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CHAPTER

Matching and Ito Tanaka’s
a-continued fraction expansions

This chapter is joint work with Carlo Carminati and Wolfgang Steiner.

Abstract

Two closely related families of a-continued fractions were introduced in 1981: by
Nakada on the one hand, by Ito and Tanaka on the other hand. The entropy and
matching for Nakada’s family has been studied extensively, whereas the study of Ito
Tanaka’s family remained on the fringe. This chapter has two parts. In the first
part we focus mostly on the similarities; algebraic conditions and monotonicity of
the entropy function on matching intervals. The second part focuses mostly on the
Ito Tanaka a-continued fraction. We show that the parameter space is almost com-
pletely covered by matching intervals. In other words, the set of parameters for which
the matching condition does not hold, called the bifurcation set, is a zero measure
set (even if it has full Hausdorfl dimension). These properties are shared by Na-
kada’s a-continued fractions, though the proof is different. In contrast to Nakada’s
a-continued fractions, the bifurcation set of Ito Tanaka’s a-continued fractions con-
tains several non zero rational values. Moreover, it contains numbers of which the
regular continued fraction expansion ends in a sequence that is bounded from below.
We give several characterisations of the bifurcation set and have dimensional results
for neighbourhoods of the small golden mean and rationals in the bifurcation set.



CHAPTER 3

3. Matching and Ito Tanaka’s a-continued fraction expansions

§3.1 Introduction

Various variants of the regular continued fraction (RCF) have been considered. The
most famous ones are the nearest integer continued fraction (NICF) and the backward
continued fraction (BCF). Starting from the 80s, some attention has been devoted
to families of continued fraction algorithms; even if different authors have focused on
different families one can describe mostE| of these families using the same setting as
follows. Let T, : [ — 1,a] — [@ — 1, a] be defined by

R A

Different choices of S in formula (3.1.1)) give rise to different generalisations of the
classical continued fraction algorithms:

(N) for S(x) = L one gets the a-continued fractions first studied by Nakada [82],

|]

(KU) for S(x) = —1 one finds a subfamily of (a, b)-continued fractions (corresponding
to the choice b = a and @ = a — 1), which were first studied by Katok and
Ugarcovici [54],

(IT) for S(x) = L one gets the a-continued fractions first studied by Ito and Tanaka [T03].

xT

(a) the branches of (N) (b) the branches of (KU) (c) the branches of (IT)
Figure 3.1: The different branches for the different transformations.

In Figure the different transformations are displayed. In all of the above three
cases, for all « € (0,1), the dynamical system defined by the map admits
an absolutely continuous invariant probability measure and is ergodic. For the (IT)
case this is proven in an unpublished article by Nakada and Steiner. Therefore, we
can study the metric entropy hy, (T,). This determines the speed of convergence
of the continued fraction algorithm of typical points (in the same way as in the
regular continued fraction case on page . The higher the entropy, the
better the convergence. An issue which has been in the spotlight in recent years is
the dependence of the entropy on the parameter a. In Figure the entropy plotted
as a function of « is shown for the Ito Tanaka continued fractions.

1 Actually some authors, such as the authors of [81], studied the so called folded algorithms which
are not of the type (3.1.1)), however from the metric viewpoint there is hardly any difference between
the folded and the unfolded version (see § 3.1 of [9] for a discussion of this issue).
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Figure 3.2: The entropy as a function of a for the Ito Tanaka continued fractions.

The behaviour of the entropy is by now quite well understood in case (N), which is by
far the most studied [18] [19, [65] [79] 8T, 82], B4]. The same is true for the case (KU),
which was considered much more recently [I7, 54, 56]. However, not much progress
has been made in the case (IT) for which there are only partial results dating back
to 1981 (see [I03]). This chapter studies the similarities and differences between the
families, where the results on (IT) are new. As in the cases (N) and (KU), also for Ito
Tanaka continued fractions the matching property plays a central role; a parameter
a € [0, 1] satisfies the matching condition with matching exponents N, M if

TN () =TM(a - 1). (3.1.2)

The peculiar (and somehow surprising) feature of these systems is that a condition
like (3.1.2)) holds on intervals with non-empty interior; thus what is actually relevant
is the definition of a matching interval.

Definition 3.1.1 (Matching). Let J C [0,1] be a non-empty open interval. We say
that J is a matching interval (with exponents N, M) if TN (o) = TM (o — 1) for all
a€ J, TN-"Ya) # TM=L(a — 1) for almost all « € J, and J is not contained in
a larger open interval with these properties. The difference A := M — N s called
matching index. We call the matching set the union of all matching intervals; its
complement will be called the bifurcation set and will be denoted by &.

Observe that we do not impose conditions on the derivative of T and T, as in
Definition [1.2.8 on page since these are automatically satisfied whenever matching
holds on an open interval (this is proved in Section [3.2). The following lemma shows

that two matching intervals cannot overlap (for any choice of S(z) above).

Lemma 3.1.2. Let M, M', N, N’ be such that M — N # M’ — N'. Then there are
at most countably many a € [0,1] such that TN (a) = TM(a — 1) and TN (o) =
TM (o —1).
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3. Matching and Ito Tanaka’s a-continued fraction expansions
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Figure 3.8: Matching intervals, plotted as arcs from a to b for a matching interval (a,b), for
the Ito Tanaka continued fractions.

Proof. Assume w.l.o.g. that N’ > N. Then we have TM+N'=N(q — 1) = TN'(a) =
TO{W(a —1). Since M — N # M’ — N’, this implies that « is a rational or quadratic
number. O

By definition, matching is an open condition. For the a-continued fractions (N) it is
conjectured in [84] and shown in [I8] that matching holds almost everywhere; the same
is true in the case of (KU) (see [I7, 54} 56]). In Section [3.3| we show that this is also
true for the a-continued fractions of Ito and Tanaka. However, for the bifurcation set
the situation is different. Not only does each of the three variants (N), (KU) and (IT)
have a different bifurcation set (we denote them by €y, Exp and Epr respectively) but
these bifurcation sets display quite a few differences. For instance, it is not difficult
to show that both &y and Expy do not intersect Q N (0,1) and are made of badly
approximable numbers; this is not the case for £;7: not only does it contain infinitely
many rational values (such as the values 1/n for n > 3) but it also contains numbers
for which the tail of the regular continued fraction expansion has digits bounded
from below. In the following subsection, we shall focus on the specific features of
the Ito Tanaka case as well as stating the results on the exceptional set Erp. In this
section we also state our theorems. In Section we show that the entropy formula
in terms of ¢, is true for all three families as well as the fact that matching implies
monotonicity of the entropy. Furthermore, we shed light onto algebraic conditions.
Each family comes with different algebraic conditions that hold for « € Q N (0,1).
They will illustrate the fact that the (IT) case is more complicated than the others.
The results displayed in this section in the case of (KU) and (N) are already known
but added for comparison. The study of the so called exceptional set is specific for
every family and is the focus of the second part of this chapter (Section and .
In Section [3:3] we prove the results on the exceptional set 7 as well as the fact that
matching holds almost everywhere for which the proof is specific for the (IT) case.
Section is dedicated to dimensional results for the exceptional set.

