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Chapter 3

The density of fibres with a
rational point for a fibration
over hypersurfaces of low de-
gree

A wictory is twice itself when the achiever brings home full numbers

Leonato, MucH ADO ABOUT NOTHING, Scene 1.1, line 5

This chapter is an adapted version of a paper that is being prepared jointly
with Efthymios Sofos, and for which a preprint is available online [SVM18].

3.1 Introduction

Serre’s problem [Ser90] regards the density of elements in a family of va-
rieties defined over Q that have a QQ-rational point. Special cases have
been considered by Hooley [Hoo93, Hoo07|] Poonen—Voloch [PV04], So-
fos [Sof16], Browning-Loughran [BL17|, and Loughran-Takloo-Bighash—
Tanimoto |[LTBT17]. The recent investigation of Loughran [Loul3| and
Loughran—Smeets [LS16] provides an appropriate formulation of the prob-
lem and proves the conjectured upper bound in considerable generality.

Assume that X is a variety over Q equipped with a dominant morphism
¢ : X — Pp. Letting H denote the usual Weil height on P"(Q), Loughran
and Smeets conjectured |[LS16, Conj.1.6] under suitable assumptions on
¢, that for all large enough positive ¢, the cardinality of points b € P"(Q)
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3.1. INTRODUCTION

with height H(b) <t and such that the fibre ¢ ~1(b) has a point in R and
Qp for every prime p, has order of magnitude

#{beP"(Q): H(b) <t}
(log t)A(®)

for a non-negative quantity A(¢) that is defined in [LS16, Eq.(1.3)].

The cardinality of fibres of height ¢ and possessing a Q-rational point is
bounded by the quantity they considered, while the two quantities coincide
if every fibre satisfies the Hasse principle. The problem of obtaining the
conjectured lower bound for the number of fibres of bounded height with
a Q-rational point when ¢ is general is considered rather hard because
there is no general machinery for producing Q-rational points on varieties.

There are only two instances in the literature of the subject where asymp-
totics have been proved unconditionally:

e the base of the fibration is a toric variety (Loughran [Loul3|),

e the base of the fibration is a wonderful compactification of an adjoint
semi-simple algebraic group (Loughran—Takloo-Bighash—-Tanimoto
[LTBT17)).

Our aim in this chapter is to extend the list above by proving asymptotics
in a case of a rather different nature. The base of the fibration of our main
theorem will be a generic hypersurface of large dimension compared to its
degree.

3.1.1 The set-up of our results

Let f; and fa be homogeneous forms in Z[to, ... ,t,—1], of equal and even
degree d > 0 subject to some assumptions which are to follow.

We assume that both the projective varieties defined by f1(t) = 0 and
fa(t) = 0 are smooth. Moreover we assume that the variety defined by
fi(t) = fa(t) = 0 is a complete intersection. This is satisfied for generic f;
and fo of fixed degree and in a fixed number of variables. The next condi-
tion is artificial in nature but its presence allows to adapt the arguments
of Birch [Bir62] to our problem. Letting o(fi, f2) denote the dimension of

the variety given by
o F N\ LSi<2
rk < fz) (x) <1

Ox; 0<j<n—1
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3.1. INTRODUCTION

when considered as a subvariety in Ag, we shall demand the validity of

n—o(f1, f2) > 3(d — 1)2d. (3.1)

With more work along the lines of the present chapter, most of these
assumptions may be removed. However, the assumption that deg(f;) is
even seems necessary and is vital for the entire strategy of the proof.
We discuss some possible adaptations after stating the main result of our
work.

REMARK 3.1.1. We assume that the varieties defined by f;(t) = 0 are
smooth, so they are also irreducible since smooth hypersurfaces in P!
are irreducible if n > 3 holds. In particular we have n > 12 by (3.1).

Let B C }P’&_l be the hypersurface given by fa(t) = 0. We recall that
by the work of Birch [Bir62], B satisfies the Hasse principle, and more-

over it satisfies weak approximation by work of Browning and Heath-
Brown [BHB17|. From now on we also assume B(Q) # 0.

For every i € {0,...,n—1} consider the subvariety X; of IE% X A&*l defined
by

SL'% + -T% :fl(t(b s 7ti717 17ti+1a s ,tn,]_)x%,
f2(t07 vy tioa, 1)ti+la s 7tn—1) = 0.

The maps ¢g; : X; — B C P&_l sending a pair

((.’L’ ‘Y Z)v (toa ooy tioa, 17ti+17’ .. 7tn—1))

to (to: ... ti—1 1 :tiy1 ... ty—1) glue together, defining a projec-
tive bundle X over the base B — this uses that f; has even degree. By
assumption, fi is not a multiple of f2, so the generic fibre of X is smooth.

If we were interested in counting Q-rational points on X then it would be
necessary to make a further study into the equations defining a projective
embedding of X (as in [FLS18, §2]). Currently however, we are only
interested in counting how many fibres of the conic bundle have a Q-
rational point. A conic bundle is a dominant morphism whose generic
fibre is a smooth conic. In this chapter we consider the conic bundle

¢b: X —>DB (3.2)
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3.1. INTRODUCTION

defined locally by g;. We shall estimate asymptotically the probability
with which the fibre ¢~1(b) has a Q-point as b ranges over B(Q). For
this, we define

N(d,t):=#{be B(Q): H(b) <t, be ¢(X(Q))}, t € Ry,

where H is the usual naive Weil height on P"~1(Q).

REMARK 3.1.2. Since the degree of f; is even, the question if for a given
b € B the fibre ¢ ~1(b) contains a rational point is independent of a chosen
representative.

Consider the small quantity

1

THEOREM 3.1.3. In the set-up above there exists a constant cg such that
fort > 2 we have

2tn—d tn—d
N(d,t) =c +0 .
*logt)s  \(logt)ites

If ¢ has a smooth fibre with a Q-point then ¢4 is positive. This will be
shown in Theorem [3.5.23] where we shall also provide an interpretation
for the leading constant cg. The proof of Theorem [3.1.3 will be given in
43.4.3

In fact, the assumption that the base B has a rational point could be
removed, as Theorem will show that in this case, the constant cg
would vanish. It is however convenient for our methods to keep the as-
sumption anyway. And indeed, if B(Q) were empty, the study of N (¢, 1)
would be a trivial exercise.

Theorem settles the first case in the literature of an asymptotic for
the natural extension of Serre’s problem to fibrations over a base that does
not have the structure of a toric variety nor a wonderful compactification of
an adjoint semi-simple algebraic group. Fibrations that have a basis other
than the projective space were also studied in the recent work of Browning
and Loughran [BL17, §1.2.2]. In light of the work of Birch [Bir62|, our
assumptions imply

#{be B(Q): H(b) <t} <"
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3.1. INTRODUCTION

A very special case of [BL17, Thm 1.4] proves lim;_,oo N (¢, t)/t"¢ = 0,
whereas Theorem [3.1.3| provides asymptotics.

The requirements deg( f1) = deg( f2) and that the variety fi(t) = fa(t) =0
is a complete intersection can be removed by adapting some of the argu-
ments in the work of Browning and Heath-Brown [BHB17]. An inspection
of our work reveals that the smoothness assumption can be removed at
the cost of making the statement Theorem more involved. Lastly,
we should note that our approach can be adapted to varieties of the form
(Ng/g(x) = fi(b), fa(b) = 0), where K is a number field and Ny /g(x)
is the associated norm form. For this, one would have to replace Propo-
sition by a version of the results of Odoni [Odo73|, where instead
of counting integers represented by the norm of K, one counts integers
in an arbitrary arithmetic progression and represented by the norm of K.
It would be interesting to obtain asymptotics in cases where K fails the
Hasse norm principle. A further desirable goal could be that of obtaining
asymptotics in cases where the base of the fibration fails weak approxima-
tion.

3.1.2 The logarithmic exponent

The exponent of log t occurring in our result is the one expected in the liter-
ature. Indeed, in the works of Loughran and Smeets |[LS16, Eq.(1.4)], and
Browning and Loughran [BL17, Eq.(1.3)], one may find the expected ex-
ponent A(¢) defined as follows. For any b € B with residue field x(b), the

fibre X, = ¢1(b) is called pseudo-split if every element of Gal(x(b)/k(b))
fixes some multiplicity-one irreducible component of Xj, x Spec(x(b)). The
fibre X is called split if it contains a multiplicity-one irreducible compo-
nent that is also geometrically irreducible. Note that a split fibre is always
pseudo-split and further note that for conic bundles these two notions are
the same as the singular fibres are either double lines, or two lines inter-

secting.

Now for every codimension one point D € BM choose a finite group I'p
through which the action of Gal(k(D)/k(D)) on the irreducible compo-
nents of Xm factors. Let I';, be the subset of elements of I'p which fix
some multiplicity one irreducible component. One sets op = #I'},/#I'p

and
Alp)= Y (1-6p).

DeB®)
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3.1. INTRODUCTION

By considering the possible singular fibres, it is clear that for a conic
bundle, ép is different from 1 if and only if D is non-split, in which case
it is either 0 (if the fibre is a double line) or 3.

In all the cases in the literature so far the exponent of (logt)~! turns out to
be A. Indeed, this is also the case here. The only relevant codimension one
point to consider is D := Z(f1, f2); every other fibre is smooth and hence
split. Suppose that D is geometrically reducible, then the intersection
between any two geometrically irreducible components lies in the singular
locus of D, say D&, Being the intersection between varieties in projective
space of codimension at most 2, its codimension is at most 4.

The affine cone above D58 is a subvariety of the affine variety defined by

1<i<2
rk <afl> (x) <1.

Ox; 0<j<n—1

As a subvariety, the affine cone over D*"8 has dimension at most o (f1, f2),
so its codimension is at least n—o(f1, f2). Hence the codimension of D8
in Pg is at least n — o (f1, f2) — 1. Thus we are led to an inequality

4>n—o(fi,f2) —1>3(d—-1)2¢—1>11,

violating the combined assumptions (3.1) and d > 2. We conclude that D
is geometrically irreducible.

The fibre above D is given by 2% +%? = 0 over the function field x(D) and
it is split if and only if —1 is a square in k(D). However, it is well known
that the function field of a geometrically irreducible variety is primary:
it contains no non-trivial separable algebraic extensions of the base field.
Since —1 is not a square in @Q, neither is it in x(D). Therefore, under the
assumptions of Theorem we find A(¢p) = ép = 3.

NOTATION 3.1.4. As usual, we denote the divisor, Euler and Md6bius func-
tions by 7, ¢ and u. We shall make frequent use of the estimates

7(m) < meEEm (3.4)

and
w(m) > m/loglogm (3.5)

found in [Ten95, Th.5.4] and [Ten95, Th.5.6] respectively.
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3.2. USING THE CIRCLE METHOD FOR SERRE’S PROBLEM

We consider the forms f; and fo fixed throughout the chapter, thus the
implied constants in the Vinogradov/Landau notation <, O(-) are allowed
to depend on ¢, fi, fo, n and d without further mention. Any dependence
of the implied constants on other parameters will be explicitly recorded
by the appropriate use of a subscript.

For z € C we let
e(z) 1= exp(2miz).

