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Abstract. We investigate cosmological constraints on K-mouflage models of modified grav-
ity. We consider two scenarios: one where the background evolution is free to deviate from
ΛCDM (K-mouflage) and another one which reproduces a ΛCDM expansion (K-mimic), im-
plementing both of them into the EFTCAMB code. We discuss the main observational sig-
natures of these models and we compare their cosmological predictions to different datasets,
including CMB, CMB lensing, SNIa and different galaxy catalogues. We argue about the
possibility of relieving the H0 and weak lensing tensions within these models, finding that
K-mouflage scenarios effectively ease the tension on the Hubble Constant. Our final 95% C.L.
bounds on the ε2,0 parameter that measures the overall departure from ΛCDM (correspond-
ing to ε2,0 = 0) are −0.04 ≤ ε2,0 < 0 for K-mouflage and 0 < ε2,0 < 0.002 for K-mimic. In the
former case the main constraining power comes from changes in the background expansion
history, while in the latter case the model is strongly constrained by measurements of the
amplitude of matter perturbations. The sensitivity of these cosmological constraints closely
matches that of solar system probes. We show that these constraints could be significantly
tightened with future ideal probes like CORE.
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1 Introduction

In the last few decades, a large number of observations have allowed us to test and validate
the standard ΛCDM cosmological model with increasing accuracy. Currently, percent accu-
racy measurements of ΛCDM parameters are obtained with Planck [1] Cosmic Microwave
Background data. Despite its impressive phenomenological success, ΛCDM presents, how-
ever, important open issues. The cosmological constant Λ accounts for almost 70% of the
total energy and is a fundamental ingredient to produce the observed late-time cosmic ac-
celeration of the Universe [2, 3], but its physical nature remains so far unexplained and its
interpretation as vacuum energy is linked to strong naturalness issues. This has prompted
theorists to look for alternative explanations, some of which involve modifications of standard
General Relativity (GR), for example via the addition of extra scalar degrees of freedom.

GR has been extensively and very accurately tested within the Solar System. Therefore,
modified gravity (MG) models aiming at explaining cosmic acceleration must in general
incorporate a screening mechanism, allowing for standard GR to be recovered on small scales.
If we focus our attention on scalar field MG theories that are conformally coupled to matter,
there are three known ways to realize screening, respectively via the so called chameleon
[4, 5], Damour-Polyakov [6, 7] and derivative screening, the latter being split in Vainshtein
[8] and K-mouflage [9–11] mechanisms. In this work we focus on theories characterized by
K-mouflage screening, acting in regions where the gradient of the gravitational potential is
higher than a certain threshold. Such theories are built by complementing simple K-essence
scenarios with a universal coupling of the scalar field ϕ to matter [12]. This coupling changes
the cosmological dynamics of the models, compared to K-essence, and this generally produces
specific signatures already at the background level. These features suggest that K-mouflage
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theories can be tested very effectively using the CMB, since changes in the expansion history
of the Universe lead to modifications in the angular diameter distance to last scattering,
which in turn produce a shift in the position of the peaks of temperature and polarization
power spectra. Our goal in this paper is therefore that of constraining K-mouflage parameters
by using Planck data, in a similar fashion to what done for other models, see e.g. [13–15]. In
this paper we also introduce and analyze for the first time a subclass of K-mouflage theories,
in which the kinetic term of the scalar degree of freedom is built in such a way as to enforce
a quasi-degenerate expansion history with respect to ΛCDM. We refer to these models as
K-mimic scenarios and show that, even in this case, the CMB has strong constraining power,
due to changes in the height, rather than the position, of the peaks, and to extra CMB lensing
signatures. Other late time probes, such as BAO, are also considered and play a significant
role in our analysis.

The starting step of our analysis is the Effective Field Theory formulation of K-mouflage
[12] and its implementation into the EFTCAMB code [16]. We then employ a Markov-
Chain-Monte-Carlo (MCMC) approach [17] to place constraints on model parameters, using
the Planck likelihood [18]. Interestingly, besides setting stringent constraints, our analysis
also shows that K-mouflage and K-mimic can respectively ease the H0 and σ8 tension between
Planck and low redshift probes. We also complement our results with Fisher matrix forecasts,
showing that the constraints obtained here could be improved in the future by around one
order of magnitude with a CORE -like CMB survey [19]. Finally, we explicitly show the
Horndeski mapping of our theories, which can help in comparing K-mouflage with other MG
models and allows to provide direct evidence that gravitational waves travel at the speed of
light in K-mouflage.

Our paper is structured as follows. In Section 2 we present the K-mouflage model, its
features and its parameterization, also investigating the possibility to reproduce a background
evolution degenerate with ΛCDM. In Section 3 we discuss the model in the formalism of the
effective field theory of cosmic acceleration and show the mapping of K-mouflage models into
Horndeski. In Section 4, we use our modified version of EFTCAMB to produce and study
the CMB, CMB lensing and matter power spectra in K-mouflage, for different choices of
parameters. In Section 5 we derive MCMC constraints on the parameters of the model and
we compute forecasts for future CMB probes. We draw our conclusions in Section 6. Our
numerical implementation of K-mouflage in EFTCAMB is further discussed in Appendix 8.

2 The K-mouflage model

The K-mouflage class of models with one scalar field, ϕ, is defined by the action [10, 12]

S =

∫
d4x
√
−g̃

[
M̃2

Pl

2
R̃+M4K(χ̃)

]
+ Sm(ψi, gµν) , (2.1)

where M̃Pl = 1/
√

8πG is the bare Planck mass,M4 is the energy scale of the scalar field, gµν
is the Jordan frame metric, g̃µν is the Einstein frame metric, gµν = A2(ϕ)g̃µν , χ̃ is defined as

χ̃ = − g̃
µν∂µϕ∂νϕ

2M4
, (2.2)

and M4K is the non-standard kinetic term of the scalar field. Sm denotes the Lagrangian

of the matter fields ψ
(i)
m that are assumed to be universally coupled to gravity through the
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Jordan frame metric. Throughout this paper, we use a ‘tilde’ to denote quantities defined in
the Einstein frame.

In these theories both the background and perturbation evolution are affected by the
universal coupling A and by the scalar field dynamics. We parametrize deviations from
ΛCDM at the background level and at linear order in perturbation theory with two functions
of the scale factor a, related to the coupling A and the kinetic function K by

ε2 ≡
d ln Ā

d ln a
, ε1 ≡

2

K̄ ′

(
ε2M̃Pl

(
dϕ̄

d ln a

)−1
)2

, (2.3)

where over bars indicate background quantities and we denote with a prime derivatives with
respect to χ̃, so that K̄ ′ = dK̄/dχ̃. We follow this notation throughout the paper unless
explicitly specified. As shown in [12], the ε2 function governs the running of the Jordan-frame
Planck mass MPl = M̃Pl/A, while ε1 determines the appearance of a late time anisotropic
stress and a fifth force.

Considering linear scalar perturbations around a Friedmann-Lemâıtre-Robertson-Walker
(FLRW) background in the Newtonian gauge it can be shown that the Newtonian potential,
Φ ≡ δg00/(2g00), and intrinsic spatial curvature, Ψ ≡ −δgii/(2gii), on sub-horizon scales and
with the quasi-static approximation, are related to gauge-invariant comoving matter density
fluctuations through a modified Poisson equation and a modified lensing equation. These
can be written, following [12], as

µ ≡ −k2Φ

4πGa2ρ̄m∆m
= (1 + ε1)Ā2 , Σ ≡ −k

2(Φ + Ψ)

8πGa2ρ̄m∆m
= Ā2 , (2.4)

where ρ̄m is the background matter density, the two functions µ and Σ parametrize the
departures from the ΛCDM evolution of perturbations (given by µ = 1 and Σ = 1) at late
times. While in general µ and Σ can be time- and scale-dependent, for K-mouflage models
these two functions only depend on time.