§3.1.1 Ito Tanaka continued fractions: old and new
results

In this section T, will always denote the map (3.1.1) for the Ito Tanaka case, i.e.,
with S(z) = 1/z. Let us point out that the dynamical systems of o and 1 — o are
isomorphic. Indeed, setting 7(x) = —x gives

Tol,=T1_qo0T.
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§3.1. Introduction

For this reason, it is enough to study this family for the parameter a € [1/2,1].
Setting dy(z) = [S(z) + 1 — «f, for every x € [a— 1, o, we use the shorthand d, , =
don(x) =do (TZ(x)) to write the continued fraction expansion

1

Tr =

1

da,l + 1

da72 + —

Note that T3 is the Gauss map and T% is the map for Hurwitz continued fraction

expansions [48]. Furthermore, d, () is called the n'" digit of # and can be both
negative and positive. We define the n'" convergent as

a,n(m) 1
Can(T) = b = T

qa’n(w) da’l(l‘) +

Let g = f . For the speed of convergence for any = € [a — 1, a] we have

Da,n 2 1
T — —2| < for - <a<yg
\/5|an|2 2
and
Don 1
T — < 5 for g<a<l1 (3.1.3)
do,n |qa.,n|

with |ga.n(z)] > (g+1)" (see [103]). By symmetry, analogous results could be stated
for the convergence of the algorithms when « € [0, %) Now let us turn to matching
and state our first theorem.

Theorem 3.1.3. Matching holds almost everywhere on [0,1] and the only possible
indices are —2,0 and 2. More precisely, the matching indices are 0 or 2 for a < 1/2
and 0 or =2 for a > 1/2.

Let us recall from [I03] that the symmetric parameter interval (1 — g, g) is (almost)
covered by the three adjacent matching intervals (1 — g,v/2 — 1), (vV2 — 1,2 — V/2)
and (2 — /2, g) see Figure so the interesting part of the bifurcation set is in the
ranges of [0,1—g] and [g, 1]. Since the problem is symmetric with respect to a = 1/2,
we can focus on Err N [g,1]. We prove the following characterisations of this set.

Theorem 3.1.4. The bifurcation set on [g,1] is given by

Err N g, 1]
={aelg1]: THa-1)< A5 and T}H(E-1)< 25 foralln>1} (3.1.4)
={a€lg1]: Tja=1)>a~— 1andT”( —1)>a—1 foraln>1}. (3.1.5)
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While the characterisation in terms of T, is natural from the definition of the bifurc-
ation set, the characterisation with a fixed map T, will be more useful. In particular,
from the ergodicity of T}, it easily follows that £ is a Lebesgue measure zero set.
Note that there is a clear connection with holes namely that £ contains those «
for which o and oo — 1 are contained in the survivor set when iterating over T, with
hole [g — 1, — 1). Using this characterisation, we retrieve the following dimensional
results for Ep.

Theorem 3.1.5. We have that E;r is a Lebesgue measure zero set and
dimg (Err) = 1. Moreover, for all § > 0 we have dimpy (Err N (g, 9 +9)) = 1.

This is similar to the behaviour of Nakada’s continued fractions around zero (see [1§]).
What is different however, is the presence of rationals in the bifurcation set. For those
points we have the following theorem.

Theorem 3.1.6. The bifurcation set Erp contains infinitely many rational values and
the set of rational bifurcation parameters Eyr N Q has no isolated points. Moreover,
for allr € Erp NQ and for all 6 > 0 we have that dimg (Erp N (r — 6,7 +0)) > 1/2.

Theorem [B.1.3] and [3.1.4] are proved in Section [3.3] In Section [3.4] we prove the
theorems on dimensional results (Theorem and [3.1.6]).

§3.2 Algebraic relations, an entropy formula and
matching implies monotonicity

Even though the results in this section will be focused on Ito Tanaka a-continued
fractions, most of the results also hold for other continued fraction expansion families.
Therefore, we will generalise some results to fit a more general framework or refer to
other continued fraction expansion families after a proof. We will first prove that for
all @ € (0,1) N Q an algebraic condition holds. In the case of Ito Tanaka a-continued
fractions this results in 6 different algebraic relations. For KU-continued fractions and
Nakada’s a-continued fractions the situation greatly simplifies. We find 2 algebraic
relations for each family. They are used in the proof of monotonicity on matching
intervals later on in this section. But before proving monotonicity we will prove an
entropy formula as in for all three families.

To find the algebraic relations we work with M6bius transformations and matrices.

Definition 3.2.1 (M&bius transformation). Let A = Zl ZZ be a matriz
3 Q4
with a; € Z. The Mdbius transformation induced by A is the map A : R — R given by
a1z + as
asz+as

Now let d € Z. We define the following matrices in SLy(Z):

0 1 11 0 1
=Vl m=oa] o=
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Note that
a_ |1 d
R

which gives us By = SR?. Fix a and x € [a — 1,a] and let
Ma,w,n = Bda,l(a:)Bda,z(ac)Bdu,g,(:v) . Bda," (x)- An casy check shows that Ma,x,n(o) =
Can(T).
Lemma 3.2.2 (Recurrence relations). We have the recurrence relations
Pa,—1 = ]-, Pa,0 : = 0; pa,n(x) - da,n(x)pa,n—l(l') +po¢,n—2(x)a n Z ]-a
do,—1 = 0; qo,0 = 1; QQ,n(x) = doz,n(x)q%nfl(x) + qa,n72($)a n> 1.

The recurrence formulas are also given in [103] however without a proof. We provide
a proof using the Md&bius transformations. This proof is analogous to the proof for
the regular continued fraction given in [29].

Proof. We can obtain the recurrence relations by writing

Mo = [ Lo} el .

Now
T e <t < N A
= [Bemafe) fpmena () ) .

This gives us ro,n, = pa,n—1 and Sq.n = gq,n—1 and the recurrence formulas are found.
O

Just as in the classical case we have the following equation

pa,nfl(l‘)qa,n(m) _pa,n(x)@kv,nfl(x) = (=" (3.2.1)

Note that this implies that ps ,(x) and ¢a.n(x) are co-prime for all n € N as well as
Go,n(z) and gq n—1(x). The equation is found by looking at the determinant of M, 4,

det( a,x n) det (Bda’l(x)Bda,z(z) . 'Bda,n(l’)) = (—1)”.

Also the following equation holds

(3.2.2)

= Pa,n(T) + pa,n—l(ng)}(fC)
T

Gan(T) + qan—1 ()T ()
Note that T, (x) = Bd_aln(z)(z) and so * = By, , (z) (Ta(x)). This gives us
Pa,n(2) + Pan—1(2)T3 (2)
Gan () + dan—1(2) T (2)

Let us now turn to the algebraic conditions. For (N) and (KU) continued fractions
one can define M, ,, in the same way as for the (IT) case. The following lemma
holds for all three families.

