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CHAPTER

[-expansions

This chapter is joint work with Charlene Kalle, Derong Kong, and Wenxia Li and
has been accepted by the journal Ergodic Theory and Dynamical Systems, except for
Section where we give some relations to other topics.

Abstract

For g € (1,2] the S-transformation T : [0,1) — [0,1) is defined by Ts(z) = Sz
(mod 1). For ¢ € [0,1) let K3(t) be the survivor set of T with hole (0,t) given by

Kp(t) :={z €0,1) : T (x) £ (0,¢) for all n > 0}.

In this chapter, we characterise the bifurcation set Eg of all parameters ¢ € [0, 1) for
which the set-valued function ¢ — Kg(¢) is not locally constant. We show that Eg
is a Lebesgue null set of full Hausdor{f dimension for all g € (1,2). We prove that
for Lebesgue almost every 5 € (1,2) the bifurcation set Eg contains both infinitely
many isolated and accumulation points arbitrarily close to zero. On the other hand,
we show that the set of 5 € (1,2) for which Eg contains no isolated points has zero
Hausdorff dimension. These results contrast with the situation for Es, the bifurcation
set of the doubling map. Finally, we give for each § € (1,2) a lower and upper bound
for the value 75 such that the Hausdorff dimension of Kp(t) is positive if and only if
t < 1. We show that 73 <1 — % for all 8 € (1,2).
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§5.1 Introduction

In recent years open dynamical systems, i.e. systems with a hole in the state space
through which mass can leak away at every iteration, have received a lot of attention.
Typically one wonders about the rate at which mass leaves the system and about the
size and structure of the set of points that remain, called the survivor set. In [104], [T05]
Urbanski considered C?-expanding, orientation preserving circle maps with a hole of
the form (0,¢). He studied the way in which the topological entropy of such a map
restricted to the survivor set changes with t. To be more precise, let ¢ be a C2-
expanding and orientation preserving map on the circle R/Z ~ [0,1). For ¢t € [0,1),
let K4(t) be the survivor set defined by

Ky(t) :={z €0,1): g"(x) ¢ (0,t) for all n > 0}.

Urbanski proved that the function ¢ — hyop,(g|K,(t)) is a Devil’s staircase, where hyop
denotes the topological entropy.

Motivated by the work of Urbanski, we consider this situation for the S-transformation.
Given B € (1,2], the S-transformation Tp : [0,1) — [0,1) is defined by Ts(z) = Sz
(mod 1). When 8 = 2, we recover the doubling map. In correspondence with [104],
set

Kp(t) :=={x €[0,1) : Tg(z) & (0,t) for all n > 0}. (5.1.1)

The survivor set K(t) splits naturally into two pieces, Kg(t) = Kg (t) UK;{(t), where

Kj(t) ={z €[0,1) : 3n T (x) =0 and T[;(x) & (0,t) for all 0 < k < n}, 519
K;{(t) ={z €0,1) : Tg(x) >t for all n > 0}. (5.1.2)

The set K; (t) occurs in Diophantine approximation. Indeed, consider the set
Fp(t) :={x €[0,1) | T (x) > t for all but finitely many n € N}

of points z > 0 such that 0 is badly approximable by its orbit under Ts. Then Fg(t)
can be written as a countable union of affine copies of Kg (t) and thus dimy Fs(t) =
dimg K; (t) for allt € [0,1). The approximation properties of S-expansions have been
studied by several authors. In [74] the authors considered the Hausdorff dimension
of the set of values 5 > 1 for which the orbit of 1 approaches a given target value
Zo at a given speed. This work generalised that of [90], where xy = 0 and the speed
is fixed. Other results on the Diophantine approximation properties of -expansions
can be found in [13] [16, [41] [77, [86] among others.

Note that the set valued map € — Kpg(e) is weakly decreasing. Further on we show
that this map is locally constant almost everywhere, i.e., for almost all ¢ € [0, 1) there
exists a ¢ > 0 such that Kg(e) = Kg(t) for all € € [t — d,¢ + 6]. Such a result was
also obtained by Urbanski in [I04] for C*-expanding circle maps. This fact motivates
the study of the right set valued bifurcation set (simply called bifurcation set) Eg
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85.1. Introduction

containing all parameters t € [0,1) such that the set valued map ¢ — Kpz(e€) is not
locally constant on any right-sided neighbourhood of ¢, i.e.,

Eg:={te]0,1): Kg(e) # Ka(t) for any € > t}. (5.1.3)

The local structure of the sets K5(t) and Fy was investigated in detail in [86] [104].
The following results can be found more or less explicitly in [I04]. More recently
it was shown in [86] that these properties could be also be dealt with using more
elementary combinatorial methods.
Theorem 5.1.1 (Urbanski [104]).

(i) The bifurcation set Ey is a Lebesgue null set of full Hausdorff dimension.

(ii) The function ng : t — dimg Ka(t) is a Devil’s staircase:

e 1 is decreasing and continuous on [0, 3];
1

e 15(t) = 0 for Lebesgue almost every t € [0, 5];
e 12(0) =1 and 772(%) =0.

(iii) The topological closure Ey is a Cantor set.

(iv) n2(t) > 0 if and only if t < L.

Other results on survivor sets for the doubling map 75 can be found in e.g. [2] 14} 20,
37, [44, [100].

An important ingredient for the proofs in [20, [104] is the fact that
E,={te€l0,1) : T3(t) >t for all n > 0}.

This identity does not hold in general for 1 < § < 2. Therefore, we define Eg by
Ef = {te0,1) : T§(t) >t for all n > 0}. (5.1.4)

Note that E;{ C Eg but in general these sets do not coincide. In this paper we
consider the survivor set Kg(t) and the bifurcation set Eg for 8 € (1,2). We give a
detailed description of the topological structure of Eg and E; and their dependence
on . Theorems [5.1.2] to below list our main results. Our first result strengthens

(i) and (ii) of Theorem
Theorem 5.1.2. Let 5 € (1,2] and t € [0,1).

(i) The bifurcation sets Eg and E;{ are Lebesgue null sets of full Hausdorff dimen-
ston.

i) The dimension function :t— dimg Kg(t) is a Devil’s staircase:
np B

e 1 is decreasing and continuous in [0,1);
e 13 = 0 Lebesgue almost everywhere in [0,1);

e 13 15 not constant.

93

G YALIVH)



CHAPTER 5

5. B-expansions

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
o0 0.1 0.2 0.3 0.4 0.5 00 0.1 0.2 0.3 0.4 0.5

Figure 5.1: Left: the numerical plot of ng with f ~ 1.61803 the golden ratio. Right: the
numerical plot of ng with f ~ 1.83929 the tribonacci number.

Figure shows numerical plots of the dimension functions ng for 8 ~ 1.61803, the
golden ratio, i.e. the real root bigger than 1 of the polynomial 22 — z — 1 and for
B~ 1.83929, the tribonacci number, i.e. the real root bigger than 1 of the polynomial
A A

The analogous statements of (iii) and (iv) of Theorem for 8 € (1,2) do not
always hold. The next main theorems show that in general the topological structure
of Es differs from that of E2 and that this structure depends on the value of 3.

Theorems and imply that (iii) of Theorem holds only for a very small
set of 8 € (1,2).

Theorem 5.1.3. For Lebesgue almost every B € (1,2) the bifurcation sets Eg and
EE contain infinitely many isolated and accumulation points arbitrarily close to zero
and hence their closures are not Cantor sets. On the other hand,

dimpg ({ﬁ € (1,2) : 30 > 0 such that Fgﬁ [0,0] is a Cantor set}) =1

There are also infinitely many 5 € (1,2] such that Fg is a Cantor set. This is true,
for example, for the countable family of multinacci numbers. In terms of Hausdorff
dimension this set is small.

Theorem 5.1.4. We have dimy ({8 € (1,2) : Eg' is a Cantor set}) = 0.

In [24] Clark considered the S-transformation and characterised the holes of the form
(@, b) for which the survivor set K3((a,b)) is uncountable or not. From the properties
of ng given in Theorem it follows that for each 8 € (1,2], there is a unique value
7g such that dimg Kg(t) > 0 if and only if t < 7. By (iv) of Theorem we know
Ty = % We have the following result on 73.

Theorem 5.1.5. For each 3 € (1,2] we have 75 <1— %, and 75 = 1—% if and only
szT? is a Cantor set.
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§5.2. Preliminaries, f-expansions and first properties of K3(t) and Eg

In [85] Nilsson studied the critical value 73 for the S-transformation with holes of the
form (¢,1). In [85, Theorem 7.11] he proved that for each 8 € (1,2) it holds that
Tg=1— é Many of the proofs use the symbolic codings of the open systems Tz with
hole (¢,1). The main difficulty that we had to overcome in order to extend the results
from the doubling map to the S-transformation is that the g-transformation is not
coded by the full shift on two symbols. In fact, for most values of 3, the associated
symbolic system is not even sofic. This might also explain the difference between the
result from Theorem and the result from [85, Theorem 7.11].

The paper is arranged as follows. In Section[5.2] we introduce some notation, we recall
some basic properties of S-expansions and prove Theorem [5.1.2} In Section [5.3 we
consider the topological structure of E3 and E;{ and prove Theorem By means
of Lyndon words we construct infinitely many nested basic intervals which cover the
interval (1,2) up to a Lebesgue null set. We can determine all isolated points of
Eg by determining in which intervals it falls. The largest of these intervals are then
associated to Farey words, the properties of which allow us to prove Theorem [5.1.4]
in Section 5.4l and Theorem in Section

§5.2 Preliminaries, S-expansions and first properties
of Kﬂ(t) and EB

In this section we introduce some notation about sequences that is used throughout
the paper. We will recall some basic properties of S-transformations and give some
basic results on K3(t) and Eg. We also prove Theorem

§5.2.1 Notation on sequences

Let {0,1}N be the set of sequences of 0’s and 1’s and let o be the left shift on {0, 1}N
defined by o((z;)) = (x;4+1). We use {0,1}* to denote the set of all finite strings of
elements from {0, 1}, called words. A word w € {0,1}" is called a prefiz of a sequence
(z;) € {0, 1N if 2 ...2, = w. For a word w = wy ... w, € {0,1}* we write wt :=
Wy .. Wy—1(wy, + 1) if w, =0 and we write w™ := wyws ... wyp_1(w, — 1) if w, = 1.
Furthermore, we use W to denote the reflection word w := (1—w1)(1—ws) ... (1—wy,).

Throughout the paper we use the lexicographical ordering <, <, > and = between
sequences and words, which is defined as follows. For two sequences (z;), (y;) € {0, 1}N
we write (z;) < (y;) or (y;) > (z;) if 1 < y1, or there is an integer m > 2 such that
x; = y; for all i < m and z,, < y,,. Moreover, we say (z;) < (y;) or (y;) = (x;) if
(x;) < (y;) or (z;) = (y;). This definition can be extended to words in the following
way. For u,v € {0,1}*, we write u < v if and only if u0™ < v0*°.

