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Chapter 4

Order 5 obstructions to the
integral Hasse principle

In this chapter we will discuss new examples of the Brauer-Manin obstruction
to the integral Hasse principle. The most remarkable property of these obstruc-
tions is that they come from a single element of order 5. This is exceptional since
all other known examples of the Brauer-Manin obstructions use only elements
of order 2 and 3.

The results in this chapter all use an element of order 5 which can occur in
the Brauer group of ample log K3 surfaces of dPs type described in Proposi-
tion 3.2.5. So let us write U = X\C where X is an ordinary del Pezzo surface of
degree 5 over Q and C is an effective anticanonical divisor. In Proposition 3.2.5
we have seen that U has a non-trivial algebraic Brauer group for a specific action
of the absolute Galois group Gy on the geometric Picard group Pic X. We will
first study this action and the induced action on the —1-classes. We will see for
example that Pic X will be isomorphic to Pic Xk for a specific number field K of
degree 5.

The next step in producing our examples is recovering an ample log K3 sur-
face U over Q from this action or even from only its splitting field K. We use the
construction described in [29] to first construct a del Pezzo surface X of degree 5
over Q. We start off with a conic Ty on the projective plane P and five distinct
geometric points P; on the conic with a specific action of Galois. We blow up
these five points and recover an ordinary del Pezzo surface 8: B — ]1)(22 of de-
gree 4. The strict transform I' of 'y along the blowup morphism S is a —1-curve
on B. We contract this curve along the morphism B — X to obtain an ordi-
nary del Pezzo surface of degree 5 over Q. Now for any smooth anticanonical
curve C C X we see that U = X\C is an ample log K3 surface with an algebraic
Brauer group modulo constants of order 5. These are the surfaces for which we
will consider the set of integral points.

However, U is a surface over Q and it does not make sense to consider Z-
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4.1. THE INTERESTING GALOIS ACTION

points; the set of integral points on a scheme over a number field depends on
the choice of model over the ring of integers. We can obtain a model ¢/ /Z for U
in the following natural way: the anticanonical map embeds the ordinary del
Pezzo surface X into ]P‘?2 which restricts to an embedding U — A%. Consider

a set of equations defining the subscheme U C A?Q. We rescale these equa-
tions such that they have integral coefficients. These equations now define a
subscheme U/ C A% which is affine over Z.

In order to study the geometry of the model I/ it is useful to have another de-
scription. In the above construction of X we first blew up points and contracted
a curve defined over Q and then passed to a scheme over the integers. We will
now reverse the steps of this process: first we pass over to the integers and then
we blow up the projective plane over the integers in a subscheme which is flat
of relative dimension zero over Z. We obtain a scheme B over Z whose fibres
are peculiar del Pezzo surfaces over either a finite field or the rational numbers.
We proceed by contracting a subscheme I' C B over Z to obtain a scheme X
over Z. This does not mean that I' is contracted to a single point, but rather
that the image of I in X is a relative point of X — Z. This implies that a fibre
of I' over a prime ¢ € Z is a curve of negative self-intersection on a peculiar del
Pezzo surface By, and the morphism B, — A} is the contraction of this curve
to obtain another del Pezzo surface. The scheme X’ will naturally embed in IP5,.
Now consider the complement ¢/ C A3, of a hyperplane section % C P, in X

We will show that this relative affine surface U/ /Z is naturally isomorphic
to the subscheme U C ASZ constructed above. The first construction gives us
explicit equations while the second construction makes it easier to understand
the geometry of the closed fibres of U over Z.

Now that we have constructed a scheme ¢/ which is affine over Z we can
consider the integral points on /. Using our explicit geometric construction we
study the fibres of U/ over Z; almost all of which are ample log K3 surfaces of
dPs type. We proceed by computing the invariant map at a prime ¢ using our
description of the fibre U/, and the factorization of ¢ in the number field K. By
combining all these local results we obtain several examples of order 5 Brauer—
Manin obstructions to the integral Hasse principle.

4.1 The interesting Galois action

In this chapter we will construct an affine scheme ¢/ C ASZ which has a Brauer—
Manin obstruction to the integral Hasse principle. This obstruction is given by
an element of order 5 in the Brauer group Br U of the generic fibre U = Ug. Inall
our examples we will construct ¢/ in such a way such that U = X\C is an ample
log K3 surface of dPs type. The existence of an element of order 5 in Br U/ Br Q
is then implied by Proposition 3.2.5 for a specific action of Gg on Pic X.

Let X be any del Pezzo surface of degree 5 over a field k. We recall some re-
sults about the action of Galois on the geometric Picard group Pic X. We defined
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CHAPTER 4. ORDER 5 OBSTRUCTIONS

Wj as the group of intersection-preserving automorphisms of Pic X which map
the anticanonical class to itself. If C is geometrically irreducible this induces an
action of Wy on PicU. In Proposition 3.2.5 we have seen that there is a special
conjugacy class W of subgroups of Wy. This conjugacy class W is precisely the
set of all subgroups of W C W, with the property that the cohomology group
H' (W, Pic ) is non-trivial. We will study the action of such a subgroup W on
Pic X, PicU and the —1-curves on X more closely in this section. Let us first
define this interesting action.

DEFINITION 4.1.1. Let X be an ordinary del Pezzo surface of degree 5 over a
field k. Let K be the minimal Galois extension of k over which all —1-curves
on X are defined. We say that X is interesting if [K: k] = 5. A log K3 surface of
dPs type U = X\C is called interesting if X is an interesting del Pezzo surface
and C is geometrically irreducible.

The field K is called the splitting field of the interesting surfaces X and U.

Consider an interesting log K3 surface U = X\C. By definition of a log K3
surface we see that C is smooth. The curve C is also geometrically irreducible
since U is interesting. The results in this chapter are also true for the complement
of a geometrically irreducible anticanonical curve C on an ordinary del Pezzo
surface X of degree 5. To be able to use the language of log K3 surface we do
keep the superfluous condition that C is smooth.

The following lemma shows that an interesting action corresponds to a unique
conjugacy class of subgroups of Wj.

LEMMA 4.1.2. Consider an interesting del Pezzo surface X over a field k. The action
of Gy on Pic X is uniquely determined up to conjugacy.

On an interesting del Pezzo surface there are two Galois orbits of geometric —1-
curves, each of size 5. The sum of the —1-curves in one such orbit is an anticanonical
divisor.

Proof. Let K be the minimal Galois extension of k such that all —1-curves on X
are defined over K. Since X is interesting the extension K/k is of degree 5.

We have seen in Proposition 2.3.1 that there is a basis (Lo, L1, Ly, L3, Ly) of
PicX = Z°such that L} = 1, Ly L; = O and L? = —1 for i # 0. The —1-
classes are the classes L; fori # 0and L;; := Lo —L; — Ljfor1 <i < j <4.
The intersection graph of the —1-curves on a generalized del Pezzo surface of
degree 5 is the so-called Petersen graph shown in Figure II.

Let us first prove that Gal(K/k) does not fix any of the ten geometric —1-
curves. If it does fix a —1-curve L consider the three —1-curves L intersects. The
Galois action then permutes these three —1-curves since the action preserves the
intersection pairing. However there are no non-trivial group homomorphisms
Z/5Z — S3 so the action of Galois actually fixes these three —1-curves. Since
the graph in Figure II is connected we conclude that all geometric —1-curves
are defined over k contradicting the minimality of K. So no geometric —1-curve
is fixed by Gy and there must be two orbits of size 5. After choosing a possible
different basis of Pic X we see that these two orbits are the two regular pentagons
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4.1. THE INTERESTING GALOIS ACTION

Figure II: The intersection graph of —1-curves on a generalized del Pezzo surface
of degree 5.

in Figure Il and that there is a o € Gal(K/k) which acts on the outer pentagon by
rotating counter-clockwise. Since o preserves the intersection pairing it will also
rotate the inner pentagon counter-clockwise. This determines the action of ¢ on
the —1-classes

Li+— Lip— Lo+ Lpg — Lyg — Ly,
L3+ Ly L1z +—> Lzqg +—> Lpg — Lg3.

This proves that Ly = Lip + L1 4+ L gets mapped to 2Ly — L; — Ly — L3. Since
a different choice of such a basis differs by an automorphism in Wy by Proposi-
tion 2.3.5 this determines an action of Gy on Pic X up to conjugacy.

For the last statement one needs to check that both the divisor classes of
Li+Lip+Ly+ Lps+ Lygand L3 + Ly + L3 + L34 + L4 equal the anticanonical
class 3L0 — Ll — Lz — L3 — L4. O

If we consider a log K3 surface of geometrically irreducible dPs type over
a number field k we can compute its algebraic Brauer group modulo constants
using Proposition 1.6.5. The following proposition shows that the action of Gy
on Pic X is interesting precisely when Bry; U/ Brk is non-trivial. We conclude
that the actions mentioned in Proposition 3.2.5 are precisely the interesting ones.

PROPOSITION 4.1.3. Let U = X\C be a log K3 surface of geometrically irreducible
dPs type over a number field k. We have

Z/5Z if U is interesting;

Bry U/ Brk =
r1 U/ Br {1 otherwise.
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CHAPTER 4. ORDER 5 OBSTRUCTIONS

Proof. Let the action of G on Pic X factor through the minimal subgroup W
of Wy. Lemma 3.2.2 states that Br; U/ Brk only depends on the conjugacy class
of W C W, and that for precisely one conjugacy class of subgroups of W, the
algebraic Brauer group modulo constants is non-trivial. We have seen that every
interesting action of Gy on Pic X factors through the same conjugacy class of sub-
groups of Wy of order 5. This means that it will suffice to prove that Br; U/ Brk
is non-trivial for interesting del Pezzo surfaces. So suppose that X is an interest-
ing del Pezzo surface over k. We will fix a basis (Lo, L1, L, L3, L4) of Pic X as in
the proof of Lemma 4.1.2.

In general, since C C X is geometrically irreducible we find the following
exact sequence of Galois modules

0—2Z % PicX — Picll — 0,
where j maps n to —nKy. This shows that Pic U = Pic X/ZC = Z*, since the
anticanonical divisor class —Kx = 3Lg — L1 — L, — L3 is primitive. So PicU

is torsion free and from the inflation—restriction sequence we conclude that the
inflation homomorphism induces an isomorphism

H!(Gal(K/k), Pic Ux) 2 H(Gy, Pic ).

Given the basis of Pic X we saw in the proof of Lemma 4.1.2 the specific
action of a generator ¢ € Gal(K/k) on Pic X. We will compute the action of ¢ on
the quotient Pic U of Pic X. The classes [Lo], [L1], [L2] and [L3] in Pic Uk form a
basis and in this basis the class of L4 becomes [L4] = 3[Lo] — [L1] — [L2] — [L3].
So ¢ acts on Pic U as

2 1 1 3
-1 -1 0 -1
-1 -1 -1 -1
-1 0 -1 -1

o =

By results on group cohomology of cyclic groups [58, Theorem 6.2.2] we see that
we get
HY(G,Picl) = ker(1+ 0 + 0>+ 0> +0*)/Im(1 — o).

Since 14+ 0 + 0% + 0° + ¢* = 0 and the image of 1 — ¢ is generated by (1,0,0,2),
(0,1,0,4), (0,0,1,4) and (0,0,0,5) we find

Bry U/ Brk = Z/5Z. O

Consider an interesting log K3 surface U. On the compactification X of U
we have three important effective anticanonical divisors. First of all C = X\U,
but also the two divisors supported on —1-curves as described in Lemma 4.1.2.
We will associate to these effective divisors anticanonical sections using [33, 1I,
Proposition 7.7b] and we will use these elements to construct explicit generators
of Bry U/ Brk for an interesting log K3 surface U = X\C.
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4.1. THE INTERESTING GALOIS ACTION

LEMMA 4.1.4. Let U = X\C be an interesting log K3 surface over a number field k.
Let K be the corresponding Galois extension of degree 5 of k. Fix a generator o of
Gal(K/k) & Z/5Z. Let h € H°(X,wY,) be a global section whose divisor of zeroes
is C, and let Iy and I, be sections in HO(X, wy,) associated to the two anticanonical
divisors supported in geometric —1-curves from Lemma 4.1.2.

The cyclic x(X)-algebras

I I
(h’ (7) and (h' (7)

are similar over x(X), their class lies in the subgroup BrU C Brx(X) and gener-
ates Bry U/ Brk.

Proof. As divu(%) and divu(%) are orbits of —1-curves defined over K it fol-
lows from Lemma 1.7.3 that the cyclic algebras lie in the subgroup Br U. From

opp
Proposition 1.3.2 we see that the algebras (%,0’) ® (%,0’) and (11,0) are

I
similar. Now divu(%) is the norm of a principal divisor on U since this is even
the case on X. Indeed, the divisors Li4 + L1 — Ly and Ly4 are linearly equivalent
on X, and their norms Nmg /(L14 + L1 — Lp) and Nmg x(Lo4) are the divisors

of zeroes of /1 and I,. It follows again from Lemma 1.7.3 that (%,0‘) is trivial

in Br U, and hence that the two cyclic algebras lie in the same class.

We have seen in Proposition 1.3.2 that A is split by the degree 5 extension K.
Now Corollary 1.2.13 implies that A is either trivial or of order 5. Suppose that
the class of A is trivial. Then by Lemma 1.7.3 any —1-curve L on Uk in the
support of divyl; is principal, i.e. there is a ¢ € x(Uk) such that divi;g = L.
Consider g as a function on X. Then divxg = L + nC for some non-negative
integer 1, since C is geometrically irreducible. We conclude that

OIKX'diVXg:KX'L+nKx-C: —1+4 5n,
which is a contradiction. O

The anticanonical sections /1 and [, are so important we will repeat their
definition.

DEFINITION 4.1.5. Let X C IP? be an anticanonically embedded interesting del
Pezzo surface of degree 5. Let I},[ € (91[,2 (1) be the linear forms over k in six

variables which restrict to the anticanonical sections supported on geometric
—1-curves from Lemma 4.1.4.

Note that /; and I, are only defined up multiplication by an element of k*.
From now on we will denote the class in Lemma 4.1.4 by A € Bry(U) which is
uniquely defined up to an element in Br k. Fix for the moment an interesting del
Pezzo surface X. We will consider the class A, on Uy, as & varies over all hyper-
plane sections. We have seen that .4, is of order 5 if /1 cuts out a geometrically
irreducible curve. The next lemma shows that this only fails for specific choices
of h.
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LEMMA 4.1.6. Let X C IP} be an interesting del Pezzo surface over a field k. A hyper-

plane section given by the vanishing of an h € H°(IPY, O(1)) fails to be geometrically
irreducible if and only if h is a scalar multiple of either 11 or I,.

Proof. Consider a hyperplane section C C X. Let D be a k-irreducible compo-
nent of C and consider a geometric —1-curve L. It follows that L- D = ¢(L) - D
and as the Galois orbit of L is an anticanonical divisor, we find

5> —Kx-D=5L-D >0,

since the degree of D C TP} is positive and at most the degree of C, which
equals 5. This proves that L - D = 1 for all geometric —1-curves L and hence
C — D is an effective divisor of degree 0. We conclude that C = D and this
proves that any anticanonical section C is irreducible over k.

