, p prime}

with relations Yo+Ys = Xo, Yo+ Xor = Yo +Wor, and Xor +Xos = Xor +Was,
where r,s € Z~o and s > r.

Proof. The result follows from Theorem [2.63 O
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CHAPTER 3

The local norm-residue symbol

We introduce the concept of norm-residue symbol in the case of local fields.
Most of the statements in this chapter are well-known. Our main new contri-
bution is Theorem [3.80} which characterizes the norm-residue symbol in an
elementary way.

3.1 Topological algebra

We consider groups, rings, and fields endowed with a topology and recall some
properties when they are locally compact Hausdorff spaces.

Definition 3.1 (Topological group). A topological group is a group (G,-)
together with a topology on G such that the group operations

(a) GXxG— G, (z,y)—~x-y,

(b) G—= G, x—a !,
are continuous, where G X G has the product topology.

Remark 3.2. We consider finite groups as topological groups by endowing
them with the discrete topology.

Definition 3.3 (Locally compact). A topological space X is locally compact
if every point of X has a compact neighbourhood.

Definition 3.4 (o-algebra). A o-algebra on a set X is a non empty collection
> of subsets of X closed under the formation of complements and countable
unions.
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Definition 3.5 (Measure). Let X be a set and let ¥ be a o-algebra on X. A
measure p on ¥ is a function p : ¥ — R>o U {+oc} such that p(0) = 0 and
for any sequence (X;);cz., of pairwise disjoint sets in ¥ one has

1% (U Xi) = Zﬂ(Xi)-
i=1 i=1

Definition 3.6 (Left Haar measure). Let G be a locally compact topological
group and let B be the o-algebra generated by the compact subsets of G. A
left Haar measure on G is a measure p : B — R>o U {400} with the following
properties.

(a) Tt is not the zero measure.

(b) Tt is finite on all compact sets C' € B.

(¢) It is outer regular on all sets B € B:

w(B) = inf{u(U) : BC U, open U € B}.
(d) It is inner regular on all sets B € B:
w(U) = sup{u(C) : C C B, compact C € B}.
(e) It is invariant under left translation: for every g € G and every set B € B
one has u(gB) = p(B).

Theorem 3.7 (Weil [75]). Let G be a locally compact Hausdorff group. Then
there exists a left Haar measure on G. If p and v are two left Haar measures
on G, then there is C € Rsg such that v = Cu.

Proof. We refer to Chapter XI in [23] by Halmos. See Theorem B in Section 58
for the existence and Theorem C in Section 60 for the uniqueness up to a
positive constant. O

Remark 3.8. A ring (R,+,) is assumed to have a multiplicative identity,
which we denote by 1.

Definition 3.9 (Topological ring). A topological ring is a ring (R,+,-) to-
gether with a topology on R such that the ring operations

(a) RXxR— R, (xz,y) — z+y,

(b) RxR— R, (z,y)—z-y
are continuous, where R X R has the product topology.

Theorem 3.10. Let R be a ring. Then the set of all invertible elements of R
forms a group under multiplication.

Proof. See Section 1 of Chapter II in [32] by Lang. O
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Definition 3.11 (Group of units). Let R be a ring. The group of units R* of
R is the group of all invertible elements of R.

Remark 3.12. The topology of a topological ring R, which is often called
‘additive topology’, induces a topology on the group R*. This topology does
not always render R* a topological group, because the operation R* — R*,
2 — 271, is not necessarily continuous with respect to the additive topology.
A canonical way to repair this is to give R* the subset topology coming from
the injection

R* - RxR, v+ (z,271),

of R* into the topological product R x R. This topology renders R* a topo-
logical group and the inclusion map R* < R is continuous.

The previous remark suggests the following definition of topological field.

Definition 3.13 (Topological field). A topological field is a field F' that is a
topological ring such that the operation

F* 5 F* z— 27!,

is continuous with respect to the induced topology on F*.

Theorem 3.14. Let F be a locally compact Hausdorff topological ring that is
a field. Then F' is a topological field.

Proof. See Section 2.3 of Chapter III in [28] by Iyanaga. O

3.2 Local fields

We recall some basic facts and terminology relative to local fields. We refer to
[65] by Serre, to [9] by Cassels and Frohlich, to [6] by Bourbaki, to [50] and
[51] by Neukirch. Since the definitions of some concepts are not uniform, we
provide a reference for our reader.

Definition 3.15 (Local field). A local field is a non-discrete locally compact
Hausdorff topological field.

Local fields have been completely classified by van Dantzig [72] and Pontrya-
gin [55].

Theorem 3.16 (van Dantzig [72], Pontryagin [55]). All of the following are
local fields and every local field is isomorphic, as a topological field, to one of
the following:

(a) the field R of real numbers;
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(b) the field C of complex numbers;

(¢c) a finite field extension of Qp, the field of p-adic rationals, where p is a
prime;

(d) the field F,((t)) of formal Laurent series in one variable t with coeffi-
cients in a finite field Fy of q elements.

Proof. See Theorem 22 in Section 27 of Chapter 4 in [56] by Pontryagin. [

Definition 3.17 (Normalized absolute value). Let F' be a local field. The
normalized absolute value |- |p on F is the function

|'|F:F_>RZO

such that for every « € F the normalized absolute value |a|r of « is given by

the formula
p(aX)

|Oé|F - )
n(X)
where p is a Haar measure on the additive group F and X is any subset of F'
with 0 < p(X) < oc.

We will often use only the symbol |- | for the normalized absolute value when
the field is understood.

Theorem 3.18. Let F' be a local field and let |-|p : F — Rx>q be the normalized
absolute value on F. Then for all o, B € F one has

laB|r = |alr - |B|F.
Proof. The formula follows from Definition [3.1 O

Definition 3.19 (Non-Archimedean and Archimedean local fields). A local
field F' is non-Archimedean if for all o, 8 € F' one has

la+ 8| < max{|al, |}

Otherwise, it is Archimedean.

The fields of real and complex numbers are Archimedean fields. All local fields
that are not isomorphic to any of those two fields are non-Archimedean.

Definition 3.20 (Extension of local fields). An extension of local fields is
a field extension F/E such that E and F are local fields and the inclusion
E — F is continuous.

Theorem 3.21. Let F/E be an extension of local fields. Then F/E is a finite
field extension.
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Proof. See Theorem 3 in Section 2.4 of Chapter I in [6] by Bourbaki. O

Theorem 3.22. Let F//E be an extension of local fields and let |-|p : F — Rxg
and |-|g : E — Rx>q be the normalized absolute values on F' and E, respectively.
Then for all « € F one has

lalr = |Np/g alg.

Proof. See Lemma in Section 11 of Chapter II in [9] by Cassels and Frohlich.
O

Theorem 3.23. Let F' be a non-Archimedean local field. Then the set of all
elements of F' whose normalized absolute value is less than or equal to 1 forms
a ring under addition and multiplication.

Proof. The result follows from Theorem [3.18| and Definition [3.19 O

Definition 3.24 (Ring of integers). Let F' be a non-Archimedean local field.
The ring of integers Op of I is the ring of all elements of F' whose normalized
absolute value is less than or equal to 1.

Theorem 3.25. Let F be a non-Archimedean local field and let Op be its
ring of integers. Then the set of all elements of F' whose normalized absolute
value is equal to 1 forms the group OF of invertible elements of O under
multiplication.

Proof. The result follows from Theorem [3.18] O

Definition 3.26 (Group of units). Let F' be a non-Archimedean local field
and let Of be its ring of integers. The group of units Ur of OF is the group
of elements of ' whose normalized absolute value is equal to 1.

Remark 3.27. Note the equality O} = Ur. We introduce a different notation
in analogy to Definition [3.36

Theorem 3.28. Let F' be a non-Archimedean local field and let Op be its ring
of integers. Then Op is a local Ting with mazimal ideal formed by the set of
all elements of F' whose normalized absolute value is less than 1.

Proof. Theorem [3.18] and Definition imply that the set of all elements
of F' whose normalized absolute value is less than 1 forms an ideal of Op.
Theorem shows that this ideal is the unique maximal ideal of Op. O

Definition 3.29 (Maximal ideal). Let F' be a non-Archimedean local field.
The mazimal ideal P of the ring of integers of F' is the additive group of all
elements of F' whose normalized absolute value is less than 1.
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Definition 3.30 (Residue field). Let F' be a non-Archimedean local field, let
OF be the ring of integers of F', and let Py be the maximal ideal of Op. The
residue field of F' is the quotient O /Br.

Theorem 3.31. Let F be a non-Archimedean local field. Then there exist a
unique Teal number C' € Ry and a unique surjective group homomorphism
vr : F* = 7 such that for all o € F* one has

la| = C—Vr(@),
Proof. See Theorem 6 in Section 4 of Chapter I in [76] by Weil. O

Definition 3.32 (Normalized valuation). Let F' be a non-Archimedean local
field. The normalized valuation on F is the function vp : F — Z U {400}

such that vy (0) = 400 and vg |p+ equals the surjective group homomorphism
F* — 7 of Theorem B.31]

We will often use only the symbol v for the normalized valuation when the
field is understood and the symbol v, for the normalized valuation on the field
Q, of p-adic rationals.

Definition 3.33 (Prime element). Let F' be a non-Archimedean local field.
A prime element of F' is an element in F' whose normalized valuation is 1.

Theorem 3.34. Let F be a non-Archimedean local field. Then the cardinality
of its residue field is finite and equals the constant C' of Theorem [3.31]

Proof. See Theorem 6 in Section 4 of Chapter I in [76] by Weil. O

Theorem 3.35. Let F' be a non-Archimedean local field, let O be its ring
of integers, and let Bp be the maximal ideal of Op. Then for each n € Z~g
the Op-ideal P consists of all elements of F' whose normalized valuation is
greater than or equal to n.

Proof. The result follows from Theorem [3.31 O

Definition 3.36 (Higher unit groups). Let F' be a non-Archimedean local
field and let P be the maximal ideal of its ring of integers. For each n € Z
the n-th higher unit group Ué,n) of the ring of integers of F' is the group 1+*B%.

The 0-th higher unit group U}O) of the ring of integers of F' is the group of
units Up.

Theorem 3.37. Let F' be a non-Archimedean local field, let q be the cardinality
of its residue field, let Up be the group of units of the ring of integers of F', and
let pq—1 be the group of ¢ — 1-th roots of unity in F'. Then the short sequence

v

1—Up —F" —7Z—1
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is exact and split, the group pg—1 is cyclic of order ¢ — 1, and the group Up
has the direct decomposition

Ur = pg—1 % U}(T'Ua

where UI(,D is the first higher unit group of the ring of integers of F.
Proof. See Proposition 1.1 of Chapter III in [50] by Neukirch. O

Theorem 3.38. Let F' be a non-Archimedean local field of characteristic 0, let
p and q be the characteristic and the cardinality of its residue field, respectively,
let Up be the group of units of the ring of integers of F', let d the degree of
the extension F/Q,, where Q, is the field of p-adic rationals, and let Z, be
the ring of integers of Q. Then there exists a € Zxqo such that there is an
isomorphism of topological groups

Up 2 Z/(q—1)Z&Z/p"Z& L.
Proof. See Proposition 5.7 of Chapter II in [51] by Neukirch. O

Theorem 3.39. Let p be a prime, let F' be a non-Archimedean local field of
characteristic p, let q be the cardinality of its residue field, and let Up be the
group of units of the ring of integers of F. Then there is an isomorphism of
topological groups

Ur 2 Z/(q—1)Z & ZY,
where Z% 18 endowed with the product topology.
Proof. See Proposition 5.7 of Chapter II in [51] by Neukirch. O

3.3 Abelian Kummer theory

Definition 3.40 (Exponent of a Galois field extension). The exponent of a
Galois field extension L/K is the exponent of the Galois group Gal(L/K).

Definition 3.41 (Abelian field extension). An abelian field extension is a
Galois field extension L/K such that the Galois group Gal(L/K) is abelian.

Definition 3.42 (Cyclic field extension). A cyclic field extension is a Galois
field extension L/K such that the Galois group Gal(L/K) is cyclic.

Definition 3.43 (Kummer m-extension). Let m be a positive integer. A Kum-
mer m-extension is an abelian field extension L/K of exponent dividing m such
that the field K contains a primitive m-th root of unity.
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Theorem 3.44. Let m be a positive integer and let K be a field containing a
primitive m-th root of unity. Then there is an inclusion preserving bijection

{ Kummer m-extensions of K}/ <> {subgroups of K*/K*™},
L (L™ N K*) /K™,
K(VA) + A
Proof. See Theorem 8.2 in Section 8 of Chapter VI in [32] by Lang. O

Remark 3.45. On the Galois group Gal(L/K) of a Galois field extension
L/K we consider the Krull topology. If G is a topological group and H is an
abelian topological group, then the set of continuous group homomorphisms
G — H forms an abelian group under pointwise addition. We denote the group
of continuous group homomorphisms from G to H by Hom(G, H).

Definition 3.46 (Compact-open topology). Let X and Y be topological
spaces and let C(X,Y) be the set of continuous functions X — Y. The
compact-open topology on the set C(X,Y) is the topology generated by the
sets of the form

V(K,U)={f € C(X,Y): f(K) C U},

where K ranges over the compact subsets of X and U ranges over the open
subsets of Y.

Theorem 3.47. Let m be a positive integer, let K be a field containing a
primitive m-th root of unity, let p,, be the group of m-th roots of unity in
K, let L be a Kummer m-extension of K, and let A be the discrete group
(L*" N K*)/K*™. Then there is a perfect pairing

Gal(L/K) x A = pm,

(0,a) —

that is, the map that sends an element a € A to the character o — a(%a) 18 @

canonical isomorphism of topological groups
A = Hom(Gal(L/K), ttm)

and the map that sends an automorphism o € Gal(L/K) to the character

U(,;%E ) s a canonical isomorphism of topological groups

a+—r
Gal(L/K) = Hom(A, fin),

where the groups Hom(Gal(L/K), pm,) and Hom(A, pi,,) are endowed with the
compact-open topology.
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Proof. See Theorem 5.3 of Chapter I in [50] by Neukirch. O

Remark 3.48. Let m be a positive integer and let K be a field containing
a primitive m-th root of unity. Within a fixed algebraic closure of K there
exists a unique maximal Kummer m-extension L = K (%/K*), because L is a
Kummer m-extension and all Kummer m-extensions of K are contained in L.
By Theorem we have a canonical isomorphism of topological groups

K*/K*™ =~ Hom(Gal(L/K), fim)-

3.4 Local class field theory

We state the main theorem of local class field theory about the local reciprocity
map and some related results. See [50] by Neukirch and Chapter VI in [9] by
Cassels and Frohlich as references.

Theorem 3.49. Let l/k be an extension of finite fields. The map ¢ : 1 — 1,
x — 2% is an automorphism of | over k.

Proof. See Theorem 5.5 in Section 5 of Chapter V in [32] by Lang. O

Definition 3.50 (Frobenius automorphism). Let [/k be an extension of finite
fields. The Frobenius automorphism of | over k is the automorphism of [ that
maps any element x in [ to z#*.

Theorem 3.51. Letl/k be an extension of finite fields. Then the extension l/k
is Galois and its Galois group Gal(l/k) is cyclic and generated by the Frobenius
automorphism of I over k.

Proof. See Theorem 5.5 in Section 5 of Chapter V in [32] by Lang. O

Definition 3.52 (Unramified extension of non-Archimedean local fields). Let
F/E be an extension of non-Archimedean local fields and let Op/PBr and
Ogr/PBE be the residue fields of F' and E, respectively. The extension F/E is
unramified if one has

Theorem 3.53. Let F/E be an unramified extension of non-Archimedean
local fields and let vy : F* — Z and vg : E* — Z be the normalized valuations
on F and E, respectively. Then one has

VF|E:VEo
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Proof. By definition vp(0) = 400 = vg(0). Let Op/PBr and O /P be the
residue fields of F' and F, respectively. Since the extension F'/F is unramified,
we have

[F: E] = [Op /Br : Op/PBEl
Using Theorem [3.22] and Theorem [3.34) we get for all o € E*

|Or /Br| V") = |0 /Bp|~¥ENrE ),
Taking the logarithm in base |Og/Pg| of both sides gives
—[F: E]lvp(a) = =vE(Np/pa).
The result follows from the equality Np/ g a = alPEl for all o € E. O

Theorem 3.54. Let F'/E be an unramified extension of non-Archimedean local
fields and let Op /Br and O /P be the residue fields of F and E, respectively.
Then the extension F/E is Galois and the map that sends an automorphism
in Gal(F/E) to its induced automorphism in Gal((Op/Br)/(Or/BE)) by re-
striction to the rings of integers and reduction modulo the mazximal ideals is a
canonical isomorphism

Gal(F/E) = Gal((Op/Br)/(Or/BE)).

Proof. See Corollary of Theorem 1 in Section 7 of Chapter 1 in [9] by Cassels
and Frohlich. O

Definition 3.55 (Frobenius element). Let F//E be an unramified extension
of non-Archimedean local fields. The Frobenius element Frp, g is the automor-
phism in the Galois group Gal(F'/E) that induces the Frobenius automorphism
on the corresponding extension of residue fields.

Theorem 3.56. Let F/E be an unramified extension of non-Archimedean
local fields. Then the Galois group Gal(F/E) is cyclic and generated by the
Frobenius element Frp /.

Proof. By Theorem the Galois group Gal(F/FE) is isomorphic to the Ga-
lois group of an extension of finite fields, which is, by Theorem [3.51] cyclic and
generated by the Frobenius automorphism. O

Theorem 3.57. Let L be the category whose objects are local fields and whose
morphisms are continuous homomorphisms of fields, let E — F' be a morphism
of local fields, and let Np,p : F' — E be the norm map from F to E. Then
there is a unique system of group homomorphisms

indexed by all morphisms E — F in L with F/E Galois with the following
properties.
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(a) For each commutative diagram in L

EF——F

| ]

K——1L

with F/E and L/K Galois, the diagram

Gal(L/K) —5 K* /Ny /x L*

J{res lNK/E

TF/E

commutes, where the map res : Gal(L/K) — Gal(F/E) is given by restricting
to F the automorphisms of L over K.
(b) If E is Archimedean, then the group homomorphism

TF/E : Gal(F/E) %E*/NF/EF*

18 surjective.
(¢) If E is non-Archimedean and the extension F/FE is unramified, then
there is a commutative diagram

F

Gal(F/E) ——% s B* /Ny F*
y [
Gal((Or /Br)/(Or/PE)) —— Z/[F : E|Z
where the map
Gal(F/E) — Gal((Or /Br)/(Or/¥E))
is the isomorphism of Theorem the vertical map
v:E*/Npp F* — ZJ[F : E|Z

is the group homomorphism induced by the normalized valuation on E modulo
[F': E], and the isomorphism

Gal((Or/¥r)/(Op/¥E)) — Z/[F : EZ

maps the Frobenius automorphism of Op /P r over O /B E to the residue class
1 mod [F : E].
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Proof. See Section 2 of Chapter III in [50] by Neukirch. O

Definition 3.58 (Local reciprocity maps). The local reciprocity maps are the
group homomorphisms 75, in Theorem [3.57]

Theorem 3.59. Let F/E be a Galois extension of local fields and let
Gal(F/E)?® be the abelianization of the Galois group of F over E. Then each
local reciprocity map rp g induces a group isomorphism

Gal(F/E)™ = E*/Np/p F*. (3.60)
Proof. See Theorem 2.1 in Section 2 of Chapter III in [50] by Neukirch. O

Definition 3.61 (Norm-residue map). Let F'/E be a Galois extension of lo-
cal fields and let Gal(F/E)*® be the abelianization of the Galois group of F
over IJ. The norm-residue map p/p of the extension F'//E is the surjective
homomorphism

Yp/p: B* — Gal(F/E)*

obtained by composing the inverse E*/Np g F* — Gal(F/E)® of the group
isomorphism with the projection E* — E*/Np/p F*.

Remark 3.62. By taking projective limits the norm-residue map gives rise
to a norm-residue map for any arbitrary Galois extension F'/E of a given local
field E. In the particular case of the maximal abelian extension of E we denote
by

’l/)E B — G%b

the norm-residue map from E* to the Galois group G4 of the maximal abelian
extension of F.

Theorem 3.63 (Local existence theorem). Let E be a local field. A subgroup
of E* is of the form Np,g F* for some abelian extension F/E of local fields if
and only if it is of finite index and open.

Proof. See Theorem 3 in Section 2.7 of Chapter VI in [9] by Cassels and
Frohlich. O

Theorem 3.64. Let m be a positive integer, let E be a local field containing
a primitive m-th root of unity, and let F' = E(W) be the maximal Kummer
m-extension of E within a fized algebraic closure of E. Then the extension
F/E is finite, one has

Np/ g F* = E*™,

and the norm-residue map Yp/g induces an isomorphism

~

E*/E*™ = Gal(F/E).
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Proof. By Theorem [3.37, Theorem [3.38] and Theorem the subgroup E*™
of E is of finite index and open. Theorem [3.63] implies that there exists some
abelian extension L/E of local fields such that N7,z L* = E*™. By Theo-
rem the extension L/E is finite. By Theorem the local reciprocity
map 7r,/p gives the isomorphism

Gal(L/E) = E*/E*™,

Hence, the norm-residue map ¢, r induces an isomorphism

E*/E*™ = Gal(F/E).
Since E*/E*™ is the maximal quotient group of E* of exponent dividing m,
the extension L/E is the maximal Kummer m-extension of E. O

Theorem 3.65 (Norm limitation theorem). Let E/F be an extension of local
fields and let L be the largest abelian extension of F contained in E. Then one
has

Ng/p E* =Ny p L*.

Proof. See Proposition 4 in Section 2.6 of Chapter VI in [9] by Cassels and
Frohlich. O

Corollary 3.66. Let E/F be an extension of local fields and let L be the

largest abelian extension of F' contained in E. Let Ug) and Uél) be the first
higher unit groups of the rings of integers of E and of L, respectively. Then
one has

Np/r Uy =Niyp Uf)

Proof. Let Ug, Ur, and Up be the unit groups of the rings of integers of F,
of L, and of F, respectively. Since we have Ng,p Up = (Ng,p £*) N Ur and
Nr/pUr = (Np,p L*) N Up, the result follows from Theorem and the
direct decompositions of Theorem [3.3 O

3.5 The norm-residue symbol

Given a positive integer m, we introduce the m-th power norm-residue symbol.

Definition 3.67 (m-th power norm-residue symbol). Let m be a positive
integer, let F' be a local field containing a primitive m-th root of unity, let
im be the group of m-th roots of unity in F, and let v : F* — G2 be the
norm-residue map. The m-th power norm-residue symbol is the map
('7')F,m . F* X F* _>va
(a, b) = (a, b)F,m ’
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such that for all a,b € F* one has

(a,0) ., = Yr(a)(B)/B,
where 8™ = b with 8 in an algebraic closure of F'.

Remark 3.68. The m-th power norm-residue symbol is well-defined. The
definition does not depend on the choice of 3, because F' contains the group
of m-th roots of unity.

We will often write only ‘(+,-)” and ‘norm-residue symbol’ when m and F are
understood.

Theorem 3.69. Let m be a positive integer, let F' be a local field containing
a primitive m-th root of unity, and let p,, be the group of m-th roots of unity
in F. Then the norm-residue symbol is a pairing

() : F* X F* = i,

Proof. Since by Definition [3.61] the norm-residue map is a homomorphism, for
all a,b,c € F* we get

_ $ac)(8) _ v(@)@()(B)) _ ¥(@)(B) ¥(©)B) _ (e
(ac,b) = 3 = 3 T 3 = (a,b) (¢, b),

where ™ = b and 3’ = ¢(c)(8). Note that ()™ = b, because ¥(c) is a field
automorphism that is the identity on F'. Moreover, if v = ¢, we have

_ v@(81) _ @) @) _
(a.be) = L) PGV _ (4,1 a,0).

Hence, the norm-residue symbol is a pairing. O

Let m be a positive integer and let F' be a local field containing a primitive
m-~th root of unity. Now we want to apply both Kummer theory and local class
field theory to the maximal abelian extension of F' of exponent dividing m, that
is, the field extension L = F(%/F*), and to see how we can obtain the norm-
residue symbol. By Theorem [3.64] of local class field theory the norm-residue
map ¢,/ induces a canonical isomorphism

F*/F*™ = Gal(L/F).
Combining this isomorphism and the perfect pairing
Gal(L/F) x F*/F*™ = pm,

o(%/a)
v

(0,a) —
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of Theorem yields the perfect pairing
() : F*JF*" X F*/F*™ = pp,
(a,b),, =vr/r(a)(B)/B,

where 8™ = b, which is equal to the pairing induced by the norm-residue
symbol. We have proved the following theorem.

Theorem 3.70. Let m be a positive integer, let F' be a local field containing
a primitive m-th root of unity, and let u,, be the group of m-th roots of unity
in F'. Then the norm-residue symbol induces a perfect pairing

() F¥/F*" x F*|F*™ — .
We will often call the pairing in Theorem [3.70] ‘norm-residue symbol’.

Theorem 3.71. Let m be a positive integer and let F' be a local field containing
a primitive m-th root of unity. Then

[F*: F*™ = m[Up : UR] = m?|m| ™! < cc.

Proof. The first equality follows from the exact and split sequence of Theo-
rem If the characteristic of F is 0, then Theorem [3.38] gives

Ur : Up] = ml(Zy/mZy)|* = mp®»™),

where p is the characteristic of the residue field of F' and d = [F : Q). Using
Theorem [3.22] we get

d|71 _ dvp(m)'

Im| ™! = |Np/g, m| ™" = |m p
Hence, we obtain the equality
[Up : UR] = m|m| L.

If the characteristic of F' is a prime p, then we have (m,p) = 1. Hence, we
obtain |m| =1 and mZ, = Z,. The equality

[Up : UE = m|m|™!
follows from Theorem [3.39 O

Lemma 3.72. Let m be a positive integer, let F' be a local field containing a
primitive m-th root of unity, and let a and b be elements in F*. Then one has
(a,b) =1 if and only if a is a norm for the extension F(B)/F, where f™ =b
with B in an algebraic closure of F'.
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Proof. By definition of norm-residue symbol we have

(a,0) = ¥r(a)(B)/B.

Since 3 is a generator of the extension F'(3)/F, the automorphism ¥ (a) acts
trivially on F'(3) if and only if we have (a,b) = 1. By Theorem this is the
case if and only if @ is in Ng(g),p F(B8)*. O

Lemma 3.73. Let m be a positive integer, let K be a field containing a prim-
itive m-th root of unity, and let a € K*. Then for every x € K the element
™ — a is a norm from K(%/a).

Proof. See Exercise 2.5 in [9] by Cassels and Frohlich. O

We note that the norm-residue symbol necessarily satisfies the following three
relations. We will very often use them.

Theorem 3.74. Let m be a positive integer, let F' be a local field containing
a primitive m-th root of unity, let w., be the group of m-th roots of unity in
F, and let (-,-) : F* X F* = [, be the norm-residue symbol. Then for all
a,b € F*, c € F*\ {1} the norm-residue symbol satisfies the equalities

(—a,a)=1 and (1—cc)=1
and the antisymmetric relation
(a,b)(b,a) =1.

Proof. Lemma implies that for all a € F*, ¢ € F* \ {1} the elements —a
and 1 — ¢ are nonzero norms for F(%/a)/F and for F(%/c)/F, respectively.
By Lemmawe get the equalities (—a,a) = 1 and (1 — ¢,¢) = 1. Now the
antisymmetric relation follows easily from bilinearity and the first equality:

1 = (—ab,ab) = (—a,a)(b,a)(a,b)(=b,b) = (a,b)(b,a). O

Corollary 3.75. Let m be a positive integer, let F' be a local field containing
a primitive m-th root of unity, let p,, be the group of m-th roots of unity in F,
and let (+,-) : F* X F* = p,, be the norm-residue symbol. Then for all a € F*
one has

(=1,a) = (a,a).

Proof. For all a € F* we get
(—1,&) = (—1,&) (—CL,CL) = (Cl,CL),

because by Theorem we have (—a,a) =1 for all a € F™*. O
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Theorem 3.76. Let m be a positive integer, let n be a positive divisor of m,
let F be a local field containing a primitive m-th root of unity, let ., and
n be the groups of m-th roots of unity in F' and of n-th roots of unity in
F, respectively, let (-,-)pm : F* X F* — py, be the m-th power norm-residue
symbol, and let (-, )pn : F* X F* — uy, be the n-th power norm-residue symbol.
Then one has

(3 )mm = ()i
Proof. This follows immediately from Definition [3.67} O
Remark 3.77. We will often assume that m is a prime power. In fact, if one

has m = myms with m; and ms coprime positive integers, then by Theo-
rem [3.76] and the Chinese remainder theorem the pairing

()Em t F* X F* =
is uniquely determined by the two pairings

() Pmy t F* X F* = i, and (4, ) pmy 0 F* X F* = i,

3.6 A new elementary characterization

In this section we show that the norm-residue symbol can be characterized in
an elementary way. The formulation of Theorem does not use local class
field theory.

Definition 3.78 (Second K-group). Let F be a field. The second K -group of
F is the group
KyF = (F*®z F)/{a®b:a+b=1).

The following theorem about the structure of K5 F' is very important from both
a theoretical and a computational point of view. The proof of this theorem, as
found in [48] by Milnor, was used in [13] by Daberkow to give an algorithm
for computing the norm-residue symbol.

Theorem 3.79 (Moore). Let F be a non-Archimedean local field and let n be
the number of roots of unity in F. Then the group Ko F is the direct sum of a
cyclic group of order n and a divisible group (KoF)™.

Proof. See Theorem A.14 of Appendix in [48] by Milnor. O

In [48] by Milnor elementary arguments show that the group Ko F/(KoF)™ is
cyclic. Local class field theory, in particular the existence of the norm-residue
symbol, is used to prove that Ko F/(KoF)™ is of order n.
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Theorem 3.80 (Elementary characterization of the norm-residue symbol).
Let m be a positive integer, let F' be a local field containing a primitive m-th
root of unity, and let u,, be the group of m-th roots of unity in F. Then the
m-th power norm-residue symbol is the unique pairing

('a'):F*XF*%Mm

with the following properties.

(a) If a and b are elements in F* satisfying the equality a+b =1, then one
has (a,b) = 1.

(b) If F is non-Archimedean, the elements a and b are in F*, and the ex-
tension F(B)/F is unramified, where §™ = b with 8 in an algebraic closure of
F, then one has

(a,b) = T (5) /8,

where Fr is the Frobenius element in Gal(F(B8)/F) and vp : F — Z U {400}
is the normalized valuation on F.
(¢) If F is isomorphic to R, then the map (-,-) is surjective.

Proof. Firstly, by Theorem the norm-residue symbol is a pairing
()t F* X F* = i,

Secondly, we have to prove that the norm-residue symbol satisfies the three
conditions. By Theorem [3.74] we immediately see that the first condition is
satisfied. The second and the third properties follow from the explicit ex-
pression of the norm-residue maps in these particular cases. In fact, if F' is
non-Archimedean, the elements a and b are in F*, and the extension F(8)/F
is unramified, where ™ = b with 8 in an algebraic closure of F', Property
in Theorem [3.57] gives

Vr(g) r(a) = Fr'r (@

and by definition of the norm-residue symbol we get

(a,b) = Fr¥* (@ (5) /8.

Now we consider the case when F' is isomorphic to R. The integer m is equal
either to 1 or to 2. If m is 1, then the map (-,-) is trivially surjective. If m
is equal to 2, the surjectivity of the norm-residue map ¢r : R* — Gal(C/R)
implies
(=1, -1) =¢r(-1()/i = -i/i= -1,

where i2 = —1 with i € C. This proves that the norm-residue symbol is sur-
jective.

Finally, we need to prove the uniqueness of this map. Suppose that F'is a
non-Archimedean local field. By Definition [3.78]it follows that for any pairing
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(') : F* X F* = p, with the first property there exists one and only one
homomorphism ¢ : Ko F — p,, that carries for all a,b € F* the image {a, b} of
(a,b) in K3F to the norm-residue symbol (a, b). This means that the diagram

F* x F* ) .
O A
KoF

commutes. Theorem implies that Ko F/(K2F)™ is a cyclic group of order
m. The homomorphism ¢ has to be trivial on (K3F)™ and therefore there are
only m such homomorphisms.

By Theorem the Galois group of an unramified extension of non-
Archimedean local field is cyclic and generated by the Frobenius element. If we
choose a,b € F* such that vp(a) = 1 and the extension F(8)/F is unramified
of degree m, where 8™ = b with § in an algebraic closure of F', then the norm-
residue symbol (a,b) is a primitive m-th root of unity. To see that such a b
exists, we can consider the unramified extension generated by adjoining to F' a
root of a polynomial of degree m with coefficients in F' that is irreducible over
the residue field of F. By Theorem of Kummer theory this extension is of
the form F(8)/F, where ™ € F with § in an algebraic closure of F. Hence
{a,b} generates KoF/(KoF)™ and Property fixes the homomorphism .
The case when F' is Archimedean is in the following section. O

3.7 Archimedean local fields

Let F be an Archimedean local field. By Theorem [3.16]the field F' is isomorphic
either to C or to R. We will prove that the norm-residue symbol is the unique
pairing

(): F* X F* = pi

having the properties of Theorem [3.80

Since every element of C is an m-th power, the norm-residue symbol is the
trivial map if we have F' = C. Now suppose F' = R. Since there are only two
roots of unity in R, namely the elements 1 and —1, we have only two possible
values for m: either m = 1 or m = 2. For m = 1 the first power norm-residue
symbol is again the trivial map, because its image is the trivial group. For
m = 2 we have a pairing

() 1 R*/Rsg x R* /Ry — (—1).
Since by Property in Theorem this map is surjective and R* ® R*
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modulo squares has order 2, for all a,b € R* we get

-1 ifa<0andb<O0,
(a’ b) = .
1 otherwise.
Theorem 3.81. The triple (R*/Rsq,(—1),(:,)) is a skew abelian group of
order 2 and its skew element is —1 - Rsg.

Proof. The result follows from the explicit description of the norm-residue
symbol for Archimedean local fields in Section O

3.8 Non-Archimedean local fields

Theorem 3.82. Let m be a positive integer, let F be a non-Archimedean
local field containing a primitive m-th root of unity, let u,, be the group of
m-th roots of unity in F, and let (-, )pm : F*/F*" x F*/F*™ — pu,, be
the pairing induced by the m-th power norm-residue symbol. Then the triple
(F*/F*™  lim, (-, ) pm) is a skew abelian group with the following properties.

(a) Its skew element is —1 - F*™.

(b) It is a symplectic abelian group if and only if one has —1 € F*™.

(¢) If the characteristic of F is positive, then one has a group isomorphism

F*/F*™ =~ (Z/mZ)>2.
the characteristic o 15 0, then one has a group isomorphism
d) If the ch istic of F'is 0, th h ) hi
F*JF*™ = (Z/m,Z)* ® (Z/p** "™ Z)3+2,

where p is the characteristic of the residue field of F', m, = m/p¥r™)  and
d=[F:Q,].

(e) Its 2-rank is 0 if one has m % 0 mod 2.

(f) Its 2-rank is 2 if one has m = 0 mod 2 and the characteristic of the
residue field of F is odd.