In this paper we normalize the Jordan-frame Planck mass to its current value at a = 1,

A0 ≡ A(a = 1) = 1 . (2.5)

The action in Eq. (2.1) can be used to derive the equations of motion of the scalar field
and the Einstein equations, that have been studied in the Einstein frame in [10, 11] and in
the Jordan frame in [20]. Here we recall the background equations of motion in the Jordan
frame. The expansion history is described by the K-mouflage Friedmann equations

H2

H2
0

=
Ā2

(1− ε2)2

[
Ωm0

a3
+

Ωγ0

a4
+ Ωϕ0

ρϕ
ρϕ0

]
, (2.6)

and

− 2

3H2
0

dH

dt
=

Ā2

1− ε2

[
Ωm0

a3
+

4Ωγ0

3a4
+ Ωϕ0

ρϕ + pϕ
ρϕ0

]
+

2Ā2

3(1− ε2)2

(
ε2 −

1

1− ε2
dε2
d ln a

)[
Ωm0

a3
+

Ωγ0

a4
+ Ωϕ0

ρϕ
ρϕ0

]
. (2.7)

The cosmological density parameters, appearing in the previous equation, are defined
for the various species by the ratio between the background energy density ρ̄i(a) and the
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critical density ρc(a) = 3M2
PlH

2, and evaluated at z = 0

Ωm0 ≡
ρ̄m0

3M̃2
PlH

2
0

, Ωγ0 ≡
ρ̄γ0

3M̃2
PlH

2
0

, Ωϕ0 ≡
ρ̄ϕ0

3M̃2
PlH

2
0

, (2.8)

respectively for matter, radiation and the scalar field. It turns out that, for a flat spatial
curvature, the cosmological density parameters will satisfy: Ωm + Ωγ + Ωϕ = (1 − ε2)2,
but as shown in [12], it is possible to define an effective dark energy density such that
Ωm + Ωγ + ΩDE = 1. The matter and radiation densities follow the same continuity equation
as in ΛCDM in the Jordan frame, while for the scalar field we have

ρ̄ϕ =
M4

Ā4
(2 ¯̃χK̄ ′ − K̄) , p̄ϕ =

M4

Ā4
K̄ , (2.9)

with

¯̃χ =
Ā2

2M4

(
dϕ̄

dt

)2

. (2.10)

To satisfy the Friedmann constraint of Eq. (2.6) at z = 0, using the normalization in Eq. (2.5),
we can write

Ωϕ0 = (1− ε2,0)2 − (Ωm0 + Ωγ0) , (2.11)

where ε2,0 = ε2(a = 1); this implicitly fixes the value of the scalar field energy scale M4.
At the background level, the equation of motion of the scalar field is equivalent to its con-
tinuity equation. In a fashion similar to the ΛCDM case, we can check that the continuity
equation for the scalar and the two Friedmann equations (2.6)-(2.7) are not independent.
Thus, at the background level, one can discard the equation of motion of the scalar field and
only keep track of the two Friedmann equations.
The ΛCDM limit of the model is recovered when

Ā(a)→ 1, ε2(a)→ 0, ¯̃χ→ 0, K̄ ′ → 0 , (2.12)

and the kinetic function in Eq. (2.1) reduces to a cosmological constant.

2.1 Reproducing the ΛCDM expansion history: K-mimic models.

The K-mouflage model described in Sec. 2 usually results in a background expansion history
that is different from that of ΛCDM. For the models introduced in Ref. [12] the relative
deviation in the Hubble function, H(a), is a function of time and model parameters and
there is no range for the parameters that allows to produce a ΛCDM background expansion
history without being completely degenerate with the ΛCDM model at the level of pertur-
bations too. This deviation affects different cosmological observables, allowing to constrain
the theory already at the background level, as we will show in the next Section.

It is worth asking whether it is possible to reproduce a ΛCDM background evolution,
keeping a substantially different dynamics for the perturbations. In this Section we explore
the possibility to reproduce the same H(a) of ΛCDM, by appropriately choosing the kinetic
function. In the following we will refer to this scenario as K-mimic models.
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The K-mouflage model reproduces a ΛCDM expansion history if the right-hand side
of the K-mouflage Friedmann equations (2.6)-(2.7) is equal to the right-hand side of the
correspondent ΛCDM Friedmann equations

H2

H2
0

=
Ω̂m0

a3
+

Ω̂γ0

a4
+ Ω̂Λ0 , (2.13)

− 2

3H2
0

dH

dt
=

Ω̂m0

a3
+

4Ω̂γ0

3a4
, (2.14)

where the cosmological density parameters in the two different models are not assumed to
be the same a priori, but we require to recover the same value of H0, so that Ω̂m0 6= Ωm0

implies ρ̂m0 6= ρm0 . Hence we obtain the equalities

Ωϕ0
ρϕ
ρϕ0

=
(1− ε2)2

A2

[
Ω̂m0

a3
+

Ω̂γ0

a4
+ Ω̂Λ0

]
−
(

Ωm0

a3
+

Ωγ0

a4

)
, (2.15)

and

Ωϕ0
pϕ
ρϕ0

=
1− ε2
A2

(
−Ω̂Λ0 +

Ω̂γ0

3a4

)
− Ωγ0

3a4
+

1− ε2
3A2

×
(
ε2 +

2

1− ε2
dε2

d ln a

)(
Ω̂m0

a3
+

Ω̂γ0

a4
+ Ω̂Λ0

)
, (2.16)

where for a flat FLRW background (Ω̂Λ0 = 1 − Ω̂m0 − Ω̂γ0), the Ωϕ0 parameter is given by
Eq. (2.11).
At low redshift, z ' 0, the scalar field approximately behaves as a cosmological constant,
with χ̃ � 1 and K ' K0 ' −1. Therefore, we can choose to normalize the kinetic function
such that

ρ̄ϕ0 =M4 ⇔ 2χ̃0K̄
′
0 − K̄0 = 1 . (2.17)

Then, using Eqs. (2.9) we can rewrite Eq. (2.16) and Eq. (2.15) as

Ωϕ0K̄ =A2(1− ε2)

(
−Ω̂Λ0 +

Ω̂γ0

3a4

)
−A4 Ωγ0

3a4

+
A2(1− ε2)

3

(
ε2 +

2

1− ε2
dε2
d ln a

)(
Ω̂m0

a3
+

Ω̂γ0

a4
+ Ω̂Λ0

)
, (2.18)

and

Ωϕ0(2χ̃K̄ ′) = A2(1− ε2)

(
−Ω̂Λ0 +

Ω̂γ0

3a4

)
−A4

(
Ωm0

a3
+

4Ωγ0

3a4

)

+A2(1− ε2)

(
1− 2ε2

3
+

2

3(1− ε2)

dε2
d ln a

)(
Ω̂m0

a3
+

Ω̂γ0

a4
+ Ω̂Λ0

)
. (2.19)

The last two equations can be employed to determine ¯̃χ as a function of the scale factor
through

d ln ¯̃χ

d ln a
=

1
¯̃χK̄ ′

dK̄

d ln a
. (2.20)
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As discussed in Ref. [12], in K-mouflage models one is free to set the present value of both
the scalar field ϕ and the kinetic factor χ̃, corresponding to a choice of normalization for the
kinetic function K(χ̃) and its derivative K ′(χ̃). For K-mimic models, besides the condition
given by Eq. (2.17), we impose the normalization K̄ ′0 = 1, obtaining the initial condition for
Eq. (2.20) at z = 0, χ̃0, from Eq. (2.19), while the backward integration provides χ̃(a) at
all times. Together with Eq. (2.18), this gives a parametric definition of the kinetic function
K(χ̃).
To complete the definition of the K-mimic model, we implicitly define the conformal coupling
through a given function Ā(a). This directly yields the factor ε2(a) from Eq. (2.3), and we
obtain ϕ(a) by integrating Eq. (2.10), with the initial condition ϕ(t = 0) = 0. This provides
a parametric definition of the coupling A(ϕ).
To obtain a background evolution completely degenerate with a ΛCDM model, we should
impose Ω̂i = Ωi for all species. However, this requirement does not satisfy the stability
conditions discussed in [12] to avoid ghosts. Indeed, as we require χ̃ > 0, K ′ > 0 and A > 0
we can see from Eq. (2.19) and Eq. (2.3) that we must have

Ā

3a4

[
(3aΩ̂m0 + 4Ω̂γ0)

(
Ā− adĀ

da

)
− (3aΩm0 + 4Ωγ0)Ā3 + 2a2(a4Ω̂Λ + aΩ̂m0 + Ω̂γ0)

d2Ā

da2

]
> 0 .