Let #A denote the cardinality of the set A. For a subset I C {0,1}N, let B, ()
denote the set of all words of length n that occur in a sequence in Y. The topological
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entropy of Y is then given by
() = lim 28#Ba) _ plog #Bn(Y)

n—00 n n n

)

where the second equality holds since by the definition of B,,()) the sequence
(log #B,,(Y)) is sub-additive. Here and throughout the paper we will use the base 2
logarithm.

§5.2.2 The p-transformation and [-expansions

Now we recall some properties of the S-transformation. Let § € (1,2] and let the
(greedy) B-transformation T : [0,1) — [0,1) be given as in the introduction, i.e.,
Ts(xz) = Bz (mod 1). It has a unique ergodic invariant measure that is equivalent
to the Lebesgue measure (cf. [94]). This measure is the unique measure of maximal
entropy with entropy equal to log 8. For each x € [0,1) the greedy B-expansion of x,
denoted by b(z, 5) = (b;(z, 5)), is the sequence obtained from T by setting for each
i>1,
. i—1 1
o= 1§ T i

) 5 5o

The name greedy [-expansion stems from the fact that it is the lexicographically
largest sequence (x;) € {0,1}N satisfying

=Y L =ma((a)). (5.2.1)

We write b(1, 8) for the sequence 1b(8 — 1, 3).

The set of sequences that occur as greedy [S-expansions for a given 8 can be character-
ised using quasi-greedy S-expansions. For each x € (9, 1] the quasi-greedy S-expansion

of x is obtained dynamically by iterating the map Tp : (0,1] — (0, 1] given by

~ Bz, if xG(O,l],
TB(”“"):{ Bu—1, if we (1]

The only essential difference between the maps T3 and fg is the value they take
at the point % For = € (0,1] the quasi-greedy [-expansion B(x,ﬁ) = (El(x,ﬁ)) is
then obtained by setting l;l(x,ﬂ) =0,if 0 < fg,_l(:c) < % and Bl(x,ﬁ) =1, if
% < fi_l(x) < 1. The quasi-greedy [-expansion of 1 plays a crucial role in what
follows. For g € (1,2], write 3
a(B) == b(1,5).

Note that if b(x, 3) = by ...b,0° with b, = 1, then b(z, 8) = by ...b; a(B). On the
other hand, if b(z, 8) does not end with 0°°, then b(z,3) = b(x, ). The following
characterisation of «(3) can be found in [6I, Theorem 2.3]. Let @ C {0,1}N be the
set of sequences (a;) € {0,1}N not ending with 0> and satisfying

Apt1Qnt2 ... X arag ... forall n>0. (5.2.2)
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Lemma 5.2.1. The map B8 — «(B) is a strictly increasing bijection between the
interval (1,2] and the set Q.

For a given (3, the sequence «(8) determines the set of all greedy S-expansions in
the following way. Let ¥ be the set of all greedy S-expansions of z € [0,1). Then
(cf. [88])

Y5 = {(x;) € {0,1}N: 6™((x;)) < a(B) for all n. > 0}.

Similarly, let f]ﬁ be the set of all quasi-greedy S-expansions of z € (0,1]. Then
Sp = {(z;) € {0,1}N: 0%° < 0™ ((2;)) < (B) for all n > 0}.
The following result can be found in [88] (see also [36]).

Lemma 5.2.2. Let 8 € (1,2]. The map x — b(x, 8) is a strictly increasing bijection
from [0,1) to £ and is right-continuous w.r.t. the ordering topology on ¥g.

On_the other hand, the map x — b(x, B) is a strictly increasing bijection from (0,1]
to 2/3 and it is left-continuous w.r.t. the ordering topology on Zg

§5.2.3 First properties of Kj3(t) and Ej

Let ¢ € [0,1) be given. Recall the definitions of the survivor set Kp(t) = Kj(t) UK/;|r (t)
from (5.1.1)) and (5.1.2). We define the corresponding symbolic survivor sets as the set
of all greedy f-expansions of elements in the sets K3(t), K g (t) and KZ{(L‘) respectively.
Lemma [5.2.2] gives the following descriptions:

Kg(t) ={(x;) € {0, 13N : b(t, B) < 0™ ((2:)) < a(B) Vn > 0},
K%(t) {(z;) € {0,1}N:3n >0 o™((x;)) = 0>

and b(t, B) < o*((z;)) < a(B) YO < k < n},
Kps(t) =K} (t) UK3(t).

(5.2.3)

We will often switch from Kjz(t) to Kg(t) and back. The set Kg(t) is closed and T
is continuous when restricted to Kz(¢). Under the metric d on {0, 1}N given by

d(($1)7 (yz)) _ ﬁ_ inf{n>1: xn;réyn}7
the map mg : (KCs(t),0) — (K3s(t),Tp) is a topological conjugacy. This gives that
hiop (T | K3 (t)) = htop(Kp(t))-

For the bifurcation set Fg, defined in (5.1.3]), the following description can implicitly
be found in [104]:

Proposition 5.2.3. Eg = {t € [0,1) : t € Kg(t)} and thus Eg N [t,1) C Kg(t) for
any t € (0,1).
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Proof. For all t € (0,1) it holds that ¢ ¢ Kg(e) for any € > t. Hence, if t € Kz(t),
then ¢t € E3. Suppose that ¢ € K3(t), i.e., there is an N > 1 such that Tév(t) € (0,1).
By the right-continuity of 7%, there is a § > 0 such that

zg@>e(z§@x7gff+t)g<m@ for all € € [t,¢ + 0].

This implies that Kg(t) N[t,t+ 6] = 0 and thus, Kg(t +6) C Kg(t) C Kg(t+ ). We
conclude that the function e — Kg(¢) is constant on [¢,¢ + 6], so t € Ej. O

Corollary 5.2.4. For each § € (1,2] the set [0,1) \ Es is open.

Proof. Let t ¢ Ez. The proof of the previous proposition then gives a §; > 0 such
that [t,t + 1] N Eg = (). From ¢ ¢ Kg( ) it follows that there is an N > 1 such
that TB (t) € (0,t). Hence Tﬁ( ) ;é for any 0 < k < N, which means that TB

left-continuous in t. Then, as in the proof of Proposition - we can find a §y > 0
such that [t — d2,t] N Ez = 0. O

In ) the set EJr was defined. By the same proof as given for Proposition
we also get that E+ is the bifurcation set of K+( ), i.e.,

E;; ={te[0,1) : te K;r(t)} ={te0,1) : Kg(e) # Kg(t) for any € > t}.
As for Kg(t) we add a third set Eg of the elements in Eg that are pre-images of 0:
Eg={t€Ez:3n>0 T(t)=0}={te[0,1) : t € K3(t)}.
Then Eg = Eg U Ej and E5 N EJ = {0}.

The symbolic bifurcation sets, i.e., the sets of all greedy p-expansions of elements in
Eg, Eg and Eg can be described as follows:

&5 ={(t:) € {0, 1}N :¥n >0 (t:) < 0" ((ta)) < a(B)},
£ ={(t;) € {0, 1N : In > 0 o"((t;)) = 0>

and (t;) < o®((t;)) < () for all 0 < k < n},
Ep =& UEY.

(5.2.4)

In the series of papers [911 [92] 93], Raith studied invariant sets for piecewise monotone
expanding maps on the interval [0,1]. More specifically, in [93] he removed a finite
number of open intervals from [0, 1] and considered piecewise monotone expanding
maps restricted to the survivor set. He then studied the dependence on the endpoints
of the holes of the Hausdorff dimension of the survivor set and of the topological
entropy of the map restricted to the survivor set. Since no z € [0,1) has Tg(z) = 1, we
can apply these results to Tz on [0, 1) with the single hole (0, t) removed. In particular,
applying the results from [93 Corollary 1.1 and Theorem 2| give the following,.
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Proposition 5.2.5 ([93]). Let 8 € (1,2) be given. The maps Hg : t — hyop(KCpa(2))
and ng : t — dimg Kg(t) are continuous on [0,1).

In the process of proving [93, Theorem 2|, Raith proved in [93] Lemma 3] that Bowen’s
dimension formula also holds in this case, i.e., the Hausdorff dimension of the survivor
set is the unique zero of the pressure function. In our setting this translates to the
following dimension formula:

_ Tuop(Ts| Kp(t))
log 8 '
Since for any t € [0, 1) the sets Kg (t) and Eg contain at most countably many points,

we have the following properties for the sets under consideration. Let A denote the
one dimensional Lebesgue measure.

dimp K5(t) (5.2.5)

dimpy Kg(t) = dimp Kj (1) dimp Kj(t) =0
A(Kp(1) = MEF (1)) A(KR(t) =0
dimpy Eg = dimp Ef dimy Ej =0
ANEg) = ME}) A(ER) =0

hiop(Kp(t)) = max{hiop (K5 (1)), hiop (K5 (1))}

This table implies that for Theorem i) it is enough to consider only Eg. From
Proposition and (5.2.5)) we also get that ¢t — dimpy Kg (t) is continuous and that

hiop(Ks(t)) = dimH(K;r(t)) log 5.
The next result specifies the relations between the sets even further.
Proposition 5.2.6. Let § € (1,2). Ift € EZ;, then hiop(KCs(t)) = htop(lC;(t)).

Proof. Since IC?; (t) C Kp(t), it suffices to prove htop(lCE(t)) > hiop(KCp(t)). Fort =0,
there is nothing to prove. Take ¢ € E;f \ {0} and write (¢;) := b(¢, 8). Then

(t;)) < o"((t;)) < a(B) for all n > 0.
Hence (t;) does not end with 0> and by (5.2.3) we can rewrite K%(t) as

Kg(t) ={(z;) : In>00"((2;)) =0 and (t;) < o"((2;)) < (B) VO < k < n}.
(5.2.6)

We claim that
k41

1B (G (0)] < D 1Bj-1(KE (1))].
j=1
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Take a word a; ... ay, € By, (K3(t)) and without loss of generality suppose it occurs as a
prefix of a sequence (x;) € K%(t), ie, (z;) =a1...axTk41%k42 ... Let j > 0 be such
that ; = 1 and the tail z;12;42... = 0. If j =0, then (z;) = 0°°. Avoiding this
trivial case we assume j > 1 and we will prove z;...2,_10 € B; (ICE(t)) By
it follows that

t1.. 'tjfi X Tig1--- :Ej,10 < Oél(ﬂ) R O[j,i(ﬁ) forall 0 <i< J- (527)

Let * < j be the smallest index such that z;«11...2;_10 = ¢1...t;_;«. If strict
inequalities in ((5.2.7) hold for all ¢ < j, then we put ¢* = j. Note that (¢;) <
o™ ((t;)) < a(B) for all n > 0. Then by the minimality of ¢* it follows that

xr1.. .xj_lotj_i*+1tj_i*+2 =X .. Xl € Kg(t)

Observe that z1...2j_1 =a1...a;j1if j <kanda... o, =ar...apif j > K+ 1.
This implies that a1 ...a;_1 = z1...2j_1 € Bj_l(IC;(t)) if j <koraj...ap €
By, (K;(t)) if j > k+ 1 and proves the claim.

