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Chapter 7

Symmetric cones and order
antimorphisms

In a finite dimensional vector space the interior of a closed cone is considered symmetric
if it is homogeneous and self-dual. A variety of characterisations are given for this special
class of cones, see Section 1.6 for more details. The famous Koecher-Vinberg theorem
([Koe57] and [Vin60]) shows that a symmetric cone arises precisely as the interior
of the cone of squares for a formally real Jordan algebra. An infinite dimensional
analogue of this result for JB-algebras does not exist, since the notion of a symmetric
cone is not well-defined in a Banach space, which in general cannot be realised as a
Hilbert space. An alternative characterisation of symmetric cones in finite dimensions
is given, due to Walsh [Wal13], in terms of the existence of an antihomogeneous order
antimorphism on the interior of the cone. In Chapter 6, we considered strictly convex
cones in arbitrary dimensions where an antihomogeneous order antimorphism exists on
the interior, and we obtained precisely the spin factors. With the techniques developed
there, we further investigate the relation between the existence of an antihomogeneous
order antimorphism on the interior of the cone and the symmetric property of that
cone.

Let (H, (· | ·)) be a Hilbert space and C ⊆ H be a cone. Then C◦ is considered a
symmetric cone if C◦ is homogeneous, meaning for x, y ∈ C◦ there exists a linear order
isomorphism S : C◦ → C◦ such that S(x) = y, and self-dual with respect to the inner
product (· | ·), meaning

C◦ = {x ∈ H : (x | y) > 0 for all y ∈ C\{0}}.

In the sequel, when we have an order unit space (V,C, u) we say that C◦ is symmetric
whenever it is homogeneous and there exists an inner product on V that turns it into
a Hilbert space and with respect to which C◦ is self-dual. Our aim is to characterise
symmetric cones in complete order unit spaces in an order theoretic way without a
priori imposing Hilbert space structure. We remark that the interior of the cone of
a spin factor is symmetric. Therefore, characterising properties for symmetric cones
should be weaker than those imposed in Theorem 6.1 for spin factors. It turns out that
one should replace the condition on C of being strictly convex with being the sum of
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its extreme rays. In other words, instead of every element of the cone being the sum
of two positive extreme vectors, we merely require that they are a finite positive linear
combination of postive extreme vectors.

Our general strategy to obtain this characterisation is to reduce problems to finite
dimensional subcones. A key observation is that, the results of [NS77] concerning
order isomorphisms and the way they interact with line segments that are parallel to
extreme rays, which we outlined in Section 3.1, for the most part also apply to order
antimorphisms. This will yield that any subcone of C◦ that is spanned by finitely many
extreme rays will be mapped by the antimorphism g : C◦ → C◦ onto a subcone that is
again spanned by finitely many extreme rays. Before we make the ideas more rigorous,
we summarise the results obtained in [Wal13], that are relevant for our purpose.

Theorem 7.1 (Walsh). Suppose K is a finite dimensional closed cone with non-empty
interior and g : K◦ → K◦ is an antihomogeneous order antimorphism. Then K is a
symmetric cone that is self-dual for an inner product (· | ·) which satisfies

(y | x) = M(x/g(y)), (7.1)

for all y ∈ K◦ and x ∈ K extreme.

We recall that by definition for x ∈ K and y ∈ K◦ we have

M(x/y) = inf{β > 0: x ≤ βy}.

In Proposition 3.1 and Proposition 3.3 and their subsequent corollaries, we have
shown that for an order isomorphism f : C → K and extreme vector r ∈ C, the element
f(x + r) − f(x) is an extreme vector of K. Furthermore, if the difference of x, y ∈ C
is a linear combination of extreme vectors, then f(x+ r)− f(x) is a scalar multiple of
f(y + r)− f(y). In our setting, where C is assumed to be the sum of its extreme rays,
we obtain that f(x+ r)− f(x) and f(y+ r)− f(y) lies on the same extreme ray for all
x, y ∈ C and r ∈ C extreme. We draw a similar conclusion for order antimorphisms.
Recall that for a cone C the set E(C) denotes the collection of its extreme rays.

Proposition 7.2. Let (X,C) and (Y,K) be Archimedean partially ordered vector spaces,
where C is the sum of its extreme rays and U ⊆ X and V ⊆ Y are upper sets. For
any order anti- or isomorphism f : U → V , there exists a bijection ϕ : E(C) → E(K)
such that any line segment in U parallel to some R ∈ E(C) is mapped by f onto a line
segment in V parallel to ϕ(R) ∈ E(K). In symbols, for every x ∈ U and R ∈ E(C)

f((x±R) ∩ U) = (f(x)± ϕ(R)) ∩ V. (7.2)

Proof. Consider the case where f is an order isomorphism. Equation (7.2) follows from
Theorem 3.10 for R ∈ E(C) that are engaged and from Proposition 3.17 for R ∈ E(C)
that are disengaged.

Suppose that f is an order antimorphism. It follows from Proposition 3.1, that a
subset L of U is of the form (x ± R) ∩ U for some extreme ray R ∈ E(C) if and only
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if L is maximal among those subset of U that are directed and whose subintervals are
totally ordered. These properties are not only preserved by order isomorphisms, but
also by order antimorphisms. The only difference being that an order antimorphism
reverses the order within an extreme half-line. In symbols, for x ∈ U , r ∈ X an extreme
vector and λ ∈ R with x+ r, x+ λr ∈ U we have that

f(x+ λr)− f(x) = c(f(x+ r)− f(x)), (7.3)

for some c ∈ R. Let R and S be different extreme rays of C. Suppose x ∈ U ,
r ∈ −R and s ∈ −S are given such that x, x + r, x + s, x + r + s ∈ U . We construct
Rj := (x + js − R) ∩ U , for j ∈ {0, 1, 2}. Their images f(Rj) are disctinct half-lines
with apexes f(x + js), for j ∈ {0, 1, 2} respectively, and they are unbounded in the
direction of a positive extreme vector. The half-lines f(R0), f(R1) and f(R2) satisfy the
same conditions as their namesakes in the proof of Proposition 3.3. So we deduce that
f(x), f(x+s), f(x+ r), f(x+ r+s) are the consecutive corners of a parallellogram, and
hence

f(x+ r + s)− f(x+ s) = f(x+ r)− f(x). (7.4)

We considered negative extreme vectors r ∈ −R and s ∈ −S to guarantee that the
lines Rj were flipped by the antimorphism f to a positive direction. Suppose now that
r ∈ R, then we can apply the above arguments to x + r ∈ U , −r ∈ −R and s ∈ −S
and obtain (7.4). Similarly the sign of s is irrelevant for the conclusion.