(g) Its 2-rank is [F : Qa] + 2 if one has m = 0 mod 2, the characteristic of
F is 0, and the characteristic of the residue field of F is 2.

Proof. Since the norm-residue symbol is an antisymmetric pairing, by Theo-
rem the triple (F*/F*™, pim, (-, ") F.m) is a skew abelian group.

(a) This follows from Corollary

(b) This follows from () and Theorem [2.15

(c) This follows from Theorem [3.37| and Theorem [3.39}

(d) This follows from and Theorem |3.38
The statements about the 2-rank follow from the isomorphisms in and

@. 0
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Definition 3.83 (Conductor). Let F'/E be an abelian extension of non-
Archimedean local fields, let n € Z>o be the smallest integer such that
U](En) C Np/g F*, where U,(E") is the n-th higher unit group of E, and let g
be the maximal ideal of the ring of integers of E. The conductor f of F/E is
the ideal

f=Pg
Theorem 3.84. Let F'/E be an unramified extension of non-Archimedean local

fields and for each n € Z> let Ugl) and UI(,n) be the n-th higher unit groups of
the rings of integers of E and of F, respectively. Then for each n € Z>y one

has

Proof. See Corollary 1.4 of Chapter III in [50] by Neukirch. O

Theorem 3.85. An abelian extension F/E of non-Archimedean local fields is
unramified if and only if its conductor § is equal to 1 = B%, where Vg is the
mazximal ideal of the ring of integers of E.

Proof. See Proposition 3.4 of Chapter III in [50] by Neukirch. O

Theorem 3.86. Let m be a positive integer, let F' be a non-Archimedean local
field containing a primitive m-th root of unity, let Up be the group of units of
the ring of integers of F, and let b € F*. Then the following are equivalent.
(i) The extension F(B)/F is unramified, where 8™ = b with B in an alge-
braic extension of F'.
(ii) For all a € Up one has (a,b) = 1.

Proof. = If F(B)/F is unramified, then by in Theorem m
for all a € Ur we have

(a,b) = Fr'" () /8 = Fr°(B)/B = 1.

i) = Now suppose (a,b) = 1 for all @ € Up. From Lemma we
obtain that a is contained in Np(g),r F(3)*. Hence, we have

Ur € Npg)r F(B),

that is, the conductor of the extension F(8)/F is 1. By Theorem the
extension F'(f)/F is unramified. O

Lemma 3.87. Let m be a positive integer, let F' be a non-Archimedean local
field, and let a € F*. If the extension F(a)/F is unramified, where o™ = a
with a in an algebraic extension of F, then one has

vr(a) =0 mod m,

where vy : F — Z U {400} is the normalized valuation on F.
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Proof. Suppose that the extension F(«)/F is unramified. By Theorem m
the normalized valuation vp(,) on F(c) restricted to F' equals the normalized
valuation v on F. From the equality o™ = a, we get

vr(a) = Vp@)(a) = Vi) (@™) = mvp@)(a) = 0 mod m.
This concludes the proof. O

Remark 3.88. Let m be a positive integer, let F' be a non-Archimedean local
field, and let Up be the group of units of the ring of integers of F. Since we
have U = F*™ N Up, the second isomorphism theorem for groups gives the
isomorphism Up F*™ /F*™ = Upr /U . Hence, we may consider Up /U as a
subgroup of F*/F*™,

Theorem 3.89. Let m be a positive integer, let F' be a non-Archimedean local
field containing a primitive m-th root of unity, and let p,, be the group of m-th
roots of unity in F. Let Up be the group of units of the ring of integers of F
and let (Up/UR)L be the annihilator in F*/F*™ of Up/UR with respect to
pairing

() s F*JF*™ 5 F*JF*™ — i,

induced by the norm-residue symbol. Then the group (Ur/UR): is cyclic of
order m and is a subgroup of Ur/U® of index |m|~t, where |- |: F — Rxq is
the normalized absolute value on F.

Proof. Theorem [3.86| states that any m-th root of an element a € F* that
is mapped into (Up/Um)L by the projection F* — F*/F*™ generates an
unramified extension of F'. By Lemma we have vp(a) =0 mod m, that
is, the element a is mapped into Up/Ug'. Therefore, we obtain the inclusion
(U /URY: C U /U

Theorem implies that Up/UR is an index m subgroup of F*/F*™ and
the quotient group (F*/F*™)/(Ur/U) is cyclic of order m. Since the induced
pairing is a perfect, the group (UF/U;{’T")l is cyclic of order m. By Theoremm
the group (Up/Um)* is an index |m|~! subgroup of Up /UM, O

Corollary 3.90. Let Uf be the annihilator in U of Up with respect to the
norm-residue symbol. Then one has the equality (Up /UMt = UL /UR and
the norm-residue symbol induces a perfect pairing

() : Up/Ug x Up/Ug = fim.

Proof. Since we have U = F*™ N Ui, we may also consider Ui /UR as
a subgroup of F*/F*™. From the inclusion (Ur/UR)+ C Ur/U® of Theo-
rem we obtain the equality (Ur/UR)+ = Ui /Um. Taking the quotient
(Up /UM /(Up/UR)* we get the induced perfect pairing. O
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The present situation is summarized in the following diagram.
PR

m

Up/UEF

lm| =

Up/UR)*+ = U /U

m

1

Corollary 3.91. Let Ul% be the annihilator in Up of Up with respect to the
norm-residue symbol. Then one has the following.
(a) There is a group isomorphism U /UR = 7./mZ.
(b) If the characteristic of F is positive, then the group Ur /Ui is trivial.
(¢c) If the characteristic of F is 0, then one has a group isomorphism

Up/Ui = (Z/p"™L)",
where p is the characteristic of the residue field of F and d = [F' : Q).

Proof.  (a) By Theorem we get F*/(Up F*™) 22 Z/mZ. Since the finite

group (Up/U)* is the dual of F*/(Up F*™) with respect to a perfect pairing,
by Theorem we have (Up/UR)*+ = F*/(UpF*™). From the equality
(Up/UR)+ = Uss /UR of Corollary (3.90

we obtain an isomorphism
U /U = 7/m.

(b) If the characteristic of F' is positive, then we have |m| = 1, where
|-|: F — Rxp is the normalized absolute value on F. The result follows from

Theorem and Corollary
(¢) Suppose that the characteristic of F is 0. Theorem [3.38|gives an isomor-

phism
Up/UR = 7/mZ & (Z/p*»™ 7).

Since Ui /U is a cyclic subgroup of Ur/UR of maximal order, the exact

sequence
1= U/ UR - Up/UR - Up /U — 1

splits. An isomorphism
Ur/Up = (Z/p""™2)

follows from the splitting of the exact sequence. O
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Corollary 3.92. Letm be a positive integer, let F' be a non-Archimedean local
field containing a primitive m-th root of unity, let u,, be the group of m-th roots
of unity in F, let p be the characteristic of the residue field of F, let Up be the
group of units of the ring of integers of F, and let U be the annihilator in Up
of Ur with respect to the norm-residue symbol (-,-)pm : F* X F* — pp,. Then
the triple (Up/Uz, pm, (+,*)F.m) 48 a skew abelian group with the following
properties.

(a) Its skew element is —1-Ug.

(b) It is a symplectic abelian group if and only if the extension F(%/—1)/F
s unramified.

(¢c) It is the trivial group if and only if the characteristic of F is positive or
one has m # 0 mod p.

(d) Its 2-rank equals O if p # 2.

(e) Its 2-rank equals [F : Qp] if p = 2, the characteristic of F is 0, and
m = 0 mod 2.

Proof. Since the norm-residue symbol is an antisymmetric pairing, Corol-
laryimplies that the triple (Ur/U#, tim, (-, ") F,m) is a skew abelian group.
Corollary gives @ Now Theorem and Theorem imply (]ED By
Theorem and Corollarythe cardinality of U /U3 equals |m| =1, where
|-] : F — R>¢ is the normalized absolute value on F. Hence () and @ follow.

O

Corollary gives (g).

Corollary 3.93. Let m be a positive integer, let F' be a mon-Archimedean
local field of characteristic zero containing a primitive m-th root of unity, let
p the characteristic of the residue field of F, let Urp be the group of units
of the ring of integers of F, and let n = p¥»("™) . Let Uﬁm and Uﬁ)n be the
annihilators in Up of Up with respect to the m-th power norm-residue symbol
and to the n-th power norm-residue symbol, respectively. Then one has the
equality Uﬁ:’m = Uf;:n and the pair (p,¢) of group isomorphisms

¢ :Up/Uf — Up/Uf,, U =,

L L m/n
CL'UEmF—)a'UFm, CHC / ,

is a similarity of skew abelian groups from (UF/Uﬁm, Hms () Fom)  tO
(UF/UI%’n7 tny () Fon), where oy, and w, are the groups of m-th roots of unity
in F and of n-th roots of unity in F, respectively.

Proof. By Theorem we have the inclusion U IJ':,m cvU f;n Hence, there is
a natural projection ¢ : UF/Uf,:,m — UF/UIJ;’n. Since it is a surjective group
homomorphism and by Corollary [3.91]is a map between two group of the same
cardinality, it is a group isomorphism. This proves the equality U #,m =U }-n

68



3.8. Non-Archimedean local fields

Let x be the group homomorphism x : fim — fin, ¢ — ¢"™/™. By Theo-
rem the diagram

() Fom

U /Up % Up JUE py ———" s i,

I

Up/Ug, x Up /U, ———"— n

commutes. Since by Corollary the group Ur/ Uﬁm is a p-group, the image

of (-,-)Fm is contained in p,. It equals uﬁ/n7 because by Corollary the
pairing (-, )pm UF/U}%’m X UF/UJ%’m — I s perfect and by Corollary
the group Up/U fgm contains an element of order n. Hence ¢ = x

m/n 1S @
tm
group isomorphism between the images of (-,)rm and (-,-)p,. We conclude
that the pair (¢, ) is a similarity of skew abelian groups. O

Theorem 3.94. Let F' be a non-Archimedean local field with residue field
F and let f(X) be a monic polynomial over the ring of integers of F whose
residue class in F[X] is a monic separable polynomial over F. Let v be a root of
f(X) in an algebraic closure of F. Then the extension F(«a)/F is unramified.

Proof. See (ii) of Proposition 1 in Section 7 of Chapter I in [9] by Cassels and
Frohlich or Proposition 3.2 of Chapter IT in [I5] by Fesenko and Vostokov. O

Theorem 3.95. Let p be a prime number, let ¢, be a primitive p-th root of
unity, and let F' be a finite extension of Qp((,). Let B be the maximal ideal of
the ring of integers Op of F' and let A =1 —(p. Let a € F* and let o be an
element in an algebraic closure of F' with o = a. Then one has the following.

(a) The extension F(«a)/F is unramified if and only if a € (1+XPOp)- F*P.

(b) The extension F(«)/F is unramified of degree p if and only if there
exists ¢ € Op such that Tr(o, /qp)/z/pz) € # 0 and a € (1 + cAP) - F*P, where
¢ is the reduction modulo *B of ¢ and Tro, py/z/pz) 15 the trace map from
Op/PB to Z/pZ.

To prove Theorem we will use Lemma [3.96] For a different proof of the
lemma see [66] and Exercise 9.4 in [74].

Lemma 3.96. One has
AP—1
p
Proof. The case p = 2 is trivial. Setting X equal to A in the equality

= —1 mod \Opf.

p—1
Sa-x =T kg,
=0
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where f a polynomial in X with integer coefficients, we get
0= ZCI’; = (=\)P"' + p mod pA\Op.

Since we have (—\)P~! = AP~ if p is odd, dividing by p gives us the desired
result. O

Proof (of Theorem . Let b € Op with b = 1 mod A?Op. We can write
b=1+ Mcwith ¢c € Op. Let z = (8 —1)/\, where § is in an algebraic closure
of F and BP = b. From the identity

(I+Ax)P=b

P + (1)2:1 (1;) (A/\?i> - 1A_pb =0.

=1

we obtain

Let f(X) be the polynomial

f(X)=XP+ <p_21 <];) ()‘)‘i)i> + /\fj( —c

1=

in F[X]. All coefficients of the terms of degree d with 2 < d < p — 1 are
in . By Lemma we know %:1 = —1 mod AOp. Hence z is a root of a
polynomial f(X) € Op[X] such that f(X) = XP— X —¢ mod B, where ¢ is the
reduction modulo % of ¢. Since we have f/(X) = —1 mod %, by Theoremm
the extension F(x)/F = F(B)/F is unramified. This proves that if we have
a € (14+ XNOp) - F*P then the extension F(«)/F is unramified.

The Artin—Schreier polynomial X? — X — ¢ € (Op/%)[X] splits into linear
factors, which is equivalent by Hensel’s lemma to the extension F'(8)/F being
trivial, if and only if we have Tr(o,. /q3)/(z/pz) € = 0. Otherwise, it is irreducible
and the extension F(8)/F has degree p. This proves the if part of (b).

Now assume Tr(o,. /3)/(z/pz) € # 0. The uniqueness of unramified extensions
of given degree and Kummer theory imply that the extension F(«)/F is un-
ramified if and only if we have a € (b) - F*P. Since for every n € Z we have
b" =1 mod A’Op, we get (a). Moreover, the extension F(a)/F is unramified
of degree p if and only if we have a € b" - F*P with n € Z \ pZ. Since for every
n € Z\ pZ we have b" = 1 + \Pnc mod AT O and Tr o, /3)/2/pz) TC # 0,
we get (b). O

Lemma 3.97. Let p be a prime number, let (, be a primitive p-th root of unity,
let F be a finite extension of Qu((p), let e be the normalized valuation vg(p),
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let eg = e/(p—1), and for each n € Zwq let U™ be the n-th higher unit group
of the ring of integers of F. Then for each integer i > eq the p-th power group
homomorphism F* — F*, a — aP, induces an isomorphism U = {lite)

Proof. See Lemma A.4 of Appendix in [48] by Milnor. O

Lemma 3.98. Let p be a prime, let n be a positive integer, and let m = p™.

Let ¢, and (m be a primitive p-th root of unity and a primitive m-th root of

unity, respectively. Let F be a finite extension of Qp((n), let Op be the ring of

integers of F', and let \=1—(,. Let a € F with a = 1 mod p"A\OF and let o

be an element in an algebraic closure of F with o?" = a. Then the extension
F(a)/F is unramified of degree dividing p.

Proof. By Lemma [3.97] “ 7| the p"~1-th power group homomorphism F* — F'*,
x+ 2P" | induces an isomorphism U(¢ote) 5 yleotne) where e = VF(p)
and eg = e¢/(p — 1) = vp(\). We choose 8 € «a - ((y) with f? € F* and
8P = 1 mod p\Ok. Tt exists, because we have vp(a — 1) > eg + ne. The
equality F'(a) = F(8) shows that it is sufficient to prove that the extension
F(B)/F is unramified of degree dividing p. Theorem implies that the
extension F(8)/F is unramified. It is of degree dividing p, because we have
pBP e F* and ¢, € F. O

Lemma 3.99 (Bouw [7]). Let p be a prime, let n be a positive integer, and let
m =p". Let (, and (, be a primitive p-th oot of unity and a primitive m-th
root of unity, respectively, and let X\ =1 — (,. Let F' be a finite extension of
Qp(Cm), let vy : F — ZU{+00} be the normalized valuation on F, and let E/F
be an unramified extension of non-Archimedean local fields of degree m. Then
there exists a € E* such that o™ € F*, E = F(«), and vp(a™ —1) = vr(pA).

Proof. Let K/Q, be the maximal unramified extension of Q,, that is contained
in F and let L = K((;,). Let M/L be the maximal unramified extension of
L that is contained in E. Since the extension F/F' is unramified of degree m
and F'/E is totally ramified, the extension M/L is unramified of degree m. By
Kummer theory there is @ € M such that o™ € L* and M = L(«a). Moreover,
we have E = F(a). By Lemmal|3.87)we can assume v () = 0. Since every root
of unity of order coprime to p is an m-th power, we can assume vy (a—1) > 1.
By Theorem [3.53 the normalized valuation vy; on M restricted to L equals
the normalized valuation vz, on L. Since we have a™ — 1 = [[7 (aci, — 1)
and v(Gn — 1) > 1, we get

vp(@™ =1)=vy(a™—1) = v (agt, —1) > m.

Since we have a™ ¢ L*?, Theorem [3.95| gives v (o™ —1) < v (A?). We obtain

VL(am — 1) S VL(AP) = va(l — Cm) =1m,
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because the extension L/Qp((p) is unramified and 1 — ¢, is a prime element
of Qp(¢m). Hence, we get vi(a™ — 1) = m = vy (). Lemma implies
v, (AP~ = v (p) and therefore we have vy (a™ — 1) = v (p)). The equality
vp(a™ —1) = vp(pA) follows. O

3.9 Functorial properties

Theorem 3.100. Let d and m be positive integers such that d divides m.
Let F and E be local fields containing a primitive m-th root of unity and a
primitive d-th oot of unity, respectively. Let p, (F) and pq(E) be the groups
of m-th and d-th roots of unity in F' and in E, respectively, and let o : E — F
be a continuous homomorphism. Let 0, = o|g» : E* — F* and o* = F* — E*
be the maps

ox =0l : E* — F* and a*:ailoNF*/UE* :F* — E*.

Then the maps o* : F* — E* and (a — a™'?) o 0, : E* — F* shown in the
diagram

('7')F,m

Frx Fr—0" s (F)

o (a—a™/ oo, Oy (B)
()Bd

Efx Br—2% 4 (E)

are adjoint with respect to the norm-residue symbol, that is, for all a € E* and

b e F* one has
0 (0°(b), @) g g = (b.ou(@)™/")

Proof. See Lemma 1 in Section 3.1 of Chapter IV in [28] by Iyanaga. O

F,m.

Corollary 3.101. Let m be a positive integer, let F' be a local field containing a
primitive m-th root of unity, and let o : F — F be a continuous automorphism
of F. Then, for all a, b € F* one has

(oa,ob) =0 (a,b).
Proof. Apply Theorem [3.100] with £ = F' and d = m. O

3.10 The field of two-adic rationals and its un-
ramified extensions

We present in a more explicit way the quadratic norm-residue symbol in the
field Q2 of 2-adic rationals. For unramified extensions of Q2 we state and prove
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Lemma 3.106!

Lemma 3.102. Let Qo be the field of 2-adic rationals, let Zo be its ring of
integers, let U be group of units of Za, and for each n € Z>( let U™ be its
n-th higher unit group. Then there is the equality

73 =U®.
Proof. By Theorem we have the equalities
73 =U=UW,

Hence, if a is an element in Z3%, we can write a« = 1 + 2z with x € Zs. By
squaring we obtain
a’>=1+4x(1+2z)=1mod8.

Since by definition we have 1+ 8Zy = U®) | we get a®> € U®) and therefore the
inclusion Z5* C U®). Theorem m gives [Z5 : Z3%] = 4. Since U®) has also
index 4 in Z3, we obtain the equality Z;z =U®), O

Theorem 3.103. Let Q2 be the field of 2-adic rationals and for every a € Q5
let @ be the residue class a mod Q3% of a in Q%/Q3%. Then the natural map

2) x (=1) x (5) = Q3/Q5
is a group isomorphism and each of the groups (2), (—1), and (5) has order 2.
Proof. The split sequence of Theorem [3.37] gives the isomorphism
52 (2) x Z3.
By squaring and applying Lemma we obtain the isomorphism
Q3 = () x U,

Taking the quotients we get the desired isomorphism. Since by definition we
have 14-8Zy = U®), each element in {2, —1,5} has nontrivial image in Q% /Q3>
and therefore each of the groups (2), (—1), and (5) has order 2. O

Theorem 3.104. Let Q2 be the field of 2-adic rationals and for every a € Q5
let @ be the residue class a mod Q52 of a in Q}/Q42. Then the table

('L') ‘ 2 _ 5
2 1 1 -1
T/ 1 -1 1
5 -1 1 1
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gives an explicit description of the perfect pairing
(+): Q3/Q5" x Q3/Q5° — {£1}
induced by the quadratic norm-residue symbol
(5 )@z @5 x Q3 — {+£1}.

Proof. Using bilinearity of Theorem [3.69] and the relations of Theorem [3.74]
we obtain the equalities

1=(1-2,2) =(-1,2),

1=(1-5,5)=(4,5)(—1,5) = (22,5)(—1,5) = (2,5)*(—1,5) = (—1,5),
1=(-2,2)=(-1,2)(2,2) = (2,2),
1=(-5,5)=(-1,5)(5,5) = (5,5),
1= (_1’2)(2’_1) = ( »_1)7
1=(-1,5)(5,-1) = (5,—1).

Since by Theorem the pairing induced by the norm-residue symbol is
perfect, we get

(2,5) = (5,2) = (-1,-1) = —1. O

Corollary 3.105. Let Qy be the field of 2-adic rationals and let U be the unit

group of the ring of integers of Qa. Then the annihilator UL in U of U with

respect to the norm-residue symbol (-,)g,,2 @ Q2 x Q2 — {£1} is the second

higher unit group U of the ring of integers of Qo and the perfect pairing
() :U/ULxU/UL = py

induced by the norm-residue symbol is given by

—1 ifa=0b= 3 mod 4,
1 otherwise.

fora,beZ; (a,b)= {
Proof. This follows from Theorem O

The diagram of Section becomes the following one on the left. On the right
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we show what each piece is canonically equal to.

Q3/Q5 @ x (2/82)"
2 z/2z
U/u? (Z/8Z)*
|2|71=2 (zZ/4z)”
(U/U2)* 5)
2 7/2%
1 1

Lemma 3.106. Let F be a finite unramified extension of the field Qo of 2-adic
rationals, let Op be the ring of integers of F', let P be the mazimal ideal of
OF, and let (+,-)p : F* x F* — {£1} be the quadratic norm-residue symbol of
F. Then for all a,b € O one has

(14 2a,142b), = (_1)Trm((a+q3>(b+q3))

with Try denoting the trace map from Op /B to Z/27Z.

Proof. Let Ur be the group of units of the ring of integers of F'. Let d € 1+40p
and let § be an element in an algebraic closure of F with 62 = d. Since by
Theorem the extension F(§)/F is unramified, Theorem implies that
for all ¢ € Up we have (¢,d) = 1. Hence, we may assume a,b € Up and

therefore we have -
F* 1}.
e €M

By Theorem for each ¢ € F* \ {1} one has (1 —¢,¢)p = 1. The equality

(—2b(1+2a) 1+2b> _,
F

1—4ab '1—4ab

follows. Since the norm-residue symbol is an antisymmetric bilinear map and
we have just proved that for all ¢ € Up we have (¢,1 — 4ab) = 1, we obtain
the equality

(14+2a,14+2b)p = (1—4ab,2)p.

Let (-, ), : Q5 x Q5 — {£1} be the quadratic norm-residue symbol of Qo
and denote the norm map from F' to Q2 by Np/g,. Theorem @ implies the
equality

(1—4ab,2) p = (Npyg, (1 — 4ab),2) .
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Since we have the congruence
Ny (1 — 4ab) = 1 — 4 Trg(a + P)(b + ) mod 8,

the statement of Lemma [3.106] follows from Theorem [B.1041
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CHAPTER 4

The global norm-residue symbol

We extend the theory of the norm-residue symbol to global fields and groups
of ideles. As a corollary of Theorem [£.59| we obtain a new proof [Corollary [4.67]
of the fact that the Tate pairing is a perfect pairing [Theorem. Moreover,
Theorem [1.86] gives a pairing similar to the Tate pairing in the case of number
fields.

4.1 Global fields

The reference for this section is Chapter II in [9] by Cassels and Fréhlich. Note
that they call ‘valuation’ what we will call ‘absolute value’.

Definition 4.1 (Number field). A number field is a finite field extension of
the field Q of rational numbers.

Definition 4.2 (Function field). A function field is a finite field extension of
the field F(¢) of rational functions in one variable ¢ over a finite field F.

Definition 4.3 (Global field). A global field is a field that is either a number
field or a function field.

Definition 4.4 (Absolute value). An absolute value |- | on a field K is a
function
| . | K — RZO

with the following properties.
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Chapter 4. The global norm-residue symbol

(a) For all @ € K one has: |a] =0 if and only if a = 0.

(b) For all a,b € K one has |ab| = |a| - |b].

(c) There exists C € R such that for all a € K with |a] < 1 one has
1+al <C.

Remark 4.5. In many books of Definition is replaced by the triangle
inequality |a+b| < |a|+|b| for all a,b € K. Our choice is inspired by the desire
to call the normalized absolute value on the field of complex numbers, which
is the square of the ordinary absolute value, an absolute value.

Definition 4.6 (Trivial absolute value). The trivial absolute value on a field
K is the unique function K — {0,1} that is an absolute value on K.

Definition 4.7 (Equivalent absolute values). Two absolute values
|-1: K —=Rspand |- |2 : K — Rso on a field K are equivalent if there
exists C' € Ry such that for all a € K one has

jaly = lalg

Remark 4.8. Let K be a field. An absolute value || on K induces a topology
on K that is generated by all sets of the form {x € K : |t —a| < d} witha € K
and d € Ry.

Theorem 4.9. Let K be a field. Two absolute values on K are equivalent if
and only if they induce the same topology on K.

Proof. See Section 4 of Chapter II in [9] by Cassels and Frohlich. O

Definition 4.10 (Place). A place v of a global field K is an equivalence class
of nontrivial absolute values on K.

Definition 4.11 (Non-Archimedean and Archimedean places). A place v of
a global field K is non-Archimedean if the completion K, of K at v is a
non-Archimedean local field. Otherwise, it is Archimedean.

For a place v of a global field K we denote the normalized absolute value on
the completion K, of K at v by |- |, : K, = R>o.

Theorem 4.12. Let K be a function field. Then all places of K are non-
Archimedean.

Proof. See Section 1 of Chapter III in [I8] by Frohlich and Taylor. O

Theorem 4.13. Let K be a number field, let F be either R or C, let
|-|F: F — Rxq be the ordinary absolute value on F, and let 0 : K — F
be a field embedding. Then the function |- | : K — Rxq, a — |o(a)|r, is an
absolute value on K.
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Proof. This follows from the definition of the ordinary absolute value on C. [

Theorem 4.14. Let K be a number field, let r1 be the number of real em-
beddings K — R, and let ro be the number of conjugate pairs of complex
embeddings o : K — C with o(K) € R. Then each Archimedean place of K
1s the equivalence class of an absolute value on K defined by a field embedding
as in Theorem there are exactly r1 + ro Archimedean places of K, each
of which corresponds to either a real embedding of K or a conjugate pair of
complex embeddings of K, and all other places of K are non-Archimedean.

Proof. See Section 1 of Chapter III in [I8] by Frohlich and Taylor. O

4.2 Adeles and ideles

In this section we recall the concepts of adeles and ideles. As a reference see
Chapter IT in [9] by Cassels and Frohlich. We point out that given a set A the
expression ‘for almost all A € A’ means ‘for all but finitely many A € A’.

Definition 4.15 (Restricted topological product). Let A be an index set and
for each A € A let X be a topological space. For all but finitely many A € A fix
an open subset Y\ C X and consider the space X of sequences o = (ay)aea
with ay € X, for all A € A and «a), € Y, for all but finitely many A € A.
Introduce a topology on X by taking as a basis of open sets the sets of the
form HAGA Wy, where Wy C X, is open for all A\ and W) = Y, for all but
finitely many A. The space X with this topology is the restricted topological
product of the spaces X with respect to the subsets Y, and is denoted by

x=T[ %

AEA

Definition 4.16 (Ring of adeles). The ring of adeles Adk of a global field K is
the ring of all elements of the restricted topological product of the completions
K, of K at v, where v ranges over all places of K, with respect to their rings
of integers O,,. Sum and multiplication are defined componentwise.

Remark 4.17. The ring of adeles with the topology induced by the restricted
topological product is a topological ring.

Remark 4.18. An adele a of K is a sequence @ = (ay)pes of elements
a, € K, where S is the set of places of K, such that «a,, is an integer in K,
for all but finitely many v.

Since each element of K is an element of O, for almost all v, we can define
the map i : K — Adg by i(z) = (z),. This map is injective and, identifying
K with its image under ¢, we shall view it as a subring that is a field of Adg.
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Definition 4.19 (Group of ideles). The group of ideles Ji of a global field
K is the topological group of all invertible elements of the ring of adeles Ady
with the topology induced by the inclusion Jx < Adg x Adgx that maps each
element = € Jx to (z,z71).

Remark 4.20. Let K be a global field. For each place v of K let K, be the
completion of K at v, let U, be the unit group of the ring of integers of K, if v
is non-Archimedean, and let U, equal K otherwise. The group of ideles Jx of
K can be equivalently defined as the topological group given by the restricted
topological product of the spaces K, where v ranges over all places of K, with

v

respect to the groups U, where multiplication is defined componentwise.

We will often write only J when the field K is understood. Just as K maps
injectively into Adg, so there is a natural inclusion K* — J.

Definition 4.21 (Group of unit ideles). The group of unit ideles Uk of a
global field K is the group

Uk = {(av)ves € [[ K5 : V0 ¢ Soo : lavly = 1},

where S and S, are the set of places of K and the set of Archimedean places
of K, respectively.

We will often write only U when the field K is understood.

Remark 4.22. Let the notation be as in Remark The group of unit
ideles Uk of a global field K can be equivalently written as

UK = H Uva
veSs
where S is the set of places of K.

Theorem 4.23. Let K be a global field and let Adyx be the ring of adeles of
K. Then K is a discrete subring of Adx and the additive group Adx /K is
compact in the quotient topology.

Proof. See Theorem in Section 14 of Chapter I in [J] by Cassels and Frohlich.
O

Lemma 4.24. Let K be a global field and let Ji be group of ideles of K. Then
K* is a discrete subgroup of Ji .

Proof. By Theorem [£.23] the field K is a discrete subgroup of Adg. The map
Adj — Adg x Adg, x + (z,271), injects K* as a discrete subset. Hence, the
group K* is a discrete subgroup of Jg. O
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Definition 4.25 (Content map). Let K be a global field, let S be the set of
places of K, and let Jx be the group of ideles of K. The content map ¢ of K
is the map

c:Jxg = Ry,

J= () H ol

veSs

where for each v € S the map |-|, : K, = Rso denotes the normalized absolute
value on the completion K, of K at v.

The map ¢ : Jx — Rsg, a — c¢(a), is a continuous group homomorphism of
the topological group Jx to the multiplicative group of positive real numbers.
We denote by J(}( its kernel. When K is a number field this map is surjective
and gives the split exact sequence

1-J% = Jx > Rog — 1. (4.26)

A right splitting of this exact sequence is the map Rsg — Jx, a — (ay)v,
where a, = 1 if v is non-Archimedean and a, = o/ if v is Archimedean.
When K is a function field the image of the group homomorphism c is a
nontrivial discrete subgroup of R~y. The map c gives rise to the split exact

sequence
1-J% 5 Jx -2 — 1. (4.27)

Theorem 4.28 (Product formula). Let K be a global field and let J9 be the
kernel of the content map ¢ : Jx — Rsqg of K. Then one has the inclusion

K*cJy.

Proof. See Theorem in Section 12 of Chapter II in [9] by Cassels and Frohlich.
O

Remark 4.29. Theorem [£:28) is known as the product formula for global
fields, because the inclusion K* C J?( can be equivalently written as follows:
for all a € K* one has

H |a‘v =1,

veS

where S is the set of places of K.

Theorem 4.30. Let K be a global field and let J(])( be the kernel of the content
map c¢: Jg — Rsg of K. Then the quotient J?(/K* is compact in the quotient
topology.

Proof. See Chapter II in [9] by Cassels and Frohlich. O
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Theorem 4.31. Let m be a positive integer, let K be a global field, let J be
the group of ideles of K, and let Uk be the group of unit ideles of K. Then
the quotient group Ji /(K* - Uk - J%) is finite.

Proof. The quotient group Jgi /(K* - Uk -J¥) is discrete, because by defini-
tion the group Uk is open in Jg. Using the inclusion K* C J(I)( given by
Theorem [4.28] and the short split exact sequences and we get an
isomorphism of topological groups:

Jr/K* 2R x (J%/K*) if K is a number field,

Ji/K* =7 x (J%/K*) if K is a function field.
Since by Theorem m the group J?(/K * is compact, the quotient group
Jr /(K* - J%) is the direct product of a finite group and a compact group

and therefore is compact. Hence, the quotient group Jx/(K* - Uk -J%) is
compact. Since it is also discrete, it is finite. O

4.3 Locally compact abelian groups

For this section the references are [56] by Pontryagin, [75] by Weil, and [49]
by Morris.

Definition 4.32 (Locally compact group). A locally compact group is a topo-
logical group that is locally compact as a topological space.

Definition 4.33 (Character). A character of a locally compact Hausdorff
abelian group G is a continuous group homomorphism from G to the circle
group R/Z.

The set of all characters of G forms a group under pointwise addition.

Definition 4.34 (Dual group or character group). The group G of characters
of a locally compact Hausdorff abelian group G is the dual group or character
group of G.

Remark 4.35. We endow the dual group G of a locally compact Hausdorff
abelian group G with the open-compact topology. This renders GG a topological
group.

Theorem 4.36. Let G be a locally compact Hausdorff abelian group. Then the
dual group G of G is a locally compact Hausdorff abelian group.

Proof. See Theorem 36 in Section 34 of Chapter 6 in [56] by Pontryagin. O

Theorem 4.37 (Pontryagin Duality). Let £ be the category of locally compact
Hausdorff abelian groups with continuous group homomorphisms. Then the
dualization ~ : L — L provides an anti-equivalence of categories
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—
|_>

)R

L
G
and the canonical map from a locally compact Hausdorff abelian group G to G
that maps an element x € G to the character T — Z(x) of G is a func-

tor isomorphism from the identity functor on L and the iterated dualization
“o7: L — L. This duality also restricts to the anti-equivalence

{compact abelian groups} «— {discrete abelian groups}.

Proof. See Theorem 52 in Section 40 of Chapter 6 in [56] by Pontryagin. O

The canonical map from a locally compact Hausdorff abelian group G to G
that maps an element x € G to the character Z — Z(x) of G is a topological
group isomorphism. We may therefore consider G as the character group of G.

Definition 4.38 (Annihilator). Let H be a subset of a locally compact Haus-
dorff abelian group G. The annihilator H+ of H in G is the set

H* = {#|z € G,Vz € H : &(z) = 0}.

Theorem 4.39. Let G be a locally compact Hausdorff abelian group. Then the
maps

{closed subgroups of G} +— {closed subgroups of @}
H ~ H*t
It I

are inclusion-reversing bijections and are inverse to each other. Moreover, if
H is a closed subgroup of G, then the natural maps

HYS3G/H and G/HSH
are isomorphisms of topological groups.
Proof. See Theorem 27 in Chapter 7 in [49] by Morris. O

Remark 4.40 (Pairing on topological groups). When A, B, and C are topo-
logical abelian groups, a pairing

B:AxB—C

will be also required to be a continuous map from A x B to C'. See Definition[2.1
for the definition of a pairing on abelian groups.
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Definition 4.41 (Dual groups with respect to a pairing). Let G and G’ be
locally compact Hausdorff abelian groups and let

B:GxG —R/Z

be a pairing. The groups G and G/i are dual with respect to the pairing
B:GxG —R/Zif the map G — G, ¢’ — (B(-,¢') : G = R/Z), is a topo-
logical group isomorphism.