T = Mazn (T3(2) =
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Lemma 3.2.3 (Pre-algebraic condition). Let a € [0,1] and suppose matching oc-
curs. Let b=TY(a) = TM(a — 1) then the following equation holds

Ma’a,N(b) = RMa,afl,M(b) (323)
Proof. We write
a = Ma,a,N(b)
a—1=R'a = My. 1m(b)
which gives us (3.2.3). O

From the evaluation in b we get the algebraic conditions (for the (IT) case) that hold
for My o.n and My o—1,Mm-

Theorem 3.2.4 (Algebraic conditions). Let a = g € QN (0,1) with TY (a) =
TM(a — 1) = 0 and N, M minimal. Then one of the following algebraic conditions
holds

(a) Ma,a,N = RMa,ozfl,]VI (b) Ma,a,N = RMa,afl,MSRS

(C) MQ’OQN = RMa’a,LMSR_ls (d) Ma,a,N = RM%Q,LMVSRS

(6) Ma,a,N = RMa,afl,MVSR_ls (f) Ma,a,N = RMa,afl,MV

) -1 0
wzthV—[ 0 1}

Proof. Let a = % €Qn(0,1) with TN () = TM(a—1) = 0 and N, M minimal. Now
(13.2.3) gives us

_|a p b
Ma,a,N - |: as q :| RMa,afl,M - |: b2 q :|

for some a1, az,b1,b2 € Z\{0}. We have that as = ¢o,nv—1(a) and by = go,pr—1(a—1).
We prove that |go, nv—1()| < |ga,n(a)| and |ga,pm—1(e — 1)| < |ga,nm (a0 — 1)| which
gives us

0<laz| <gq, 0<lb|<gq. (3.2.4)

This is used in all 6 cases. We have

pa,N(O‘)Q(x,N—l(a) - pa,N—l(a)Qa,N(a)
qa,N(a)QQ,Nfl(a)
()Y 1
QQ,N(O‘)Qa,N71<a) B QQ,N(O()Q

pa,N(a) _ pa,N—l(a)
qa,N(Ot) qq,N71(04)
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from (3.2.1)) and the speed of convergence (Equation (3.1.3)) on page[d3) for (IT) . This
gives us |¢a,N—1(@)] < |ga,n()|. Suppose that equality holds. From the recurrence
formulas we find

iQa,N—l(a) = Qa,N(a) = da,N(a)Qa,N—l(a) + Qa,N—Q(a)
which implies (£1 — do N (@) go, N—1(a) = o, n—2(c). This contradicts with ¢, nv—1 ()
and go,N—2(a) being co-prime. Therefore we find
|QO¢,N71(O‘)| < |QQ,N(a)| .

Now

det(My,a,n) = (—1)N and det(RMy o—1,m) = (—1)M.
Whenever N — M is odd we find det(My o, n) = —det(RMqy q—1,1) and if N — M is
even we find det(My,o,n) = det(RMy o—1,0m). Furthermore, we either have azbe > 0
or asbs < 0. These different cases lead to different algebraic conditions. Table
shows which algebraic condition we find in which case. Left to prove is that this table
holds.

a2b2 >0 a262 <0
det(Mq,o,n) = det(RMqa,a—1,1m) (a) (b,c)
det(Ma,o,n) = —det(RMy a—1,0M) (d,e) ()

Table 3.1: The different cases.

When det(Mg o n) = det(RMy, o—1,0) we find
(a1 —b1)q = (az — ba2)p (3.2.5)

by writing out the determinants. Since p and ¢ are co-prime, as — by is a multiple of
q. Together with (3.2.4) we get that ag —bs € {—q,0,¢}. If asbs > 0, then az —by =0
and so as = by. Note that this also gives us a1 = by using (3.2.5). This results in

Moc7a,N = RMa@—l,M

which is condition (a). Now suppose azby < 0. We find that (az — b2) = +¢. In case
as — by = q we have a1 — by = p by (3.2.5) which gives us

bi+p p
M =
a0 { bo+q ¢
and so
o bl P 1 0
=3 217
We find
Ma,a,N = RMa,afl,MSRS
which is case (b). In case as — by = —q we have a; — by = —p which gives
| bhi—p p
Ma,oz,N - |: b2 —q q
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_ b1 p 1 0
o= 312 )

Ma,a,N = RMa,a—l,MSR715
which is case (¢). When det(My,o,n) = —det(RMqy,q—1,1m) We get

and so

We find

(a1 4+ b1)g = (az + b2)p.

This time ag + by is a multiple of ¢ and together with (3.2.4) this gives as + by €
{—q,0,q}. Now assume that asbs > 0. We find as + bo = £¢. In case as + by = q we
have a; + b1 = p which gives

p—>b p
Maa -
ol [q—b q}

o b1 p -1 0
= G101 )

Ma,a,N = RMa,afl’MVSRS

and so

This results in

which is case (d).
Suppose ag + by = —q. Then a1 + by = —p which gives

-p—b p
—q—by ¢

_|bip||-10
e |

Ma,a,N = RMa’afl,MVSR_ls
which is case (e). If agby < 0 then as 4+ b2 = 0 and so a; + by = 0 which gives us

Moc,a,N = |:

and so

This results in

M(x,a,N = RMa,a—l,MV
which is case (f). O

For (N) continued fractions we know that g, (z) > 0 for all choices of o and z. With
the same reasoning as above we find that asbs > 0. Furthermore, as + by = —¢q is
excluded. The two algebraic relations that remain are (a) and (d). For details see the
appendix of [18] and [84].

For KU-continued fractions we have that det(M, %) = 1 for any allowed triple
(o, z, k). With the above reasoning we can find that either (a),(b) or (c¢) holds.
In [I7] it is shown that (b) holds for a special class of rationals @ € QN (0,1). For
other rationals (a) holds. Beware that the matrix S is defined slightly differently in
the (KU)-case since S(z) = —1

z°

Theorem [3.2:4] results in the following corollary.
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Corollary 3.2.5. Let o € QN(0,1) with TN (o) = TM (a—1) = 0 and N, M minimal
and z in the neighbourhood of a. Then

if (a) holds, TN (z) = TM (x — 1) if (b) holds, TN*(z) = TM*(z — 1)

if (¢) holds, TN*1(x) = TM+(x — 1) if (d) holds, TN*'(z) = —TM+1(z — 1)

if (e) holds, TN*1(x) = ~TM+1(x — 1) | if (f) holds, TN (x) = —TM(x —1).