By the claim it follows that [By.(K3(t))| < (k + 1)|Bk(lC;(t))| Using that Kg(t) =
K5 (t) U IC?; (t) we have

1BL(Ka(t))] < (k+2)|Bi(KE ()] for all k> 1.

Taking the logarithms, dividing both sides by k and letting k£ — oo, we conclude that
hiop(Ka(t)) < htop(lCE (t)), which gives the result. O

§5.2.4 The size of Ej

The results from the previous sections are enough to prove Theorem [5.1.2] We start
by proving the following result, which holds for all 5 € (1,2). It covers item (i) from
Theorem [5.1.2] as well as part of Theorem [5.1.3

Proposition 5.2.7. For any € (1,2) the bifurcation set Eg is a Lebesgue null set.
Furthermore, dimy (Eg N[0,d]) =1 for any § > 0. In particular, dimy Eg = 1.

Proof. For the first part of the statement, let 5 € (1,2) and N € N. The ergodicity
of Tg with respect to its invariant measure equivalent to the Lebesgue measure A
implies that A-a.e. z € [0,1) is eventually mapped into the interval (0, +). Hence,
the survivor set Kg(%) is a Lebesgue null set for each N € N. This implies that

A(Eg) = 0, since by Proposition

see U wolh)
N=1

To prove the second part, take a large integer N > 1. Let E y be the set of x € [0,1)
with a greedy expansion b(x, 8) = (b;(x, 3)) satisfying by (z, 8) ...by(z,8) = 0V and
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such that the tails byi1(z, 8)bnt2(z, ) ... do not contain N consecutive zeros. It
immediately follows that Eg n C Ejg. Note that Kg(ﬁ%,) is exactly the set of z €
[0,1) for which b(x, 8) does not have more than N consecutive zeros. Hence,

1

:BT/KJF

1
s\ BN
and thus dimy Fg y = dimpy Kg(ﬂ%,) = dimy Kpg 5%,) Moreover, for any § > 0, we
can find a large integer N such that Eg,, C Eg N [0,0] for all n > N. Therefore,

Es N

1
dimp (Es N [0,0]) > dimp Eg,, = dimy K (@)
for all n > N. By continuity of the map ng : t — dimgy Kg(t), letting n — oo gives
that
dimy (Eg N10,d]) > dimy Kz(0) = dimg[0,1) = 1.

O

Proof of Theorem[5.1.2 Item (i) is given by Proposition[5.2.7} For item (ii), the fact
that 73 decreases weakly immediately follows from its definition and the continuity
of ng is given by Proposition @ For the second bullet point we have that the
set-valued map t — Kp(t) is locally constant Lebesgue almost everywhere, since
A(Eg) = 0. The last bullet point follows since 15(0) = 1 and for ¢ > % we completely
remove the second branch from T, so that obviously dimg (Kg(t)) = 0 and ng(t) = 0.
O

§5.3 Topological structure of £

In this section we prove Theorem [5.1.3] In fact, we prove a stronger result by spe-
cifying the set of 8 € (1,2) for which there is a § > 0 such that Eg‘ N [0, ¢] does not
contain isolated points. This is the set

C3 :={B € (1,2) : the length of consecutive zeros in a(f) is bounded}.  (5.3.1)

From a dynamical point of view Cj3 is the set of § € (1,2) such that the orbit
{T}?(l)};’f:o is bounded away from zero. Replacing a(8) in the definition of C3 by
b(1, ) gives the set called Cs in [97]. In [97] Schmeling proved that this set has zero
Lebesgue measure and full Hausdorff dimension. Since the two versions of Cs only
differ by countably many points, the same holds for our set Cs from . We prove
Theorem [5.1.3] using Lyndon words, which we will define next.

Recall from that
53' = {(t;) € {0, l}N c(t) K 0™ ((t)) < aB) for all n > 0}.

In other words, any sequence in 5; is the lexicographically smallest sequence in g
under the shift map o. For this reason we recall the following definition (cf. [76]).
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Definition 5.3.1. A word s is called Lyndon if s is aperiodic and o™ (s*°) = s> for
alln > 0.

The following lemma lists some useful properties of Lyndon words. The first and third
items easily follow from the definition and we omit their proofs.

Lemma 5.3.2.
(i) 81...8m is a Lyndon word if and only if

Sidl---Sm > S1---Sm—; forall 0<i<m.

(ii) If 81 ...8m is a Lyndon word, then for any 1 < n < m with s, = 0 the word
s1...8} is also Lyndon.

(iii) If v,w are Lyndon words and vw < wv then for all n € N we have that v"w is
a Lyndon word.

Proof. To prove (ii), suppose s, = 0 for some 1 < n < m. Since 1 is a Lyndon word,
the statement holds for n = 1. If 2 < n < m, then by (i) it follows that

siH...s; = Sit1--.Sp = S1...5,—; forall 0<i<n.
Therefore, again by (i) s1...s;’ is a Lyndon word as required. O

By taking i = m — 1 in Lemma [5.3.2] (i) it follows that s; = 0 and s, = 1. So any
Lyndon word of length at least two starts with 0 and ends with 1. We use Lemmal|5.3.2
to show that any isolated point in EZ{ has a periodic greedy B-expansion.

Proposition 5.3.3. Let 5 € (1,2]. Ift is an isolated point of Eg', then its greedy
B-expansion b(t, B) is periodic. Moreover, no element from E;r is isolated in Eg.

The proof of this proposition is based on the following two lemmas. Together they say
that any point in Eg with aperiodic -expansion can be approximated from below

by a sequences of points in EZ{ that have a periodic orbit under Tj.
Lemma 5.3.4. Let (t;) € EE be an aperiodic sequence. For each m > 1 we have
by tm)® < (t) and (ty...t,)> € $p.
Proof. Let (t;) € Eg be an aperiodic sequence. Then by we have
(t;)) < o™((t:i)) < a(B) for allm > 1. (5.3.2)
Fix m > 1. By taking n = m,2m, ... in it follows that

(tr . t)™

bt (b t)™
ottt - tom (B )™
1o tomtomet - tam(ty . tm)® < - < (6).

AN
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Since (t;) is not periodic, we conclude that (t1...t;,)>® < (t;).
For the second statement, (5.3.2]) and the first part of the proposition give that

" (1 b)) = b1 b1 )™ < a1 - tmtmritmys - < a(B)
for each 0 < n < m, hence (t1...t,)> € Xg. O

From [102, Proposition 2.2] we have the following lemma:

Lemma 5.3.5. Let (t;) € Eg' be an aperiodic sequence. Then there exist infinitely
many m € N such that ty . ..t,, is a Lyndon word.

Note that both previous lemmas do not hold for . Let (;) € £3 be such that
a™((t;)) = 0°°. Then for any m > n we have (1 ...t,)> = (¢;), contradicting the
statement of Lemma As for the statement of Lemma for all m > 2n we
have that t; ...t,, is not Lyndon.

Proof of Proposition[5.3.3 Let t € E; be a point with aperiodic greedy 3-expansion
b(t,B) = (t:). Since (t;) € &F, by Lemma there exists a sequence (m;) such
that ¢1...tn,, is Lyndon for all j > 1. Furthermore, by Lemma we have
(t1...tm,)> € Xp for each j > 1. Hence, for all j > 1 we have (t1...tm,,;)>* € 5; and
thus 75 ((t1...tm,)>) € Eg’ Letting j — oo we conclude that 7g((t1...1m,)>) —
73((t;)) = ¢ which implies that ¢ is not isolated in E;

Now assume that ¢t € Eg has a periodic greedy S-expansion b(t, ) = (t1...tm),
where m is chosen minimal. We will show that ¢ is not isolated in Eg. If m =
1, then we have b(t,8) = 0, i.e., t = 0. In this case the result trivially follows
from Proposition Now assume m > 2. Let aj...a, be the maximal cyclic
permutation of ¢ .. .¢,,. Then thereexistsa j € {0,1,...,m—1} such that a; ...a,, =
tit1...tmt1...t;. Note that o™ ((¢1...¢n)>) < a(p) for all n > 0. Then

(a1 ...am)>* < af), (5.3.3)

which implies aj ... am < a1(8) ... am(B). Weclaim that ay ... am < a1(8) ... am(B).

Ifay...am =0a1(8)...am(B), then (5.3.3) together with Lemma gives
aj . < Onp1(B) o aom(B) S a1(B) .. am(B) = a1 ... am.

So, aj ...az, = (ai...an,)?. Iterating this argument with Lemma and (5.3.3)
gives that «(8) = (a1 ...am)™, leading to a contradiction with (5.3.3). This proves

the claim.

For N € N, define the sequence ty := (tl...tm)Ntl...t;rOOO. Since t; = 0, the
sequence ty is well-defined. By Lemma [5.3.2[(iii) it follows that that o"(ty) = ty
for all 0 < n < mN + j. Moreover, aj...a, < a1(B)...an(B) it follows that
o"(tn) < a(p) for all n > 0. So, ty € &) for all N € N. Since mg(ty) N\ t as
N — oo, the point t € E;{ is not isolated in Fg. g
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The next proposition says that no point from Eg \ {0} can be approximated from
above by elements from Ejs and that a point ¢ € Ej\ {0} is isolated in Ej if the orbit
of 1 enters (0, ).

Proposition 5.3.6. Lett € ER\{0}. Then thereis a § > 0 such that EgN[t,t+6] =
{t}. Moreover, if  —1 & Kz(t), then t is isolated in Eg.

Proof. If t € Ej \ {0}, then there is a smallest n > 0 such that Tj(t) = % By the

right continuity of T, there is a 6 > 0 such that all € € (¢,t + ] satisfy Tg“(e) €
(0,t) C (0,¢). Hence, € ¢ Kg(e) and thus, € € Egs.

The first statement implies that to prove an element from Ef \ {0} is isolated, it is
enough to prove that it cannot be approximated from below. If again n is such that
Tg(t) = %, then for a small enough ¢, we know that for any point € € [t — d,¢) the

point Tg“(e) is close to 1. Let m be the smallest integer such that 73" (8—1) € (0,1).
Then there is a 0 < 6 <t —Tg"(8 — 1) such that any € € [t — §,1) satisfies

TEH+mH () € (0, T5" (8 — 1)) € (0,¢).
Hence, ¢ € Eg and Eg N [t — §,t] = {t}. O

From now on we focus on the set Eg' We first construct subintervals of (1,2) such
that Eg' contains isolated points whenever § is in one of these intervals. We start
with a couple of lemmas.