If C is not geometrically irreducible, then it must have at least two geomet-
rically irreducible components of the same degree d since the Galois group acts
on the set of geometrically irreducible components of C. Since C is of degree 5
we find 2d < 5 and hence d is either 1 or 2. But in both cases we see that C con-
tains a geometrically irreducible curve of degree 1, which must be a geometric
—1-curve L. Then C also contains all conjugates of L and hence C is the Galois
orbit of a geometric —1-curve. This proves that C is defined by the vanishing of
either [; or [. O

4.2 Constructions of degree 5 del Pezzo surfaces

We have seen that the action of Galois on the —1-curves on an ordinary del
Pezzo surface X over a field k determines many arithmetic properties of X. In
this section we will describe the results in [29] which state that for ordinary del
Pezzo surfaces of degree 5 a stronger result is true. Namely, there is a correspon-
dence between isomorphism classes of ordinary del Pezzo surfaces X over k and
conjugacy classes of group homomorphisms Gy — Wy.

An isomorphism class of X over k induces an action of Gy on Pic X. Now
let W be the minimal subgroup of the Weyl group Wy such that the action of G
on the geometric Picard group factors through W. This gives us a homomor-
phism from Gy — W — W;. We will follow [29] in constructing an ordinary
del Pezzo surface X of degree 5 over a field k starting from a homomorphism
Gy — Wy. Let us first show that Wy is a well understood finite group.

LEMMA 4.2.1. The group Wy is isomorphic to Ss and this isomorphism is unique up to
conjugacy.

Proof. We have seen in Proposition 2.3.5 that W is isomorphic to the automor-
phism group of the intersection graph of the —1-classes of a generalized del
Pezzo surface of degree 5. This graph is the Petersen graph shown in Figure II.
The computation of the automorphism group of this graph is more easily done
using the following interpretation. Consider the graph whose vertices are the
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4.2. CONSTRUCTIONS OF DEGREE 5 DEL PEZZ0O SURFACES

ten subsets {a,b} € {1,2,3,4,5} with precisely two elements. The vertices {a,b}
and {c, d} are connected precisely if the two sets are disjoint. This graph is easily
seen to be isomorphic to the Petersen graph.

It is clear that the elements of S5 induce different natural automorphisms on
this graph. Also, from an automorphism of the graph we can recover a per-
mutation of {1,2,3,4,5}; for example, the image of the element 1 is the unique
element in the intersections of the images of {1,2} and {1, 3}.

The last statement follows from the fact that every automorphism of Ss is
inner. O

Now fix an isomorphism Wy = Ss5. We have remarked that such an isomor-
phism is unique up to conjugation. For our applications this will mean that the
actual choice of this isomorphism does not matter as long we consistently use
the same one.

DEFINITION 4.2.2. Let k be a field. Let {: Gy — Ss be a group homomorphism
and let m € k[T] be a monic and square free polynomial of degree 5 with roots «;
for 1 < i < 5. We say that m is a seed for ¢ if o € Gy acts on {ay, ap, a3, 4, a5}
as {(0) acts on the set of indices {1,2,3,4,5}.

The following results shows that seeds always exist.

LEMMA 4.2.3. In the notation of Definition 4.2.2, there is a seed m & k[T] for each
group homomorphism ¢: Gy — Ss.

Proof. See Lemma 15 in [29]. O

Note that whether m is a seed of { depends on the indexing of the roots of m.
A different choice for the indices will produce a seed for an Ss-conjugate of ¢.
This shows that we should consider m to be a seed of the Ss-conjugacy class of
group homomorphisms G, — Ss.

Also note that we are actually interested in homomorphisms from Gy to Wy.
Using an isomorphism between W, and S5, which is unique up to conjugacy, we
see can define a seed of a conjugacy class of homomorphisms Gy — Wj.

We can use this terminology to produce ordinary del Pezzo surface X of de-
gree 5.

Step 1. Suppose that a homomorphism ¢: Gy — S5 is given. Fix a seed m for .

Step 2. Consider the projective plane P over k together with the five distinct
points P; = (a;: a?: 1). Let Q C k[x,y, z] be the subset of quintic homogeneous
polynomials which are singular at each P;.

LEMMA 4.2.4. The k-linear subspace Q C k[x,y, z] is of dimension 6.
Proof. See Theorem 5 in [29]. O

Step 3. Fix a k-basis qo, 41, ...,95 € Q and define a rational map 9: ]Pi - IPg
by [x:y: z] = [gi(x,y,2)];. Let X C P} be the closure of the image of 8.
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CHAPTER 4. ORDER 5 OBSTRUCTIONS

PROPOSITION 4.2.5. The scheme X C ]PE over k constructed above is an ordinary del
Pezzo surface of degree 5 over k which is anticanonically embedded. The morphism ¢
defines a birational morphism IP7 — X which we will also denote by 8.

We will call X the ordinary del Pezzo surface of degree 5 over k associated to the
seed m.

Proof. See Theorem 5 in [29]. O

We now have produced an ordinary del Pezzo surface of degree 5 over k
from a homomorphism Gy — Ss. If we on the other hand start off with an
ordinary del Pezzo surface X of degree 5 over a field k we have seen that the
action of Gy on Pic X defines a homomorphism G, — Ss. We would like these
maps to be inverses to each other. One sees that for this to be true one would
have to consider isomorphism classes of ordinary del Pezzo surfaces, because
isomorphic surfaces have isomorphic actions of Galois on the set of —1-curves.
Also, seeds can be defined for Ss-conjugacy classes of group homomorphisms
Gx — Ss. The following proposition shows that up to these equivalences the
maps constructed above are actually inverses to each other.

Recall that we have fixed an isomorphism between S5 and the automorphism
group of Pic X.

PROPOSITION 4.2.6. Let k be a perfect field. The map from the set of isomorphism
classes of ordinary del Pezzo surfaces of degree 5 over k to the set of conjugacy classes of
homomorphisms Gy — Ss defined by sending an ordinary del Pezzo surface X over k to
the action of Gy on the —1-curves is a bijection.

The inverse is given by mapping a homomorphism ¢: Gy — Ss to the isomorphism
class of the ordinary del Pezzo surface of degree 5 over k associated to a seed of ¢.

Proof. See Lemma 14 in [29]. O

We will now describe another construction of a del Pezzo surface X’ using a
seed m. In Proposition 4.2.9 we will see that X’ is isomorphic to the del Pezzo
surface X associated m. For now we will write X and X' to distinguish the two
constructions. Again we consider the five distinct points P; = (a;: a?: 1) on IP?
associated to the seed m which lie on a unique conic I'y C PZ. Let B be the blow
up of ]P% in the Galois-invariant set {P;} and let I be the strict transform of T
along B — IPZ. By Corollary 2.7.14 B is an ordinary del Pezzo surface of degree 4
over k. Also, I' C Bis a —1-curve by Lemma 2.7.9. If we contract this —1-curve
using Proposition 2.2.5 we obtain an ordinary del Pezzo surface X’ of degree 5.

Let us make this more precise. We will consider a line Ag C P7 which does
not meet any of the points P; and pull it back to the effective divisor A C B. A
careful study of the proof of Castelnuovo’s theorem used in Proposition 2.2.5
shows that the morphism B — X’ which contracts I' C B is the morphism
associated to the complete linear system of the line bundle A + 2TI".
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9
PROPOSITION 4.2.7. The composition B L IPZ -=» X C TP} extends to a morphism

on the whole of B. This morphism p: B — X C IP} corresponds to the complete linear
system of the divisor A = A + 2I". Furthermore, the only curve contracted by this
morphism is I

Proof. This proposition is proved in the proof of Theorem 5 of [29]. O

Note that Ty is the conic defined by the equation x? = yz. We will also fix an
equation for Ay. It is clear that the line z = 0 does not meet any of the points P;.
We can now prove the following corollary.

COROLLARY 4.2.8. The morphism B is a birational morphism and induces an isomor-
phism B*: k(IP?) — x(B). This isomorphism identifies the following two linear sub-
spaces

z(:ﬂiyz)zQ Cx(P?) and HO(B,L(A)) C «(B).

Proof. Define the divisor Ag = Ag + 2Ig on ]P%. We see that
,B*AO =A+2E B

where Ej is the sum of the five exceptional curves of the blowup morphism
B: B — IP2. The spaces of global sections H*(IPZ, £(Ag)) and H(B, L(B*A))
embed naturally in the respective function fields x(IP?) and x(B). The isomor-
phism B* on these function fields respects these linear subspaces and we have a
natural morphism

B*: HY(IPZ, L(Ag)) — HO(B, L(B*Ag)).
By definition we have Q C H(IPZ, O(5)) and the isomorphism O(5) — L(Ao) is
uniquely defined up to multiplication by an invertible element of (’)]P% (IP?) = k.
This implies that Q corresponds to the linear subsystem

1

————Q C HY (P}, £(Ao)) C (P}

z(x2 _yz>2Q C H (P, £(Do)) < x(IPp)
for any isomorphism O(5) — £(Ap). The morphisms ¢ and p are defined by the
respective linear systems

Q@ CHUPEL(A) and HU(B,£(4)) C H'(B,£(8) © LQEp)).
B
A
IP? B 4.1)
A
L
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CHAPTER 4. ORDER 5 OBSTRUCTIONS

From the commutative diagram in (4.1) we see that these linear systems are
identified under the isomorphism

B*: HY(PE, L(Ag)) — HY(B, L(A) ® L(2Eg)). 0

PROPOSITION 4.2.9. Consider the surfaces X and X' over k constructed from the same
seed m. They are isomorphic over k.
These surfaces are isomorphic as subschemes of P} up to an automorphism of IP}.

Proof. The schemes X and X’ are the respective closures of the images of the
maps P? --» P} and B — P} defined by choosing bases of Q and H(B, L(A)).
If we pick bases corresponding to each other using the isomorphism in Corol-
lary 4.2.8 then X and X’ are the same subscheme of IP% If we make a different
choice of basis of Q then we recover an isomorphic k-scheme X, but the embed-
ding X C [P} changes by an automorphism of IP}. The same holds for X’ and
the result follows. O

Let us turn our attention back to interesting del Pezzo surfaces over k. We
can use the correspondence in Proposition 4.2.6 to classify interesting del Pezzo
surfaces over a field k.

PROPOSITION 4.2.10. Let k be a perfect field and fix an algebraic closure k. The map
which sends an isomorphism class of interesting del Pezzo surfaces over k to its splitting
field K C k is a bijection to the set of degree 5 Galois extensions of k contained in k.

Proof. Let us first show that we have a correspondence between degree 5 Galois
extensions K C k and conjugacy classes of homomorphisms Gy — Ss whose
image is of order 5.

To any homomorphism {: Gy — S5 whose image is of order 5, we can con-
sider the kernel which corresponds to a Galois extensions K/k of degree 5.

Now consider a Galois extension K/k of degree 5 and let Gx C Gy be the
corresponding subgroup of index 5. We can construct a group homomorphism
Gy — Gx/Gg — Ss, by sending a generator of Gi/Gk to any element s € Ss
of order 5. Since every element of order 5 in S5 is of the same cycle type, a
different choice of s € S5 produces a conjugate homomorphism Gy — Ss. So we
have assigned a conjugacy class of homomorphisms G, — Ss with an image of
order 5 to a degree 5 Galois extension K/k.

It is easily checked that both procedures are inverse to each other.

Let us now prove the proposition by constructing an inverse to the described
map. So again, let K be a degree 5 Galois extension of k and let §: Gy — S5 be
a homomorphism in the corresponding conjugacy class of homomorphisms as
above. By Proposition 4.2.6 we can produce a del Pezzo surface X by choosing
a seed m of ¢, whose action on the —1-curves is uniquely determined by ¢. By
construction of ¢ we see that the action of Gy on Pic X is non-trivial, but the
corresponding action of Gk on Pic X is trivial. By definition we see that X is an
interesting del Pezzo surface.
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It is clear that these maps define a correspondence between interesting del
Pezzo surfaces over k and degree 5 Galois extensions of k. O

DEFINITION 4.2.11. Let K/k be a Galois extension of degree 5. The isomorphism

class of interesting del Pezzo surfaces of degree 5 over k which are split by K is
denoted by dP5(K).

So the isomorphism class of an interesting del Pezzo surface over a field k is
uniquely determined by the splitting field K. We have also seen two construc-
tions for del Pezzo surfaces in such an isomorphism class. We will be interested
in how the geometric —1-curves can be found on such a surface.

PROPOSITION 4.2.12. Let m be a seed for a general homomorphism ¢: Gy — Sk.
Consider the five points P; = (w;: a?: 1) constructed from the roots of m, and let
8: P2 --> X be the birational map from Proposition 4.2.5. Define L; C IP% as the line
through P; and P; for i # j.

The strict transform of L;j along 8 is a —1-curve on X.

Proof. See Theorem 5 in [29]. O

Note that this allows us to produce all 10 curves on X of self-intersection —1.
For interesting del Pezzo surfaces this implies the following result.

PROPOSITION 4.2.13. Let X be an interesting del Pezzo surface of degree 5 over a
field k. Consider the divisors

5 5
L1=Y L1 and Lo=)Y Lijio
i=1 i-1

on ]P% where the indices are considered modulo 5. These are quintic plane curves singular

at the P;, so they correspond to hyperplane sections of X C IP3. These are precisely the
anticanonical sections given by Iy and I,.

Proof. The group Gy permutes the points P; cyclically by definition. We see
that £, and £, are defined over k. This means that each divisor pulls back to
a divisor supported on a Galois-invariant set of five —1-curves on X. The only
such sets are cut out by /; and I,. O

4.3 Models of interesting del Pezzo surfaces

Let K be a cyclic number field of degree 5 and let X C IP% be the anticanon-
ical image of the del Pezzo surface over Q of degree 5 associated to the field
extension K/Q. We will construct a model X C IPSZ such that the generic fibre
Ao C IP?Q is isomorphic to X.

Note that although X only depends on the degree 5 extension K the model X’
will definitely depend on an explicit generator & € K. We will start by fixing an
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element « € K such that Q(«) = K and we will then give two constructions
for X. The first construction will be very useful in determining explicit equa-
tions for X as a subscheme of IP3,; the second is of a more geometrical nature
and makes it easier to understand the fibres X = X and X for a prime /.

4.3.1 Explicit equations for X,

As said above we can construct a model X' /Z of X over Q for each « € K. To
simplify the construction we will assume that « is integral.

Step 1. Start with a cyclic extension K/Q of degree 5 and fix a generator of
Gal(K/Q). Next choose an element & € Ok such that Q(«) = K and let «; denote
the conjugates of a. We will write m, and m,» for the minimal polynomials
of « and a2 over Z. Let Z C ]qu2 be the reduced subscheme defined by the
homogeneous ideal

(2 yz,ma(x/2), Pma(y/2)) € Qlx, v, 2.

This subscheme is zero-dimensional and supported in the five distinct points

P; = (a;: a?: 1) on the projective plane defined over K.

Step 2. Let @ C Z[x,y,z] be the subset consisting of all quintic polynomials
q € Z[x,y,z] such that the associated degree 5 curve C C IP(IZ2 is singular at the
five points P;, i.e. Cg has multiplicity at least 2 at each point P;.

Note that Q is the intersection of Z[x, y,z] and Q in Q[x, y, z].

LEMMA 4.3.1. Thesubset Q C Z[x,y, z] is a free Z-module of rank 6 and Z[x,y,z]/ Q
is torsion free.

Proof. Since Z[x,y,z] is a free Z-module and Z is a principal ideal domain,
we find that the sub-Z-module Q is also a free Z-module. We have seen in
Lemma 4.2.4 that Q ®7 Q is a 6-dimensional vector space over Q so Q is a free
of rank 6 over Z.