By repeated application of (7.4), we obtain that for x ∈ U and s1, . . . , sn, r ∈ X
extreme vectors such that r 6= λsi for all λ ∈ R and i = 1, . . . , n with x, x + r, x +∑n

i=1 si, x+ r +
∑n

i=1 si ∈ U that

f(x+ r +
n∑
i=1

si)− f(x+
n∑
i=1

si) = f(x+ r)− f(x). (7.5)

Let x ∈ U , R ∈ E(C) and r ∈ (R ∪ −R)\{0} be such that x + r ∈ U . Now
s := f(x + r) − f(x) is an extreme vector of K. Let y ∈ U with y + r ∈ U . By
our assumption we can write y − x =

∑n
i=1 ri, where ri ∈ X is an extreme vector, for

i = 1, . . . , n. Remark that one of these ri might be a multiple of r. By relabelling we
assume that r1, . . . , rk < 0 and rk+1, . . . , rn > 0 and, moreover, that if r = λri for some
λ ∈ R then in the new labelling ri becomes r1 if λ < 0 and rk+1 if λ > 0. We assume
the latter to be the case, since the other cases follow in fewer steps. Combining (7.3)
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and (7.5) yields

f(y + r)− f(y) = f(x+ r +
n∑
i=1

ri)− f(x+
n∑
i=1

ri)

= f(x+ r +
n∑

i=k+1

ri)− f(x+
n∑

i=k+1

ri)

= c

(
f(x+ r +

n∑
i=k+2

ri)− f(x+
n∑

i=k+2

ri)

)
= c (f(x+ r)− f(x)) ,

for some non-zero c ∈ R. This shows that f(y + r) ∈ f(y) + S, where S denotes the
extreme ray in K spanned by s. Defining ϕ(R) := S yields a map ϕ : E(C) → E(K)
that satisfies (7.2). That ϕ is bijective follows from the fact that f is bijective.

The standing hypotheses in the sequel are as follows.
Let (V,C, u) be a complete order unit space. The cone C equals the sum of its extreme
rays, that is, any element of C can be written as a positive linear combination of extreme
vectors of C. Furthermore, let g : C◦ → C◦ be an antihomogeneous order antimorphism.
Lastly, we denote by E(C) the collection of extreme rays of C and ϕ : E(C)→ E(C) for
the bijection corresponding to g, that satisfies (7.2), as obtain in Proposition 7.2.

We argue in steps that under these conditions C◦ is a symmetric cone.

Homogeneous cone

It is convenient to introduce some notation. For a finite subset F ⊆ E(C) we let
C(F ) = span(F ) ∩ C and C◦(F ) = span(F ) ∩ C◦. We remark that as the finite
dimensional subspace span(F ) is closed, that the relative interior of C(F ) equals C◦(F )
if span F ∩ C◦ is non-empty. Henceforth, any finite subset F ⊆ E(C) is assumed to
yields a non-empty C◦(F ).

In the following result our approach is similar to that of [Wal18, Lemma 3.9].

Lemma 7.3. For any finite subset F ⊆ E(C) with span F ∩ C◦ non-empty, we have
g[C◦(F )] = C◦(ϕ[F ]).

Proof. Suppose F ⊆ E(C) is finite. Fix x ∈ C◦(F ). We define W = g(x) + span(ϕ[F ]),
an affine subspace of V . Let y ∈ C◦(F ) and write y − x =

∑n
i=1 ri with ri ∈ Ri ∪ −Ri

and Ri ∈ F , for i = 1, . . . , n. We reorder the indices if necessary so that all ri are
positive for i ≤ m and negative for i > m for some m. Now we define x0 = x and
xk = x +

∑k
i=1 ri, for k = 1, . . . , n. We remark that our reordering guarantees that all

xk ∈ C◦(F ). Also, by construction xn = y. Note that g(x0) ∈ W . By Proposition 7.2,
we now iteratively obtain that all subsequent g(xi), and in particular g(xn) = g(y), are
contained in W . As y was chosen arbitrarily, we conclude g[C◦(F )] ⊆ W . We remark
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that g−1 satisfies (7.2) for the bijection ϕ−1 : E(C) → E(C). Therefore, we obtain the
reverse inclusion W ∩ C◦ ⊆ g[C◦(F )].

It remains to argue that W is a linear subspace of V . Let x ∈ C◦(F ). Then
x ∈ C◦ and hence x is an order unit. For all z ∈ C◦ there exists an n ∈ N such that
nx > g−1(z), so for all m ≥ n we have 0 ≤ g(mx) < z. In particular, ‖g(nx)− 0‖u → 0
as n → ∞. W is a finite dimensional affine subspace of V and, hence, is closed. We
conclude 0 ∈ W and that W is a linear subspace.

In the sequel we will denote the restriction g|C◦(F ) : C◦(F ) → C◦(ϕ[F ]) simply by
gF . Similar as in Chapter 6, our first step is to construct a point symmetry for each
x ∈ C◦.
Proposition 7.4. Let (V,C, u) be an order unit space, such that C equals the sum of
its extreme rays and g : C◦ → C◦ an antihomogeneous order antimorphism. For x ∈ C◦
and y ∈ V the following limit exists

∆y
xg(x) := lim

t→0

g(x+ ty)− g(x)

t
.