The symbol v,(m) will refer to the standard p-adic valuation of an integer
m. Lastly, we shall use the Ramanujan sum, defined for a € Z and q € Z~
as

cqla) == Z e(ax/q). (3.6)

ve(Z/q2)*

Denoting the indicator function of a condition A by 14, we have the
following equality:
cpm(a) = pml (plvp(a)Zm - 11};,(@)2771—1)7 (p prime,a € Z,m > 1). (3.7)

When we write x|, we will mean max{|z;|}. Lastly, we shall make frequent
use of the constant

=] (1—;2)1/2. (3.8)

p prime
p=3(mod 4)

Acknowledgements This work started while Efthymios Sofos had a po-
sition at Leiden University. It was completed while Erik Visse-Martindale
was visiting the Max Planck Institute in Bonn, the hospitality of which is
greatly acknowledged. The authors are very grateful to Daniel Loughran
for useful comments that helped improve the introduction and

3.2 Using the Hardy-Littlewood circle method
for Serre’s problem

We begin by estimating the main quantity in Theorem by averages
of an arithmetic function over a thin subset of integer vectors. Let us first
define ¥g : Z — {0,1} as the indicator function of those integers m such
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3.2. USING THE CIRCLE METHOD FOR SERRE’S PROBLEM

that the curve 22 + 22 = ma3 has a point over Q. For P € R+ we let

Oq(P) == > Jo(fi(x)). (3.9)
x€ZMOP[—1,1]"
f1(x)#£0, f2(x)=0

In order to go from Q-solutions to coprime Z-solutions, we perform a
standard Mdobius transformation, where we cut off the range of summation
at the price of an error term. This is the content of the following lemma.

LEMMA 3.2.1. Under the assumptions of Theorem|[3.1.5 we have

N =5 S (/) + O logt) ™).

leZN[1,log t]

Proof. For any b € P"(Q) there exists a unique, up to sign, y € Z" with
ged(yo, .-y Yn—1) = 1 and b = [£y]|. Recalling that the degree of f; is
even, allows to infer that the fibre ¢ ~!(b) has a rational point if and only
if 9g(f1(y)) = 1 holds, hence N(¢,t) equals

%#{y S Zn N t[—l, 1]" : ng(yo, . ,yn_l) = 1,f2(y) = 0,19@(f1(y)) = 1}.

For y such that f1(y) = 0 holds, we have Jg(fi1(y)) =1 since (0:0:1) is
a point in ¢~!([y]). Therefore the quantity above is

LY )0y € BNt d” s fi(y) = faly) = O)).

yEZ M Nt[—1,1]"
ged (Yo, Yn—1)=1
f2(y)=0,f1(y)#0

The assumption (3.1)) allows to apply Lemma [1.3.36| with R = 2 to imme-
diately obtain

#y € 2" nt[-1,1]": fi(y) = fo(y) = 0} < "2

Thus we obtain equality of N(d,t) with

s X Galhl) 0w,

YEZ™Nt[—1,1]"
ged (Yo, Yn—1)=1
f1(¥)#0,f2(y)=0
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3.2. USING THE CIRCLE METHOD FOR SERRE’S PROBLEM

Using M6bius inversion and letting y = Ix we see that the sum over y
equals

S vghy) Yo =D ul) DY dglfi(x),

yezrnt[—-1,1]" l€Z>0 I<t x€Z"nt[-1,1]"
J1(y)7#0,f2(y)=0 lly £1(x)#0, f2(x)=0

because Jg(f1(y)) = Yo(fi(x)) holds due to deg(fi) being even. Hence

we have
Nt =5 S a0t/ + O,

1€Zn[1,4]
and now the use of (3.1) and Lemma [1.3.36|for R = 1 yields
0g(t)] < #{y € Z" Nt[-1,1]" : foly) = 0} < ",

which shows that the collective contribution from large [ is

‘ Z M(U@Q(t/l)‘ < Z (/)¢ <« Z -2

leZ~oN(log t,t] I>logt I>logt
< t"4logt) L,

where we used that n — d > 2 holds due to (3.1)). O

For m < 0 the curve x3 + 22 = ma3 has no R-point, and therefore no
Q-point, in other words: Jg(m) = 0. Thus, writing max{ f; ([—1, 1]")} for
max{ fi1(t) : t € [-1,1]"}, it is evident that we have the equality

Oq(P) = > Jo(m) > L.
meZxo x€Z"NP[-1,1]"
m<max{fi([~1,1]")}P¢ fr(x)=m, fa(x)=0
Writing da for dajdas and using the identity
L, i fi(x) = m and fa(x) =0,

0, otherwise,

/ e(al(fl(x)_m)+a2f2(x))da = {
a€l0,1)?

shows the validity of

Ou(P) = /a oy S Palen)de (3.10)
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3.2. USING THE CIRCLE METHOD FOR SERRE’S PROBLEM

where one uses the notation
S(a) := Y elonfi(x) + azfa(x)) (3.11)
x€Z"NP[—1,1]"

and
Eg(a) := > Do (m) e(arm) (3.12)

mEZx>o
m<max{f1([~1,1]")}P¢

to match the notation in Birch’s work as outlined in §1.3.3] One has the
obvious bound Eg(a1) < P? from the triangle inequality.

Recall the notation from Definition [1.3.24] We pick small positive 6y and
0 as in (1.7) and (L.8]), that is, such that we have 1 > § + 166y and
7 —3(d—1) > 00, ". By the triangle inequality we have

/CX§ZM(90) |S(G)M‘da < </a§zM(00) \S(a)\da) max |Eg(a)|,

ale[oal)

hence applying the result of Lemma on the first factor, and using the
trivial bound Eg(a1) < P? leads to the following bound on the integral
away from M (6p):

/ |5(ct) Bglan)|dax < P4,
g M(0))
By (3.10]) this shows
Og(P) = / S(a)Eglar)da + O(P"49).
aeM(0p)

Consistently modifying the setup, the following lemma is analogous to
Lemma and its proof is the same, using the notation introduced
above. The essence of the lemma is the statement that in the expression
for ©g(P) above, we may slightly modify the intervals of integration such
that they are still disjoint.

LEMMA 3.2.2. For any 6y, satisfying (1.7) and (1.8) and under the as-
sumptions of Theorem we have

Og(P)= > > S(a)Eg(ar)da + O(P"%0),
g<P2d-100 ac(zn[0,g)? * Maa(f0)
ged(ar,az2,9)=1

where the modified set My ,(6) consists of those a € [0, 1? satisfying
|gai — aj] < gPdt2(d=10,
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3.2. USING THE CIRCLE METHOD FOR SERRE’S PROBLEM

Proof. Every modified interval My, (o) extends the associated interval
Ma4(0), so the estimate of the integral away from these intervals remains
valid. One should only check that the modified intervals do not overlap.

O

For a € (ZNJ0,q))?, write

Sy = Z o <a1f1(X) + a2f2(x))7 (3.13)

x€(ZN[0,q))™ 9

and for T € R? define
I(T) := / e(T'1f1(¢) + Tafa(¢))dC. (3.14)
¢e[-1,1)n

Recalling the notation n = 2(d — 1)fp, we now employ Lemma [1.3.32
with v = 0 to evaluate S(a) and to see that under the assumptions of

Lemma with 8 := a — a/q, we have

OoP)=P" S a7 Y Se [ IP)EG a8
g< P2(d—=1)0g ac(Zn[0,q))2 |B|<P—d+n
ged(ar,a2,q)=1

< prmidTe gy proitan Z Z /ﬂ|<Pd+ [Eq(fr +ai/g)ldB.

q<P" ag(zn[0,q))?
ged(ai,a2,9)=1

By using Eg(a) < P? once more we infer that the sum over ¢ in the error
term above is

< Z 2 P2—d+n) pd o p=d+5n
q<Pn

hence we have proved the following lemma.

LEMMA 3.2.3. Under the assumptions of Lemma Og(P)P~"+ s

Z " Z Sa /ﬂ<Pd+7l AP0 Bq(B1 + a1/9)d8

q<PpPn ac(Zn[0,q))?
ged(a,a2,q9)=1

up to an error term that is O(P*‘s + P*1+7n).

Proof. The proof consists merely of the calculations above. O
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3.3. EXPONENTIAL SUMS DETECTING RATIONAL POINTS

3.3 Exponential sums with terms detecting the
existence of rational points

In this section we write 2 for max{f;([—1,1]")}P? As made clear by
Lemma to verify Theorem we will asymptotically estimate the
expression

a1 aj
o™ 45 = )3 e((%+mm)m).
q meZxsoN[1,z] q
;B(Q)—l—x%:mx% has a Q-point

for integers ai,q, /1 € R, and x € R>q. It suffices to first study the
case f1 = 0, and then to apply Lemma [3.3.7] at the end of this section.
To study Eg(a1/q) we shall rephrase the condition on m in a way that it
only regards the prime factorisation of m and then use the Rosser—Iwaniec
sieve.

We begin by applying the formulas regarding Hilbert symbols in [Ser73,
Ch.II1,Th.1], which show that for strictly positive integers m one has

1, if p=3(mod4)= v,(m)=0(mod 2),

. (3.15)
0, otherwise.

Indeed, for m € Zxq, the curve 23 +2% = ma3 defines a smooth conic in Pé
with an R-point and the Hasse principle combined with Hilbert’s product
formula [Ser73, Ch.III,Th.3] proves (3.15). The function in is the
characteristic function of those integers m that are sums of two integral
squares, see [Ten95| §4.8]. Landau [Ten95, Eq.(4.90)] proved the following
asymptotic:

1 T x
i = Ol ————— R 3.16
Z Q(m) 21/260 (log:p)l/2 + <(logaz)3/2>’ v €R>1, )

1<m<zx

but this is not sufficient for us since we will need a similar result restricted
to those m in an arithmetic progression. Observe that the following holds
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3.3. EXPONENTIAL SUMS DETECTING RATIONAL POINTS

due to periodicity:

a a
()= 2 ()
meZxoN[1,z]
mg—l—m%:ng has a Q-point

= > elmt/e) D> dg(m).

LeZN|0,q) lg(mgm )
m=¢(mod q

The work of Rieger [Rie65, Satz 1] could now be invoked to study the
sum over m = ¢ (mod ¢) when gcd(4,q) = 1. One could attempt to use
this to get asymptotic formulas for the cases with ged (¢, q) > 1. However,
we found it more straightforward to work instead with the function w in
place of Yg. This function w : Zso — {0, 1} is defined as

1, if =1 d4
0, otherwise.
It is obvious that for all m, k € Z~y we have
w(mk) = w(m)w(k) (3.18)

so w is completely multiplicative, while ¥g is merely multiplicative (to see
this take m = k = p, where p is any prime which is 3 (mod 4)). This is
the reason for choosing to work with w rather than Jg. Our next lemma
shows how one can replace Y by w, while simultaneously restricting the
summation at the price of an error term.

LEMMA 3.3.1. For z,u € R>1, q € Z~o, a1 € ZN0,q) we have

Z do(m)e(larm/q) = Z Z e(ai?/q) Z w(r)

1<m<z (k,t)EZ>0 XZZO fEZﬁ[D,q) rE€ZL>0
2tk2<u 2tk2r=¢(mod q)
plk=p=3(mod 4) 1<r<a2~ k=2

up to an error term that is O| %= | with an absolute implied constant.
Vi

Proof. 1t is easy to see that for positive m one has Jg(m) = 1 if and only
if we can write m = 2'k?r for t € Z>q, k a positive integer all of whose
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3.3. EXPONENTIAL SUMS DETECTING RATIONAL POINTS

primes are 3 (mod 4) and r which satisfies @w(r) = 1. This shows that the
sum over m is

Z Z w(r)e(a12'k?r/q).