Now one has to check that if ng € Q for an integer n # 0 and g € Z[x,y,z|,
then g € Q. Since ng € Q and n # 0 we see that g is a quintic polynomial. It is
clear that g is singular at the points P; precisely when nq has this property. [0

Step 3. Fix a basis 4o, q1, . ..,q5 € Q and define the rational map 8: P --» P},
by [x: y: 2] = [gi(x,,2)]i-
DEFINITION 4.3.2. The closure of the image of the rational map ¢: P2, --» IP5,

defined by g9, 41, . . ., g5 is denoted by &, or simply X if no confusion is possible.
Denote the generic fibre of X, by X, or X.

Note that as a Z-scheme X only depends on a. As a subscheme of IP5, it does
depend on the choice of basis of Q. This construction does however show that
for a given « the closed embedding X C IP5, is unique up to an automorphism
of P5,.
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The following theorem tells us that this construction does what we want.

THEOREM 4.3.3. The scheme X, C IP5, is integral. The generic fibre of X /Z is
isomorphic to dPs(K) and every fibre of X C P, over a finite prime ¢ of Z. is a singular
del Pezzo surface of degree 5 anticanonically embedded. A fibre X, over a prime ¢ is an
ordinary del Pezzo surface precisely when the reduction of Z modulo ¢ is reduced.

The above construction is convenient for computing explicit equations defin-
ing X as a subscheme of P5,. The MAGMA code which takes a € K as an input
and computes the equations for X' can be found at [39]. The computation uses
the following result which follows from the theorem.

COROLLARY 4.3.4. Consider the generic fibre X C ]PE2 of X C IP5,. The scheme X is
the flat closure of X in P3,.

Proof. Itis clear that X is a closed subscheme of IP5, which contains X. The result
follows from the fact that & is an integral scheme. The closure of a subscheme
of the generic fibre is always flat by [33, Proposition II1.9.7]. O

To prove Theorem 4.3.3 we will consider a different construction of X C IP5,.
We will prove that both constructions coincide while studying the fibres &},
of X,.

4.3.2 Geometric construction of X,

The construction of &}, using the quintic polynomials is reminiscent of the con-
struction we have seen for X,. Now consider the other construction of X,; start
with five distinct points on the projective plane. Blow up these points and con-
sider the strict transform of the conic through the five points. This conic turns
into a —1-curve on the blowup. Now contract this —1-curve.

We will repeat this construction on the projective plane over the integers.

DEFINITION 4.3.5. Define I'y and A( as the subschemes of ]PZZ defined by the
respective equations x> — yz = 0 and z = 0. Let Z C IP% be the closure of the
zero-dimensional scheme Z C IP%Q C ]PZZ.

Since we assumed that « is integral one can show that Z is actually defined
by the ideal

(x* — yz,sza(x/z),z5maz (y/z)) C Zx,y,z].

If one thinks of IP% as a family of projective planes over IF; and Q, then Ag
and Iy are respectively a line and a conic on each fibre. In this setup Z is a family
over Z of five relative points on I'y. These five points on the fibre IP@ZF/ over { are
the points P; on ]P%2 reduced modulo a prime [ of K which divides /. It is possible
that two points P; and P; reduce to the same point modulo [. This information
is captured by Z, which is a zero-dimensional scheme of degree 5 for all £. The
fact that I'g , passes through Z, helps to identify Z; in the following way: fix a
prime ¢ and mark each point Q € T (IF) C ]P%Fe (FFy) with the n(Q) number
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of points P; € ]P%2 which reduce to Q. Then Z is the unique zero-dimensional
degree 5 subscheme of Ty, whose degree at each point Q € T ,(F() equals
precisely n(Q).

PROPOSITION 4.3.6. The subscheme Z lies on T'g. The subscheme Ag does not meet Z.
The fibre Z, over a finite prime { is a zero-dimensional subscheme of IP%F/ of degree 5.

Proof. We know that Z is a subscheme of I'g and this implies that Z also lies
on I'y. The second statement uses the defining equations for Ay and Z, and the
fact that « is an integral element of K.

We see, for example from Proposition II1.9.7 in [33], that Z — Z is a flat
morphism. This proves that the Hilbert Polynomial P, of the fibre Z, over a
prime ¢ € Z is independent of £ [33, Theorem II1.9.9]. We know that over the
generic point (0) € Spec Z the fibre Z = Zg is zero-dimensional of degree 5 and
this proves that the result is true for all fibres. O

We see that on each fibre P%Ff we have a zero-dimensional subscheme Z,
which lies on the conic I'y . Because the intersection number between a line L
and the conic I'y ; equals 2 we conclude from Definition 2.7.2 that Z, C IP%Fk lies
in almost general position. We will consider the peculiar del Pezzo surface we
get by blowing up Z,.

DEFINITION 4.3.7. Let B be the blowup Blz P%. Write A and T for the strict

transforms of A and Ty along the blowup B: B — IP%. Define the divisor
A=A+2TonB.

PROPOSITION 4.3.8. Let £ be a rational prime. The fibre By is integral and isomorphic
to the blowup 0f]P%F6 in Zy.

For the generic fibre we have a similar statement which follows from the
fact that blowing up commutes with flat base change. This shows that the
blowup Bq on the generic fibre B — P%, where B = B is the generic fibre
of B, is the blowup in the zero-dimensional subscheme Z.

Proof of Proposition 4.3.8. Let us first deduce some preliminary results. Let £ C
B be the exceptional divisor of the blowup B — P%. Since P2 is a Cohen-
Macaulay scheme and Z C P2 is locally defined by a regular embedding we
deduce that & — Z is locally a IP!-bundle. Since Z is faithfully flat over Spec Z
we see that the same is true for £. These results also allow us to prove that both
Z and £ are Cohen-Macaulay schemes. Following the proof of Theorem I1.8.24
in [33] we conclude that B is Cohen-Macaulay as well.

Define F = ]P%E to be the fibre of P over /. The blowup Bl z, F is the scheme-
theoretic closure of F\ Z; in BB, by [24, Proposition IV-21]. We will first show that
B, is irreducible. This proves that Bl z, F is isomorphic to the topological closure
of F\ Z; in B, with its reduced scheme structure, since F is reduced. Then we
continue by proving that B, is also reduced and we conclude that the closed
embedding Blz, F — B is actually an isomorphism.
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So we will first prove that B, is integral. By Krulls Hauptidealsatz we see that
every irreducible component of By is of codimension 1 in B, and the same holds
for irreducible components of £ in £. Since £ is of pure codimension 1 in 5,
we see that &y is of pure codimension 2 in B. This proves that the generic point
of an irreducible component of By does not lie in &, and since B,\&; = F\ Z; is
irreducible we conclude that By is irreducible.

To prove that B, is also reduced we first note that it is Cohen-Macaulay
since it is a Cartier divisor on the Cohen-Macaulay scheme B. In particular B,
satisfies Serre’s condition S; and we see that being reduced is equivalent to being
generically reduced. The result now follows from the fact that B, is birational to
the reduced scheme F. O

This shows that the each B, is a peculiar del Pezzo surface over [F,. Let
p¢: By — By be the associated generalized del Pezzo surface, i.e. the minimal
desingularization of ;. We will show that actually all —2-curves on 53, are con-
tracted by py. This proves that B, is even a singular del Pezzo surface over F,.
For all but a finite number of primes ¢ the fibre B; will even be an ordinary del
Pezzo surface. In this case the morphism p, will actually be an isomorphism
and we can identify B and B,. This will in particular be the case for the generic
fibre Bg.

We will also look into the divisor I'y on B, by computing the self-intersection
of the strict transform of I'; on B,.

COROLLARY 4.3.9. The fibres of B/ Z are singular del Pezzo surfaces of degree 4. The
strict transform I'y of T'y is a —1-curve on the minimal desingularization B, of B, and
so is I'q on Bg.

As mentioned above, we will show that actually all but finitely many fibres
of B — Spec Z are ordinary del Pezzo surfaces.

Proof. We will prove the corollary for fibres over finite primes ¢. The statements
over the generic fibre (0) € SpecZ are similar or even simpler.

By Proposition 4.3.8 we see that B, is isomorphic to Blz, (]P%Fé‘). We know
that Z; lies on the conic I'y, C ]P%Fz' It follows from Proposition 2.7.15 that
Blz, (H’%F[) is a singular del Pezzo surface.

Now consider T, C P%Fz' We know that deg (T, N Zy) = deg Z;, = 5, so the

strict transform I'; C B, of the conic Iy ¢ has self-intersection —1 by Lemma 2.7.9.
O

We would like to contract I'y. Of course we can contract I’y on B, but this
only descends to B, if I'; does not meet any —2-curves on B;.

LEMMA 4.3.10. The divisor Iy does not pass through any singular points on By.

Proof. We will prove that on the minimal desingularization 5, the —1-curve I’y
does not meet any —2-curves.
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Fixabasis Lo, . .., L5 as in Proposition 2.3.1 for the geometric Picard group of
the generalized del Pezzo surface 55,. Note that by Corollary 4.3.9 all —2-curves
on By are contracted by B: B; — B; — IP%. So any —2-curve lies in the support
of the exceptional divisor E B and we conclude that it must be linear equivalent
to a divisor of the form L; — L; for distinct and positive i and j. The class of L,

is 2Ly — L1 — Ly — L — Lg — L5 which proves that the intersection number of T
with any —2-curve is zero. O

We will now consider the image of the map to a projective space associated
to the divisor A = A 42T on B.

PROPOSITION 4.3.11. The Z-module H (13, A) is free of rank 6. The composition

5:B—-1Py -t x

is a map associated to the complete linear system of the divisor A.
The map 6 extends to a birational morphism B — X. Furthermore, 6 is an isomor-
phism on an open dense subset of each fibre of B over Z.

We will prove this proposition in the next section, together with Theorem 4.3.3.

4.3.3 Comparison of the two constructions

We have seen two ways to construct &’; as the scheme-theoretic closure of the
image of #: P3 --» IP5, and as the scheme-theoretic closure of the image of
a map associated to the complete linear system of the divisor A on B. In this
section we will prove Theorem 4.3.3 and Proposition 4.3.11. We will first prove
the following proposition which is the integral version of Corollary 4.2.8.

PROPOSITION 4.3.12. Consider the blowup morphism B: B — P2. The pullback

morphism B* is an isomorphism on the function fields x(IP%,) — x(1B). This morphism
induces an isomorphism on the sub-Z-modules

1

WQ Cx(P%) and H(B,L(A)) C x(B).

Proof. The inclusion of the generic fibre ]qu2 — ]PZZ induces an isomorphism
K(]Pé) — x(IP%). We will identify these two fields along this isomorphism. In
the same way we will identify x(B) and x(B). Since f is a birational morphism
of integral schemes it does indeed induce an isomorphism «(P2,) — x(B) and
we have seen in Corollary 4.2.8 that under this isomorphism we can identify

z(le—yz)zQ - K(]PQZQ) and HO(B,E(AQ)) C K(B).

Since B;: By — BZF/ is a birational morphism of integral varieties over [F, by
Proposition 4.3.8 we see that  induces an isomorphism of the local rings Op 5,
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and (’)]PZZ P2 which proves that g*: x(IP3) — «(B) preserves the valuations
T E

along the prime divisors By on B and ]P%H onP%.

This implies that §* identifies the submodule of o Q consisting of the

z(x 2
elements with a non-negative valuation along P%f for all primes ¢ with the sub-
module of H(B, £L(Aq)) with a no poles along By for all £. Let us prove these
submodules are precisely P e Qand H(B, L(A)).

By definition we see that HO(B L(A)) CHY(B,L(Aq)) C x(B) after identi-
fying the function fields of B and its generic fibre B. This identifies the prime di-
visors of B with the horizontal prime divisors of B and we see that H*(B, L(A))
consists precisely of the elements in H°(B, £(Aq)) with a non-negative valua-
tion along the vertical prime divisors By.

We also have = 1yz Q9 C X x2 7 Q C x(IP2) using the identification of
x(IP%) with K(]P%Q) Let

W be a quotlent of quintics in Q[x, y, z], it can be

written as ¢ q > with ¢ € Q and ¢’ € Z[x,y,z] a quintic polynomial with

~y2)
coprime coefficients. The valuation along ]P]F[ is now simply the valuation of ¢

at /. This means that a ﬁ has non-negative valuation along all vertical
fibres if and only if g actually has integral coefficients. O

This allows us to prove Proposition 4.3.11.

Proof of Proposition 4.3.11. The scheme X, C P5, is defined as the image of a
rational map ¢: P2, --» P, defined by the chosen basis elements g; € Q. By
definition we have § = ¢ o B and using the identification in Proposition 4.3.12
we see that ¢ is defined using the basis of H(B, £(A)) corresponding to the
chosen basis of Q. By functoriality of maps to projective spaces coming from
divisors [24, Theorem III-37], we see that the morphism B, — P%z coming from
the divisor Ay is simply the fibreof 6: B — ]PSZ.

Let v,: By — By be the minimal desingularization of B; and define I'y, A/
and A, to be the pullbacks of T'y, Ay and A, along 7. By Lemma 2.5.1 we have
an isomorphism between the global sections of £(A;) and £(A;). This proves
that the composition §j, = &, o 7, is the map associated to the complete linear
system of A;. We will first prove that &) is actually a morphism, i.e. the linear
system of A, is base point free.

Note that Ay, + T, C H’%F is a cubic plane curve passing through Z, and
this curve is smooth in the support of Z;. Proposition 2.5.4 shows that A, + I
is an anticanonical divisor on B; and A, + I'; is an anticanonical divisor on B,.
Since B, is a generalized del Pezzo surface of degree 4 we see that the complete
linear system of A, + I'; defines a birational morphism which contracts the —2-
curves on By. In particular, we see that £(A, + T'/) is globally generated. This
proves that £(A, + Iy 4+ T) is globally generated away from I'y. To see that
L(Ay) is globally generated on I'; one can proceed as in Step 2 of the proof of
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Theorem 5.7 in [33]. For this one needs H'(By,w") = 0. The vanishing of this
cohomology group follows for example from the Riemann-Roch theorem for
smooth surfaces over a field.

So far we have the commutative diagram shown in (4.2).

! BK
‘5/ e 42)
Xg {----- Bg

We will now prove that ¢ contracts Ty and all —2-curves on B;. We know
that the complete anticanonical linear system on a generalized del Pezzo sur-
face of degree 4 separates points and tangent vectors away from the —2-curves.
We have seen that A, + I/ is an effective anticanonical divisor on B, and we
will write Ay = —Kj, + Ty We conclude that the complete linear system of A,

separates points and tangent vectors away from the —2-curves and ;. This
implies that A, is big and nef and the only possible curves contracted by the
associated birational map are the —2-curves and I';. We saw in Lemma 4.3.10
that any —2-curve on B, does not intersect I';. So for any —2-curve R we have
Ay-R=—Kg, -R+T;-R=0. WealsohaveA,-Ty = Kz -T/+I7=1-1=0,
since I'y is a —1-curve on B,. This proves that §, is the morphism that contracts
precisely T'; and the —2-curves on B;. So J; is defined off T'.

We also know that p; also contracts all —2-curves. This allows us to deduce
that &, is defined away from the singularities and we conclude that J; is a mor-
phism.

This proof also shows that J; is an isomorphism away from I';. O

Now we can prove Theorem 4.3.3.

