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Let G be a topological group and H a normal subgroup of G. A set of topological
normal generators of H in G is a subset X of H such that {gxg−1 : x ∈ X, g ∈ G}
is a set of topological generators of H.

Let p be a prime number and suppose that G is a pro-p group. Let moreover
r be a positive integer. Then the group G is isomorphic to Zr

p if and only if for
every open normal subgroup N of G, a set of topological normal generators of N
in G of smallest possible size has cardinality r.

5

Let L/K be a finite Galois extension of fields, with Gal(L/K) being an elementary
abelian 2-group and with char(K) �= 2. Denote by F2[Gal(L/K)] the group ring
of Gal(L/K) with coefficients in F2; this is a local Gorenstein F2-algebra. For an
element α ∈ L∗ denote by L̃√

α the normal closure of L(
√
α) over K. Then the

element NL/K(α) is not in L∗2 if and only if

Gal(L̃√
α/K) �grp. F2[Gal(L/K)]�Gal(L/K),

where the implicit action in the semidirect product is given by the regular repre-
sentation.

6

Let r be a positive integer and p a prime number. Let A be a free module over the
ring Z/pr+1Z and G be a subgroup of Autgr(A). Suppose that p−1 > rkZ/pr+1Z(A)
and that AG admits a cyclic direct summand of size pr. Then there exists a cyclic
subgroup H0 of G such that AH0 admits a cyclic direct summand of size pr.

7

Let p be a prime number. Let G := (Z/pZ)2. Then there is a Z/p2Z[G]-module
A, free of rank p(p + 1) as a Z/p2Z-module, such that AG admits a cyclic direct
summand of size p, but AH doesn’t for any proper subgroup H of G.

For a commutative ring R and for an R-module N , the annihilator of N is the set
AnnR(N) := {x ∈ R : ∀n ∈ N, xn = 0}; it is an ideal of R. An R-module N is
said to be faithful if AnnR(N) = 0.

8

Let R be a commutative ring, M a faithful R-module and J an ideal of R. Then
M/AnnR(J)M is a faithful R/AnnR(J)-module.

9

Let k be a field and A a commutative k-algebra such that dimk(A) < ∞. Suppose
A has a unique maximal ideal mA, and that dimk(A/mA) = 1. Let M be a faithful
A-module. Then

dimk(M) ≥ 2
√

dimk(A)− 1.

126

Carlo Pagano-BNW.indd   147 20-11-18   19:41



Acknowledgments

I want to express my deepest gratitude to Hendrik Lenstra for the mathematics
that I have learned out of our frequent meetings, during the past 4 years. I am
especially grateful for all the insightful conversations that were not directly related
to the present dissertation or to my own research. Yet, all these meetings have
had a tremendous impact on this thesis and on my contributions elsewhere, as
they shaped my way of organizing mathematical knowledge and of thinking about
mathematical problems. I would also like to thank him for extraordinary patience
and perseverance in trying to improve my unsatisfactory communication skills.

I am very grateful to Jan-Hendrik Evertse for suggesting interesting projects
about the unit equation to Peter Koymans and me, and for providing important
feedback on our progress and helpful remarks on earlier versions of our articles.

Many thanks to Peter Stevenhagen and Ronald Van Luijk, for several helpful
conversations about mathematics, and also for investing a substantial amount of
time and energies in providing constructive criticism of my deficiencies in commu-
nicating mathematics.
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I am indebted to René Schoof for educating me in algebra and number theory
during my bachelor and master courses in Rome and for helping me to find a Ph.D.
position in Leiden.

Many results of this thesis were stimulated by the presence of the Kloosterman
seminar that has taken place in Leiden from the Summer of 2016 until the Spring of
2017. All the participants are warmly thanked for contributing to such an inspiring
atmosphere. Two of them deserve special gratitude. I am grateful to Efthymios
Sofos for our fruitful collaborations, for teaching me some analytic number theory
and for constructive criticism of my defective communication skills. Many thanks
go to Peter Koymans for all the energy and open minded collaboration that he
invested in the past 2 years of weekly meetings on challenging mathematical prob-
lems.

It is a pleasure to thank Mima Stajnokovski, Djordjo Milovic and Raymond Van
Bommel for frequent mathematical discussions and for their precious friendship.

The University of Warwick, the Max Planck Institute and the University of
Glasgow are gratefully acknowledged for their kind hospitality.

For all sorts of practical help I thank Carla Musella, Bianca Magliano, Paola,
Guido, Marco and Paolo Pagano and Guido Lido. I thank all of them also for
encouraging me to focus on the present dissertation, as well as for occasionally
distracting me from it with refreshing conversations.

127

acknowledgments

149

Carlo Pagano-BNW.indd   149 20-11-18   19:41



Carlo Pagano-BNW.indd   150 20-11-18   19:41



Curriculum Vitae

Carlo Pagano-BNW.indd   151 20-11-18   19:41



Curriculum Vitae

Carlo Pagano was born on March 17, 1990, Naples (Italy), where he received his
pre-university education, with a focus on classical studies and music. He received
his high school diploma from Liceo Classico A. Genovesi, Napoli.

After high school, Carlo enrolled in a B.A. in mathematics at the University of
Rome Tor Vergata. During this period he participated in several mathematical
competitions for university students and in 2012 he obtained a silver medal at the
IMC. He graduated in 2013 with a thesis on structural and combinatorial aspects
of finite Coxeter groups: the thesis was titled Gruppi di riflessione finiti and was
supervised by Ilaria Damiani. In 2013 he enrolled in a Master program in Math-
ematics in the same university, where he was awarded a scholarship funded by
INDAM (Istituto Nazionale di Alta Matematica), upon obtaining second place-
ment at the corresponding national exam. He received his Master degree from the
University of Rome Tor Vergata in September 2014. His master thesis, entitled Il
teorema di Fontaine, was supervised by René Schoof.
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