Proof. Fix € QN (0,1). We first prove that there is a neighbourhood of « such that
for every x in this neighbourhood we have

Mm,x,N = Moga,N and Mww—l,M = Ma7a—17M- (326)

In other words, the functions TV (z) and T (2 — 1) are continuous in z = . Suppose
that TV () is not continuous in z = « then there exists a k < N such that T%(a) =

a — 1. This gives
1
o= T

da,l +

1

.+da7k+a—1

which is an infinite (periodic) expansion of o and so « is irrational. In the same way
we find a contradiction for TM (z — 1).
Now pick z in the neighbourhood of « so that (3.2.6)) holds. We write

=M, . n(TN(2)) (3.2.7)

and
= RM,; o1 (TM(x —1)). (3.2.8)

Since z is in the neighbourhood of o we have that
Myon=Maonand My 130 = Maa—1,Mm-
If condition (a) holds, we find
MyonN=Myon=RMyao1,m=RMyz1,0m.
This gives us, together with and , that
TN(z) =TM(z - 1).
In the second case we get from condition (b) and , that
SRSTYN (2) = T (z — 1)
and so

EOES I
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which implies

TM(z —1)
TN(z) = —=2 2 1 3.2.9
M) = (3:2.9)
Now
TN*(z) = 1 1—dyni1()
TM(z—1) ’ ’
1
Y (z-1) =~ +1-d, —1).
T ({17 ) TéV(ZII) + ,MJrl(‘r )
This gives
TNV () M gy = — 2 L @)+ dyare (- 1).
: : T —1) TN ) ’ 7
Using (3 we find

1 1

TN+1 7TM+1 —1) = _

+1 7dx7N+1((£) +dx,M+1(:C — 1)

SO
I ) -1 @ =) =

for some r € Z. Since TN+ (z), TM+1(z — 1) € [z — 1,2) we find 7 = 0. Case (c),(d)
and (e) can be found in a similar way as case (b). Case (f) is similar to case (a). O

Note that from it follows that TN (x) # T (z — 1) whenever (b) holds. In the
same manner we find that whenever (c) holds T () # TM (x — 1). For (d), (e) and
(f) we also find TN (z) # TM(x—1). We can conclude that on a matching interval (a)
must hold, otherwise not all points in that matching interval have the same matching
exponents Simulations suggest that (b) only holds for & = % and (c) only holds for
ae{}?

We now prove the fact that if det(My, o, n) = det(My,a—1.0) for a € (0,1) N Q, then
the condition on the derivatives, as in Definition on page of TN (a) and
TM(a — 1) are satisfied. This lemma holds for all three families.

Lemma 3.2.6. Fiz o € (0,1) and let N, M be minimal such that T (o) = TM (o —
1) = 0 with det(My,a.n) = det(My oa—1,0) =t with t € {=1,1}. Then (TN) (a) =
(T3") (o = 1).

Proof. We know that there are a,b, ..., f € Z such that

er+ f
gr+h

ar +b M

T () = cr+d’ T, (z) =

We have that T2 (o) = 0 gives o = fg and TM(a—1) =0gives a — 1 = 75. For
any choice of S we have that ad — bc =t and eh — fg = t. This gives us

t
(cx+d)?’

t

M/xzi.
T @) = iy

(T2) (x) =
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Filling in o = —g and a — 1= —g respectively gives
@V (0) = =g = o~ ta?
(=2 +d)?  (ad—cb)?
and
@Y fa-1) = = 1t

(=22 +h)2  (eh—fg)?
Furthermore, note that a and b are co- prime and f and e are co-prime. Since a—1 =

7_17(;“ = 75 we find a = +e so that a® = 2. This finalises the proof. O

Note that on a matching interval the determinants are equal (since condition (a)
holds). Let us now turn to the entropy formula. We prove it for the (IT) and (N)
case and show where the proof fails to work for the (KU) case.

Lemma 3.2.7. Let T,, be as in with S(z) = L or S(z) = % For almost

x|
every x € [a — 1, ] we have that

ha) == h(T,) =2 lim — |10g(qa n(2))] - (3.2.10)

n—o0o M

where qo.n () is the denominator associated to the n'* convergent of x for the corres-
ponding map S.

The proof of Lemma is very similar to the proof in the classical case (see [29]).

Proof of Lemma[3.2.7 Let T be T, for some choice of S and « € (0,1) and let x be
a typical point. For all three cases one has recurrence relations for the convergents of
the following form

Pa—1:=1; Pao:=0; Pan(z)=dan
da,—1 ‘= 0; a0 *= 1; Q(x,n(x) = da,n(x)qam 1(93) + En— 1(1‘)6]01,”_2(1‘), n =1

Here do (2) = do1 (T 1 (2)) and £4,n(2) = €01 (T (z)) where do 1 () and 4,1 ()
depend on the choice of S and ¢y := 1. In the proof we will omit the dependence of
« in our notation. First we show that for all n € N we have

pn(®) = gn-1(T'(z)) (3.2.11)

by using induction. For n = 0 we find po(z) = 0 = ¢q_1(T(x)), for n = 1 we
find p1(x) = eg = 1 = qo(T(z)). We assume p,(x) = go—1(T(x)) and p,_1(z) =
Gn—2(T(x)) to find

) + En(l')pnfl(l')
(T'(z)) + en(2)gn-2(T'(z))
Gn—1(T(2)) + en1(T())gn—2(T(x))

dn+1(w)pn($
= dpt1()gn-1
d

)
)

anrl(m)

)
= (T (x))
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which finalises the induction. Using (3.2.11}) we write

1 1 pa@)  ppa(T(@) (T (2))
qn () 4n(2) gn—1(T(x)) gn—2(T?(z)) qo(T"(z))
Po() poo1(T(z))  pi(T" ()

@n(®) gu-1(T(z)) @ (T""(z))

Taking the absolute value and the logarithm on both sides we find

—lo 2) = lo pn(‘r) o pnfl(T(w)) o pl(Tn_l(-T))
log [gn(2)| = log qn(x)’-Fl g qn_l(T(x))‘+ ..+ log ql(Tnl(x))‘. (3.2.12)
Now we write

—log |gn(z)| = log |z| + log |T(z)| + - - - + log |[T™ ! (z)| + E(n, z) (3.2.13)

and determine the error term FE(n,z) by substituting the right hand side of (3.2.12))
for —log|gn(z)] in (3.2.13)) and rewriting the equation. We get

pn<.'L‘)

qn()

Now we prove that for any y € [ — 1, a]\Q we have

E(n,z) = log

'—logx|+-~-+log

pi(T"H(z)) —log | T" Y (z
th(Tnl(w))’ log|T" ! (x)].  (3.2.14)

pn(y)’
log log |y ’ < 3.2.15
R R 3219
First we prove that if we write |z| = |qi| then d > 1 for n > 2. We have
d—py 1
|| = [=| < ‘ Pnl< = (3.2.16)
dn dn qn

For the (IT) case this follows from and for the (N) case this estimate can be
found in [81]. We do not have this estimate for the (KU) case where only |z — 2= qi
is proven in [54]. Now @ gives |d — pul|gn| < 1. Now suppose [E2] < |z]. Using
the Mean Value Theorem with f(z) = log|z| on [|22,[z(] we find

Pn
=l - 2=
an

for some ¢ € [[22],]z(]. Suppose |z| < [£2]. Using the Mean Value Theorem with
f(z) =log|z| on [Jz],[Z=[] we find