Lemma 5.3.7. Let (t;), (o) € {0, 1}N be given. Suppose there is an m > 1 such that
am =1 and 0™ ((a;)) < (t;). Define the sets

K = {(z;) € {0,1}N : (t;) < 0" ((23)) < () for all n > 0},
Xy = {(z) € {0, 1N ¢ () < 0" ((x)) < (a1 ... ;)% for all n > 0}.
Then K = X,,.

Proof. Obviously, X,, C K. We show that K\ X,,, = 0. Suppose that this is not the
case and let (z;) € K\ X,,,. Then thereisa j > 1suchthat 211 ...2j40m = @1... .
Since (z;) € K, the assumption that c™((«;)) < (¢;) implies that

Tjtm+1Lj4m+2 - - - = Om41Qm42.- .. I (tl),
which contradicts (z;) € K. Hence K \ &, = 0. O

Let 8 € (1,2) and ¢ € [0,1). The previous lemma has the following consequence for
IC;r (t). If there is a smallest m > 1 such that

am+1(5)am+2(6) e b(ta 6),

or equivalently Té”(l) < t, then we can rewrite IC; (t) as

K;(t) ={(x;) 1 0(t, 8) K 0" ((x;)) = (a1(B) ... am(B)”)> for any n > 0}.
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Hence, any point in the survivor set K;' (t) then has the property that its entire orbit
lies between ¢ and the point mg((c1(8) ... am(8)7)>°). We need two more lemmas.
Recall the definition of the set Q from as the set of sequences that occur as
a(B) for some S € (1,2].

Lemma 5.3.8. Let (ay...am,)* € Q with minimal period m. Then

T <ay.. . am_; foral0<i<m.

Ajt1 v Gy

Proof. Let 8 € (1,2) be such that «(8) = (aj ...an)>. Then b(1,8) = ay ...a},0%.
Hence, for each 0 < i < m we have b(Tj(1), 8) = aiy1...a;;,0° and Tj(1) < 1. The
result then follows from Lemma [5.2.2] O

Note that for any non-periodic word b; . ..b,, € {0,1}* there is a 0 < j <m — 1 such
that bjy1...bmb1...b; is the smallest among its cyclic permutations and therefore
Lyndon. We denote this word by S(b; ... b,,) and call it the Lyndon word for by .. . by,.
Similarly, there is a 0 < k < m — 1 such that bg41...b,b1 ... by is the largest among
its cyclic permutations. We denote this by word by L(b;...b,,). In what follows
we will sometimes use the property that for any word by ...b,, € {0,1}™ and any
sequence (z;) € {0, 1}N it holds that

o™(%;)) = b1...0,0° V>0 <= o"((x5)) = (b1...bp) Vn>0. (5.3.4)

Lemma 5.3.9. Let s1...5,, be a Lyndon word and write ay ...an, = L(s1...sy).
Let 0 < j <m be such that s1...5m = @jt1...0ma1...a; and set

Z o= {(x;) € {0, 13N = 51...5,0% < 0™ ((23)) < (a1 ... am)™ Vn > 0},
(1) If (zi) € 2, has prefix ajiq ... am, then (z;) = (s1...8m)%;
(ii) if (z:) € Zm has prefix aq ... a;, then (z;) = (a1...am)>.

Proof. Since the proofs of (i) and (ii) are similar, we only give the proof of (i). Let
Gj41 .. QmT1T2 ... € Zy,. Then

$1...8m0% K 0™ (ajq1. .. amT122...) S (A1 ... ay)* forall n>0. (5.3.5)

In particular,

which gives
xl...xjkal...aj.
On the other hand, by taking n = m — j in (5.3.5), we get z1...2p < a1...ap,.
Hence
T1...xj=a1...a; and Tjy1...Tm <X Ajgl - G

Again, by (5.3.5) now with n = m, we have ;11 ... 2w = S1...8m—j = Gj41...0m.
Therefore, x1 ... T, = aq ... an,. By iteration we conclude that

Ajg1 - AZ1Z2 ... = (g1 ... Qa1 ... 05)% = (51...8m)%

as required. O
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We now construct infinitely many nested intervals (8, Sgr] such that E; has isolated
points whenever 8 € (Br,0r]. Figure shows some of these intervals. We will
later show that these basic intervals cover the whole interval (1,2) up to a set of zero
Lebesgue measure.

10
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14 16 1
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Figure 5.2: Some of the basic intervals (Br,Br]. The numbers near the arches indicate the
words ai ...am such that a(fr) = (a1...am)*™. The intervals that are not contained in
any other interval are the Farey intervals. They are the ones for which a1 ...am is a Farey
word. The the arches corresponding to Farey intervals are shown in black, the lighter coloured
arches correspond to words that are Lyndon, but not Farey.

Proposition 5.3.10. Let s1...8,, be a Lyndon word and write

a...am = L(s1...8m). Then both (aj...a,)™ and ay...at (s1...8,) belong

to Q, hence there are uniquely defined bases Br,fr € (1,2] such that a(fr) =
(a1...am)™ and a(Br) = a1...a} (s1...5m)°. Moreover,

(i) (s1...8m)° € Eg if and only if B > Br;
(ii) if B € (BL, Br], then mg((s1...5m)>) is an isolated point of EF ;
(iii) if B > Br, then mg((s1...5m)%°) is not an isolated point of E;r

Proof. Let S, be as in the proposition. First we show that the interval (5r, Sg] is
well-defined, i.e., Sr exists and that 8y < [Br. We use the characterisation from
Lemma so it suffices to show that the sequence a = ay ...a} (s1...8,)® € Q,
i.e., it satisfies ™ (a) < a for all n > 0. Since s; ... 8, is a Lyndon word, any word of
length 1 <n <m — 1 occurring in a; ...a,, = L(s1 ... $y) is lexicographically larger
than or equal to s;...s,. Combining this with Lemma and Lemma m (i)
gives

+ +
Apgl o081 Sy AL« e Qa1+« - Gy = A1« v G,

for all 0 <n <m . So ¢"(a) < a for each 0 < n < m. Moreover, since

o™((51.5m)®) < (a1 am)® <ay...af (s1...8m)%

for all n > 0, we get 0"(a) < a for all n > 1 and thus a € Q. Lemma
then implies that a is indeed the quasi-greedy expansion of 1 for some base Bg, i.e.,

a(Br) = ai...a}(s1...5,)>. Since a(Br) < a(Br), Lemma [5.2.1] also gives that
Br > Br. Hence, the interval (8L, fr] is well-defined.

Let 1 < j <m — 1 be such that

S1..-8m = Aj41...0mA1 ...a5.
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For (i), note that if 8 < B, then (s1...8,)% € Xg since

For 8 € (BL, Br] it follows immediately that (s1...s,,)™ € Xg, since s1 ... S, is the
smallest permutation of a; ... a,, and (a1 ...am)>® < a(B).

For (ii), let 8 € (8L, Br) and set t = ma((s1...5m)). Then b(t,5) = (s1...5m)>° €
8;, sot e Eg' By Lemma and since ¢ has a periodic S-expansion, there exists a
small § > 0 such that for any = € [t — §,t + &] the greedy expansion b(x, 3) has prefix
$1...Sm. By Lemma[5.3.7] it follows that

ap...at (sy...5,)° ¥n >0}

{(2) : (i) <
={(x;): (51...8m)° 0" ((x:)) < a1...a}(51...8,)° ¥n >0} (5.3.6)
={(x;) : (s1.-.8m) K o"((x;5)) X (a1 ...am)™ ¥Yn >0}
={(x;) :81...8m0° K 0™ ((z:)) < (a1 ...am)™ ¥n > 0},

where we have used the fact from (5.3.4]) in the first and last equality. Since for any
x € [t — §,t + 6] the greedy expansion b(z, 3) begins with s; ... s,,, by Lemma[5.3.9)

(i) and (5.3.6) we obtain that

Kg(t—=38)N[t—0d,t+0] C {t}.

Since t € Eg' N[t—0d,t+46] C K;{(t — &) N[t —d,t+ ], we conclude that ¢ is isolated
in E; for any 8 € (8L, Br].

For (iii), let 8 > Br and again set t = mg((s1...5m)%°). We construct a sequence
(ty) in 5; such that t,, \, (s1...5m) in the order topology as n — co. Let

t = ((s1---8m)"s1...5,,_;) = ((aj41- - amar ...aj)"aj41 ... at)>.

We claim that there is an N € N such that t,, € £ for all n > N. By Lemma
(ii) and (iii) it follows that t,, is Lyndon. Left to show is that t,, € ¥ 3. Note that the
largest permutation of t,, is given by

dy, = (a1...a} (aj41- amay...a;)" rajir ... am,)®
=(ar...a} (51 8m)" 810 Sm_j)™

For 8 > Bg either a1 (8)...am(B) > ai...a}, or there exists an N > 1 such that
a(B) = ar...at(s1...8m) N "tby .. by, with by ... by = S1...5,. In the first case
obviously d,, < (). In the second case we have d,, < «(f) for all n > N. Hence
t, € Xg for alln > N.

We have found a sequence (t,,) C 5; decreasing to b(t,8) = (s1...8m) as n — 00
and accordingly, a sequence (mg(t,)) C EE decreasing to t = mg((s1...5m)>) as
n — oo. Therefore, t is not isolated in E;{ O
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Recall from (5.3.1]) that C is the set of 5 € (1,2) such that the length of consecutive
zeros in the quasi-greedy expansion a(f) is bounded.

Theorem 5.3.11. If 8 € (1,2)\ Cs, then both EgN|0, 4] and E; N[0,0] contain both
infinitely many isolated and accumulation points for all § > 0.

Proof. By Propositionit follows that EgNJ0, ] and EZ{ N[0, 8] contain infinitely
many accumulation points for all § > 0, so we focus on the isolated points. Fix
B8 € (1,2) \ C5. Then a(B) contains consecutive zeros of arbitrary length. Hence,
a(B) is not periodic and the orbit of 1 under fg will come arbitrarily close to 0.
This implies that for any ¢ > 0, § — 1 ¢ Kg(t) and thus by Proposition any
te Eg \ {0} will be isolated in E3. Note that for any n > 1 we have B% € E,g. This
gives the statement for Fg.

To prove that Eg‘ contains infinitely many isolated points arbitrarily close to 0, we
construct by induction a sequence of intervals (8L, Brk),k > 1, such that 5 €
(Br.k, Bri) for all k > 1, where (8L x, Br.x) is defined as in Proposition [5.3.10] Write

a(B) = 10 1teme 1o (5.3.7)

Since a(8) does not end with 0°°, we have my, € {1,2,...} for all £ > 1. Furthermore,
from 3 ¢ C3 we get supq my = oo.