Proof of Theorem 4.3.3. We see from either construction that the generic fibre of X
is isomorphic to dP5(K) by Proposition 4.2.9. We will prove that the fibres A}
are anticanonically embedded del Pezzo surfaces using the second construction
of X. We have already seen in Corollary 4.3.9 that the fibres of B are singular del
Pezzo surfaces of degree 4. In the proof of Proposition 4.3.11 we have seen that

8¢: By — X, contracts the curve I'; to a point. The composition By LN By LN Xy
first contracts the —2-curves and then the curve I';. We can also do so in the
opposite order. So let us first contract the —1-curve Ty on B,. This gives us
a morphism §: B, — X, to a generalized del Pezzo surface of degree 5. By
Lemma 4.3.10 the —1-curve I'y does not meet any —2-curve and so contracting it
does not change the set of —2-curves. The pullback of an anticanonical divisor
on X, is the divisor A, on B, so the anticanonical morphism 7y, : X, — X, makes
the diagram in (4.3) commutative.
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Xy — By
| ‘ 2 (43)

Xg — Bg
]

This proves that A} is a singular del Pezzo surface of degree 5 over F,.

Note that X is the fibre of the scheme X over Z. On the other hand, the
scheme X, is defined as a scheme over IF, and we have not constructed the
scheme X over Z. Although it exists we will not need it. The same holds for the
scheme B, and for the morphisms py, v, and 5.

We see that A is smooth precisely when By is smooth, since the image of the
contracted —1-curve I'y is a smooth point. We see from Corollary 2.7.14 that B,
is an ordinary del Pezzo surface precisely when Z; is reduced. So if Z; is non-
reduced we see that B, is singular. We already saw in Corollary 4.3.9 that By is a
singular del Pezzo surface, so in this case 3y and hence also X are singular del
Pezzo surfaces. O

Now that we have our model X' /Z of X/Q we would like to extend some
objects we have on X to X. Recall the two anticanonical sections /; and /; on X
from Proposition 4.2.13 which cut out the —1-curves. We will redefine /; and I,
as sections of OIPSZ (1).

DEFINITION 4.3.13. The elements 1,1, € OIP% (1) can be rescaled using an ele-

ment of Q* to obtain elements 1,1, € OIPSZ (1). We will assume that /; and I, are
rescaled such that they do not vanish on vertical prime divisors of X /Z.

Before we could think of each /; as a linear form over Q in six variables. From
now on [; will be rescaled such that the six coefficients are integral and coprime.

We will now look more closely at the fibre of X’ over a prime ¢ € Z. We have
seen that this depends on Z, and this scheme depends heavily on the factoriza-
tion of /in K. So let us first study the splitting field K more closely.

4.4 The splitting field of the interesting action

The action of Galois on the geometric Picard group of an interesting del Pezzo
surface X factors through a quotient Z/5Z which must be Gal(K/k) for a cyclic
degree 5 extension of k. We will restrict to the case that the base field k is the
field of rational numbers. First we will classify such number fields and then we
will look at the arithmetic of monogenic number rings Z[a] in Ok.

4.4.1 Number fields of degree 5

Let K be a Galois extension of Q of degree 5. By the Kronecker—Weber theorem
we get that the field K is contained in a cyclotomic extension Q({,) for some
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integer n. So the isomorphism classes of del Pezzo surfaces of degree 5 over Q
split by a degree 5 extension correspond to open subgroups of index 5in Z*. In
particular we see that every subgroup of (Z/nZ)* of index 5 gives us such a
surface.

DEFINITION 4.4.1. Consider an open subgroup N C Z* of index 5 and de-
fine K C QY to be the associated number field of degree 5. The isomorphism
class of the corresponding del Pezzo surface of degree 5 over Q will be denoted
by dP5 (N ) .

If n is a positive integer such that (Z/nZ)* has a unique subgroup N’ of
index 5, then we get such a subgroup N by taking the pre-image under the
projection Z* — (Z/nZ)*. In this situation we will write dPs (1) for dPs(N).

The conductor of a dP5(N) is the minimal 7 such that N is the pullback of a
subgroup N’ C (Z/nZ)*.

Note that the conductor will always exist since we are considering open sub-
groups of Z*.

The construction of these degree 5 fields also gives us information about the
splitting of rational primes.

PROPOSITION 4.4.2. Let K be the number field associated to the open subgroup N

of Z of index 5 and let n be the conductor. The primes ¢ € Q which ramify in K are
precisely those which divide n.

Proof. Consider a prime [ above a prime ¢ € Z. We have the commutative dia-
gram shown in (4.4) from [53, Section 6] relating the global and local reciprocity
maps.

Qf — Gal(Ki/Q)

l J (4.4)

o 7" Gal(K/Q)

We have used that the bottom map factors through Gal(Q%¢/Q) = Z*. The
composite map Q; — Z* is on Z given by the inclusion Z; — Z* [53,
Example 5.7].

Let ¢ be the diagonal map Q, — Gal(K/Q). We know that [// is un-
ramified exactly when the inertia subgroup of [ is trivial. This group is equal
to ¢(Z; ) by [47, Theorem 1, Section 4.1]. So we see that [ is unramified pre-
cisely when #¢(Z ;) = 1 or equivalently Im(Z; — Z*) lies in N. Now pick
the minimal 7 such that N C Z* is the pullback of a subgroup N’ of (Z/nZ)*.
Then we see that [ is unramified when Im(Z; — (Z/nZ)™) lies in N’ which by
the minimality of n happens precisely for the ¢ which do not divide 7. O

COROLLARY 4.4.3. In the notation of Proposition 4.4.2, the conductor is the product
of distinct primes p =1 mod 5 and possibly a factor 25.
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For the proof of this corollary we will use the following result.

LEMMA 4.44. Let p = 1 mod 5 be a prime. An element in Z is a fifth power

precisely when it is modulo p. The fifth powers in Zz are precisely the lifts of the fifth
powers modulo 25.

Proof. The first statement follows directly from Hensel’s lemma. For the proof of
the second statement one need to work modulo 5° to be able to apply Hensel’s
lemma. The fifth powers in Z/125Z are easily checked to be all the classes
which reduce to +1,£+£7 mod 25. O

Proof of Corollary 4.4.3. We saw that ¢ is unramified precisely when the image of
z, — Z* is a subgroup of N C Z*. This means that / is ramified exactly if
the group homomorphism Z; — Z*/N = Z/5Z is not constant, and hence
surjective. The kernel of this morphism is an open index 5 subgroup of Z . This
implies that it is the pullback of an index 5 subgroup of (Z/¢¢Z)” for somee > 1
and we find 5 | ¢(¢¢) = ¢*~1(¢ —1). So the only possible ramified primes are
the primes p =1 mod 5and 5.

Now let Ny be the kernel of Z; — Z*/N. To prove the statement, we will
show if £ is either 5 or 1 mod 5 the index 5 subgroup Ny C Z; must be equal

to (25)5. Since Ny is of index 5, we see that (22)5 C Ny. For/ =1 mod 5
we see that Z /(Z)°> — F /(F})° is an isomorphism by Lemma 4.4.4. This

implies that N, and (Z; )5 are both of index 5 in Z . So Ny is the subgroup of
fifth powers in Z and by Lemma 4.4.4 it is the inverse image of the fifth powers
modulo /.

For ¢ = 5 we can compute the index of (ZSX)S in ZZ in a similar manner
to conclude that N5 can only be the pullback of the subgroup of fifth powers
modulo 25 along the reduction morphism ZZ — Z/257Z. O

Now consider the surfaces for which the conductor has only one prime di-
visor p. If p = 1 mod 5 then the conductor must be equal to p by Corol-
lary 4.4.3. In this case there is a unique such number field K since the Galois
group Gal(Q((y)/Q) = (Z/pZ)* is cyclic. So for each prime p = 1 mod 10
there is an isomorphism class dPs(p) of interesting del Pezzo surfaces over Q. In
the last section we will also consider a surface in the isomorphism class dPs5(25).
This class exists because also Gal(Q({25)/Q) = (Z/25Z)* has a unique sub-
group of index 5.

4.4.2 Number rings Z[«| of degree 5

We have seen that an interesting del Pezzo surface X is uniquely determined
by its splitting field K. The model X over Z however depends on the choice of
« € Ok. Many arithmetic and geometric properties of X’ can be described in
terms of the number ring Z[«a]. Let us look at the primes of Z[«] and relate this
to the possible factorizations of m, modulo a prime /.
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Recall that the inertia degree of a prime [ of a number ring R C Ok over a
prime ¢/ € Z is defined as the degree of the residue field IF; = R/[ as a field
extension of FFy.

THEOREM 4.4.5. Let m € Z[s] be an irreducible monic polynomial with integral co-
efficients. Let « € Q be a root of m and let £ be a prime. Pick monic polynomials
m; € Z|s| whose reductions modulo ¢ are irreducible and pairwise distinct such that
there exist integral numbers e; > 0 with the property that

m= I—ImfZ mod /.
1

(a) The prime ideals of Z || which lie above ¢ are [; = (¢, m;(«)). The inertia degree
of the prime ideal 1; over £ equals the degree of m;.

(b) Let r; € Z][s] be the remainder of m upon division by m;. The ideal |; is invertible
precisely ife; = 1 or r; Z 0 mod ¢2.

(c) The identity
(Ze] =]
i
holds if and only if each ideal |; is invertible.
Proof. See Theorem 8.2 in [51]. O

Every prime 1 of K lies above a single prime [ of Z[a]. The following lemma
is useful in going from primes of Z[«| to primes of K.

LEMMA 4.4.6. Consider the inclusion Z[x] C Ok and let ( be an invertible prime of
Z|a). There exists a unique prime 1 of O lying above I.

Proof. Let1be a prime above [. We get an extension of local rings Z[a]; C O ki C
K. Since [ is invertible we see that Z[a]; is a discrete valuation ring with field of
fraction K. Since Oy is not a field we conclude that Z[a]|; = Oy ;. This shows

that T = Og N[ Z[a]; is uniquely determined by I. O
The following result will also be useful.

LEMMA 4.4.7. The inertia degree of a prime | of Z|«] is either 1 or 5.

Proof. Let £ be the prime [N Z and let T be a prime of K lying above [. Since K/Q
is a Galois extension of degree 5 we know that the inertia degree of [ divides 5.
So we have a the following extensions of fields

F, CF CF;.
This proves the statement. O

Note that this also proves that the reduction of m, modulo a prime £ is either
irreducible or it splits in linear factors. Note however that these linear factors
need not be distinct. The extremal case where m, mod ¢ is the fifth power of a
linear polynomial over IF, will play a special role
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4.5 The fibres X}

In Section 4.3 we used the two constructions of the interesting del Pezzo sur-
face X over Q to produce a model X of X over Z. In this section we study the
fibres of X over a prime £. We will also come across the fibres B, of the scheme B
defined in Definition 4.3.7.

4.5.1 The construction of X
We will start by exhibiting the relation between the fibres X, B, and ]P@ZF[-

PROPOSITION 4.5.1. Let £ be a rational prime and let | be a prime of K which divides £.
The geometrically irreducible components of Z, are defined over the residue field IF .

The fibre X, can be constructed as follows: we will define generalized del Pezzo
surfaces By ; for 0 < i <5 of degree 9 — i over the field IF\. Simultaneously we define a
curve I'; on By ;. We start off with By = IP%F( together with I'y = T o. Now consider
the reduction Q; of the point P; = (;: DCZZI 1) modulo [ on RZF[' There is a unique IF(-
point R; on I'; C By ; whose image under the morphism By ; — IP%[ is Q;. Let Byiiq
be the blowup of By ; in R; and let ;1 be the strict transform of I'; along this blowup.
Then By s is a generalized del Pezzo surface of degree 4 over IFy which descends to the
minimal desingularization B, of By over TF,.

The strict transform I of Ty to By can be contracted to obtain X,. This shows that
the composition

Bg — Bg — Xy

first contracts the —2-curves and then the —1-curve ['y. We can also first contract T'y to
obtain a generalized del Pezzo surface Xy of degree 5 and then contract the —2-curves
to recover X.

Proof. Proposition 4.3.8 states that 53, is the blowup of the projective plane in the
curvilinear subscheme Z,. We have seen in Lemma 2.7.7 that the composition
B, — By — ]P@ZF/ decomposes into blowups in closed points at least when the
geometrically irreducible components of Z are defined over the base field. This
is the case over the field FF.

The fact that §,: B, — X is the contraction of the curve I'; was shown in the
proof of Proposition 4.3.11. O

This result does not only help us to understand the geometry of X, but also
its arithmetic.

LEMMA 4.5.2. Consider a finite prime £ and let r be the number of distinct roots of m,
in IFy. Then we have
#X(F)) = 24l +1.

Proof. Factor m, in F; as [](s — B;)% and consider the blowup B: B, — IP%F[
This map is an isomorphism away from the points (B;: f?: 1) and the fibre over
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each of these points is a projective line defined over IF;(f;). We see that each
root of m, in [F, adds exactly ¢ points and other roots do not change the number
of [Fy-points. Finally we contract the —1-curve I'y which is defined over [F, and
see that

#X(F) = (P + L0+ 1)+l — L= +rl+1. O

4.5.2 The —1-curves on X

Let us also study the curves of negative self-intersection of ;. We will do this
by first considering the s-curves on B, and on the minimal desingularization X
of Xg.

PROPOSITION 4.5.3. Let Q; € Z(IFy) be the reduction of the point P; € Z(K) modulo
a prime [ of K lying above {. These 5 points need not be all distinct.

Consider the minimal desingularization X, of the fibre of X over a prime {. A —1-
curve on Xy is the strict transform of the line through Q; and Q; along the birational
morphisms X; < By — RZF@' Let us write L; ; ; for this —1-curve, both on Xy and
on B,.

If Qi = Qj, then ,Ci,]',g is the tangent line at Q; to I'y ;.

Proof. Since intersection numbers can only go up when blowing down a —1-
curve B s X, we will first determine the s-curves on the minimal desingular-
ization B, — B of the fibre of B over . Consider the composition f: By —
By — ]P2 By Proposition 2.4.4 we have s-curves in the support of the excep-
tional d1V1sor Eg. Recall that each component of E B has a unique —1-curve. This
implies that ['; intersects every component of E g in this —1-curve since I'; does
not intersect any —2-curves by Lemma 4.3.10. This means that after contract-
ing I’y we lose these —1-curves in the sense that their images on X; have self-
intersection zero. On the other hand, the —2-curves on X, remain —2-curves
when considering their strict transforms on B;.

Any other s-curve on By is the strict transform of a line or a conic on 1[’2
Since we blow up five points we see from Lemma 2.7.9 that apart from r, there
are only —1-curves on B, and each is the strict transform of a line L with the
property that deg(L N Z) = 2. These are precisely the lines through Q; and Q;
or the tangent line of Ty o in Q; = Q.

For a line L through Q; # Qj we see that its strict transform L to B, does not
meet [y since blowing up once separates curves which intersect transversally.
For the tangent in Q; = Q; we will need to blow up at least two times, which is
precisely what happens since P; and P; both reduce to Q; = Q. This proves that
these —1-curves on B, remain —1-curves on X, after contracting . O

Other important objects are the sections /1 and I,. We will now describe the
subscheme on X and B, cut out by these forms.
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PROPOSITION 4.5.4. The reduction of 1 modulo ¢ cuts out an effective divisor of X,
supported in geometric —1-curves.

Obviously the result also holds for /5.

Proof. The section I; cuts out five geometric —1-curves on the generic fibre X
of X. By definition of /1 over Z we see that /; cuts out the flat closure of these
five geometric —1-curves over K in IP, . Let us consider the closure £ in ]P%K
of one of these —1-curves L over Q. The scheme L is flat over Ok, so the fibre
Ly over [ will be a degree 1 curve on &} C ]P?Fl of genus 0. This shows that

on the minimal desingularization (./\?OK)[ = X X, IF( this curve Ly is a —1-
curve on (Xp, ). This proves that I; vanishes on five, not necessarily distinct,

geometric —1-curves on X,. Since the degree of the divisor of zeroes of I; equals
five, it vanishes only on these curves. O

Note that this proves that /; vanishes on the strict transform along the bira-
tional morphisms X« B, — ]P%;[ of the line through Q; and Q;;1. Here we
consider the indices modulo 5. Similar I, vanishes on the strict transform of the
line through Q; and Q;».