(k‘,t)eZ>o XZZO TGZ>0
plk=p=3(mod 4) 1<r<z2- k=2

The contribution of the pairs (k,t) with 2'k? > u is at most

g — 27t
Z Z 27tk 2<2$ZW<<%’

>0 s /ua—t >0
where the (first) inequality comes from Lemma [3.3.2]

Noting that e(a;2'k?r/q) as a function of r is periodic modulo ¢ allows to
partition all r in congruences ¢ € Z/qZ, thus concluding the proof. O

LEMMA 3.3.2. For any a € Rsyg we have

Ly 1= Z k=2 <247t
k€Z>q

Proof. For a > 2 we estimate the sum as a lower sum of the associated

integral:
> k:‘2§/ t72dt = |a| 7.

kEZ>q La]

If a is an integer, then |a]™' < 2a~! is obvious. If a is not an integer,
then we have |a| ! = [a—1]7! < (a —1)7! < 247! since a was at least
2.

We only still need to prove the statement for a € (0,2), for which we
consider the sum separately. For a € (0,1) we have Z, = ((2) <2 < 2a~!
and for a € [1,2) we have Z, = ((2) — 1 < 1 < 2a~! again. O

The terms in the sum involving w in Lemma [3.3.1] are in an arithmetic
progression that is not necessarily primitive. We next show that we can
reduce the evaluation of these sums to similar expressions where the sum-
mation is over an arithmetic progression that is primitive. The property
(3.18)) will be used for this.
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3.3. EXPONENTIAL SUMS DETECTING RATIONAL POINTS

LEMMA 3.3.3. Let t € Z>o, q € Zso, £ € ZN[0,q) and k € Z=¢ be such
that every prime divisor of k is 3 (mod 4). For y € Rsg consider the sum

> w(r).

reZsoN[l,y]
2tk2r=¢(mod q)

The sum vanishes if gcd(2'k?, q) 1 £ holds, and it otherwise equals
ged(4, q)
o( ) ) @ (s).
Bed@F%0) ity geda g sedtea)

2062 e
gcd(?tk2,q) ~ged(¢,q)

mod —4
gcd(4,q9)

Proof. If gcd(2'k2,q) 1 ¢ then the congruence 2'k?r = ¢ (mod ¢) does not
have a solution r, in which case the sum over r vanishes. On the other
hand, if ged(2!k2, q) divides ¢, then we see that the congruence for r can
be written equivalently as

2k r= ¢ mod 4
ged(2'k%,q)  ged (242, q) ged(2'k2%,q) )

Note that any solution r of this must necessarily satisfy

4 q ) ‘ 2t k2

d
8¢ (gcd@tk?, q)" ecd(2'k2, q) ) | ged (2002, q)

the left-hand ged being equal to ged(Z, q) ged(2¢k2, ). The fact of

Cd( ged(?, q) 2'k? )_1
ged(28k2,q) " ged(2K2,9)/

shows that 7 must be divisible by ged (4, ¢) ged(2!k2,q)~1. Therefore there
exists an s € Z~g with

. sdllg)
ged(262, q)

and substituting this into the sum over 7 in our lemma concludes the proof

because i(t.q)
_ gealk, q )
w(r) = w(igcd(?k‘?, 7 w(s)
holds due to the complete multiplicativity seen in (3.18]). O
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We are now in a position to apply [FI10, Th.14.7], which is a result on
the distribution of the function w along primitive arithmetic progressions
and which we include as a proposition for the convenience of the reader.
We first introduce the following notation for ) € Z~q:

Q= ] »Qad @:= [[ »@. (3.19)

p=1(mod 4) p=3(mod 4)

PROPOSITION 3.3.4 ([FI10] Th.14.7). Let Q be a positive integer multiple
of 4, let a = 1 (mod 4) satisfy ged(a, Q) =1, and let z be any real number
with z > Q. Then

> an-wa gt fio((2))

reZ=oN[1,z]
r=a(mod Q)

holds with an absolute implied constant.

REMARK 3.3.5. This result is proven using the semi-linear Rosser—Iwaniec
sieve. We should remark that there is a typo in the reference, namely[F110,
Eq.(14.22)] should instead read

o= 0D 1 ()

2<p<D p<D 2<p<D
p=3(mod 4)

=

and as a result, [FI10, Eq.(14.39)] must be replaced by the asymptotic in
Proposition After fixing this typo, one can show, as in the proof
of [FI10, Eq.(14.24)], that for D > 2, we have

I (- ;) - \/2;2(7)60 \/lolgD + O((log;)m) (3.20)

p<D
p=3(mod 4)

There is a further typo in [F110, Eq.(14.26)], namely, ¢v/2 should be re-
placed by 21/2¢, /4.

We will now proceed to the application of Proposition For any
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q € Zo,a1 € ZN[0,q) define

(i) e (%)

ged (4, g)lem (4, M)

d(2tk2,
ORI D)

(k7t)eZ>OXZZO EEZﬁ[O,q)
plk=p=3(mod 4) ged(2tk2,q) ¢
1\ -1
x 1— 7) : 3.21
e -
p=3(mod 4)
vp(q)>vp(¢)

where ¢ in the summation satisfies
2 k2 12 q
= d ged (4, ————— . 3.22
ged(2h2,q) — ged(l,q) (mo sed ( " ged(4, q>>) (3:22)

The result of the following lemma aims to separate out the dependence on
x from the apparent pandemonium that is hidden in F(a1, q).

LEMMA 3.3.6. For x € R217 A € Ryg,q € Zso,a1 € Z N [0,(1) with
q < (logz)? we have

3
m 1/2 x g
§ : ) —ol/2 ——— 4+ 0p| —————=
e <a1 7 ) 03(a17Q) (logx)1/2 A<(log$)1/2+1/7>’

meZN[1,x]
m%—i—x% :mmg has
a Q-point

where the implied constant depends at most on A.

Proof. Combining Lemma with u = (logz)'% and Lemma

shows that, up to an error term which is < z(logz)™®°, the sum over
m in our lemma equals

_gedltq)
Y3 (i g) @t
(k,t)€Z>O><ZZO £€ZN0,q)
2'k><(logx)'%0 ged(2'k?,q)|¢
plk=p=3(mod 4)

X Z w(s).

s€Z~0N[1,227tk~2 gcd(2¢k2,q) ged(£,q) 1)

t,.2
2"k — £
gcd(2tk2,q) 5= ged(£,q) (mOd

q
ged(£,q)

We note that w(s) vanishes unless s satisfies s = 1 (mod 4). This means
that we can add the condition s = 1 (mod 4) in the last sum over s, thus
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3.3. EXPONENTIAL SUMS DETECTING RATIONAL POINTS

resulting with the double congruence

= 1(mod 4) 2k s ¢ mod — L
5= " ged(2tk2, q) ged (4, q) ged(l,q) )

By the Chinese remainder theorem this has a solution if and only if ([3.22])
is satisfied. Assuming that this happens, the solution is unique modulo

Q= lcm<4, m)

Hence by Proposition we get that the sum over m in our lemma
equals

. _ 9l/2 ged(4, q)
MT : =2"4Cy Z Z w(gcd(?l@,q)) e(a1?/q)
(kt)EZ>0XZ>o LEZN[0,q),(3:22)
2tk2<(log )00 ged(2'k%,q)|¢
plk=p=3(mod 4)

L < 1 227"k ged(2'K?, q) ged (¢, q)

p(Q) lem(4, ¢/ ged(€, 9)) \/log(22~k=2 ged (242, q) ged (€, ¢) )

up to an error term which is

X

—_— 2
<oz a7 (3.23)
w227 k"2 ged (282, q) /log Q\ 1/7
log 1 ’
FOY Y (emles) ™ EOERE (28

(k7t)€Z>0><ZZO KGZO[O,(])

2tk2<(log )00 ged(2k2,q)|¢

plk=p=3(mod 4)
owing to (3.5), which gives Q/p(Q) < loglog@ < loglog @, combined

with the trivial bounds w(-),e(a1f/q), @' < 1. Note that we have made
use of

log(z27 'k~ 2 ged (282, q) ged(£, ¢) 1) = logz + Oa(loglogz),  (3.24)
which follows from

< $2_tk_2 ng<2tk27 q)

a: <7 < zq < z(logz)?
(log ) 1004 = 212q = god(,q) 4T TEORT
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The bound Q < Q < 4q shows that the sum over ¢,k in (3.23) is

x —tq —
<<(10g10gQ)(10gQ)1/7wZ Z 27"k ged(2°K°, q)

(log ) (ki) €€Z[0,q)
T P
<(loglog g)(log C])I/?Wq Z 27k
(k,t)E€Z>0XZ>0
B —
(log ) 1/2+1/7

which is satisfactory. To conclude the proof, it remains to show that the
quantity MT gives rise to the main term as stated in our lemma. By ((3.24))
we see that

1 1 < loglog x >
Vog(x2-tk=2 ged (212, q) ged(4, q)~1)  Vlogz (logx)3/2 )’
hence MT = M’ + R, where M’ is defined by

x21/2¢, Z ged(2'k2, q)

1/2 t1.2
(log l‘) (k,t)€Z>0><ZZO 2 k
2tk2§(logx)100
plk=p=3(mod 4)

> w(ged(l, g)/ ged(2'k?, q)) e(a1£/q)Q
ez 80d( @)lem(4, g/ ged(4, 4))p(Q)

ged(2tk2,q)|¢
(3.22))

X

and R is a quantity that satisfies

QO x27tk2 ged(2k2, q xloglogx
R< Z Z ) (loglogz)~! ((log 33)3/)2 7 (log z)3/2°
(k,t)EZ~0 X L0 LE€ZN[0,q)
where we again have made use of the trivial upper bound 1 for w(-) and
|e(+)], now combined with the lower bound 1 for lem(-) and ged(-). The
cubic power of ¢ arises from bounding both ged(2¢k2, ¢) and Q/¢(Q) from
above by ¢, and then having ¢ terms in the sum Zﬁezﬂ[o 9 1. As we have
seen before, we could have bounded Q/¢(Q) from above by loglog ¢, but
this extra saving is unnecessary for our goals.