See Definition [2:41] for the definition of a nondegenerate pairing.

Lemma 4.42. Let G and G’ be locally compact Hausdorff abelian groups and
let (-,-) be a nondegenerate pairing

(,):GxG = R/Z.

If H and H' are compact subgroups of G and G', respectively, such that the
subgroup H is the annihilator of H' in G with respect to the pairing (-,-), then
the groups G and G’ are dual with respect to the pairing (-,-) and the subgroups
H and H' are open subgroups of G and G’, respectively.

Proof. See Lemma 4 in Section 1.3 of Chapter III in [28] by Iyanaga. O

Lemma 4.43. Let G and G’ be locally compact Hausdorff abelian groups and
let (-,-) be a nondegenerate pairing

(,):GxG = R/Z.

If H and H' are closed subgroups of G and G', respectively, such that the
quotient groups G/H and G'/H' are compact and the subgroup H is the an-
nihilator of H' in G with respect to the pairing (-,-), then the groups G and
G’ are dual with respect to the pairing (-,-) and the subgroups H and H' are
discrete subgroups of G and G’, respectively.

Proof. See Lemma 5 in Section 1.3 of Chapter IIT in [28] by Iyanaga. O

Lemma 4.44. Let G be a topological group and let A and B be subsets of G.
Then one has the following.

(a) If A and B are compact, then AB is compact;

(b) If A is compact and B is closed, then AB is closed.

Proof. If A and B are compact, then by Tychonoff’s theorem the subset A x B
of G x G is compact. The set AB is compact, because it is the continuous image
of the compact set A x B under multiplication.

For a proof of the second fact see Lemma 1 of Section 2 in Chapter X in [2]
by Artin and Tate. O

Note that if in Lemma [£44] the subsets A and B are closed then AB does not
need to be closed. For example, take the closed subgroups Z and Z - v/2 of R
as A and B, respectively.
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4.4 Self-duality

We want to extend the concept of norm-residue symbol to global fields.

Definition 4.45 (Tame place and wild place). Let m be a positive integer.
A place v of a global field containing a primitive m-th root of unity is a tame
place with respect to m if one has |m|, = 1, otherwise it is a wild place with
respect to m.

Remark 4.46. Let m be a positive integer. An Archimedean place v of a
global field containing a primitive m-th root of unity is tame with respect to
m if and only if one has m = 1.

Definition 4.47 (Idelic m-th power norm-residue symbol). Let m be a posi-
tive integer, let K be a global field containing a primitive m-th root of unity,
let iy, be the group of m-th roots of unity in K, let S be the set of places of
K, and let Jg be the group of ideles of K. The idelic m-th power norm-residue
symbol is the map

() xm Ik X I = fim,
(a;b) = (a,b) ¢, »

such that for all a = (ay )y, b = (by)» € Jk one has

(aab)[gm = H (aU7bU)KU7m7

veS

where for each place v of K the map (-, )k, m : K x K — p(K,) denotes
the m-th power norm-residue symbol of the completion K, of K at v and the
group p(K,) of m-th roots of unity in K, is identified with the group g, by
the inclusion K — K.

We will often write only ‘(+,-)” and ‘norm-residue symbol’ when m and K are
understood.

Remark 4.48. The norm-residue symbol is well-defined on the group of ideles
Jk. For all a = (ay)y, b = (by)y € Jx we have that all but finitely many places
of K are tame and for all but finitely many of them both arguments a, and
b, are units. Since by Theorem we have (a,, b,) = 1 when both a, and b,
are units and v is a tame place, the infinite product [], (av,by), is actually a
finite product.

v

Theorem 4.49. Let m be a positive integer, let K be a global field containing
a primitive m-th root of unity, and let u,, be the group of m-th roots of unity
in K. Then the norm-residue symbol

('7 ')K,m : JK X JK — tm
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18 an antisymmetric pairing and induces a nondegenerate antisymmetric pair-
mg

() I /TR x Ik /IR = b
Proof. The norm-residue symbol is bilinear and antisymmetric, because it is
the product of bilinear antisymmetric maps. Let a = (ay)y,0 = (by)y € Jk
and let S be the finite set of places of K consisting of all Archimedean places,

all wild places, and all places v of K where a, and b, are not both units. Let
H, and H; be the subsets of Jx

Hy = [Jauk;™ x [[Us and H, =[] 0.K;™ x [] U..
veS vgS veS vgS

They are open neighbourhoods of a and b, respectively, and by Theorem [3.89
the value (hq,hpy) does not depend on the choice of h, € H, and hy € H.
Hence, the norm-residue symbol is a continuous map.

The induced map is an antisymmetric pairing. It is also nondegenerate. Let
a € Jx be such that for all b € Jx the product [], (av,by), is 1. Letting b
range over the elements of the form (1,1,...,1,b,,1,...) with w a place of K,
we get a, € (K)™ for all places v of K. Hence, we have a € J%. O

We will often call ‘norm-residue symbol’ the pairing induced by the norm-
residue symbol in Theorem

Theorem 4.50. Let m be a positive integer, let K be a global field containing
a primitive m-th root of unity, let p,, be the group of m-th roots of unity in
K, let Ji be the group of ideles of K, and let ¥ : p,, — R/Z be an injective
group homomorphism. Then the quotient group Ji /Jj is a locally compact
Hausdorff abelian group and is its own dual with respect to the pairing

wo(y-):JK/J?‘XJK/J?<—>R/Z
induced by the norm-residue symbol.

Proof. Since J% is closed in J g, the quotient group Jx /J% is Hausdorff. Note
that Jx /J% is the restricted topological product of the groups K/K ™ with
respect to the subgroups U, /U™. Let S be the finite set of places of K con-
sisting of all wild places. The group

H=[] K/ < [[v./U
veS v S

is the product of two compact groups and by Lemma [4.44] it is compact.
Moreover, the annihilator of H in Jx /J% is the compact group

H- = {1} x [ /U3,
vgS
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because by Remark an Archimedean place is tame if and only if one has
m = 1 and Theorem [3.89|implies that for every tame non-Archimedean place v
of K the group U, /U™ equals its own annihilator in Kf/K*™ with respect to
the local norm-residue symbol. Consider any injective group homomorphism
Y, — R/Z. By Lemma the group Jx /J% is its own dual with respect
to the pairing

ol ): Jx/IRg xIk/IJR = R/Z

induced by the norm-residue symbol. O

Lemma 4.51. Let m be a positive integer, let K be a global field containing
a primitive m-th root of unity, and let Jx be the group of ideles of K. Then
one has the equality

K*NJg =K.
Proof. See Lemma 5 in Section 4.3 of Chapter V in [2§] by Iyanaga. O

Theorem 4.52. Let m be a positive integer, let K be a global field containing
a primitive m-th root of unity, and let Ji be the group of ideles of K. Then
the subgroup K*/(K*)™ of Jx /J% equals its own annihilator in Ji /I with
respect to the norm-residue symbol.

Proof. See Section 4 of Chapter V in [28] by Iyanaga. O

Theorem 4.53. Let m be a positive integer, let K be a global field containing
a primitive m-th root of unity, and let Jx be the group of ideles of K. Then
the subgroup K*/(K*)™ of Jx/J% is discrete.

Proof. The annihilator UIJ; of the group Uk of unit ideles of K in Jg with
respect to the norm-residue symbol is open in Jx and therefore its image
©(Ux) in Jg/J% under the quotient map ¢ : Jx — Jg/J% is also open.
Using Theorem [£.52] the group

P(K) N p(Uk) = (K" J%) N (Ug - %))/ IR

is the annihilator of the group (K* - Ug - J%)/ J% with respect to the pairing
() : I /IR x Ik /T3 — pm induced by the norm-residue symbol. Since by
Theorem the quotient group Jg /(K* - Uk -J%) is finite, by duality the
group o(K*)Ne(Uz) is also finite. It is a discrete subgroup of J g /J5, because
it is a finite subgroup of the open subgroup ¢(Ux) of Jx/J%. Tt follows that
K*/(K*)™ is a discrete subgroup of Jx /J%. O

Theorem 4.54 (Hilbert’s product formula). Let m be a positive integer, let
K be a global field containing a primitive m-th root of unity, and let S be the
set of places of K. Then for all a,b € K* one has

H(a,b)v =1

veS

87



Chapter 4. The global norm-residue symbol

Proof. By Theorem [4.52]the subgroup K*/(K*)™ of Jx /J equals its own an-
nihilator in Jx /J% with respect to the norm-residue symbol. This implies that
the annihilator of K*/(K*)™ contains K*/(K*)™. Hilbert’s product formula
follows. O

4.5 Function fields

Let I be a finite field, let ¢ be the cardinality of F, and let m be a positive
integer dividing ¢ — 1. Thus, the field F contains a primitive m-th root of
unity. Let p,, (F) be the group of m-th roots of unity in F. Let K be a function
field with exact field of constants F and let S be the set of places of K. For
every place v € S let d, be the degree of the place v, that is, the degree of
the residue field O, /B, of the completion K, of K at v over F. Moreover, we
denote the group of ideles of K by J and the group [[, U, of unit ideles by
U. Let —:J — J/J™ be the canonical projection of J onto J/J™. Given a
subgroup A of J we will write A for the group (A-.J)/J™. Since the field K is
understood, we will often drop any subscript K when it is used in formulas.

Definition 4.55 (Group of divisors). Let IF be a finite field and let K be a
function field with exact field of constants F. The group of divisors Divg of
K is the free abelian group on the set of places of K.

We have the degree map

deg : Div — Z,

Z Ny — Z Ny dy.

veS veS

It is a surjective map [Corollary V.1.11 in [68]] and its kernel is the group Div®
of divisors of K of degree 0. There is a natural continuous map

div : J — Div,
= (ju)o = div(j) = (ordy ju) - v,

v

where ord, denotes the normalized valuation vy, on K,. This is a com-
mon notation for function fields and their completions. We denote the integer
deg(div(j)) = >_,(ordy, j,)dy by degj and call it the degree of j. Hence, we
get the short exact sequence

1—>U*>Jﬂ>Div—>0.

Definition 4.56 (Group of principal divisors). Let F be a finite field, let K be
a function field with exact field of constants F, let Jx be the group of ideles of
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K, and let Divg be the group of divisors of K. The group of principal divisors
Prg of K is the image of K* C Jk in Divk under the map div : Jx — Divg.

Composing the map div : J — Div with the degree map deg : Div — Z we
obtain a map J — Z, which gives rise to the split short exact sequences

1—J'——>J—7Z-—0

and o
1—JO—J—Z/mZ — 0, (4.57)

where J is the group of ideles of K of degree zero.

Theorem 4.58. Let F be a finite field, let q be the cardinality of F, let m be
a positive integer dividing ¢ — 1, and let p,,(F) be the group of m-th roots of
unity in F. Let K be a function field with exact field of constants F, let J be
the group of ideles of K, and let U be the group of unit ideles of K. Then the
subgroup U of J/J™ equals its own annihilator in J/J™ with respect to the
norm-residue symbol

() J/T X JJT™ = p (F).

Proof. Theorem [3.89| implies that for every tame non-Archimedean place v
the group U, /U™ equals its own annihilator in K/(K})™ with respect to the
local norm-residue symbol. Since all places are tame non-Archimedean, we get

the identity U = U . O

Theorem 4.59. Let F be a finite field, let q be the cardinality of F, let m be
a positive integer dividing ¢ — 1, and let p,,,(F) be the group of m-th roots of
unity in F. Let K be a function field with exact field of constants F, let J be
the group of ideles of K, and let U be the group of unit ideles of K. Then the
inverse of the norm-residue symbol induces a perfect pairing of finite abelian
groups
()7 (KN T) < J/(K* - U) = i (F)

that is characterized by @, and its domain has the property .

(a) For each pair (f,7) € (K*N (U -J™)) x J such that the divisors div(f)
and div(j) have disjoint supports one has

g—1

F.F- (B T) 2 (£, )7 = Fdiv(g)
where

f(div(y) H Neo, /q,)/p(f" mod B,) if div(j Z Ny

v
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_(b) Any pair of elements in (K* N U) x J/(K* - U) is of the form
(fj' (K~ - U)) with f and j as in @)

Proof. By Lemma [£.24] the group K* is a discrete subgroup of J. Since the
group U is a compact subgroup of J, by Lemma [£.44] the subgroup K* - U
is closed. Hence, the group K* - U is a closed subgroup of J/J™. Taking its
annihilator and using Theorem and Theorem we get

&) =K"nU =K"nT.

The group K*NU is finite, because it is discrete by Theorem and compact.
Theorem [4.39| implies that the induced pairing exists and is a perfect pairing
of finite abelian groups.

Now we are going to prove the formula in (@ Let S be the set of places
of K and for each v € S let K, be the completion of K at v. By Theo-
rem and Theorem |3.86| for each v € S the extension K, ( 1/m)/KU is
unramlﬁed For each v € S we denote by Fr, the Frobenius element in the
Galois group Gal(K, (fu 1/ ")/ K,). By the weak approximation theorem for ev-
ery f € K*N(U-J™) the set of all j € J such that div(f) and div(j) have
disjoint supports maps surjectively to J/(K* - U). This proves @ Since both
the inverse of the norm-residue symbol and the formula give rise to a group
homomorphism J/(K* -U) — pi,(F) when the first argument is fixed, we can
assume that j € J has divisor div(j) = w, where w is a place of K not in the
support of div(f). Let d,, be the degree of the place w. The computation

D =G0 =100, = [[ RO fir =
vES vES
- Frw(fw )/fm = < % mod spw) = <fu{jqwl_lq;zl mod mw) -

q—1

= (N(0u /qu)/5(f mod PBo)) 7™ = f(div(j)) ™,

where the last equality in the first line follows from (]E[) in Theorem gives
the desired result. O

Corollary 4.60. For allb € J and ( € F* one has
degbd
(b,0) = (¢")

Proof. Let div(b) = >, n,v. Hence, we have degb = ), n,d,. Using Theo-

rem (.59 we get

g—1

™ q—1

(b,¢) = (¢, 0)~ (HN(O /3 /EC" ) = (CZ“ n“d“)T - (C%l)dcgb‘
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O
Corollary 4.61. The norm-residue symbol induces a perfect pairing
() TJTO X F* = piy,.

Proof. Tt follows from Corollary and the short exact sequence that
the annihilator of F* in .J is .JO. O

Raising to the (¢ — 1)/m-th power and the degree map give the isomorphisms
5, and J/JO 5 Z/mZ,

respectively. Using these two isomorphisms, from the perfect pairing of Corol-
lary we get the perfect pairing

('a') : Z/mZ X fom = My
(a,¢) = ¢*

The explicit description follows from Corollary

Corollary 4.62. The norm-residue symbol induces the perfect pairing

() (KN O)F* x JO/(K*-TU) — pin(F). (4.63)

Proof. Since the annihilator of K* N U is K* - U and by Corollary the
annihilator of JO is F*, the pairing induced by the norm-residue symbol is
perfect. 0

Definition 4.64 (Divisor class groups). Let F be a finite field, let K be a
function field with exact field of constants I, let Divg and Div(;( be the group
of divisors of K and the group of degree zero divisors of K, respectively, and
let Prg be the group of principal divisors of K. The divisor class group Pick of
K is the group Divg / Pri and the divisor class group of degree zero divisors
Pic) is the group Div) / Prg.

The surjective map K* N U — Pic’ [m] that maps an element a = uj™, with
a € K*;ueU,jeJ,todiv(j) is well-defined by Lemma and fits into
the short exact sequence

1 —TF* — K*NU — Pic’[m] — 0.
Hence, we have an isomorphism

(K*NT)/F* = Pic[m). (4.65)
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Furthermore, from the exact sequence

1— U — J° % Div® — 0,
where Div® is the group of divisors of degree zero, we get an isomorphism
JO/(K*-TU) = Pic’ /m Pic°. (4.66)

Corollary 4.67. The norm-residue symbol induces the perfect pairing

{-,-} : Pic’[m] x Pic® /m Pic® = pu,, (F),
g—1

{[D], [E] mod mPic’} — f(E) =,

where D and E are divisors with disjoint supports and f € K* has divisor
mD.

Proof. Combining isomorphisms and with the perfect pairing
gives the perfect pairing {-,-} : Pic’[m] x Pic’/m Pic® — i, (F).

Consider elements [D] € Pic’[m] and [E] € Pic” represented by divisors D
and £ = ) n,v of K with disjoint supports. Let f be a nonzero rational
function with divisor mD. By isomorphism [.65] we can write f as ui™ with
u € U and i € J. Hence, we have div(i) = D. Moreover, by isomorphism [4.66]
we can choose j € JY with div(j) = E. Using Theorem we get

{[D], [B) mod mPic®} = (£,/)™" = f(div(j)) ™ = f(B)" .
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The present situation can be summarized in the following diagram.

T=J/gm
Compact“v_,r' Jo ' -, discrete
. Pico/mP.ic,(_)
KT
K=K T=U"
& AT
discretezz'b Pico[m] . v:“Compact
= :
i

Note that taking the annihilators reflects the diagram upside down.

4.6 The Tate pairing

The norm-residue symbol induces perfect pairings on subgroups and quotient
groups of the group of ideles of a global field. Two very famous and commonly
used pairings in the case of function fields are the Weil pairing and the Tate
pairing. Hence, it is natural to look for relations between the norm-residue
symbol and these pairings. In 1995, Howe [26] showed that Kummer theory
and class field theory provide a way to obtain the Weil pairing from the norm-
residue symbol. Here we show that the Tate pairing is given by the norm-
residue symbol on certain groups of ideles and that it is even possible to
extend this pairing to larger groups. The Tate pairing has been generalized
by Bruin [§] to a pairing associated to an isogeny between abelian varieties
over a finite field and it has been explicitly related to the Weil pairing.

The Tate pairing was constructed in 1994 by Frey and Riick [I7] in order
to reduce the discrete logarithm problem in the m-torsion part of the divisor
class group of degree zero divisors on a projective irreducible nonsingular curve
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over a finite field to the corresponding problem in the multiplicative group of
the finite field. More recently it has been noticed by Boneh and Franklin that
pairings can be used for identity-based cryptography [5]. Nowadays pairings are
studied in some of the most active research fields in elliptic curve cryptography,
but they are also of theoretical interest.

Definition 4.68 (Tate pairing). Let K be a function field as in the previ-
ous section. Consider elements [D] € Pic’[m] and [E] € Pic® represented by
divisors D and E of K with disjoint supports. Let f be a non-zero rational
function with divisor mD. The Tate pairing of K is the map

q

{-,-} : Pic’[m] x Pic® /mPic® — pi, (F),
{[D], [E] mod mPic’} — f(E)“,

where

F(B) =[N, p.)/e(f™ mod B,) if E =3 nyv.
v v

Theorem 4.69. The Tate pairing is a perfect pairing.
Proof. The Tate pairing equals the pairing in Corollary O

The proof by Frey and Riick uses a pairing introduced by Lichtenbaum [42],
which comes from a duality result of Tate [70] on cohomology groups of an abe-
lian variety. For this reason the Tate pairing is also called ‘Tate—Lichtenbaum
pairing’ or ‘Frey—Riick pairing’. Nowadays there are proofs by Hess [25] and
by Schaefer [61] that do not use the results by Lichtenbaum and Tate.

Remark 4.70. If we consider the Tate pairing in the form of Corollary
the perfect pairing

() (K NU) x T/(K*-U) = o (F)

in Theorem is an extension of the Tate pairing to larger groups. In this
way we increase the size of the groups involved by a factor of m. This might be
useful for cryptographic applications. Note that the same formula still holds
for this perfect pairing.

The group J/(K* - U) has an interpretation in terms of groups of divisors
similar to that of the group JO/(K* - U). From the short exact sequence

1—U—J ™ Div—0
we get the isomorphism

J/(K*-U) = Pic /mPic.
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4.7 The Arakelov class group

Given a number field K, we define the Arakelov class group of K. It is a group
that is analogous to the divisor class group of degree zero divisors of a function
field over a finite field. The main reference is [64] by Schoof.

Definition 4.71 (Group of Arakelov divisors). Let K be a number field and
let S and S, be the sets of places of K and of Archimedean places of K,
respectively. The group of Arakelov divisors Divg of K is the set

Divg = Z Ny + Zwvv:nvel,xveR
€S\ Soo VES oo

of finite formal sums with componentwise addition.

We will often write Div when the field K is understood.

The degree d, of a non-Archimedean place v of K is log|O,/%,|, where
|O, /By | denotes the order of the residue field O, /B, of the completion K, of
K at v. The degree d,, of an Archimedean place v of K equals 1 or 2 depending
on whether the place v is real or complex. The degree extends by linearity to
the surjective group homomorphism

deg : Div —» R
Z NV + Z TyV > Z Ny + Z Tyd,y,
vES\ S vESs vES\ S UISICINS

where d,, is the degree of the place v. The kernel of this map is the group
of degree zero Arakelov divisors of K, which we denote by Div?. There is a
natural surjective continuous group homomorphism

div : J — Div,
J = (jv)o = div(j) = Z Vo (Jv) v+ Z —log|ju| - v,
vES\Seo VESso
where the map |- | : C — Ry is the ordinary absolute value and for each

non-Archimedean place v of K the map v, : K, — Z U {400} denotes the
normalized valuation on K.

Definition 4.72 (Group of principal Arakelov divisors). Let K be a number
field. The group of principal Arakelov divisors Pr of K is the image of K* C J
in Div under the map div : J — Div.

Following the analogy to the function fields, we define Pic as the quotient
group Div /Pr. For each a € K* the principal Arakelov divisor div(a) is zero
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if and only if a is a unit of O all of whose conjugates of a have absolute value
equal to 1. Hence div(a) is zero if and only if a is contained in the group u of
roots of unity of K. We get the exact sequence

1 p— K* %% Div — Pic — 0.

The product formula [Theorem [4.28] gives the inclusion Pr C Div®.

Definition 4.73 (Arakelov class group). Let K be a number field, let Div®
be the group of degree zero Arakelov divisors of K, and let Pr be the group
of principal Arakelov divisors of K. The Arakelov class group Pic® of K is the
quotient group Div® / Pr.

Theorem 4.74. Let K be a number field, let (P ,c5 R)? be the subgroup of
Arakelov divisors of K in @vesw R that have degree zero, and let T° be the co-
kernel of the group homomorphism Oj — (EBDGSoo R)? obtained by composing
the map div : O — Divg with the projection on the components correspond-
ing to the Archimedean places of K. Then there is a group isomorphism

T = (R/2)1917,
where Sy, is the set of Archimedean place of K.

Proof. This follows from Dirichlet’s unit theorem. O

Theorem 4.75. Let K be a number field, let 1d be the group of fractional
ideals of its ring of integers, and let Cl be the ideal class group of K. Let Div
be the group of Arakelov divisors of K, let Pic® be the Arakelov class group of
K, and let T® be as in Theorem m For each non-Archimedean place v of
K let B, be the prime ideal of the ring of integers of K associated to v. Then
the group homomorphism

Div — Id

Z nvv+2xvvb—> H B,

vES\ S0 VESeo vES\ S
induces a natural split short exact sequence
0—T°—Pic” - Cl— 1.
Proof. See Proposition 2.2 in [64] by Schoof. O

Corollary 4.76. Let m be a positive integer and let K be a number field.
Let Cl and Pic® be the ideal class group of K and the Arakelov class group
of K, respectively. Then the exact sequence in Theorem [4.75] induces a group
isomorphism

Pic /m Pic® = C1/CI™.
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Proof. Since by Theorem the group TV is divisible, the results follows
from the split short exact sequence in Theorem O

Composing the map div : J — Div with the degree map deg: Div — R we
obtain the map —logoc:J — R, where ¢ : J = R, j = (ju)v = [, ldolo
is the content map. This composite map gives rise to the split short exact
sequence

deg o div
e

1—=J"—=J R — 0, (4.77)

where J? is the group of ideles of K of degree zero, which is also the kernel of
the content map. The splitting of this exact sequence follows from the splitting
of the exact sequence

Let U’ be the kernel of the map div : J — Div. Hence U’ is the group

U' = [T ker(| - [o) = {()u € T : Yo € S : [l = 1}.

From the short exact sequence

15U = J° 9 Divd 50

we get a group isomorphism
JO)(K*-U') 5 Pic”. (4.78)

Let m be a positive integer. Now we assume that K contains a primitive m-th
root of unity. Let = : J — J/J™ be the canonical projection of J onto J/J™.
Given a subgroup A of J we will write A for the group (A - J™)/J™. Note

that we have the equality U’ = U, where U is the group of unit ideles of K.
Combining the split exact sequence [£.77] and the group isomorphism [4.78| gives
a group isomorphism

J/(K*-TU) = Pic® /m Pic’.

The surjective map K* N U’ — Pic’[m] that maps an element a = uj™, with
a€ K*, uelU’, je J, todiv(j) fits into the short exact sequence

1 — 7 — K*NU — Pic’[m] — 0. (4.79)
Hence, we get an isomorphism
(K*n0U)/a = Pic’[m].
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4.8 Number fields

Given a positive integer m and a number field K containing a primitive m-th
root of unity, we reproduce the construction of the Tate pairing in this set-
ting. Using the norm-residue symbol we define some natural pairings on sub-
groups and quotient groups of J/J™, where J denotes the group of ideles of K.
These pairings do not deviate much from a naturally defined perfect pairing
Cl[m] x C1/CI"™ = p,, where Cl is the ideal class group of K and p,, is the
group of m-th roots of unity in K. The m-th virtual group V of K [Defini-
tion [5.15], which is a subgroup of the m-th unit residue group of K [Defini-
tion [5.3], provides an upper bound for this deviation, which is mathematically
expressed by Theorem [£.84) and Theorem [4.36]

Notation 4.80. Let m be a positive integer and let K be a number field con-
taining a primitive m-th root of unity (,,, which generates the multiplicative
group fy,. The ring of integers of K, its group of units, the set of places of K,
and the set of Archimedean places of K are Ok, E, S, and S, respectively.
For a place v of K, we denote by K, the completion of K at v, by O, the ring
of integers of K, and by U, the unit group of O, if v is non-Archimedean and
K if v is Archimedean. Let Cl and Pic” be the ideal class group of K and the
Arakelov class group of K, respectively.

We denote the group of ideles of K by J and the unit idele group of K by U.
For definitions see Definition and Definition Let —:J — J/J™ be
the canonical projection of J onto J/J™. Given a subgroup A of J, we write
A for the group (A -J™)/J™. For any subgroup H C J we denote by H* its
annihilator in J with respect to the norm-residue symbol (-,-) : J X J — fip,.
Let V' be the subgroup

V=(KnU) U /U
of the m-th unit residue group U/UL of K. It will be called the ‘m-th virtual

group’ of K [Definition [5.15].

Similarly to the function fields case, we have two short exact sequences
1—U-K*—J—Cl—1 (4.81)

and
1—FE— K*NU — Clfm] — 1. (4.82)

Let G be the group of automorphisms of K over Q. We also remark that the
two sequences are G-linear.

We consider the pairing (-,-) : J x J — i, induced by the norm-residue
symbol in Theoremm The annihilator of K* in .J is K* itself but, differently
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from the function field case, the annihilator UL of U in J is not U. This is due
to the presence of ramified places and Archimedean places. By Theorem

and by Section we only have the inclusion UL C U. See Theorem for
more details. We will call the quotient group ﬁ/Ul the ‘m-th unit residue
group’ of K [Definition [5.3].
Theorem 4.83. Let the notation be as in Notation 4.80. Then one has the
equality

N — — = =l

(KU )nU=(K*nU)-U".
Proof. Since by Theorem [5.1| we have the inclusion U~ € U, we get

(K- TH)NU=&n0)- U nU)=(KnT)- U O

The following diagram summarizes the situation.

J=J/gm

cl/crm

Theorem 4.84. Let the notation be as in Notation 80l Then one has the
following.
(a) The norm-residue symbol induces a perfect pairing of finite abelian
groups
() (B nT) x T/(E=-T") = .
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(b) The short exact sequences and induce surjective canonical
group homomorphisms

o1 : K*NU — Cljm)]
o T/(EF-T) — CL/CI™
such that

ker 1 2 (Z/mZ)15=!  and kerpy =V with |V| = m!S=l.

Proof. Since the annihilator of K*NU with respect to the norm-residue symbol
. Ty 7L . . o
is K* - U ", the norm-residue symbol induces a perfect pairing

() (ENT) x T/E T = pim.

The surjective canonical group homomorphism ¢; : K* N U —» Clm] is
given by the short exact sequence (4.82)). By Dirichlet’s unit theorem we have
E = (Z/mZ)!%=! and therefore ker ¢, = (Z/mZ)1°=|. The surjective canoni-
cal group homomorphism (o : J/(K* - UL) — C1/CI™ follows from the short
exact sequence 1) and we have ker py = (K* - U)/(K* - UL). By duality
and the second group isomorphism theorem we get

& U)K -T2 EnD)/(EnT)2V.

Since we have

— P 1 — m
| Cllm]|- |E] = [K*NU| = [K*NU |- [V| = [J/(K*-U)[-|[V| = [Cl/ CI" |- [V],
the equality |V| = m!%=| follows. O

Theorem 4.85. Let the notation be as in Notation .80l Then one has the
following.
(a) The norm-residue symbol induces a perfect pairing of finite abelian
groups
() (BEnT) x /(K= -T") = i
(b) The short exact sequences and induce surjective canonical
group homomorphisms

¢1: K*NU — Pic’[m]
w2 JJ(K* - Ul) — Pic?/m Pic”
such that

ker oy = Z/mZ and kerpy =V with |V| = ml9=!.
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Proof. By Theorem the norm-residue symbol induces a perfect pairing
() (ENT)x T/E T = pim.

The surjective canonical group homomorphism ¢; : K*NU — Pic’[m] is given
by the short exact sequence (4.79)). We have ker ¢1 = Z/mZ, because K con-
tains a primitive m-th root of unity. By Corollary [£.76] the surjective canonical

group homomorphism ¢ : J/(K* - Ul) — Pic?/m Pic® is obtained from the
surjective canonical group homomorphism @y : J/(K* - Ul) — Cl/CI™ in
Theorem [£.84] O

Theorem 4.86. Let the notation be as in Notation 80 Then there are
canonical subgroups A C Cl1/CI™ and B C Clm] with the following prop-
erties.
(a) The norm-residue symbol induces a perfect pairing of finite abelian
groups
() AX B = .

(b) There are surjective group homomorphisms
(Z/mZ)15=! - (C1/ C1™) /A,
V — Cl[m]/B with |V| = m!S=/.

Proof. Let B be the group E- (FﬁﬁL) /E. By the second group isomorphism
theorem we get

B= (K" nT /(K nT NE).
The situation is visualized in the following diagram.

K*NnU

EnKnTU"
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—1
Since the annihilator of K* N U™ with respect to the norm-residue symbol is

K* - U, the norm-residue symbol induces a perfect pairing

() JNE-T)x (BNT ) = fim.

Let A be the annihilator in J/(K*-U) of ENK*N U with respect to the
induced pairing. The norm-residue symbol induces a perfect pairing

()t AX B = .

Using the inclusions

A T/(E"-T)=Cl/crm

and
B — (K*NU)/E = Cljm)]

we may consider A and B as subgroups of C1/CI"™ and Cl[m], respectively.
By Dirichlet’s unit theorem we get a group isomorphism E = (Z/mZ)!S>=!.
Since by duality we have a group isomorphism

(Cl/CI™/A=ENK NT",
the existence of a surjective homomorphism
(Z/mZ)1%=! - (C1/CI™) /A

follows from the inclusion £ N K* N Ul — F.
By the second group isomorphism theorem we get a group isomorphism

V=(Kn0) -U)T =&nD)/(ENT).
This group maps surjectively to
& nT)/(E- (B*nT")) = Clim]/B,

as required.
For a proof of the equality |V| = m!S=! see Theorem M O
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CHAPTER D

The unit residue group

Given a positive integer m and a global field K containing a primitive m-th
root of unity, we define the m-th unit residue group of K [Definition .
Corollary shows that it is a skew abelian group, where the pairing is given
by the m-th power norm-residue symbol. We refer to Chapter [2] for definitions
and results on skew abelian groups. The m-th unit residue group is isomorphic
to an orthogonal sum of skew abelian groups that are defined locally at the
wild non-Archimedean places of K and at the real Archimedean places of K
[Theorem . Hence, it is the trivial group when K is a function field. This
result is strongly related to the existence of the Tate pairing, as we will explain
later in this introduction. As an abelian group, the m-th unit residue group of
K is isomorphic to (Z/mZ)*!19=! where S, denotes the set of Archimedean
places of K [Theorem [5.10].

The structure of the m-th unit residue group as an orthogonal sum of lo-
cal components [Theorem is reminiscent of the structure of the group
J = J/J™ with respect to the pairing induced by the idelic m-th power norm-
residue symbol, where .J is the group of ideles of K. The group J has the
subgroup K* = (K* - J™)/J™, which we can consider as the global contri-
bution to J. We could say that it lies halfway in J, because K* is its own
annihilator in J with respect to the pairing induced by the idelic m-th power
norm-residue symbol [Theorem . The m-th unit residue group of K has
a similar subgroup: the m-th virtual group of K [Definition . The m-th
virtual group is defined globally and is a maximal self-annihilating subgroup
of the m-th unit residue group, of order m!“>=! [Theorem . In particular,
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its order equals its index in the m-th unit residue group. We remark that
the m-th virtual group is not necessarily isomorphic, as an abelian group, to
(Z/mZ)!5=! [Theorem .

The m-th virtual group naturally arises when one tries to extend the Tate
pairing to number fields. It provides an upper bound for how far the groups
Cl[m] and C1 / CI"" are from having a similar canonically defined perfect pairing
Cl[m] x C1/CI"™ = p,,, where Cl is the ideal class group of K and p,, is the
group of m-th roots of unity in K [Theorem and Theorem . Note
that this bound can be very small even for large ideal class groups, because
the m-th virtual group has order m!%=!. For example, the 2-nd virtual group
of any imaginary quadratic number field has order 2.

We want to describe the m-th virtual group in a more explicit way that
is amenable to computation. Remark gives a natural surjective group
homomorphism from the m-Selmer group of K [Definition to the m-th
virtual group and links the m-th virtual group to the field extensions of K that
are obtained by adjoining m-th roots of m-virtual units of K, which are the
elements in K that have normalized valuation divisible by m at every place of
K. These extensions can ramify only at the wild non-Archimedean places of
K and at the real Archimedean places of K.

In this chapter we present definitions and general results on unit residue
groups and virtual groups. As a first example we compute the 2-nd unit residue
group of the field Q of rational numbers by identifying its local components
and, in there, the 2-nd virtual group of Q [Theorem . In later chapters we
will compute unit residue groups of other number fields.

5.1 Definitions and general results

Theorem 5.1. Let the notation be as in Notation [4.80, Then the subgroup U

of J/J™ contains its own annihilator T in J/J™ with respect to the norm-
residue symbol and the projection — : J — J/J™ induces a group isomorphism
of finite abelian groups

[[v./vs = [ vo/ut 30/,

vlm v real

where v ranges over the places of K dividing m and the real Archimedean
places of K.