Understanding the sections which are cut out by I; and I, on the fibre of X / Z
over a prime / is also important for the following reason.

LEMMA 4.5.5. Let Q be a singular IF j-point on the fibre X,y. Then Q lies on the divisor
of zeroes of both 11 and .

We will see in Proposition 4.5.8 that all singular points on A, are already
defined over the base field FF,.

Proof. A singular point Q corresponds to a connected set of —2-curves on X or
equivalently 5. This is a chain of —2-curves which lies above a geometric point
Qi = (Bi: ‘Blz 1) of Z, C ]P%Fl. Now let ¢; be the local degree of Z, at Q;. Since
there is a singular point above Q; we have that e; > 1.

If e; = 2, then assume without loss of generality that P; and P, reduce to
the same point Q; = Qp modulo [, but the points P53, P, and P5 do not reduce
to Q1 modulo [. Now [; vanishes on the secant £,3, and I, vanishes on the
secant £ 3 s. By Corollary 2.7.10 these lines intersect a —2-curve on 5, above Q.

If e; > 2, then assume without loss of generality that Q1 = Q» = Qs. This
proves that the tangent lines £, and £; 3 in Q; at I'y ; are the same line and
this line is cut out by both /; and ;. We again use Corollary 2.7.10 to conclude
the statement. O

We have now seen that the geometry of the fibre &} is determined by the
factorization of m, modulo ¢. We will look into how factors of this factorization
determine the singular points on &7.
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4.5.3 The singularities of X

We have seen that B; and hence X is smooth precisely if Z, is reduced. This
result can be directly related to the splitting of m, in F,.

LEMMA 4.5.6. A fibre X, is non-singular precisely if m, is separable over IF,.

Proof. We have seen in Theorem 4.3.3 that A is an ordinary del Pezzo surface
precisely if Z; is reduced. Now write m, = [];(s — B;)% over IF;. Recall that Z; is
supported in the points (B;: 7: 1) and the geometrically irreducible component
supported in this point is of degree ¢;. This shows that Z, is reduced precisely
when m, is separable in F,. O

Although the factorization over F; determines the geometry of X; we have
also seen that arithmetic properties are determined by the factors of m, over [F.
From Lemma 4.4.7 we deduce that m, is either irreducible modulo /¢ or it splits
into, not necessarily distinct, linear factors over IFy. Let us describe X; in both
cases.

LEMMA 4.5.7. Let £ be a prime such that m, is irreducible modulo £. The fibre X; is a
smooth del Pezzo of degree 5 with two Galois orbits of exceptional curves of size 5.

Proof. In this case the procedure to determine X is similar to how we got X
starting with the projective plane over Q; we blow up five conjugate points and
then contract the strict transform of the unique conic through these five points.
The result follows. O

PROPOSITION 4.5.8. Suppose that m, splits into linear factors modulo £. The fibre
of X above { has a singular point of type A,, 1 for each factor with multiplicity e; > 1
in this factorization. In particular we see that there are at most 2 singular points on X
and these are defined over IF,.

Proof. Write m, = [];(x — B;)% where B; are the distinct roots of m, in IF,. The
morphism By — ]P%Fz restricts to an isomorphism on the complement of the

points (B;, B7,1). Using the procedure described in Proposition 4.5.1 we see that
the fibre above such a point is obtained by contracting the —2-curves from a
chain of ¢; — 1 curves with self-intersection —2 and one —1-curve. This shows
that B, has a singularity of type A,,_1 above the point (B;, f7,1).

Contracting the —1-curve I'y C B, does not produce additional singular
points or change the type of singularities on By, since these points do not lie

on I'y by Lemma 4.3.10.
As a quintic polynomial can have at most 2 multiple irreducible factors we
see this is the maximal number of singularities. O

Let us now relate the possible factorization of m, modulo ¢ to the factoriza-
tion of £ in Ok. Let us first treat the unramified primes.

LEMMA 4.5.9. Let ¢ € Z be a prime which is inert in K. The fibre X either
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» is smooth, in the case that my is irreducible modulo ¢, or

» has a single singular point which is of type A4, when m, is a fifth power of a linear
function modulo .

In particular, we see that A has at most one singular point if ¢ is inert.

Proof. By assumption K has a unique prime [ lying above ¢. This implies that
[ =N Z[a] is the unique prime of Z[x] lying above ¢. The inertia degree of this
prime is either 5 or 1. This corresponds precisely to the two cases described in
the lemma. O

LEMMA 4.5.10. Let £ € Z be a prime which splits completely in K. This implies
that m, splits into linear factors over Iy, and X, is a surface as described in Proposi-
tion 4.5.8.

Proof. As (¢ splits completely we have an isomorphism of residue fields IFy — IF;
for any prime [ of K lying above £. This implies that in the tower Z C Z[a] C Ok
each prime of Og which divides ¢ comes from a prime [ in Z[a] with the same
inertia degree. So all primes /¢ have inertia degree 1 and by the Kummer-—
Dedekind theorem, Theorem 4.4.5, we see that m, must split into linear factors
modulo /. O

We now consider the case that / is ramified in K. We will usually denote such
a prime by p.

LEMMA 4.5.11. Let p be a prime which is ramified in K. The minimal polynomial m,
is the fifth power of a linear polynomial over Fy,. The fibre X, is a singular del Pezzo
surface of degree 5 with a single singular point which is of type A4. This surface contains
precisely one line.

Proof. We will need to prove that the first statement. The last statements then
follow from Propositions 4.5.8 and 4.5.3.

Let p be the prime of O dividing p. Since it is ramified and K/Q is a Galois
extension we find e(f/p) = 5. This proves that p totally ramifies in K and that §
is the unique prime of Ok dividing p. Now let p be the prime p N Z[«] of Z|a].
Since the inertia degree of § is one, so must the inertia degree of p. This proves
the statement. O

Note that m, can be a fifth power modulo ¢ in all three cases and this will
always yield a singular del Pezzo surface of degree 5 with one singular point of
type A4, and one —1-curve. We will look more closely at this surface.
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4.5.4 Fibres with an As-singularity

Consider a fibre of X over Z with a singularity of type A4. We can encounter
such a fibre over any prime ¢, but we have seen in Lemma 4.5.11 that the fibre
over any ramified prime p will be of this type. Since we will mainly discuss this
fibre over ramified primes we will write p for the prime in this section, although
theses results are true for any fibre with a singularity of type Ay.

PROPOSITION 4.5.12. Let X), be a fibre of X' over Z with a singularity of type Ay.
The surface X, is the unique singular del Pezzo surface of degree 5 with a single —1-
curve E4 and one singular point which is of type A4. Furthermore, the complement of
this —1-curve E4 in X, is isomorphic to A%Fp.

Let Z' be a curvilinear subscheme of degree 4 supported in the inflection point py of
a cubic plane curve C C IP%FP. The surface X, is the singular del Pezzo surface over IF),
associated to Z'.

The choice for notation of this unique —1-curve will become clear during the
proof.

Proof of Proposition 4.5.12. Let us prove the first statement. It follows from Propo-
sition 4.5.8 that Z) is a degree 5 subscheme of 'y, supported in a single point Q.

The procedure described in Proposition 4.5.1 shows that we can find B, by first
blowing up IP%FP five times to get a configuration of three —1-curves and four —2-
curves as shown in Figure IIL

i
0-0-0-0-0-0

Figure III: Curves of negative self-intersection on 5.

The —1-curve on the left is fp C Bp. Consider the tangent line Loy C ]P@sz

to T'y,p in Q. The strict transform L of Ly on l’;’p is a —1-curve by Lemma 2.7.9.
The position of L in Figure III is determined by Lemma 2.7.10. This accounts
for the —1-curve on top. The remaining four —2-curves and the —1-curve are
the components of the exceptional divisor E B Then we contract I',;, which be-
comes a smooth point and makes the unique —1-curve on Ejz into a curve of
self-intersection 0. Finally we contract all the —2-curves which gives an A4 sin-
gularity lying on the remaining curve of negative self-intersection.

We see that all s-curves on X}, are defined over F,. This proves that there
is an IF,-morphism 7: X, — IP%F’1 which is the blowup of the projective plane

99



4.5. THE FIBRES &)

in 4 points in almost general position. Let Z’ C IPZ be the associated zero-
dimensional subscheme of this composition of blowups. Since we have only
one —1-curve on X}, we conclude from Proposition 2.4.4 that Z’ is supported in
only one point pg. This accounts for the —1-curve and three —2-curves, because
they occur in the exceptional divisor Ez. Let us rename these divisors as in
Proposition 2.4.4; the —2-curves are Ej, E; and E3, and the —1-curve is E4. Let
us call the remaining —2-curve R. The intersection graph on s-classes on /":’p is
now shown in Figure IV.

\
G-B-G-O
Ex
Figure IV: Curves of negative self-intersection on )2,,.

Let L be the image of R in I[’%Fp. We will now prove that L is a line. We know
that
—2=R?’=1%—-deg(Z'NL)>1*-3

since Z' is supported on a cubic curve C which is smooth at pg. This proves
that L> < 1 and hence deg L. = 1 and deg(Z’ N L) = 3. This proves that L is
the tangent line at an inflection point of C. In the diagram in (4.5) of birational
morphisms we get isomorphisms after removing the —1-curve on X}, which by
abuse of notation will also be denoted by E4, in the middle all the E; and R, and
on the right the line L.

X «—— X, — P}, (4.5)

This proves that the complement of the —1-curve E4 in &), is isomorphic to A% .
p
O

COROLLARY 4.5.13. The surface X, is the generalized del Pezzo surface associated
to Z'. Write it: X, — IP%FP for the associated blowup of the projective plane in 4 points
in almost general position.

The generalized del Pezzo surface .ﬁ\?p has five s-curves. Three —2-curves and a —1-
curve form the support of the exceptional divisor Ex, and a —2-curve R is the strict
transform of the tangent line L in pg to C along 7.

We will fix coordinates for pg and the equation for the line L. This does not
determine the equation for C uniquely. It does however uniquely determine the
zero-dimensional ideal Z’ up to an automorphism of H)@sz which fixes pg and L.
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LEMMA 4.5.14. Assume without loss of generality that py is the point (0: 1: 0) and
that L is given by z = 0. Let C be a cubic curve which passes through x, is smooth
there, has L as the tangent line to C at x, and has an inflection point at x. Let Z' be the
curvilinear subscheme associated to Zc p, 4.

Thereis aunique A € 7 such that the cubic curve x3 — Ay?z = 0 passes through Z'.

Proof. Consider the homogeneous cubic fhom € Fp[x,y, z] defining C. We will
consider the corresponding affine curve defined by f = fyom (%, 1,z). Since this
polynomial f(x,z) defines a inflection point at (0,0) it must contain the mono-
mial x> and no other monomials which only contain x. Since L is the unique
tangent line at (0,0) the linear term of f is given by a multiple of z. So we
can rescale f to f = x® + z«(x,z) — Az where the degree of every monomial
of « is at least 1. Now note that xz and z? pass through Z’ so this means that
f —zx(x,z) = x* — Az defines a cubic curve which passes through Z'.

Now if we had two such curves given by x> = Ay?z and x*> = A'y?z for
different A and A/, then we would find that the line L defined by (A —A')z = 0
passes through Z’. This would mean that deg(Z' N L) = degZ’ = 4, which is
impossible since Z’ lies in the intersection of L and C. O

We can assume without loss of generality that A = 1 by rescaling the coordi-
nate z. The curve defined by x> = 1%z has a inflection point at the smooth point
(0: 1: 0) so we can take this curve to be C.

COROLLARY 4.5.15. The subscheme Z' is defined by the homogeneous ideal
(x3 — yzz, Xz, zz) C Fylx,y,z].

The birational map ]P@ZF,, - X, > X, C IP?FP is defined by a basis of the vector

space over IF,, of cubic polynomials in the ideal (x> — yz, xz,22).

Proof. 1t is clear that the subscheme defined by (x3 — yzz, xz,7%) lies on C. Also,
any point on this scheme would have to satisfy z2 = 0 and x> = yz?. This shows
that the subscheme defined by (x* — y?z, xz,z?) is only supported in pg. Let us
compute the degree of this subscheme on the local chart y = 1. We can rewrite
the ideal as (x> — z,xz,2%) = (x% — z,x%,x%) = (x3 — z, x*), which clearly defines
a degree 4 subscheme.

The last statement follows from Lemma 2.7.20. O

COROLLARY 4.5.16. We have the following equality of effective divisors
diV;(pll = diVXpl2 = 5E4
Proof. We know that the divisor of zeroes of I; is of degree 5 and supported in

—1-curves. By Proposition 4.5.12 we know that there is a unique —1-curve E4
on & and this implies the result. O
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Since the map : H’%Fp -+ X, C P?Fp is given by a basis of the cubics in the
ideal (x® — y?z, xz,2°) we see that there is a correspondence between the cubics
in the ideal (x* — 1%z, xz,2z%) C Fp[x,y,z] and the sections in H(X),, w").

LEMMA 4.5.17. The hyperplane section on X, cut out by Iy corresponds to the cubic z3
up to a factor of F ;.

Proof. Note that I; does not vanish on X},\E4. This proves that the associated
cubic curve on ]I)@sz does not meet A%Fp = I[’%FP\L. We see that this cubic curve

must be given by a multiple of z°. O

After fixing a multiple of z3 which corresponds to I; we get an actual cor-
respondence between the elements of HO(XP, w") and the homogeneous cubic

polynomials in (x® — y?z, xz, 2%).
DEFINITION 4.5.18. Let /1 be a linear form on X C IPSZ with coprime coefficients
and let p be a prime for which &, has a singular point of type A4. The birational
map 77: X --» )C’p — ]P%Fp induces an isomorphism K(]P%Fp) = x(AXp). Let fhom
be the homogeneous polynomial over IF,, such that % corresponds to fhz% under
this isomorphism. We will call fiom and f = from(x,y,1) the associated homoge-
neous and inhomogeneous polynomials of h at p.

We will study hyperplane sections on &), C IP?FP by looking at the corre-

sponding cubic polynomial in three variables.
The following lemma is the first example and identifies the effective anti-
canonical divisors of X}, as cubic plane curves.

LEMMA 4.5.19. The hyperplane sections of X, C ]P?Fp which contain E4 are those for
which the associated homogeneous polynomial lies in the ideal

(zx?,2%).

Proof. Let us work on the affine part given by y = 1. We see from Lemma 2.7.19
that the cubic forms for which the associated anticanonical divisor is supported
on E4 lie in the ideal

(x,2)(x® — z,xz,2%) = (x* — x2,2%, x%2).

The homogeneous part of this ideal of degree 3 is clearly generated by zx?
and z2. O

4.6 Setup for the following sections
We have introduced a lot of notation over the last few sections. For convenience

of the reader we will group the notation we will fix for the remainder of this
chapter.
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SETUP 4.6.1. We start by fixing one, hence both, of the following equivalent ob-
jects

» N, a subgroup of Z of index 5;
» K, a degree 5 Galois extension of Q.

The correspondence between these objects is described in Definition 4.4.1.
Then we fix

» 0, a generator of Gal(K/Q);
» «, an element of Ok generating K.