0 < |log |z| —

1 11 1‘qn‘ 1
c Qn Pn _|qn|

<]
S_i

1 1 11 1
- < |z - <—7 |
c

Pn |

qn

0< = ||z| - Bz

n

log | — log |§—"

n

In both cases we find that (3.2.15[) holds. Using this estimate in (3.2.14)) we find

S S
|gn ()] (T8 ()|

[E(n, z)| <
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Since for all choices of S and « € (0,1] we have that the sequence |g,(z)| grows
exponentially fast (see [54] [80, 103E|) there is a b € R~ such that |g,| > v"~! for
n > 1. Furthermore ¢; > 1 and so we get

1 1 =1 b
< 4. — = 2.
|E(n,x)| <1+ 5 +- 4 = <kE:O 1 (3.2.17)

Using Rohlin’s formula and Birkhoff’s formula we find
1< ,
_ ’ o - /(i
) = [ log 7'(o)ldu = lim > log /(T )}
=

With (3.2.13)) this gives us

h(a) = =2 lim 1 (—=loglgn(z)| — E(n,x)) .

n—o00 N

Since (3.2.17)) holds we can now conclude
. 1
h(a) =2 lim —log |gn ()]

which is equation (3.2.10)).
a

Now we will prove that on a matching interval the entropy is monotonic. The general
idea is the same as for the a-continued fractions (see [84]).

Theorem 3.2.8. Let A C [0,1] be a matching interval for (N),(KU) or (IT). Then
the entropy is monotonic on A. Furthermore, if the matching index is positive h(a)
is increasing, if the matching index is zero h(«) is constant and if the matching index
is negative h(«) is decreasing.

Proof. Fix s € Q\&, where & € {En,Ekuv,Err} depends on the choice of S, with
TN (o) = TM(a — 1) = 0 and N, M minimal and let (I(s),r(s)) be such that s €
(I(s),r(s)) where I(s) and r(s) are chosen in such a way that M, oy = M n and
My o1, = My s—1,m for all a € (I(s),r(s)). Note that this implies that (I(s),r(s))
is contained in a matching interval. Let o, 8 € (I(s),r(s)) and define T () = am
and T3 (B) = Bm. We prove the following equation holds for m < M

la — B
m — B < .
‘ " M| | i,mfl - 2po¢,mflqmm71|

(3.2.18)

From (3.2.2)) and the fact that «,, and 3,, have the same partial quotients we can get

5‘]a,m — Pa,m
Pam—1 — qa,mflﬂ’

Ada,m — Pa,m

)
Pam—1 — da,m—1Q

am =& Bm =€

2 Actually, in [54} [80] linear growth is proven, but the proof can be adjusted easily to get expo-
nential growth since, in the sequence of digits for any = € [a — 1, a], a sequence of consecutive 2’s or
—2’s is uniformly bounded for a fixed a < 1. All proofs are based on the recurrence relations.
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where & € {—1,1} depending on the family (always 1 for (IT), always —1 for (KU)
and £4,,,(a) for (N)). This gives us by (3.2.1))

Afo,m — Pa,m Bqa,m — Pa,m
ot — Bim| = | -
Pam—1 — qam—1¢& Pam—1 — Qa,m—h@

=| (Olqu,m - pa,m)(pa,mfl - QOz,mflﬂ) - (Bqa,m - poz,m)(pa,mfl — (Ioz,mfla) |
B (Pa;m—1 = Ga,m-10)(Pa,m—1 — Ga,m—1/3)
= (qa,mPaym—1 — Qa,m—lpa,m)a + (Qmm—lpa,m - Qa,mpa,m—l)ﬂ|
B P21 — Pam—1Gam-1(a+B) +q2,,_ap

(-)7a - (~1)"8 |
Pam—1 — Paym—19a,m— 1(a+6)+qam B
<|- o —p :
Paym—1 Qpa,m—IQa,m—l

Fix o and let us define the set L(a) = UN_; T (o) UUM T (o — 1). We show that
there is an & > 0 such that for all 8 € (a — &, a) we have that L(a) C (o —1,3) and
L(B) C (a—1, ). Let ¢’ > 0 such that the minimum of L(f) is attained after the same
amount of iterations for all 5 € (o — €', &) so that when T () = oy, = min(L())
then 75" (B) = By = min(L(B)) for B € (o — &', ). This can be done since the maps
T7(z) and T (2 —1) are continuous in z = o for n < N and n/ < M. If the minimum
is attained in a point of the orbit of & — 1 and 8 — 1 the proof works the same.

We now find an £; > 0 such that o, — S| < |a—1—ay,| forall g € (a— 51, a)N(a—
g',a) N (I(s),r(s)) which implies L(8) C (o —1,8). Let ¢ = —

|pa,7n71 2po¢,m IQOL,m—ll

and set 1 := ——™= e find for 5 € (o — €1, «) and from equation (3.2. that
d lo=12aml We find for 8 df ion (3.2.18) th

|t — Bm| < cla— B <ce1 =|a—1= an.

Now let e5 = o — max(L(«)), then L(a) C (o — 1,0) for all § € (o — e9,a). Let
¢ = min(ey,e2,¢’) then we have L(a) C (o — 1,8) and L(B) C (a — 1,5) for all
B € (a—¢g,a).

Fix § € (a—e,a)N(l(s),r(s)) and pick x € (5, ) such that z is a typical point for the
system (Ty, (a—1, @), o) and z—1 is a typical point for the system (T, (6—1, 8), pg)-
By typical we mean that lim, o 2#{i < n : Ti(z) € (B,a)} = pa ((8,)).
iterate z over T, and 2’ = x — 1 over Tj. Let ny be the k*® return time of = to (3, )
and my, the k*" return time of 2’ to (8 —1,a—1). We show that nj, —my, = (N — M)k
and qon,—1,(7) = QB,mkfl(l’/)

Because L(a), L(B) C (o — 1,8) we have that z will not return to (8, ) before N
iterations of T, and 2’ will not return to (8 — 1,a — 1) before M iterations. On the
interval (a—1, 8) we have that T, (x) = Ts(z) whenever T, (z) € (a—1, 3). This gives
us that T2 (z) = T3/ (2') and T ~!(z) = T5" ' (2') and we find ny —my = N — M.
Furthermore, since z is contained in the same matching interval as s we have that
condition (a) holds and so

M:v,z,N = RMm,zfl,M

54



§3.3. Matching almost everywhere and characterisations of the bifurcation set

which gives us ¢z n(z) = ¢z m(2") and so go,n(z) = gpm(z’). Since the orbits
of z and z’ coincide after N and M iterations respectively we have that also the
fractional transformations coincide. This results in g n,—1(2) = ¢g.m,-1(2’). Now
T (2) +1 =T (x) and Tg" (2') € (B — 1,a — 1) is a typical point for (T, (8 —
1,8),pp) and T2 (z) € (B, ) is a typical point for (T, (o — 1, @), pto). This means
we are in the same situation as we started and so we can repeat this process and find
ng —mg = (N — M)k and ¢o n,—1,(@) = ¢8,m,—1(2"). We will now prove

hTo) = (14 (M = N)pa (8, @) h(Tp).-

It follows from Birkhoff’s Theorem that for typical x we have

lim #{z<n Ti(z) € (B,a)} = pa (B, )).

n—oo N

This gives us

. k
Jim = e ((B,a)).
We find the following limit

i ( my, — nk)
im — = lim
k—oo N k—o0

= lim (1 + (M k)

k—o0

= 1+(M*N)ua((ﬂ, @)).