We complete the summation over ¢,k in M’ to the whole range Z~q X Z>q
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appearing in (3.21]). To do so, we use the bound

ged(2'k%, q) Z Q 3 1 ¢
yoeltlaoy 8p v Lo o
1.2 1.2 50
(k7t)eZ>O><ZZO 2 k 7N 07q) SD(Q) (k,t)eZ>O><ZZO 2 k (log x)
2k2>(log ) 100 2'k*>(log )%
ged(28k?,q)|¢
while the observation
) 1\ -1 1\ -1
5= I (9= I 6-Y
SD(Q) p=3(mod 4) p p=3(mod 4) p
pla(ged(6,q)) ™" vp(a)>vp(€)
allows to remove Q) from M'. O

We note that one immediate corollary of the last lemma is the bound
$(a1,q) <1, (3.25)

with an absolute implied constant. Indeed, this can be shown by tak-
ing A =1/100 in Lemma dividing throughout by z/y/logz in the
asymptotic it provides and applying (3.16|) to obtain

10 CE 1/2 3
21/2003(0,1, ) g ) Z ’19(@ alm/q) +ﬁ
1<m<z (ng)
(logm)S/wO
1+ —— .
KLt =i

We remark that although this argument may feel somewhat circular at first
glance, it is in fact not since the second estimate in the above equality
follows not from the lemma, but from the triangle inequality combined

with (3.16]).
As announced at the beginning of this section, studying Fg (%—1—51) is first

done in the case f; = 0 as in Lemma with z = max{f([-1,1]")} P
The following lemma shows that this is sufficient, up to introducing an
extra factor.

LEMMA 3.3.7. For Ty € R, A € Ry, q¢ € Z~o with ¢ < (logP)4, and
a1 € ZNJ0,q) we have

ap T max{f1([-1,1U")}P* o, p—d¢
E@( L PZ> - 21/2603(611,(1)(/2 (1logt)dt)
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> (14|01 ) P4 >

up to an error term that is Oz <(logP)1/2+1/7

Proof. To ease the notation we temporarily put ¢ := 2/2Cy§(a1,q). Fix
B € R. By applying partial summatiorﬂ with a,, = Jg(m)e(a1m/q)) and
p(t) = e(Bt), we see that > Jg(m)e(m(B + a1/q)) equals

( Z do(m alm/CI)> e(zf) — / (Z Jg(m a1m/Q)>

m<x

For ¢ < (logz)?, Lemma shows that this equals

C<<\/lj@e(w)_/j\/1i? (5t)dt)+0 <((]x(1;—/‘2€|1x/2>

with an implied constant depending at most on A. Using partial integra-
tion this is plainly

C</2x(\/l(t)@>/e(ﬁt)dt> +OA<EW>;

and using (t(logt)~Y/2)" = (logt)~'/2 — 2= (logt)~3/2 shows that the last
integral can be evaluated as [, e(St)(logt)~ 124t + O(z(log z)~3/?). In-
voking the bound ¢ < 1 (that is implied by (3.25))) we obtain

S~ dg(m) e(m(B + ar/q)) = (/2 j%dt)+0<m>'

m<zx

Using this for z = 3 min{fi([-1,1]")}P? and putting 3 = I'1P~¢ con-
cludes the proof. O

3.4 Proof of the asymptotic

We are ready to prove the asymptotic in Theorem We shall do
so with different leading constants than those given in Theorem (3.1.3
showing equality of the constants is delayed until §3.5

1See Theorem m
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3.4.1 Restricting the range in the major arcs

The first reasonable step for the proof of the asymptotics would be to
inject Lemma [3.3.7] into Lemma [3.2.3] However, this would give poor
results because the error term in Lemma [3.3.7]is only powerful when I'; is
close to zero and ¢ is small in comparison to P. For this reason we restrict
the sum over ¢ and the integration over 8 in Lemma For its proof
we shall need certain bounds. First, by and the triangle inequality,
one has

Eg(a1) < Pllog P)~1/? (3.26)

where the implied constant is independent of «y. Recall the definition
of I(T') from (3.14). Letting K := (n — o(fi1, f2))27 %", we use Lemmas
[1.3.33] and [1.3.34] to obtain the following bounds valid for every ¢ > 0,
T € R? and a € 72, q € Z~ satisfying ged(aq, as, q) = 1:

I(T) <. min{1, |T|~K/@U=-D)+ey and G, , <. ¢ K/CUd=1)+e,
By our assumption , we have
I(T") < min{1, |T|~%/2}, (3.27)
and furthermore, for all 0 < A\ < 27%(d — 1)~ we have
Saq < ¢ (3.28)

LEMMA 3.4.1. Keep the assumptions of Lemma[3.2.4 and let Q1, Q2 € R>y
with Q1,Q2 < P" for some fized positive n. Then for any \ satisfying

: 1/n— U(fla f2)
we have
doa" DL Sag PU(P'B)Eg(B1 + a1/q)dB
a<PT ac(zn[og)? IBI<Pe
ged(ar,a2,9)=1
nr
- Z ¢" Z Saq ;M)EQ(HP_d +a1/q)dl

q<Q1 ac(Zn[0,q))? IT|<Q2

ged(ar,a2,9)=1
+O5,)\,90 ((10g P)_1/2 min {QIA7 Q;1/2}) .
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Proof. Using the change of variables P¢3 = I" we obtain equality between

/ PI(PYB)Eg(B1 + ar1/q)dB

P=dQy<|B|< P+

and

p~ I(T)Eg(T'1 P~ + a; /q)dT
Q<L |<P
We bound Eg(T'1P~? 4 ay/q) by P%(log P)~'/? from (3.26)), where the
implied constant did not depend on the argument of Eg. We bound I(T")
using (3.27)), and we extend the range of integration to Qo < |T'|.

The bound fQ2<|I‘| )dI‘ < Q—l/ may be computed in a straightfor-
ward manner using (3.27)) and dividing up the range of integration to make
use of the symmetry of the problem. These estimates together show the
validity of

PU(PU8)Eq(Br + ar/q)dB < (3.30)

1
VQzlog P’
This shows that the sum over ¢ < P" in the statement of our lemma equals

_ (r
YD Y Sag M) BT P+ ar/q)dr

pd
g<PT ag(zn[0,g))? ITI<Q
ged(ar,az2,9)=1

/P‘dQ2<IﬁI<P‘d+”

up to a term that is

|Saql ¢ qupn q_l_/\ 1

FQzlo*g ) N Ty s vy L

4<P" ac(Zn[0,9))?
ged(a1,a2,9)=1

where (3.28) has been utilised. Note that the bound [, [I(T')|dI’ < oo is
a consequence of (3.27)). Using this with (3.26]) shows

Sagq d Zq>Q1 qili)\
2ag I(T)Eg(T1 P4+ ay Jq)dl < =01
2 2 /II‘ISQQ v Vlog P

qn
>Q1 ac(Zn[0,g))?
ged(ar,a2,9)=1

Q'
Viog P’

where we have used (§3.28]). This concludes the proof of the lemma. [

<
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LEMMA 3.4.2. Keep the assumptions of Lemmal3.2.3, fix any two positive

A1, As, and let
_1 . } 7’L*O’(f1,f2)_
Ao = 5 min {1, 5 <2d(d Y 37 (3.31)

Then for all sufficiently large P the quantity @Q(P)P*"er equals

S0y S 1), (o Ty
q" Jiri<(log P42 P? pd
q<(log P)41 a€(ZN[0,9))? IT|<(log P)
ged(ar,a2,9)=1

up to an error term that is O, a, ((log P)*l/Q*min{Al’\O’AQ/z}).
Proof. The proof follows immediately from application of Lemma
with @; = (log P)? and Lemma with some fixed § and 6y satisfying

(1.7) and (1.8) and subject to n = 2(d — 1)y < 1/7 in order to get a
negative power of P in the error term coming from Lemma ]

3.4.2 Injecting the sieve estimates into the restricted major
arcs

We are now in a position to inject Lemma [3.3.7 into Lemma [3:4.2] It may
be uncommon to use sieve estimates to study major arcs, but the reason
that we do this is not very deep: the availability of the sieve estimates
allowed us to not worry about the behaviour of ¥g(m) in residue classes.
It is not at all unlikely that good results on Yg(m) in residue classes allow
for a much more direct approach.

It will be convenient to start by studying the archimedean density, but
before we do all that, we state a basic lemma that will be used twice in
this chapter.

LEMMA 3.4.3. For x > 2 we have

“log ) V2dt «
/2 (log ) —

Proof. Note that \/— is the anti-derivative of % and that we have

2logt —1

logt)~1/2 :
(log#) < 2(log t)3/2
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Hence we get

xl 0120« — 2
/2<og> —

O]

Now recall (3.14) and define for all P with 2 < max{f;([-1,1]")}P? the
integral

I(T) max{ f1([—1,1]*)} P¢ e(—Flpfdt)
(P L) ———7dt |dT. .32
Jo(P) /FGR2 P (/2 logt .

The assumptions of Theorem [3.1.3] ensure that the integral converges ab-
solutely, since by (3.27) and application of Lemma we have

/ I(T I/ma"{fl[ LMY qrdr <</ min{1, [L|~5/?} P?dT
T'eR? T'eR2

Viogt pd Vlog P
1
< \/@

LEMMA 3.4.4. Under the assumptions of Theorem we have

(P) 1 / 7 F) < /max{fl([—l,l}n)}( r )d >d[‘
J = e(—
! Vlog(P9) Jrer 0 HOSH

up to an error term that is O((log P)~%/2).

Proof. Observe that the change of variables u = P~%% in (3.32) shows

max{f1([-1,1]")} o(_T
Jo(P) :/ I(F)(/ e(m)dd“>dr’
rer? 2p—d log(p.P)

For |z| < 1 we have (14 2)~"/2 = 1 + O(z), hence for fixed y we have
ay)-1/2 ay)-1/2 logpr \
1 P = (log(P 1

_ -1/ log pu
= (log(P%)) 12 +O<(logP)3/2>'

Using this for 0 < p < max{fi([—1, 1]™)}, we infer the following estimate

max{fl [-1,1]")

for all sufficiently large P, where the integral f }log pdy is

bounded by a constant. The difference
max{f1([—1,1]")}

N 1
Jp(P) — N /F - I(T) /2 o

e(—Iip)dpdl
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can be estimated as

1
(log P)3/2

due to (3.27)). O

< / |I(T)[dT < (log P)~*/2
T'cR2

Define

3= / / o(Tfo(t))dtdl’  (3.33)
ILeR J{te[-1,1]":z2+22=f1(t)z2 has an R-point}

and note that the integral converges absolutely owing to and Lemma
with R = 1. The arguments in [Bir62, §6] show that if the set
{t € [-1,1]™: f1(t) > 0} contains a non-singular real point of fo = 0 then
J > 0. This condition holds in the situation of Theorem because its
assumptions include B(Q) # () and that f5 is non-singular. This will again
come up in the proof of Theorem [3.5.23] where we give more details.

LEMMA 3.4.5. Under the assumptions of Theorem|3.1.5 we have

max{f1([-1,1]")}
/ I(I‘)(/ e(—Flu)d,u>dI‘ =J.
TeR? 0

Proof. This proof will follow the same arguments as [DS18, Lem. 4.3 and
4.4]. First we will show that the left-hand side of the equation in the
lemma is equal to lim,, oo Jm With

max{ f1([—-1,1]")}

Im = / I(T) exp (—m*T'im~?) / e(—T1p)dpdT.
reR? 0

We consider

max{ f1([—1,1]™)}
| ( / e(—rlmdﬂ) ar -3,
T'cR2 0

max{ f1([~1,1]")}
= / (1 — exp(—7m°Tim™?) / e(=Tp)dp / I(T)dIdly
T'1eR 0 T'2eR

< / (1- exp(—wQF%m_2) / I(I)dI'odIMy
' eR I'2eR
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We split the integration range of I'; into two parts: |I'1] < logm and
IT'1| > logm. Making use of we estimate the first part of the
integral as

O((1- exp(—7*m~2(logm)?)) logm)

which goes to 0 for m — oo.