This produces the following intermediate objects, which we will refer to
» 1, and m,z, the minimal polynomials of « and a?;

» Z, the subscheme of P, defined by
(x2 — yz,sz“(x/z),ZSmaz (y/z)) CZ[x,y,z|;

Iy, the subscheme of IP%, defined by x? = yz;

M

» B, the blowup of ]PZZ in Z;

» B, the blowup morphism B — P2,;

» T, the strict transform of Ty along B: B — P2,
These objects were used in the process of defining

» X, or X, which is a subscheme of ]PSZ ;

» 0, the birational map 8: P2 --» X;

» ¢, the morphism d: B — X which contracts I'.

We also fix the following notation for schemes and morphisms defined over
either Q or IF,.

» X4 or X, the generic fibre of &’;

v

» Z and B, the generic fibres of Z and B;
» B[, the minimal desingularization of By;
» )Eg, the minimal desingularization of X;

» T, the strict transform of B,: B — lP%Fz ;

N

> &y, the morphism B, — X, which contracts the —1-curve T';
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» 0y, the contraction of —2-curves By — By;
» 7y, the contraction of —2-curves X, — Xj.

It is even possible to define schemes B and X over Z, such that their fi-
bres over Z are the minimal desingularizations of the corresponding fibres of X’
and B. Also the morphisms py, 7y, have 5, relative versions over Z. We will
not define these objects and one should keep in mind that part of the diagram
in (4.6) is only defined on the fibres over Z.

A

.<—
X )

_ B
o
o
e . p (4.6)
ﬂ\\\\\\‘\
TUpe,

Other notation which will reappear in this chapter:

B E—

» n, the conductor of N and K;
» ;, the conjugates of a in K;

» P = (a;: a?: 1), the K-points on 113‘62’2 in the support of Z;

v

> dP5(N), dP5(K) or when it makes sense dPs (), for the isomorphism class
of X;

v

» I and I, linear forms over Z with coprime coefficients considered as ele-
ments of (’)]P% (1).

We will want to consider integral points on an affine open of X by choosing

» h, alinear form over Z with coprime coefficients considered as an element
of Ops (1);
z

» C, the hyperplane section on X defined by h = 0;
» U, the complement of C in U;
» Cand U, the generic fibres of C and U/.

This allows us to consider

» A, the class of the Azumaya algebra (%, K/k, (7) in BrU.

We will also write
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N

» ¢, for a general prime number;

» p, for a prime number which is totally ramified in K;
» [, a prime of K lying above /;

» p, the prime of K lying above p.

Let X, be a fibre with a singular point of type A4. When dealing with such a
fibre we use the following notation introduced in Section 4.5.4

» C, the cubic curve on ]P%p given by x* = y?z;
» po, the [Fp-point (0: 1: 0) on C;
» L, the line z = 0 tangent to C in py;

» Z',the curvilinear subscheme associated to the ideal sheaf Zeposs
» 77, the birational map &) --» ]P%Fp associated to Z’;

» 1, the birational inverse of ;
» E;jand R, the —2-curves E;, E», Ez and R, and the —1-curve E4 on i’p;
» Ey, the image of E4 C Xp along éy: )Ep — Xp;

» fand fpom, the associated inhomogeneous and homogeneous polynomial
of hat p.

4.7 Arithmetic of U

Using the projective model X we can construct a model for affine surfaces with
non-trivial algebraic Brauer group as described in Lemma 4.1.4.

DEFINITION 4.7.1. Let h be a primitive linear form defining a hyperplane in ]P5Z.
Denote by C the curve on X' defined by this hyperplane and write I/ for the
complement of C in X'. We will denote the generic fibres of these objects by C
and U. If we want to stress the dependence on 1 we might add it as a subscript.

Note that if C is geometrically irreducible then Br; U/ Br k is a cyclic group of
order 5 by Proposition 4.1.3. To determine whether this might give an obstruc-
tion to the Hasse principle for integral points we are first interested in points
on U over all completions of Z.

LEMMA 4.7.2. We have that U(Q) is not empty and the same holds for U(Z;) if £ is a
prime which is at least 7. The same is true for all odd ¢ for which the fibre X, is smooth.
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Proof. Rational points on an ordinary del Pezzo surface of degree 5 are Zariski
dense by Proposition 2.8.2. We conclude that the set of rational points on X
cannot be contained in C. This proves the first statement.

Now let £ > 7 be a prime. Since h is primitive we find that Cy is a degree 5
curve of arithmetic genus 1 in ]P?F[. From the degree we see that C; consists of at
most 5 geometrically irreducible components. From the genus we deduce that at
most one of these components is of arithmetic genus 1. The number of IFy-points
on an irreducible genus 0 curve is bounded by £ + 1 and for a genus 1 curve it is
at most £ + 1+ 2v/2. It now follows using the result in Lemma 4.5.2 that

#U(F)) = #X(IF;) — #C(Fy) > (12 +1) — (50 +5+2V7). 4.7)

It is easily checked that the right hand side is at least 4 for £ > 7. As there are
at most two singular points on each fibre by Proposition 4.5.8 we find a smooth
F-point on U, which lifts using Hensel’s lemma to a Z-point.

Now assume that &} is smooth. That implies that m, modulo ¢ is separable
and either all roots are defined over [F; or over [Fs. In the first case the approach
in (4.7), using the exact count #X (IFy) = (2 +5( + 1, yields #(F;) > 1. In the
second case the fibre X is an interesting del Pezzo surface of degree 5 over IF,.
It follows from Lemma 4.1.6 that the geometrically irreducible components of a
hyperplane section are all of degree 1 or 5. In the first case we find that Cy is the
orbit of a geometric —1-curve which is defined over [F s and there are obviously
no [Fy-points on C. In the latter case we find that the hyperplane section is a
geometrically irreducible curve of arithmetic genus 1. So we find

#U(Fy) = #X (Fg) —#C(IF) > (2 +1) — (0 +1+2V7)
which is positive for ¢ > 3. O

For primes over which the fibre A} is singular there might be better bounds
if one fixes the multiplicities of the factors of m, modulo ¢. We will only need
the following result.

LEMMA 4.7.3. Let p be an odd prime such that X, has a singularity of type Ay. The
set U(Zy) is non-empty.

In particular using Corollary 4.4.3 we see that if p is ramified in K, then ¢/,
admits a Z-point

Proof. Recall that X, C ]P]Fl’:p is a singular del Pezzo surface and U, is the inter-
section of X, with a fixed affine chart A?FP defined by / # 0. Furthermore, E;4 is
a line in ]P@SF,, which lies on X),.

From the isomorphism between X),\E4 and A@sz we see that any [F,-point

of U\ E4 is smooth. So we can lift such a point to a Z,-point. So let us prove
that (U, \E4)(Fp) = (A%FP\V( f))(Ep) is non-empty, where f is the associated
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inhomogeneous polynomial associated to k. So it is enough to prove that this
associated polynomial f of & is non-zero at some point of the affine plane. We
know that f is non-zero and of degree at most 3. A geometrically irreducible
affine plane cubic, conic or line with a rational point at infinity contains at
most p + 2,/p, p or p points respectively. So we see that f vanishes in at most 2p
points which happens when f cuts out two parallel lines. Since #A?(F),) = p?
there is an IF,-point on the affine plane which is not a zero of f. O

On the other hand, the bound for the smooth fibres cannot be sharpened in
general; we will see examples where X is smooth but U/ (Z;) is empty.

4.8 Computation of the invariant maps

The following section is about computing the invariant maps for the element .4
of the Brauer group of U. At the infinite prime of Q we see that the map

invee A: U(R) — %Z/Z

is zero because A is of odd order. So from now on we will only consider the
finite primes. At points in U(Z) for a finite prime ¢ we have the following
result.

LEMMA 4.8.1. Fix a prime ¢ and let P be a point in U(Z,) such that %(P) is defined
and invertible modulo ¢. Then
inv, A(P)

is 0 € Q/Z precisely if the image of % (P) € Z; under the homomorphism Z; — Zx
lies in N.

Proof. Let P be such a point. Then A(P) € Br(Qy) is simply the class of the cyclic

algebra (%(P),U’). Proposition 1.3.2 tells us that the cyclic algebra (%(P),O’)

over Qy is trivial in the Brauer group precisely when %(P) is a norm in the

extension K/Q; for a prime [ lying above I. The group Nk, ,q, (K;") is the kernel
of the top map in (4.4) in the proof of Proposition 4.4.2. This group is exactly the
kernel of Q; — Gal(K/Q) = Z* /N since the map Gal(K{/Q,) — Gal(K/Q)
is an inclusion. O

Since the image of Z, — Z* is a subset of N for all but finitely primes we
have the following result.

COROLLARY 4.8.2. Consider a model U / Z as before of conductor n. Let £ be a prime
which does not ramify in K and P € U(Zy) be a point where 11 or I is invertible
modulo £. Then we have invy A(P) = 0.

Proof. We saw in the proof of Proposition 4.4.2 that £ is unramified in K precisely
when the image of Z — Z* lies in N. This proves the claim. O
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For primes p =1 mod 5 which divide the conductor of such a subgroup N,
i.e. the tamely ramified primes of K, we have the following result.

COROLLARY 4.8.3. Let p a prime which is tamely ramified in K. This implies that
p =1 mod 5. Write W for the set of Zy-points P on U where %(P) is invertible

in Zp and let q: W — (U, \Ey) (IF,) be the reduction map. This map is surjective and
the invariant map inv, A on W can be computed as

l
q e .
W = (Up\E4) (Fp) = F; /(F;)° = Q/Z
where the second map sends a point P to the class of % (P) modulo fifth powers and the
last map is a group isomorphism onto the unique subgroup of Q/Z of order 5.
In particular we see that for a point P € U(Z,) which does not reduce modulo p to

a point on Ey4 that inv, A(P) = 0 precisely if % (P) is a fifth power modulo p.

Proof. Consider an FF,-point Pin 2, \E4. As %(P) is invertible the point P cannot
lie in the zero locus of I;. By Lemma 4.5.5 all singular points lie on the intersec-
tion of the zero loci of Iy and I. So by assumption P must be a smooth point.
This implies that P lifts using Hensel’s lemma to a point P in W. This shows
that g is surjective.

The last statement follows from Lemma 4.4.4. O

These last two results are a restatement of the fact that in unramified exten-
sions of local fields every norm is a unit, and agrees with the fact that in a totally
but tamely ramified extension every principal unit is a norm.

For the wildly ramified prime 5 the situation is a little different.

COROLLARY 4.8.4. Suppose that 5 is ramified in K and let P € U(Zs) be a point
which does not lie in the zero locus of both Iy and Iy modulo 5. Then P lies in the
kernel of invs A precisely if for one i, or equivalently both, we have %(P) € {£1,£7}
modulo 52,

Proof. This proof is similar to the proof of the previous corollary and again relies
on Lemma 4.4.4. O

We see that in a point P over Z;, not reducing to the zero locus of both I
and I, modulo ¢ the value of inv, A(P) follows from these three corollaries. We
will now show how to compute the invariant map on the remaining points or
why we should not bother to do so.

4.8.1 The invariant map for unramified primes

The invariant map is often best understood at unramified primes. This is also
the case here.
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LEMMA 4.8.5. Suppose a prime £ splits completely in K. The map
invg A: U(Zy) - Q/Z
is identically equal to zero.

Proof. Let P be a Zs-point of . The evaluation map BrU — BrQ,, A — A(P)
factors through Br Ug,. For a prime Tabove a completely split prime ¢ we find
that K; = Q. Since Ag, € Br U, is split by K; we see that it is trivial and so is
the image A(P) in Br Qy. O

For inert primes we have similar, but slightly weaker, result.

LEMMA 4.8.6. Suppose that { is an inert prime. The map inv, is identically equal to
zero if Uy is smooth over IF,. If Uy is singular, then inv, is zero on the points in U(Z,)
which do not reduce to the singular point of Uy.

Note that by Lemma 4.5.9 that X, has at most one singular point. So the same
is true for U,.

Proof. Note that inv, being constant on the indicated point sets follows from [6,
Theorem 1]. We will however need to prove a stronger result.

There is a correspondence between the factors of m, over Q, and primes of K
dividing ¢. Since ¢ is inert in K there is a unique prime [ in K lying above ¢. This
shows that m, is irreducible over Q, and hence Ug, is an interesting del Pezzo
surface. In particular, there are no Q-points on U in the zero locus of both I
and .

Consider a point P € U(Z;). By the above discussion we see that %‘(P) #+

0 € Z, for at least one i. Assume without loss of generality that i = 1. We will
use the representation (%, 0') of A to prove that inv, A(P) is equal to zero if P
does not reduce to a singular point on U,. We will have to show that % (P) is the
of an element in Ok,. We have seen in Corollary 4.8.2 that only the valuation of

%(P) matters. We will show that this valuation is always a multiple of 5.

If %(P) is a unit in Z, then this is clear. So suppose ¢ divides %(P) and let
P € U(Fy) be the reduction of P modulo /. This means that P lies on the zero
locus of I} on Uy, C X,. By Lemma 4.5.9 there are two possibilities for this zero
locus.

If m, is irreducible in F, then &} is an interesting del Pezzo surface. So the
zero locus of I} consists of five conjugate lines. In particular there are no IF-
points in the zero divisor of ;.

If m, reduces to the fifth power of a linear function modulo ¢ then X con-
tains one line E4 and one singular point which lies on this line. Locally around P
the closed subscheme E; is Cartier since P is assumed to be smooth. This proves

that in the local ring at P the function % is the fifth power of the function defin-
ing Ey4, since div y,l; = 5E4. This proves that the valuation of %(P) is a multiple
of 5.

We conclude that inv, A(P) = 0 for all indicated points P € U(Z,). O
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4.8.2 The invariant map for tamely ramified primes

Let us consider the case of a prime p which is ramified in K. By construction of
the field K, the only primes which can be ramified are the primes 5 and the ones
which are 1 mod 10. The prime 5 is wildly ramified, but we will first consider
the tamely ramified primes. By Corollary 4.8.3 we see that the invariant map
on Zy-points is largely determined by the IFy-points of U, (see also [6, Theo-
rem 1]).

Unlike for the unramified primes we will see that inv, A is only constant in
an obvious situation and in all other cases it takes many values. To prove these
results we will first look at the following lemmas on affine curves over IF, which
we will translate back to &), using the isomorphism in Proposition 4.5.12.

LEMMA 4.8.7. Fix a prime p > 5 and let f € Fy[x,y]| be a non-constant irreducible
polynomial of degree d < 3. Also assume that

» if d = 3 the projective closure of the corresponding affine curve is geometrically
integral and intersects the line at infinity in a single point with multiplicity 3;

» if d = 2 the corresponding curve either has two distinct rational points at infinity,
or it has a single point at infinity and is geometrically integral.

Then the map f: IF%, — IF), is surjective.

Proof. Let us write fhom € Fy[x,y, z] for the homogenization of f. We can now
consider the following cases depending on the degree of f.

Case 1: f is a linear polynomial. In this case f is a non-constant linear map,
and it is clear that it takes all values in IF,, on ]F%

Case 2: f is a quadratic polynomial. There are two cases to consider. First
assume fpom has two distinct rational solutions at z = 0. Without loss of gen-
erality these points are (1: 0: 0) and (0: 1: 0) and then f must be of the form
kxy + Ax + uy + v, where x # 0. Now fix yg such that xyy + A is non-zero. Then
we see that f(x,y0) = x(xyo + A) + pyo + v assumes all values in IF,.