(2.21)
This inequality must be satisfied in the range 0 ≤ a ≤ 1. Indeed, using the normalization
Eq. (2.5) for the coupling function, and taking ε2 > 0, the left hand side of Eq. (2.21)
is a decreasing function of a. Imposing Ω̂γ0 = Ωγ0, as both the parameters are fixed by
measurement of the CMB temperature, we are left with a condition on the parameter Ω̂m0

at a = 1

Ω̂m0 >
Ωm0

1− ε2,0
+ 4Ωγ0

ε2,0 − 2d2Ā
da2
|a=1

3(1− ε2,0)
. (2.22)

Equation (2.22) shows that even within K-mimic models, the background evolution can-
not be completely degenerate with ΛCDM. Indeed, given a set of cosmological parameters
{Ωb0, Ωc0, Ωγ0, H0} K-mimic models reproduce the same H(a) of a ΛCDM model with a
slightly higher matter density.
Once a value for Ω̂m0 is picked, in agreement with the condition in Eq. (2.22), this automat-
ically fixes the present value of χ̃ via Eq. (2.19). At z = 0 we should have χ̃� 0 to recover a
cosmological constant behaviour, so a natural choice is to take χ̃0 ∼ ε2,0, allowing to recover
the exact ΛCDM behaviour if ε2,0 → 0. Our specific choice for χ̃0 and Ω̂m0 is reported in
Eq. (8.4) of Appendix 8.

2.2 Parametrization of the models

In order to test K-mouflage against cosmological observations, we define the coupling function
and the kinetic term as functions of the scale factor in terms of a set of parameters which
will be varied together with the standard cosmological parameters. The solution of the
background evolution equations for the model provides the relation between χ̃, ϕ and a,
allowing to reconstruct the K(χ̃) and A(ϕ) functions defined in the action (2.1).
We consider two different scenarios: a five-function parametrization of K-mouflage introduced
in [12] and a three parameter formulation of K-mimic models defined in Sec. 2.1. In both
cases the background coupling functions is defined in terms of three parameters ε2,0, γA, m
as

Ā(a) = 1 + αA − αA
[
a(γA + 1)

a+ γA

]νA
, (2.23)
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with

νA =
3(m− 1)

2m− 1
, (2.24)

αA = −ε2,0(γA + 1)

γAνA
. (2.25)

The kinetic function for K-mimic models is given by Eq. (2.18), requiring no additional
parameters. For K-mouflage models the kinetic function can be computed integrating the
following expression for its derivative

dK̄

dχ̃
=

U(a)

a3
√

¯̃χ
, (2.26)

U(a) = U0

(
(
√
aeq + 1) +

αU
ln(γU + 1)

)
a2 ln(γU + a)

(
√
aeq +

√
a) ln(γU + a) + αUa2

, (2.27)

√
¯̃χ = − ρ̄m0

M4

ε2Ā
4

2U(−3ε2 + d lnU
d ln a )

, (2.28)

where we have introduced two additional parameters αU and γU , while aeq represents the
scale factor at radiation-matter equality and the normalization U0 is given in Appendix 8.
The allowed range of the parameters is restricted to fit the natural domain of the two functions
U(a) and Ā(a) and additional constraints that ensure the stability of the solutions have to
be satisfied. Specifically, as discussed in Ref. [12], all K-mouflage models must satisfy the
conditions

K̄ ′ > 0, Ā > 0, K̄ ′ + 2χ̃K̄ ′′ > 0, (2.29)

as well as the Solar System and cosmological constraints [21]. For a more clear interpretation
of the results, let us recall the physical meaning of the different parameters and the bounds
they have to satisfy.

• ε2,0; this parameter sets the value of the ε2 function today. The ΛCDM limit is recovered
when ε2,0 → 0, independently of the values of the other four parameters. For K-
mouflage models, adopting the same convention as [12] we choose this parameter to
be negative. Conversely in the case of K-mimic models ε2,0 has to be positive in
order to match the stability requirement. As shown in [21], Solar System tests impose
|ε2,0| . 0.01. In our analysis we do not use an informative prior on this parameter, as
we want to compare cosmological constraints with Solar System bounds.

• m > 1; describes the large χ̃ behaviour of the kinetic function. It is possible to show
[12] that, given the parametrization described by Eqs. (2.23)-(2.28), in the limit of large
χ̃ the kinetic term follows the asymptotic power-law behaviour: K(χ̃) ∼ χ̃m. As done
in previous works, in some plot of Sec. 4 we study the particular case called “cubic
model” which is obtained by fixing m = 3.

• γA > 0; describes the transition to the dark energy dominated epoch in the A(a) cou-
pling function. Natural values for this parameter are of order unity [12]. As discussed
in Sec. 4 we verified that high values for this parameter push the model toward the
ΛCDM limit, however values of γA & 20 are likely to be excluded by the stability
conditions in Eq. (2.29).
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Allowed range of the parameters

Parameter K-mouflage K-mimic

ε2,0 [−1, 0.0] [0.0, 1.0]

γA [0.2, 25] [0.2, 25]

m [1, 10] [1, 10]

γU [1, 10] �
αU [0, 2] �

Table 1. The range for the K-mouflage and K-mimic parameters assumed in our analysis.

• γU ≥ 1 and αU > 0; these two parameters set the transition to the dark energy
dominated epoch in the K(a) kinetic function. We checked that early time probes
(like CMB temperature anisotropies), as well as late time probes (CMB lensing) are
practically insensitive to the parameter γU which can be safely fixed to 1, i.e. the
minimum value that that avoids negative values of the U(a) function. The parameter
αU has some influence on late-time probes on large scales, as we will show in Sec. 4.

Although there are no a priori upper bounds on the parameters, by investigating the nu-
merical behaviour of the solutions to the equations, we have checked that if too high values
of these parameters are taken, either there are negligible changes in the results or ghosts
appear. Summarizing, we have taken the parameters to be in the range specified by Table 1.

3 K-mouflage in the Effective Field Theory of Dark Energy

The EFT of dark energy represents a general framework for describing dark energy and mod-
ified gravity that includes all single field models [22–26]. It is built in the unitary gauge in
analogy to the EFT of inflation [27, 28] by using operators represented by perturbations of
quantities which are invariant under time dependent spatial diffeomorphisms: g00, the ex-
trinsic curvature tensor Kµ

ν and the Riemann tensor Rµνρσ.
The mapping of K-mouflage into the EFT formalism has been presented in [12] and here we
will briefly summarize the main steps and the final result.
Starting from the action given in Eq. (2.1), we can make a change of coordinates to the uni-
tary gauge, for which constant time hypersurfaces coincides with the uniform ϕ-hypersurfaces.
Then, by definition, the scalar field only depends on time and so do the coupling function
and the kinetic function. Hence, one can easily write the action in the Jordan frame, and
expand it in perturbations of the time-time component of the metric tensor, around its value
on a FLRW background. Now the action is directly comparable with the EFT one [22] and
can be expressed as

S =

∫
d4x
√
−g
[
M2

Pl

2
R− Λ(τ)− c(τ)g00 +

∞∑
n=2

M4
n(τ)

n!
(δg00)n

]
+ Sm(ψi, gµν) , (3.1)

with

M2
Pl = Ā−2M̃2

Pl
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Λ = − Ā−4M4(K̄ + χ∗K̄
′g̃00)

c =A−2c̃− 3

4
M2

Pl

(
d ln(Ā−2)

dτ

)2

M4
n = Ā−2(2−n)M4(−χ∗)nK̄(n) , (3.2)

where K̄(n) ≡ dnK̄/dχ̃n, χ∗ = Ā−2χ and the overbar denotes background quantities. We
see that only the three EFT functions that regulate the background evolution, together with
operators involving perturbations of g00, appear. This mapping allows the K-mouflage model
to be incorporated into the EFTCAMB code [16, 17] in order to compute the cosmological
observables of interest.