For the second part, we bound 1 — exp(—72I'3m~2) by 1, and again make
use of to conclude that the integral is O ((log m)_l/ 2), which goes
to 0 for m — oo. Therefore, we have proven that the integral in the
statement of the lemma is equal to the limit lim,, oo Jm. We continue
with the proof that this limit also equals J.

Define for m € Z~¢ the function ¢,, : R — R by
dm(x) := 72 mexp (-m?2?).

The Fourier transform of ¢,,(x) is exp(—m2£2m=2), hence by Fourier’s
inversion formula, we have

Pm(z) = /R exp (—m*TTm™?) e(2T'1)dl;.

Using this with = f1(t) — u, and inserting the definition of I(T"), allows
us to rewrite J,, as

max{f1([-1,1]")}
| vt | o ®=wip ([ e@apa(t)ars Jat
fi(®)#max{f1([-1,1]")} 2

Note that we replaced t € [—1,1]" by the range of integration in the
expression above; this is allowed as it only removes a set of measure zero

from the integration in (3.14)).

The following identity for real numbers a < b and a # ¢ # b is well known
and easily proven:

nlgnoo i Pm(c— p)dp =

b 1 ifa<e<b,
0 otherwise.

Hence if t € [—1,1]" satisfies f1(t) > 0 and fi(t) # max{fi([-1,1]")},
then we have

o pmax{ A1)
lim Sm(f1(t) — p)du =1,

m—0o0 0
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while for f1(t) < 0 the limit vanishes. The dominated convergence theo-
rem allows us to switch the order of the limit over m and the integral over
t, providing

max{ f1([—1,1]")}
/ I(I‘)/ e(—=I'1p)dpdl
T'eR2 0

_ Ty fo(£))dTs | dt
te[—1,1]": f1(t)>0 </ e(I'2
Ji (&) Amax{f1 (-1 \ /T2€R

:ﬁ 11" / e(FQfQ(t))dB)dt:g,
Jecl[(t)>2) ( F2eR

which concludes the proof. ]

The integral part of Lemma is calculated in successive steps by Lem-
mas [3.3.7, [3.4.4] and [3.4.5] Hence we may now turn our attention to the
summation part. Recall the definition of S, , and §(a1, q) respectively in

(3.13)) and (3.21) and let
L(p = Z q_" Z Sa,q%(aLQ)' (334)
q€Z>0 ac(Zn[o,q))?

ged(ar,a2,q)=1

Under the assumptions of Theorem the sum ILg converges absolutely
since by (3.25) and (3.28) we have for all x > 1:

Z q" Z ’Sa,qm} < Z qg " Z qn737)\0

q€Z>o ac(Zn[0,q))? q€Z>o ac(ZN[0,q))?
=T ged(ar,az,q)=1 T ged(ar,az,q)=1

< Z q_l_)‘0 <z M,

q9€Z>0
q>x

(3.35)

LEMMA 3.4.6. Under the assumptions of Theorem|3.1.5, any P > 2 vali-
dates

~]L¢\@ pr—d
01 (log P)1/2

_1 1 n—d
Og(P) =C +0 <(log P) 0 (a-n27F2 e > :

(log P)1/2

Proof. Combining Lemmas and shows

Oq(P)

pr—d 22ChR1 Ry + Rz + O((log P)~1/2~mintArro.A2/2}) = (3 36)
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3.4. PROOF OF THE ASYMPTOTIC

with

Rl = Z q_" Z Sa,q%’(ala Q)v

q<(log P)"1 ae(zn[0,q))?
ged(a1,a2,9)=1

Ry = / () < / (LT o1y P )
T<tog P2 P\ )2 Viogt

and where R3 is a quantity that satisfies

3 d
D S .t IENLA+ DD o
g<(log P)A1 acZrp,g)? | /IFI<(ogP)42 (log P)

ged(a1,a2,9)=1

dt> dr,

Bounding ¢ and Ty in the integrand by (log P)4! and (log P)“2 respec-
tively, we find

(log P)341+42 |Saql
R3 <4, N1 Z Z — [[(T")|dT".
(log P)1/2+1/ <UoE P ac@Da? q IT|< (log P)A2

ged(a1,a2,9)=1

By (3.27) and (3.28) the sum over ¢ is convergent, and so is the integral
over I'. Therefore we bound

R3 < 4, (log P)3ArtA2=1/2=1/T (3.37)

Notice that Ry and R; are truncated versions of J4(P) and Lg respec-
tively. Next we will estimate the parts that are cut off. Using (3.27) we

infer
max{fl([fl,l]”)}Pd . —d
[ |I<5>|< / oI\ P %t) .
IT|>(og P)A2 P 2 Viogt

1
< I(r
/|r|>(1ogP)A2| ( )|\/10gP

<, (log P)~1/2=42/2,

dr

where in going from the first to the second line in the above, we have again
n d

bounded | e(+)| by 1, and we bounded P~¢ meaX{fl([fl’l] e (logt)~1/2dt

by application of Lemma [3.4.3]

Therefore we have

Ro = Jo(P) + O, ((log P) /27 A2/2), (3.38)
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3.4. PROOF OF THE ASYMPTOTIC

Furthermore, by (3.35)) we deduce
Ri = L¢ + Oa, ((log P)~ 4120y, (3.39)
We have already seen just before Lemma [3.4.4] that we have

Jo(P) < (log P)~/2,

thus injecting (3.37)), (3.38) and (3.39)) into (3.36)) provides us with

O¢(P N 1/2-
UP) _ 91126,34(P)Ly + O((1og )27,
with 8 := min{Al)\o, Ag/2,—3A1—A2+1/7}. A moment’s thought affirms
that assumption ensures the validity of \g > (d — 1)7!'27%"2 and
choosing A; = 55 = A2/2 gives B > (40(d — 1)24t2)~1. Finally, using
Lemmas [3.4.4] and [3.4.5] concludes the proof. O

3.4.3 Proof of Theorem m

Define 12
_J 2 ch
By Lemmas and [3.4.6) the quantity N (cl), t) equals
V2 g p(l)

COJLd’ Z n—d
0172 o 1= (log(t/1)) 1

(3.40)

up to an error term that is

tnfd N ( /

1
logt — Soe s (log(t/1))?

tnfd
< 1,1 1
(d— 1)2d+2 (10gt)2 40 (d—1)2d+2

<

-
+4%

where the last estimate in the previous line is established as follows. First
notice that the term ln— falls under the estimate. For the sum we need
to do a little bit more work. We begin with

log(t/l) = logt — logl
loglog ¢
Zlogt(l— 08 08 )

logt
> logt,
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3.5. INTERPRETATION OF THE LEADING CONSTANT

which allows us to take the denominator out of the sum. We moreover
take t"~% out of the sum, and then we notice that for n — d > 2 (which is
valid because of ) the series y ;2 197" converges, so we may as well
complete the sum and bound it by a constant.

Note that for I < logt we have (log(t/1))~%/? = (logt)~'/? + O((logt)~'),
hence

(1) 1/2( M )
E = (logt) + O((logt)™Y),
n—d
I<logt l (10g(t/l))1/2 l<10gt

where the sum disappeared into the error term by completing to the range
| € Z~g, which gives a series converging to ((n —d)~'.

For the sum in the main term we use the completed sum again, but we
include the error term arising from the cut-off, i.e.

pd) - 1
e = =07+

where from the tail of the sum we arrive at the error term by bounding
|1(1)] <1 and comparing the sum to an integral, similarly to Lemmal3.4.3]
Putting these arguments together we obtain

o

ln
I<logt =1 [>logt

u(l) B - N .
zqzozgt (gt~ 9 Llogt)™Y2 + O((log t)™1)

and therefore

- < , 3.41
tn—d(log t)—1/2 C(n o d) /2d (IOg t)ad ( )
which concludes our proof. ]

3.5 Interpretation of the leading constant

The circle method and the half-dimensional sieve allowed us to obtain a
proof of the asymptotic in a technical, yet straightforward manner. How-
ever, this came at a cost because the leading constant cg, in is com-
plicated. In this section we shall give an interpretation of ¢ via certain
p-adic densities; this will not be straightforward.

81



3.5. INTERPRETATION OF THE LEADING CONSTANT

In we shall write Ly as an Euler product over all primes, with each
factor involving complete exponential sums. Next, in we shall show
that for primes p = 3 (mod 4) these factors are connected to a particular
kind of p-adic density. An analogous result will be proved in for
the prime 2. Finally, putting all partial results of together, we shall
provide in an interpretation of the leading constant in Theorem
[3.1.3] see Theorem [3.5.23

3.5.1 Factorising L,
LEMMA 3.5.1. For every integer ¢ > 3 we have

<<qm,

> ged(2'k2, q)

2tf2
(k7t)€Z>0 X ZZO
plk=p=3(mod 4)

Proof. By multiplicativity the sum in the lemma equals
o~ ged(2f, g) — ged (™, g)
Seda) gy (yedto)
t=0 p=3(mod 4) \ i=0
The sum over ¢ is easily seen to be 2 + v3(q), while the sum over i equals

{ 1+U2p(Q) + p2p_1, if 2 J( vp(q),

1+ 220 4 Lo i 2| uy(g).

This is at most (1+wv,(g))(1+ Z%_l), hence we obtain the following bound
for the sum in the lemma:

(2+va(@) T [ (1402 -1)7) (+0p(0))| < (2402(0))
p#2

where 7 is the divisor function. Using (3.4)) allows to conclude the proof.
O

7(q)

Tt oalg) = 270

For q € Z~p, a1 € ZN[0,q) and (k,t) € Z~o X Z>p, we define

Ly (k) =y ZECdl )/ ecd@i ) el-ait/e) -y -y

g ged(4, ¢)lem(4, g/ ged (4, q)) p=3mod 4)
ged(28k2,q)|¢ vp(q)>vp(€)

(3.42)
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3.5. INTERPRETATION OF THE LEADING CONSTANT

and we furthermore let

d(2tk?
Z gc 7 q Z Sa,qTal’q(t, k) (343)

q€Z>0 ac(zn[0,9))?
ged(ar,a2,9)=1

LEMMA 3.5.2. Under the assumptions of Theorem we have

o Y et

k22t
(k,t)EZL>0xZ>q
p|lk=-p=3(mod 4)

Proof. The lemma follows immediately by combining (3.21)) with ( -
and inverting the order of summation, provided that one proves

. ged (2%, q)
Z q Z | Saql Z T oz Ta1,q(t, k)| < o0.