Now consider the case where fpon, is geometrically integral and has a sin-
gle solution with z = 0. Assume without loss of generality that this point
is (0: 1: 0). This implies that f can be written as f = xx? + Ax + uy + v. Since
the curve defined by f,om is geometrically integral we find p # 0 which directly
implies that f is surjective.

Case 3: f is a cubic polynomial. We know that f has a single point at infinity
of multiplicity 3. Assume that this point is (0: 1: 0). We will show that f is
surjective by proving that the projective cubic plane curve C, defined by the
cubic form fyom — Az> has an IFp-point satisfying z # 0 for all A € [F,.

We will first show that each of these p plane curves C, does not split into
three lines over IF,. Note that a cubic plane curve defined by a cubic homoge-
neous polynomial F passes through (0: 1: 0) with multiplicity three and splits
into three lines precisely when F is independent of y. Since Cy is geometrically
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integral by assumption we see that fy,, does depend on y. So the same holds
for all from — Az% and none of the curves C, splits into three lines over ]Fp.

So each plane curve C, is either geometrically integral or factors into a linear
and quadratic factor. We will prove in each case that the curve C) has at least
two [F-points, and since it has single point (0: 1: 0) at infinity it will have an
IFp-points satisfying z # 0.

A geometrically integral cubic curve has at least p + 1 — 2,/p points and
as p > 5 there must be a point away from infinity. In the second case we have
a projective curve consisting of line and a conic defined over ]Fp, both with the
given point (0: 1: 0) at infinity. Either component will have rational points on
the affine part defined by z # 0.

We see that for all A € [Fj, the curve C, has a point satisfying z # 0 and we
conclude that f is surjective on the affine plane. O

If f defines a non-reduced conic we have the following weaker statement.

LEMMA 4.8.8. Let f € IFp[x] be the square of a non-constant linear function over I,
with root p. The map f: Fp\{p} — F;/(F; ) is surjective.

LEMMA 4.8.9. Fix a prime p and let fy,,, be a homogeneous cubic polynomial in the
ideal (x> — y®z, xz,2%) over Fy,. The polynomial f = fyom(x,y,1) either

» 18 constant;

» vanishes on two distinct parallel lines on AZP ;

» satisfies the conditions in Lemma 4.8.7, or

v

> is independent of y and satisfies the conditions in Lemma 4.8.8.

In the second case we allow the lines to be conjugated over F),.

Proof. Let us write fhom = xx° + z(u(x,y)x + v(x,y,2z)z — ky?) where y and v
are homogeneous linear polynomials in the indicated variables. In the case that
x = 0 the polynomial f is of degree at most 2 and all points with z = 0 are
rational points. All these polynomials are covered among the four cases.

If k # 0 we have a cubic polynomial f = xx3 + (u(x,y)x +v(x,y,1) — ky?),
which has an inflection pointat (0: 1: 0) and the result of Lemma 4.8.7 holds for
such f. O

We have seen a surjectivity statement for the last two of these four cases.
In the first case we will not find such a result and in the second we have the
following proposition, which applies since f is going to be the product of two
distinct lines precisely when it is independent of y.

LEMMA 4.8.10. Let p be a prime and f € F,[x] a quadratic polynomial with distinct
roots py and py in IFp. The homomorphism f: Fy\{p1, 02} — F /(E; )5 is surjective
when p > 31.
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Proof. Write f = ax? + bx +c witha # 0 and fixa A € . We will prove
that if p > 31 there exist u,v € F, with v invertible, such that f(u) = Av°.
Consider the affine hyperelliptic curve f(x) = Ay®°, which is smooth because f
has distinct roots. The smooth birational model for this curve is of genus 2 and
has at least p + 1 — 4,/p points, one of which does not lie on the affine part
given by f(x) = Ay® and at most two points satisfy y = 0. So the number
of u,v € IF, with v invertible satisfying f (1) = Av° is at least p + 1 — 4,/p — 3.
This is positive if p > 31, which proves the statement. O

Remark. One can check that if p = 11 the map f: Fp\{p1, 02} — F} /(IF;)5 is
never surjective; the image of f: F11\{p1, 02} — F;{/(IF}})° for any separable
quadratic polynomial f is of size 4.

We have seen that the cubics in (x3 — yzz, Xz, zz) correspond to the effec-
tive divisors of degree 3 on IPMZF,, which pull back to effective anticanonical divi-
sors on &),. Considering the different bounds in Lemma 4.8.7, Lemma 4.8.8 and
Lemma 4.8.10 we get a trichotomy of effective anticanonical divisors on X.

DEFINITION 4.8.11. Let p be a prime which is ramified in K, & an irreducible
linear form on X C IP5, and f the associated inhomogeneous polynomial of 1
at p. We say that h at the prime p is of

» class 'if f is constant;

» class II if f vanishes on two distinct parallel lines in AMZF,, ;

» class III in all other cases.

We have seen that these three classes partition the five-dimensional projec-
tive space of linear forms on &, over F,. As the invariant map for tamely ram-
ified primes is determined by the reduction of a point modulo p we get the
following result.

THEOREM 4.8.12. Let h be a linear form on the surface X C IP5, constructed using a
degree 5 number field K. Let p be a prime which is tamely ramified in K.
The invariant map inv, A: Uy(Z,) — 2 Z/Z

¥

is constant if h is of class I;

» misses exactly one value in %Z /Z if his of class Il and p = 11;

N

> is surjective if h is of class Il and p > 31;
» s surjective if h is of class III.
Since p is congruent to 1 modulo 10 this covers all possible cases.
Proof. We have a birational map 7t: &), --» ]P@sz such that the isomorphism on

function fields identifies % on X, with ff—s on ]I’%Fp. On the projective plane we
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have the line L given by z = 0 and on &), the —1-curve E4 given by /; = 0, such
that the birational map 7 restricts to an isomorphism X\ E4 = IP@ZF,, \L = A@sz as
we saw in Proposition 4.5.12.

This proves the following chain of isomorphisms

Up\Ey 2= Xp\(V (1) UEs) = PR \(V(faom) UL) = AR \V(f).

Define the set W of Z-points P on U/ where %(P) is invertible in Z,. The reduc-
tion map q: W — (U, \E4) (Fp) is surjective by Corollary 4.8.3.
We dehomogenize the function fields on the affine schemes i), and A@sz us-

ing l; = 1and z = 1 to find the commutative diagram in (4.8) which can be used
to compute the invariant map for points in W.

1

W —"— (Up\Es) (Fp) —— B3 /(F;)® — Q/Z

lg H H (4.8)

1

(83,\V(D) () — Fy/(F;)° — Q/2Z

Now if I is of class I or II we get from Lemma 4.5.19 that i vanishes along E4
and so W = Uy,(Z,). By the surjectivity of : U,(Z,) — (Up\E4) (IFp) and the

injectivity of IF; /(I )> = Q/Z we see that inv, A: Uy(Z,) — Q/Z has the

same image as the map 117: (A%F},\V(f)) (Ep) — ]F;/(]F;)? If h is of class I
at p, then f is constant by definition. The statements for & of class II follow from
Lemma 4.8.10 and the remark following this lemma.

Now assume that / is of class III. The surjectivity of 4, Lemma 4.8.7 and
Lemma 4.8.8 combine to show that inv, A is surjective on the set W of Z,-points
of U not reducing to Ey4 so it is definitely surjective on U (Z,). O

In the cases where inv, A: U(Z,) — %Z /Z is surjective we cannot get a
Brauer-Manin obstruction to the integral Hasse principle. In particular we have
the following result coming from Lemma 4.5.19.

COROLLARY 4.8.13. Let p be a prime which is tamely ramified in K and let h define a
hyperplane section on X C P3, such that the —1-curve Ey C X} does not lie in the zero
locus of the reduction of h modulo p. The invariant map inv, A: Uy(Z) — %Z /Zis
surjective.

This shows that a Brauer-Manin obstruction to the integral Hasse principle
will not exist if & does not cut out the unique —1-curve over each tamely ram-
ified prime. If it does then by the isomorphism in Proposition 4.5.12 we see
that U), is isomorphic to an open subscheme of A@ZF,, which generally simplifies

the situation.
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4.8.3 The invariant map for the wildly ramified prime 5

We have looked at the invariant maps at unramified and tamely ramified primes.
The last case is that of wildly ramified primes. The only prime which can be
wildly ramified in our number fields K of degree 5 is the prime 5 which hap-
pens precisely if 5 divides the conductor #.

We have already seen a useful result in Corollary 4.8.4. We will also make
frequent use of the following easy lemma.

LEMMA 4.8.14. Two different lifts to (Z/25Z)" of an element (Z/5Z)" lie in dif-
ferent cosets of the subgroup {+1,+7} C (Z/25Z)".

Now let us show that in many cases the invariant map is surjective.

LEMMA 4.8.15. Suppose that 5 is ramified in K. Then
1
invsg A: Uh (Z5) — EZ/Z

is surjective if h is not of class I.

Proof. Pick coordinates u; on ]1"@51:5 and x, y and z on ]PMZF5 such that the birational
map
p: P, - Xs

is given by (x,y,z) — (23, x2%,yz%,x%z, xyz,y*z — x%) and we find an isomor-
phism after restricting to the affine opens A%Fs and AX5\E4 respectively given
by z = 1 and ug = 1. The size of the image of invs A: U, (Z5) — %Z/Z only
depends on A up to constants. Since we also know that /; mod 5 is a multiple
of up, we can assume without loss of generality that ug = I; mod 5.

Pick an Fs-point P on V := Us\Es. Recall that the map ¢ restricts to an
isomorphism on V to an open subscheme of Ai’;s. Then P is an Fs-point of X
which does not lie in the zero locus of & and I;. This guarantees that P is a
smooth point and A := %(15) is defined and invertible modulo 5. We will show
that at the Zs-points P reducing to P the function % assumes either one or five
values modulo 25.

Let us work with % which on V becomes

hagt = ag + ayuy + asuy + azuz + aguy + agus.

Now let ¥ = (x1,x2,x3, x4, x5) be a 5-tuple of integers reducing to P € V. We
will first show that the lifts of P to points in X' (Z/25Z) are X + 5@ where @ is
any vector in a translation of the tangent space of V at P.

Suppose that X" is given by polynomials g; in the variables ;. The tangent
space at P is by definition

5 dgi
TpV = {5611:2: Z%(P)U,'EO mod 5}
i=1 t
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and if X 4+ 5@ € X (Z/25Z) then for all j

5 dos
058}'(’?+5i’)Egj(f)JrSZd%(f)wi mod 25
=1 1

which proves the claim.
To compute hug at these lifts, let us write @ = (a1, a0,4a3,a4,a5) € Z°. Then
we find

Hage (X 4 50) = hage(X) +5d - @ mod 25.

So we find all possible lifts modulo 25 of h,g(X¥) mod 5 when 4 - @ is not con-
stant modulo 5 or equivalently that there exists a ¥ € TpV such that 5 { 7 - 7.
This clearly does not happen when @ = 0 mod 5, so let us assume that one of
the components of @ is not divisible by 5.

We will prove that under this assumption we can find a point P € V(F,)
and a tangent vector ¥ € TpV such that 5 { 7 - 7. Using ¢ we can translate this
problem to A%FS\{ f = 0}. Using the equations of i we see that the tangent
space at ¢(x,y) is generated by the vectors 7; = (1,0,2x,y, —3x?) and ¥, =
(0,1,0, x,2y). We are looking for a point (x,y) such that f(x,y) = hago ¢(x,y) #
0and 4 - U1 or @ - ¥, is non-zero.

Note that the degrees of 4 - 71 and @ - ¥, as polynomials in x and y are at most 2
and 1 and that at least one is non-zero since we assumed that 4 # 0 mod 5. If
the linear equation 7 - @, is non-zero it vanishes in at most five points of A2 (Fs).
If it is the zero polynomial then 7 - ¥ is a non-zero linear polynomial. We see
that @ - 7 and @ - ¥, vanish simultaneously in at most 5 points. We have seen in
the proof of Lemma 4.7.3 that f vanishes in at most 2p = 10 points on A@ZF,,' So
if 2 #0 mod 5 then there exists a point P € V(IF5) and a vector 7 in its tangent
space such that@- 7 # 0 mod 5.

In particular if 7 # 0 mod 5 we see that there exists a point P € V(Fs) such
that@-7 mod 5 is surjective on the tangent space of P, proving that ¢ assumes
five values modulo 25 on Zs-points P reducing to P. We see from Lemma 4.8.14
that J1,¢ assumes all values in (Z/25Z) modulo fifth powers and so do % on Us

and % on U. This proves the surjectivity of invs A in this case.

If on the other hand @ = 0 mod 5 we find that /1,4 assumes only one value
modulo 25 on Z,-points reducing to a fixed point P € V(Fs). We also see
that 5 cannot divide the coefficient of 1 in k since it already divides all the other
coefficients and so / is of class I. O

In particular we have proved the following result similar to Lemma 4.8.13.

COROLLARY 4.8.16. Suppose that 5 divides the conductor n and consider a hyperplane
section given by h = 0on X C IP% such that the —1-curve E4 C X5 does not lie on the

zero locus of the reduction of h modulo 5. The invariant map invs A: Uy (Z) — %Z/Z
is surjective.
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We can even classify all of the remaining hyperplane sections for which the
evaluation map is not surjective.

THEOREM 4.8.17. Suppose that 5 is ramified in K. Then invs A: U(Zs) — 1Z/Z
is not surjective precisely when there exist integers A, c1 and cs satisfying 5 1 A, and
5| ¢1,c3 0r 51 ¢1 such that

h = Al; +5(cqup + czuz) mod 25

for specific hyperplane sections w1, us € (’)P% (1). The invariant map is constant
when 5 | ¢q, c3 and otherwise the size of its image is 3.

Proof. Let us again fix coordinates u; for 1 < i < 5on A5 C ]P?FS such that

their reduction modulo 5 corresponds to (23, xzz,yzz, x2z, xyz, yzz — x3) under

the isomorphism of function fields described in Proposition 4.5.12.

Since [; and h are both of class I at 5 we see that there exist an integer A such
that 5 { A and & = Al; mod 5. This implies the existence of a polynomial k
over Z such that h — Al = 5k.

It follows for any point P € U(Zs5) that %(P) = A mod 5 and that %(P)

mod 25 only depends on the image of P in U (FFs).
Let us compute % at P modulo 25:

h Aly + 5k
=(P) = =L2=(P)
I I
k
= A+5—(P).

lh
We know that z° % corresponds to a homogeneous cubic polynomial fj,op, in
the ideal (x® — y?z, xz,2%) of Fs[x, y, z]. Now write
k = coug + cruq + coup + c3usz + caliy + csus
such that the cubic polynomial becomes
Fhom = €0Z° 4 c1x2% + coyz® + c3x%z + cyxyz + c5(yPz — x3).

Now consider f = from(%,1,1). We have seen in Lemma 4.8.7 that f is surjective
to IFZ if it describes a line, a conic with two distinct rational points at infinity,
a geometrically integral conic with a single point at infinity, or a cubic curve.
The remaining cases are the constant functions and the quadratics which are
independent of y. This shows that k = coug + c1u1 + c3uz mod 5. Let us show
that we can assume that cp = 0. First note that [; reduces to a multiple of ug
modulo 5. Let us write A'ly = uy mod 5 where A’ € IFZ. This gives

(A +5coA)p = Al +5c9M'ly = Aly +5coug  mod 25.

So we can indeed assume that cy = 0.