Moreover, for any finite F ⊆ E(C) with span F∩C◦ non-emtpy the restriction gF : C◦(F )→
C◦(ϕ[F ]) is Fréchet differentiable.

Proof. Let F ⊆ E(C) with span F ∩ C◦ non-empty. As the restriction gF of g is an
antihomogeneous order antimorphism from C◦(F ) onto C◦(ϕ[F ]), [Wal13, Corollary 1.2]
yields that C◦(F ) and C◦(ϕ[F ]) are linearly isomorphic. Let h : C◦(F )→ C◦(ϕ[F ]) be
a linear order isomorphism and f = h−1 ◦ gF : C◦(F ) → C◦(F ). Then C◦(F ) is a
symmetric cone by Theorem 7.1, since f is an antihomogeneous order antimorphism.
Therefore, spanF is a Euclidean Jordan algebra with C◦(F ) as the interior of its cone
of squares, by the Koecher-Vinberg theorem. In [LRW, Theorem 3.2] the isometries for
Thompson’s metric on the interior of the cone of a JB-algebra are characterised. This
yields in our case that f is the composition of a linear bijection and the inversion map
with respect to the Jordan product. In general, the inversion map on the interior of a
cone in a JB-algebra is smooth, whose derivative at x is given by −Q−1x . We conclude
that f , and hence gF , is Fréchet differentiable. Let DgF (x) : span F → span F denote
the Fréchet derivative of gF at x.

Now let x ∈ C◦ and y ∈ V be given. Let F ⊆ E(C) be finite with x, y ∈ span F .
Then ∆y

xg(x) exists and is given by DgF (x)(y).

Results in Chapter 6, from Proposition 6.5 up to and including Theorem 6.9, now
directly follow in our case with the following modification. For any pair x, y ∈ C◦

we consider the restriction gF of g to a subcone C◦(F ), for some F ⊆ E(C) finite with
x, y ∈ span(F ), instead of the restriction gxy of g to the 2-dimensional subcone C◦(x, y).
We summarise these results here for convenience.
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Let x ∈ C◦. The map Gg,x : V → V defined by Gg,x(y) = −∆y
xg(x) is a linear order

isomorphism whose inverse is given by Gg−1,g(x). The symmetry at x defined by

Sx = G−1g,x ◦ g, (7.6)

is an antihomogeneous order antimorphism, whose Gateaux derivative satisfies DSx =
−Id and satisfies both Sx(x) = x and Sx ◦ Sx = Id on C◦.

Even though unnecessary for showing that C is homogeneous, we argue that the
point symmetries Sx have x as their unique fixed point in our setting, giving rise to
a globally symmetric Banach-Finsler manifold similar as in Remark 6.12. We need to
employ arguments different to those used in the strictly convex cone case. First we
make the following observation on closed balls of Hilbert’s metric.

Lemma 7.5. Let (V,C, u) be a complete order unit space. If y ∈ C◦ and r > 0, then
Br(y) ∪ {0} is a ‖.‖u-closed subcone of C, where Br(x) is the closed ball for Hilbert’s
metric centered at y with radius r.

Proof. Suppose y ∈ C◦ and r > 0 are given. Let B := Br(y) ∪ {0}. In [LN12,
Lemma 2.6.1] it shown that a closed ball for Hilbert’s metric in the interior of a finite
dimensional closed cone is projectively convex. From the arguments, however, it follows
that any closed ball for Hilbert’s metric is convex. Since Hilbert’s metric is constant on
rays it follows that B is a cone. We verify that B is closed for ‖.‖u. Suppose (xn)n∈N is
a sequence in B that converges to x ∈ C. We consider several cases. If x ∈ C◦ holds,
then eventually all xn ∈ B and as (a, b) 7→ M(a/b) is a continuous map from V × C◦
to R by [LLNW18, Lemma 2.2], and x ∈ B follows. In the case x ∈ ∂C\{0}, we obtain
a contradiction as eventually all xn ∈ B and dH(xn, y) tends to infinity. The last case
to consider is x = 0, which follows from 0 ∈ B.

Now we can show that the map Sx, for some x ∈ C◦, has x as a unique fixed piont,
by using that Sx is an isometry of Hilbert’s metric.

Lemma 7.6. For each x ∈ C◦ we have that Sx has x as a unique fixed point.

Proof. Suppose y ∈ C◦ is a fixed point of Sx and y 6= x. Due to Sx being antiho-
mogeneous it follows that y is not a scalar multiple of x. Consider the closed dH-ball
Br(y) centered at y with radius r = dH(x, y). Then B := Br(y) ∪ {0} is a ‖.‖u-norm
closed subcone of C by Lemma 7.5 with y ∈ B◦ and x ∈ ∂B. By the Hahn-Banach
theorem, let ψ : V → R be a ‖.‖u-norm continuous functional that supports B at x.
Then ψ(x) = 0, ψ(y) > 0 and ψ(v) ≥ 0 for all v ∈ B. Consider the dH-geodesic defined
by γ(t) = tx+ (1− t)y, for t ∈ [0, 1], which is fully contained in Br(y). We remark that
Sx[Br(y)] ⊆ Br(y) holds, as y is a fixed point of the dH- isometry Sx. Therefore, the
dH-geodesic t 7→ γ̂(t) := Sx(γ(t)) is also contained in Br(y).

Consider the composition ψ ◦ Sx : C◦ → R and remark that it is Gateaux differen-
tiable. We compute the Gateaux derivative of ψ ◦ Sx at x in the direction of y − x. As
(ψ ◦ Sx)(x) = ψ(Sx(x)) = ψ(x) = 0, we get

lim
t>0

(ψ ◦ Sx)(x+ t(y − x))− (ψ ◦ Sx)(x)

t
= lim

t>0

ψ(γ̂(t))

t
≥ 0.
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However, as ψ is linear we can compute the same derivative as follows

ψ(DSx(x)(y − x)) = ψ(x− y) = −ψ(y) < 0.