9€Z>0 ac(Zn[0,9))? (k,t)€Z 50X Lo
ged(a,a2,9)=1 plk=p=3(mod 4)

To bound T,, 4(t, k), observe that every prime p in the product in (3.42])
must necessarily divide ¢, hence the product is at most

1\—1 q
H(l—f) = —— < loglogg,
p (q)

plg

where we used (3.5). Recalling w(m) € {0,1} for all m and using the
obvious bound lem(4,b) > b, valid for all b € Z~(, we obtain the following
bound with an absolute implied constant,

1
Ta gt k) < Z —loglog q = loglog q.
€€ZN[0,q)

Using this with Lemma and (3.28) concludes the proof. O

In Lemmas [3.5.3H3.5.6] we show that for fixed a1,t and k, the expression
Ty, 4(t, k) can be analysed according to the prime factorisation of ¢q. Be-
fore stating the lemmas we introduce the following notation. Recall the
notation and for t,a € Z>q, q € Z~o define

Kaq(t) == Z e(_ag/sz(q)%
£e7n0,2v2(D), (3.44)
ged(£,2v2(@))=gmin{t,v2(a)}
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3.5. INTERPRETATION OF THE LEADING CONSTANT

with the summation condition

2
2min{t,v2 (@} — 2min{t,v2 (@)}

(mod zmin{zvz<q>7min{t,vz<q>}}) L (3.44)

For a € Z>¢ and ¢, k € Z~( we furthermore let

1\ -1
Wa,q(k) := > e(—at/q) ] (1 - f) . (3.45)
LeZN[0,q) p prime p
ged(€,q)=ged(k?,q) vp(q)>vp(€)

It is clear that if ¢ is an integer coprime to ¢ then we have
Wea,q(k) = Wy q(k). (3.46)

LEMMA 3.5.3. For all k € Z~q satisfying k = k, alla,t € Z>p and q € Z~o
we have

_ Kav‘l(t) Wa,ij(k) 1, qu | a,
Ta,q (t7 k) - Qmin{tﬂjg (Q)}lcm(4, 2v2(q)—min{t7v2 (q)}) q X 07 Zf q J[ .

Proof. We observe that T,, ,(t, k) equals

yo 2l 2°2(9) g / ged (2'k2, 22@§)) e(—a1£/(2%29) )
v2(q) g¢i v2(q) 4 02(0) i

€2[0,2v2() g ged (¢, 2729 gg)lem(4, 294G/ ged (¢, 2729 ¢q))

ged(20k2,2v2(9) )| ¢

1\ -1
X H (1 — E) s
p prime
vp(§)>vp(£)
where the sum is over ¢ with
2tk2 ¢ 9va(q)
= dged(4, ——mF) .
ged(242,22@5) — ged (£, 2%204q) (mo wd (4 e o))

We now use the fact that replacing ¢ by £ + 292(9)gj leaves the last sum
invariant. The Chinese remainder theorem allows to uniquely write

0= 01GG + 622D + £5272D g (mod 2”2<q>qd>
for some

0, €ZN[0,2%2), ¢, € ZN[0,¢) and ¢35 € ZN [0, §).
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3.5. INTERPRETATION OF THE LEADING CONSTANT

Then Ty, 4(t, k) becomes

v2(q) . i _ _ _
w (et ged(l, ) gk e (35) e (54%) e (75%)

ged(£y, 22(9)lem(4, 2°2(9) / ged (€1, 2°2()) 4§

D

01€2n]0,2v2(2))
£:€Zn[0,4)
03€ZN[0,4)
ged(k2,9)|43

omin{t,v3(q)} |el

1\ -1

X H (1—5) ,
p prime
vp(§)>vp(£3)

where the sum is over ¢1, {3 with

gt—min{t.v2(a)} 2 d wed (4 ov2(q)
ged(k2,§) ged(fr,22@) ged(fy )\ (’gcdwl,%(q))) '

Indeed, modulo gecd (4, #;Z(q))), the term (52920 + £32v2(0)§ van-

ishes. Note furthermore that we have used that each of k2, ¢ and ged(fa, §)
is 1 (mod 4). This holds because k is odd and each prime divisor of ¢ is
1 (mod 4). Moreover, the presence of the w(-) means that we may freely
restrict to the case

ged(£y,2v2( @)y = omin{te2(@} and ged (3, §) = ged (K2, §).

Put together, these two facts show that Ty, 4(¢, k) equals

’Cahq(t) Wal,d(k) 1 .
gmin{toz (@} em (4, 202 @ —minfta @) G ¢ Y e(-aitz/q),
KQEZ/QZ
thus concluding the proof. O

Essentially, the last lemma breaks up the information of the prime 2,
carried by the factor involving /C, 4(t), and the information on the primes
p = 3 (mod 4), carried by the factor involving W, 4(k). The last factor
with values in {0, 1} sieves out possible values of a for any given ¢ and
arises from a Ramanujan sum in the last line of the proof.

LEMMA 3.5.4. For fized k € Zso, a € Z the function Wy q(k) is multi-
plicative with respect to q.
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3.5. INTERPRETATION OF THE LEADING CONSTANT

Proof. For positive coprime integers ¢q; and ¢o we note that any element
{ € Z/q1q2Z can be written uniquely as ¢1q2 + l2q1, for ¢4 € Z/q17Z and
ly € Z/qZ. From this the validity of Wy 4,40 (k) = Wa,q (k)Wa g (k)
follows easily. O

Before we state the next lemma, recall the Ramanujan sum from (3.6)).

LEMMA 3.5.5. For fixzed a,m € Z>o, k € Zxo, and any prime p define
Jj :=m —2vy(k). Then we have

ij(—a)(]_ — 1/p)_1, if 2up(k) < m,
1, if 2up(k) > m.

Wa,pm(k) = {

Proof. For 2vy(k) > m, only the term ¢ = 0 contributes towards W, pm (k),
in which case the sum equals 1. For 0 < 2v,(k) < m, every £ in
must be of the form ¢ = zp?*»*) where z € Z N [0,p’) and p t z hold,
which concludes the proof. ]

Define for a, o,t € Z>o the symbol
Aaolt) = e(~a/27 )y ia)20 1o (3.47)

LEMMA 3.5.6. For q € Z~q, let qo be any integer satisfying the congruence
qgo = G (mod 2min{2’”2(q)}). Then for all a,t € Z>o and q € Z~y we have

Ka,q(t) _ Aaqo,vz(q) (t)
lem (4, 2v2(¢)—min{t,v2(q)}) 4 '

Proof. If va(q) <t holds then we have

Kag)= Y e(—at/22@) =1,
£e7n[0,2v2(D)
ov2(q) |

so the left-hand side equals 1/4. On the right-hand side of the equation,
we see that vy (q) —t—2 is negative, so v2(aqp) is certainly larger. Moreover,
—aqo /272 (@) is an integer. Hence both the exponential and the indicator
take the value 1.
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3.5. INTERPRETATION OF THE LEADING CONSTANT

If va(q) > t holds then we have

]Ca’q(t) — Z e(—a€/2v2(q))
£€7n[0,2v2(D)
2t 2t 1
15%(m0d 2mi“{2’”2(4)*t})

= > e(—ax /207,

zeZn[0,2v2(0) 1)
z=(j(mod 2min{2va(a)=t})

where the condition o = § is equivalent to 1 = ¢ as > = 1 (mod 2) and
¢?> = 1 (mod 4) hold.

If vo(q) —t equals 1 then this becomes e(a/2), while, for vy(q) —t = 2 this
is equal to e(—ag/4). In the remaining cases we have va(q) —t > 2, hence
also

Kad®= 3 e(—aa/220")
z€ZN[0,2v2(0) 1)
z=¢{(mod 4)
—o(—ag/2m 07 YT e(—ay/2m@-t-2),

y€ZN[0,2v2(0)—t=2)

which vanishes in case a is not a multiple of 2U2(9~t=2 and otherwise equals
e(—ag/2v2(@—t)gv2()—t=2 O

For each a and ¢ having separated out the contributions to T, ,(t, k), we
now do the same for their sums (weighted by S, ) over all possible values
of a for given g¢.
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3.5. INTERPRETATION OF THE LEADING CONSTANT

LEMMA 3.5.7. For all k,q € Z~q with k = k and all t € Z>o we have

1
Y SagTug(tk) = S2min{bua (@)}

ac(zn[0,q))?
ged(ai,az,q)=1

X ( Z Sb72v2(q)Ab1,v2(q) (t)>
be(

ZN][0,2v2(9)))2
ged(by,b2,2v2(9)=1

(x5 x )

beZN[0,q) te(Z/qZ)™
ged(b,d)=1

X (clj Z Sb7(jWb17q(k)).

be(ZN[0,§))?
ged(b1,b2,§)=1

Proof. By the Chinese remainder theorem we can uniquely write every
a; € 2./qZ as

a; = abqd + a2 D + a/'2%2(D g (mod ¢), (i =1,2),
with

ah e 2)2 D7 ol € L)§Z, dl € T.)GL.

Thus we see that the sum over a € (Z N 0,¢))? in the lemma equals

E : Sa/q'q+a/'2v2(q)q+a'//2v2(q)q,2v2(®qﬁ
a’e(zZn[0,9))? ged(af ;a4 ,4)=1
a’'e(zn[0,4))?,ged(ay’ ,ay’ ,4)=1
a’€(2n[0,2v2(0)))2 ged(a} ,ab,2v2(D)=1

X Tafl qqura'l'zvz(q)(Ha'l"zvz(q)q,sz(q)qq'(ta k).

It is easy to check that whenever ¢; and ¢o are coprime positive integers
and a € Z2, then, much like as in the proof of Lemma [1.3.11] we have

Sagis = Syg-1a g Syict

a,qnTq a,g’

by the fact that for fixed r € Z~¢ the sum Sy, only depends on b (mod 7).
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3.5. INTERPRETATION OF THE LEADING CONSTANT

From the above, we see that if ¢1, g2, g3 are any positive integers that are
coprime in pairs then we have

Saqiqqs = S(qzqa)d*1a7q1 S(q1q3)d’1a,q2 S(qlqz)d”a,qg'

Applying this for a = a’¢j + a”2%2(Dj 4+ a”’2%2D g, ¢ = 2929 gy = § and
g3 = {, we obtain
Sariirar2n2(@ gramz2@g22@ g5 = Sgi)tar 20205 (2020 ) aar 45 (202 @ gydam o

where we again made use of the fact that for fixed r € Z~( the sum Sy, ;.
only depends on b (mod ), as we will also do for W, (k) and Kg4(t)
below.

By Lemma one sees that T, qq+au2v2(q)q+a/1u2v2(q)q’va)qq(t, k) equals

’Ca’ dd, 2v2(q)qq(t) Wa'l”gw(q)q,q(k) " 1, ifq|af,
omin{t,v2()}em (4, 202()—min{t.v2(a)}) G 0, ifg1taf,

thus showing that the sum over a € (Z N [0,¢))? in the lemma equals
L'L'C" where we write

Ko gi.202(@ 44 (t)
L= Z S(q(j)da’ ov2(q) it 44,272 744 it )
a'e(Zn[0,2v2(0)))2 ’ 2min{tv2(@)}em (4, 202(@) —min{tv2(9)})
€ )
gcd(a’l,a’2,2”2(q>):1

n .
L= Y. Sen@iia g
a’’€(ZN[0,9))?,4lay
ged(af,af,q)=1
mo._ Wallll2v2<q)fi,ii(k)
L7 = S(2U2(q)q)dam7dT-
a’’ e(ZN[0,q))?