Proof. Let S be the set of places of K. By Remark we get the equality

U=[Juv./ur

veS
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Section [3.7] and Theorem [3.89| imply that for every place v € S the group
U, /U™ contains its own annihilator in K} /(K¥)™ with respect to the local
norm-residue symbol. Hence, we obtain the inclusion

U CU.
By Corollary for non-Archimedean places and by Section for Archime-

dean places, for each place v € S we have the equality (U,/U™)t = UL /U™.
Hence, we get a group isomorphism

[[v./vt3T/T

veS
Theorem [3.89] implies that for each non-Archimedean place v € S the group
U, /U has order |m|~! and therefore is trivial for all but the finitely many
places dividing m. By Section [3.7]for each Archimedean place v € S the group
U, /U has order dividing 2 and is trivial when v is complex. Hence, the group

U/UL is finite and the group isomorphism in the statement follows. O

Corollary 5.2. Let the notation be as in Notation [4.80 Then the triple
(U/UL, (-, ) K,ms o) 18 a skew abelian group.

Proof. The result follows from Theorem [£.49 and Theorem [5.1} O

Definition 5.3 (m-th unit residue group). Let m be a positive integer, let
K be a global field containing a primitive m-th root of unity, and let wu,,
be the group of m-th roots of unity in K. Let J be the group of ideles
of K and let U be the group of unit ideles of K. Denote by U the group

UJ™/J™ and let U™ be the annihilator of U in J/J™ with respect to pair-
ing J/J™ x J/J™ — i, induced the idelic m-th power norm-residue symbol.
Let (-, ) k,m : U/UL X U/ﬁl — m be the pairing induced by the idelic m-th
power norm-residue symbol. The m-th unit residue group of the global field K
is the skew abelian group (U/UL, toms () Kom)-

We will write only ‘unit residue group’ when m is understood.

Theorem 5.4. Let m be a positive integer, let K be a global field containing
a primitive m-th root of unity, and let (W/UL,MM, (-, )k,m) be the m-th unit
residue group of K. The skew element of the m-th unit residue group of K is
—1-U".
Proof. Let (ay), € U. By Corollary for each place v of K we have

(*13 av)v = (av’ av)v :

Taking the product over all places of K concludes the proof. O
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Chapter 5. The unit residue group

Theorem 5.5. Let m be a positive integer and let K be a global field containing
a primitive m-th root of unity. Then the following are equivalent.

(i) The m-th unit residue group of K is a symplectic abelian group.

(ii) The extension K (3/—1)/K is unramified at all places of K.

Proof. By Theorem [5.4]the skew element of the m-th unit residue group of K is
—1~UL. Now the equivalence follows from Theorem and Theorem O

Theorem 5.6. Let the notation be as in Notation [£.80} Then the group iso-
morphism

~ = 71
[Tv./vr < [] vo/vy = T0/T

v|lm v real
induced by the canonical projection J — J/J™ is an isomorphism
J_ ~ g 7L
J_ (Uv/Uv s By (', ')Kv,m) - (U/U » Hms ('a ')K,m)
VES,

of skew abelian groups, where S,, denotes the set of the places of K dividing
m and the real Archimedean places of K.

Proof. The result follows from the definition of the global norm-residue symbol
as the product of all local norm-residue symbols. O

Theorem 5.7. Let the notation be as in Notation and let the triple
(U/Ul,um, (-, )Kk,m) be the m-th unit residue group of K. For each prime p

dividing m let n, = p'»"™) and let (@/@L,u%, (") K.n,) be the n,-th unit
residue group of K. Then the projection

J)Im = € g
plm
iduces a group isomorphism
— =L~ S
0:U/U S EPU,/T,,
p|m
which is an isomorphism
—— ~ — =1
(U/U y M ('7 ')K,m) — J_(Up/Up y Mg, s ('a ')K,np)
plm

of skew abelian groups, where for each p | m the injective group homomorphism
used in defining the orthogonal sum is Py : pin, — fim, ¢ = ¢cmime,

106



5.1. Definitions and general results

Proof. Theorem [5.1] and Corollary [3.93] imply that ¢ is a group isomorphism.
Using the orthogonal sum in Theorem [5.6] and the similarity in Corollary [3.93|
we conclude that ¢ is also an 1somorphlsm of skew abelian groups. O

Remark 5.8. Theorem implies that the structure of the m-th unit residue
group can be determined by only studying the cases when m is a prime power.

Lemma 5.9. Let p be a prime, let n be a positive integer, and let m = p™. Let
K be a number field containing a primitive m-th root of unity and let p,, be
the group of m-th roots of unity in K. For each place v of K above p, let U,
be the unit group of the ring of integers of the completion K, of K at v and
let U be the annihilator in U, of U, with respect to the norm-residue symbol
(-, ) kym : K X K — fiy. Then there is a group isomorphism

[{v./v = @z/mz) =,
v|lm

Proof. By Corollary for each place v of K above p we have a group
isomorphism
U, /UF =5 (Z)mz)l K@l

Since the sum of the local degrees
Z[Kv 1 Qp] = [K : Q]
v|p

equals the global degree, the desired group isomorphism follows. O

Theorem 5.10. Let m be a positive integer, let K be a number field containing
a primitive m-th root of unity, let So, be the set of Archimedean places of K,

and let (U/UL,,um, (-, ) k,m) be the m-th unit residue group of K. Then there
18 a group tsomorphism
T/U" = (Z/mZ)> 5=,

Proof. The case m = 1 is trivial. By Theorem [5.7] we may suppose that m is a
prime power. Let p be a prime and n be a positive integer satisfying m = p™.
Because of the group isomorphism

[Tv./vs < [ vo/vt 30/7,
v|lm v real

in Theorem we can combine the results we have locally. Lemma [5.9] gives
a group isomorphism

[[v./v = z/mz) =2,

vlm
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Chapter 5. The unit residue group

Firstly, we suppose m > 2. In this case there are no real places and therefore
we have [K : Q] =2+ |Sx|. The desired group isomorphism follows.

Now we consider the case m = 2. Let r; and ro be the numbers of real
and complex places of K, respectively. By Section [3.7] for each real place v
of K we have a group isomorphism U, /U = Z/27. Hence, we get a group
isomorphism

T/U" = (2)22) K9 x (2)22)".

Since we have [K : Q] = ry + 2r3, we obtain again
T/T 2 (Z/mZ)>15=. O
We classify the m-th unit residue group as a skew abelian group.

Theorem 5.11. Let m be a positive integer and let K be a number field
containing a primitive m-th root of unity. Then the m-th unit residue group
is a skew abelian group of even 2-rank and its class in Theorem [2.28] is the
class of the pair ((Z/mZ)\5=! g), where g is the zero element if the extension
K(X/—1)/K is unramified at all places of K and is any element of order 2
otherwise.

Proof. By Theorem the 2-rank of the m-th unit residue group is even.
Theorem [5.5] and Remark imply that the class of the m-th unit residue
group in Theorem is the class of the pair ((Z/mZ)!S=,0) if the extension
K(%/—1)/K is unramified at all places of K. Since the m-th unit residue group
is a free Z/mZ-module, all nonzero elements in (Z/mZ)!5=![2] have the same
2-height. Using Lemma [2.30] concludes the proof. O

Theorem 5.12. Let p be a prime, let n be a positive integer, and let m = p™.
Let K be a number field containing a primitive m-th root of unity, let Ok be
its ring of integers, let pm, be the group of m-th roots of unity in K, let , be
a primitive p-th root of unity in K, and let A = 1 — (,. For each place v of
K above p, let U, be the unit group of the ring of integers of the completion
K, of K at v and let Uj‘ be the annihilator in U, of U, with respect to the
norm-residue symbol (-, )i, .m : K X KX — pm. Then there is a surjective
group homomorphism

¢ Ok /P"NOK)" [(Ok /p" N0k )™ — [ Uu /U

vlp

that is characterized by @ and also has the properties @, , and @
(a) For each a € O coprime to p one has

(a+p"AOk) - (O [p" Ok )™ & (aU;),.
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(b) For each a € Ok coprime to p the following are equivalent.
(i) The extension K (¥/a)/K is unramified at all places of K above p.
(ii) The element (a + p"AOk) - (Ok /p"NOk)*™ is in ker .

(¢) There is a group isomorphism

ker o 2 @ Z/p" 7.

vlp

(d) If one has n > 1, then for each a € Ok coprime to p the following are
equivalent.
(i) The extension K(¥/a)/K is unramified at all places of K above p and there
is a place v of K above p such that the extension K,(%/a)/K, is unramified of
degree m.
(i) The element (a+p " \Oxk)-(Ok /p" Ok )*™ is in ker p and has order p™ 1.

Proof. Theorem [3.86|and Lemma [3.98imply that the group homomorphism ¢
is well-defined, is characterized by @, and has the property (@ It is surjective
by the weak approximation theorem. By the Chinese remainder theorem it
induces for each place v of K the map

o (Ok /B /(O /B — U /U,
(a+9) - (O /FL)™ = aly

where 3, is the prime ideal of Ok associated to v and ¢ is the normalized
valuation on K, of p"\, and is uniquely determined by the set {p, : v | p} of
maps. Hence, to prove and @, it suffices to prove that for each place v of
K above p the kernel of the map ¢, is isomorphic to the cyclic group Z/p"~'Z
and, if one has n > 1, then being a generator of this kernel is equivalent to
having an m-th root that gives an unramified extension of K, of degree m.

Now we fix a place v of K above p. Let U1 be the first higher unit group
of the ring of integers O, of K,. Note that the inclusion UM < U, induces
a group isomorphism U(l)/U(l)m = U, /U™, because m is a power of p and
therefore is coprime to the order of U, /U (1) Hence, we get the commutative
diagram

m

vy
(Ok /B4 /(O /BL) ™ —5 U, /U

where .
X U /U™ - (O /BL)" /(Ok /)™

is the map induced by the weak approximation theorem on U, /U!" and

0D uO™ oy, UL
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Chapter 5. The unit residue group

is the map induced by the natural projection U, /U™ — U, /Ut.

Let § € K, be such that the extension K,(%/9)/K, is unramified of degree
m. By Lemma [3.87] we can assume 6 € U,. Since every root of unity of order
coprime to p is an m-th power, we can assume & € U1, Theorem implies
that 6 - UM™ is contained in the kernel of 7. By Corollary @ this kernel is
cyclic of order m and therefore is the cyclic subgroup of UM /U b generated
by 6 - UM™,

The kernel of y is the group U® . UM™ /UM™ where U® is the ¢-th higher
unit group of the ring of integers O, of K,. It is a cyclic group, because it
is a subgroup of the kernel of m, which is a cyclic group. The second group
isomorphism theorem gives a group isomorphism

u®.yO™ yO™ 2y o™y,

The equality
U /O nu®O™y =u®/u®n K™

follows from Theorem m By Kummer theory the group U® KK
which is isomorphic to the group U® /(U® N K™), is dual to the Galois group
Gal(K,(VU®)/K,). Since the kernel of x is a cyclic group, the Galois group
Gal(K,(VU®)/K,) is cyclic. By Lemma the extension K,(VU®)/K,
is an unramified cyclic extension of degree dividing p. Theorem implies
that there is b € 1 + pAOQ, such that the extension K,(¥/b)/K, is unramified
of degree p. Since an explicit computation shows b™/? € U®) | the kernel of y
contains b™/7 . UM™  Thus, it has order p. Since the kernel of 7 is cyclic of or-
der m and we have the identity m/p = p"~!, the kernel of ¢, is a cyclic group
of order p"~!. This proves . Now @ follows from the explicit description
of the kernel of . O

Remark 5.13. Note that for n = 1 the surjective group homomorphism ¢ in
Theorem [5.12]is a group isomorphism

¢ (O /pAOK)* /(0K [pAOK)™T = T] Uu /U,
v|p
given by
(a+pAOk) - (Ok /pAOK)™? & (aU),.

Theorem 5.14. Let the notation be as in Notation IS0 with m = 2 and
let K7 be the group of totally positive elements in K*. Then there is a group
isomorphism
o KK [ UnUf
v real
given by
aK* % (aU}),.
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5.2. The virtual group

Proof. By Section the map is a well-defined and injective group homomor-
phism. The surjectivity follows from the weak approximation theorem. O

5.2 The virtual group

Definition 5.15 (m-th virtual group). Let m be a positive integer, let K be
a number field containing a primitive m-th root of unity, and let the triple

(U/UL, tms (5 *) k,m) be the m-th unit residue group of K. The m-th virtual
group V of the number field K is the subgroup

V=(KnU) U /U
of the m-th unit residue group of K.

We will write only ‘virtual group’ when m is understood.

Remark 5.16. By definition the m-th virtual group of K is the image of the
= = ===l

natural group homomorphism K* N U — U/U" . This group homomorphism

gives rise to a short exact sequence

1 K nNU —KnNU—V—1.

Theorem 5.17. Let m be a positive integer and let K be a number field
containing a primitive m-th root of unity. Then the m-th virtual group V of
K is a mazimal self-annihilating subgroup of the m-th unit residue group of K
and has order m!S=.

Proof. By Theorem we have the identity FL = K*. Using the equality
(K- UnU=F&n0)-T"
in Theorem we obtain
1 —1n<t _ N, ]
Vi = ((K* nT) - UL/UL) — (K= TN /U" = (K*n0).T- /T =V.

Hence, the annihilator of V' in U/UL is itself. By Theorem we conclude
that V is a maximal self-annihilating subgroup of the m-th unit residue group
and has order m/!5=!. O

Corollary 5.18. Let m be a positive integer and let K be a number field
containing a primitive m-th root of unity. If m is square-free, then the m-th
virtual group of K is isomorphic to (Z/mZ) 5=l
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Chapter 5. The unit residue group

Proof. By Theorem the m-th virtual group of K has order m!%=!. Since
by Theorem [5.10| the m-th unit residue group of K is isomorphic, as an abelian
group, to (Z/mZ)?15= the result follows from the structure theorem for finite
abelian groups. O

Remark 5.19. If m is not square-free, then an isomorphism as in Corol-
lary does not necessarily exist. As an example, see Theorem where
m equals 4, the number field K is Q(i, v/30), and the 4-th virtual group of K
is isomorphic, as an abelian group, to (Z/27Z)*.

Theorem 5.20. Let m be a positive integer, let K be a number field containing
a primitive m-th root of unity, let S be the set of places of K, and let V' be
the m-th virtual group of K. For each subset T C S let mp be the canonical
projection

mr: [ U/US = T Uo/US

veS veT

of the m-th unit residue group of K on the product of its local components at
the places in T. Then for each subset T C S one has

mr(V)? = ] 10./U -
veT

Proof. We have the inclusion

vel I ve/ur | xmr(v).
veS\T

Denote [], . Us/ U by W. Taking the annihilators in the m-th unit residue
group of K gives
VE2 {1} xar (V)

where 77 (V)1 denotes the annihilator of 77(V) in W. The equality V = V+
of Theorem [5.17] implies the inclusion

WT(V)J' Q 7TT(V).
Hence, we get

(W[ = |W/rr(V)*] - e (V)| < [W/ap (V) - o (V).

Since by duality we have |W/nr(V)t| = |77 (V)|, we obtain the inequality
W < [ (V)2 B
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Corollary 5.21. Let m be a positive integer, let K be a number field containing
a primitive m-th root of unity, let S be the set of places of K, and let V' be the
m-th virtual group of K. Let w be a place in S such that U, /U is not the
trivial group and let m,, be the canonical projection

mw: [ Un/US = U /Upys

veS

of the m-th unit residue group of K on its w-component. Then the image
7w(V) of V in U, /UL is not trivial.

Proof. The result follows from Theorem [5.20) O

Corollary 5.22. Let K be a number field, let S be the set of places of K, let
o be the canonical projection

m: [[U/Us - [[U/U

veS v|2

of the 2-nd unit residue group of K on the product of its local components at
the places dividing 2, and let V' be the 2-nd virtual group of K. Then one has

rko o (V) > [ .

Proof. The 2-nd virtual group of K is an elementary abelian 2-group, because
it is a subgroup of the 2-nd unit residue group of K, which is an elementary
abelian 2-group by Theorem Lemma states that there is a group
isomorphism

[[v./u = (z/2z)9.

v|2

The desired inequality follows from Theorem [5.20 O

Cohen introduced the notion of virtual unit in Definition 5.2.4 in [10].

Definition 5.23 (m-virtual unit). Let m be a positive integer, let L be a
number field, and let Op be its ring of integers. An element a € L is an
m-virtual unit if there exists a fractional ideal a of Op, such that aOy = a™.

Theorem 5.24. Let m be a positive integer and let L be a number field. Then
the set of m-virtual units of L forms a group under multiplication.

Proof. The result follows directly from Definition [5.23 O

Definition 5.25 (m-Selmer group). Let L be a number field. The m-Selmer
group of L is the quotient group {m-virtual units of L}/L*™.
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Theorem 5.26. Let the notation be as in Notation .80l Then the projection
—:J = J/J™ gives rise to a short exact sequence

1 — K*™ — {m-virtual units of K} — K*NU — 1.

Proof. By definition any m-virtual unit has normalized valuation divisible by
m at every finite place. Hence, the m-virtual units of K are the elements
a € K* with @ € U. The exactness of the sequence follows from the equality
K*NJ™ = K*™ in Lemma 4511 O

Corollary 5.27. Let the notation be as in Notation [f.80] Then the projection
—:J = J/J™ induces a group isomorphism from the m-Selmer group of K
to the group K*NU.

Proof. The group isomorphism follows from the short exact sequence in The-
orem [5.20] O

Remark 5.28. Composing the projection J — J/J™ with the group homo-

morphism K* N U — U/UL7 by Theorem and Remark we get a
surjective group homomorphism

{m-virtual units of K} — V.

Note that an m-virtual unit @ € K* is in the kernel if and only if the extension
K (%/a)/K is unramified at all places of K. Hence, there is an induced surjective
group homomorphism from the m-Selmer group of K to V. In some cases we
will compute the m-th virtual group V of K by explicitly specifying a set of
m-virtual units of K of which the image in V' generates V', as well as the
relations among those generators.

Theorem 5.29. Let the notation be as in Notation [£.80] Then the group
homomorphism {m-virtual units of K}/K*™ — Cl[m] that sends the class
a-K*™ of an m-virtual unit a € K* to the ideal class of the ideal a such
that aOx = a™ gives rise to a split short exact sequence

1 — E/E™ — {m-virtual units of K}/K*"™ — Cl[m] — 1.

Proof. By definition of m-virtual unit the group homomorphism in the state-
ment is well-defined and surjective. Since its kernel is the group E/E™, we get
the short exact sequence in the statement. This sequence of Z/mZ-modules
splits, because the group E/E™ is a free Z/mZ-module and each free Z/mZ-
module is injective. O

Corollary 5.30. Let the notation be as in Notation [4.80] Then the m-Selmer
group {m-virtual units of K}/K*"™ of K is a finite abelian group.

114



5.3. The field of rational numbers

Proof. Since the abelian groups E/E™ and Cl[m] are finite, the result follows
from Theorem [5.291 O

Remark 5.31. Theorem [5.29] implies that as soon as we know generators for
the groups F and Cl[m], we also have generators for the m-Selmer group.

5.3 The field of rational numbers

Let Q be the field of rational numbers. It contains —1, a primitive 2-nd root
of unity, and does not contain any primitive m-th root of unity for any integer
m > 2. Hence, there are only two unit residue groups of QQ: the 1-st unit residue
group and the 2-nd unit residue group. Since the 1-st unit residue group of Q
is the trivial group, we restrict our attention to the 2-nd unit residue group.

Theorem 5.32. Let (U/UJ', {£1},(-,-)g,2) be the 2-nd unit residue group of
Q. Then there is a natural isomorphism

T/U" = (Z/AZ)* L (R*/Rso)

of skew abelian groups, where each of the order 2 groups (Z/4Z)* and R* /Rxg
is equipped with its unique antisymmetric perfect pairing to {+1}, and the
image of the 2-nd virtual group of Q equals the image of the class of —1 in the
2-nd unit residue group of Q and is the graph of the unique group isomorphism

(Z/4Z)* = R*/Rsp.
Proof. By Theoremthe projection J — J/J? induces a group isomorphism
[Tu./vs = I vo/vit = 0/0,
v|2 v real

where v ranges over all places of Q dividing 2 and over all real Archimedean
places of Q. There is only one place of Q dividing 2 and there is only one
Archimedean place of QQ, which is real. Using the natural group isomorphisms

UOO/UOLO = R*/R>O
in Section 3.7 for real Archimedean local fields and
Us/Us = (Z/AZ)"

in Section [3:10] for the local field Qs, the completion of Q at 2, we get a group
isomorphism

(Z/AZ)* ®R*/Rso = T/T".
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Considered as a map on ((Z/4Z)* ®R* /Rs¢) x ((Z/4Z)* R* /R (), the norm-
residue symbol is the antisymmetric pairing

((Z/AZ)* @ R*/Rso) x ((Z/4Z)* ® R*/Rs¢) — {£1},

a1 -1 a2*1+b1*|b1| ba—|ba|
2 PLTY 25

((a17b1)7 (a27b2)) — (_1) 2 2

The skew element is given by (—1 mod 4,—1 - Rsq), which is the element

corresponding to the class of —1 in U/Ul, as also stated in Theorem
The 2-nd unit residue group of Q is isomorphic, as a skew abelian group, to
a direct sum of two skew abelian groups of order 2. Its isomorphism class in
Theorem is the class of the pair ((Z/2Z)?,(1,1)).

Let V be the 2-nd virtual group of Q. By Theorem [5.17] it is a subgroup
of the 2-nd unit residue group of Q of order 2. The group of 2-virtual units
of Qis {1} - Q*?, because the class number of Q is 1. Since V is generated
by the images of 2-virtual units under the surjective group homomorphism
{2-virtual units of Q} — V in Remark and is not trivial, the image of
—1 cannot be trivial. In particular, the image of —1 is not trivial, because the
extension Q(i)/Q is ramified at 2 and at infinity. Hence V' is the graph of the
unique group isomorphism

(Z/AZ)* = R*/Rsg

and is generated by the skew element. O
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CHAPTER 6

Quadratic number fields and a biquadratic example

6.1 Introduction

Let m be a positive integer. The m-th unit residue group of a number field
K [Definition is defined when K contains a primitive m-th root of unity.
Since the minimal polynomial over Q of a primitive m-th root of unity has
degree ¢(m), where ¢ denotes the Euler’s totient function, for any positive
integer n ¢ {1,2,3,4,6} no quadratic number field contains a primitive n-th
root of unity. Every quadratic number field contains 1 and —1, which are a
primitive 1-st root of unity and a 2-nd primitive root of unity, respectively.
The only quadratic number fields that contain a primitive n-th root of unity
for an integer n > 2 are Q(i) and Q(y/—3). The number field Q(i) contains a
primitive 4-th root of unity and the number field Q(y/—3) contains a primitive
6-th root of unity and therefore a primitive 3-rd root of unity too. Hence,
every quadratic number field has its own 1-st unit residue group and 2-nd unit
residue group, there is the 4-th unit residue group of the number field Q(i),
and the number field Q(/—3) has its own 3-rd unit residue group and 6-th
unit residue group.

Let m be a positive integer, let K be a quadratic number field containing
a primitive m-th root of unity, and let G be the Galois group Gal(K/Q).
We recall that the m-th unit residue group of K is a skew abelian group
[Corollary , where the pairing is given by the m-th power norm-residue
symbol, and is isomorphic to an orthogonal sum of skew abelian groups that
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are defined locally at the places of K dividing m and at the real Archimedean
places of K [Theorem . We refer to Chapter [2| for definitions and results
on skew abelian groups. Theorem [5.1] implies that the m-th unit residue group
of K has trivial components at the places not dividing m. Using the group
homomorphism in Theorem [5.12] and the group isomorphism in Theorem [5.17]
we study the nontrivial components of the m-th unit residue group of K and
the action of G on them. Moreover, we describe the m-th virtual group V of
K explicitly by specifying a set of m-virtual units of K such that its image in
V under the surjective group homomorphism {m-virtual units of K} — V in
Remark [5.28] generates V.

The 1-st unit residue group of any number field is trivial. The 2-nd unit
residue group of a quadratic number field has a nontrivial 2-adic component,
which is the subject of study in Section This component is a Klein four-
group [Definition[6.7] and a (Z/2Z)|G)-module [Theorem [6.10]. The Galois ac-
tion depends on the residue class modulo 8 of the discriminant of the quadratic
number field [Theorem and Corollary .

Let K be an imaginary quadratic number field. The only nontrivial compo-
nent of the 2-nd unit residue group of K is the 2-adic component. The natu-
ral (Z/27)[G]-module isomorphism in Theorem shows it is enough
to consider the (Z/2Z)[G]-module (O /40 )* /(O /40K )**, where O is
the ring of integers of K. According to the case distinction given by Theo-
rem we give an explicit (Z/2Z)[G]-module isomorphism for this module
and describe the 2-nd virtual group of K in Theorem [6.17, Theorem [6.18] and
Theorem [6.19

Let K be a real quadratic number field. The 2-nd unit residue group of
K has also a nontrivial component at infinity [Theorem . Each of Theo-
rem [6.26] Theorem [6.27] Theorem [6.28] and Theorem [6.29] describes the 2-nd
virtual group V of K in one of the four separate cases of Theorem [6.3] Corol-
lary shows that the Galois module structure of V' depends on whether the
discriminant of K can be written as the sum of two squares of integers or not.

The results about the 3-rd unit residue group of the number field Q(v/—3
and the 6-rd unit residue group of Q(/—3) are presented in Theorem
and Theorem [6.22] respectively. Theorem [6.21] describes the 4-th unit residue
group of Q(i).

Given a positive integer m and a global field K containing a primitive m-th
root of unity, Theorem [5.10] states that the m-th unit residue group of K is a
free module over Z/mZ. One may wonder whether there is a similar result for
the m-th virtual group of K. The answer is negative. Theorem [6.31] gives an
example of a number field whose 4-th virtual group is not a free module over
7./47.
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6.2. Discriminants of quadratic number fields

6.2 Discriminants of quadratic number fields

Theorem 6.1. Let D be the set of discriminants of quadratic number fields.
Then the following sets form a partition of D:

(a) {A€Z:A=4mod8 with A/4 =3 mod 4 and squarefree},

(b) {A€Z:A=0mod8 with A/4 =2 mod 4 and squarefree},

(¢c) {AeZ\{1l}: A=1mod4 with A squarefree}.

Proof. See Proposition 13.1.2 in Section 1 of Chapter 13 in [27] by Ireland and
Rosen. O

Theorem 6.2 (Euler). Let n be a positive integer. Then the following are
equivalent.

(i) The integer n is the sum of two squares of integers.

(ii) Fvery prime congruent to 3 modulo 4 occurs with an even exponent in
the prime factorization of n.

Proof. See Corollary 1 in Section 6 of Chapter 17 in [27] by Ireland and Rosen.
O

It is believed that the first proof of Theorem was given by Euler in two let-
ters to Goldbach in 1747 and 1749. For more details about the correspondence
between Euler and Goldbach on this result see [39] by Lemmermeyer.

Theorem 6.3. Let Dt be the set of discriminants of real quadratic number
fields. Then the following sets form a partition of DV :

(a) {A € D" :A=4mod 8},

(b) {A € DT : A # 4 mod 8 and there is a prime congruent to 3 modulo 4
that divides A},

(c) {A € Dt : A =0mod 8 and there are a,b € Z with A = 4(a® + b?)},

(d) {A € Dt : A =1mod4 and there are a,b € Z with A = 4a? + b*}.

Proof. This follows from Theorem [6.1] and Theorem [6.2 O

6.3 Unramified extensions

Lemma 6.4. Let F be a number field, let B be a prime of the ring of integers
of F, and let F be an algebraic closure of F. Let K/F and L/F be extensions
of number fields with K, L C F. If the extension L/F is unramified at ‘B, then
the extension KL/K is unramified at .

Proof. This follows from Lemma 4.6.3 in Section 4.6 of Chapter 4 in [29] by
Koch. O
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Chapter 6. Quadratic number fields and a biquadratic example

Lemma 6.5. Let F' be a number field and let F be an algebraic closure of F.
Let K/F and L/F be extensions of number fields with K, L C F. If a prime 3
of F is unramified in both K and in L, then it is unramified in the compositum
KL.

Proof. This follows from Lemma See also Theorem 31 of Chapter 4 in [44]
by Marcus. O

Lemma 6.6. Let n be a positive integer, let K/Q be a number field extension
of degree n unramified at 2, and let Ok be the ring of integers of K. Then
there is a group isomorphism

©: Ok /20K =5 (O /40K)* /(O 40K )2
such that for each a € Ok one has
a+20k % (14 2a+40k) - (O /40K )*>.

Moreover, if K/Q is a Galois extension with Galois group G, then the group
isomorphism ¢ is a (Z/27Z)|G]-module isomorphism of free (Z/2Z)|G]-modules
of rank 1, where each of the groups Ok /20K and ((’)K/4(’)K)*/((’)K/4(’)K)*2
s equipped with its natural G-action.

Proof. Let R be the ring Ok /40k and let I be its ideal 20k /40 . Since we
have I? = 0, the map I — 1+ I, 2 — 1 + z, is a group isomorphism. Hence,
the group 1+ I is an elementary abelian 2-group and we get the short exact
sequence

1—-141—R"— (R/I)" = 1.
Let 20k = [[;_, B; be the prime ideal factorization of 20 in the ring of inte-

gers Of of K. Since we have a natural group isomorphism R/I = Ok /20k,
the Chinese remainder theorem gives a group isomorphism

(R/D)" = EP(Ox /Bi)".
i=1
The squaring map (R/I)* — (R/I)*, z — x?, is a group isomorphism, because

for every prime ideal B dividing 20k the unit group of the residue field Ok /B
has order coprime to 2. Hence, we get the following diagram of exact sequences,
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6.3. Unramified extensions

where the arrows labelled with 2 are squaring maps.

1
141 1

1l— 141 R* (R/I)* ——1
2 2 2

1—— 141 R* (R/I)* ——1
141 — R*/R*?* ——1

The snake lemma gives the exact sequence
1-141— R/R*® 1.

By composing the group isomorphism 1 + I = R*/ R*? given by this exact
sequence with the group isomorphisms O /20 — I, x4+ 20k + 22+ 40k,
and I = 1+ 1, z — 1+ 2, we get the group isomorphism

©: 0k /20K = R* /R,
a+ 205 — (14 2a+40k) - R*?,

as stated in Lemma

Now assume that K/Q is a Galois extension and let G be the Galois group
Gal(K/Q). For each prime ideal 8 dividing 20k the decomposition group of B
is naturally isomorphic to the Galois group of the extension (Ox /B)/(Z/2Z)
of residue fields. Since any finite Galois extension of fields has a normal basis
and the group G acts transitively on the set of prime ideals of Ok above 2, the
(Z/2Z)|G]-module Ok /20K is free of rank 1. The group isomorphism ¢ is a
(Z/2Z)|G)-module isomorphism, because it respects the natural G-actions. [
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Chapter 6. Quadratic number fields and a biquadratic example

6.4 The two-adic component of the unit residue
group

Definition 6.7 (Klein four-group). A Klein four-group is a group isomorphic
to (Z/2Z) ® (Z/2Z).

Lemma 6.8. Let A be a Klein four-group. The map
{skew abelian groups (A4, {£1},8)} = A

that sends a skew abelian group [Definition [2.7] of the form (A,{£1}, 8) to its
skew element [Definition [2.12] is a bijection.

Proof. Let (A, {£1}, B) be a skew abelian group and let g be its skew element.
Since the antisymmetric pairing 3 takes values in {£1}, giving the annihilator
of each element in A is equivalent to giving the map S. For every nonzero
element a € A the annihilator a® of a has order 2. We have a + ¢g € a* and
g € g*. Since a+ g = 0 is equivalent to a = g, we get an explicit description of
the annihilator of any element in A that depends only on g. This shows that
the map in the statement of Lemma is injective. The classification of skew
abelian groups [Theorem implies that it is also surjective. O

Notation 6.9. Let K be a quadratic number field, let A be its discriminant,
let Ok be the ring of integers of K, and let G be the Galois group Gal(K/Q).

Theorem 6.10. Let the notation be as in Notation [6.9] For each place v of
K above 2 let K, be the completion of K at v, let U, be the unit group of
the ring of integers of K, and let U} be the annihilator in K of U, with
respect to the mnorm-residue symbol (-, )k, 2 @ K} x K} — {£1}. Then the
groups (O /40K )* /(Ok [40k)** and [T U, /Ut are Klein four-groups and
the natural group isomorphism

(O /40K)" /(0K J40K)™* = [[Uw/UF (6.11)

v|2

given by Theorem is a (Z/2Z)[G]-module isomorphism and is an isomor-
phism of skew abelian groups

(O /40k)* /(Ox /40k)"* {21}, 8) =5 ([T U/ U AL TG )2,

v|2 v|2
where B is the unique antisymmetric perfect pairing
B (O J40K)* (O [40Kk )™ x (Ok 40K )" [(Ok [40K)*? — {£1}
that makes (O /40k)* /(Ok J40k)*2, {£1},8) into a skew abelian group
with skew element (—1 +40k) - (O /40K )*>.
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6.4. The two-adic component of the unit residue group

Proof. Since the group isomorphism given by Theorem [5.12| respects the nat-
ural actions of G on (O /40k)* /(Ok /40k)** and on [L2 U,/U;-, we get a
natural (Z/2Z)[G]-module isomorphism

(O /40K)" /(0K [40K)™* = HUU/UUL-

v|2

Corollary gives a group isomorphism [, Us/ U = (Z/2Z)?, because the
sum of the local degrees , ,[Ky : Q2], where Qs is the field of 2-adic ratio-

nals, equals the global degree [K : Q)]. Since Hv\z( )k, 2 s an antisymmetric
perfect pairing, there is an antisymmetric perfect pairing

B: (Ok [40K)* /(O [40K)™ x (O [AOK)* /(O [40K)*? — {£1}

such that the group isomorphism is an isomorphism of skew abelian groups

(O /40K)" /(Ok /40K)"* {1}, 8) = ([T Uo/ U A1 TT G )k, 2)-

v|2 v|2

Let 8 be such an antisymmetric perfect pairing. Corollary and Lemmal|6.§]
imply that £ is the unique antisymmetric perfect pairing

B: (0K [40K)* /(O [40K)™ x (O AOK)* /(Ok J40K)*? — {£1}

that makes ((Ox/40k)*/(Ok /40k)*%, {£1},8) into a skew abelian group
with skew element (—1 +40k) - (O /40 )**. O

Theorem 6.12. Let the notation be as in Notation [6.9 Then one has the
following.
(a) For A =1mod 4 there is a (Z/27Z)[G]-module isomorphism

(O /40K)" /(O [40K)™* =5 Ok /20x
of free (Z/27)|G])-modules of rank 1 such that for each a € Ok one has
(14 2a+440k) - (O /40K)** = a + 20k.
(b) For A =0mod 8 there is a (Z/2Z)[G)-module isomorphism
(Z/22)[G] = (Ok /40K)" /(0K [40K)"

of free (Z/27)[G)-modules of rank 1 such that for each pair (ag,ay) € (Z/27)?
one has

ag + a0 — 1—|—\/ +40K o 1— v/ A —|—40K OK/4OK) ,

where o is the generator of G.
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Chapter 6. Quadratic number fields and a biquadratic example

(¢) For A =4 mod 8 there is a (Z/2Z)|G]-module isomorphism
(O J40K)* /(O J40K ) =5 (O /20K)* x (5 mod 8)

of (Z/27)|G]-modules with trivial G-actions such that for each a € Ok coprime
to 2 one has

(a+40k) - (O /40K)™ = (a+ 20k, N /g a mod 8),
where Ng,q : K — Q denotes the norm map from K to Q.