Here we used that DSx = −Id. This yields the desired contradiction and we conclude
that indeed x is the unique fixed point of Sx.

We continue our analysis of the point symmetries Sx induced by g and how their
existence guarantees that C◦ is a homogeneous cone. First off, we study the interaction
between such symmetries and unique geodesics with respect to Thompson’s metric. A
point symmetry Sx maps a unique dT -geodesic through x onto itself and reverses its
orientation, as we show below. A similar statement is made in Lemma 6.10 with the
difference being that there the cone is strictly convex, hence uniqueness of the geodesic
is automatic. Here we have to restrict the scope to unique geodesics. For an overview
of geodesics and their properties, see Section 1.5.

Lemma 7.7. Let x ∈ C◦. For a unique dT -geodesic line γ : R→ C◦ with γ(0) = x we
have Sx(γ(t)) = γ(−t), for all t ∈ R.

Proof. Let x ∈ C◦ and γ : R → C◦ a unique geodesic line with γ(0) = x. We remark
that γ̂ : R→ C◦ defined by γ̂(t) = Sx(γ(t)), for t ∈ R, is a unique geodesic as Sx is an
isometry under dT , and satisfies γ̂(0) = x. Suppose that γ is of type II. Then γ(t) = etx
for all t ∈ R. In this case, the antihomogeneity of Sx immediately yields

γ̂(t) = Sx(e
tx) = e−tSx(x) = e−tx = γ(−t).

In particular, this yields that as Sx is an involution that γ and γ̂ are necessarily of the
same type, as each unique geodesic is either of type I or of type II.

Suppose now that γ is a unique geodesic of type I. Then there two pairs r, s ∈ ∂C
and u, v ∈ ∂C with r + s = x and u + v = x such that γ(t) = etr + e−ts, and
γ̂(t) = etu + e−tv, for all t ∈ R. Recall that Sx is Gateaux differentiable and satisfies
DSx = −Id, and hence

γ̂′(0) = DSx(γ(0))(γ′(0)) = DSx(x)(r − s) = −r + s.

Computing the same derivative directly yields γ̂′(0) = u − v. In combination with
r + s = x = u+ v this yields r = v and s = u. Therefore, we conclude

Sx(γ(t)) = γ̂(t) = etu+ e−tv = e−tr + ets = γ(−t).

We verify that our cone has sufficiently many unique geodesics for Thompson’s
metric. Even though this is a direct consequence of [LR15, Theorem 4.3], we provide a
proof for the reader’s convenience.
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Lemma 7.8. Let x ∈ C◦ and r, s ∈ ∂C with x = r+ s. The type I geodesic γ : R→ C◦

through x defined by γ(t) = etr + e−ts, for all t ∈ R, is unique whenever r or s is an
extreme vector of C.

Proof. Let x ∈ C◦ and r, s ∈ ∂C be given with x = r + s. We remark that r 6= s. Let
γ denote the type I geodesic given by γ(t) = etr + e−ts, for all t ∈ R. Without loss of
generality we assume that r is an extreme vector.

By [LR15, Theorem 4.3] the geodesic γ is unique if no y ∈ V \{0} and ε > 0
exist such that r + λy and s + λy are elements of ∂C(r, s, y) for all |λ| < ε, where
C(r, s, y) = C ∩ span(r, s, y). Suppose the converse holds. Let λ ∈ R with |λ| < ε.
Then both r−λy and r+λy are in C and r lies on the straight line segment connecting
them. Therefore, as the extreme ray spanned by r is a face of the cone, we infer that
r+λy is a scalar multiple of r. In particular, y is a multiple of r. Now s−µr ∈ ∂C(r, s)
for some µ > 0, which yields a contradiction.

Combining the existence of unique type I geodesics for Thompson’s metric in the
direction of extreme rays, as given by Lemma 7.8, with the fact that a point symmety
Sx mirrors a unique geodesic through x, as shown in Lemma 7.7, we obtain information
on the automorphism group Aut(C◦).

Lemma 7.9. For any x ∈ C◦ and r ∈ V an extreme vector of C with x+ r ∈ C◦, there
exists an S ∈ Aut(C◦) such that S(x) = x+ r.

Proof. Let λ ∈ R and s ∈ ∂C such that x = r′+ s with r = λr′ and r′ ∈ C. We remark
that x + λr′ = x + r ∈ C◦, so λ > −1. Indeed, if λ ≤ −1 then x + r ≤ x − r′ = s
holds and x + r /∈ C◦ follows. Consider the geodesic line γ : R → C◦ for Thompson’s
metric defined by γ(t) = etr′ + e−ts, for t ∈ R. By Lemma 7.8, γ is unique. Let
α =
√

1 + λ > 0. Now γα(t) := αγ(t) is a unique geodesic through αx such that

γα(lnα) = αelnαr′ + αe− lnαs

= α2r′ + s

= (r′ + s) + λr′ = x+ r.

Let y = γα(1
2

lnα). Then t 7→ γα(t+ 1
2

lnα) is a unique dT -geodesic line and by Lemma
7.7 we get

Sy(αx) = Sy(γα(−1

2
lnα +

1

2
lnα) = γα(lnα) = x+ r.

Now consider the type II geodesic µ(t) = etx, which is necessarily unique. Let z =
µ(1

2
lnα). Then

Sz(x) = Sz(µ(−1

2
lnα +

1

2
lnα) = µ lnα = αx.

Consider the composition S = Sy ◦ Sz. We get S(x) = Sy(αx) = x + r. Moreover,
S is a composition of two antihomogeneous order antimorphisms and is, therefore, a
homogeneous order isomorphism. By [NS77, Theorem B], S is linear and we conclude
S ∈ Aut(C◦).
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We are in position to show that under the standing hypotheses C◦ is a homogeneous
cone.