116



CHAPTER 4. ORDER 5 OBSTRUCTIONS

The hyperplane section of ]PQSF5 defined by k = cquq + c3u3 mod 5 corre-

sponds to the polynomial c1x + c3x% on A@ZFs which is quadraticif c3 # 0 and con-
stantif ¢y = c3 = 0. By symmetry we see that a quadratic in one variable over IF5
assumes exactly 3 values. And obviously if 1 = Al; mod 25 then cquy + c3u3 is
constant modulo 5.

So we see that %(P) is constant modulo 5, and assumes either one, three or

five values modulo 25. By Lemma 4.8.14 we see that %(P) and hence %(P) also

assumes one, three or five values in (Z/25Z)" modulo fifth powers and so the
same holds for invs .4 by Lemma 4.4.4.

This proves that precisely in the specified cases the invariant map is not sur-
jective. O

4.9 Actual examples of obstructions

We will now combine the results on the invariant maps to produce some explicit
examples of Brauer-Manin obstructions of order 5 and discuss some cases in
which no algebraic obstruction can exist.

4.9.1 Obstructions for I/ of large conductor

Let us first show that in most cases there does not exist an algebraic obstruction
to integral points if the conductor has a large prime divisor.

PROPOSITION 4.9.1. Let Uy, /Z be a model as before of an interesting log K3 sur-
face U = X\C of conductor n. If h is not of class I at a prime divisor p > 11 of n,
then the invariant map inv, A: Uy(Z,) — %Z /Z is surjective. This implies that
in these cases there does not exist an algebraic Brauer—Manin obstruction to the Hasse
principle for integral points on Uy,.

Proof. It follows from Theorem 4.8.12 that inv, A: U,(Z,) — %Z/Z is surjec-
tive. This also proves that } ,inv, A: U(Az) — %Z /Z is surjective so in par-
ticular X' (Agq,)* is not empty. O

If 1 is of class I at a prime divisor p =1 mod 5 of the conductor #, then it is
possible to get an obstruction.

THEOREM 4.9.2. Fixaprime p =1 mod 5. There exists a scheme Uy, / Z such that h
is of class I at p which divides the conductor such that the surface Uy, is locally soluble,
but there is a Brauer—Manin obstruction to the Hasse principle for integral points.

Proof. We will describe how to produce such examples.

Start off with a model X’ for dPs(p) for p by picking an « € Z[(,] such
that K = Q(«) is a number field of degree 5. Such an « is not unique and a
different choice of a will yield a different model for dPs(p) over Z. We will use
the relatively large degree of freedom in the choice of /.
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For ¢ € {2,3,5} pick a smooth point Py € X (Z,) and a linear form h; €
Fy[uo, uy, up, us, g, us| such that hy(Py) # 0 mod ¢. For inert primes ¢ which
divide the discriminant of m, we have a unique singular point S, on X,. We
also impose the conditions /,(Sy) = 0 mod ¢, i.e. Sy does not lie on U,. Note
that these conditions can be satisfied simultaneously in the case that ¢ is a small
inert prime for which X} has an A4-singularity.

Now fix an invertible quintic non-residue 4 modulo p and let 1, be a linear
form over IF, which satisfies h, = gl; mod p. Let h be a primitive linear form
over Z which is a lift of these ;.

By the condition modulo p we see that & is different from +/; and %I so by
Lemma 4.1.6 the hyperplane section defined by / is geometrically irreducible.
Furthermore, U, is locally soluble as it is has Z-points for ¢/ < 5 by choice of &
and it has local points for the remaining primes by Lemma 4.7.2.

Let us prove the theorem by showing that }_ inv, A is constant and non-zero.

For primes ¢ # p we see from Lemmas 4.8.5 and 4.8.6 that inv, A is identically
L 1

zero. For the ramified prime p we use Lemma 4.8.3, and as ;. = q mod p is
constant and not a fifth power modulo p we see that inv, A is constant and
non-zero. O

For p = 11, there are examples of such obstructions of a different nature.

4.9.2 Obstructions for I/ of conductor 11

We will use the model of dP5(11) constructed using the element

a=01n+0 —2€Q(Cn)

with minimal polynomial m, = s> — 11s* +44s3 — 77s% + 55s — 11. This model X
over Z is given by the five equations

u% —492ugus — 52838ugus — uquz — 22uquy — 121uqus
+ 1952upuy 4+ 412071upus — 971038uzus — 1771110u%,

uoupy — 22uguz — 4uguy — 3267ugus — uqug — 1luqus
+ 88upuy 4+ 20504uyus5 + 16131y — 39017usus — 78089u%,

uouz + 169ugus + uqus — u% — 4upuy — 451urus — 500usus + 220u§,
uoug — 1lugus — upus + 121upus — 4uszuy — 363usus — 59414%,
UgUs — Uty + u% — 11upus + 40uzus + 55u%.

As disc(m,) = 11* we see that all fibres X, are smooth for £ # 11, and since

my =s° mod 11 we see that X;; has one singular point.
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One can check that each of the two hyperplane sections given by
Iy = uq + 187ug — 759uy + 693u3 — 979uy + 4114us,

Iy = uy + 187ug — 770uy + 792u3 — 1199uy + 4840us

consist of five conjugate exceptional curves defined over the degree 5 number
field K = Q(¢11)" = Q(11 + Cﬁl) and the only ramified prime is 11.

Let us group the results on local solubility and computing the invariant maps
on this surface for a general h. Again we consider the affine surface I/ over Z
given by the complement of a hyperplane section C = {h = 0}. The generic
fibres of these two schemes are denoted by X and U.

LEMMA 4.9.3. The affine surface Uy, is everywhere locally soluble precisely when
h#£ ur +u3 mod 2.

Proof. A quick computer check shows that X' (IF,) consists of five points which
lie on a unique hyperplane given by up + u3. Local solubility at 11 is given in
Lemma 4.7.3 and the existence of points over the other completions is precisely
Lemma 4.7.2, since all the fibres over ¢ # 11 are smooth. O

LEMMA 4.9.4. Consider a geometrically irreducible hyperplane section given by a prim-
itive h. Let € be a prime and let A be a generator for Br Uy, / BrQ. We consider the
invariant map

invy A: Uh(Zg) - Q/Z.

(a) If £ # 11, then the invariant map is identically zero.
(b) If ¢ =11, then h is of

» class I precisely when h is a multiple of uy;

» class II precisely when h is not of class I, but it is in the F11-span of ug, uq
and uz;

» class III in all other cases.

The value 0 € Q/Z does not lie in the image of invy1 A precisely when h is class
I or 11 and the associated polynomial

f=h(x+4x%1,y, 2% xy, > — 2%).
does not assume the values 1 modulo 11 for x,y € FFq;.

Note that for & of class I the associated polynomial f is constant and whether
or not £1 lies in the image of f is immediate. If / is of class II, then f is indepen-
dent of y and one only needs to evaluate f at 11 points.

Proof. We treat the cases of unramified and the ramified prime separately.
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(a) This follows directly from Lemmas 4.8.5 and 4.8.6 since Xj; is the only
singular fibre of X’ over Z.

(b) One can check that the rational map : ]P%Fll --» A7 is defined by
(x,y,2) — (xz2 +4x2z, z3,yzz, x%z, xyz, yzz — x3).
Its inverse 77 is given by
(ug: uq: up: ug: ug: us) — (g + 7uz: up: uy).

This shows that the associated polynomial of h at 11 is given by f(x,y) =
h(x + 4x2 1, Y, x2, Xy, y2 — x3). It follows that % is of

» class I precisely when f is constant;
» class II precisely when f is independent of y, but not of x; and

» class III otherwise.

For an h of class III the map invyy A: U(Zy1) — %Z /Z is surjective, so
there is a Z11-point P such that invy; A(P) = 0.

We saw in Lemma 4.8.3 how to compute the invariant map on the set W C
U(Z11) of Zq1-points P such that %(P) is defined and invertible in Z;.
In the proof of Theorem 4.8.12 we saw that for & of class I or II these are
all Z11-points on U, so we see that 0 does not lie in the image of invy; A
precisely if f does not assume a fifth power modulo 11 on A%FH \V(f), or

equivalently f does not assume the values 1 on the whole of AZ . [
11

We can now apply the above results to compute the Brauer-Manin obstruc-
tion for a fixed & and find actual algebraic obstructions of order 5 to the integral
Hasse principle.

THEOREM 4.9.5. Let H be the hyperplane in P35, given by the vanishing of ug. The
complement U = X\H has points over Q and every Z,, but there is an algebraic
Brauer—Manin obstruction to the existence of integral points.

Proof. The local solubility follows from Lemma 4.9.3 and the invariant map
for £ # 11 is identically zero by Lemma 4.9.4.

Let us consider the only remaining prime 11. We will follow the outline in
Lemma 4.9.4 to check for a possible obstruction. The associated inhomogeneous
polynomial of & = ug is found to be f = 4x? + x, which is easily checked to
never assume the values £1. So the element 0 € %Z /Z does not lie in the image
of invy1 A. This shows that for all (Py); € U(Aqe) we have Y invy A(P)) =
invy; A(Py71) # 0 and hence

U(Agew)t =
andsoU(Z) = @. O

120



CHAPTER 4. ORDER 5 OBSTRUCTIONS

A careful analysis of the above proof yields the following result.

THEOREM 4.9.6. Let Uj, be the complement in X of a geometrically irreducible hyper-
plane section given by a primitive linear form h € Z[ug,uy,...,us]. The class of h
modulo 2 determines whether the affine surface Uy, is locally soluble. The existence of
an algebraic obstruction to the Hasse principle for integral points depends only on the
reduction of h modulo 11. Out of the 116 — 1 = 1771560 possible reductions of h
modulo 11 precisely 228 give an obstruction.

Note that this does not mean that the reduction of # modulo 2 and 11 is the
only condition; the proof still uses the assumption that / is primitive. It follows
from Lemma 4.1.6 that the condition that the section is geometrically irreducible
is immediately satisfied if 1 does not reduce to £u;. For hyperplanes / reducing
to either of these two form it is easily shown that invq; A is identically equal to 0
on Uy (Z11).

Proof of Theorem 4.9.6. We already saw the statement about local solubility in
Lemma 4.9.3 and in Lemma 4.9.4 we saw that the existence of an obstruction
only depends on the associated polynomial f which only depends on the reduc-
tion of h modulo 11.

Let us count the non-zero linear forms h over IFq; for which such an obstruc-
tion exists. In Theorem 4.8.12 we saw that we get no obstruction unless  is of
class I or class II. Let f € FFq1[x,y] be the associated polynomial of i. We must
consider the cases where f is constant or a separable quadratic polynomial.

If f is constant then we see that invy A is constant and we get an obstruction
if f is one of the 8 non-fifth powers modulo 11.

For h of class II we see that f: Fy1\{p1, 02} — F}{/(F];)°, x — f(x) misses
exactly one value. If f misses the value g € Fj{/(F;{)° we see that Af for
A € FF}| misses the class of Ag.

There are 10 - 112 quadratic polynomials over F1; and 10 - 11 of these are
inseparable. The group I, acts on the remaining 102 - 11 quadratic polynomials
by multiplication. All orbits have size 10 and in such an orbit exactly 2 miss the
unit element in IF;; /(FF;)°. This proves that for an h of class II at 11 there is
an obstruction if & reduces to one of these 2 - 10 - 11 = 220 separable quadratic
polynomials. O

4.9.3 Obstructions for I/ of conductor 25

It is also possible to find obstructions of order 5 to the integral Hasse principle
when X is a model of dP5(25) so then K has 5 as a ramified prime. For example,
define the field K C Q({5) as the splitting field of the polynomial

my = s° — 20s* + 100s° — 125s% + 50s — 5.
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This produces the projective surface X over the integers given by the five equa-
tions
u% — uguz — 1600uquz — 40uguy — 400ugus — 524950u1 us
+ 7251005u5u5 — 300398001315 — 1615000012,
Uy — 40uqusz — uguy — 20ugus — 18125u1us
+ 2000501515 — 750995u3u5 — 40375013,
u% — uqus — ugus — 500uqus + 1875u,us,
Upuz — Uy + 20uqus — 400upus + 1875u3us + 9951,%,
u% — upuy + uqgus — 20upus + 100uszus + 50u§.
The two hyperplane sections over Z cutting out the two quintuples of —1-curves

are
I = ug 4+ 575uq — 3550u;y + 8650u3 — 4285u4 + 10475us,

lr = ug + 525u1 — 2575uy + 4325u3 — 2285u4 + 11100us.
As in the previous case, local solubility is immediate at most primes.

LEMMA 4.9.7. The surface Uy, is everywhere locally soluble precisely when
h # up +uz +us mod 2.

Proof. Since disc(m,) = 5%7°, there are only two singular fibres and the local
solubility at primes ¢ > 3 follows from Lemmas 4.7.2 and 4.7.3. For the prime 2
we find, just like in the proof of Lemma 4.9.3, that the five points on &, lie on a
unique hyperplane in IP@SFZ' This hyperplane is given by u; 4+ uz + us = 0. O

THEOREM 4.9.8. Consider the invariant map
invy A: Uh(Zg) - Q/Z.
(a) If £ # 5, then the invariant map is identically zero.

(b) If ¢ = 5 then either Im (invs A) = %Z/Z or there are integers A, c1 and c3
satisfying 5 t A and either 5 | c1,c3 or 5 1 ¢ such that h = A(ug + 15u4) +
5(ciu1 + c3uz) mod 25. In this case the value 0 € Q/Z lies in the image
of invyy A precisely when A1+ 5(cix + c3x?) assumes one of values +1,+7
modulo 25 for x € Z.

Proof. The first statement follows as before. For the second statement one checks
that the birational map X5 --» ]P@ZF5 which restricts to the isomorphism from
Proposition 4.5.12 is given by (uq, u1, Uz, us, tig, us) +— (uq,uz,up) and the in-
verse by (x,y,z) — (23, x2%,yz?,x%z, xyz, y*z — x°). We see that under this map
the hyperplanes u; and u3 reduce to x> and x on the affine plane over Fs.
The statement now follows from Lemma 4.8.17 since I; = uy + 15u4 mod 25
and %(P) reduces to one of +1, 7 modulo 25 precisely when %(P) does. O

122



CHAPTER 4. ORDER 5 OBSTRUCTIONS

For completeness we will give an example of a hyperplane for which the
associated affine scheme over the integers does not have integral solutions.

THEOREM 4.9.9. Consider an h which cuts out a geometrically irreducible hyperplane
section such that O does not lie in the image of invs A. The reduction of h modulo 25
is one of 176 out of the (52)° — 5¢ = 244125000 possible hyperplanes over Z./25Z.
For example, the surface Uy, /Z for h = 2ug + 10uz + Suy admits a Brauer—Manin
obstruction of order 5 to the existence of integral points.

Proof. Let (Z/25Z)" act on the hyperplanes modulo 25 for which invs A is not
surjective by multiplication. This translates the image of the invariant map by an
element of 1 Z/Z depending on the class of (Z/25Z)* modulo fifth powers. So
if the size of the image of an invariant map corresponding to a hyperplane has
one element, then % of the scalar multiples of & do not have 0 in the image. For
invariant maps whose image is of size 3 precisely % of the scalar multiples have
this property. This means that the number of hyperplanes modulo 25 for which 0
does not lie in the image of the invariant map is 3 - 20 + 2 -20-4 - 5 = 176.
Now consider the hyperplane I = 2u + 10u3 + 5u4. The affine surface U, is
locally soluble by Lemma 4.9.7. The result follows from the previous theorem;
take A = 2, ¢; = 0 and c3 = 2 and note that 2(1 + 5x?) only assumes the val-
ues 2,12,17 mod 25. So 0 does not lie in the image of the invariant map at 5
and the invariant maps at the other primes are all constant zero. O
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