We will now use Lemma [3.2.7] to find the wanted result

. 1
MTo) = 2nill>noo e —1 |10g (¢a,n,—1(2)) |
. my — 1
= lim

/
k—oo mp — 1 my, — 1 ‘ log (QB’mkfl(x )) |
= (14 (M = N)ia(8,0)) h(Tp).
This finalises the proof. 0

In the next section we primarily focus on the (IT) case. Most techniques used cannot
be mimicked to prove statements for the other two families.

§3.3 Matching almost everywhere and characterisa-
tions of the bifurcation set
The main tool that lies at the basis of the results in this section is the following

technical lemma. It can be used both to compare a-continued fractions of two numbers

(in particular of o — 1 and T,(a) = L — 1) as well as to translate an a-continued
fraction into a S-continued fraction. Recall that g = @

Lemma 3.3.1. Letg<a<f<l,ze€fa—1,a),ye[8-17).
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(i) If x =y, then Tz(y) — To(x) € {0,1}.

(it) If y —x =1, then (x +1)(Tp(y) + 1) = 1.
(iii) If (x+1)(y+1) =1 orx+y =0, then To(z) + Ts(y) € {0,1}.
(iv) If ¢ +y =1, then

Toy) -~ T2(x) € {01} ifa> Ly,
T3y ~Tal@) € 0,1} ify> 5y,

(To(z) +1)(Ts(y) + 1) =1 otherwise.

Figure 8.4: A diagram for Lemmam

In Figure [3:4] one can see which condition can imply which other condition.

Proof. Case [(i)} We have Ts(y) — Ta(z) € ZN(B—1—a,f —a+1) ={0,1}.
Case Since x > a — 1, we have y > «, thus (z + 1)(Ts(y) +1) = ””T“ =1

Case [(iii)} Dividing the equations by zy gives us 14 % = —land i+ % =0
respectively. This implies that T, (z) + Ts(y) € ZN[a+ 8 —2,a+ ) = {0,1}.

: 1 1 1 x _1-y _ 1 1 1
CaseIffl;>rﬂ7thenm—;—ﬂ—Ty—a_17thuS§_m—l

and SOzTB(y) ~T2(x)eZN(B-1—a,B—a+1) ={0,1}. Similarly, y > ﬁ implies
that T5(y) — Ta(z) € {0,1}. ,

1 1 _ 1 1 _
Ifﬂcgﬁandygﬁ7thenx—1—y2m2ﬁ—m2a—+2andy—
1l—gz> -2 >_L > _1 = We cannot have z = Q%_Q because this would imply

that @« = g = 8 = y, contradicting that y < . Similarly, we cannot have y = ﬁ
From z € ((X%_Q, a%_l} and y € (ﬁ, ﬁ}, we infer that (To(x) + 1)(Ts(y) + 1) =
G-DG-D=1 -

Lemma greatly simplifies when taking o = 8 and only looking at the orbits of
a—1 and é — 1 before exceeding We use the notation

1

a+1°
Ty =T (a—1), Y =T (E —1).

Lemma 3.3.2. Let o € (g,1] and m € N be such that

1
Tp < oo and yn <

< a%_l for all0 < n < m. (3.3.1)
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Then for any 0 < n < m the pair (x,,yn) satisfies one of the following relations:

(A) (@n+ Dy +1) =1,

(B) xn+yn:0a
(C) mn+yn:1o
If ©,, > a%rl or Ypm > a%rl, then T, + ym = 1.

Figure 3.5: A diagram for Lemma .
In Figure [3.5 one can see from which state to which state you can get.

Proof. The proof is a straightforward application of Lemma m The pair (zo,yo)
satisfies (A), condition (i) in Lemma Let 0 < n < m then y, —z, = 1
is impossible since z,,y, € [« — 1,a). Also z, = y, is impossible since we have
Ty < o%s-l and y, < a%_l which implies that (z,,y,) always are in state (A), (B) or
(C). We find that if (z,, y,) satisfies (A) or (B), then (41, yn+1) satisfies (B) or (C).
If (2, yn) satisfies (C), then (A) holds for (2,41, Ynt1)-

Now suppose that x,, > a%_l and (B) holds. Then y,, < 7%—4—1 < « — 1 which
contradicts with y,, € [a—1, a). If z,, > a%_l and (A) holds we find y,,, = ﬁ -1<
ﬁ -1= —QJ%Q < a— 1 since o > g which also contradicts with y,,, € [o — 1, @).

Note that the role of x,, and y,, are interchangeable. We find that if z,, > a%_l or

ym>a%_1,thenxm+ym:1. O
We focus now on the complement of the set
g:{ae[g,l]:xnga%rlandynga#ﬂforalanI}

and show that it belongs to the matching set (€ is the set in (3.1.4))).

Proposition 3.3.3. Let o € (g,1] with m € N such that (3.3.1) holds and € €

{-1,1}. If T (af—1) > O%H, then o belongs to a matching interval J with exponents

M=m+2-155 N =m+2+ 155 Furthermore, let f(z) = T/ (2° —1). The

boundaries of J satisfy f(z) = ﬁ and f(z) = z respectively.

See Figure for an example. For the proof of the proposition, we use the following
lemma.
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ﬁ
I
g~

5—

1
12

Figure 8.6: An example of Propositionfor a = 1—70 with m = 1, € = 1 and matching

exponents (3,3) where f(z) = Zi1 +4.

2

Lemma 3.3.4. Let o € (g,1], m € N such that (3.3.1) holds, and z,, > %4-1 or
Ym > o%l-l Then the maps T;"(z — 1) and T( — 1) are continuous at z = o.