Theorem 7.10. Let (V,C, u) be an order unit space, such that C equals the sum of its
extreme rays and g : C◦ → C◦ be an antihomogeneous order antimorphism. Then C◦ is
homogeneous.

Proof. Let x, y ∈ C◦ be given. By assumption we can write y − x =
∑n

i=1 σiri with
all ri ∈ C extreme vectors and σi ∈ {−1, 1}. We reorder the indices if necessary such
that the σi form a sequence of exclusively positive signs followed by negative signs. Let
x0 = x and for k ∈ {1, . . . n} we let xk = x +

∑k
i=1 σiri. For each k ∈ {1, . . . , n}, we

denote by Sk the automorphism of C◦, obtained by Lemma 7.9, that maps xk−1 to xk.
The automorphism defined as the composition S := Sn ◦ . . . ◦ S1 satisfies S(x) = xn =
y.

Self-dual cone in a Hilbert space

We show that under the standing hypotheses, our vector space V can be endowed with
an inner product that makes V a Hilbert space, and that C◦ is self-dual for this inner
product.

Construction of an inner product

Our strategy in constructing a bilinear form on V ⊕ V , is to build it up from inner
products induced by the finite dimensional subcones of C◦ that are symmetric. From
Lemma 7.3 we know that for any finite F ⊆ C◦ with span F ∩ C◦ non-empty we have
g[C◦(F )] = C◦(ϕ[F ]). In the situation F = ϕ[F ], the restriction gF is an antihomo-
geneous order antimorphism from the interior of a finite dimensional closed cone to
itself and, due to Theorem 7.1(Walsh), C◦(F ) is a symmetric cone. A priori, it is not
apparent that there exists a finite subset F ⊆ E(C) with ϕ[F ] = F .

We remark, however, that the point symmetry Su : C◦ → C◦ given by (7.6) is an
antihomogeneous order antimorphism that, in addition, is an involution. Henceforth,
we assume without loss of generality that g is an involution. This means that the
corresponding ϕ is also an involution. For a finite subset F ⊆ E(C) with span F ∩ C◦
non-empty we now define

F ∗ := F ∪ ϕ[F ],

and remark that ϕ[F ∗] = F ∗. Now gF ∗ : C◦(F ∗)→ C◦(F ∗) is an antihomogeneous order
antimorphism. By Theorem 7.1 there exists an inner product (· | ·)F ∗ on span(F ∗) ⊕
span(F ∗), for which C◦(F ∗) is self-dual and that satisfies (7.1).

It is convenient to introduce some notation. Recall that the M -function is defined
by

M(x/y) = inf{α ≥ 0: x ≤ αy},
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for x ∈ C and y ∈ C◦. If multiple cones are under consideration, we denote the
same functions by M(·/· ;C) to emphasize the dependence on the cone C. An obvious
fact is that for any finite F ⊆ E(C) with span F ∩ C◦ non-empty we have M(x/
y ;C(F )) = M(x/y ;C), for all x ∈ C(F ) and y ∈ C◦(F ).

Lemma 7.11. Let F and G be finite subsets of E(C). Then we have

(x | y)F ∗ = (x | y)G∗ ,

for all x, y ∈ span(F ∗) ∩ span(G∗).

Proof. It is sufficient to consider the case F ⊆ G, since for any F,G ⊆ E(C) finite, the
union F ∪G is also finite and contains both F and G. Let x ∈ C(F ∗) and y ∈ C◦(F ∗)
be given. By (7.1) we get for all y ∈ C◦(F ∗) and x ∈ R, for some R ∈ F ∗, that

(x | y)F ∗ = M(x/g(y); C◦(F ∗)) = M(x/g(y); C◦(G∗)) = (x | y)G∗ .

As (· | ·)F ∗ and (· | ·)G∗ are bilinear, and both C◦(F ∗) and the union of rays in F ∗

generate span(F ∗), this yields the assertion.

We are now in position to construct an inner product on V ⊕ V for whch C◦ is a
domain of positivity.

Theorem 7.12. Let (V,C, u) be an order unit space, such that C equals the sum of its
extreme rays and g : C◦ → C◦ be an antihomogeneous order antimorphism. Then there
exists an inner product (· | ·) on V such that

C◦ =
{
v ∈ V : (v | x) > 0 for all x ∈ C\{0}

}
. (7.7)

Proof. As before, we assume without loss of generality that g is an involution, by
replacing it with Su if necessary. For any pair (x, y) ∈ V ⊕ V there exists a finite
F ⊆ E(C) with x, y ∈ span(F ). The quantity

B(x, y) = (x | y)F ∗ ,

is well-defined according to Lemma 7.11. The properties of B : V ⊕ V → R of being
bilinear, symmetric and positive-definite follow, as they are verified on a finite set of
vectors. Indeed, any such finite set of vectors is contained in a subcone C◦(F ∗), whose
corresponding inner product (· | ·)F ∗ has these listed properties by Theorem 7.1 and
determines B. Thus (· | ·) := B(·, ·) defines an inner product on V ⊕ V .

We prove (7.7). Let v ∈ C◦. For x ∈ C\{0} there exists a finite F ⊆ E(C) with
v, x ∈ span(F ). Then (v | x) = (v | x)F ∗ > 0, as C◦(F ∗) is self-dual for (· | ·)F ∗ due to
Theorem 7.1. For the reverse inclusion, suppose v ∈ V is contained in the right-hand
side of (7.7). Let F ⊆ E(C) be finite with v ∈ span(F ). Then for all x ∈ C(F ∗)\{0}
we have (v | x)F ∗ = (v | x) > 0. Hence, the self-duality of C◦(F ∗) for (· | ·)F ∗ yields
that v ∈ C◦(F ∗) ⊆ C◦.
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Finite rank and completeness

We argue that the inner product constructed in Proposition 7.12 induces a complete
norm, by showing that the induced inner product norm is equivalent to the order unit
norm. For this purpose, we introduce a concept of rank in our space. For x ∈ V we
define its rank, denoted by ρ(x), as the smallest number of extreme vectors needed to
linearly span x. Remarkbly, there exists a global bound on the rank of elements in V ,
as a consequence of C◦ being a homogeneous cone.