Proof. We prove each case separately.

@ Since the rational prime 2 does not divide A, the extension K/Q is
unramified at 2. The result follows from Lemma

() By Theoremthe group (O /40k)* /(O [40k)** is a Klein four-
group. We have

NK/Q 1—|-\/ NK/Q 1— A/4):1—A/4E—1 mod 4.

Since by direct computation —1 + 40k is not a square in (O /40k)*, the
residue classes of 1 + /A/4 and 1 — \/A/4 in (O /40k)* /(O /40K )*>
are different. The nontrivial action of o on the set {1 + \/A/4,1 — \/A/4}
implies that these residue classes are both different from the residue class of 1.
The (Z/2Z)|G]-module isomorphism in the statement of in Theorem
follows.

Let o be the generator of G. Since for every b € Ok we have

Ngo(1+4b) =1 +4(b+ o(b)) + 16bo(b) = 1 mod 8
and for each a € Ok coprime to 2 we have
Ng/o(a®) = (ac(a))® = 1 mod 8,

the map in the statement of (c|) in Theorem is well-defined. It is surjective,
because it is a group homomorphism, it is surjective on the first component,
and we have

Ng (1 +2y/A/4) =1— A =35mod8.

The injectivity follows from the fact that by Theorem [6.10] it is a surjective
group homomorphism between two finite groups of the same order. This map is
a (Z/2Z)|G)-module isomorphism of (Z/2Z)[G]-modules with trivial G-actions,
because it respects the natural G-actions on both groups and the natural
G-action is trivial on (O /20k)* x (5 mod 8). O
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6.5. Imaginary quadratic number fields

Corollary 6.13. Let the notation be as in Notation [6.9] For each place v of
K above 2 let K, be the completion of K at v, let U, be the unit group of the
ring of integers of K,, and let U;- be the annihilator in K of U, with respect
to the norm-residue symbol (-, )k, 2 : K x K — {£1}. Then the following
are equivalent.

(i) The skew abelian group ([, U, /Ut {£1}, [L2( )k, 2) is a symplec-
tic abelian group [Deﬁnition,

(ii) The action of the Galois group G on [],, U,/U;- is trivial.

(iii) The discriminant of K is congruent to 4 modulo 8.
Proof. Using the group isomorphism [6.11] in Theorem [6.10} Theorem [6.12] im-

plies that (ii), (iii) and —14+40Ok being a square in (O /4Ok)* are equivalent.
Now the result follows from Theorem 2.15 and Theorem [6.10l O

6.5 Imaginary quadratic number fields

Notation 6.14. Let K be an imaginary quadratic number field, let A be its
discriminant, let Ok be the ring of integers of K, and let G be the Galois

group Gal(K/Q).

Theorem 6.15. Let the notation be as in Notation 614l Then the 2-nd unit
residue group (U/U™ {1}, (,")k,2) of K is a Klein four-group, there is a
natural (Z/27)[G]-module isomorphism

(Ok JAOK)* /(O J40K )2 S T/T (6.16)

that is an isomorphism of skew abelian groups

(Ox/40k)" /(O /40k) ", {£1},8) = (U/U {21}, (- ic2),
where B is the unique antisymmetric perfect pairing
B (Ok /40K)* /(O J40K)*? x (Ok [40K ) [ (Ok 40K )** — {£1}

that makes (O /40k)* /(Ok /40k)*2 {£1},8) into a skew abelian group
with skew element (=1 4+ 40k) - (O J40k)*?, and the 2-nd virtual group
of K has order 2 and is a submodule of Galois invariant elements of the 2-nd
unit residue group of K.

Proof. Theorem m gives a group isomorphism U/UL = (Z/27)?. The natu-
ral (Z/2Z)[G)-module isomorphism follows from Theorem and The-
orem Theorem implies that the 2-nd virtual group of K has order
2. Since by definition it is a Galois submodule of the 2-nd unit residue group
of K, it is a submodule of Galois invariant elements of the 2-nd unit residue
group of K. O
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Chapter 6. Quadratic number fields and a biquadratic example

Each of Theorem[6.17} Theorem[6.18] and Theorem describes the 2-nd unit
residue group and the 2-nd virtual group of an imaginary quadratic number
field in one of the three separate cases of Theorem

Theorem 6.17. Let the notation be as in Notation [6.14] and suppose one has
A =4 mod 8. Then there is a (Z/27)|G]-module isomorphism

(O J40K)* [ (Ox [40K)> 25 (O /201)* x (5 mod 8)

of (Z/2Z)[G]-modules with trivial G-actions such that for each a € Ok coprime
to 2 one has

(a+40k) - (O /40K)™ = (a+ 20k, N /g a mod 8),

the 2-nd virtual group V of K is generated, under the surjective group homo-
morphism {2-virtual units of K} — V in Remark[5.28] by the image of 2, and
the preimage of V' under the natural (Z/2Z)[G)-module isomorphism is
the kernel of the map

(O /40K)" /(Ok [40K)™ = (5 mod 8),
(a + 40[() . (OK/4OK)*2 — NK/@G, mod 8,

where a denotes any element in O coprime to 2 and Ng g : K — Q is the
norm map from K to Q.

Proof. The (Z/2Z)[G]-module isomorphism of (Z/2Z)[G]-modules with triv-
ial G-action is given by in Theorem Theorem implies that V
has order 2. Hence, it is generated by one element. The extension K (v/2)/Q
has three subextensions of degree 2 over Q and they are all ramified at 2.
Thus, the extension K(v/2)/K is ramified at the place v dividing 2. Since
20k 1is the square of an ideal of O, the integer 2 is a 2-virtual unit of K.
Remark shows that V' is generated, under the surjective group homomor-
phism {2-virtual units of K} — V, by the image of 2, because by Theorem
the residue class of 2 in the 2-nd unit-residue group of K is not the identity
element. Multiplying 2 by squares of elements in K*, which are in the kernel
of the map {2-virtual units of K} — V, we can get a 2-virtual unit coprime
to 2. The norm of any 2-virtual unit coprime to 2 equals the square of an odd
integer in Z. Hence, it cannot be congruent to 5 modulo 8. This proves the
statement about the preimage of V. O

Theorem 6.18. Let the notation be as in Notation [6.14] and suppose one has
A =0 mod 8. Then there is a (Z/27)[G]-module isomorphism

(Z/22)[G] = (O J40K)* /(O [4O0K )*?
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of free (Z/27)[G)-modules of rank 1 such that for each pair (ag,ay) € (Z/27)?
one has

ag + a1o = (1+ /A% (1 — /AJH)™ - (O /40K )2,

where o is the generator of G, and the 2-nd virtual group of K is the submodule
of Galois invariant elements of the 2-nd unit residue group of K, has order 2,
and is generated by the residue class of —1.

Proof. The (Z/27)|G)-module isomorphism of free (Z/2Z)[G]-modules of rank
1 in the statement of Theorem is given by (@ in Theorem Note that
the residue class of —1 in (O /40k)* /(Ok /40 )*? is not trivial, because it is
the image of 140 under this isomorphism. Since in a free (Z/2Z)[G]-module of
rank 1 the set of Galois invariant elements forms the unique submodule of order
2, Theorem [6.15] implies that the 2-nd virtual group of K is the submodule of
Galois invariant elements of the 2-nd unit residue group of K and has order
2. Hence, it must be generated by the residue class of —1. O

Theorem 6.19. Let the notation be as in Notation [6.14] and suppose one has
A =1mod 4. Then there is a (Z/27)|G]-module isomorphism

(Ok /40K)* /(O [40K)** =5 Ok /20K
of free (Z/27)[G]-modules of rank 1 such that for each a € Ok one has
(1+42a+40k) - (O J40K)** = a + 20k

and the 2-nd virtual group of K is the submodule of Galois invariant elements
of the 2-nd unit residue group of K, has order 2, and is generated by the residue
class of —1.

Proof. The (Z/27)|G)-module isomorphism of free (Z/2Z)[G]-modules of rank
1 in the statement of Theorem is given by @ inT heorem Note that
the residue class of —1 in (O /40 )* /(O /4O )** is not trivial, because its
image under this isomorphism is 1+20Ok. Since in a free (Z/2Z)[G]-module of
rank 1 the set of Galois invariant elements forms the unique submodule of order
2, Theorem implies that the 2-nd virtual group of K is the submodule of
Galois invariant elements of the 2-nd unit residue group of K and has order
2. Hence, it must be generated by the residue class of —1. O

Theorem 6.20. Let K be the number field Q(/—3), let Ok be the ring of
integers of K, and let G be the Galois group Gal(K/Q). Let (5 be a primitive

3-rd root of unity in K and let (U/UL, (C3), (+,-)k,3) be the 3-rd unit residue
group of K. Then there is a natural (Z/3Z)|G)-module isomorphism

(O /(1 = G5 Ox)* /(O /(1 = () Ox)* 5 T/T
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of free (Z/3Z)[G]-modules of rank 1 and the 3-rd virtual group of K is a cyclic
submodule of order 3 with nontrivial G-action of the 3-rd unit residue group

of K and is generated by the residue class of (3 both as a group and as a
(Z/3Z)[G]-module.

Proof. Let M be the group (Ox /(1 —(3)3Of)*. Since the group isomorphism
given by Theorem [5.12] respects the natural actions of G on both groups,
Theorem [5.6]implies the existence of a natural (Z/3Z)[G]-module isomorphism

M/M? S T/U,

as stated in Theorem Since the order of the group M is 18 and The-
orem gives a group isomorphism U/UJ' = (Z/3Z)?, the kernel of the
canonical surjective group homomorphism

M — M/M?

is generated by the residue class of —1. Hence, the residue class of every el-
ement a € O with a = 1mod (1 — (3)Ok and a # 1 mod (1 — (3)30Ok
in the quotient group M/M?3 is not the identity. Since the (Z/3Z)[G]-module
1+ (1—=(3)%0Kk /(1 — (3)3Ok is generated by 1+ 3, which is a Galois invariant
element, the cyclic submodule of the (Z/3Z)[G]-module M/M? generated by
the residue class of 1+ (1 — (3)? is a (Z/3Z)[G]-module of order 3 with trivial
G-action. Let 0 € G be the generator of G. Since we have o((3) = (3, the
cyclic submodule generated by the residue class of (3 is a (Z/3Z)[G]-module
of order 3 with nontrivial G-action. This proves that the G-action makes the
group M/M? into a free (Z/37Z)[G]-module of rank 1.

The cyclotomic extension K ({g)/K is totally ramified at 3. Theorem
implies (3 ¢ U~. Since by Theorem the 3-rd virtual group of K has order
3, the residue class of the unit (5 generates the 3-rd virtual group of K both
as a group and as a (Z/3Z)[G]-module. O

Theorem 6.21. Let K be the number field Q(i), let Ok be the ring of integers

of K, and let (U/UL7 (i), (-, ) k,a) be the 4-th unit residue group of K. Then the
4-th unit residue group of K is isomorphic, as an abelian group, to (Z/AZ)?,
there is a natural surjective group homomorphism

(O /2 0x)" /(O /20x)" - T/T
with kernel of order 2 generated by (1 + 4i + 230k ) - (OK/ZBC’)K)*4, and the
4-th virtual group of K is a cyclic subgroup of order 4 of the 4-th unit residue

group of K and is generated by the residue class of i.
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Proof. By Theorem we have a group isomorphism U/UL = (Z)47.)*.
Let F be the completion of K at the prime 1+ i above 2 and identify K with
its image under the natural field homomorphism K — F. Let a € K be such
that the extension F({/a)/F is unramified of degree 4. By Lemma[3.99 we can
assume vp(a — 1) = vp(4), where vp : F — Z U {400} is the normalized
valuation on F'. Theorem implies that there is a natural surjective group
homomorphism

(0K [220K)" /(O [2205)" - T /T~

with kernel of order 2 generated by (a + 230k) - (OK/23(’)K)*4. Hence, this
kernel is generated by the residue class of one of the following two elements:

5=144 and 944i=14+4(1+ (1+1)).

The field F(/a) is the compositum of F' with the unique unramified extension
of degree 4 of the field Q5 of 2-adic rationals and is Galois over Q2 with Galois
group isomorphic to (Z/2Z) x (Z/4Z). If we had a = 5, then F(/a) would be
the splitting field of the polynomial X* —5 over Q,, of which the Galois group
is a subgroup of the dihedral group of order 8, which is not abelian. Thus, we
have a = 1 + 4i mod 230k

The cyclotomic extension K ((16)/K is totally ramified at 2. Theorem [3.86]
implies —1 ¢ U~. Since by Theoremthe 4-th virtual group of K has order
4, it is generated by the residue class of the unit i and is a cyclic subgroup of
order 4 of the 4-th unit residue group of K. O

Theorem 6.22. Let K be the field Q(v/—3) and let (s be a primitive 6-th root
of unity in K. Then the 6-th unit residue group of K 1is isomorphic, as an
abelian group, to (Z/6Z)* and the 6-th virtual group of K is a cyclic subgroup
of order 6 of the 6-th unit residue group of K and is generated by the residue
class of (s.

Proof. By Theorem [5.7] this follows from Theorem and Theorem[6.20] [

6.6 Real quadratic number fields

Notation 6.23. Let K be a real quadratic number field, let A be its dis-
criminant, let Ok be the ring of integers of K, and let G be the Galois group

Gal(K/Q).

Theorem 6.24. Qef the notation be as in Notation [6.23. Then the 2-nd unit
residue group (U/U ,{£1}, (,")k2) of K is isomorphic, as an abelian group,
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o (Z/27)*, there is a natural (Z/27)|G]-module isomorphism

(O J40K)* /(O J4OK)*? (@ R* /R>0> =TT (6.25)

v real

that is an isomorphism of skew abelian groups from

(0K /40K)" /(0K /40K)** {£1},8) L (D R*/Rso, {£1},7)

v real

to 2-nd unit residue group of K, where 8 is the unique antisymmetric perfect
pairing

B: Ok [40K)* (O [40K)™? x (O [AOK)* /(Ok [40K)*? — {£1}

that makes (O /40k)*/(Ok /A0k)*2 {£1},8) into a skew abelian group
with skew element (=1 + 40k) - (O /A0K)** and ~ is the antisymmetric
perfect pairing

v: @ R*/Roo x P R*/Rsp — {£1},
v real v real

uU ‘av|um
((av R>O)va(b R>0 l—) H 2by ,

v real

and the 2-nd virtual group of K is a Galois-stable submodule of the 2-nd unit
residue group of K isomorphic, as an abelian group, to a Klein four-group.

Proof. Theorem gives a group isomorphism U/UL =5 (Z/27)*. The nat-
ural (Z/2Z)|G]-module isomorphism follows from Theorem Theo-
rem and Theorem By definition the 2-nd virtual group of K is a
Galois-stable submodule of the 2-nd unit residue group of K. Theorem
implies that it has order 4. It is a Klein four-group, because it is a subgroup
of order 4 of a group isomorphic to (Z/27Z)%. O

Each of Theorem [6.26] Theorem [6.27, Theorem [6.28, and Theorem [6.29] de-
scribes the 2-nd virtual group of a real quadratic number field in one of the
four separate cases of Theorem

Theorem 6.26. Let the notation be as in Notation [6.23] and suppose one has
A =4 mod 8. Then the preimage under the natural (Z/27)|G]-module isomor-
phism [6.25] of the 2-nd virtual group V of K is the direct sum of the submodule
of elements of norm congruent to 1 modulo 8 in (O /40k)* /(O JAOK)**
given by in Theorem and the submodule of Galois invariant elements
of B, 1o R* /R0, and V' is generated, under the surjective group homomor-
phism {2-virtual units of K} — V in Remark by the images of —1 and
2.
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Proof. Since 2 divides A, the ideal 20k is the square of an ideal of the ring
of integers O of K. Hence, the integer 2 is a 2-virtual unit of K. All three
subextensions of K(v/2)/Q of degree 2 over Q are ramified at 2. Hence, the
extension K (v2)/K is also ramified at 2. Theorem and Remark
imply that the integer 2 is not in the kernel of the group homomorphism
{2-virtual units of K'} — V. Looking at the real components of the 2-nd unit
residue group of K shows that the group generated by the image of 2 does not
contain the image of —1. Since by Theorem the 2-nd virtual group V of
K is a Klein four-group, the images of —1 and 2 generate V.

Now we consider the (Z/2Z)[G]-module isomorphism given by () in Theo-
rem Multiplying 2 by squares of elements in K*, which are in the ker-
nel of the group homomorphism {2-virtual units of K} — V, we can get a
2-virtual unit coprime to 2. Its norm equals the square of an odd integer
in Z and therefore it is congruent to 1 modulo 8. Hence, this 2-virtual unit
generates the submodule of elements of norm congruent to 1 modulo 8 of
(Ok /40K)* /(O /4O K )*>. Moreover, it is the identity element at the real
components of the 2-nd unit residue group of K. Since —1 generates the sub-
module of Galois invariant elements of @, ..., R* /R and its norm equals 1,
the statement about the preimage of V' follows. O

Theorem 6.27. Let the notation be as in Notation [6.23] Suppose one has
A # 4mod 8 and let p be a prime congruent to 3 modulo 4 that divides A.
Then the preimage under the natural (Z/27Z)|G]-module isomorphism of
the 2-nd virtual group V of K is the submodule of Galois invariant elements of
the 2-nd unit residue group of K, and V' is generated, under the surjective group
homomorphism {2-virtual units of K} — V in Remark by the images of
—1 and p.

Proof. The ideal pOg is the square of an ideal of the ring of integers Ok of
K, because p divides A. Hence, the integer p is a 2-virtual unit of K. When we
have A = 0 mod 8, the three subextensions of K(,/p)/Q of degree 2 over Q are
ramified at 2, whereas for A = 1 mod 4 the extension Q(v/A)/Q is unramified
at 2 and Q(/p)/Q is ramified at 2. In both cases, the extension K(,/p)/K
is ramified at 2. Theorem and Remark imply that the integer p is
not in the kernel of the group homomorphism {2-virtual units of K} — V.
Looking at the real components of the 2-nd unit residue group of K shows
that the group generated by the image of p does not contain the image of —1.
By Theorem the 2-nd virtual group V of K is a Klein four-group and
therefore V' is generated by the images of —1 and p.

Combining the natural (Z/2Z)[G]-module isomorphism with (a)) and
(]ED inT heorem shows that the submodule of Galois invariant elements of
the 2-nd unit residue group of K has order 4. Since both p and —1 are Galois
invariant and their images generate a submodule of order 4, the statement
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about the preimage of V' follows. O

Theorem 6.28. Let the notation be as in Notation [6.23] Suppose one has
A =0mod 8 and let a and b be integers that satisfy A = 4(a® 4+ b*). Then the
preimage of the 2-nd virtual group V' of K under the natural (Z/27Z)[G]-module
isomorphism is the graph of the group isomorphism

(Ok /40K)" /(0K 40K)™* = D R*/Rog

v real

that for each & € O satisfying 62 = AJ4 sends (14 6 + 40x) - (O /40 )*?
to (8y - Rso)y, and V is generated, under the surjective group homomorphism
{2-virtual units of K'} - V in Remark by the images of the elements —1
and a —\/A/4.

Proof. Let d = A/4. Since d is squarefree, the integers d and b are coprime
and both a and b are odd. We claim that the principal ideals of the ring of
integers Ok of K generated by a ++/d and by a —v/d are coprime. Their sum
ideal contains 4d and b?, because we have

4d = (a+Vd—(a—Vd)?* and b* = —(a+ Vd)(a—Vd).

Since the integers 4d and b? are coprime, it also contains 1. Hence, the ideals
(a +Vd)Ok and (a — Vd)Ok are coprime. They are squares of coprime ide-
als, because their product is the square of an ideal. It follows that the element
a—+/d is a 2-virtual unit of K. Let v be the real place of K with (a — v/d), < 0.

The extension K (\/a — v/d)/K is ramified at v, because we have (a—+/d), < 0.
Remark implies that a — /d is not in the kernel of the group homomor-
phism {2-virtual units of K} — V. Looking at the real components of the
2-nd unit residue group of K shows that the group generated by the image
of a — v/d does not contain the image of —1. Since by Theorem the 2-nd
virtual group V of K is a Klein four-group, it is generated by the images of
—1 and a — v/d. This argument is also used in the proof of Theorem with
d replaced by A.
A straightforward computation shows the congruence

1—Vd=(3-Vd)(1—-Vd)? mod 40k.

Since a is odd, the residue classes of the elements a—+/d and 1—+/d in the group
(0K J40K)* /(O /40K )** are equal. The statement about the preimage of V
follows. O

Theorem 6.29. Let the notation be as in Notation [6.23] Suppose one has
A =1mod 4 and let a and b be integers that satisfy A = 4a® + b%. Then the
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preimage of the 2-nd virtual group V' of K under the natural (Z/27)[G]-module
isomorphism s the graph of the group isomorphism

(Ok /40k)" ) (Ox 40K)™* = €D R*/Roo

v real

that for each § € Ok satisfying 6> = A sends (6 + 40k) - (O J40K)** to
((-1) 576, ‘Rs0)y, and V is generated, under the surjective group homomor-
phism {2-virtual units of K} — V in Remark by the images of —1 and

2a7\/Z.

Proof. Since A is squarefree, the integers A and b are coprime. We claim that
the principal ideals of the ring of integers O of K generated by 2a+ v/A and
by 2a —+/A are coprime. Their sum ideal contains 4A and b?, because we have

4N = 20+ VA = (2a — VA))? and b = —(2a + VA)(2a — VA).

Since the integers 4A and b? are coprime, it also contains 1. Hence, the ideals
(2a 4+ VA)Ok and (2a — v/A)Ok are coprime. They are squares of coprime
ideals, because their product is the square of an ideal. It follows that the
element 2a — /A is a 2-virtual unit of K. Let v be the real place of K with
(2a — V/A), < 0. The extension K(\/2a —vA)/K is ramified at v, because
we have (2a — VA), < 0. Remark implies that 2a — v/A is not in the
kernel of the group homomorphism {2-virtual units of K} — V. Looking at
the real components of the 2-nd unit residue group of K shows that the group
generated by the image of 2a — v/A does not contain the image of —1. Since
by Theorem the 2-nd virtual group V of K is a Klein four-group, it is
generated by the images of —1 and 2a — v/A. This argument is also used in
the proof of Theorem ith A replaced by d, which equals A/4.

From the congruence ( A)2 = 1 mod 40k we get VA =1 mod 20 . More-
over, the integer 2 divides a if and only if we have A = 1 mod 8. Hence, we
have the congruence

A

2a + VA = (—1) VA mod 40k

Since the residue classes of the elements 2a — v/A and —(—1) S VA in the
group (O /40 )* /(O /40K )** are equal, the statement about the preimage
of V follows. O

Corollary 6.30. Let the notation be as in Notation [6.23] Then the following
are equivalent.

(i) The 2-nd virtual group of K is a free (Z/27)[G]-module of rank 1.

(ii) The action of G on the 2-nd virtual group of K is not trivial.

(iii) The discriminant of K is the sum of two squares of integers.
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Proof. Theorem states that V' is a Klein four-group. Hence (i) and (ii)
are equivalent. Theorem Theorem Theorem and Theorem [6.29
imply that (ii) and (iii) are equivalent. O

6.7 The number field Q(i, v/30)

Theorem 6.31. Let K be the number field Q(i,v/30). Then the 4-th virtual
group of K [Definition [5.15] is the mazimal subgroup of exponent 2 of the 4-th
unit residue group of K [Definition .

Proof. We fix an algebraic closure of K. Let V' be the 4-th virtual group of K,
let F' be the number field

F=KWi,v1+i,V1+2i,1/11+2v30),
and let L be the number field
L = Q(17 \/ia \/ga \/g)

We will show that F' and L are the field extensions of K we get by adjoining the
fourth roots of all 4-virtual units of K [Definition and of all elements in
the kernel of the surjective group homomorphism {4-virtual units of K} — V
in Remark [5.28] respectively. Moreover, we denote by M the number field

M = Q(i)(Vi,vV1+1,v3,V1+2i,v1—2i).

We claim that L is the Hilbert class field of K. The extension L/K is unrami-
fied at infinity. The rational prime 2 is unramified in both Q(v/—3) and Q(/5).
Hence, it is unramified in Q(/—3,+/5) by Lemma Since L is the com-
positum of Q(/=3,+/5) and K, Lemma shows that the extension L/K is
unramified at the prime above 2. Lemma [6.5| implies that the rational prime 5
is unramified in Q(v/2, v/3), because it is unramified in both Q(v/2) and Q(/3).
Since L is the compositum of Q(v/2,+/3) and K, by Lemma the extension
L/K is unramified at the primes above 5. A similar argument shows that L/K
is also unramified at the prime above 3. For any other finite place v of Q it is
sufficient to note that all quadratic subextensions of L over Q are unramified
at v. By Lemma the extension L/K is unramified at v. Since in [45] the
ideal class group of K is proved to be isomorphic to Z/2Z x 7. /27, the number
field L is the Hilbert class field of K.

We are going to prove the equality

L = Ki,\/11 + 2V/30).
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The equality Q(i, v2) = Q(i)(V/i) follows from the identities

14+1)° 1+1)?
=i and =2.
(%) (F)
Let € = 11 4+ 2v/30 and let Ok be the ring of integers of K. Since we have
NQ(\/%)/Q € = 1, the element ¢ is a unit in Ok. The identities

3 2 3 2
V5+V6)* =, (‘/g _221ﬁ> =5, <\/g _223ﬁ> =6

imply the equality Q(v/5, v/6) = Q(v/30)(y/2). Since the compositum of Q(i, v/2)
and Q(v/5,v/6) is the number field L and the compositum of Q(i)(V/i) and
Q(/30) (/) is the number field K (v, \/2), we get the equality L = K(/i, /2),
as claimed.

The inclusion L C F follows from the equality L = K(/i,/&). Kummer
theory shows that the subgroup of O3/ (9;(2 generated by the residue classes
of i and ¢ has order 4, because the degree of the field extension L/K equals 4.
Dirichlet’s unit theorem implies that (i,e) is subgroup of Oj of odd index.

We claim that the Galois group Gal(M/Q(i)) is isomorphic to (Z/2Z)°. The
number field Q(i) has class number 1. In the ring of integers of Q(i) we have
the prime factorizations 2 = —i(1 +1i)?, 3 = 3, and 5 = (1 + 2i)(1 — 2i). They
show that the subgroup of Q(i)*/Q(i)** generated by the residue classes of
the elements in the set {i,1 +1,3,1+ 2i,1 — 2i} has order 32. Now the claim
follows from Kummer theory. These prime factorizations also show the chain
of inclusions L C M C F.

The Galois group Gal(M/K) is isomorphic to (Z/27Z)*, because the exten-
sion K/Q(i) has degree 2 and the Galois group Gal(M/Q(i)) is isomorphic to
(Z/27)5. Since F can be obtained from K by adjoining two square roots and
two fourth roots of elements in K* and F' contains M, the 2-rank of the Galois
group Gal(F/K) equals 4. Kummer theory gives a group isomorphism

Gal(F/K) = (Z/AZ)? x (Z/2Z)?,

because the subgroup of K*/K *4 generated by the residue classes of i and e
is isomorphic to (Z/4Z)2.

At each prime of O the elements i and 11 + 21/30 have valuation zero,
because they are units in O . At each prime of Ok not dividing 2 the elements
1+1iand 1+ 2i have even valuation, while at the prime above 2 the element
1 + 2i has valuation zero and 1 + i has valuation two. Hence, we have the
inclusion

(i,11 4+ 2v/30, (1 +1)2, (1 + 2i)?) - K** C {4-virtual units of K}.

135



Chapter 6. Quadratic number fields and a biquadratic example

Consider the surjective group homomorphism

{4-virtual units of K}/K** -V

in Remark Since we have L = K(V/i, /11 + 2v/30) and L/K is the maxi-
mal unramified abelian extension of K of exponent dividing 4, by Remark
and Kummer theory the kernel of this map is the group

(—1,(11 +2v/30)%) - K**/K**

and has order the degree of the extension L/K, which equals 4. The group V
has order 16 by Theorem Hence, the group {4-virtual units of K}/K**
has order 64. Kummer theory gives the equality

{4-virtual units of K}/K** = (i,11 +2v/30, (1 +1)?, (1 4 2i)?) - K**/K**,

because the abelian extension F'/K has degree 64. Since V has order 16 and
is isomorphic to the quotient group

(i,11 4 2v/30, (1 +1)2, (1 + 20)%) - K**/(—1, (11 4 2/30)?) - K**,
which has exponent 2, we get a group isomorphism
V = (z)27)*.

Since by Theorem the 4-th unit residue group of K is isomorphic to
(Z/47Z)*, the group V is the maximal subgroup of exponent 2 of the 4-th unit
residue group of K. O
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Two-ranks of ideal class groups

7.1 Results

Let K be a number field. The 2-nd virtual group of K [Definition is
a subgroup of the 2-nd unit residue group of K [Definition , which is an
elementary abelian 2-group [Theorem . The projection of the 2-nd vir-
tual group of K on the product of local components of the 2-nd unit residue
group of K at the places dividing 2 measures the difference between the 2-
ranks of the ideal class groups of K in the strict sense [Definition and
in the usual sense [Theorem [7.2]. A bound on the 2-rank of this projection
is given in Corollary [5.22] Theorem [7.4] states the exact value of this 2-rank
for quadratic number fields. Theorem which is a classical result in genus
theory for quadratic number fields, is obtained as a corollary of Theorem
and Theorem [Z.4l

Theorem and Corollary are the main results. As corollaries, in Sec-
tion[7.2]are presented the classical theorem of Armitage-Fréhlich [Theorem [7.§]
and Oriat’s theorem [Theorem [7.6].

Definition 7.1 (Strict ideal class group). Let K be a number field and let
O be its ring of integers. The strict ideal class group C1T of K is the quotient
group of the group of fractional ideals of Ok modulo the subgroup of principal
ideals generated by totally positive elements.

Theorem 7.2. Let K be a number field, let 1 be the number of real embeddings
K — R, and let ro be the number of conjugate pairs of complex embeddings
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o: K < C with o(K) € R. Let Cl and C1* be the ideal class group of K and
the strict ideal class group of K, respectively. Let S be the set of places of K,
let wo be the canonical projection

m: [[U/Us - [[U/U
veS v|2

of the 2-nd unit residue group of K [Definition on the product of its local
components at the places dividing 2, and let V be the 2-nd virtual group of K
[Definition [5.15]. Then one has

rky C1T —1ko Cl = 1y + 19 — tko m2(V).
Proof. See Section [7.3] O
Remark 7.3. Let the notation be as in Theorem Corollary states
the inequality
(K : Q]
> .

In the case of quadratic number fields we compute rkg m2(V) in Theorem
using the results about the 2-virtual group of quadratic number fields in Chap-

ter [6

Theorem 7.4. Let the notation be as in Theorem with K a quadratic
number field. Then rke wo (V') equals either 2 or 1, according as the discriminant
of K is or is not the sum of two squares of integers.

rko 12 (V) > [

Proof. Firstly, we consider the case when K is an imaginary quadratic field.
Since there are no real Archimedean places of K, Theorem implies that
the 2-nd unit residue group of K has nontrivial components only at the places
dividing 2. By Theorem we get ko mo (V) = 1.

Now we suppose that K is a real quadratic field. Theorem Theo-
rem Theorem and Theorem [6.29imply that rks 72(V) equals either
2 or 1, according as the discriminant of K is or is not the sum of two squares
of integers. O

As a corollary of Theorem [7.2] and Theorem [7.4] we get a classical result in
genus theory for real quadratic number fields. As a reference see Proposition
2.12 in Section 2.2 of Chapter 2 in [37] by Lemmermeyer.

Theorem 7.5. Let K be a real quadratic number field, let Cl be the ideal class
group of K, and let C1T be the strict ideal class group of K. Then the following
are equivalent.

(i) One has CI*/CIT> =5 €1/ C12.

(ii) The discriminant of K is the sum of two squares of integers.

Proof. This follows from Theorem [7.2] and Theorem [7.4 O
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7.2 Armitage—Frohlich’s theorem

In 1967, Armitage and Frohlich [I] found a bound on the 2-rank of the ideal
class group of a number field [Theorem[7.8]. A crucial fact in their proof follows
from the functional equation of an L-function. Serre pointed out that it was
possible to avoid bringing in analytic tools. The note added to the paper by
Armitage and Frohlich contains the proof by Serre.

In 1976, Oriat [53] proved a stronger result [Theorem by an algebraic
method that does not require the bilinear form introduced by Serre, but some
groups that are subgroups of what is now called 2-Selmer group of a number
field [Definition [5.25]. Lemmermeyer [38] gave a proof of Oriat’s result, which
he calls ‘the theorem of Armitage—Frohlich’, using the 2-Selmer group of a
number field. In his paper he claims that his proof is essentially due to Oriat.
Another proof of the same result was given by Hayes [24]. His argument uses
Galois groups of the Kummer extensions corresponding to elements in the
2-Selmer group of a number field.

The proof of Oriat’s result presented here is a straightforward application
of Theorem and Corollary The proof of Theorem involves the
2-Selmer group of a number field and arguments similar to those used by
Lemmermeyer, but it introduces the 2-virtual group of a number field. In this
way, it is then possible to apply Corollary

Theorem 7.6 (Oriat [53]). Let K be a number field, let vy be the number of
real embeddings K — R, let Cl and C1T be the ideal class group of K and the
strict ideal class group of K, respectively. Then one has

rky CI* — rky C1 < {%J .

Proof. Let V be the 2-nd virtual group of K and let 72 be the number of con-
jugate pairs of complex embeddings o : K < C with o(K) € R. Theorem
states the equality

I‘k2 C]+ —I‘k2 Cl= r1+1r9 — I‘kg 7T2(V).
Since we have [K : Q] = r1 + 2rg, Corollary implies

tkomo(V) > 11 + 179 — L%J .

The desired inequality follows. O

Lemma 7.7. Let the notation be as in Theorem [Z.6] and let E and E* be the
group of units and the group of totally positive units, respectively, of the ring
of integers of K. Then one has

tky C1IT > 1y —1ky E/ET.
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Proof. Let K73 be the group of totally positive elements in K*. The natural
map C1™ — Cl fits into the exact sequence

1—E/ET — K*/K} — CI" — Cl — 1.

Since E/E* and K*/K% are elementary abelian 2-groups and Hom(Z/2Z, -)
is a left exact functor, we get an exact sequence

1 — E/ET — K*/K% — CIT]2].
Hence, we have the inequality
rko C1* +1ke E/ET > 1k K* /K.