Proof. The maps T7(2—1) and 77 (1 —1) are continuous at z = a for all 1 < n < m if
and only if x,, # zg and y, # ¢ for all 1 < n < m. Suppose that x, = xg or y, = xg
for some 1 <n < m. If (z,, y,) satisfies (C) and z,, = x¢ then z,, +y, = a—1+y, =1
and so ¥y, = 2 — a > «a. Since we can use the same reasoning for y, = x¢ we
find that (z,,y,) satisfies (A) or (B). This gives n < m and @, 41 + ynt+1 € {0,1},
x1 +y1 € {0,1}. We find 2pq1 + yny1 — (@1 + 1) € {-1,0,1}. If 2, = 20, then
we have z,11 = 21 and Zpq1 + Ynt1 — (@1 +¥1) = Y1 — 1 € {—1,0,1} where
we can exclude £1 since yp4+1,y1 € [ — 1, @) and thus y,+1 = y1; if y, = 2o, then
we have y,+1 = x1 and thus z,11 = y1. We get that {Zm—n,Ym-—n} = {Zm,Ym},

contradicting (3.3.1)). O

Proof of Proposition[3.3.3 By Lemmal[3.3.2] we have z,,+y,, = 1. Then Lemmal|3.3.]]
gives that Tpi2 = ymi1, Le, Ty (a — 1) = T(a), if 2, > i, and that
Tmt1 = Ymaa, Lo, Tot (a = 1) = T3 (a), if ym > 5

Let f be the linear fractional transformation satisfying f(z) = T7*(2¢ — 1) around
z = a, which exists by Lemma [3.3.4] By Lemma we also get that T/ (z — 1)
and T7"(1 — 1) are continuous at all points z with ler1 < f(2) < z. Note that
holds for these points because T7 (21 — 1) = ﬁ implies that 77+ (%! — 1) is not
continuous. Since the maps z + T7+1(2*1 — 1) are continuous at all points z for
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which ? < TPH(z*! — 1) < z holds. Therefore, f is expanding at these points
and we have some z_, z; with f(z_) = z,1+1 and f(zy) = z4; let J be the open

interval with boundaries z_, z;. Since (3.3.1]) holds for all points in J, the interval J

Arbitrarily Close to z_ and z4, We can find points z where the minimal n such that
TM(z—1) > L or TP(1-1) > a+1 is different from m. Therefore, these points are in
matching mtervals with different matching exponents than J. Hence, by Lemmal[3.1.2]
they are not in J, and J is a matching interval. |

Proposition shows that £ N g, 1] C £.

Lemma 3.3.5. Leta € (g,1], z € [a—1,g). The following conditions are equivalent:
(i) Ty(z) =T (z) for alln € N.

(i) Tj(z) > a—1 for alln € N.

(i1i) T2 (z) < g for all n € N.

(iv) T (z) < +1 for all n € N.

In particular, we have

g:{ae[g,l]:T;(OL*l)Za—l and T)'(+ —1) > o — 1 for alln > 1}.

Proof. The equivalences & [0] & are direct consequences of the definition
of T,. Since i < g, we have For the converse, suppose that 7"(z) >
— for some n. Then we have T&”’l( ) = Tn( ;= 1, thus T3 (2) > g or T3t (2) >

% — 1 = g, hence [(iii)| does not hold. O

Now we prove that matching is prevalent and the only indices are —2,0, 2.

Proof of Theorem[3.1.5 We have
Erc € C {ae (9:1]: Tj(a—1) > a—1foraln>1}

C U{ae 9,1]: T){a—1) > g—1+ ¢ forall n > 1}.

Since Ty is ergodic (with respect to an invariant measure that is equivalent to the
Lebesgue measure), all the sets in this union have Lebesgue measure zero. Therefore,
by Proposition and Lemma the matching set has full measure on [g,1].
Since matching is an open condition, Lemma[3.1.2] tells us that Proposition [3.3.3] gives
all matching exponents on [g, 1], hence the only possible indices are 0, —2. Recalling
that for almost all matching parameters in (1 — g,g) we have matching index 0, we
can exploit the symmetry to conclude the proof of the theorem. O

Next we prove Theorem [3.1.4]
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Proof of Theorem[3.1.7) Proposition gives us Erp N [g,1] C € and the set £ is
the set in so left to show is & C Ep. Let 2 € € and suppose & & £ then
z € (a,b) for some matching interval (a,b). From the proof of Theorem [3.1.3] we find
that the complement of £ covers almost everything. Furthermore, the complement
is the union of matching intervals. We find that (a,b) C [0,1] \ £ and in particular
x € [0,1] \ € which gives a contradiction. We find £ C £7. Lemma @ gives the
second characterisation . g

§3.4 Dimensional results for &1

Now that we established several characterisations of £;7 we will focus on dimensional
results of Erp in this section. We make use of two sets and the following proposition:

Proposition 3.4.1. Let us consider the sets

F,={z €0,1] : x = [0; a1, as,...] such that a; > n for all j € N},
Cp={z€[0,1]:x=1[0;a1,as,...] and aj,...,aj12,—1 # 1°™ for all j € N}.

where [0;a1,az,...] denotes the regular continued fraction. For these sets we have
dimpy (F,) > % and lim,_, ;o dimpg (C,) = 1.

Proof. In [45] it is shown that dimg (F,) > %—&—m for n > 20. Since F,,,1 C F,
we find that dimg (F,) > % for all n € N.

Let BAD(g) = {x € [0,1] : g & {T™(x) : n € N}} where T denotes the Gauss map.
Then [47] gives us that BAD(g) is a-winning and therefore it has Hausdorff dimension
1. On the other hand, it is not difficult to check that BAD(g) = U,,C,, and since C,,
is an increasing sequence of sets we get

1 =supdimy(C,) = lim dimg(C,).

n—-+4oo

We will now give a lemma to prove Theorem [3.1.5]

Lemma 3.4.2. Let x € [g—1,g) have the RCF expansion x = [ag; a1, as, as, ...| with
ap € {0,—1}, a; € NVj > 1. Furthermore, let {z} =z forx >0 and {z} =z +1
for x < 0. Then there is

e a sequence jr — 400 such that 0 < jx — jr—1 < 2,
e a sequence of prefizes P, € {0, (1), (a), (1,a)},

such that {T¥(x)} = [0; Py, aj, , a14j,, G245, -] for all k.

Proof. Let us set xj, := T¥(z) and j_; = 0 and proceed by induction. It is clear
that the statement holds for ¥ = 0. Now suppose the statement holds for z; then
{z} = [0; Py, aj,, @14j,, G245, ---]. We treat the following cases:
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(a) if zx > 0 then {Ty(zx)} = {T(zx)} = T(zx) and xp = {zx} so we find the
desired form for {zy} with ji = jr—1 + 1.

(b) if z € (9—1,—3) then {z} € (g, 2) and so we can write {zx} = [0;1%, a, X]
with ¢4 > 1. This implies that T, (xy) = i +3=1[0;a+1,X]in case i = 1 and
Ty(x) = 7= +3 = [0;2,1%73, 4, X] otherwise. We find {wy41} = {T,(z1)} =
T,(xx) so it has the desired form with ji = jr_1 + 2.

(c) if 2 € (—3,0) then {wx} is of the form {wx} = [0;1,a,X] which gives us
zp = —[0;a+ 1, X] and so {T,(zx)} =1 —[0; X]. Using the relation 1 —[0;¢1 +
1,¢9,¢3,...] =[0;1,¢1,c2,c3,...] we find that {xp41} has the desired form with

Jk+1 = Jr + 1if ¢ = 0 and jr41 = ji otherwise.

So in any case the RCF expansion of zj11 is a short prefix (possibly empty) followed
by the tail of the RCF expansion of x. |

= 0

6—

Q

3+g 249

5—g

Figure 3.7: The map Ty.