Lemma 7.13. For x ∈ V we have ρ(x) ≤ 2ρ(u).

Proof. Put m := ρ(u). Let r1, . . . , rm ∈ C be extreme vectors such that u =
∑m

i=1 λiri,
for some λi ∈ R, for i = 1, . . . ,m. Let y ∈ C◦. By Theorem 7.10 there exists a linear
order isomorphism S : C → C such that S(u) = y. We get y = S(u) =

∑m
i=1 λiS(ri).

By Corollary 3.2, the vectors S(ri) are extreme, for i = 1, . . . ,m. Hence ρ(y) ≤ m. As
C◦ generates V , we obtain for all x ∈ V that ρ(x) ≤ 2m = 2ρ(u).

We briefly recall the spectral theory for finite dimensional formally real Jordan
algebras, as also outlined in Section 1.6. The spectral theory allows us to express the
norm induced by the inner product in terms of the eigenvalues of an element. Let (A, ◦)
be a finite dimensional formally real Jordan algebra with unit e. A c ∈ A is said to be
an idempotent if c2 = c. An idempotent c ∈ A is considered primitive if c is non-zero
and cannot be written as the sum of two non-zero idempotents. A set {c1, . . . , ck} ⊆ A
of primitive idempotents is called a Jordan frame if ci ◦ cj = 0, for all i 6= j, and∑k

i=1 ci = e. The Spectral Theorem [FK94, Theorem III.1.2] says that for each a ∈ A
there exists a Jordan frame {c1, . . . , ck} and unique real numbers λ1 ≤ . . . ≤ λk such
that a =

∑k
i=1 λici. In fact, σ(a) = {λ1, . . . , λk}. Here the number k ∈ N is indepedent

of a and satisfies k ≤ dimA.

Proposition 7.14. Suppose (V,C, u) be a complete order unit space, such that C equals
the sum of its extreme rays and g : C◦ → C◦ an antihomogeneous order antimorphism.
Then V can be endowed with an inner product (· | ·) such that (7.7) holds and (V, (· | ·))
is a Hilbert space.

Proof. Let (· | ·) be the inner product as obtained in Theorem 7.12. Then (7.7) is
satisfied. Let ‖.‖2 denote the norm induced by (· | ·), i.e., for x ∈ V we have ‖x‖2 =√

(x | x). As (V,C, u) is assumed to be complete, it suffices to argue that ‖.‖2 and ‖.‖u
are equivalent. Let n := 6ρ(u) and m := ‖u‖22. We define

τ(x, y) =
n

m
(x | y), x, y ∈ V.

Remark that τ is a positive definite symmetric bilinear form on V ⊕ V .
Let x ∈ V be given. By Lemma 7.13 there exists a F ⊆ E(C) such that x, u ∈

span(F ) and dim span(F ) ≤ 3ρ(u). Let A := span(F ∗) and remark that dimA ≤
6ρ(u) = n. By construction τ(u, u) = n. Since C◦(F ∗) is a symmetric cone for (· | ·),
by [Koe62, Theorem VI.15], there exists a bilinear product ◦ : A ⊕ A → A such that
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(A, ◦) is a formally real Jordan algebra, such that A◦+ = C◦(F ∗). Moreover, due to
[Koe62, Theorem III.13] the unit of (A, ◦) is u and τ(a, b) = TrL(a ◦ b), for all a, b ∈ A.
Here L(a ◦ b) denotes left multiplication by a ◦ b. By the Spectral Theorem there
exists a Jordan frame {c1, . . . , ck} and unique real numbers λ1 ≤ . . . ≤ λk such that
x =

∑k
i=1 λici. As the ci are pairwise orthogonal idempotents we get x2 =

∑k
i=1 λ

2
i ci.

Now we compute

‖x‖2 =
m

n

√
τ(x, x) =

m

n

√
TrL(x2) =

m

n

√√√√ k∑
i=1

λ2i TrL(ci). (7.8)

The possible eigenvalues of L(c) for an idempotent c ∈ A are 0, 1
2

and 1 by [FK94,
Proposition III.1.3] and, hence, for i = 1, . . . , k we have 1 ≤ TrL(ci) ≤ n. Next we
want to describe ‖x‖u. Remark that as u ∈ C(F ∗) = A+, that computing the order
unit norm of x in (V,C, u) yields the same as in (A,A+, u). So from u =

∑k
i=1 ci we

obtain ‖x‖u = max{|λ1|, . . . , |λk|}. Let j ∈ {1, . . . , k} be such that |λj| = ‖x‖u. We

then get ‖x‖u ≤
√∑k

i=1 λ
2
i ≤ k‖x‖u. Combining this with k ≤ dimA ≤ n and (7.8)

we get
m

n
‖x‖u ≤ ‖x‖2 ≤ m

√
n‖x‖u.

Since n and m are defined independent on the choice of x we conclude that ‖.‖2 and
‖.‖u are equivalent.

JH-algebras

A real Jordan algebra H that is a Hilbert space with an inner product (· | ·) which is
associative, that is,

(a ◦ b | c) = (b | a ◦ c) a, b, c ∈ H,

is called a JH-algebra. It is shown in [Chu17, Theorem 3.1] that, as an infinite dimen-
sional generalisation of the Koecher-Vinberg theorem, a symmetric cone in a Hilbert
space arises precisely as the interior of the cone of squares of unital JH-algebra. We
have shown that a complete order unit space (V,C, u), such that C equals the sum of its
extreme rays and C◦ admits an antihomogeneous order antimorphism, can be endowed
with an inner product turning V into a Hilbert space in which C◦ is a symmetric cone.
Therefore, by the result of Chu, under those assumptions V is a unital JH-algebra
with C as its cone of squares. The converse of this last statement also holds. In or-
der to prove this, it is convenient to consider the following characterisation of unital
JH-algebras, which including its proof is due to Roelands and Wortel through personal
communication.