Theorem implies that rky K* /K7 equals r;. The inequality in the state-
ment of Lemma [7.7 follows. O

Theorem 7.8 (Armitage-Frohlich [1]). Let K be a number field, let r1 be the
number of real embeddings of K, let E and ET be the group of units and the
group of totally positive units, respectively, of the ring of integers of K, and
let Cl be the ideal class group of K. Then one has

rky C1 > [%ﬂ —1ky E/E7.

Proof. This follows from Theorem [7.6] and Lemma [7.7] O

7.3 Proof of the main theorem

Proof of Theorem [7.2] Let o : {2-virtual units of K} — m2(V) be the com-
posite map of the surjective group homomorphism {2-virtual units of K} - V
in Remark with the projection m. Note that a 2-virtual unit a € K* is
in ker ¢ if and only if the extension K (,/a)/K is unramified outside infinity.
In particular, we have K*? C ker . Let

Pz : {2-virtual units of K}/K** — my(V)
be the natural map induced by ¢5 and consider the short exact sequence
1 —> ker @3 — {2-virtual units of K}/K*? 22 my(V) —> 1.

Since all nontrivial groups in this exact sequence are elementary abelian 2-
groups, we have the equality of 2-ranks

rko{2-virtual units of K}/K*? = rky ker @z + rky mo (V).
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Dirichlet’s unit theorem and Theorem [5.29| give
rko{2-virtual units of K}/K*2 =711+ 19 +1ky Cl.
Kummer theory and class field theory imply
rko ker o5 = rko Cclt.

The equality
rky C1T —1ky Cl = 11 + 79 — rko m2(V)

follows. O
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CHAPTER 8

Three-ranks of ideal class groups of quadratic number
fields

8.1 Introduction

Let d € Z~1 be squarefree and let K be the number field Q(\/{lﬁ) The
biquadratic number field K contains a primitive 3-rd root of unity and has its
3-rd unit residue group [Deﬁnition and 3-rd virtual group [Deﬁnition.
The number field extension K/Q is Galois and the description of the Galois
module structure of these two groups is one of the main results of the chapter

[Theorem [8.1].

Theorem 8.1. Let d € Z-1 be squarefree, let K be the number field
QWd,\/=3), and let G be the Galois group of the extension K/Q. Then the
3-rd unit residue group of K is a free (Z/3Z)|G)-module of rank 1. Moreover,
the 3-rd virtual group of K is a submodule of the 3-rd unit residue group of K
and corresponds to exactly one of the following modules:

(a) the kernel of the natural map (Z/3Z)[G) — (Z/37)[Gal(Q(\/d)/Q)],

(b) the kernel of the natural map (Z/3Z)|G) — (Z/3Z)[Gal(Q(v—3d)/Q)].

Proof. This follows from Theorem and Theorem 8.1 O
A classical theorem of Scholz [Theorem [8.19] states that the difference between

the 3-rank of the ideal class group of Q(v/—3d) and the 3-rank of the ideal class
group of Q(/d) is either 0 or 1. Theorem shows that these two cases can

143



Chapter 8. Three-ranks of ideal class groups of quadratic number fields

be distinguished by looking at the Galois module structure of the 3-rd virtual
group of K.

Theorem 8.2. Let d € Z~1 be squarefree, let r be the 3-rank of the ideal class
group of Q(\/&), let s be the 3-rank of the ideal class group of Q(v/—3d), and
let K be the number field Q(v/d,\/=3). Then in case (a) of Theorem 1 one
has s =r+1 and in case (b) of Theorem one has s =r.

Proof. This follows from the G-decompositions of the (Z/3Z)[G]-modules in
cases (a) and (b) of Theorem and Theorem [8.17] O

As a byproduct we get a new proof of Scholz’s theorem, but the ingredi-
ents are really the same as in earlier proofs. In Section we show the G-
decompositions of some (Z/37)[G]-modules and use the duality given by the
norm-residue symbol. In this way we simultaneously apply class field theory
and Kummer theory, as is done more explicitly in the proof of Scholz’s Theo-
rem [Theorem 10.10 of Chapter 10 in [74]] by Washington.

In 1984 Dutarte [14] proposed a probabilistic model [Section that leads
to Conjecture and studied the compatibility of the Cohen—Lenstra heuris-
tics with Scholz’s theorem. He showed that the Cohen—Lenstra heuristics for
real quadratic fields, Scholz’s theorem, and Conjecture give the same result
for the proportion of imaginary quadratic fields with prescribed 3-rank as the
Cohen-Lenstra heuristics for imaginary quadratic fields.

Conjecture 8.3 (Dutarte [I4]). Let DT be the set of discriminants of real
quadratic number fields. For each number field L let Clp be its ideal class
group. Then for every monnegative integer a one has

- HA e DV : A<z, ks Clowa) = @, tks Cly/=sx) = a + 1} _ 1
z—+oo [{A e Dt : A<z, rk; Clywa) = a} o+l

In Dutarte’s model Conjecture is a statement about the existence and
the value of a conditional probability: the probability that the 3-rank of the
ideal class group of Q(/—3A) is the positive integer a + 1 given that A is
a discriminant of a real quadratic number field whose ideal class group has
3-rank a.

Following his model we state Conjecture

Conjecture 8.4. Let the notation be as in Conjecture [8.3] Then for every
nonnegative integer a one has

- HAeDV:A<u, rk3ClQ(\/—) =a, rk3ClQ(\/7) =a}| _ 1
T—r+00 |{A c Dt A< x, I’kg Cl@ = a}\ 3“

A natural assumption is Conjecture
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Conjecture 8.5. Let the notation be as in Conjecture 8.3 Then for each pair
(a,b) € Z* the limit

i A €D A <@ xks Cloyg) = a, rks Clo=z) = b1
x——+00 |{A€D+SA<I£}‘

exists. Moreover, if one denotes its value by Pr™(r = a,s = b), then one has

Z Prt(r=a,s=b)=1.

(a,b)eZ?

Theorem 8.6. Let the notation be as in Conjecture B3] Assume Conjec-
ture[8.3, Conjecture 8.4 and Conjecture 8.5l Then for each nonnegative inte-
ger a the limit

{A € DT : A <=, 1ks Cly/z) = a}|

oo {AeDT:A<a)]
equals
o) e ) a+1 )
et TTa -3 JJa -3 JJa-3"""
i=1 i=1 i=1
Proof. This follows from Theorem [8:31] 0

Remark 8.7. The value of the limit in Theorem [§.6]is the value conjectured
by Cohen and Lenstra [I1].

Theorem shows that Dutarte’s assumption [Conjecture 7 an analogous
assumption [Conjecture , and a natural assumption [Conjecture are
sufficient to compute the probability that a real quadratic number field has
prescribed 3-rank. Moreover, the value of this probability is exactly the one
predicted by the Cohen—Lenstra heuristics.

Under the same hypotheses we also get a similar result for complex quadratic
number fields [Theorem [.31], but the fields in our limit are ordered in a
different way from the way they are ordered in the Cohen—Lenstra heuristics
[Remark. We are able to get the same order and again the values predicted
by Cohen and Lenstra for both real and imaginary quadratic number fields, if
we group together quadratic number fields according to the divisibility by 3 of
their discriminants [Theorem and Remark .

The idea of considering the divisibility by 3 in this context is not new. In
2010 Fouvry and Kliiners [I6] showed that Conjecture follows from the
Cohen—Lenstra heuristics for quadratic number fields grouped according to
the divisibility by 3 of their discriminants.
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Chapter 8. Three-ranks of ideal class groups of quadratic number fields

Lee generalized Dutarte’s results for the prime number 3 to every prime
number. In Lee’s papers Scholz’s theorem is replaced by the Spiegelungssatz,
which is a generalization of Scholz’s theorem, and he works with both number
fields [33] and function fields [34].

8.2 Two results on modules

Lemma 8.8. Let p be a prime number, let G be a group of order coprime to p,
and let A be a finite Z|G]-module. Then the quotient A/pA and the p-torsion
Alp] are isomorphic (Z/pZ)|G]-modules.

Proof. The multiplication by p map A — A, a — pa, gives rise to the exact
sequence of Z[G]-modules

0—-Apl 2 A— A— A/pA—0.

It follows that the Z[G]-modules A[p] ® A and A/pA @ A are Jordan-Holder
isomorphic and therefore so are the Z[G]-modules A[p] and A/pA. Since A[p]
and A/pA are (Z/pZ)|G]-modules, they are also Jordan-Hélder isomorphic
as (Z/pZ)|G]-modules. By Maschke’s Theorem the group ring (Z/pZ)[G] is
semisimple. The existence of a (Z/pZ)[G]-module isomorphism between A[p]
and A/pA follows from the semisimplicity of (Z/pZ)[G]. O

Theorem 8.9. Let L/K be a Galois extension of number fields and let G be
its Galois group. Let p be a prime not dividing |G| and let Clg and Cly, be the
ideal class groups of K and L, respectively. Then for each m € Z>q the norm
map Nk : L — K induces the split exact sequence of Z[G]-modules

m m my NL/K m
1 — ker(Np, g : Clp[p™] = Clg[p™]) — Clp[p™] —— Clg[p™] — 1

and the submodule of Galois invariant elements of Cl[p™] is isomorphic to

Clg [p™].

Proof. Let Iy,k : Clg — Clg be the group homomorphism induced by the
natural injective map from the group of fractional ideals of K to the group
of fractional ideals of L and let Ny i : Clp[p™] — Clg[p™] be the group
homomorphism induced by the norm map. The composite map

is the group automorphism Clg [p™] = Clg [p™], a — al®!. Hence, the map
Nz k : Clp[p™] = Clk[p™]
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8.3. Galois group decompositions of modules

is surjective and the map
IL/K : CIK[pm] — CIL[pm]

is injective. We get the exact sequence of Z[G]-modules

1 ker(Ny ¢ : Clp[p™] — Clge[p™]) = Clp[p™] ~255 Clge[p™] — 1.

This exact sequence splits, because up to an automorphism of Clg[p™] the
map I/ : Clg[p™] — Clp[p™] is a section of the sequence.

Let Clz[p™]“ be the submodule of Galois invariant elements of Clz[p™]. The
map Iy, /g o Ny i restricted to Clg, [p™]¢ equals the group automorphism

Clp[p™% = Clp[p™)©,
a s all,

Hence, the maps I,k and Ny /k induce Z[G]-module isomorphisms between
Clg[p™] and Cl[p™]¢. O

8.3 Galois group decompositions of modules

Notation 8.10. Let d € Z~ be squarefree. Given a number field L, we denote
by Cly, its ideal class group. Let r and s be the 3-ranks of CIQ(\/g) and CIQ(\/TM),

respectively. Let K be the number field Q(/d,»/=3), let E be the group of
units of the ring of integers of K, and let G be the Galois group Gal(K/Q).
The group G is isomorphic to Z/2Z @® Z/27Z. Let o and 7 be the generators
of the Galois groups Gal(K/Q(/—3d)) and Gal(K/Q(/d)), respectively. The
group G has four characters G — {£1}. We denote the trivial character by e.
The three nontrivial characters of G factor through the quotient groups of G
corresponding to the three quadratic fields Q(v/d), Q(v/—3d), and Q(y/—3). We
denote these characters by ¢, ¥, and w, respectively. Since 3 does not divide
the order of G, by Maschke’s Theorem the group ring (Z/3Z)[G] is semisimple.
Given a (Z/3Z)[G]-module M, we write it as direct sum of its G-components

M=MODasMPDaeMP e M,

where on each component G acts by the corresponding character.

Let J be the group of ideles of K [Definition and U be the group of
unit ideles of K [Deﬁnition. Given a subgroup S of J, we will write S for
the quotient group (S-.J3)/J3. For any subgroup H C J we will denote by H~+
its annihilator in J with respect to the norm-residue symbol (-, -) : J x J — ps,
where g is the group of 3-rd roots of unity in K.
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Chapter 8. Three-ranks of ideal class groups of quadratic number fields

Theorem 8.11. Let the notation be as in Notation B.10. Then there is a
natural (Z/37)[G]-module isomorphism

E/E* 5 E

and the four groups in the direct sum of the G-decomposition of the (Z/3Z)|G]-
module E - ) =) —
E=E9¢EYeE8" « Y
have 3-ranks 0, 1, 0, and 1, respectively.
Proof. By Lemma we get a natural (Z/37Z)[G]-module isomorphism
E/E* 5 E.

Let L be a subfield of K, let Ey, the group of units of its ring of integers, and
let H be the Galois of the extension K /L. Composing the natural inclusion
E;, — E with the norm map Nk, : K — L induces the group automorphism

Er/(Er)® = Er/(EL)?,
a~s alfll,
Hence, the group homomorphism E; /(Er)® — E/E? induced by the natural

inclusion E;, — E is injective. Dirichlet’s unit theorem implies the statement
in Theorem R.111 O

Theorem 8.12. Let the notation be as in Notation and let M one of the

(Z/3Z2)|G]-modules J/(K* - U), Clk[3], and Clg / Cly. Then the four groups
in the direct sum of the G-decomposition of the (Z/37Z)|G]-module M

M=M®a MDD asMb g pw
have 3-ranks 0, r, s, and 0, respectively.

Proof. Theorem applied to the extension K/Q states that the submod-
ule of G-invariant elements of Clk([3] is isomorphic to Clg[3]. The submod-
ule of G-invariant elements of Clg[3] is Clg[3]¢®) and therefore we have the
(Z/3Z)|G]-module isomorphism

Clk[3]® = Clg[3].

Since Q@ has class number one, the submodule Clg[3]®) is trivial. Hence
Clg[3]¥) is the submodule of 7-invariant elements of Clx[3]. Now applying
Theorem to the Galois extension K/Q(Vd), whose Galois group is gener-
ated by 7, gives a (Z/3Z)[G]-module isomorphism

Clg[3]%) = Clg/z 3]-

148



8.3. Galois group decompositions of modules

Hence, we have rkz Clg[3](¥) = r. Similarly, we get the (Z/3Z)[G]-module
isomorphisms

Clg[3]%) = Cly=sz[3]  and  Clg[3]“) = Cly—5)[3].

Hence, we have rks Clg [3](¥) = s. Since the ideal class group of Q(v/—3) is
trivial, we have rkz Clg[3]“) = 0.
Lemma [8.§ implies the existence of a (Z/3Z)|G]-module isomorphism

Clg[3] = Clg / ClI3; .
By the short exact sequence there is a (Z/3Z)[G]-module isomorphism
J/(K*-U) = Clg /CI3 .
The statement in Theorem R.12] follows. O

Lemma 8.13. Let the notation be as in Notation[8.10l Then the norm-residue
symbol o

(-,-):JXJ—)/L;),
splits into four perfect pairings

FARDD A L3, 79T 4 L3,

j(%ﬂ) % j(¢) s s, j(w) % j(&ﬂ) = s,

(w

Proof. Let x1,x2 € {€, ¢, ¥, w} and consider the pairing

7(X1) % j(Xz) .

By Corollary|[3.101|for each g € G we have (ga, gb) = ¢ (a,b). This implies that

G acts on the image of the pairing through the character i - x2. The group G

acts on 3 through w. If one has w # x1 - x2, then the groups j(Xl) and 7(X2)

are orthogonal. Since by Theorem [£.50] the norm-residue symbol is a perfect
pairing, the statement in Lemma follows. O

Lemma 8.14. Let the notation be as in NotationBI0l Then the norm-residue
symbol induces a perfect pairing of finite abelian groups

T/(E T <K NT - ps
that splits into two perfect pairings of finite abelian groups
T/E- TN x (BFNTH)® = py

and - o
(T/ (BT x (K0T ) = g,
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Chapter 8. Three-ranks of ideal class groups of quadratic number fields

EE———
Proof. The diagram in Section shows that the annihilator of K* N U™ with
respect to the norm-residue symbol is K*-U. Hence, the norm-residue symbol
induces a perfect pairing of finite abelian groups

J/(E - T)xEnT" — ps.
The statement in Lemma[R.14] follows from Theorem[R.12/and Lemmal[R. 13l O

Theorem 8.15. Let the notation be as in Notation[8.10] Then the four groups
in the direct sum of the G-decomposition of the (Z/3Z)|G]-module K* N Ut

BN =& nTHOeEnTH)PeE nTHW e E nTH®
have 3-ranks 0, s, r, and 0, respectively.
Proof. By Theorem [8.12] we have
J/(E*-U) = (J/(E*-U))¥ & (J/ (K- U))"

and the 3-ranks of (J/(K*-U))®) and (J/(K* -U))®) equal 7 and s, re-
spectively. Lemma implies that by duality these 3-ranks are equal to the
3-ranks of (K* N T )® and (B* NT )@, respectively. O

Theorem 8.16. Let the notation be as in Notation[8:I0} Then the four groups
in the direct sum of the G-decomposition of the (Z/3Z)|G]-module K* NU

KEnU=F&EnD®aeEnD)¥YaeE nU)WaeE nT)W

have 3-ranks 0, r + 1, s, and 1, respectively.

Proof. The group homomorphisms in Corollary and Theorem are
(Z/3Z)|G)-modules homomorphisms. Corollary implies that the 3-Selmer
group {3-virtual units of K'}/K*® of K and the group K* N U are isomorphic
(Z/3Z)|G]-modules. Using the short exact sequence of (Z/3Z)[G]-modules

1 — E/E® — {3-virtual units of K}/K** — Clg[3] — 1

given by Theorem the statement in Theorem follows from Theo-
rem [R.11] and Theorem B.12 O

Theorem 8.17. Let the notation be as in Notation [RI0 and let V be the 3-rd
virtual group of K [Definition [5.15]. Then the 3-ranks of the four groups in the
direct sum of the G-decomposition of the (Z/3Z)|G]-module V

vV =y ® V) ® V@) ) VW)

are either 0, 1, 0, and 1, or 0, 0, 1, and 1, respectively. Moreover, in the first
case one has s =1 and in the second case one has s =r + 1.
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8.4. Scholz’s theorem

Proof. The G-decomposition of the short exact sequence of (Z/3Z)[G)-modules
1 — K nT —EnU—V-—1

in Remark [5.16| gives rise to four short exact sequences of (Z/3Z)[G]-modules.
Theorem nd Theorem imply that the 3-ranks of V() and V() are
0 and 1, respectively. Since by Corollary the 3-rank of V equals 2, the
3-ranks of V) and V(¥) are either 1 and 0 or 0 and 1, respectively. Using
again Theorem and Theorem we get the following. If the 3-ranks of
V) and V®) are 1 and 0, respectively, then one has s = r, otherwise one has
s=r+1. O

Theorem 8.18. Let the notation be as in Notation [8.10L Then the 3-rd unit
residue group of K [Definition [5.3] is a free (Z/3Z)[G]-module of rank 1.

Proof. By Theorem [5.10] the 3-rd unit residue group of K has 3-rank 4. Since
it contains the 3-rd virtual group of K and is a skew abelian group by Corol-
lary the statement in Theorem follows from Theorem [§8.17] and
Lemma [B.T3] O

8.4 Scholz’s theorem

A classical theorem in algebraic number theory about the 3-ranks of ideal class
groups of quadratic number fields is Scholz’s theorem [Theorem , which
Scholz proved in 1932. It is often called the ‘Mirror theorem’ or the ‘Reflection
theorem’. These names are also used for Leopoldt’s Spiegelungssatz [41], which
is a generalization of Scholz’s theorem.

Theorem 8.19 (Scholz [63]). Let d € Z~1 be squarefree, let r be the 3-rank of
the ideal class group of QW/d), and let s be the 3-rank of the ideal class group

of QW —3d). Then one has
r<s<r+41.

Proof. This follows from Theorem [8:2} O

In our setting the proof of Scholz’s theorem [Theorem 10.10 of Chapter 10
n [74]] by Washington gives rise to Theorem

Theorem 8.20. Let the notation be as in Notation 8.101 and let
K NT" — Clg[3] (8.21)

be the (Z/3Z)[G]-module homomorphism obtained by composing the natural
(Z/3Z)[G]-module homomorphism

K nU — (K*n0)/E

151



Chapter 8. Three-ranks of ideal class groups of quadratic number fields

with the (Z/3Z)|G]-module isomorphism
(K*NU)/E = Clk[3]

given by the short exact sequence 4.82| Then the G-decomposition of the
(Z/3Z)|G]-module homomorphism gives rise to a group homomorphism
with kernel of 3-rank at most 1

(BT = Clg[3]@

from a group of 3-rank s to a group of 3-rank r and an injective group homo-
morphism
(EFNT )™ = Clg[3)®)

from a group of 3-rank r to a group of 3-rank s.

Proof. Tt follows from Theorem [B:12] and Theorem [8.I5] that both the groups
Clg[3]%) and (K* N UL)W’) have 3-rank 7 and both the groups Clg[3]®*) and
(FOUL)(@ have 3-rank s. By Theorem the 3-ranks of B and B
equal 1 and 0, respectively. Since the kernel of the (Z/3Z)[G]-module homo-
morphism

K nU = (K-n0)/E
is contained in F, the statement in Theorem follows. O

Remark 8.22. The cases s =7+ 1 and s = r in Theorem [8:19] both occur.
For instance, we have r = 0 and s =1 ford =29 and r = s = 1 for d = 79.
Theorem suggests distinguishing three cases.

(a) One has s = r and the map (FHUL)(‘/’) — Clg[3]¥) is an isomor-
phism.

(b) One has s = r and the map (K* N UL)(“’) — Clg[3]®) has both kernel
and cokernel of dimension 1 over Z/3Z.

(¢) One has s =r + 1.
Note that the last case occurs if and only if the injective group homomorphism

(KX NT )™ = Clg[3)®)
is not an isomorphism. We have examples of these three cases for d = 142, for
d =179, and for d = 29, respectively.
8.5 Dutarte’s probabilistic model

Let d € Z~1 be squarefree and let r be the 3-rank of the ideal class group
of QW/d). Scholz’s theorem [Theorem [8.19] states that the 3-rank of the ideal
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8.5. Dutarte’s probabilistic model

class group of Q(v/—3d) is either r or 7 + 1. These two cases are characterized
in Theorem [8.2] using the Galois module structure of the 3-rd virtual group
of the number field Q(v/d,/—3). In 1984 Dutarte [14] proposed a probabilistic
model, which we present in our setting.

Theorem 8.23. Let the notation be as in Notation [8.10, Then the following
are equivalent.
(i) The natural group homomorphism (K* NT)®¥) — (U/UL)(“’) is trivial.
(ii) One has s =1+ 1.

Proof. By Remark the kernel of the natural group homomorphism
(BN - [T/T )@

is (FﬂﬁL)(W), which has 3-rank s by Theorem The group (K*NT))
has 3-rank r+1 by Theorem 8.16] The statement in Theorem follows. O

Remark 8.24. By Theorem the group (U/UJ—)(W in Theorem has
3-rank 1. Hence, the natural group homomorphism in Theorem 8:23]is a group

homomorphism from an elementary abelian 3-group of rank r 4+ 1 to a group
of order 3.

Let a be a nonnegative integer and let D} be the set of discriminants of
real quadratic number fields whose ideal class groups have 3-rank a. To each
A € D we associate the natural group homomorphism in Theorem for
the number field K = Q(/A,/=3), which is a group homomorphism from an
elementary abelian 3-group of rank a+1 to a group of order 3 by Remark [8:24]
Since there are 3%*! group homomorphisms from an elementary abelian 3-
group of rank a+ 1 to a group of order 3, Dutarte assumes that the density in
D of the subset of discriminants with associated trivial group homomorphism
is 1/3%T1. Hence, he writes that 1/3%1 is the value of the probability that the
3-rank of the ideal class group of Q(/—3A) is the positive integer a + 1 given
that one has A € D} . The formalization of this assumption is Conjecture

Theorem 8.25. Let the notation be as in Notation [8:I0} Then the following
are equivalent.

(i) The natural group homomorphism (K*NT)®¥) — (U/UL)W’) is trivial.
(ii) One has s =r.

Proof. By Remark the kernel of the natural group homomorphism
EnT)@ — [U/T )@

is (FOUL)W’), which has 3-rank r by Theorem The group (K*NT)®)
has 3-rank s by Theorem [8:16] The statement in Theorem follows. O
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Chapter 8. Three-ranks of ideal class groups of quadratic number fields

8.6 Some consequences

Notation 8.26. Let DT be the set of discriminants of real quadratic number
fields. Given a number field L we denote by Cl, its ideal class group. We define
the maps

TZD+—>ZZO and s:D+—>Z20

in order to evaluate the 3-ranks of ideal class groups of quadratic number fields.
Let A be a subset of DT. We define the probability Prt(A) of A as being equal
to the limit, if it exists,

o HA e A: A<z}
z—>+OO‘{AED+:A<x}|'

Prt(4) =

To shorten the notation, for each integer a we will write Pr¥(r = a) and
Prt (s = a) for the probability of the subsets {A € D : rkj Clywa) = a} and
{A € DT :1ks Clyw=3a) = a} of DT, respectively. Moreover, we denote by
Dg and Dy the sets {A € D* : A =0mod 3} and {A € D~ : A # 0 mod 3},
respectively.

Remark 8.27. The left-hand sides of the equalities in Conjecture [8.3] and
Conjecture [B4] can be thought of as conditional probabilities. We will denote
them by Prt(s=a+1]|r =a) and Pr*(r = a | s = a), respectively.

In the proof of Theorem [8.31] we will use some identities of power series that
come from the generating function for the number of partitions of positive
integers.

Definition 8.28 (Durfee number). The Durfee number of a partition of a
positive integer is the largest integer 7 such that the partition contains at least
i summands of size at least q.

Remark 8.29. The Durfee number of a partition of a positive integer is the
size of the largest square that is contained within the Ferrers diagram of the
partition.

Lemma follows from Corollary 6.7 in [11] by Cohen and Lenstra, but it
can also be proved directly, as we do here.

Lemma 8.30. One has the identities of power series

& T 1 1
1+Z _ :1+Zx _H<1—:cj)_H1—xi'
i>0 H(l_xj)Q i>0  j=1 i>0
j=1
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Proof. We write the generating function for the number of partitions of pos-
itive integers. The first two expressions are obtained by grouping partitions
according to their Durfee number and the size of their largest addend, respec-
tively. The last one is the usual formula. O

Theorem 8.31. Let the notation be as in Notation [8.26] Assume Conjec-
ture [8.3], Conjecture [8:4] and Conjecture 8.5 Then for each nonnegative inte-
ger a one has

a a+1

a-39JJa-3"[Ja-39"
i=1

=1 i=1

3

Pri(r=a)= 3aelatl)

and
oo a

Prt(s=a) =3[ -3")[Ja-3""2

i=1 i=1

Proof. Let a be a nonnegative integer. Using the notation in Remark [8:27]
Conjecture [8.3| states the equality

Pri(s=a+1|r=a)=1/3""
and Scholz’s theorem implies the equality
Prf(s=a+1|r=a)+Prf(s=a|r=a)=1.

Hence, we have
Pri(s=a|r=a)=1-1/3"""

Conjecture states the existence of the probabilities Pr(r = a,s = a + 1)
and Prt(r = a,s = a). From the equalities

Prt(r=a,s=a+1)=Prf(s=a+1|r=a) -Prt(r=a)

and
Pri(r=a,s=a)=Prf(s=a|r=a) Pr(r=a)

we get

Prt(r=a,s =a)

Pr+(T:a,5:a+1):Pr+(5:a+l|T:a)'Pr+(s—a|7‘—a)

and therefore
Pri(r=a,s=a+1)=Pr(r=a,s=a)(3*" - 1) (8.32)
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Similarly, Conjecture and Scholz’s theorem imply for each nonnegative
integer a the equality

Prt(r=a+1,s=a+1)=Prf(r=a,s=a+1)3*" —1)"1.  (8.33)

The left-hand side of the equality

Z Prf(r=a,s =b) =

(a,b)ez?

in Conjecture can be written as

o0 b
Pr*(r:07s:0)+z Z Prf(r=a,s =)
b=1a=b—1

Setting y = Pr*(r = 0,5 = 0) and using recursively (8.32) and (8.33]) we get

the equation in y

= 3b—1 1
y[1+) = +— =1 (8.34)

H(gz o 1)2 H(3z o 1)2

i=1 =1

Since for all positive integers b we have

[[e'-v* JIe'-v* J[6-1* Jla-@/3)")?

=1 i=1 i=1 i=1

we rewrite (8.34)) as

By Lemmam the solution is y = [[;~, (1 —37%), which is the value predicted
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by Cohen and Lenstra. Using (8.32) and (8.33), for all a,b € Z>( we get

Prf(r=a,s=b) =
gt JTa-3)[Ja-3")"? if b= a,
=1

=1
[e%} a+1

3—(a+1)? H(l — 379 H(l — 37! H(1 -3t ifb=a+1,
i=1

i=1 i=1

S|

0 otherwise.
Hence, for each nonnegative integer a from the equality
Pri(r=a)=Pr'(r=a,s=a)+Pr(r=a,s =a+1)

we get the value conjectured by Cohen and Lenstra

[es] @ ] a+1 ]
Pri(r=a) =3t JJa -3 JJa-3")"JJa-3"""
i=1 i=1 i=1

Similarly, for each nonnegative integer a we get

o0 a

Pri(s=a)=3""JJa -3 ]Ja -3 m

=1 i=1

Remark 8.35. Let D~ be the set of discriminants of complex quadratic num-
ber fields. The value conjectured by Cohen and Lenstra [I1] of the limit

. |{AED_ : |A| <z, rk3C1Q(\/Z) :a}|
m
2 oo H{A € D~ :|A| < z}]

is the value of the probability

Pr+(s _ a) ~ fim |{A eDT:A< x, rks CIQ(@) = a}|
z—Foo {A € Dt : A <z}
in Theorem Note that the complex quadratic number fields appear in
different orders in the two limits. This is caused by the fact that D~ is not
involved in any of the limits in Conjecture Conjecture and Conjec-
ture

Remark 8.36. Let D~ be the set of discriminants of complex quadratic num-
ber fields. The natural definition of the map s in Notation [8.2¢] is

5: D7 = Z>o,
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Similarly to the real case, given a subset A of D™, we define the probability
Pr (A) of A. Now the problem is the connection between Prt and Pr~, in
particular the map between DT and D~. A way of dealing with this problem
is to restrict to subsets of DT and D~ that have an order-reversing bijection
induced by the reflection map. For example, the maps

f:{AeD":A=0mod3} - {A €D :A#0mod 3},
A —A/3,

and

{AeD":A#0mod3} = {A e D \{-3}:A=0mod 3},
A — —3A,

are order-reversing bijections.

We restrict ourselves to considering the sets {A € DT : A = 0 mod 3} and

{A € D™ : A # 0 mod 3}. Conjecture Conjecture Conjecture m
and Theorem [R42] correspond to Conjecture [8:3] Conjecture 84 Conjec-
ture[8:5] and Theorem [8:31] respectively. An analogous discussion can be given
for the sets {A € DT : A # 0mod 3} and {A € D=\ {-3} : A = 0 mod 3}

[Remark [8.44].

Conjecture 8.37. Let the notation be as in Notation [8:26l Then for every
nonnegative integer a one has

o A€ DY : A <a ks Clyyg) =6 tha Clgygm =a+ 13| _ 1
2 Foo [{A € Df + A <, 1ks Clyyx, = al Sk

Conjecture 8.38. Let the notation be as in Notation [8.26] Then for every
nonnegative integer a one has

- |{A S D; : |A| <z, rks CIQ(\/Z) =a, rks CIQ(\/—ST) = a}| _ i

z—+00 |{A IS |A| <z, rkg Cl@(\/ﬁ) = a}| 3¢

Remark 8.39. The left-hand sides of the equalities in Conjecture [8.37] and
Conjecture [8.38| can be thought of as conditional probabilities. We will denote
them by Prj(sof=a+1|r=a) and Pri(ro f~! =a | s = a), respectively.

Conjecture 8.40. Let the notation be as in Notation [8.26. Then for each
pair (a,b) € Z* the limit

- HA € Df : A <z, rk3 CIQ(\/Z) = a, ks Clg/=5a) = b}|
z—>+00 |{A€D3_:A<x}‘
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exists. Moreover, if one denotes its value by Prg(r =a,so f =0), then one
has

Z Pry(r=a,sof="b)=1.

(a,b)eZ?

Remark 8.41. The limit in Conjecture equals the limit

. {A € Dy [A] <z, tk3 Clg=3a) = a, 1ks Clywa) = b}|
T ——+00 |{A€D;|A|<a’;}‘ )

because the map f is order-reversing. We will denote the equality of their

values by
PrOJr(T:a,Sof:b):Pr;(rof_l =a,s="b).

Theorem 8.42. Let the notation be as in Notation[8:26} For each nonnegative
integer a let

AeDF A<z, rksCl =a
Prt(r=a)= lim it 0 L VA I
z—+oo {A € Dy : A<z}
" {A € D7 ¢ |A] <z, s Cl }
e D, <z, r =a
Pri(s =a) = lim — 0oV
@—r+00 HA € Dy @ |A| < ]
Assume Conjecture Conjecture[8.38, and Conjecture[8.40. Then for each
nonnegative integer a one has

a a+1

Prf(r = a) =3O [ -39 [0 -3 [0 -3

i=1

and
oo a

Pra(s=a)=3"" [Ja -3 ][ -3")2

i=1 i=1

Proof. Let a be a nonnegative integer. Conjecture and Conjecture [8.38
state the equalities

1
Prar(sof:a—l—l\7"2@):3aJr1

and )
Pr;(r0f71:a|s:a):3—a,

respectively. Conjecture [3.40| states the equality

Z Pry(r=a,sof=0)=1.

(a,b)eZ?
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Chapter 8. Three-ranks of ideal class groups of quadratic number fields

Remark states the equality
Pra'(r:a,sof:b) :Pr;(roffl =a,s=Db).

Since the map f is order-reversing, we have

A€D+:A<x,rk Clyy. — =aq
Pri(s=a) = lim i 0 - 7 QV=34) }|
r——+00 HAGDO A<$}|

We conclude by following the steps of the proof of Theorem with Prt
replaced by Prd. O

Remark 8.43. The values of the limits in Theorem [8.:42] are the values con-
jectured by Cohen and Lenstra [I1].

Remark 8.44. Since the map

{AeD":A#0mod3} - {A e D \{-3}:A=0mod 3},
A — —=3A,
is order-reversing, we can replace Dy and D; by {A € Dt : A # 0 mod 3}

and {A € D™\ {-3} : A = 0 mod 3}, respectively, in Conjecture Con-
jecture Conjecture |8.40) and Theorem [8.42)
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CHAPTER 9

Cyclic number fields

9.1 Introduction

Let K be a real quadratic number field of discriminant congruent to 1 modulo
8. The rational prime 2 splits completely in the ring of integers of K. Hence,
there are two prime ideals of the ring of integers of K dividing 2 and K has
two real places. One may wonder whether there is a way of defining a natural
bijection between the set of primes above 2 and the set of real places of K. An
affirmative answer follows from Theorem using the two square roots of the
discriminant of K, which are conjugate under the action of the Galois group

Gal(K/Q).

Theorem 9.1. Let K be a real quadratic number field and let A be its discrim-
inant. Suppose one has A = 1 mod 8 and let S and Sy, be the set of prime
ideals of the ring of integers of K dividing 2 and the set of Archimedean places
of K, respectively. Then for each § € K satisfying 6> = A there is exactly one
prime B € Sy satisfying the congruence § = 1 mod P and there is exactly
one place v € S satisfying o(0) > 0 where o : K — R is the field embedding
corresponding to v.