3.1 K-mouflage models and Horndeski models

The EFT approach, discussed in the previous Section, is a powerful and universal way of
describing dark energy and modified gravity models.
In this subsection we consider another class of modified gravity models, namely Horndeski
[29], which encompasses all single-field models with at most second order derivatives in the
resulting equation of motion. In Ref. [24] it has been shown that in the case of the Horndeski
class of actions, besides one function for the background, only four functions of time are
required to describe fully linear perturbation theory.

Using the parametrization introduced in [30], these functions are labelled as: αK –
kineticity, αB – braiding, αM – running of the Planck mass, αT – tensor excess speed.

We aim to discuss the properties of the perturbations of the K-mouflage models in this
general framework, by expressing Eq. 2.1 in the Jordan frame and matching the terms to
the general form

S =

∫
d4x
√
−g

[
5∑
i=2

Li + Lm[gµν ]

]
, (3.3)

with

L2 = KH(ϕ, X)

L3 = −G3(ϕ, X)�ϕ

L4 = G4(ϕ, X)R+G4X(ϕ, X)
[
(�ϕ)2 − ϕ;µνϕ

;µν
]

L5 = G5(ϕ, X)Gµνϕ
;µν − 1

6
G5X(ϕ, X)

[
(�ϕ)3 + 2φ;µ

νϕ;ν
αϕ;α

µ − 3φ;µνϕ
;µν�ϕ

]
. (3.4)

Hence, in the K-mouflage theories, the terms appearing in the action (Eq. 2.1) of the
Horndeski action are given by

KH =
M4

A4
K (χ̃) + 6χ̃

M4

A5
M̃2

Pl

(
2

(
dA

dϕ

)2 1

A
− d2A

dϕ2

)

G3 = −3M̃2
Pl

(
dA

dϕ

)
1

A3

G4 =
1

2

M̃2
Pl

A2

G5 = 0 , (3.5)
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where KH is the Horndeski function defined in the first line of Eq. (3.4). The variable X
satisfies χ̃ = XA2/M4. Based on this mapping, we derive the coefficients αi of Ref. [30] for
the general K-mouflage model,

αK =
2M4

A2

χ̃

H2

[
−6

(
dA

dϕ

)2 1

A2
+
K ′(χ̃)

M̃2
Pl

+
2K ′′(χ̃)

M̃2
Pl

χ̃

]

αB =
2

H

1

A

(
dA

dϕ

)
ϕ̇

αM = − 2

H

1

A

(
dA

dϕ

)
ϕ̇ = −αB

αT = 0 , (3.6)

where primes denote derivative with respect to χ̃ and the overdot denotes derivative with
respect to proper time. Using the solutions of Sec. 2, these general functions can be expressed
in terms of the explicit parametrisation of [12]

αB = 2ε2 = −αM , (3.7)

while αK can be calculated using Eqs. (2.3), (2.10), and (2.26) in terms of ε2, U , and their
derivatives with respect to the scale factor, thus all the α-functions can be also written in
terms of the parameters introduced in Sec 2.2.

Eq. (3.6) shows that gravitational waves travel at the speed of light, while Eq. (3.7)
shows that for K-mouflage models with ε2,0 < 0 braiding is small and negative, |αB| .
O
(
10−2

)
, while the running of the effective Planck mass is small and positive, the opposite

holds for K-mimic models with ε2,0 > 0. The kineticity is not expected to modify significantly
the growth of matter or of metric perturbations on sub-horizon scales with respect to standard
GR [23, 31, 32], but it can affect super-horizon scales, and generate an observable effect when
those scales enters the horizon at late times.
The running of the effective Planck mass and the braiding are both known to affect the
evolution of the Bardeen potentials and the matter fluctuations in a non-trivial and scale-
dependent way. The non-zero αM also generates a late-time anisotropic stress, in agreement
with the results of Sec. 2. The combination of these effects determines changes in the matter
and lensing power spectra, as we will show in the next Section. The braiding and the running
of the Planck mass are also expected to influence the Integrated Sachs-Wolfe (ISW) effect.
As we discuss in the next-section, we expect a significant enhancement of the early-ISW
for K-mimic models. Even though it is sub-dominant in the CMB temperature-temperature
anisotropy spectrum, this signature can be explored through cross-correlation between CMB
temperature and galaxy number counts, which constitutes an important test for these models
[33].

4 Power Spectra

We have used our version of EFTCAMB [16] to compute the CMB power spectrum in the
full K-mouflage and in the K-mimic models, for different values of the parameters. In this
Section we discuss the effect of varying parameters on the cosmological observables. For
all the models shown in the plots, we fix the baryon density at Ωbh

2 = 0.0223, the dark
matter density at Ωch

2 = 0.119, the reduced Hubble constant at h = 0.67, the spectral index
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Figure 1. Left panel : Relative deviation of the Hubble function ∆H/H from the ΛCDM reference.
Right panel : Relative deviation of the effective Newtonian constant, from the ΛCDM reference. The
effective Newtonian constant is defined as GN,eff = µGN , with µ given in Eq. [2.4]. We consider
a K-mouflage model with parameters {αU = 1, γU = 1, m = 3, γA = 0.2, ε2,0 = −2 × 10−2} and
a K-mimic model with parameters {m = 3, γA = 0.2, ε2,0 = 2 × 10−2}. As we can see, K-mimic

models reproduce the expansion history given by H2 = H2
0 (Ω̂m,0/a

3 +Ωγ,0/a
4 +(1−Ω̂m,0−Ωγ,0)) and

recover the ΛCDM solution in this plot, given by H2 = H2
0 (Ωm,0/a

3 +Ωγ,0/a
4 +(1−Ωm,0−Ωγ,0)), for

a � aeq. K-mouflage shows instead substantial deviations in the background expansion, throughout
all the cosmic epochs.

at ns = 0.965, the initial amplitude of comoving curvature fluctuation at As = 2.1 × 10−9

(k0 = 0.05Mpc−1) and the reionization optical depth at τ = 0.05.
The combined effect of the running of the Planck mass and of the fifth force, alters gravity
at early and late times. This affects both the cosmological background and the perturbation
dynamics.
For K-mouflage models the expansion history deviates from ΛCDM, also at early times during
the radiation dominated epoch. K-mimic models produce the expansion history of a ΛCDM
model with an increased matter density (Ω̂m), as explained in Sec. 2.1. This implies that, for
a fixed matter density, the Hubble rate deviates during the matter-dominated epoch while it
recovers the ΛCDM solution during the radiation-dominated era. This behaviour is displayed
in the left panel of Fig. 1, where we plot the relative deviation of the Hubble of rate from
the ΛCDM reference for two representative K-mouflage and K-mimic models.
The non-minimal coupling of the scalar field to matter fields, determines a running of the
effective Planck mass, or equivalently of the effective Newtonian constant, which is displayed
in the right panel of Fig. 1. We can see that in the case of K-mouflage the effective Newtonian
constant is higher than the GR value at all redshifts. For K-mimic scenarios, in which Ā2 < 1
and ε1 > 0, the effective Newtonian constant function is lower than in GR until very low
redshifts.
Fig. 2 shows the background energy density of the scalar field in units of the critical density
and its equation of state, for the same models considered in Fig. 1. As we can see, in K-

– 11 –



10 1 100 101 102 103 104 105 106

z

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

10 1 100 101 102 103 104 105 106

z

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

w

K-mouflage K-mimic

Figure 2. Left panel : Scalar field density parameter Ωϕ =
ρϕ

3MplH2 . Right panel : Scalar field

equation of state wϕ =
pϕ
ρϕ

. The horizontal dotted line denotes the equation of state of radiation

w = 1/3. We consider a K-mouflage model with parameters {αU = 1, γU = 1, m = 3, γA = 0.2,
ε2,0 = −2× 10−2} and a K-mimic model with parameters {m = 3, γA = 0.2, ε2,0 = 2× 10−2}.