Set i9 = 1 and let ¢; > iy be the smallest index for which m;, > m;. Set a; :=
110 ... 1510, Note that «(3) begins with a; and by Lemma [5.2.1] 6" (a(8)) <
a(pB) for all n > 0. This implies 0™ (aj°) < a3° for all n > 0. So by Lemma the
sequence aj° is the quasi-greedy expansion of 1 for some base 51, 1, i.e., a(fr,1) = aj°.
Note that the word a; contains consecutive zeros of length at most my. So the
Lyndon word s; = S1 - Slybmy 4o, for a; begins with 0™*1. Again, one can
check that o™ (a]s®) < af's{® for all n > 0. So there exists Br1 € (1,2) such that
a(Br.1) = afs¥. By using m;, > m; and it follows that

a(Bra) =afe = (1hom ... 1l Tg)> < 1hom .. 1l = a(B)
and
a(Br1) =af s§°=1"0" . 1™ 1™ 1M L = o B).

By Lemma we have 5 € (Br,1,8r,1). Moreover, by Proposition we have
that mg(s§°) is an isolated point of EZ{ Now we pick 4, using ix_1. Let i > ix_1
be the smallest index such that m;, > m;, ,. Then by the definitions of i1,...,ix_1
it follows that m;, > m; for all j < i;. Set a, := 1420™1 ... 1%, =10, Then the
block aj contains consecutive zeros of length at most m;, ,. So the Lyndon word
Sk = 1. Slitmi+-+l, for a;, begins with 0™#%-11. By the same argument as above
we can find two bases (1 k, Br.x € (1,2) such that

0(Fr.4) = 8 = (1907 1570 <1807 140 = (),
a(ﬁR,k) = az.' szo = 1l10m1 e ]_lik 0™ k=17 ... = 1l10m1 - ]_lik 0™ik]... = a(ﬂ)
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Therefore, 5 € (Br.kx,Brkx) and by Proposition [5.3.10| we have that m5(s3°) is an
isolated point of EZ{

By induction we construct a sequence of intervals (8r k, Br.k), k > 1, such that 8 €
(Br,k, Br,x) for all k > 1. Moreover, the points mg(s(°) are isolated in E; Note that
s, begins with a block 0™#%#-11 for any k > 1 and m, _, strictly increases to oo as
k — oo. This implies that E;{ N[0, 4] contains infinitely many isolated points for any
6> 0. O

Theorem 5.3.12. For § € Cs there is a § > 0 such that E; N [0,0] has no isolated
points.

Proof. Fix 8 € C5. Then the length of consecutive zeros in a(3) is bounded by some
large integer M. Set § = ﬁ = m(0M+210°°). To show that Eg‘ N [0,4] has no
isolated points, suppose on the contrary that ¢ is an isolated point of E; N[0,4]. By
Proposition it follows that the greedy f-expansion b(t, /3) of t is periodic, namely

b(t,B) = (tr...tm)> € EF

with minimal period m. Moreover, t;...t,, is Lyndon. For m = 1 we get that
t = 0, which by Proposition is not isolated in E; Let m > 2 and let
aj...am =Lty ...ty). Then (aj...a,)™ € Q, so by Lemma it is the quasi-
greedy expansion of 1 for some base (1, i.e., a(fr) = (a1...a;,)®. By Proposi-
tion it follows that 3 € (8L, Br|, where Bg is the unique base satisfying

a(Br)=ayr...af (t1...tm)™.

Hence,
(a1...am)® <a(B)<ar...a}(t1.. . tm)>™. (5.3.8)

m

Since t < § = 15(0M1210%°), we have (t1...t,,)% = b(t, 8) < 0M+210°°. So t;...t,,
begins with M + 2 consecutive zeros and a; . .. a,, contains M + 2 consecutive zeros.
By we conclude that «(f8) contains M + 1 consecutive zeros, leading to a
contradiction with our hypothesis that the number of consecutive zeros in «(f5) is
bounded by M. 0

Proof of Theorem[5.1.3 The first part of the statement follows from Proposition
and Theorem [5.3.11} since A(C3) = 0 by the results from [97]. The fact from [97] that
dimgy C5 = 1 together with Theorem [5.3.12] gives the last part of the result. O

§5.4 When EE does not have isolated points

In this section we prove Theorem which states that the set of 5 € (1,2) for
which E; has no isolated points is rather small, it has zero Hausdorff dimension. The
theorem is obtained by showing that the intervals (81, 8g] introduced in the previous
section cover all but a Hausdorfl dimension zero part of the interval (1,2). Figure
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suggests that the basic intervals are nested. In Proposition [5.4.1] below we prove that
this is indeed the case. Subsequently, we identify those intervals (8r,Sg] that are
not contained in any other basic interval, which turn out to be the ones given by a
specific subset of the Lyndon words, called Farey words.

Proposition 5.4.1. Let I} = (B, Bg] and Iy = (BL,BR] be two different basic inter-
vals. If Iy NIy # 0, then I C Iy or I, C 1.

Proof. Suppose I; = (81, Br] is parameterised by the word a; . .. a,, and I = (BL, BR]
is parameterised by the word by ...b,, i.e.,

a(Br) = (a1--.am)®, a(Br)=a1...a} (s1...5m);

a(Br) = (b1...0,)%, a(Br)=b1...bf(ty...t,)>,

where $1...8, = S(a1...a,) and ¢ ...¢, = S(b;...b,) are the Lyndon words for
ai...am, and by ...b, respectively. Since I; N I jé (), by symmetry we may assume

Brel, = (8L, Br]. We are going to show that Sr < Bgr, which by Lemma is
equivalent to showing

by ..bi(tr . t)® <ay...at(s1...8m)%. (5.4.1)
Since 81, < B 1, < Br, by Lemmait follows that
(@y .. am)® < (by...b,)®° < ay...af (s1...8m). (5.4.2)
We claim that n > m.

e If n < m, then by (5.4.2) we have by...b, = a1...a,. Write m = un +r
with v > 1 and 1 < r < n. By Lemma [5.3.8 and (]542[) it follows that
aj ... Qup=(b1...0p)" and by ... b, = a1 ...ar = ayny1 - SO

Ay ...0, = (blbn)ublb:
By using that s; ..., = S(aj...a,) we obtain that

ap...ab(s1...8m)

=(by...bp)"b1...bp(51...8m)®

< (br.. b))y bp(byg o bpby o b (by e ) T Dy L by)
(b1 ... b,)>

leading to a contradiction with (5.4.2)).

A

e If n = m, then by (5.4.2) we have by ...b,, =a1...am or by...by, =ay...al.
Both cases contradict (5.4.2)).

Therefore we find n > m. Write n = km + j with £ > 1 and 1 < j < m. By (5.4.2)

we have

k-1
bi...bp <ar...at(s1...8m) S1...5;.
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From

+
Sj41---8SmS1---8; A1 ... Ay =X A1...0p,

one can easily see that
-+ s 85)® = ar . .a) (51002 85m)% = (br ... by)™.

(ar...a(81...8m

Soby...by#ay...al(s1...80) tsy... s; and hence,

by...bt <al...a+(81...sm)k_1sl...sj. (5.4.3)

m

If strict inequality holds in (5.4.3)), then ([5.4.1]) follows immediately and we are done.

Suppose that the equality holds in ([5.4.3). We split the proof of (5.4.1)) into the
following two cases.

(I) 1 <j < %. Since s1...5,, is a Lyndon word, it follows that

S1...8; < 81...8j X Sj41---525-

Furthermore, t; ...t, is the Lyndon word for
bi...bp, =a1...a
Then

(t1 . tn)® < (s1... s;ai. NN C TR L b

oo
< (Sj+1 <. 82582541 -+ -SmS1 ... Sj) .

By (5.4.3)) this proves (5.4.1) as required.
(IT) B < j <m. Since 51 ... sy, and t; ...t, are both Lyndon words, by Lemma

(i) it follows that

(B tn)® S (S1++ - Sm—jSm—jt1--- s;ai... at(sy... sm)k_l)OO
< (Sj+1 ce e SmS1 ... Sj)oo
Again we established ([5.4.1]). O

§5.4.1 Farey words

The set of Farey words is constructed recursively as follows. Let Fy be the ordered
set containing the two words 0 and 1, i.e., Fy := (0,1). For each n > 1, F,, =

(v1,...,v9n41) is the ordered set obtained from F,_; = (w1, ..., Wan-1,1) by:
V2i—1 = W; for 1 § ) S 2”71 + ].,
V2; = WWi4q for1<i< 2“71,

where w;w; 11 denotes the concatenation of the words w; and w; ;. For example,

Fy=(0,1), F,=(0,01,1), F,=(0,001,01,011,1).
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Then a word w € {0,1}* is a Farey word if there is an n > 0 such that w € F,.
For each n > 0 the words in F,, are listed from left to right in a lexicographically
increasing order (cf. [I7, Lemma 2.2]). In particular, no Farey word is periodic. Let

Fi=J F.\{0,1}

n>0

be the set of non-degenerate Farey words. Clearly, any w; ...w,, € F has w; =0 =
1—wyy,. It is well known that Farey words are balanced, i.e., if for i = 0,1 we use |ul; to
denote the number of occurrences of the symbol 4 in the word u, then any w € F has
the property that for any two subword u and v of w of the same length and ¢ = 0, 1,
[lul; — |v]i] < 1. We recall from [I'7, Proposition 2.3] the following definition.

Definition 5.4.2. Let w = wy...w, € F. A decomposition w = wv is called the
standard factorisation of w if u and v are both Farey words.

By the construction of F, the standard factorisation of a non-degenerate Farey word
W1 ... Wy 18 unique. We list some properties of Farey words. The proofs can be found
in [I7, Propositions 2.8 and 2.9].

(f1) For wy ... w,, € F, both wy ... wy—10 and lws ... w,, are palindromes, i.e.,

w2 ... Wmpm—-1 = Wm—-1...W3.

(f2) Suppose w; ... w,, € F has standard factorisation (wj ... wm, ) (Wm,+1 - Wm).
The lexicographically largest cyclic permutation of wy ... w,, is given by

Wm—mi+1 - - WpW1 ... Wm—m; = WnWm—-1 ... W2W1.

(f3) Suppose wy ...w,, € F has standard factorisation (ws ... wm, ) (W41 - - - Wiy)-
Then w; ... w,, is a Lyndon word and its lexicographically second smallest cyclic
permutation is Wy, 41 .. . WypW1 - . . Wy, -

Recall that for wy ... w, € {0,1}*, Wi W, = (1 —wi)(1 — wa)...(1 — wy,) and
note that by symmetry in the set F,
wWi... Wy €EF = W,,...w1 €.F.

By Lemma [5.3.2] (i) it follows that if wy...w,, € F, then (Wi..-w,)® € Q, ie.,
o (W1 -~ Wm)*®) X (W1 wWm)™ for all n > 0. Properties (f1), (£2), (f3) imply the
following.

Lemma 5.4.3. Let $1...8, € F withay...a, =L(s1...8y,). Suppose

S1. Sm = (51 Smy)(Smyt1---Sm)
1s the standard factorisation of s1...8m.

(i) The words aj ...am—11 and Oay...a,, are palindromes, i.e.,

ag...Am—-1 = Qm—1...09.
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(ii) The Lyndon word associated to aj ... a,, is given by
Uyt -+ - Q@ « -« Qg = Q1 - - - Q1.