"1 )

ged(ay’,al’ ,4)=1

To simplify £” we make an invertible change of variables, namely we will
write b = (2U2(@¢)%4 (mod ¢). This results in

= > Y cbh®/d).

beZN[0,q) te(Z/qZ)™
ged(b,d)=1
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3.5. INTERPRETATION OF THE LEADING CONSTANT

Similarly, for £ we make the change of variables b = (2%2(9)§)%a” (mod §)
and use ([3.46) to show the validity of

e =1 > SpiWh k).
be(ZN[0,4))?
ged(b1,b2,§)=1
Finally, put b = (¢4)?a’ (mod 2“2(‘1)) and find some y € Z which satisfies
yqg = 1 (mod 2”2(‘1)). Observing that ¢ga) = biy?! (mod 2”2(‘1)) holds,
we see K o ava(a)45(t) = Ky ya—1 gua(a) 45(t). Note that d is even and that y

1

is odd, hence the proof is concluded by application of Lemma [3.5.6] with
a=byd ! d=1"made possible by the validity of

yrl=y= (q(j)—l =g <mod 2min{2’“2(q)}) .

Indeed, we have Ay, (ya-1y2 4, (g)(t) = Ap, 0,(g)(t) since Aq o(t) only depends
on a through a (mod 29_t). O

We will continue our journey in splitting into factors coming from different
primes with L¢(k,t). We will first need some notation.

For t € Zso and k € Z~q with k = k define

ng(kQa (IS)
T1(k) = Z Y S Z Sb,qs Wi 45 (k) (3.48)
43€Z0 1 be(ZN[0,g3))?
plgs=p=3(mod 4) ged(b1,b2,g3)=1
and 1 1
To(t) =5 Sor > Spaely, lt). (3.49)
0€Z>g be(ZN[0,29))?

ged(b1,b2,22)=1
For a prime p define

o #{te(Zﬁ[O,pN))”:f2(t)50(m0de)}
Tp(p) = lim pNoD)

(3.50)

and let us now see why the limit exists. Our set-up and assumption (|3.1))
ensure that the work of Birch |[Bir62| applies to the hypersurface fo = 0. In
particular, the constant K = K(f3), defined in equals 2!~ because
f2 has no singularities. Furthermore, one should notice that we have

T

ac(@/pmT)* te@npmy P
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3.5. INTERPRETATION OF THE LEADING CONSTANT

coming from the fact that
N

_ 1 afa(t)
Nen—1) §™ (7> 3.52
P e .
m= a€(Z/p™Z)* te(ZN[0,p™))"
equals #{t € (ZN[0,p™))" : f2(t) = 0 (mod p") } and that the m = 0
term equals 1. Alternatively, the existence of the limit 7,(p) could be

established by using Hensel’s lemma and the fact that fo defines a smooth
hypersurface over Q,.

Using Lemmal[1.3.34to bound the sum over t € (ZN[0, p™))" by an order of
magnitude < pmE-ntn(d-171274 ) (valid for all fixed e > 0), shows that,
when is used in the form n > 1+ 3(d —1)2¢ and ¢ = (d — 1)~ 127¢+!
is taken, the last series over m converges absolutely. Therefore the limit
in exists. In addition we get

Th(p) = 1+ O(pF o@D — 1 L O(p2). (3.53)

LEMMA 3.5.8. Under the assumptions of Theorem [3.1.3, for all t € Zx>q

and k € Zso with k = k, the sums in (3.48) and (3.49) both converge
absolutely. We furthermore have

Lo(k,t) = Ti(R)T2(t) [ 7).
p=1(mod 4)

Proof. The assumptions of Theorem [3.1.3] allow us to use the bound from
equation , which, when combined with the bounds ged(k?, ¢3) < k?
and [Wp, 45(k)| < g3, shows that the sum over g3 in converges
absolutely. To prove the analogous statement for the sum over p in
we use the bound (3.28)) as well as the inequality |Ap, ,(t)] < 1 that is

apparent from (3.471 .

To complete the proof of the lemma, we write each ¢ in (3.43) as ¢ =
29¢1qs3, denoting ¢; = ¢ and g3 = ¢ and we inject Lemma |3.5.7| into (3.43))
to obtain L (k,t) = T1(k)Y2(t)Z, with

== Y LYY cth®)/a).

mn
q1€Z>0 g be(Z/qZ)* te(Z/q Z)™
plg1=-p=1(mod 4)

It is standard that the sum over b € (Z/q:1Z)* forms a multiplicative
function of ¢, see, for example, |[Bir62, §7] with R = 1 or Lemma
Thus, using the expression for 7y, (p) in , we obtain the equality of
= with the product over the primes p = 1 (mod 4) in the lemma. O
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3.5. INTERPRETATION OF THE LEADING CONSTANT

Let us now define the quantities Eg(p) for every prime p = 3 (mod 4) and
for p = 2 as follows: if p = 3 (mod 4) then we let

Ed)(p) = Z (I)n,mpimiv (354)
K,'I’I’LEZZO
with
ged(p*", p™) .
(I)n,m = W Z Sajmeahpm (p ) (355)

ac(Zn[o,p™))?
ged(ar,az2,p™)=1

We furthermore define

1 11 B
Ep(2) =7 Y, gigan Do Sbaee(=0i27 )Ly )5p- 0

1,0€Z>0 be(ZN[0,29))2

ged(b1,b2,22)=1

(3.56)

With this newest notation, we are finally ready to write Ly itself as a
product of factors coming from each of the primes.

LEMMA 3.5.9. Keep the assumptions of Theorem|3.1.5. Then the sums in
(3.54)) and (3.56|) converge absolutely. In addition, the infinite product

e I ww) I &)

p=1(mod 4) p=3(mod 4)

converges absolutely and equals L.

Proof. Our first task is to show that the sum in (3.54]) converges absolutely.
For this we use Lemma and the obvious bound |c,(—a)| < p’ to

obtain
m

P
W, m(p™)| < 2———m——.
‘ ai,p (p )’ — gcd(pz””,pm)

Therefore, by (3.28)), for every 0 < A < 27%(d — 1)~! we have

m

ng(p2H7pm) 2m, m(n—3—2X) p

—m(1+AX)
pm(n+1) r-p gcd(p%, pm) <P ’

(I)n,m <

with an implied constant that depends at most on A, f; and fo. This
shows that for all integers M > 0 and every 0 < A < 27%(d —1)~! one has

1 1
Zﬁ Z [P rem| < W (3.57)

k>0 m>M
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3.5. INTERPRETATION OF THE LEADING CONSTANT

This completes our first task. The proof of the absolute convergence for

the sum in (3.56)) can be completed in a similar way by using (3.28]) again.
To show that the product over the primes p = 1(mod4) in our lemma

converges absolutely one can simply utilise (3.53]). The product over the
primes p = 3 (mod 4) converges absolutely because the use of (3.57) with

M =1 and ({3.54)) yields

Ep(p) = D @uop > +0(p "N = > p > +0p '

HGZZO HEZZO

and using ), op > =1+ O(p~?) and A < 1 provides us with

A€ (0,27%d—1)"") = Eplp) =1+ 0x(p~ 7). (3.58)

Since for every A > 0, the sum sz?, mod 4) p~ 1 converges absolutely,

we conclude that so does the product J[,—3(n0a 4) Eo(P)-

To prove the claimed equality of our lemma we combine Lemma and
Lemma [3.5.8] to obtain

v (2L o) 2 )

t€Z>o p=1(mod 4) k€Z~o
p|lk=p=3(mod 4)

(3.59)
By we can write the sum over k € Z~( as a double sum over k and
g3 and one obtains the infinite product over the primes p = 3 (mod4) in
our lemma by application of a two-dimensional analogue for converting
infinite sums into Euler products. Such an analogue can for example be
found in [Hoo93, Lemma 4, pg.20] Lastly, the sum over ¢ in can be
shown to be equal to E¢(2) by application of . O

We are still left with interpreting the factors occurring in the last lemma.
Before embarking on the next subsections we introduce some more nota-
tion and record some preparatory observations.

For primes p and integers 0 < 4,j < m we define the quantity

&ij(m) == #{t € (ZN[0,p™)" : p" | f1(t), 0’ | f2(t)}. (3.60)

The quantity & j(m) also depends on p, however, we choose to not record
this in the notation as it will be clear from the context what the underlying
prime is. The following is a restatement of the last equation in [Bir62,
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3.5. INTERPRETATION OF THE LEADING CONSTANT

pg.259], and which we have already used in studying (3.50) for the case of
a single polynomial, where we now have a pair:

1 EnN(N)
> — > Sapm = N (3.61)

0<m<N ae(Zn[0,p™))?
ged(a1,a2,p™)=1

Using it for m = N and m = N —1 both, we obtain that for every N € Z~
we have

D Sapy =PNEnn(N) =Ny v (N = 1), (3.62)
ac([0,pN))?
ged(ag,az,p™)=1

Observe that injecting the bound (3.28)) into (3.61)) shows that for M > 0

we have

Eva (M) = Oy (pM 2. (3.63)

LEMMA 3.5.10. Keep the assumptions of Theorem[3.1.5. Then for every
mi, Mo, M € Z~g with m; < mo < M, and every prime p we have

Emyma (M) = Op(p™'"72m1).
Proof. Notice that we have
Emuma (M) < #{t € (ZN[0,p™)" : p™ | f1(£),p™ | fa(t) }p" M),
Thus using we conclude that &, m, (M) = O, (p™ (=2 pn(M=m1)),
O

3.5.2 Local density at primes 3 (mod 4)

The following is the main result of this section.
PROPOSITION 3.5.11. Let p be a prime number with p = 3 (mod 4). Then
under the assumptions of Theorem[3.1.3, the sequence

#{t c(ZN[0,p")": fo(t) =0 (mod pN) 22 + 22 = f1(t)x3 has a Qp—point}
pN(nfl)

has a limit for N — oco. We call the value of this limit £, and we have
-1
Ey(p) = (1 — 1/p) L.
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3.5. INTERPRETATION OF THE LEADING CONSTANT

For the rest of the letter p will always refer to a prime satisfying
p = 3(mod4). To prove Proposition we split the sum over x and
m in the definition of E4(p) according to the three ranges 0 < m < 2k,
m = 2k + 1 and m > 2k + 2. These ranges will be treated in Lemmas

3.5.12] [3.5.13] and [3.5.16] respectively.