mouflage models the scalar field energy density becomes completely sub-dominant for z & 1
and the early-time deviation of the Hubble rate from ΛCDM is only determined by the early-
time behaviour of the coupling function Ā, being different from unity at high redshift, as
required by construction of the theory [12]. In K-mimic models, instead, the scalar field
gives a non-negligible contribution to the energy content of the universe at all times. In such
models, indeed, Ωϕ has to compensate for the pre-factor (Ā/(1 − ε2))2 in the Friedmann
equation (2.6), which is lower than one at z & 1. Therefore, during the matter-dominated
epoch, the scalar field behaves like pressure-less matter, while it becomes relativistic at
a < aeq, adding a further contribution to radiation.
In Fig. 3 we compare the effect of K-mouflage and K-mimic gravity on the two Bardeen
potentials. We see that, as expected from our discussion in Sec 2, K-mouflage models induce
a late-time anisotropic stress so that Φ is enhanced w.r.t. standard GR while Ψ is suppressed.
In K-mimic the gravitational slip is almost absent because the factor ε1 is much lower than
in K-mouflage, and the two Bardeen potentials are both strongly suppressed on small and
intermediate scales. Depending on the scale, the suppression can take place also at high
redshift, deep in matter domination.
The effect of K-mouflage and K-mimic features on the CMB temperature power spectrum
is shown in Fig. 4. In K-mouflage models, acoustic peaks are shifting on the `-axis as the
parameters of the models are varied. The more the parameters deviate from the ΛCDM limit,
the more the peaks result shifted toward higher multipoles. This `-axis displacement is due
to the change in the background expansion history, which modifies both the sound horizon
scale at last scattering (rs) and the comoving distance to last scattering τ0 − τ?, where
τ is the conformal time. The angular position of the peaks is with good approximation
proportional to the ratio: τ0−τ?

rs
, and in K-mouflage this ratio results to be higher than in
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Figure 3. Evolution of the Bardeen potentials Φ and Ψ, as defined in Sec 2, for three different
Fourier modes in K-mouflage, K-mimic and GR. The mode k = 0.1 enters the horizon at z ∼ 4× 104,
the mode k = 0.01 enters the horizon at z ∼ 3200, while the mode k = 0.001 enters the horizon at
z ∼ 5.6. We use the same parameters of the previous plot for K-mouflage and K-mimic.
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Figure 4. Temperature power spectrum for K-mouflage (left panel, violet curve) and K-mimic (right
panel, cyan curve) compared to the solution obtained in the ΛCDM limit ε2,0 → 0 (black curve). We
consider a K-mouflage model with parameters {αU = 1, γU = 1, m = 3, γA = 0.2, ε2,0 = −2× 10−2}
and a K-mimic model with parameters {m = 3, γA = 0.2, ε2,0 = 2× 10−2}.

ΛCDM, determining the shift. In K-mimic models, the Hubble factor is modified during the
matter dominated epoch, as shown in Fig. 1, but the ratio τ0−τ?

rs
remains almost constant

– 13 –



as the parameters move away from the ΛCDM limit and we do not observe any shift in the
angular position of acoustic peaks. On the other hand in the case of K-mimic, the scalar
field represents a non-negligible energy source in the Einstein-Boltzmann equations. This
determines a scale-dependent change in the amplitude of the CMB power spectrum. At low-
`, before the first acoustic peak the power spectrum is boosted by an enhanced early-ISW
effect, that is determined by the strong suppression of the Weyl potential in deep matter-
domination. At high-`, beyond the first peak, we observe a decrease of power related to the
decreased gravitational force that drives acoustic oscillations in the tight-coupled regime.
In Fig. 5 we show the deviation of K-mouflage and K-mimic power spectra from the ΛCDM
solution. We consider three cosmological probes: the CMB temperature, the CMB lensing
potential and the dark-matter density fluctuations. Before analysing in detail the effect of
the different parameters, we discuss the general effect of K-mouflage and K-mimic on the
matter power spectrum and on the lensing potential power spectrum.
The P (k) behaviour in the two scenarios is linked to the different evolution of the Hubble
rate and of the Newtonian Constant GN,eff , displayed in Fig. 1. Computing the P (k, z) at
z > 2 (i.e. in the matter dominated epoch, where the dynamics of the scalar field negligible
and ε1 ∼ ε2 ∼ 0) we verified that on large scales, above the Hubble radius, both K-mimic
and K-mouflage show a negative deviation of P (k, z) w.r.t. ΛCDM, which is of order 10%
for ε2,0 ∼ 10−2. This behaviour is directly related to the background expansion history,
that affects the dynamics of perturbations on super-horizons scales. The positive deviation
of the Hubble rate w.r.t. ΛCDM, displayed in Fig. 1 leads to a damping of super-horizon
perturbations in both K-mouflage and K-mimic, that manifests with a reduced P (k, z) at
small k and high z.
This effect can also be understood in terms of a change in the initial conditions for matter
perturbations. The adiabatic growing mode in synchronous gauge, that is used in EFTCAMB
as initial condition, is given by Eq. (22) of [34]. The initial perturbation in the dark matter
fluid in synchronous gauge is proportional to the square conformal time δ ∼ τ2. Computing
the relative deviation in τ2 w.r.t. to the ΛCDM solution for K-mimic and K-mouflage, one
recovers a negative deviation of the same order for both models.
After the modes have entered the horizon, they feel the effect of the enhanced GN,eff for
K-mouflage, this leads to an enhanced clustering, so that the P (k) rises, at z=0 all scales
of interest have entered the horizon so that we see a positive ∆P/P almost everywhere,
depending on the choice of the parameters, especially the αU parameter, as we are going to
discuss. In K-mimic, the modes inside the horizon feel the effect of a reduced GN,eff , that
damps the growth of perturbations compared to the ΛCDM case. The deviation from ΛCDM
in both models is larger for high-k modes that have entered the horizon when GN,eff was
farther away from the ΛCDM limit than it is at z ' 0.
On the other hand the CMB lensing probes the clustering at redshift up to 10, so for K-
mouflage, the lensing potential power spectrum keeps track of the negative ∆P/P at large
scales (low multipoles), while it shows an increase on large multipoles. In K-mimic we observe
a negative deviation at all multipoles, corresponding to the negative ∆P/P .
To interpret the effect of the different parameters defined in Sec (2.2) on the cosmological
observables, we compare the predictions of different models in terms of relative difference
w.r.t. the ΛCDM limit. Since all models with ε2,0 → 0 converge to the standard ΛCDM
cosmology, we investigate the impact of modifying other parameters by fixing ε2,0 = 10−2, a
value consistent with Solar System constraints, and varying them one by one.
Taking the red line as reference, we see that varying the value of the m parameter (blue
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Figure 5. Effect of different K-mouflage and K-mimic parameters on cosmological observables.
Upper panels: relative deviation of the CMB temperature anisotropies power spectrum from the

ΛCDM prediction in units of its variance per multipole σ` =
√

2/(2 + `)C
TT (ΛCDM)
` . Middle panels:

relative deviation of the matter power spectrum from the ΛCDM prediction ∆P (k)/P (k)ΛCDM . Lower
panels: relative deviation of the CMB lensing potential power spectrum from the ΛCDM prediction

∆CΦΦ
` /C

ΦΦ(ΛCDM)
` . We show K-mouflage models (left panels, continuous lines) and K-mimic models

(right panels, dashed lines) with different choice of the parameters in agreement with Solar System
constraints (i.e. they have |ε2,0| = 0.01). Taking the red line as reference, we change one parameter
per time, obtaining the models labelled with different colours. The parameter γU is fixed to 1 for all
the K-mouflage models.