(iii) (@1...am,)>® € Q.

Proof. (i) and (ii) immediately follow from (f1) and (f2) respectively. For (iii), we
know that sq ... 8y, is a Lyndon word and therefore (s1 ... 81, )% < 0™ ((S1 .+ Smy)>)
for all n € N. This gives (a1...am,)™ =" ((a1...am,)>) for all n € N. O

For Farey words we obtain a strengthened version of Lemmal[5.3.9] which will be useful
in the proofs of Theorems and We define a family {¥,} of substitutions
first. For each p > 1, set

U,(0) =01 and W,(1) = 0°1. (5.4.4)
We extend this definition to words by ...b, € {0,1}* by
Uy(br...bp) =Up(b1)...Up(bn)

and similarly for sequences in {0, 1}N. One easily shows that 75, preserves the lexico-
graphical ordering {0, 1}N: For any two sequences (b;), (d;) € {0,1}N we have

()< (d) & Ty < Tydy). (5.4.5)
Proposition 5.4.4. Let w =s1...8,, € F. Then setting
Zyw = {(z;) € {0,1}N : w0™® < 0™ ((23)) < (S ...51)°  for all n >0},
we have that Z,, := {o7 (w™) : 0 < j < m}; in particular #2Z,, = m.

Proof. Tt is clear that {07 (w™>) : 0 < j < m} C Z,. The other inclusion we prove by
induction on the level of the Farey words. For w = 01 the statement is trivial. Let
n > 2 be given and assume that the statement is true for all non-degenerate Farey
words of F}, j <mn. Let w=s1...5, € F,. Note that if w = 0™~ or w = 01™"1,
then the statement is obviously true, so we exclude this case. Since all Farey words
are balanced, there is a p such that w is of the form

w=0PT110P11...0PN10P1 or w = 01P01P*...01P~¥(01PH?

for some N € N U {0}, where p;...px € {p,p + 1}V is a palindrome. Assume
that w = 0PT110P11...0P~N10P1, the proof for the other case is similar. Recall the
substitution W, defined in (5.4.4). There is a word v = Ot;...ty1 € {0,1}* with
U,(v) = w. In [I7, Lemma 2.12] it is proven that v is a Farey word, so v € Fy, for
some k < n. Moreover, since w # 0P*11 we have v ¢ {0, 1}. Recall that

Sm...S1=189...8m_10 = 10P10P11...0P~10PH1,
so that
o(($m -+ -51)%°) = U, ((1t1 ... t§0)>).
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Let © € Z, be given. Then by the form of w any two 1’s in x are separated by at
least p and at most p + 1 0’s. Assume first that ;... z,19 = 0PT11, so that there is
ay € {0,1}N such that VU, (y) = x. Note that for any r > 1 there corresponds a j > 1
such that o7 (z) = ¥, (6" (y)), since any digit in y corresponds to a block 07711 or 071

in . From (|5.3.4) we get that
Up(0"(y) = 07 (2) = w™ = Uy (™),

which by above implies that 0" (y) = v* for all » > 0. On the other hand,
from 09 (z) < (Spm ...s1)™ for all j > 0 it follows that 0" (y) < (1ta...tN0)> for all
r > 0. Hence, y € Z, and by the induction hypothesis there is an ¢ € {0,1,..., N}
such that y = o*(v>). This implies that

z=V,(y) =o' (w™),
where

0 it ¢=0,
i={ p+2 it (=1, (5.4.6)
P+2)+ P+ +2+1)+...+ (-1 +1) if 2<L<N.

If z is such that z1 ... 2.1 = 071 for some 0 < j < p, then there is a y € {0,1}N such
that U, (y) = 0/T!(x) and by the same arguments as above we get that

’

r= 010" (2) = V10, (y) = 0/ 10" (w™®) = o (w™),
where, in view of (5.4.6), ' € {0,1,...,m — 1} is defined by

7 m—j—1 if ¢=0,
"l i—j—1 otherwise.

This completes the proof. O

§5.4.2 Farey intervals

We now use the Farey words to identify the basic intervals (81, Sg] that are not
contained in any other basic interval.

Definition 5.4.5. Let $1...8, € F with ay...am = L(s1...8y,) and let y;, and yr
be given by the quasi-greedy expansions a(yy) = (a1 ...am)>™ and

a(yr) = a1 ...a} (amam—1 ...a1)> respectively. Then the interval Ju, ..o, = (VL,VR]
1s called the Farey interval generated by aq ... G, .-

The following lemma is used to show that the Farey intervals are the maximal basic
intervals.

Lemma 5.4.6. Letw =581...8, € Fandleta=ay...a, =L(s1...8n). Ifa, =1
for some 1 < n <m, then
(S(ar...a,))>™ < w™.
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Proof. We will prove this lemma by induction on the level of the Farey words. For
the word 01 the statement is clear. Let k > 2 be given and assume that the statement
holds for all non-degenerated Farey words in F; with j < k. Let w = s1...5p € F.
If w=0""11 or w = 01™"!, then the statement obviously holds. Otherwise, in view
of the fact that any Farey word is balanced, w must have the form

w = 0PT110P110P2 .. 10PNV 10P1 or w = 01P01P10172...01P~ Q1P H!

for some p € N and N € NU {0}, where p; ...px € {p,p + 1}¥ is a palindrome. We
split the proof into the following two cases.
(I) w = 0P+110P11072 ... 10P¥10P1. Then

a = L(w) = 10P10P1 1072 ... 10PN 107! =: 10P010P1 1072 ... 10PN 10PN+, (5.4.7)

Let ¥, be the substitution map from (5.4.4). Then by (5.4.7)) there exists a word
v = totl ‘e tNtN+1 = 1t1 ‘e tNO such that

o(a™) = (¥p(v))>.

By [I7, Lemma 2.12] it follows that v = L(0t;...tx1) and 0ty ...tx1 € F; for some
1 < k. Let 1 <n < m be such that a,, = 1. Then there is a 0 < 57 < N + 1 such that

ay...a, = 1070107 .. 10P-210P T,

Observe that p; € {p,p+1}. If p; = p+1, then the Lyndon word S(a; ...a;, ) begins
with 07721 and w begins with 0PT!1. This implies (S(a; ...a,))>® < w™. If p; = p,
then t; = 1 and

(S(a1...a,))>* = (S(¥p(1ts...t;)))>.

By the induction hypothesis it follows that
(S(ltl R t;))oo < (Otl .. .tNl)oo.
Since the map ¥, preserves the lexicographical ordering (see (5.4.5))), this gives

(S(ar...ap))™ = (S(Tp(lt1 ... £5)) = Tp(S(1t1 ... £5))™)
< U, ((0ty ... ta 1)) = w™.

(IT) w = 01P01P101P2 ... 01PN 017+, Then the largest cyclic permutation of w is
a = L(w) = 1771012101720 . .. 1PN 0170 =: 170017101720, .. 1PN O1PN+10.  (5.4.8)
Define the substitution map \ilp by
¥,(0) =017 and W,(1)=01P*!

and extend it to words and sequences in the usual way. One easily shows that \ilp
preserves the lexicographical ordering. Then by (5.4.8) there exists a word v =
totl N tNtN+1 = 1t1 N tNO such that
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Furthermore, by [I7, Lemma 2.12] it follows that v = L(0¢; ...tx1) and 0ty ...tx1 €
F; for some i < k. Let 1 < n < m be such that a, = 1. Then by (5.4.8]) there exists
0<j<N+1and0<{<pjsuch that

ar...a, =1P°017*01720. .. 1P-1 017 ~*0.

Observe that p; € {p,p+1}. Then 0 < p; —¢ < p. If p; — £ < p, then S(a;...a, )
begins with 01770 and w begins with 017. So (S(aj ...a;))>® < w*>. If p; — £ = p,
then p; = p+1 and ¢; = 1. Since 0¢;...ty1 is a non-degenerated Farey word in F;
with ¢ < k, by the induction hypothesis we have

Since the map \ilp preserves the lexicographical ordering, it follows that

(S(a1...a,))® = (S(Wy(1ty ... ) = Tp((S(1t1 ... £5))>)
< W, ((0ty ... tx1)%) = w™.

This completes the lemma. O
Proposition 5.4.7. Each Farey interval is a mazimal basic interval.

Proof. By Proposition the basic intervals are nested, so it suffices to prove that
a Farey interval can not be contained in any other basic interval. Let (yr,vg] be a

Farey interval generated by a Farey word s;...s,, and let aj...a; = L(s1...55).

Then

a(yr) =(ay...a,)® and a(yg) =ai...a (s1...8m)%,

Suppose on the contrary that there exists another basic interval (8r, Sr] such that
(ve,vr] € (BL,Br). Assume (8L, Br| is generated by the Lyndon word ¢; ...t, and
let by ...b, = L(t1...t,). Then

a(Br)=(by...b,)®° and «(Bgr) =by...b}(t1...t,)>.
So by using 81 < v < Bg it follows that
(by...bp)® < (a1 .. @) by b (). (5.4.9)
By the same argument as in the proof of Proposition [5.4.1] we obtain m > n.

Now we claim ay...a, = by ...b}. By it follows that b;...b, < a1...a, <
by...b!. So it suffices to prove aj...a, # by...b,. Suppose aj...a, = by...by.
Write m = kn + j with £ > 1 and 1 < j < n. Note that a; ...a,, is the largest cyclic
permutation of a Farey word. Then a;11...a,, < ay...a,—; for all i <m. So

ar...0m,m (al...an)kam,ﬂl...am < (al...an)kal...aj:(bl...bn)kbl...bj,

leading to a contradiction with (5.4.9). This establishes the claim.
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By the claim it follows that a, = 1 and ¢, ...¢, = S(by...b,) = S(a; ...a, ). Since
81 ...8m is a non-degenerate Farey word and a; . ..a, = L(s1...$mn), by Lemmam
it follows that

by .. .b+(t1 . 'tn)oo < ((ll . .am)oo.
This leads to a contradiction with ([5.4.9). O

Proposition states that for any 8 € J,, 4, the set EZ{ contains an isolated
point. So the set of § € (1, 2) for which E;r has no isolated points is a subset of (1,2)\
Usl...sme]: Js, ..s;- Suppose on the other hand that 8 € (1,2) \ Usl...sme]-‘ Tor o5
From Proposition we know that any isolated point ¢ of EZ{ must have a periodic
B-expansion b(t, 8). To such a f-expansion we can relate a basic interval (8, Br] as in
Proposition[5.3.10] From the maximality of the Farey intervals and Proposition [5.3.10]
we can then deduce that ¢ is not isolated for E; Thus the set of 8 € (1,2) for which

E;,r has no isolated points is in fact equal to the set

@2\ U e

81...8m EF

To prove Theorem it is therefore enough to prove that this set has Hausdorff
dimension zero. We do so by relating each Farey interval J,,. o, to another inter-
val Iz associated to the doubling map and using known results for the union

U lar—a-

Recall that the doubling map is given by T5(x) = 2z (mod 1) and that 75 : {0, 1}N —
[0,1] is the projection map defined in (5.2.1]). Set

1 1
Ep = {IE € [07 5) (T3 (x) € {x,x + 5] for all n > 0}.
For each Farey word w = w; ... w,, € F we denote by I,, := (qr, qr) the open interval

associated to w, where

1
qr, = T (W Wp—1 ... w1)>) — B and qr = m((wy ... w,m)>).
The interval I, = (qr, qr) is well-defined, since by (f1) it follows that

qr. = T2 (0Wp—1Wi—2 « . . W1 (Wi Wi —1 .. w1)™)

= 7r2(w1w2 . wm_lo(wmwm_l . wl)oo) < 7T2((’UJ1 Ce wm)
In [I7] we find the following result.