Proof of Theorem [3.1.3 Let f, : [0,1] = [0,1] be defined as fo(z) = 7 with a € N
and let C,, = 12”+5 o fo(Cy). We first prove that C, C Er. Let a € C,, then we
can write o = [0; 12" 2, X] for some string X without any subsequence 12". From
Lemma [3.3.5 we get that if {T¥(2 — 1)} ¢ (g,0) and {T¥(a — 1)} & (g, ) for all k
then a € &p. Suppose there is a k such that {T)(+ — 1)} € (g9,c). Then k > 2
since Ty(+ —1) = —[0;2,12""] and TZ(+ — 1) = [0;2,1>"2]. Furthermore, we can
write {TF(+ — 1)} = [0;1*"*%Y] for some string Y. From Lemma we find

1
«

{T(f(é - 1)} = [0; Pk-‘rla Qjgot1s Al4jpgr A245pq1s - - ]
We find that aj, ., @14j,,15024j,1s-- - 2n—14ju, = 12" which is not a part of the
initial string. This contradicts with o € C,,. Since o — 1 = —[0;2,12"2, X] we can

find the same contradiction for a — 1. Together with Lemma and the proof of
Theorem we can conclude o € Erp. Of course, if C,, C Err then UC,, C Err.

61

€ HALJIVH))



CHAPTER 3

3. Matching and Ito Tanaka’s a-continued fraction expansions

Since f, is bi-Lipschitz for all a € N, the same is true for any finite composition of
these maps. Since bi-Lipschitz maps preserve the Hausdorff dimension we find

dimpy (Cy) = dimg (C,,). (3.4.1)
From (3.4.1)) and Proposition it follows that

dimy (Un>200n> = sup dimH(C'n) = sup dimgy(C,) = 1.
n>20 n>20

Since C’n C & we find dimgy(Err) = 1. Now let § > 0. For sufficiently large N
we have that C,, C (g,g + 0] for all n > N and so dimpg ((g,9 + 0) N Err) = 1 which
finishes the proof.

U

To get results on the Hausdorff dimension around a point b € £y N Q we need more
insight in the behaviour around such a point. We establish this with the following
lemma.

Lemma 3.4.3. If apg € ErrNQN(g,1] has RCF expansion ag = [0;ay, az, ..., ax] then
there is a ¢ € N such that

E., ={a€g,1]: a=[0;a1,a2,...,ak,¢,¢1,¢C2,...] withec; >as+1 Vj} CErp

with ¢1,ca, ... either a finite (possibly empty) or an infinite sequence. Furthermore,
we have that matching condition holds for ag with N — M = 1.

Proof. Let o € ErrNQN (g, 1] and define x,, = T} (o — 1) and y,, = T} (O%O -1) =
T (ag). Since ag € Q, both the T, -orbit of ap — 1 and the Ty, -orbit of 1/ag —1
will eventually reach zero, and since oy € £y this will happen in one of the states
(A), (B) or (C) from Lemma Let m be minimal such that x,, = 0. From the
equations for (A), (B), (C) we have that (C) cannot happen and that y,, = 0. This
gives us that T (ag — 1) = Tg})“(ao) and matching condition 1' holds with
N-M=1.

Now observe that Lemmam (ii) gives us that {7, (co)} & [g, o] and {7 (ao—1)} &
[9, o] for all n € N. This implies that there is a & > 0 such that for all & € (ag—9, o+
§) we have {Tg' (o)} & [g, o] for 0 <n <m'+1and {T)(a—1)} & [g,a] for 0 < j < m/
with m/ minimal such that T;”l (aio—l) = 0. Pick ¢ € N such that E,, C (ag—9, ap+9)
and ag and a have the same partial quotients in their g-expansion up to m’ for all
a € E,,. Let a € E,,. From Lemmawe find {T;"/(é—l)} =[0; Py, c,c1,...] or
{Tgm/(é —1)} =[0; Py, c1,...]. In the first case we find T;”/(é —1)>0and P, =0.
Since {TJ(a — 1)} & [g,0] for 0 < j < m’ we find TJ(L —1) & [g— 1, — 1] and so
TH(L —1) =Ti(L2 —1) for 0 < j < m’'. This gives us 77" (2 — 1) = [0;¢,c1,c2.. ).
It follows that T;"/‘*j(é —1) =[0;¢j,¢j41,. .. for all j € N. Note that matching did
not happen before 77" (1 — 1) so that (7/*' (L — 1), 77" (aw— 1)) is in one of the states
(A),(B),(C) from Lemma State (C) would imply that 77" (a — 1) > a so we
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can exclude it. If we are in state (A) we find 77 (o — 1) = —[0;¢,¢1,¢5...] and so
T+ (o —1) = —[0;¢,¢1,¢5...]. We find a € . If we are in state (B) we have
T,;”/(a —1)=—[0;¢+1,¢1,co...] and we can draw the same conclusion. In the second

case we find P,,» = ¢+ 1 and no difference to the proof of the first case.
|

Now Theorem [3.1.6] follows almost directly.

Proof of Theorem[3.1.6 The fact that there are infinitely many rationals in Erp is
given by the fact that "T_l € &rp for all n € N>3. Furthermore, £r7NQN(g, 1] does not
have isolated points since in Lemma [3.4.3 one can take a string ¢; with ¢; arbitrarily
high. For the dimensional result we reason as follows. The composition f,, 0...0f,, is
bi-Lipschitz. Furthermore, from Lemma it follows that f,, o...0 fq, (Fn) c &rr
for all n > N for some N. Using Proposition and symmetry the theorem now
follows. O

§3.5 Final observations and remarks

In the first part of this chapter, we have seen that a lot of machinery works for all
three families. In the second part we have seen some differences. Since for the (KU)
and (N) case the set of possible matching indices is Z we cannot expect that we can
obtain a tool like Lemma [3.3.1] for these families.

Note that this chapter was concerned mostly with matching and the non-matching
set rather than the entropy as a function of . We do know that the set for which
the entropy as a function of « is not locally monotonic is a subset of £;7 however we
do not know whether equality holds. Furthermore, we did not prove the fact that the
entropy function is continuous. For the matching set this should follow from the fact
that we have

hTo) = (14 (M = N)pa (8, @) M(T5)

for f < « on the same matching interval and the fact that ue ((8,«)) is continuous
in . To prove continuity on the non-matching set might be more challenging.

Worth mentioning is that Wolfgang Steiner and Hitoshi Nakada have (unpublished)
results on the natural extension for Ito Tanaka’s continued fractions. In particular
they can show that for every a € [0,1] there is a solid rectangle [a — 1,a] x [4, B]
that is fully contained in the domain of the natural extension. This implies that the
invariant measure has full support.

Now it is proven that for all three families matching holds almost everywhere, one
can take the challenge of mixing the maps. When, instead of iterating over one fixed
map, you flip a coin to decide whether you pick S(z) = % or S(z) = —% the orbit of
a and a — 1 become random. Can we prove that for almost every « € [0, 1] we have
matching almost surely? And what does matching imply in this case? A different
toolbox would be needed to tackle this problem.
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