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STELLINGEN

Stellingen
1

Let p be a prime number and let K be a field with char(K) = p. Let I' C K* x K*
be a finitely generated subgroup. Denote by r := dimg(I' ®7 Q). Then

#{(r,y) e T —TP:04y=1} <31-19".

2

Let p be an odd prime number and denote by ¢, an element of Q" having multi-
plicative order equal to p. Let d be in pZs;. For each h € {1, ...,d—1} we say that a
polynomial g(z) = 2¢ + 32920 a;a’ in Q,((y)[2] is h-Eisenstein if a; € (1—C,)Z,[C,)
for each i € {0,...,d — 1} and a; € (1 — (,)Z,[¢,] — (1 — ()*Z,[¢,) if and only if
i€ {0,h}.

Let k,j be in {1,...,d — 1} with ged(p, kj) = 1, and let r(x), r2(x) be respec-
tively k- and j-Eisenstein polynomials of degree d. Then one has k = j if and only
if there is a group isomorphism ¢ : (ZPK””“} )= (ZPKPMM )* such that

ri(z1) ro(x2)
Zp[Gpl (1] Zp[Gpl 2]
1+xn PL>Sp — 1+xn PLSp ,
SO( 1 7,1(1,1) ) 2 7"2(1’2)
for every positive integer n.
3

For a number field K and a positive integer ¢, we denote by Cl(K) the class group
of K and by CI(K ¢) the ray class group of conductor ¢ of K.

Let [ be a prime number congruent to 3 modulo 8. Let P be the set of imag-
inary quadratic number fields K such that disc(K) is congruent to 1 modulo 4,
2C1(K)[2°] is a cyclic non-trivial group and [ is inert in K. Let Py be the set of
K € P such that Cl(K,1)[2%] b4 Z/4Z & CI(K)[2%]. We have that

lim #{K € Py : |disc(K)| < X} 1

Xooo #{K € P :|disc(K)| < X} 2

Moreover, if K € P — Py then 2CI(K,1)[2%] is also cyclic with #2Cl(K,1)[2*°] =
2 - #2C1(K)[2>].
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4

Let G be a topological group and H a normal subgroup of G. A set of topological
normal generators of H in G is a subset X of H such that {gzg™' : 2 € X, g € G}
is a set of topological generators of H.

Let p be a prime number and suppose that G is a pro-p group. Let moreover
r be a positive integer. Then the group G' is isomorphic to Z; if and only if for
every open normal subgroup N of G, a set of topological normal generators of N
in G of smallest possible size has cardinality 7.

5

Let L/K be a finite Galois extension of fields, with Gal(L/K) being an elementary
abelian 2-group and with char(K) # 2. Denote by Fo[Gal(L/K)] the group ring
of Gal(L/K) with coefficients in Fy; this is a local Gorenstein Fy-algebra. For an
element o € L* denote by L s the normal closure of L(y/a) over K. Then the
element Ny (c) is not in L** if and only if

Gal(L /5/K) ~gpp, Fo[Gal(L/K)] % Gal(L/K),
where the implicit action in the semidirect product is given by the regular repre-
sentation.

6

Let r be a positive integer and p a prime number. Let A be a free module over the
ring Z/p"*t'Z and G be a subgroup of Autg, (A). Suppose that p—1 > rky pr+17(A)
and that A% admits a cyclic direct summand of size p". Then there exists a cyclic
subgroup Hy of G such that AH° admits a cyclic direct summand of size p".

7

Let p be a prime number. Let G := (Z/pZ)*. Then there is a Z/p*Z[G]-module
A, free of rank p(p + 1) as a Z/p*Z-module, such that A% admits a cyclic direct
summand of size p, but A7 doesn’t for any proper subgroup H of G.

For a commutative ring R and for an R-module N, the annihilator of N is the set
Amng(N) :={z € R:V¥n € N,zn = 0}; it is an ideal of R. An R-module N is
said to be faithful if Aung(N) = 0.

8

Let R be a commutative ring, M a faithful R-module and J an ideal of R. Then
M/Anng(J)M is a faithful R/Anng(J)-module.
9

Let k be a field and A a commutative k-algebra such that dimy(A) < co. Suppose
A has a unique maximal ideal m 4, and that dimg(A/m4) = 1. Let M be a faithful
A-module. Then

dimy (M) > 24/dimg(A) — 1.

146