curve), has close to no impact on the different spectra, for both K-mouflage and K-mimic
therefore we expect this parameter to be almost unconstrained from data.
Increasing the value of γA (green curve), seems to push the spectra toward the ΛCDM
limit. Indeed, taking the limit γA → ∞ in the definition of Ā(a) Eq. (2.23) gives Ā →
1− (1− aνA)ε2,0/νA, which remains close to 1 for typical values of ε2,0 (the exponent νA can

– 15 –



vary between 1 and 1.5). We thus expect data to show some degree of degeneracy between
ε2,0 and γA.
The parameters αU and γU that control the late-time behaviour of the kinetic function in
K-mouflage models have small impact on the cosmological observables. The spectra showed
in Fig. 5 are almost totally insensitive to the γU parameter, which can then be safely fixed
in future analysis. The parameter αU affects the evolution of large scales perturbations, as
it is only important at late times. An increasing value of αU pushes the kinetic function
toward the cosmological constant behaviour at higher and higher redshift, leading to a larger
suppression of the gravitational potential on large scales and to an enhanced late-ISW effect.
As a concluding remark, we note that early-time probes, like the CMB temperature power
spectrum, are more suitable for constraining K-mouflage models than K-mimic, due to the
early modification of the background expansion. This determines the horizontal shift in
the acoustic peaks, which is the dominant observable effect. On the other hand K-mimic
models display strong growth suppression of perturbations during the matter-dominated
epoch, heavily affecting late-time observables, such as matter power spectrum and CMB
lensing.

5 Parameter constraints

The parameters of the K-mouflage model can be constrained by current and future CMB
and large scale structure data. In this section we present the formalism for constraining the
parameters of the model by performing Fisher Matrix forecasts, as well as a full MCMC
analysis using EFTCosmoMC [17].

5.1 Fisher Matrix Forecasts

In the following paragraphs we give a brief description of our Fisher Matrix forecasts for
K-mouflage parameters with future CMB surveys. We consider a parameter space consisting
of the standard ΛCDM parameters together with the K-mouflage parameters,

P = {Ωbh
2,Ωch

2, H0, ns, τ, As} ∪ {αU , γU ,m, ε2,0, γA} . (5.1)

We determine the CMB power spectrum in multipole space (Cl’s) in the K-mouflage model
with the extension to the EFTCAMB code discussed in Appendix 8. We consider the follow-
ing temperature and polarisation channels for the power spectra: TT , EE, TE, dd, dT and
dT , where T is the temperature, E – the E-mode polarisation and d – the deflection angle.

Assuming Gaussian perturbations and Gaussian noise, the Fisher matrix is then calcu-
lated as

Fij =
∑
l

∑
X,Y

∂CXl
∂pi

(Covl)
−1
XY

∂CYl
∂pj

, (5.2)

where the indices i and j span the parameter space P from Eq. (5.1), X and Y represent
the channels considered and Covl is the covariance matrix for multipole l. In calculating the
covariance matrix, the instrumental noise must be considered. Given the instrumental noise
for the temperature and E-polarisation channel, the noise corresponding to the deflection an-
gle can be determined through lensing reconstruction using the minimum variance estimator
[35]. The covariance matrix is discussed in detail in Ref. [36], where its elements are given
explicitly [Eqs. (4)-(11)].
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Table 2. Forecasts for a ΛCDM-like K-mouflage model, with fiducial value ε2,0 = −10−8, together
with ΛCDM constraints.

CMB experimental specifications

Parameter Fiducial value σPlanck σPlanck σCORE σCORE

αU 0.1 598 – 13 –

γU 1 2789 – 65 –

m 3 5411 – 207 –

ε2,0 −10−8 1.69× 10−3 – 1.01× 10−4 –

γA 0.2 39.30 – 16.57 –

Ωbh
2 0.02226 2.12× 10−4 1.79× 10−4 2.58× 10−5 2.45× 10−5

Ωch
2 0.1193 1.48× 10−3 1.44× 10−3 4.99× 10−4 4.82× 10−4

H0 67.51 2.51 0.76 0.23 0.21

ns 0.9653 5.90× 10−3 4.42× 10−3 1.41× 10−3 1.41× 10−3

τ 0.063 4.23× 10−3 4.25× 10−3 1.91× 10−3 1.94× 10−3

As 2.1306× 10−9 1.83× 10−11 1.79× 10−11 8.30× 10−12 8.27× 10−12

We consider the Planck 2015 [37] values as the fiducial values to the ΛCDM parameters,
while for K-mouflage we test a few scenarios.

We consider two space probes, Planck [18] and CORE [38]. We anticipate that the K-
mouflage models can be tightly constrained with existing CMB data from Planck, as actual
data analysis will confirm in the next section. We then show that the constraints can be
significantly improved in the future with CORE, by around one order of magnitude. Noise
specifications for CORE can be found in [38].

When considering a fiducial value of ε2,0 = −10−8, the other four K-mouflage parameters
are almost unconstrained, and in the Planck scenario the σ(ε2,0) ∼ 10−3. Full forecasts for
the two probes are presented in Table 2.

5.2 Markov-Chain-Monte-Carlo constraints

To constrain K-mouflage parameters from actual data, we use Planck measurements of CMB
fluctuations in temperature (T) and polarization (E,B) [37, 39], denoting this data set as the
CMB one. In addition, we consider the Planck 2015 full-sky measurements of the lensing
potential power spectrum [40] in the multipoles range 40 ≤ ` ≤ 400 and denote this data set
as the CMBL one. We exclude multipoles above ` = 400 from the analysis, as CMB lensing,
at smaller angular scales, is strongly influenced by the non-linear evolution of dark matter
perturbations. We further include the “Joint Light-curve Analysis” (JLA) Supernovae sam-
ple [41], which combines SNLS, SDSS and HST supernovae with several low redshift ones and
BAO measurements of: BOSS in its DR12 data release [42]; the SDSS Main Galaxy Sam-
ple [43]; and the 6dFGS survey [44]. These data sets allow breaking geometric degeneracies
between cosmological parameters as constrained by CMB measurements. All the previous
data sets are complemented by the 2.4% estimate of the Hubble constant (H0) by [45]. We
join all these data sets together in a data set that we denote as ALL.
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parameter CMB CMB+CMBL CMB+CMBL+SN+BAO ALL

|ε2,0| < 0.04 < 0.04 < 0.04 < 0.042

γA − − − −
αU 0.4+1.0

−0.42 0.4+1.0
−0.42 0.31+0.59

−0.31 0.41+0.91
−0.41

γU − − − −
m − − − −
H0 70.1+4.1

−3.4 70.3+4.1
−3.4 70.1+3.2

−2.6 71.5+3.3
−3.1

σ8Ω0.5
m 0.46+0.02

−0.02 0.45+0.016
−0.015 0.45+0.013

−0.012 0.45+0.012
−0.012

Table 3. The 95% C.L. marginalized constraints on the K-mouflage model parameters, the Hubble
constant H0 and σ8Ω0.5

m . We do not report the constraints on parameters that are compatible with
the prior at 95% C.L..

parameter CMB CMB+CMBL CMB+CMBL+SN+BAO

ε2,0 < 2.1 · 10−3 < 2.4 · 10−3 < 2.3 · 10−3

γA − − −
m 1.6+1.9

−0.61 1.4+1.1
−0.44 1.5+1.3

−0.53

H0 67.4+1.4
−1.3 67.5+1.2

−1.3 67.9+0.9
−0.9

σ8Ω0.5
m 0.46+0.02

−0.02 0.45+0.016
−0.015 0.45+0.014

−0.013

Table 4. The 95% C.L. marginalized constraints on the K-mimic model parameters, the Hubble
constant H0 and σ8Ω0.5

m . We do not report the constraints on parameters that are compatible with
the prior at 95% C.L..

We sample the parameter posterior via Monte Carlo Markov Chain (MCMC), using
CosmoMC [46] in its modified version EFTCosmoMC [17].

Marginalized bounds on model parameters are summarized for all cases in Tables 3 and
4 for K-mouflage and K-mimic models respectively.