Proposition 5.4.8. [17, Proposition 2.14]
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(i) Each I, is a connected component of (0,1)\ Ep. Moreover,

(0,%) \Ep = |J L.

weF

Recall that by Lemmathe function « : 8 — «(f) is a strictly increasing bijection
from (1,2] to Q. Moreover, 73 : {0,1}N — (0, 1] is a strictly increasing bijection if
we remove from {0,1}N all sequences ending with 0. Since such sequences do not
occur as quasi-greedy expansions of 1 and since the first digit aq(8) equals 1 for any
B € (1,2), the map

b (1,2) = (% 1), B ma(a(8) =3 a;(f)

is strictly increasing as well. The image ¢((1,2)) is a proper subset of (1, 1).
Lemma 5.4.9.
1
o(L2\ U Joew) € (3N U Q-Lis)=1-Ep.

$1...8mEF S$1...8mEF

Proof. Let s1...8y, € F with ay...a, = L(s1...$y,). Note that

qr = (@ am) ) = 2% —m((ar...am)™) =1— (L)
n>1

Moreover, by Lemma i) and (ii) it follows that

o0 o0

a(yr) =ai...a} (@amm_1...a1)° = lam_10m—2...01(Amam_1 ...a1)

Then

o(yr) = m2(lam—1am—2 ... a1(@mam—1 . ..a1)>)

= -+ m((amam-1...01)>) =

2 + (1 - mo(@nam—1--a)™))

N = N =

=1— (m((@nam—1-—-a)®)— =) =1-qr.

Since ¢ is strictly increasing and bijective from (1,2) to ¢((1,2)), this implies that
o' ((1—qr.1—qr)) = (vo,VR)-

By Proposition i) this gives the result. O

Finally, to determine the Hausdorff dimension of (1,2) \ U,, . cr Js,n...s1, We prove
that the inverse ¢=! : mo 0 a((1,2)) — (1,2) is Hélder continuous and combine this
with the following well known result: If f: (X, p;) — (Y, p2) is a c-Holder continuous
map between two metric spaces (X, p1) and (Y, p2), then dimy f(X) < L dimpy X.
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Lemma 5.4.10. For any integer N > 2 the function ¢! is c-Hélder continuous with

% on the set ¢([1+ +,2)).

Proof. Fix N > 2 and let 1,82 € [1 + 37,2) with 81 < 2. Then a(81) < a(f2). Let
n be the positive integer such that

041(51) Ce Oznfl(ﬂﬁ = al(ﬁ2> Ce Oznfl(ﬁg) and Oén<51) < Ozn(ﬁg). (5410)

By using 1 = 7g, (a(81)) = mg, (a(B2)) and (5.4.10) it follows that

0<po—p—py 20 g 5 )

2y ATy

23S OZJ(%) B agf}) (5.4.11)
j=1 P2 j=1 2

i (B) —ai(B) 1 - Ly

_; ] %71j S]=n (1+%)j*1 _N(l—‘rﬁ) .

On the other hand, by (5.4.10)) we also have

o0

Wg(a(ﬂg)) — 79 (Q(Bl)) = Z M = Z M
j=1 j=n

) - ) . ) (5.4.12)
(01
> — I > —
o j:;l R EV
where the second inequality follows by Lemma and the fact that
1 (B)oms2(B1) ... < ca(Br)az(Br) ... < (1"710)™
Combining (5.4.11)) and (5.4.12)), we conclude that
‘10g41 n
ma(a(B2)) ~ ma(a(B))| = 7 = (14 1) =R
log 4 log 4
> ( ( ) ) 1°g<1+N)|ﬁ 6 |log(1+N).
O

Proof of Theorem[5.1.7} By Lemmal[5.4.9] the only thing left to show is that
dimy ¢~1(1 — Ep) = 0. This follows from Lemma [5.4.10|and Proposition (i) in
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the following way:

0 < dimp ¢~ (1 — Ep) = dimy | | J (¢r1(1 —Ep)n [1 n %2))
N>2

= sup dimy ¢ ((1 —Ep)né ([H le2>)>

log4 . 1
<ty o (- 2o ([ 52))

log 4

log 4
< sup ————————dimgy(1l — Fp) = su
= v log(1+ 1/N) #(l = Ep) = sup

5" _dimyg Ep = 0.
N>2 log(T+1/N) 7P

§5.5 The critical points of the dimension function

Since the map ng : t — dimy Kg(t) is a decreasing, continuous function with 75(0) =
1 and 17/3(%) = 0, there is a unique value 75 such that dimy Kg(t) > 0 if and only if
t < 73. Determining the value of 73 would extend the results from [24] for holes of
the form (0,t). For 8 = v, equal to the left endpoint of one of the Farey intervals,
we show below that 73 =1 — % This result is based on the following lemma.

Lemma 5.5.1. Let $1...8, € F with ay...a;, = L(sy...8,). Let 1 < j <m
be such that s1...8m = @jq1...ama1...a;. For each N > 1, define the sequence
ty € {0, 11N by

ty = (0az...am(ar...an)Nay...a;)>. (5.5.1)

Then for each N > 1, ty < tyy1. Furthermore, any sequence t that is a concatena-
tion of blocks of the form

Oag...am(al...am)kal...aj, k>N,

satisfies ty < 0™(t) < (a1...am)> for all n > 0. In particular, we have for each
n > 0 that
ty Ko™ (tn) < (ar...am)™.

Proof. By Lemma [5.4.3]it follows that
81 ... 8m = Qmlm_1-..a; = 0az...a} = gl - A0 - - Gj. (5.5.2)

This implies that for all N > 1,

ty = (0a2...am(a1...am)Nal...aj)(aj+1...amal...a;(al...am)Nal...aj)

N+1a

'<(0@2...Clm(a1...am) 1...CLj)OO: tN+1,

giving the first part of the statement. For the second statement, let t be a sequence
consisting of a concatenation of blocks of the form Oas ... am,(a; ... am)kal ...a; with
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prefix 0as . ..am(a;...am)%a;...a; for some K > N. We first show that o™(t) <
(a1...am)>™ for all n > 0. For n = 0 the statement is clear. By Lemma [5.3.8]
it follows that a;41...am < a1...am—; for each 0 < 9 < m. This implies that
o™(t) < (ay...am)*> for each fm <n < (£+1)m, 0 < ¢ < K. For all other values of
n < (K + 1)m + j we obtain the result from , which implies that

al...ajOag...am:al...amal...aj_ <ai...0ma1...a;.

The same arguments then give the result for any n > 0. Hence, 0" (t) < (a1 ...amm)™

for all n > 0. We now show that ¢"(t) = ty for each n > 0. Note that t has prefix

81...sm(a1...am)Kal...aj.

For n = 0 the statement follows from (5.5.2). By (5.5.2)), Lemmas and it

follows that

Sitl---Sp = S1---Sm—i and ai...@; > Gm—it1---Gm = Sm—it1---Sn,

for all 0 < i < m, giving the statement for all 0 < n < m. Since s;...S8,, is the
Lyndon word associated to aj ... a,,, we obtain

Qg1 CpQ1...G; =81 ...8n > 81...5,, forany 0<i<m.

Since ay...@;S1...8m—j = a1 ...Gm, the conclusion that ¢”(t) = ty for all n > 0
follows. O

Proposition 5.5.2. Let sy...8, € F withay ...am =L(s1...85) and let § € (1,2)
be such that a(B) = (a1 ...am)>°. Then 1 — % € Eg and

1 JEE—
T3=1—— :maXEE.

B

Proof. Since m is the minimal period of «(f8), the greedy S-expansion of 1 is equal to
b(1,8) = aj ...a,,0°. Lemma tells us that ay ...a}, = lay,_1...a1, so

1 1 1
75(amam—1-..a10%°) = mg(lapm_1 ...a;0°) — — =ms(as...a}0%) — = =1— —.

B B B

Recall that @@, _1...a; = 0ag...a},. Then by Lemma it follows that for each
n >0, c"(amam—1...a10°) < (ay...a,)®° = a(B) and hence apam—1...a;0% is
the greedy 3-expansion of 1—%, ie., b(l—%, B) = amam—1...a:0°. By Lemma
b(l—%,ﬁ) € &5, so 1—% € E.

The quasi-greedy [-expansion of 1 — % is given by

5(1 — %,6) =0ay...am,(ay...a,)>.

Now consider the sequences t y from Lemmal5.5.1l Sincety < 0™ (tny) < (a1...am)> =
a(B) for alln > 0, we have t v € 5;{ for each N > 1. Moreover, if we set tx := m3(tn),
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B
Furthermore, the fact that any sequence of concatenations of blocks of the form

O0ag ... am(ar...am)*ar .. a5,k > N, belongs to KJ (tx) implies that hyp(KF (tn)) >
0 for all N > 1 and hence also hy,(Kg(tn)) > 0 for all N > 1. By the dimension
formula (5.2.5) we then get that 75 > 1 — %

then Lemma [5.2.2| gives that ty ' 1 — % as N — oo. So mainér > 1- %

On the other hand, by Lemma ii) and Proposition we have

IC;r (1 - %) ={(%;) : amam-1...010° K 0" ((x;)) < (@1...am,)> Yn >0} = 0.
(5.5.3)
Since B N[1—5,1] € K4 (1 - %), this implies that maxf?; < 1—4. It also implies
that dimpy Kg(1 — %) = 0, which gives that 73 <1 — % and proves the result. O

Remark 5.5.3. Note that the previous lemma also implies that for any ¢t < 1 — w%
we have ho, (K3, (t)) > 0. We will use this later on.

Next we will give a lower and upper bound for 73 on each Farey interval (yr,vr].

Lemma 5.5.4. Let s1...8,, € F with ay...a, = L(s1...8y,). For each €
(Yo, VR), set t* = wg(0az...am(as...am)®) and t° = wg(0az...a},0°). Then
t* e E;, AN Eg and

1 1
1_,_74-71 << <tt<l-—-—.