Lemma 7.15. A unital JH-algebra is a finite direct sum of formally real Jordan alge-
bras and spin factors.
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Proof. Let H be a unital JH-algebra. By [Chu17, Lemma 2.6] the order unit norm
is equivalent with the norm from the inner product. Hence, H is reflexive and has
a predual. In particular, H is a JBW-algebra. Let z ∈ H be the central projection
such that zH is the nonatomic part of H. Suppose z 6= 0. We split z into a sum
of two non-trivial orthogonal projections. One of them we split again into the sum
of two non-trivial orthogonal projections, and so on. This process does not terminate
in finite steps as zH is purely non-atomic. We obtain an infinite sequence (pn)∞n=1

of pairwise orthogonal projections. The JB-subalgebra generated by these projections
is associative, and is isometrically isomorphic to some C0(S), for a locally compact
Hausdorff space S. Then the map

(λn) 7→
∞∑
n=1

λnpn,

is an isometric embedding of c0 into H, contradicting the reflexivity of H. Hence, z = 0
and H is an atomic JBW-algebra. Therefore, by [AS03, Proposition 3.45], H is a direct
summand of type I JBW-factors. Since by the above arguments H cannot contain an
infinite collection of orthogonal projections, this is a finite direct sum and each factor
is of finite type. A finite type I JBW-factor is a spin factor or the self-adjoint matrices
over R,C,H or the 3× 3-matrices over O.

Using these results on JH-algebras we can now fully characterise the symmetric
cones in infinite dimensions.

Theorem 7.16. Let (V,C, u) be a complete order unit space. Then C equals the sum of
its extreme rays and there exists an antihomogeneous order antimorphism g : C◦ → C◦

if and only if C◦ is a symmetric cone.

Proof. Suppose that C equals the sum of its extreme rays and g : C◦ → C◦ is an
antihomogeneous order antimorphism. Then by Theorem 7.12 there exists an inner
product (· | ·) on V , which by Proposition 7.14 turns V into a Hilbert space, for which
C◦ is a self-dual cone by (7.7). Moreover, C◦ is a homogeneous cone due to Theorem
7.10. We conclude that C◦ is in fact a symmetric cone.

Conversely, suppose that (V, (· | ·)) is a Hilbert space such that C◦ is a symmetric
cone with respect to (· | ·). Then by [Chu17, Theorem 3.1], V can be endowed with
a Jordan product turning into a unital JH-algebra such that C◦ is the interior of the
cones of squares. Now by our characterisation of unital JH-algebras in Lemma 7.15
we know that V is a finite direct summand of formally real Jordan algebras and spin
factors. The cone in any formally real Jordan algebra or spin factor equals the sum of
its extreme rays and, hence, as C is a finite direct sum of such cones it also equals the
sum of its extreme rays. Lastly, the inversion map ι : C◦ → C◦ defined by x 7→ x−1 is
an antihomogeneous order antimorphism.
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Automatic antihomogeneity

In this last section we argue that the antihomogeneous condition imposed on g in The-
orem 7.16 is superfluous. Our strategy is to decompose our cone C into an engaged
part and a disengaged part. Using Proposition 7.2 we can show that an antimorphism
g : C◦ → C◦ respects this decomposition. Restricted to the engaged part g will auto-
matically become antihomogeneous, by results from [Wal18], and by Theorem 7.16 this
part is symmetric. The disengaged part of C must be finite dimensional, and as all
its extreme rays are linearly independent it is isometrically isomorphic to a standard
Euclidean cone, which is symmetric.

Henceforth let (V,C, u) be a complete order unit space, such that C equals the sum of
its extreme rays and g : C◦ → C◦ an order antimorphism. As before let ϕ : E(C)→ E(C)
be the bijection, as obtained in Proposition 7.2, corresponding to g. Furthermore, we
introduce the notations RD and RE for the collection of disengaged extreme rays and
engaged extreme rays of C, respectively. Let VD := span RD and VE := span RE.

Lemma 7.17. Under the standing hypotheses (V,C) = (VD, C(RD)) ⊕ (VE, C(RE)),
as a direct sum of partially ordered vector spaces.

Proof. Let x ∈ C. By assumption there exist extreme vectors x1, . . . , xn ∈ C such that
x =

∑n
i=1 λixi. Let I be the subset of {1, . . . , n} consisting of those indices for which

the corresponding xi is a disengaged vector and let J be the complement of this set.
Then by construction xD =

∑
i∈I xi ∈ C(RD) and xE =

∑
j∈J xj ∈ C(RE).

Suppose now that x ∈ VD ∩ VE and x 6= 0. We write

x =
n∑
i=1

xi =
m∑
j=1

yj,

with xi ∈ V disengaged extreme vectors and yj ∈ V engaged extreme vectors. It follows
from

x1 =
m∑
j=1

yj −
n∑
i=2

xi

that x1 is engaged, which yields a contradiction. We conclude VD ∩ VE ⊆ {0}.

Due to Lemma 7.17 we can write u = (uD, uE) with uD ∈ C(RD) and uE ∈ C(RE).
Then uD and uE are order units in C(RD) and C(RE), respectively. Moreover, we get

C◦ = C◦(RD)× C◦(RE).

In what follows we argue that g factors of this direct sum.

Lemma 7.18. Under the standing hypotheses, ϕ[RD] = RD and ϕ[RE] = RE.