Proof. Let § € K satisfying 2 = A and let 2 = BB, be the prime ideal
factorization of the rational prime 2 in the ring of integers of K. From the
congruence

(6 —1)(0+1)=0mod 8
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Chapter 9. Cyclic number fields

we get either § = 1 mod P2 or 6 = —1 mod PB?. The action by the generator of
the Galois group Gal(K/Q) gives either § = —1 mod 33 or § = 1 mod 3 in
the two respective cases. Since the two square roots of A have opposite signs,
the statement of Theorem [0.1] follows. O

Let K be a real quadratic number field of discriminant congruent to 5 modulo
8. The rational prime 2 is inert in the ring of integers Ok of K, the residue
field Ok /20K has order 4, and the polynomial X? + X + 1 has two roots in
this field. Theorem [9.2] shows that there is a way of defining a natural bijection
between the set of the roots of the polynomial X2 + X + 1 in Ok /20k and
the set of real places of K.

Theorem 9.2. Let K be a real quadratic number field, let A be its discrimi-
nant, and let Ok be the ring of integers of K. Suppose one has A =5 mod 8
and let So be the set of Archimedean places of K. Then for each 0 € K satis-
fying 62 = A there is exactly one element a € {x € Ok /20K : 2? +2+1 = 0}
satisfying the congruence % = amod Ok /20K and there is exactly one
place v € Sy satisfying o(§) > 0 where o : K — R is the field embedding

corresponding to v.

Proof. Since we have A = 5 mod 8, the rational prime 2 is inert in Og. The
residue field O /20 has order 4. Let § € K satisfying 62 = A. The element
5%1 is a root of the polynomial X2 + X — %, which is irreducible over Q,
because its reduction modulo 2 is the irreducible polynomial X2 + X + 1 in
(Z/27Z)[X]. Since the two square roots of A have opposite signs, the statement

of Theorem follows. O

The bijections obtained in Theorem [9.1] and Theorem [0.2] are suggested by the
descriptions of 2-nd unit residue groups and 2-nd virtual groups of quadratic
number fields. In particular, the bijection in Theorem [9.1} when A is the
sum of two squares of integers, is induced by the 2-nd virtual group of K
[Definition as described in Theorem The bijection in Theorem
follows from the group isomorphism in Lemma which we use in studying
unit residue groups.

Theorem extends Theorem for real quadratic number fields of dis-
criminant congruent to 1 modulo 8 to cyclic extensions of number fields K/Q
of degree either 3 or 5 for which the rational prime 2 splits completely in the
ring of integers of K.

Theorem 9.3. Let p be either 3 or 5 and let K/Q be a cyclic extension of
number fields of degree p. Suppose that the rational prime 2 splits completely in
the ring of integers of K. Then the 2-nd virtual group of K induces a natural
bijection between the set of prime ideals of the ring of integers of K dividing
2 and the set of real Archimedean places of K.
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9.1. Introduction

Proof. This follows from the isomorphism of permutation modules over the
group ring (Z/2Z)[G] in Theorem [9.27] O

Lemma [9.24] implies that in a cyclic cubic or quintic field the rational prime
2 either splits completely or is inert. Natural bijections similar to the one
in Theorem [9.3] are obtained in Theorem [0.4] and Theorem for the cyclic
extensions of number fields K/Q of degree either 3 or 5 for which the rational
prime 2 is inert in the ring of integers of K. In these bijections the set of primes
above 2 is replaced by the self-dual normal basis [Definition of the finite
field Ok /20K, where O is the ring of integers of K.

Theorem 9.4. Let K/Q be a cyclic extension of number fields of degree 3, let
Ok be the ring of integers of K, and let So, be the set of Archimedean places
of K. Suppose that the rational prime 2 is inert in O . Then the 2-nd virtual
group of K induces a natural bijection

{z € Ok /20K : 2® + 22 +1 =0} = So.
Proof. This follows from Theorem [0.30] O

Theorem 9.5. Let K/Q be a cyclic extension of number fields of degree 5,
let Ok be the ring of integers of K, and let S, be the set of real Archimedean
places of K. Suppose that the rational prime 2 is inert in Ok . Then the 2-nd
virtual group of K induces a natural bijection

{r €0K/20K 2% + 2 + 22 + 2 +1 =0} = S.
Proof. This follows from Theorem [9.33 O

All these results follow from the description of 2-nd virtual groups, which
are subgroups of the 2-nd unit residue groups. Every number field K has
its 2-nd unit residue group [Definition and its 2-nd virtual group of K
[Definition . We recall that the 2-nd unit residue group of K is a skew
abelian group [Corollary , where the pairing is given by the quadratic
norm-residue symbol, and is isomorphic to an orthogonal sum of skew abelian
groups that are defined locally at the places of K dividing 2 and at the real
Archimedean places of K [Theorem [5.6]. We refer to Chapter [2] for definitions
and results on skew abelian groups. We also recall that the 2-nd virtual group
of K is a maximal self-annihilating subgroup of the 2-nd unit residue group of
K [Theorem [5.17].

Some general results on the 2-nd unit residue group and the 2-nd virtual
group are presented in Section When K/Q is a Galois extension unramified
at 2 with Galois group G, Theorem [9.20|states that the 2-nd unit residue group
of K is a free (Z/27Z)[G]-module. Let D the set of positive integers that divide
at least one of the integers in the set {2 +1 | n € Zso}. When K/Q is an
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Chapter 9. Cyclic number fields

abelian extension of odd degree with Galois group G and the exponent of G
is in D, Theorem describes the 2-nd virtual group of K as a graph of a
(Z/27)|G]-module isomorphism of free (Z/27)[G]-modules of rank 1 that is
also an isomorphism of skew abelian groups. This description in the case of
cyclic number field extensions of Q of degree either 3 or 5 is the essence of
Theorem [9.27, Theorem [9.30] and Theorem [9.33

9.2 Group rings

Lemma 9.6. Let G be a finite group, let ~— : (Z/2Z)|G] — (Z/2Z)[G] be
the ring anti-automorphism that maps each element of G to its inverse, let
p1 : (Z)2Z)[G] — Z/2Z be the nonzero additive group homomorphism that
maps each element of G different from the identity to 0, and let « be the map

o : (Z/22)[G] x (Z/22)[G] — Z./2Z,

Then the triple ((Z/2Z)[G),Z/2Z, ) is a skew abelian group.

Proof. Since « is an antisymmetric perfect pairing, the statement of Lemmal[9.6]
follows. O

Remark 9.7. Let the notation be as in Lemma Then the underlying set
of G is a basis of the (Z/2Z)-vector space (Z/2Z)[G] and for all 0,7 € G one

has
0 ifo#m,
a(o,T) = )
1 ifo=T

Lemma 9.8. Let the notation be as in Lemma [0.6] Let ® be the group of
(Z/27)[G)-module isomorphisms (Z/2Z)|G] = (Z/2Z)[G] that are isomor-

phisms of skew abelian groups ((Z/27)[G),Z/2Z,«) — ((Z/27)|G),Z/2Z, c).
Then there is a group isomorphism

& — {u e (Z/2Z)[G]* : v = 1}

given by

@ = (1),
Proof. Let R be the ring (Z/27Z)[G]. The opposite ring R°P of R is isomorphic
to the endomorphism ring of the left R-module R by the mapping each ele-
ment 7 € R°P to the endomorphism given by right multiplication by r. Hence,

there is a group isomorphism {R-module isomorphisms R — R} — R* given
by ¢ + ©(1)71. Let ¢ be an R-module isomorphism R — R. By definition
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9.2. Group rings

of isomorphism of skew abelian groups, we have ¢ € ® if and only if for all

f7g € R we have a(.f7 g) = a(@(f),@(g)), that is pl(f§> and pl(fﬁp(l)(P(l)g)
are equal. Hence ¢ € @ is equivalent to ¢(1)p(1) = 1. The statement of

Lemma follows. O

Remark 9.9. Let K be a field and let G be a group. The subgroup
{u e K|G|" : vu =1}

of the group of units of K[G] is often called the unitary subgroup. See [69] by
Szakacs for a description of the structure of the unitary subgroup of the group
of units of K[G] when G is a finite abelian group.

Theorem 9.10. Let G be a finite abelian group of odd order, let M be a
free (Z/27)|G]-module of rank 1, let 6 : M x M — Z/2Z be an antisym-
metric perfect pairing that for each o € G and for oll x,y € M satisfies
d(o(x),0(y)) = d(z,y), and let ((Z/2Z)|G],Z/2Z, &) be the skew abelian group
defined as in Lemmal[9.6] Then there exists a (Z/2Z)|G]-module isomorphism
M — (Z/2Z)[G] that is an isomorphism of skew abelian groups from
(M,Z/2Z,9) to ((Z/2Z)|G),Z/2Z, o).

Proof. Let R be the ring (Z/27Z)[G] and let e € M be a generator of M as
an R-module. Since the (Z/2Z)-dual of M is a free R-module of rank 1, there

exists u € R that for each z € R satisfies d(ze, e) = p1(zu). Let u € R be such
an element. For each ¢ € G and for each w € R we have

d(we, oe) = d(dwe, e) = p1(dwu) = p1(wuv).
By linearity of ¢ in the second argument, for all w,z € R we get
d(we, ze) = p1(wuz).

Since § is a perfect pairing, we have u € R*. By symmetry of § we get
u = 1. Since by Maschke’s Theorem the group ring R is semisimple, the Artin—
Wedderburn theorem implies that it is isomorphic to a product of finite fields
of charflcteristic 2. Hence u has odd order. Let d be the order of w and let
v=wu"2 . Since we have vv = u, for all w,z € R we get

o(we, ze) = a(wv, zv).
Hence, the R-module isomorphism M — R that maps e to v is an isomorphism

of skew abelian groups from (M,Z/2Z,9) to ((Z/27)|G],Z/2Z, «). O

Lemma 9.11. Let G be a finite abelian group of odd order, let e be the exponent
of G, and let o : (Z/2Z)[G] x (Z/27)|G] — Z/2Z be the map defined in
Lemma[0.6] Suppose that the residue class of —1 in (Z/eZ)* is contained in the
subgroup generated by the residue class of 2. Then (Z/2Z)|G] has no nontrivial
self-annihilating sub-(Z/2Z)[G]-modules with respect to .
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Proof. Let k be an integer satisfying the congruence 2¥ = —1 mod e. Since
by Maschke’s Theorem the group ring (Z/2Z)[G] is semisimple, the Artin—
Wedderburn theorem implies that it is isomorphic to a product of finite fields
of characteristic 2. The ring isomorphism ~ : (Z/2Z)[G] — (Z/2Z)|G] that
maps each element of G to its inverse acts as an automorphism on each finite
field in the product, because for each g € G we have g2k = g~ !. Since a
is a perfect pairing, on each component isomorphic to a finite field the map
p1 defined in Lemma is not the zero map. The statement of Lemma [9.11
follows. O

Lemma 9.12. Let p be an odd prime, let G a cyclic group of order p, let o be
a generator of G, and let ~ : (Z/2Z)|G] — (Z/2Z)[G] be the ring isomorphism
that maps o to o~ *. Suppose that the residue class of 2 in the group (Z/pZ)*
has even order and let d be its order. Then one has

{u € (Z/22)[G]" s uw =1} = Y2 +1)"T .

Proof. The group ring (Z/27)[G] is isomorphic to the ring (Z/2Z)[X]/(X?P—1)
by mapping o to the residue class of X. Let Fya be a finite field of 2¢ elements.
The factorization of X? — 1 in (Z/2Z)[X] and the Chinese remainder theorem
give a ring isomorphism

(Z)27)[G] =5 7.)27 x (Faa) "7

Since we have 2%/2 = —1modp and X = X!, we get X = X2” mod
XP — 1. Hence, the ring isomorphism ~ : (Z/2Z)[G] — (Z/2Z)|G] maps every
element in the ring to its 2¢/2-th power and acts as an automorphism on each
component isomorphic to the field Fya. Since the equation yzd/2+1 = 1 has
24/2 11 solutions in Fya, the statement of Lemma follows. O

Corollary 9.13. Let the notation and hypotheses be as in Lemma[0.12] Then
the following are equivalent.

(i) One has {u € (Z/2Z)|G]* :vu =1} =G.

(ii) One has |{u € (Z/2Z)|G]* : vu = 1}| = p.

(iii) The prime p equals either 3 or 5.

Proof. The inclusion G C {u € (Z/2Z)[G]* : vu = 1} implies the equivalence
between (fif) and . Since the pairs (d, p) of integers satisfying the equalities

202 4 1=p
p—1
L
d
are (2,3) and (4,5), by Lemma we get the equivalence between and
(fiil). O
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Corollary 9.14. Let p be either 3 or 5, let G be a cyclic group of order p,
let ¢ : (Z)22)|G] — (Z/27)|G] be a (Z/2Z)[G]-module isomorphism, and let
o (Z)27)[G] x (Z/2Z)[G] — Z/2Z be the map defined in Lemma [9.6] Then
the following are equivalent.

(i) The map ¢ is an isomorphism of skew abelian groups

(Z/)22)|G),Z/2Z, o) = ((Z)2Z)|G), Z/2Z, «).

(ii) The map ¢ permutes the basis {g : g € G} of the vector space (Z/27)|G]
over /2.

Proof. This follows from Lemma [0.8 and Corollary [0.13] O

Lemma 9.15. Let n be a positive integer, let Fon be a finite field of 2™ ele-
ments, let Tr : Fon — Z/27 be the trace map, and let & be the map

5 : ]FQH X ]FQH — Z/QZ,
(a,b) — Tr(ab).

Then the triple (Fon,Z/27,6) is a skew abelian group.

Proof. The map § is a perfect pairing, because the field extension Faon /(Z/27)
is separable. Since by definition it is symmetric and the field Z/27Z has charac-
teristic 2, it is antisymmetric. Hence, the triple (Fon, Z/27Z, ) is a skew abelian
group. O

Definition 9.16 (Self-dual basis). Let n be a positive integer, let L/K be a
Galois field extension of degree n, and let Tr : L. — K be the trace map. A
basis {e; : i € Z/nZ} of the K-vector space L is a self-dual basis if for all
i,J € Z/nZ one has

nee) = {] 17

1 ifi=j.

Theorem 9.17. Let the notation be as in Lemma let G be the Galois
group of the field extension Fon /(Z/27), and let ((Z/27)|G],Z/2Z, ) be the
skew abelian group defined as in Lemmal[9.6] Suppose that n is odd. Then there
exists a (Z/2Z)|G)-module isomorphism Fon — (Z/2Z)[G] that is an isomor-
phism of skew abelian groups from (Fon,Z/27,6) to ((Z/2Z)|G),Z/2Z, ).

Proof. The field Far is a free (Z/27Z)[G]-module of rank 1. Since for each o € G
and for all a,b € Fon we have

8(a(a),o(b)) = d(a,b),

the statement of Theorem [0.17] follows from Theorem [9.10 O
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Corollary 9.18. Every finite extension of Z/2Z of odd degree has a self-dual
normal basis.

Proof. This follows from Theorem and Remark O

One may wonder which finite field extensions have a self-dual normal basis.
A complete answer was given by Lempel and Weinberger [40]. Theorem
extends their result to finite abelian extensions of arbitrary fields.

Theorem 9.19 (Bayer-Fluckiger and Lenstra [4]). Let n be a positive integer
and let L/K be an abelian field extension of degree n.

(a) If K does not have characteristic 2, then L has a self-dual normal basis
over K if and only if n is odd.

(b) If K has characteristic 2, then L has a self-dual normal basis over K if
and only if the exponent of the Galois group of L/K is not divisible by 4.

Proof. See Theorem 6.1 in [4] by Bayer-Fluckiger and Lenstra. O

9.3 Number fields unramified at two

Theorem 9.20. Let K/Q be a Galois extension of number fields unramified
at 2, let G be its Galois group, let O be the ring of integers of K, and let S
be the set of Archimedean places of K. For each prime ideal P of Ok dividing
2 denote by Try the trace map from Ok /B to Z/2Z. Let 3 be the map

B: Ok /20K x Ok /20K — {1},
(a +20k,b+20k) — H(,l)Trm(abJrsp)’
B2

with P ranging over all prime ideals of O dividing 2 and let vy be the map

v: P R*/Roo x P R*/Rsp — {*1},
v real v real

((av . R>O)v7 (bv ] R>O)v) s H (_1) u'u;(\lr:ub b'u;}\)l;u\v

v real

with v ranging over all real Archimedean places of K. Then there is a natural
(Z/2Z)[G]-module isomorphism from a product of two free (Z/27)|G]-modules
to a free (Z/27)|G]-module

Ox /20K % (EB R* /R>0> =TT (9.21)

v real
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that is an isomorphism of skew abelian groups from

(0K /20K, {#1},8) L (@ R*/R>o7{il}77>

v real
to the 2-nd unit residue group of K.

Proof. By Theorem the 2-nd unit residue group of K is isomorphic to an
orthogonal sum of skew abelian groups that are defined locally at the places
of K dividing 2 and at the real Archimedean places of K.

Firstly, we consider the skew abelian groups that are defined locally at
the places of K dividing 2. Since the group isomorphism given by Theo-
remrespects the natural actions of G on (O /40k)* /(O /40k)** and
on [T, U, /U, we get a natural (Z/2Z)[G]-module isomorphism

(0K /40K)* /(O /40K)™* = [[ U/U-
v|2

Composing this map with the (Z/2Z)[G]-module isomorphism of free
(Z/2Z)[G]-modules of rank 1 in Lemma [6.6]

Ok 20K =5 (O JA0K)* /(Ok J40K)*2,

a+ 20k — (1+2a+40k) - (O J40x)*2,

gives a (Z/27)[G])-module isomorphism of free (Z/2Z)[G]-modules of rank 1

Ok /20k = [[U./U;

v|2

This (Z/2Z)|G]-module isomorphism, the explicit description of the quadratic
norm-residue symbol in Lemma |3.106] Theorem [3.82] and Theorem for
the skew abelian groups at the real Archimedean places of K give the natural
(Z/27Z)|G]-module isomorphism of free (Z/27)[G]-modules in the statement of
Theorem [3.201 O

Remark 9.22. Let K/Q be a Galois extension of number fields unramified
at 2 and let G be its Galois group. Then the 2-nd unit residue group of K is a
free (Z/27Z)|G]-module of rank either 1 or 2 according as the extension K/Q
is complex or real.

Remark 9.23. Let the notation be as in Theorem Then for each 0 € G
and for all a,b € Ok /20K one has

Blo(a),a(b)) = B(a,b)
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Chapter 9. Cyclic number fields

and for each o € G and for all a,b € @ R*/R<¢ one has

v real

(o(a),0(b)) = (a,b).

Lemma 9.24. Let K/Q be an abelian extension of number fields of odd degree.
Then K/Q is unramified both at 2 and at infinity.

Proof. Let Q2 be the field of 2-adic rationals. Since all subgroups of Q3 of odd
index contain the group of units of the ring of integers of 2, local class field
theory implies that abelian extensions of Qo of odd degree are unramified.
Hence, the extension K/Q is unramified at 2.

Similarly, since R<q is the only subgroup of finite index of R* and has
index 2, all Archimedean places of K are real. Hence, the extension K/Q is
unramified at infinity. O

Theorem 9.25. Let K/Q be an abelian extension of number fields of odd
degree, let G be its Galois group, let e be the exponent of G, let Ok be the ring
of integers of K, and let So, be the set of Archimedean places of K. Suppose
that the residue class of —1 in (Z/eZ)* is contained in the subgroup generated
by the residue class of 2. Let the triples

(P Ok /RO, {£1},8)  and (P R*/Rso,{£1},7)

B2 vES

be the skew abelian groups defined as in Theorem[9.20] Then the preimage of the
2-nd virtual group of K under the natural (Z/27)[G]-module isomorphism
is the graph of a (Z/27)|G]-module isomorphism of free (Z/2Z)[G]-modules of
rank 1

Ok /20 = @ R* /R

VES

that is an isomorphism of skew abelian groups

(P Ok /BOK. {£1}.8) = (P R /Ro0, {£1},7).

B2 VE S

Proof. By Lemma the extension K/Q is unramified at 2 and S., contains
only real places. By Lemmathe (Z/27)|G]-module Ok /20 is free of rank
1. Its image under the (Z/2Z)[G)-module isomorphism is the product of
the local components of the 2-nd unit residue group of K at the places dividing
2.

Let S be the set of places of K and let w5 be the canonical projection

m: [[U/Us - [[U/U

veS v|2
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of the 2-nd unit residue group of K on the product of its local components at
the places of K dividing 2. Similarly, let 7, be the canonical projection of the
2-nd unit residue group of K on the product of its local components at the
Archimedean places. Let V' be the 2-nd virtual group of K.

Since V is a self-annihilating subgroup of the 2-nd unit residue group of K,
the preimage of ker mo NV under the isomorphism [9.21] gives a self-annihilating
submodule of the skew abelian group (B, Ox/POk, {£1}, 5). By Theo-
rem this skew abelian group is isomorphic to the skew abelian group
((Z)2Z)|G),Z/2Z, &) defined as in Lemma Lemma implies that the
preimage of ker mo NV under the isomorphism [9.21]is trivial. By Theorem [5.17]
the cardinality of V equals 2/¢| and therefore my gives a (Z/27Z)[G]-module
isomorphism

v S [v./us

v|2

Analogously, it follows that the canonical projection of the 2-nd unit residue
group of K on the product of its local components at the Archimedean places
maps V isomorphically to this product. Hence V is a submodule of a product
of two modules that maps bijectively both to the first factor and to the second
factor. The statement of Theorem follows. O

9.4 Cubic and quintic number fields

Definition 9.26 (Permutation module). Let F be a field and let G be a finite
group. A permutation module over F[G| is an F[G]-module that has an F-basis
permuted by G.

Theorem 9.27. Let p be either 3 or 5, let K/Q be a cyclic number field
extension of degree p, let G be its Galois group, let Ok be the ring of integers
of K, and let Sy, be the set of Archimedean places of K. Suppose that the
rational prime 2 splits completely in the ring of integers of K and let S5 be the
set of prime ideals of Ok dividing 2. Then the preimage of the 2-nd virtual
group of K under the natural (Z/27)[G]-module isomorphism is the graph
of an isomorphism

P ox/BOx = P R* /R0

PES2 VES o
of permutation modules over (Z/2Z)|G) that maps the Z/2Z-basis given by the

nontrivial elements in the groups {Ox/PBOk : P € Sa} to the Z/27Z-basis
given by the nontrivial elements in the groups {(R*/Rx¢)y : v € S}
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Chapter 9. Cyclic number fields

Proof. Let the triples

(P Ok /BOK, {+1},8) and (D R*/Ruo, {£1},7)

B2 v real

be the skew abelian groups defined as in Theorem [9.20] By Theorem [0.25] the
preimage of the 2-nd virtual group of K under the natural (Z/2Z)[G]-module
isomorphism is the graph of a (Z/2Z)|G]-module isomorphism of free
(Z/27)|G]-modules of rank 1

P ox/BOx = @ R*/Rx (9.28)

PES2 v real

that is an isomorphism of skew abelian groups

(@ Ok /POk, {£1},8) = ( @ R*/Rso, {£1},7).

P2 v real

By Theorem [9.10] each of these two skew abelian groups is isomorphic to
the skew abelian group ((Z/2Z)|G),Z/27Z,«) defined as in Lemma Corol-
lary [0.14)implies that the (Z/2Z)[G]-module isomorphism [9.28| maps the Z/2Z-
basis given by the nontrivial elements in the groups {Ox/POk : P € Sa}
to the Z/2Z-basis given by the nontrivial elements in the groups
{(R*/Rs0)y : v € S }- O

Lemma 9.29. Let Fos be a finite field of 8 elements. Then the set of roots in
Fos of the polynomial X3 + X2 + 1 is the unique self-dual normal basis of Fas
over /2.

Proof. Let by, b, and by be the roots in Fos of the polynomial X3 + X2 + 1
and let 4,5 € {1,2,3}. If we have i # j, we get Tr(b;b;) = 0, because Tr(b;b;)
equals the first degree coefficient of the polynomial X34 X2 +1. Otherwise, we
have Tr(b;b;) = 1. Indeed, since the field Fos has characteristic 2, the second
degree coefficient of the polynomial X3 + X2 + 1 equals Tr(b;) and we have
Tr(b?) = Tr(b;)%. Hence, the set {by,bs, b3} is a self-dual normal basis of Fos
over Z/27.

Corollary and Theorem [9.17] imply that there is a unique self-dual
normal basis of Fgs over Z/27Z. O

Theorem 9.30. Let K/Q be a cyclic extension of number fields of degree 3,
let G be its Galois group, let Ok be the ring of integers of K, and let So, be the
set of Archimedean places of K. Suppose that the rational prime 2 is inert in
Ok and let So = {x € O /20 : 23 + 22 + 1 = 0}. Then the preimage of the
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9.4. Cubic and quintic number fields

2-nd virtual group of K under the natural (Z/27)[G]-module isomorphism
is the graph of an isomorphism

P z/2z)-z = P R*/Rog

x€Ss VESo

of permutation modules over (Z/2Z)|G] that maps the Z/2Z-basis S
to the Z/2Z-basis given by the nontrivial elements in the groups

{(R*/Rs0)y : v € S }-
Proof. Let the triples

(D 2/22) -z, {+1},5) and (D R*/Rso, {£1},7)

€Sy v real

be the skew abelian groups defined as in Theorem By Theorem the
preimage of the 2-nd virtual group of K under the natural (Z/2Z)[G]-module
isomorphism is the graph of a (Z/2Z)[G]-module isomorphism of free
(Z/2Z)]|G]-modules of rank 1

P z/2z) -2 = P R* /R (9.31)

TE€Sa v real

that is an isomorphism of skew abelian groups

(D 2/22) -z, {£1},8) = (P R*/Rso, {£1},7).

€Sy v real

By Theorem each of these two skew abelian groups is isomorphic
by a (Z/2Z)[G]-module isomorphism to the skew abelian group
((Z)2Z)|G),Z/2Z, ) defined as in Lemma Corollary implies that
the (Z/2Z)[G)-module isomorphism maps the Z/2Z-basis S to the Z/2Z-
basis given by the nontrivial elements in the groups {(R*/Rs¢)y : v € Seo}. O

Lemma 9.32. Let Fos be a finite field of 32 elements. Then the set of roots
in Fas of the polynomial X° 4+ X* 4+ X2 4+ X + 1 is the unique self-dual normal
basis of Fos over Z/27.

Proof. Let f(X) = X5+ X*+ X2+ X +1,let b be a root in Fys of f(X), and
let Tr : Fos — Z/2Z be the trace map of the Galois extension Fos /(Z/2Z). We
get Tr(b?) = 1, because we have Tr(b?) = Tr(b)? and Tr(b) equals the fourth
degree coefficient of f(X). The trace of the product of two different Galois
conjugates of b equals either Tr(b3) or Tr(b®) and the third degree coefficient
of f(X), which is zero, equals Tr(b3) + Tr(b°). Hence, to prove that the set
{b, %, b, b, b0} is a self-dual normal basis of Fys over Z/2Z, it suffices to show
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Chapter 9. Cyclic number fields

the equality Tr(b°) = 0. Since b? and b* are Galois conjugates, they have the
same trace. From the equality b° = b*+ b2 +b+1 we get Tr(b°) = Tr(b) + Tr(1)
and therefore Tr(b®) = 0.

Corollary [9.14] and Theorem [0.17] imply that there is a unique self-dual
normal basis of Fas over Z/27Z. O

Theorem 9.33. Let K/Q be a cyclic extension of number fields of degree 5,
let G be its Galois group, let O be the ring of integers of K, and let Sy be
the set of Archimedean places of K. Suppose that the rational prime 2 is inert
m Ok and let

Sy ={r € Og/20k : 2° + 2 + 2> + x +1=0}.

Then the preimage of the 2-nd virtual group of K under the natural (Z/2Z)[G]-
module isomorphism is the graph of an isomorphism

P z/2z)-2 = P R*/Rog

€S2 VESo

of permutation modules over (Z/2Z)|G] that maps the Z/2Z-basis S
to the Z/2Z-basis given by the mnontrivial elements in the groups

{(R*/Rx0)y : v € S }-
Proof. Let the triples

(D z/2z) - x,{£1},8) and (€D R*/Rso, {£1},7)

TESy v real

be the skew abelian groups defined as in Theorem [9.20] By Theorem the
preimage of the 2-nd virtual group of K under the natural (Z/2Z)[G]-module
isomorphism is the graph of a (Z/2Z)|G]-module isomorphism of free
(Z/2Z)]|G]-modules of rank 1

P z/2z)- 2 = P R* /R (9.34)

r€Ss v real

that is an isomorphism of skew abelian groups

(D 2/22) -z, {1}, 8) = (P R*/Rso, {£1},7).

€Sy v real

By Theorem [9.10] each of these two skew abelian groups is isomorphic
by a (Z/2Z)[G]-module isomorphism to the skew abelian group
((Z)22)|G),Z/2Z, ) defined as in Lemma Corollary implies that
the (Z/2Z)[G]-module isomorphism [9.34] maps the Z/2Z-basis S5 to the Z/2Z-
basis given by the nontrivial elements in the groups {(R*/R<¢), : v € Soo}. O
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cHAPTER 10

A large norm group

10.1 Main results

Let p be a prime number and let F' be a finite extension of the field Q, of p-
adic rationals. Let 8 be the maximal ideal of the ring of integers of F' and let
UM be the group UM = 1 + 9B, which is often called “first higher unit group’
or ‘group of principal units’ of the ring of integers of F. Theorem [3.37| and
Theorem imply that UM is an abelian pro-p-group, a group isomorphic
to the inverse limit of an inverse system of discrete finite abelian p-groups.
Since the quotient rings of Z of p-power order are naturally isomorphic to
quotients of the ring Z,, of p-adic integers, the natural action of Z on abelian
groups induces a continuous action of Z, on pro-p-groups. Thus, this action
makes abelian pro-p-groups into Z,-modules. In Theorem for each prime
element 7 of I we define the sub-Z,-module H, of U(!), which is the subject of
study in this chapter. The main results are Theorem [10.1| and Theorem [10.2

Theorem 10.1. Let p be a prime number and let F' be a finite extension of
the field Q, of p-adic rationals. Let q be the cardinality of the residue field of
F and let p1g—1 be the group of g — 1-th roots of unity in F. Let UD be the
first higher unit group of the ring of integers of F' and for each prime element
w of F' let H; be its subgroup

Hﬂ' = H (1 - C’/Ti)zpa
i€Z>0\PZ
CEpg—1
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Chapter 10. A large norm group

where Zy, is the ring of p-adic integers. Then for each prime element m of F' the
quotient group U(l)/H7T is cyclic of order p™, where n is the maximal integer
such that F contains a primitive p"-th root of unity.

Proof. See Section O

The case n = 0 of Theorem [I0.1] is not very intriguing and follows from the
equality U") = H,., which is an easy consequence of Lemma Much more
interesting is the result for n > 0. In this case the p™-th power norm-residue
symbol of F plays the dual role of both motivating the theorem and helping to
prove it. In particular, the motivation comes from algorithms for computing
the p”-th power norm-residue symbol.

Let m be a positive integer. In [I3] Daberkow proposed an algorithm for

computing the m-th power norm-residue symbol in a local field F' containing a
primitive m~th root of unity. Note that by Remark it is sufficient to deal
with the case when m is a prime power. If the characteristic of the residue
field of F' does not divide m, then there is short formula for computing the
symbol. Using Theorem [3.76] we assume m = p™, where p is the characteristic
of the residue field of F' and n is the maximal integer such that F' contains
a primitive p™-th root of unity. The computation is difficult when the local
field F' is a finite extension of the field Q, of p-adic rationals and n is positive.
In this case one shows easily the inclusion H, C 7t [Lemma , where 7
is a prime element of F and 7' is the annihilator in F* of m with respect
to the p"-th power norm-residue symbol, and the equality UM = 6% . H,
[Lemma [10.11], where ¢ is a distinguished unit of F [Definition [10.8]. The
main idea of Daberkow’s algorithm and similar algorithms by Bouw [7] is to
compute a distinguished unit § of F' and a prime element 7 of F' in advance
and for given «, 8 € F* write the symbol (o, ) as a power of the symbol
(m,0). In particular, the core part of Daberkow’s algorithm expresses every
norm-residue symbol of the form (m,u) with u € UM as a power of (m,d) by
first using Lemma in order to write an equality v = §* - h with k € Z,
and h € H,, and next using Lemmamm get (m,u) = (m,6)". Note that for
the purpose of the algorithm it is enough to compute the value of &k modulo
p".
It is remarkable that the method just sketched works already before knowing
the value of n. Of course it is needed that n is positive, because otherwise there
is no distinguished unit of F', but (b) of Lemma shows that it is easy to
test this condition. Thus, it is natural to ask whether the number k£ has any
significance independently of n and of the norm-residue symbol. Theorem [10.1
shows that the answer is negative: the value of k in the equality v = 6 - h is
really only well-defined modulo p™ and since by Lemma [I10.10] the p"-th power
norm-residue symbol (7, d) has order p™ the integer k carries exactly the same
information as the value of (m,u).
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10.2. Auxiliary results

Theorem clarifies the role of the norm-residue symbol.

Theorem 10.2. Let the notation be as in Theorem[IQ.1l Let n be the mazimal
integer such that F' contains a primitive p"-th root of unity, let p,n be the group
of p"-th roots of unity in F', and let (-,-) : F* x F* — p,n be the p"-th power
norm-residue symbol of F. Then for each prime element w of F' the map

vt - Hpn
u > (m,u)
induces a group isomorphism
UD/Hy =5 i
Proof. See Section [10.3 O

Using Theorem the inclusion H, C 7' in Lemma can be made more
precise as stated in Corollary

Corollary 10.3. Let the notation be as in Theorem[10.2} Then for each prime
element m of F one has the equality

H,=7*nuW,

where w1 is the annihilator in F* of m with respect to the p"-th power norm-

residue symbol of F.

Proof. This follows from Theorem [10.2 O

10.2 Auxiliary results

Lemma 10.4. Let the notation be as in Theorem [10.2. Then for each prime
element m of F one has the inclusion

1
H,Cn,

where ™t is the annihilator in F* of m with respect to the p"~th power norm-
residue symbol of F'.

Proof. Let m be a prime element of F. Let ¢ € Zs¢ \ pZ and { € pg—1. We

have
qg—1

1=(1,1-¢nr') = (¢ 1-¢n') = (¢, 1—¢n')
We get (¢, 1 — Cwi) =1, because ¢ — 1 and p are coprime integers. By Theo-
rem for all ¢ € F*\ {1} we have (¢,1 — ¢) = 1. Hence, we obtain

1= (C’]Ti,]. — Cﬂ'l) = ((, 1-— Cﬂ’) (7Ti, 1-— C’]TZ) = (7r,1 — Cﬂi)i.
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Chapter 10. A large norm group

Since i and p are coprime integers, we get (7r, 1-— (wi) = 1. Now the result
follows by continuity of the p™-th power norm-residue symbol. O

For a different proof of Lemma see Remark [10.12

Theorem 10.5 (Schinzel’s theorem [62]). Let K be a field, let | be a positive
integer not divisible by the characteristic of K, and let w be the number of [-th
roots of unity in K. Then, for a € K, the Galois group of X! — a over K is
abelian if and only if there exists b € K with a® = b'.