From Table 3 one can notice that the constraints on the ε2,0 parameter for K-mouflage,
are comparable with those derived by Solar System tests. In particular |ε2,0| is constrained to
be smaller than 0.04, at 95% C.L., from CMB data only, and the addition of CMBL, SN and
BAO does not lower this bound sensibly, showing that the most of the constraining power
comes from early time probes, as expected. Remarkably, when we add local measurements of
H0, the constraint on ε2,0 become looser, showing that there is a degeneracy between these
two parameters. This degeneracy is evident from the first panel of Fig. 6, where we see the
marginalized joint posterior of ε2,0 and H0. At the leading order, a decrease of ε2,0, which
is negative in K-mouflage, can be balanced by an increase of H0, since the two parameters
shift the acoustic peaks of the CMB power spectrum in opposite directions. This means K-
mouflage models can mitigate the tension between CMB estimates and direct measurements
of H0 via distance ladder, that is found at about 3σ in ΛCDM. Notice that the statistical
significance of the tension is lowered but is not directly translated into a significant detection
of ε2,0. The K-mouflage model parameters are in fact largely degenerate and thus lower the
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Figure 6. The marginalized joint posterior for a subset of parameters of the K-mouflage model
and the Hubble constant. In all three panels different colors correspond to different combination of
cosmological probes, as shown in legend. The darker and lighter shades correspond respectively to
the 68% C.L. and the 95% C.L. regions.

statistical power of CMB constraints on H0, as can be seen from Table 3 and as confirmed by
the MCMC. The same argument applies to many of the K-mouflage model parameters that
result in similar effects, as discussed in Sec. 4, and are thus found to be largely unconstrained.
In particular γA, m and γU are compatible with the prior at 95% C.L. Apart from ε2,0, the only
K-mouflage parameter which we find to be fairly constrained by data is αU . This parameter
only affects large scales, as we have shown in Sec 4, thus its effect is not degenerate with that
of other parameters.
Comparing the MCMC results with the Fisher forecast in Sec. 5.1 we can see that they
qualitatively confirm this picture. The forecasted error bar on the ε2,0 parameter is stronger
than the actual result because of non-Gaussianities in the posterior due to the large number
of weakly constrained parameters. Furthermore these confirm that ε2,0 is the only parameter
that we can significantly constrain while the other parameters of the K-mouflage model are
mostly unconstrained. The results of Table 3 also show that the CMB constraining power
on H0 is significantly lowered due to degeneracies with K-mouflage parameters. This effect
would be, however, much weaker for a CORE -like experiment, whose observations could then
be used to detect K-mouflage, at much higher statistical significance.

This picture significantly changes when we consider the K-mimic model. As we com-
mented in Sec 2.1, this model has an effect at the background level that can be reabsorbed
by a redefinition of Ωm but shows significant modifications of the dynamics of perturbations.
Since the constraining power of Planck measurements is higher at the level of perturbations
the constraint on the ε2,0 parameter is improved as well by about one order of magnitude.
Also the m parameter is much more constrained, with preferred values around 2, excluding
the cubic solution m = 3 in this scenario. We also notice that, since the K-mimic cosmolog-
ical background is effectively unchanged, there is now no degeneracy between ε2,0 and the
Hubble constant, as can be clearly seen from Fig. 7. The K-mimic model cannot be used to
solve the tension between Planck measurements and distance ladder measurements. Since the
K-mimic model results in suppressed growth of late time cosmic structures, we investigate,
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m . In all three panels different colors correspond to different combination
of experiments, as shown in legend. The darker and lighter shades correspond respectively to the 68%
C.L. and the 95% C.L. regions.

in Fig. 7, whether it is possible in this case to ease significantly the σ8 tension. Indeed the
posterior of ε2,0 and σ8Ω0.5

m shows a degeneracy but that is not strong enough to reconcile
measurements of Planck with measurements from weak lensing surveys.
The constraints shown in Tables 3-4 can be used to infer a viability range for the coupling and
the kinetic function, which is however dependent on the chosen parametrization. Considering
extremal values for the parameters, allowed by our 95% C.L. limits, we obtain a conservative
estimate on how much the two functions can deviate from their ΛCDM limit according to
our analysis, this is represented in Fig. 8. We can see that the coupling function is much
more constrained in K-mimic scenarios than in K-mouflage, due to the tighter constraint on
the ε2,0 parameter. In both models the kinetic function has to reproduce the cosmological
constant behaviour for z → 0. In K-mimic the cosmological constant behaviour is reached at
higher redshift than in K-mouflage, again this is a sign of the fact that the former model is
more constrained by data. The large excursion of the kinetic function at very high redshift in
K-mimic is related to the non-negligible scalar field energy density, required to compensate
for the pre-factor [A/(1 − ε2,0)]2 in the Friedmann equation, as discussed in the previous
Sections.

6 Conclusions and Outlook

In this paper we have used Cosmic Microwave Background data, in combination with BAO
and SNIe, to set constraints on parameters describing K-mouflage modified gravity models.

We have employed an effective field theory description of these models and we implement
two parametrisations of K-mouflage in the EFTCAMB code in order to study their effect
on cosmological observables. The former is based on five parameters, where the expansion
history of the Universe is free to vary, while the latter (K-mimic) has three free parameters
and is forced to reproduce a close to ΛCDM background expansion. The K-mouflage and K-
mimic models will be publicly released soon as part of EFTCAMB. By varying the parameters
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Figure 8. Viability regions for the coupling A and the kinetic K functions, expressed in terms of
the redshift z. We consider values of the parameters at the border of the marginalized confidence
intervals given in Tables 3 and 4, i.e. {αU = 1, γU = 1, m = 2, γA = 0.2, ε2,0 = −4 × 10−2} for
K-mouflage and {αU = 1, γU = 1, m = 2, γA = 0.2, ε2,0 = 2 × 10−3}. The more the parameters
approach the ΛCDM limit, the more the two functions move toward the constant solutions A = 1 and
K = −1, crossing the coloured regions.

of the models we have verified that K-mouflage can produce significant deviations in CMB
angular power spectra, with respect to standard GR, and can be therefore tightly constrained
by CMB probes. We have verified this via a preliminary Fisher matrix analysis, which also
shows that future CMB experiments, such as CORE, could improve K-mouflage parameter
bounds currently achievable with Planck data, by approximately one order of magnitude.
For models in which the background expansion history varies, the constraining power mostly
come from shifts in the position of the peaks, due to changes in the angular diameter distance
to last scattering. For so called K-mimic models, in which the kinetic function of the scalar
degree of freedom is chosen in such as way as to impose a degenerate expansion history with
ΛCDM , the most distinctive signatures come instead from variation in the linear growth
rate of structures.

After this preliminary study, we have then implemented the model in the MCMC EFT-
CosmoMC code and derived actual parameter constraints from different data-sets, including
Planck CMB and CMB lensing, the JLA Supernovae sample and different galaxy catalogues
(BOSS, SDSS and 6dFGS). The most tightly constrained parameter is ε2,0, measuring the
overall departure from ΛCDM. In our analysis we have found upper limits for this parameter,
which remains consistent with its ΛCDM limit (ε2,0 = 0) in both K-mouflage and K-mimic
scenarios. These limits at 95% C.L. are −0.04 < ε2,0 ≤ 0 for K-mouflage and 0 ≤ ε2,0 < 0.002
for K-mimic. Some of the other model-specific parameters are unconstrained due to degen-
eracies with ε2,0 or due to their small impact on cosmological observables. We can however
put significant bounds on αU , that determines the late-time behaviour of the kinetic term in
K-mouflage, and on the m parameter in K-mimic, that influences the behaviour of both the
coupling and the kinetic term at high redshift (i.e. in the high χ̃ regime). Interestingly, our
analysis also shows that K-mouflage models can be used to alleviate the H0 tension between
Planck and low-redshift probes, see Fig. 6 and Table 3. On the other hand, K-mimic models
predict a growth of matter perturbations which is slightly suppressed w.r.t. ΛCDM, result-
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ing in lower preferred values for the σ8 parameter, see Fig. 7 and Table 4. This feature is
promising to ease the tension between Planck and weak lensing measurements, and can be
further explored by running specific N-body simulations.