B

Proof. Take 8 € (vr,vr]. Then
(ar...am)™® <a(B) < ar...a) (amam_1...a1)
We first show that 75 > ¢*. By Lemmas and we have
c"(0az...am(ay...am)>°) < (a1...am)>® <a(B) Vn>0.

Hence, b(t*,3) = 0az...am(ay ...an)> and as in the proof of Lemma we have
that o” (b(t*, B)) = b(t*, B) for each n > 0. So t* € Ej.

For each t < t* we have by Lemma that b(t,5) < Oag...am(as...am)>.
This implies that for N large enough, b(t,8) < ty < (a1...an)™ < «(B). By
Lemma it follows that ty € K;(t) and hyop(Kp(t)) > htop(lCE(t)) > 0. Thus
dimpy Kg(t) > 0 and 75 > t*.

On the other hand, for ¢* we have that Oas . .. a, 0% is admissible for any 8 € (vr, Vr]
and that o”(0ag...a;,0™) = Oag...q;,0 for all 0 < n < m, so t* € Ej. By
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Lemmas [5.4.3] and [5.3.7] we get

K3 ()
C{(x:) : amam—1...a10%° < 0™((z;)) < a1 ...a} (amam_1...a1)* ¥n > 0}
= {(x:) : (amam-1-..a1)®° K 0" ((x;)) < a1 ...a} (amam—1...a1)® ¥n > 0}
={(z): (amam-1...a1)° K 0™((2;)) < (a1...am)>* VYn > 0}
={(z;) : amam—1...010° g 0" ((z;)) < (a1 ...am)™ ¥Yn > 0}.

(5.5.4)

By Proposition it follows that #IC; (t°) < o0, so that dimpy K5(¢t°) = 0. This
gives that 74 < t°. Note that

Typ(arag . .. at(Oay...am)>°) = 1.
Then, we have for each 8 € (yr,,vr] that

t* = 71'5(061/2 . (a1a2 . m)oo)

1 1 1

P1- 5 S T 5

From Proposition we know that 7, (Oaz...a;0°) =1 — —. For 8 > v, we

have a; ...a;, 0 < b(1,B), so that

1
YL

1
t* = m5(0ay ...a}0°) = ms(a; ...a}0%) —75(10%°) < 1— —.

B
O

In Figure[5.3 we see a plot of the lower and upper bounds for 74 found in Lemmal[5.5.4}

The next lemma considers the critical point 75 for the remaining values of j, i.e.,
those that are not in the closure of a Farey interval.

Lemma 5.5.5. Let 3 € (1

C2N\Uve, YR with the union taken over all Farey intervals.
Then maXE; =713=1-— %

Proof. Take 8 € (1,2) \ U[vL, vr])- First we show that 73 > 1 — % Let t < 1-— %
with b(t, 8) = (b;(¢,8)). Since dimg ((1,2) \ U[vL,Vr]) = 0, there exists a sequence

of Farey intervals ([yr x,Yrx]) such that v 8 as k — oco. Thus, as k — oo we

have
> bt 5
>

im1 (V)

1 1
:t and 1— —— 1—-—. 5.5.5
YL,k 4 B ( )

For each k, we have a sequence (tk,N) C &7, as given in (5.5.1). Since v, < 8, we
obtain for each N,n > 1, that

ten < 0" (ten) < alyre) < afB).
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Figure 5.3: A plot of 1 — % and 1 — E
Farey words of length m with m < 10.

ﬁm + W for basic intervals corresponding to

Hence, ti v € Eg for all £k > 1 and N > 1. This gives that mauingr > 1 — %
Moreover, since t < 1 — %, we can find by (5.5.5) a sufficiently large M € N such that

— b;(t, B) 1 1
t<t]:= - <1 - <1l-—-—.
! ; (vp,m)? YL, M B

Observe that b(t, 8) = (b;(t, 5)) is a v a-expansion of ¢, which is lexicographically
less than or equal to its greedy expansion b(t1,vr, a). Then,

K4 (1) = {(z:) : b(t, B) < 0" ((w:)) < a(B) Vn > 0}

(5.5.6)
2 {(@i) : b(t1, ve,m) < 0" ((22)) < alye,m) Yo > 0} = K5, | (t).

Since 7, ,, = 1 —

~r > 11, by Remark we know that hyo,(KY, | (t1)) > 0

and together with (5.5.6) we then find A, (K5 (¢)) > 0, which in turn implies 75 > ¢.
Since t < 1 — % was taken arbitrarily, we conclude that 74 > 1 — %

To prove the other inequality we show that for any ¢t > 1— % we have /C/Jg(t) = (). Take

t>1-— % There is a sequence of Farey intervals ([vrx,Vr,k]) such that vz \, 5 as
k — o0o. Thus, when k£ — oo we have

i[z Z ) _¢ and 1—L\1—%.

= L, k) YL,k

Since t > 1 — %, we can find a sufficiently large N € N such that

1 o0
ol o
B YL,N Z;

’YLN

7
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Since v, v > B, b(t, B) is the greedy i n-expansion of to, i.e., b(t, B) = b(t2, v, n)-
Therefore,

KE () € {(@) bt ve,n) < 0™ ((24)) < a(yr,n) ¥n > 0}
= IC+ (t2) - IC+ (T’YL,N)'

YL,N YL,N

From (5.5.3)) we conclude that ICE (t) = 0 and hence, maing', T3 <t. Sincet > 1— %

was taken arbitrarily, we have max EZ{ =13=1-— % O

Proof of Theorem[5.1.5. From Proposition Lemma, and Lemma [5.5.5] we
know that for all 8 € (1,2) we have 73 < 1 — % with equality only if 8 € (1,2) \

Uy, vr]. We also know that for these points 73 = max Eg'

By Proposition @ we know that any isolated point of Eg' has a periodic greedy
B-expansion b(t, 3). From Proposition it follows that any ¢ € (0, 1), for which
b(t,B) = (s1...8m)° is Lyndon, is isolated in E;r if and only if 3 lies in the basic
interval associated to (sy...$;,)°°. Since Farey intervals are maximal by Proposi-
tion if B¢ U(vL,vr], then E; cannot contain an isolated point and Eg is a
Cantor set. |

§5.6 Final observations and remarks

With the results from Theorems 1.3 and E.1.4] we have shown that the situation
for g € (1,2) differs drastically from the situation for § = 2, that was previously
investigated in [19] [86] [104]. There are still several unanswered questions.

Firstly, the structure of Eg remains illusive to us. We know that t € Eg is isolated in
Egif f—1 ¢ Kg(t) and in Propositionwe proved that h, (s (t)) = htop(ICg(t))
for any t € E; It would be interesting to know whether ¢ € Eg is isolated in Eg in
case § — 1 € K3(t) and to consider htop(IC% (t)), also in case t ¢ Eg

In the previous section we have investigated the value of the critical point 73 of the
dimension function 7ng : ¢t — dimgy Kz(t). We could determine this value for any 3
in the set (1,2) \ U(vL,vr]- If B € (v, 7vr] for some Farey interval (v, vr], we only
have a lower and upper bound for 75. With a calculation very similar to the one
in one can show that for any 3 € (yr,vg| that satisfies

a(B) <ay...al(0az...am)(ag ... am)>,

we have 73 = t*. However, for larger values of 8 € (yr,7vr] the situation seems
more intricate. It would be interesting to consider this question further by specifying
7 more precisely also on |J(vL,vr| and by analysing the behaviour of the function
T :f + 73. For § = 2 it is shown in [I04] that dimg(Fs N [t,1]) = dimyg K ().

Motivated by Proposition [5.2.7] we conjecture the following.
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Conjecture 5.6.1. Foranyt € [0,1) and any 8 € (1,2) we have dimpy (EgN|t,1]) =
dimH Kﬁ (t)

Recently, this conjecture is confirmed for § a multinacci number (see [4]).

§5.6.1 Connections to other topics

In this last section we look at several connections between the work presented in this
chapter and other topics. Undoubtedly there are connections to topics not listed here.
We list the ones that seems to be the most related.

Farey intervals and matching intervals for KU-continued fractions

Through Farey words there is a connection between Farey intervals and matching
intervals for KU-continued fractions that is worth mentioning. Let w € F and recall
that I, = (qr, gq,) with

1
qr, = T (W Wpp—1 - .. w1)>) — 3 and qr = m((wy ... wpy)™)
and

Ep = {x € [O,%) (T (x) € [x,JH— %} for all n > 0}.

From [I7] we have the following proposition.

Proposition 5.6.2. [17, Proposition 2.14]

(i) Each I, is a connected component of (0,%)\ Ep. Moreover,

(0,%) \Ep = |J L.

weF
(ll) dimH ED =0.

We can relate the interval I,, with a matching interval for the KU-continued fractions
studied in [54, 55, 56] and mentioned in Chapter This is shown in [I7]. Let
z € [0, 3] and @ be the corresponding binary expansion. The function ¢ : [0, 4] — [0,1]
is defined as ¢(z) := [0; RL(Z)] where RL is the so called runlength function. If
T =00 1% 0% . . then RL(Z) = ki, ko, k3, .. ..

Proposition 5.6.3 (JI7], page 20). Let w € F. Then (I,,) is a mazimal match-
ing interval for KU-continued fractions. Furthermore, Exy = p(Ep) where Exy is
the set of x € [0,1] such that = is not contained in any matching interval.

Since Farey intervals are related to Ep we find the following proposition. Recall that
6:(1,2) > (3,1), B ma(a(8) = 32, 242

Proposition 5.6.4. Let w € F and J,, the associated Farey interval. Then (1 —
o(Jw)) is a maximal matching interval for KU-continued fractions. Furthermore,
Exv = (1 — ¢(FEeant)) where Ecant is the set of B € (1,2] such that EZ{ does not
contain isolated points.
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Doubling map

In a paper of Sidorov, holes around % are studied for the doubling map [100]. We can
rephrase our studies on E3 in terms of holes around 1 when we view the doubling map
on a circle. Fix 8 € (1,2] and ¢ € [0, 1] and recall that Kg(t) = m3(Ks(t)). If we define
Ky(B8,t) = ma(Kpa(t)) then Ko(f8,t) is the survivor set of the hole [0, w2 (b(t, 5))) U
(m2(a(f)), 1) which is wrapped around 1. Therefore we could argue that we studied
holes for the doubling map. Since Farey words play a prominent role in both studies,
it would be interesting to investigate whether there is a more explicit connection.

C-balancedness

Another field of mathematics where the notion of balanced words plays a role is the
field of combinatorics on words. Balanced words can be generalised to C-balanced
words (see [7]). One could wonder whether C-balanced words have a special role
in the topology of Fg in a similar way balanced words did. They do not seem to
have an effect on the number of isolated points. It is certainly not true that if a(3)
is a 2-balanced word then Ejs has one isolated point. Take for example «(5) =
(11010011001011010010110011010010)>°, then Ep has 4 isolated points (of period
length 2, 4,8 and 16) and is 2-balanced.
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