Proof. For an elegant proof see [67] by Stevenhagen. O

Lemma 10.6. Let p be a prime number and let F' be a finite extension of the
field Q,, of p-adic rationals. Let ™ be a prime element of F' and let n be the
mazximal integer such that F' contains a primitive p"-th root of unity. Then the
largest abelian extension of F contained in F(*""\/r) is F(/7)/F.

Proof. By Kummer theory the field extension F'(*y/7)/F is abelian. We only

need to show that the extension F(*"*y/7)/F is not abelian, because its ex-

tension degree [F(»"*y/7) : F(*y/7)] equals the prime number p. Since we have
n n+1 . . n+1

7P ¢ F*P" by Schinzel’s theorem [Theorem \ the extension F(*""\/7)/F

is not abelian. O

Lemma 10.7. Let p be a prime number, let F' be a finite extension of the field
Qp of p-adic rationals, and let e be the normalized valuation on F of p. For
each i € Zsq let U be the i-th higher unit group of the ring of integers of
F and let o(i) = min{pi,i + e}. Then for each i € Zsq the p-th power map
F* — F*, a— aP, induces a group homomorphism

U@yt o gle@) /yle@+1)

with the following properties.

(a) Fori#e/(p—1) it is a group isomorphism.

(b) Fori = e/(p— 1) it either has kernel and cokernel of order p or is a
group isomorphism, according as F does or does not contain a primitive p-th
root of unity.

Proof. See Lemma A.4 of Appendix in [48] by Milnor. O

Definition 10.8 (Distinguished unit). Let p be a prime number and let F
be a finite extension of the field Q, of p-adic rationals containing a primitive
p-th root of unity. Let e be the normalized valuation on F of p and for each
i € Zwo let U® be the i-th higher unit group of the ring of integers of F. A
distinguished unit of F is an element § € U®¢/(P=1) guch that its residue class
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in U(pe/(pfl))/U((pe/(pfl))“) generates the cokernel of the p-th power group
homomorphism

ple/e=1) jy(le/(e=1)+1) _y gylpe/(p=1)) jyy((pe/(p=1)+1)

- Ule/e=10)+1) oo r7((pe/(p=1))+1)

Remark 10.9. Since each of the elements 1+cA\P € F* in of Theoremm
and o™ € F* in Lemma is not in F*P, Lemma implies that each of
them is a distinguished unit of F'.

Lemma 10.10. Let p be a prime number, let F be a finite extension of the
field Q, of p-adic rationals containing a primitive p-th root of unity, let J be a
distinguished unit of F', and let n be the maximal integer such that F' contains
a primitive p™-th root of unity. Then the extension F({/9)/F is an unramified
extension of degree p and the p"-th power norm-residue symbol (w,d) has order
p".

Proof. Since we have the equality F** " UM = U (MW which follows from
Theorem [3.37, Lemma [I0.7] implies the equality

Frp quter/(e=1) — (yle/(e=1)yp,
By definition of distinguished unit we get 6 ¢ F*P. Hence, the extension
F({/5)/F has degree p. Theorem shows that it is unramified. By (EI)
in Theorem the p-th power norm-residue symbol (7,9) 5 , has order p.

The statement about the p™-th power norm-residue symbol follows from The-
orem [3.76l O

Lemma 10.11. Let the notation be as in Theorem [I0.2] Then one has for
n =0 the equality
UM = H,

and for n > 0 the equality
UMD =% . H,,

where § is a distinguished unit of F'.
Proof. Let e be the normalized valuation on F' of p, define the set I to be
I={i€Z-o\pZ:i<pel/(lp—1)},

and define the sub-Z,-module I of H, to be

L= ] @—¢ah).
el
CEpg—1
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We claim that the Z,-module I, is a closed subgroup of U (1), By definition
it is finitely generated and therefore is the continuous image of a product of
finitely many copies of Z,, which is compact. Since the continuous image of
a compact space is compact and a compact subspace of a Hausdorff space is
closed, the claim follows.

Define the quotient group U to be

_ UM /I, if n =0,
\UW/%e 1) ifno> 0.

Since I is contained in H,, it will suffice to show that U is the trivial
group. For each i € Z<g let U™ be the image of U® in U under the quo-
tient map UM — U. By definition of I, for each i € I we have the equal-
ity U@ . I, = UG+ . I and therefore for each i € I the quotient group
U(i)/ﬁ(”l) is trivial. Since for n > 0 the image of ¢ in U is the identity
element, Lemma [10.7] implies that for each i € Z~(y the p-th power map in-
duces a surjective group homomorphism
(‘](i)/U(H-l) - U(g(i))/(j(@(i)ﬂ)’
where o(i) is defined as in Lemma and by induction on 4 it follows that
for each i € Zs( the quotient group U(i)/U(”l) is trivial. Hence, for each
i € Zso we have the equality U) = U@, Tt is well-known [Section 1 of
Chapter ITI in [50] by Neukirch] that the topological group U™ is isomorphic
to the projective limit
y&l U /U(i)_
i€Z>0
Since U is a quotient group of UM by a closed subgroup, by Corollary 3 in
Section 1.4 of Chapter V in [9] by Cassels and Frohlich it is isomorphic to
a projective limit of an inverse system of finite groups and we get a group
isomorphism 0
U= lim W /oW,
iéZo /
that is, the group U is isomorphic to a projective limit of an inverse system of
trivial groups. Hence, it is the trivial group. O

10.3 Proofs of the main results

Proof of Theorem [10.2] Let 7 be a prime element of F'. By Lemma the
map
©:UY/Hy — ppn,
a-Hy— (Wa a) ,
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is a well-defined group homomorphism. The surjectivity of ¢ is clear for n = 0
and follows from Lemma[I0.10|for n > 1. Now we need to prove the injectivity
of . Since pipn is a finite group of order p™, it will suffice to show that U(l)/H,r
has order p".

For n = 0 the injectivity of ¢ follows from the equality U = H, in
Lemma Thus, for the rest of the proof we assume n > 1. Let § be a
distinguished unit of F'. By Lemmawe have the equality UV = §% . H .
Hence, the map

Z, - UWY/H,,
m— 0™ - Hy,

is a surjective group homomorphism. Its kernel is contained in p"Z,, because
composing this map with ¢ gives a surjective group homomorphism Z,, — fipn.
We need to prove that its kernel equals p"Z,.

Define the fields F and L to be E = F(*""\/r) and L = F(*\/7). The
extensions E/F and L/F are totally ramified extensions of degrees p"*! and
p", respectively. Let mp = »""\/m and 7w = *\/7. They are prime elements of
FE and L, respectively. Let Hg be the group

Hg= J[ (—¢rp)™
1€Z>0\pZ
CEpg—1

and similarly let Hy, be the group

Hp = H (1= ¢mh)er.
1€Z~0\pZ
CEpg—1

Since the extension F(¥/§)/F is unramified, it is linearly disjoint from E/F
and from L/F. Hence, we have both 6 ¢ E*P and ¢ ¢ L*’. The straightforward
computations of the normalized valuations on F and on L of § — 1 shows that
0 is a distinguished unit both of E and of L. Hence, the same argument used
for the local field F' gives the equalities

U =6% . Hg and UV =% . Hp,

where U J(El) and U S) are the first higher unit groups of the rings of integers of
E and of L, respectively.
Let Np,p : L — F be the norm map from L to F, let ¢ € p41, let

i € Zwo \ pZ, and let f(X) = XP" — ¢P" 7. Then we have
Nprp(l—¢rl)=f(1)=1-¢"" 7' € H,.
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Since the p"-th power map pg—1 — fg—1, ¢ — ¢P" | is a group isomorphism, we
get N p Hp, = Hy. Similarly, we get Ng,p Hp = Hy, where Ng/p : E — F
is the norm map from E to F. The equalities

n+1Zp

Ng/r U](gl) =47 H, and Npp Ug) =" . [

follow. Since by Lemma the extension L/F is the largest abelian extension
of F' contained in F, Corollary gives the equality

n41 n
P I g =8P . H,.

Hence, we can write 6?" = 67" ™ . h with m € Z, and h € H,. We get

op"(l=pm) ¢ [T From 1 — pm € Z; we deduce 6°" € H,. O

Remark 10.12. As a consequence of the equality Ny, p H;, = H, shown in
the proof of Theorem we obtain another proof of Lemma as follows.
This equality implies that the group H, consists of norms from L = F(*\/7)
to F. Using Lemma [3.72 and the antisymmetry of the norm-residue symbol
we get the inclusion H; C 7 in Lemma

Proof of Theorem [10.1] This follows from Theorem [10.2 O
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cHAPTER 11

Quadratic characters

11.1 Main result

The Dedekind zeta function of a number field K is generally denoted by (g (s).
Let Lg : K*/K** — Mer(C) be the function from the group K*/K*? to the
set of meromorphic functions Mer(C) from C to P*(C) defined by

LK(aK*Q)(S) = {gﬁg)@)/CK(S) iiz i giz,

Our main result is the following theorem.

Theorem 11.1. Let K and K’ be number fields. Then the natural map from
the set of field isomorphisms K — K' to the set of group isomorphisms
f:K*/K** — K’*/K’*2 with the property that Ly o8 = Lk is bijective.

Proof. See Section [11.5 O

Theorem implies the following known result, which is also a corollary of
Theorem [T1.3] by Pintonello.

Corollary 11.2. Let K and K’ be number fields. If there exists a group iso-
morphism 3 : K*/K** — K’*/K’*2 with the property that Ly of = Ly, then
K and K' are isomorphic.

Proof. This follows from Theorem [11.1 O
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11.2 Introduction

Given a number field K, we denote its absolute Galois group by Gx. Endowed
with the Krull topology, the group Gy is a topological group. We will write
X(K) for the group Homeont(Gx, {£1}) of continuous homomorphisms from
Gk to the group {£1}, which are also called quadratic characters of K.

It is more common to define an L-series for each element of the group X(K)
of quadratic characters of K rather than of the group K*/K *2_ This is not
really different from what we do here, because, by Kummer theory, there is a
group isomorphism

K*/K** =5 X(K),
aK*? — (0= o(/a)/a).

This isomorphism provides a natural way of defining L-series on the group of
quadratic characters as soon as they are defined on K*/K*2. In our case this
agrees with the usual definition.

For every number field one can consider certain topological objects, such
as adele rings and absolute Galois groups, and certain analytic objects, such
as Dedekind zeta functions or, more generally, L-series. It is natural to ask
how much information is contained in these objects. For instance, does the
Dedekind zeta function of a number field determine the number field up to
isomorphism? In 1926 Gafimann showed that there exist non-isomorphic num-
ber fields with the same Dedekind zeta function [19]. Not even an isomorphism
(as topological rings) of the adele rings of two number fields implies that the
number fields are isomorphic [30], nor an isomorphism (as topological groups)
of the Galois groups of their maximal abelian extensions [52].

In 1976 Uchida proved that the existence of an isomorphism of the absolute
Galois groups of two number fields is a sufficient condition for the two number
fields to be isomorphic [71]. Another positive result has been recently found by
Cornelissen and Marcolli [12], using the map L : Homeont (Gx, C*) — Mer(C)
that sends a character to its L-series; so the restriction Lk |x(x) of Lx is
the same as Ly. They have proved that if there is a group isomorphism
B : Homeont (Gr, C*) = Homeont (G, C*) between the groups of abelian char-
acters of two absolute Galois groups of two number fields K and K’ with the
property that L o 8 = Lk, then the two number fields are isomorphic. In
the same article de Smit proved that given a number field K for every integer
k > 3 there is a abelian character x € Homeont(Gx, C*) of order k such that
every number field K’ for which there is a character x' € Homeont (Ggr, C*)
with Lx(x") = Lx(x) is isomorphic to K. For k = 2 there is the following
theorem by Pintonello.

Theorem 11.3 (Pintonello [54]). Let K be a number field. Then there are
two characters x1,x2 € X(K) such that every number field K’ for which
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L-series

there are two characters xi,xh € X(K') with Lx/(x}) = Lx(x1) and
L (x5) = Lk (x2) is isomorphic to K.

Given a field isomorphism o : K — K’, there is a natural associated group
isomorphism g : X(K) — X(K"’). Are all bijective maps 3 with Lx: 0 8 = Lk
that are also group isomorphisms obtained in this way? The affirmative answer

is Theorem Each of Theorem by Pintonello and Theorem implies
and generalizes the result by Cornelissen and Marcolli.

11.3 L-series

In this section we recall some definitions and results about L-series. We refer
the reader to Chapters VIII and XI in the book [3I] by Lang for more details
and proofs.

Let K be a number field. We will give a formula for the function Lg from
the group K*/K*? to the set of meromorphic functions Mer(C) from C to
P(C).

Let B be a finite prime of K above a rational prime p and let f(/p) be
the inertia degree of ‘B over p. We denote the completion of K at P by Ky
and the ring of integers of Kz by Ogp. We define a function ep from K%/K%Q

to the set of integers {—1,1,0} by setting for every aK%2 in K%/Kg‘pz

—1 if Kg(y/a)/ Ky is an unramified extension of degree 2,
ep (aK;f) =<1 if Kp(y/a)/Kgy is the trivial extension,
0 if Kp(/a)/Kgp is ramified.

Note that if p is odd we have qu(aK%Q) = 0 if and only if 2 { ordg(a) or,
equivalently, if and only if aKS}2 ¢ Oy/ (’);5327 where we consider Og/ (’)?4‘32 as
a subgroup of K%/K;f.
Let A : K{;/KS}Q — CI[T] be the map from K%/K;f to the polynomial
ring over C in one variable T' given by
Ap(aKy?) =1 — eqp(ak§?) T/ /),
For every aK%2 € Ky / K&}Q we define the meromorphic function

1
(k) (pe)’
It will be the Euler factor at 3 of the L-function of every element of K*/K *2

mapping to aK:qg2 under the homomorphism K*/K*2 — K;fi;/Kf}}2 induced by
the natural inclusion K < K.

Loy (aF37)(s) s € C.
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For every aK*? € K* /K *2 we get its L-function as an Euler product

L (aK*?)(s Hng aKy %)(s), seC,
B

where the product ranges over all finite primes of K. This product converges
absolutely and uniformly for Re(s) > 14§ with 6 > 0, therefore it is an analytic
function in s. It can also be proved that it admits an analytic continuation to
a meromorphic function on C. A proof can be found in Tate’s thesis, which is
Chapter XV in [9].

It is sometimes useful to group together prime ideals above the same rational
prime p. Therefore, we define the map \, : K*/K**> — C[T] by

(aK*?) =[] Mp(aKy
Blp

Then, for every aK*? € K*/K*? we have

Li(ak™*)(s) = ][ )x,,(thlQ)(p)

The p-th factor on the right-hand side is called the Euler p-factor. Note that
the order of vanishing at 1 of )\p(aK*Q) is equal to the number of primes B
above p for which a is a square in Ky and that the degree of )\p(aK*Q) is
equal to the sum of the inertia degrees f(3/p) of the primes P for which
Ky (Va)/Kgyp is unramified.

Lemma 11.4. Let K be a number field and let 5 be an automorphism of the
group K*/K*Q, Then L o8 = Lk if and only if for all rational primes p and
for all a € K* one has \p(B(aK*?)) = \p(aK*?).

Proof. Fix an element a in K*. Since two L-functions are equal if and only if
they have the same Euler p-factors, we have L (8(aK*?)) = Lg (aK*?) if and
only if \,(B(aK*?)) = A\,(aK*?) for all rational primes p. By considering all
a in K* we conclude the proof. O

11.4 Lemmas
In the proof of Theorem we will use many lemmas. Some of them may
be interesting in themselves and are presented in this section. The first one is

an easy case of a theorem in coding theory. Here we do not state the general
theorem and we refer to [43] and [78] for more information.
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Lemma 11.5. Let V be a finite-dimensional Fy-vector space of positive di-
mension n, let {e1,...,e,} be a basis of V, and let w be the Hamming weight,
i.e. the function from V to Z>o that maps each vector of V' to the number of its
nonzero components in the basis {e1,...,en}. Then the natural map from the
group of permutations of the basis {e1,...,e,} to the group of automorphisms
of V' respecting the Hamming weight is a bijection.

Proof. Since the elements of the basis {e1,...,e,} are exactly all vectors of
Hamming weight equal to 1, every automorphism of V' respecting the Hamming
weight has to permute this basis. On the other hand, it is immediately clear
from the definition of the Hamming weight that every permutation of the
basis {e1,...,e,} induces an automorphism of V respecting the Hamming
weight. O

Lemma 11.6. Let K be a number field and let A be a finite index subgroup
of K*/K*Q. Then for all but finitely many rational primes p the natural map

A= [ E5/K37
PBlp

where P ranges over all primes of K above p, is surjective.

Proof. Let S be a finite set of rational primes such that for every prime p € S
the group homomorphism

A= [ Ky /E3®
Blp

is not surjective. Since by the weak approximation theorem the group homo-
morphism

* *2 * * 2
bg: K*|K ﬁHHKm/Kg43
pES P|p

is surjective, it induces a surjective group homomorphism

(/1) A= | T T Ea/KR® | fes(A).

peS Plp

By construction the cardinality of the group on the right is at least 2#5.
The surjectivity of the group homomorphism gives an upper bound on the
cardinality of S, namely #S < log,[K*/K*? : A]. The statement of the lemma
follows easily. O
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Lemma 11.7. Let K be a number field, let p be a rational prime, and let 5 be
an automorphism of the group K*/K*2 with the property that Lk of = L.
Then there exists a unique automorphism B, of H‘ﬁlp K%/K%Q such that the
diagram
* %2 * * 2
K*/K > o K/ K5y

5| |
* %2 * * 2
K*/K > o K/ K5y
commautes.
Proof. By the weak approximation theorem for every rational prime p the
natural map
* *2 * * 2
K* /K™ — [ Ky /K3
Blp

is surjective. Elements of the kernel of this map are characterized by the fact
that the function A, maps them to polynomials divisible by H‘B\ p(l —T). Since
by Lemma [TT.4] these polynomials are preserved by 3, a unique automorphism
Bp is induced on the group H‘B\ v K% / K%Q and it makes the diagram commute.

O

Definition 11.8 (Local quadratic symbol and quadratic symbol). Let O be
the ring of integers of a number field K and let 8 be a nonzero prime ideal
of O not dividing 2. Let Kg be the completion of K at B and let Oy be the

ring of integers of Ksyz. The local quadratic symbol (T) is the unique group

isomorphism

(‘l‘) L 0% /0% =5 {£1}.

For every a € K* in the inverse image of (’);3/(’)5‘32 under the map

K* — K&}/K&}z, the quadratic symbol (%) is defined by composing the
map K* — K%/K%Q with the local quadratic symbol.

Remark 11.9. In particular, the local quadratic symbol is defined for all
elements of K with even valuation at ‘.

Remark 11.10. Definition of the quadratic symbol extends the following
commoner one: for every a € K* with ordy (a) = 0, the quadratic symbol (%)
is defined by

B

a\ J—1ifaisnot asquare in O/,
| +1if a is a square in O /.
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Lemma 11.11. Let K be a number field, let p be an odd rational prime,
and let B be an automorphism of the group K*/K*2 with the property that
Lk o = Lg. Then the induced automorphism 3, of pr K%/K%Q permutes

the set of subgroups {0‘3‘3/(9%2 B | pt

Proof. For all odd rational primes the elements of the subgroup H(m » O% / (’)5‘82
of [ Jypyp K/ K%Q are characterized by the fact that the function A, maps them
to polynomials of maximal possible degree, that is, of degree Z‘Blp F(B/p).
Hence, the group H‘ﬁlp Ox/ (’),}32 is invariant under 3,. Since for each prime
B above p the group Oy /(’);}‘32 has only two elements, we can think of the
subgroup [[g,, (’)‘*13/05‘32 of [, K%/K%Q as a vector space over Fy with a
basis given by the nontrivial elements in the groups {Og/ (95’1‘32 ;B | p}. The
Hamming weight is also given by the difference between the number of primes
B above p and the order of vanishing at 1 of the polynomials obtained by the
function \,. Thus, the automorphism [ respects the Hamming weight and by

Lemma it permutes the basis, i.e., it acts on the group H‘Xo’\p 033/0;32 as
a permutation of the set of primes above p. O

Remark 11.12. By Lemma [II.11] the automorphism 3 acts on the set of
primes above an odd rational prime p. We denote by B() the image of a
prime P above p under this action. Hence, for all elements a € K* with even
valuation at all primes above p we have

() - Giw)
RY B(B)
Lemma 11.13. Let 8 be an automorphism of the group K"‘/K*2 of a number

field K with the property that L o8 = Lx and let A be a finite index subgroup
of K*/K**. If B is the identity on A, then it is the identity on K*/K*2.

Proof. Lemma, states that for all but finitely many rational primes p the
natural map
bp: A — HK%/K%Q
Blp

is surjective. In this case, by Lemma we know that the automorphism ﬁg
induced by 8 on the latter group is trivial and therefore for every a in K*/K*
the element a/f(a) is in the kernel of ¢,. Since this is true for all but finitely
many rational primes p, by a corollary of the global cyclic norm index result
in Section 5 of Chapter IX in [31] the quotient a/B(a) is a square in K*/K*2.
Thus 8 is the identity on K*/K*?. O

189



Chapter 11. Quadratic characters

Lemma 11.14. Let R be a ring, let G be a finite group, and let M be a
nonzero free R|G]-module. Let H be a subgroup of G, let M* be the subgroup
of H-invariants of M, that is, the subgroup {m € M :Vh € H : hm = m},
and let o be an element of G. Then one has o(M™) = MH if and only if
H=0Ho™ .

Proof. Firstly, suppose we have a subgroup J of G such that M C M”. We
want to prove the inclusion J C H. Let 7 be an element of J and observe the
chain of inclusions

(r=1D)O_ WM C (r-1)M" C (r-1)M’ = {0}.
heH

Since any nonzero free module over any ring is faithful, the element
(1 =1)(>_pen h) of RG] is 0. This implies the equality 7H = H, that is,
the element 7 is in H. Thus, the inclusion J C H is proved.

Now note the identity o(M*) = M°He™" From what we have just shown
it follows that we have o(M*#) = M if and only if H = o Ho L. O

11.5 Proof of the main theorem

This section is entirely devoted to the proof of Theorem [11.1

Proof of Theorem [[1.1] By Theorem the set of field isomorphisms
K — K’ and the set of group isomorphisms 3 : K*/K*? — K’*/K’*2 with
the property that Ly, o8 = Lg are both empty when K is not isomorphic to
K'. Hence, we may assume K = K'.

Let F' be the Galois closure of K over Q in an algebraic closure of K and
let G be the Galois group Gal(F/Q). Let p be a rational prime that splits
completely in F', let 8 be a prime of K above p, and let Q be a prime of F'
above . We remark that the diagram of fields with natural inclusions

K —— F

l l

K‘B%FD

commutes and the bottom horizontal arrow is an isomorphism. Moreover, the
induced homomorphism K*/K*? — F*/F*? has finite kernel (K*NF*?)/K*?,
because by Kummer theory this kernel corresponds to a subextension of the
finite extension F/K. We will denote the image in F*/F*? of an element a in
K*/K** by a.
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Let W be a subgroup of K* containing K* N F*? such that the quotient
group W/(K* N F*?) is finite. Let V be a finite subgroup of F*/F*? con-
taining, for every x in the image of (W/K*?) U B(W/K*?) under the map
K*/K*? — F*/F*% all elements in the orbit of z under the action of G. De-
note the group Hom(V,{£1}) by V and the field F(,/V) by L. By Kummer
theory there is an isomorphism

Gal(L/F) =V,

T (v Vo).

Now we introduce the set P of primes that we use in the next two lemmas. The
set P is the set of all primes of F' above odd primes of Q that split completely
in F' and are unramified in L.

Lemma 11.15. There is a surjective map

~

P>V,
Q— (—) :
(9]
sending a prime 2 in P to the corresponding quadratic symbol.

Proof. Firstly, we show that the map is well-defined. With each prime Q in
P we associate the corresponding quadratic symbol with domain the set of
elements in F* with even valuation at £. Since £ is unramified in L, these
elements represent all elements of the group V. Hence, the quadratic symbol
may be considered as an element in V.

Since the set P has density 1 in the set of primes of F', by Chebotarév’s
Density Theorem each element of the Galois group Gal(L/F) is the Frobenius
symbol of infinitely many primes in P. This proves the surjectivity of the map
in the statement of the lemma. O

Lemma 11.16. Let Q be a prime in P. Then there exists 7 € G such that for

allw e W
(ﬂ(w)> _ (T(w)>
9 IR A

Proof. Let B be the prime of K below the prime 9 in P and let p be the
rational prime below 9. Every element of W/(K* N F*?) can be represented
by an element of K* with even valuation at all primes of K above p, because
p is unramified in L. Since Q is a prime of F' above a prime of K that splits
completely in F', the quadratic symbols of Q and P give rise to the same
function from W to {#£1}. The prime B71(B) also lies above p, because by
Lemma the automorphism [ acts on the set of primes above p. Hence,
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both P and B~1(P) split completely in F. Since all primes of F above p are
conjugate, there exists 7 € G such that 771(Q) is above S7!(B). For such
7 € G we have, for all w € W,

()= (5) - (mm) - () - (9)

where the second equality comes from Remark [11.12 O

Lemma 11.17. There exists 0 € G such that
#(o(®@)/B(w) : w e W/K*?) < #G.
Proof. Define, for each 7 € G, the group
H. ={x €V :Ywe W/K"*: x(r(w)) = x(B(w))}.

By Lemma |11.15| every x € Vs given by the quadratic symbol of a prime £
in P and by Lemma [T1.16] every such symbol is contained in at least one of
the groups H,. Hence, we have

U a. =V

Since V is the union of #G sets, there exists o € G such that #H, > 17/#6'
or, equivalently, R
Vi H,] < #G.

Considering the nondegenerate bilinear map V x V — {1} that sends (x, v)
to x(v), we also note that

[V 2 Hy) = #{o(@)/B(w) : w € W/K*?),

because H, is the annihilator in V of (o(w)/B(w) : w € W/K*?). This con-
cludes the proof. O

Let {Wi}iezzl be an increasing sequence of subgroups of K* as W above such
that |J, Wi = K*. We have proved in Lemma [11.17 that for every W there
exists o0 € GG such that

#(o(@)/B(w) : w € W;/K*?) < #G.

Since G is finite, we may restrict to a subsequence and suppose that all o’s
are equal. This subsequence is still an increasing sequence of subgroups of K*
whose union is K*. Hence, we have o € GG such that

#(o(@)/Ba) a € K*/K"?) < #G.
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The group homomorphism

K*/K*2 N F*/F*2

a+— o(a)/B(a)

has finite image and therefore the kernel U = {a € K*/K*? : o(a) = 8(a)} is
a finite index subgroup of K*/K *2 By Lemma m there is a rational prime
p that splits completely in F' such that the map U — H‘Blp K%/K%Q, where
the product ranges over primes of K, is surjective. Hence each element in
H‘ﬁlp (’);3/(’);32 is the image of an element of U. The group pr (’)523/(9;32
is a subgroup of HDIp 05/ (9;52, where the last product ranges over primes
of F. The latter group is a free Fy[G]-module of rank 1 and the former
group is the subgroup of Gal(F'/K)-invariants. Since for all v € U we have
o(u) = B(u), the action of o on []4, 0% /0%* maps [T, (9(*43/(95532 to itself.
By Lemmawe get Gal(F/K) = o Gal(F/K)o~! = Gal(F/o(K)). Hence,
we have o(K) = K, that is, the automorphism o of F restricted to K is an
automorphism of K. Thus, for every u € U we have o(u) = o(u) = 8(u). This
implies that every quotient o(u)/B(u) is contained in kernel of the group ho-
momorphism K*/K*? — F*/F*? that is, in the finite group (K*NF*?)/K*?.
We have shown that the group homomorphism

K*/K*2 s K*/K*2
a— o(a)/f(a)

has finite image on U. Since U is a finite index subgroup of K*/K *2 the group
homomorphism itself has finite image. Thus, the kernel

{ae K*/K**: 07" (B(a) = a}

is a finite index subgroup of K*/K*Z. By Lemma [11.13| applied to o~ '8 we
deduce that 8(a) = o(a) for all a € K*/K*?, that is, the group homomorphism
(3 is induced by o. O
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Summary

The present thesis consists of eleven chapters.

In 1897, Hilbert introduced into algebraic number theory the norm-residue
symbol, which is a bimultiplicative map whose values are roots of unity. Using
the norm-residue symbol, in Sections to of Chapter [[] we reformulate
the quadratic reciprocity law, together with its two supplementary laws, in
terms of bilinear forms on vector spaces over the field of two elements. We also
introduce the unit residue group of the field of rational numbers. Section
is an overview of the content of the thesis and each of Sections [[.§ to [L1T
outlines the main results of one of the chapters of the thesis.

A skew abelian group is a finite abelian group equipped with an antisymmet-
ric perfect pairing. Every skew abelian group has a special element called its
skew element, which has order dividing 2. Chapter [2] which is purely auxiliary,
collects some results about skew abelian groups, rephrasing them in terms of
the skew element.

In Chapter [3| we review local class field theory and the norm-residue sym-
bol. We also examine some skew abelian groups of which the pairing is the
norm-residue symbol.

The group of ideles of any global field is equipped with a pairing induced by
the local norm-residue symbols. This pairing and its connections to the Tate
pairing are studied in Chapter [4]

Chapter [5]is devoted to introducing the unit residue group and the wvirtual
group, which is a subgroup of the unit residue group, and presenting general
results on them.

We explicitly describe all unit residue groups and virtual groups of quadratic
number fields in Chapter [6} The descriptions include the Galois module struc-
ture.

The classical theorem of Armitage-Frohlich gives a lower bound on the
2-rank of the ideal class group of a number field. Chapter [7] places the 2-nd
virtual group of a number field in this context of inequalities involving 2-ranks
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of ideal class groups.

In 1932 Scholz proved a theorem about the 3-ranks of ideal class groups
of quadratic number fields. Using unit residue groups we rephrase and prove
Scholz’s theorem in Chapter 8] Moreover, we present and employ a proba-
bilistic model on 3-ranks of ideal class groups of quadratic number fields. The
probabilities that we compute from this model coincide with those predicted
by the Cohen—Lenstra heuristics.

In Chapter [9] we describe the 2-nd unit residue group and the 2-nd virtual
group of a number field that is Galois over Q and unramified at 2. In the case
of a cyclic number field K/Q of degree either 3 or 5 these descriptions give rise
to an unexpected bijection involving the set of real Archimedean places of K.

A certain subgroup of the group of units of a finite extension of the field of
p-adic rationals, where p is a prime, occurs in algorithms for computing the
norm-residue symbol by Daberkow and Bouw. This subgroup is the subject of
study in Chapter

In Chapter we deal with group isomorphisms between the groups of
quadratic characters of two number fields that preserve L-series. In particular,
we prove that the natural map from the set of field isomorphisms between
two number fields to the set of group isomorphisms between their groups of
quadratic characters that preserve L-series is bijective.
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Samenvatting

Dit proefschrift, getiteld ‘De groep van eenheidsrestklassen’, bestaat uit elf
hoofdstukken.

In 1897 introduceerde Hilbert in de algebraische getaltheorie het normrest-
symbool. Dit is een bimultiplicatieve afbeelding met waarden die eenheids-
wortels zijn. In Paragraaf [I.1] tot en met van Hoofdstuk [I] herformuleren
we, gebruikmakend van het normrestsymbool, de kwadratische reciprociteits-
wet, samen met beide aanvullingswetten, in termen van bilineaire vormen op
vectorruimten over het lichaam van twee elementen. We introduceren ook de
eenheidsrestklassengroep van het lichaam der rationale getallen. Paragraaf
bevat een overzicht van de inhoud van het proefschrift als geheel, en Paragra-
fen [T.§ tot en met geven elk een overzicht van de hoofdresultaten van een
van de afzonderlijke hoofdstukken van het proefschrift.

Een scheve abelse groep is een eindige abelse groep uitgerust met een an-
tisymmetrische perfecte paring. Iedere scheve abelse groep heeft een speciaal
element, genaamd het scheve element, waarvan de orde een deler is van 2.
Hoofdstuk [2] bestaat uit een verzameling hulpresultaten over scheve abelse
groepen, geherformuleerd in termen van het scheve element.

In Hoofdstuk |3| laten we lokale klassenlichamentheorie en het normrestsym-
bool de revue passeren. We bekijken ook een aantal scheve abelse groepen
waarvan de paring gegeven wordt door het normrestsymbool.

De groep van ideles van een globaal lichaam is uitgerust met een paring
geinduceerd door de lokale normrestsymbolen. Deze paring en de manier waar-
op deze samenhangt met de Tate-paring worden onderzocht in Hoofdstuk

In Hoofdstuk [5| voeren we de eenheidsrestklassengroep en de wvirtuele groep
in, die een ondergroep van de eenheidsrestklassengroep is, en we behandelen
algemene resultaten over deze groepen.

We geven in Hoofdstuk [0] een expliciete beschrijving van alle eenheidsrest-
klassengroepen en virtuele groepen van kwadratische getallenlichamen, inclu-
sief hun Galois-moduulstructuur.
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De klassieke stelling van Armitage—Frohlich geeft een ondergrens voor de
2-rang van de ideaalklassengroep van een getallenlichaam. Hoofdstuk [7] plaatst
de tweede virtuele groep van een getallenlichaam in de context van dergelijke
ongelijkheden aangaande 2-rangen van ideaalklassengroepen.

In 1932 bewees Scholz een stelling over de 3-rangen van ideaalklassengroepen
van kwadratische getallenlichamen. Gebruikmakende van eenheidsrestklassen-
groepen geven we een herformulering en een bewijs van de stelling van Scholz in
Hoofdstuk[8] Verder geven we een probabilistisch model voor 3-rangen van ide-
aalklassengroepen van kwadratische getallenlichamen. De kansen die we met
dit model berekenen, zijn precies de kansen die voorspeld worden door de
Cohen-Lenstra-heuristiek.

In Hoofdstuk [9] beschrijven we de tweede eenheidsrestklassengroep en de
tweede virtuele groep van een getallenlichaam dat Galois is over Q en onvertakt
is bij 2. In het geval van een cyklische uitbreiding K van Q van graad 3 of 5
geven deze beschrijvingen aanleiding tot een onverwachte bijectie waarin de
verzameling van reéle Archimedische plaatsen van K voorkomt.

Een zekere ondergroep van de eenhedengroep van een eindige uitbreiding
van het lichaam der p-adische getallen, met p een priemgetal, die een rol speelt
in algoritmen voor het berekenen van normrestsymbolen van Daberkow en
Bouw, bestuderen we in Hoofdstuk

In Hoofdstuk [I1] kijken we naar isomorfismen tussen de groepen van kwa-
dratische karakters van twee getallenlichamen die L-reeksen behouden. In het
bijzonder bewijzen we dat de natuurlijke afbeelding van de verzameling van
lichaamsisomorfismen tussen twee getallenlichamen naar de verzameling van
groepsisomorfismen tussen hun groepen van kwadratische karakters die L-reek-
sen behouden, een bijectie is.
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