Neutrinos were considered to be massless in this work. In the future, we plan to gen-
eralise the study of K-mouflage both to include massive neutrinos and to assess the impact
of CMB-LSS cross correlations on the constraints. In the case of the models not reproduc-
ing the ΛCDM expansion, late-time probes of the growth factor, like peculiar velocities or
ISW-galaxy measurements should lead to further tightening of the constraints.
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8 K-mouflage implementation in the EFTCAMB code

In this paper we investigate cosmological perturbations at the linear level in K-mouflage
scenarios using the EFTCAMB patch of the public Einstein-Boltzmann solver CAMB. For
the implementation of the model in the EFTCAMB code we adopted the so called ”full-
mapping” approach. In these scheme the mapping relations between the K-mouflage and the
EFT action, along with the cosmological and model parameters, are fed to a module that
solves the cosmological background equations, for the specific theory, and outputs the time
evolution of the EFT functions. These functions are then used to evolve the full perturbed
Einstein-Boltzmann equations and compute cosmological observables. EFTCAMB evolves
the full equations for linear perturbations without relying on any quasi-static approximation.
For our purposes, we implemented two different versions of the model in the EFTCAMB
solver, with different background evolutions, the user can switch between the two by setting
the logical variable K-mimic.
If K-mimic=F the background expansion history is left free to deviate from the ΛCDM
and the user has to fix both the Ā(a) and K(a) functions. A model of K-mouflage is then
completely specified by the choice of the standard cosmological parameters (namely H0,
Ωm0, Ωb0, ns, As, τ) and by the five additional parameters: αU , γU , m, ε2,0, γA introduced
in Section 2.2. The code computes the functions A(a) and U(a) using the definitions in
Eq. (2.23) and Eq. (2.27) and normalizing the U(a) function at the present time

U(a = 1) =

√
−ρ̄m0 ε2,0

M42
(
−3ε2,0 + d lnU

d ln a |a=1

) . (8.1)

Once the function U(a) and Ā(a) are specified, the function ¯̃χ can be computed from
Eq. (2.28), where the mass scale of the scalar field M4 is fixed by the choice of the cos-
mological parameters

M4

ρ̄m0
=

Ωϕ0

Ωm0
+

ε2,0

−3ε2,0 + d lnU
d ln a |a=1

. (8.2)
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The code integrates the differential equation (2.26) to compute K̄(a), with the initial condi-
tion K0 = −1 at a = 1, and the background evolution is completely specified by Eq. (2.6)
and Eq. (2.7).
Otherwise if the user sets the flag K-mimic=T , the model reproduces a ΛCDM background
expansion history. In this case the user has to specify, apart from the standard cosmological
parameters, only the three parameters related to the background coupling function Ā(a), i.e.
{ε2,0, γA, m}. Following the method developed in Sec. 2.1, the kinetic function K̄(a) is given
by Eq. (2.18), where we fix

M4

ρ̄m0
=

Ωϕ0

Ωm0
, (8.3)

Ω̂m0 =
Ωm0

1− ε2,0
+

2ε2,0γA(1− νA + 2Ωγ0) + 4ε2,0(1 + Ωγ0)

3(1 + γA)(1− ε2,0)
+

ε2,0
(1− ε2,0)

, (8.4)

together with Ω̂b0 = Ωb0 and Ω̂γ0 = Ωγ0. The choice made in Eq. (8.4) satisfies the constraint
given by Eq. (2.22) and sets the value of ¯̃χ today. The code then solves Eq. (2.20) using
Eqs. (2.18)-(2.19) and taking K̄ ′0 = 1, ¯̃χ0 = ε2,0/(2Ωϕ0) as initial condition at a = 1.
Once the functions K̄, K̄ ′ and ¯̃χ are determined, the code solves the Friedmann equation (2.6)
to determine a(t), using the standard ΛCDM solution as initial condition at a� 1.
The mapping of action (2.1) in terms of EFT functions that we reported in Sec. 3 cannot be
used directly in the EFTCAMB code, that adopts a slightly different convention, according to
Ref. [47] . Comparing the K-mouflage action in unitary gauge and Jordan frame, Eq. (3.11) of
Ref. [12], with Eq. (1) and Eq. (2) of Ref. [47], we can identify the following correspondences
between the EFTCAMB functions and K-mouflage

Ω(a) =Ā−2 − 1 , (8.5)

Ω′(a) =− 2Ā−3Ā′ , (8.6)

Ω′′(a) =6Ā−4(Ā′)2 − 2Ā−3Ā′′ , (8.7)

Ω′′′(a) =− 24Ā−5(Ā′)3 + 18Ā−4Ā′Ā′′ − 2Ā−3Ā′′′ , (8.8)

Λ(a)a2

m2
0

=
a2M4K̄

m2
0Ā

4
− 3H2ε22

Ā2
, (8.9)

Λ̇(a)a2

m2
0

=
H

m2
0Ā

5

(
−4a3M4Ā′K̄ + a3M4Ā ¯̃χ′

dK̄

d¯̃χ

+ 6am2
0Ā

2ε22H2Ā′ + 6m2
0Ā

3ε2H
(
ε2
(
H− aH′

)
− aHε′2

)
, (8.10)

c(a)a2

m2
0

=
a2M4 ¯̃χdK̄

d¯̃χ

m2
0Ā

4
− 3ε22H2

Ā2
, (8.11)

ċ(a)a2

m2
0

=
c′(a)Ha3

m2
0

=
H
(
−4a3M4 ¯̃χĀ′ dK̄

d¯̃χ
+ a3M4Ā ¯̃χ′

(
¯̃χd2K̄

d¯̃χ2 + dK̄
d¯̃χ

))
m2

0Ā
5

+H
(
6aĀ−3ε22H2Ā′ + 6Ā−2ε2H

(
ε2
(
H− aH′

)
− aHε′2

))
, (8.12)
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γ1(a) =
M4

2

m2
0H

2
0

=
M4A−4 ¯̃χ2 d2K̄

d¯̃χ2

m2
0H

2
0

, (8.13)

γ′1(a) = γ1(a)

−4
Ā′

Ā
+

2χ′

χ
+
χ′ d

3K̄
d¯̃χ3

d2K̄
d¯̃χ2

 , (8.14)

d2K̄

d¯̃χ2
=

6a3M4 ¯̃χĀ′ dK̄
d¯̃χ
− a3M4Ā ¯̃χ′ dK̄

d¯̃χ
− 6a2M4Ā ¯̃χdK̄

d¯̃χ
− ρ̄m0Ā

4Ā′

2a3M4Ā ¯̃χ ¯̃χ′
, (8.15)

d3K̄

d¯̃χ3
=
−3(Ā′)2 ¯̃χ′ dK̄

d¯̃χ
+ 3Ā

(
Ā′( ¯̃χ′)2 d2K̄

d¯̃χ2 + dK̄
d¯̃χ

(
Ā′′ ¯̃χ′ − Ā′ ¯̃χ′′

))
Ā2( ¯̃χ′)2

+

+

dK̄
d¯̃χ

(
a2( ¯̃χ′)3 + 6( ¯̃χ′)2 (a ¯̃χ′′ + ¯̃χ′)

)
− a ¯̃χ( ¯̃χ′)2 (a ¯̃χ′ + 6¯̃χ) d2K̄

d¯̃χ2

2a2 ¯̃χ2( ¯̃χ′)2

−
3aρ̄m0Ā

2 ¯̃χ(Ā′)2 ¯̃χ′ + ρ̄m0Ā
3
(
a ¯̃χĀ′ ¯̃χ′′ + ¯̃χ′

(
Ā′ (a ¯̃χ′ + 3¯̃χ)− a ¯̃χĀ′′

))
2a4M4 ¯̃χ2( ¯̃χ′)2

. (8.16)

In the last equations we adopted the EFTCAMB notation [47] where m2
0 = M̃2

Pl, the over-dot
represents derivatives with respect to conformal time, while the prime represents derivatives
with respect to the scale factor a and H(a) = aH(a).
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