Proof. Let R ∈ RE be given. Then there exists a finite F ⊆ RE\{R} with R ∈ span F
and span F ∩ C◦ 6= ∅. By Lemma 7.2 we get

ϕ(R) ∈ g[C◦(F )] = C◦(ϕ[F ]).
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As ϕ is injective, ϕ(R) /∈ ϕ[F ] so ϕ(R) is engaged. We conclude ϕ[RE] ⊆ RE. Since g−1

is also an order antimorphism we get by Lemma 7.2 the reverse inclusion RE ⊆ ϕ[RE].
Due to ϕ being bijective we also obtain ϕ[RD] = RD.

Lemma 7.19. There exist order antimorphisms gD : C◦(RD)→ C◦(RD) and gE : C◦(RE)→
C◦(RE) such that for all (xD, xE) ∈ C◦(RD)× C◦(RE) we have

g((xD, xE)) = (gD(xD), gE(xE)).

Proof. Let x = (xD, xE) and y = (yD, yE) be given in C◦ = C◦(RD)×C◦(RE). Suppose
xD = yD holds. Then x = y +

∑n
i=1 ri for some ri ∈ Ri with Ri ∈ RE, for i = 1, . . . , n.

Relabelling the indices such that x1, . . . , xj < 0 and xj+1, . . . , xn > 0 for some j ∈
{1, . . . , n}, guarantees that y +

∑k
i=1 ri ∈ C◦ for all k = 1, . . . , n. Due to Lemma 7.2

we obtain

g(x)− g(y) = g

(
y +

n∑
i=1

ri

)
− g(y) ∈ span ϕ[RE].

As ϕ[RE] = RE by Lemma 7.18, we remark that g(x)−g(y) ∈ VE. In other words, g(x)
and g(y) coincide in their first argument with respect to the decomposition obtained in
Lemma 7.17. Similarly, if g(x) and g(y) coincide in the first argument, then by applying
the same arguments to g−1 also x and y coincide in the first argument. This shows that
gD(xD) = g(xD, xE) is well-defined independent of xE. Analogously, as Lemma 7.18
yields ϕ[RD] = RD, we obtain that gE(xE) = g(xD, xE) is well-defined independent of
xE. That both gD and gE are order antimorphisms now follows from the fact that g is
an order antiomorphism.

On the engaged part of our cone the order antimorphism automatically becomes
antihomogeneous, as a consequence of the finite dimensional result by Walsh, which
states that an order antimorphism between the interiors of two closed cones is antiho-
mogeneous whenever one of the cones does not contain a disengaged extreme vector.

Lemma 7.20. The order antimorphism gE as in Lemma 7.19 is antihomogeneous.

Proof. Let x ∈ C◦(RE) and λ ∈ R◦+ be given. Let F ⊆ RE be finite such that
x ∈ C◦(F ). Then gE restricts to an order antimorphism g̃E : C◦(F ) → C◦(ϕ[F ]) by
Lemma 7.3. We remark that C◦(F ) does not contain a disengaged extreme ray. Now
[Wal18, Theorem 1.1] yields that g̃E is antihomogeneous and

gE(λx) = g̃E(λx) = λ−1gE(x).

In contrast to the engaged part, the order antimorphism gD need not be antiho-
mogeneous. This, however, is not of importance as the disengaged part of the cone
C◦(RD) is linearly isomorphic to a standard finite dimensional cone and, therefore, is
symmetric.
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Lemma 7.21. Let (V,C, u) be an order unit space. If all extreme rays of C are dis-
engaged and C equals the sum of its extreme rays, then C is linearly isomorphic to a
standard Euclidean cone.

Proof. LetR denote the collection of extreme rays of C. By assumption we can write the
order unit u as a linear combination of finitely many extreme vectors, say u =

∑n
i=1 ri

with ri ∈ Ri ∈ R for all i. Suppose there exists an R ∈ R with R 6= Ri for i = 1, . . . , n.
Let r ∈ R with r ≤ u. Now write u − r =

∑m
j=1 sj with all sj extreme vectors. Then

we compute

r = u− (u− r) =
n∑
i=1

ri −
m∑
j=1

sj.

In particular, this contradicts that r is a disengaged extreme vector by assumption.
We have shown that R does not contain additional rays besides R1, . . . , Rn. Thus R
is finite. Since V is the linear span of the extreme rays, V is finite dimensional. As all
extreme rays are disengaged, any collection of reprensentatives form an algebraic basis
for V . The basis transformation that maps this basis onto the standard coordinate
basis is the desired linear order isomorphism from (V,C) onto (Rn,Rn+).

We obtain a slight improvement for our characterisation of symmetric cones in
infitine dimensions, Theorem 7.16, by dropping the antihomogeneous condition on g.

Theorem 7.22. Let (V,C, u) be a complete order unit space. Then C equals the sum
of its extreme rays and there exists an order antimorphism g : C◦ → C◦ if and only if
C◦ is a symmetric cone.

Proof. Let (V,C, u) be a complete order unit space, C the sum of its extreme rays and
g : C◦ → C◦ be an order antimorphism. By Lemma 7.17 we get C◦ = C◦(RD)×C◦(RE).
Let gD and gE be the order antimorphisms as obtained in Lemma 7.19. Since gE :
C◦(RE) → C◦(ϕ[RE]) is antihomogeneous by Lemma 7.20 the cones C◦(RE) and
C◦(ϕ[RE]) are linearly isomorphic. In particular, all extreme rays in C◦(ϕ[RE]) are
engaged. Thus we get C◦(ϕ[RE]) ⊆ C◦(RE) and hence ϕ[RE] ⊆ RE. As all arguments
also apply to g−1 we get ϕ[RE] = RE. We conclude that gE : C◦(RE)→ C◦(RE) is an
antihomogeneous order antimorphism. By Theorem 7.16, C◦(RE) is a symmetric cone.
Due to Lemma 7.21 the cone C◦(RD) is linearly isomorphic to a standard Euclidean cone
and, in particular, is a symmetric cone. Hence, the product C◦ = C◦(RD)×C◦(RE) is
also symmetric. The converse statement follows from Theorem 7.16.