LEMMA 3.5.12. Keep the assumptions of Theorem |3.1.5. Then for every
prime p = 3 (mod 4) and M € Z~g the following holds,

o2k (2 _
IFEDY I~ L))

n>0 0<m§min{M,2/~t} k>0 p

Proof. By (3.57)) the sum over x, m in the lemma equals

Z 25 Z (I)’im—i_O )

Fi>0 0<m<2k

Owing to Lemma and (3.61)), the new sum over x, m can be expressed
as

S X gm T Sue-Y piREl oy ey
2/{ mn a,p™ p2/-€ 2nn 2) 2rk(n—1) ’
K>0 0<m<2/{ ac(Zn[o,p™))? k>0

ged(ar,az,p™)=1

thus finishing the proof. O

Recall the definition of the Ramanujan sum in (3.6) and for k,m € Zx>g
with 2k < m define

Qi 1= Z Sa,pm Cym—2x(—az).

ae(zn[0,p™))?
pla
We then obtain via Lemma that, in the range 0 < 2k < m, we have
(I)n,m . (1 o 1)71 Qn,m
P p pm(ntl)”

LEMMA 3.5.13. Keep the assumptions of Theorem |3.1.5. Then for every
prime p = 3 (mod 4) and M € Z~g the following holds:

Eor 142k (1 4 2K) — E14261426 (1 + 2K)
> S 2L Tem =)

_ (1+2 -1
n>0 0<m<M k>0 1 1/]9) mn=1)

m=1+2k
525 2;{ 2’{' -M
_Z p2n(n 1) (p )
k>0

(3.64)
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3.5. INTERPRETATION OF THE LEADING CONSTANT

Proof. First, note that by (3.57) the sum over £ and m in the lemma
equals

Z p72ﬁ®f€,1+2f€ + O(piM)‘

k>0
Now using (3.7) we get that €2, ,, is

E Sa,pm <p1p|a1 _1) = p( E : Sa,p’") - ( E : Sam’")-
ac(zn[o,p™))? a€(zn[o,p™))? a€(zn[o,p™))?
pla plai,pta pla

Writing a1 = bp, we see that €, ,, becomes

P( > S(bp,an,pm) - ( > Sa,pm)

agEZﬁ[O,pm),pf(IQ ae(Zm[Ovan))2
beZN[0,p™ 1) pla

and the first term equals
t bfi(t
D SR (C-C) R L)

a2€ZN[0,p™),ptaz bezZn[0,pm—1)
te(zZn[o,p™))"

m as fa(t)
—p 3 e( o )
aQEZﬂ[O,pm),pJ[llz
te(ZN[0,p™))™,p™ | f1(t)

The use of the identity (3.7) for the Ramanujan sums appearing in the
last line helps in concluding that € ,, equals

p" ( > (p— 1)1)’”“) - ( > pm*l)

te(zZn[o,p™))" te(ZN[o,p™))"™
P f2(t), P fi(h) P fa(t), P f1(E)

— > Sapm

a€(Zno,p™))?
pta

We note that p™~1|| f2(t) holds if and only if p™~!| fo(t) does and p™ | fa(t)
does not hold. Therefore we have

> 1= > 1- > L,
te(zZn[o,p™))" te(zZn[o,p™))" te(zZn[o,p™))"
p™ I f2(t), P f1(8) p™ L fa(t), P f1(b) P fa(t), P f1(E)

96



3.5. INTERPRETATION OF THE LEADING CONSTANT

which is obviously equal to p"&y—1,m—1(m —1) — &m_1,m(m). Hence Q.
becomes

P (0= VP emtm(m) = 2" "1t (m = 1) = Emtm(m) })

_ Z Sapm

ac(zn[o,p™))?
pta

= p2m£m71,m (m) - me_H—nfmfl,mfl(m - 1) - Z Sa,pm .
ae(zn[0,p™))?, pta
Thus, by (3.62) we get
Qn,m :p2m£m—1,m (m) - p2m71+n§m—1,m—1(m - 1)
- gm,m (m)p2m + p2m+n_2§m—1,m—1(m - 1)
m(gmfl,m(m) - gm,m(m)) - gmfl,mfl(m - 1)p2m+n_1(1 - p_l)'

Therefore, using (3.64) we infer that Y, o, ®u2x+1p 2" equals

~1
(1 - 1) Z pm(}z+1) (P*" (En—1,m (1) = Emm(m))

p k>0
m=142k

- fm—l,m—l(m - 1)p2m+n71(1 - pil))

which is
1 ! am m—1m - Smm
(1-1)" 5 Ernctnt) - nn)
p k>0 pm(n+1)
m=142k
_ Z gmfl,mfl(m - 1)p2m+n—1
= pm(n+1)
mff+25
1 ! m—1m - Sm,m
_ <1_> Z (Em—1,m(m) 15 m(m))
D = pm(n* )
m=142k
Z gm 1,m— 1 1)
i p(m 1)(n— 1) ’
m21+25
thus concluding the proof. O
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REMARK 3.5.14. Taking a step back from the technicalities in the proof,
we remark that it is the appearance of the Ramanujan sums that allows us
to switch away from the exponential sums in ®, ,, and into congruential
properties of f1(t) and f2(t) modulo powers of p.

In order to study the contribution towards Eg(p) of the range k£ > 2+ 2m,
we shall first need a preparatory lemma.

LEMMA 3.5.15. For each prime p = 3 (mod 4) and all non-negative inte-

m

gers k < —1+m/2, the value of ]% equals

(€2n,m (m) — £1+2n,m (m))

= (Grm-1(m —1) = &Gig2em-1(m — 1))
pm(n—l) ’

pm—D(n=1)

Proof. Using (3.7) allows to write €, as

Z Sa,pm Cpm—Zn (_a]_) :pm—Qn ( Z Saypm)
a€(zZn[o,p™))? a€(zZn[o,p™))?
pla P " ay,plaz
_ pm—Q.‘i—l Z Sa,pm .

ac(ZN[0,p™))?
pm—2n—1 \a1,Ma2

Writing a; = p™2*b shows

Z Sapn = Z o (02f2(t)> Z o (bflit))

2 m pm 2 p
ae(zZn[o,p™)) a2€(ZN[0,p™),ptaz bEZN[0,p2")
p™ 2% ay plag te(Zn[0,p™))"
ok az fa(t)
=P Z pm ) :

a2€(ZN[0,p™)
te(Z/pmz)"
p2'{|f1 (t)7 MaQ

Recalling (3.6) and using (3.7)), this can now be written as
Y em(fa®) =p™t Y1

te(Zn[o,p™))" te(zn[o,p™))"
P**|f1(t) P*eLf1(6).p™ | f2(t)

_ p2n+m— 1 Z 1

te(z/pmL)”
P2 f1(8),p™ L f2(t)

:p2ﬁ+m§2n,m (m) - pn+2n+m—lg2n’mil(m - 1)

98
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A completely analogous argument shows

142 2
Z Sa,pm =p + Nergl-l—Qﬁ,m(7n) - pn+ K+m§1+2n,m—1(m - 1)
ae(zn[o,p™))?
p7n72r$71|a17p1ra2

Therefore, we see that € ,, is

P Eaenm) — 9" 1 (m — 1)
_ p2m_1(p£1+2,€,m (m) — pn§1+2n,m71(m - 1))
= p2m(§2mm (m) - §1+2n7m (m))

— "I (Capme1(m = 1) = &1 q2mm-1(m — 1)),
thus concluding the proof. O

LEMMA 3.5.16. Under the assumptions of Theorem [3.1.3, fiz any prime
p =3 (mod 4). Then for all M € Z~y we have equality of

0<k<M/2-1
242k<m<M

and

LI e @00 M | ), w ) € 22)
( _p> pM(nfl)

_ <1 _ 1> - Z (E2r1426 (1 + 2K) — E142m,1426 (1 + 2K))

(1+2r)(n—1)
p 0<Kr<—1+M/2 p

up to an error term that is Op(p~™).

Proof. From (3.64)) and Lemma [3.5.15| we get that the sum over k,m in

our lemma equals

1 - k,m\ 1) — r,m\TT
(1_) 3 ((527 (m) 112100

p 0<k<—-1+M/2 p
2426<m<M

~ (Erm—1(m —1) = Gq2em—1(m — 1))
pm=D(n—1) :
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Noting that for fixed x the sum over m is telescopic, we can rewrite the
last expression as

1 - K M) — 1+2k M
(1—) S ((52 M )M(fj)z M(M))

p 0<K<—1+M/2 p

(2ra+26(1 + 26) — &iqor1426(1 + 25))
p+2R)(n—1) :

Let us now focus on the first part of the sum. Definition (3.60) makes
immediately apparent that > o, <1, pz/0(&2k,m (M) —&1126,m (M) equals

#{t € @n[0,p™M)" :p™M | fo(t), up(fi(t)) € 22 0[0, M — 2]}

The contribution of those t € (Z N [0,p™))™ with vy(fi(t)) > M — 1 can
be controlled by using Lemma [3.5.10| with m; = M — 1 and mgo = M. We
then obtain

#{t € (ZN[0,p")" : pM | fa(t),vp(f1(t)) € 2Z N[0, M — 2]}
pM(n—l)

#{t € (Zn[0,p™)" : pM | fo(t),vp(f1(t)) € 2Z _
-H = pf\f(nl)Q : }+Op(p )

thereby proving that the sum over s, m in our lemma is

LI\ B 0P M| B0, n(A(0) €22)
< _p> pM=1)

—(1—- 1 B Z (§am1126(1 + 2K) — &iyoni426(1 + 2K))
b p(1+25)(n—1)

0<K<—1+M/2

up to an error term of O,(p~™). O

LEMMA 3.5.17. Under the assumptions of Theorem[3.1.3, fiz any prime
p =3 (mod 4). Then for all M € Z~¢ we have

(1 - 1)‘1#{t € @n[o.p*)": pM | folt), vp(hi(t) €22}

P pM(n—1) o(p)

up to an error term of Op(p~)
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Proof. Putting together Lemmas [3.5.12] [3.5.13] and [3.5.16] and taking into
account the occurence of many cancellations, we obtain the equality of

1
ano P2 ZogmgM Pm and

#{t € @0, P | f2(0), 0p(A1(1)) € 22)
(1= 1/ppH0D

+ H + Op(p_M)’

where

Z (§or,1426 (1 + 26) — &1vom1426(1 + 2K))

= (1 — 1/p)pr20(n-D)

k>—1+M/2

comes from the part of the equation of Lemma that is not cancelled
out by any other terms. Next, note that Lemma [3.5.10| provides us with

162k 1426 (1 4 2K)| + |E142m, 1426 (1 + 2K)| -
p(F27)(n=1) pP

and therefore H = O,(p~). Finally, (3.57) allows to complete the sum
in the statement of the current lemma at the cost of an error term of size
Oplp~™). O

Proof of Proposition [3.5.11. By Lemma it is obvious that the
sequence

#{t € (Zn[0,p")" : f(t) #0,p™ | fo(t), 25 + 27 = fi(t)a3 has a Q,-point }
pN(nfl)

has a limit for N — oo, because for a non-zero integer m, the curve
23+ 2?2 = ma? has a Q,-point if and only if v,(m) is even. Furthermore, if
f1(t) vanishes then p” divides f;(t) and therefore the bound shows
that the condition fi(t) # 0 can be removed from the numerator of the
limit above. This proves the existence of the limit ¢, and it is clear that

the equality Ey(p) = (1—1/p)~1¢, follows instantly by Lemma 3.5.17 [

3.5.3 Local density at the prime 2

We begin by stating the main result of this section.
PROPOSITION 3.5.18. Under the assumptions of Theorem the se-
quence

#{t € (Zn[0,2M)": fo(t) =0 (mod 2V) , 2% + 2% = fi(t)2} has a Qz-point}
9N(n-1)
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has a limit for N — oo which we call {5 and we have ly = Eg(2).

The proof of Proposition [3.5.18] will follow steps somewhat similar to
those in the proof of Proposition [3.5.11 However, there will be now four
cases rather than merely three, the reason being the presence of the term
Loy (b1)>0—t—2 in the definition of Ey(2) in ([3-56). The four cases will be
o <t,o=t+1 0=1t+2, and p > t + 3 that will be dealt with in
Lemmas [3.5.19] [3.5.20] [3.5.21] and [3.5.22] respectively. There are further
minor differences between the proofs of Proposition and Proposi-
tion [3.5.18] They are related to the difference between the two formulas

l, =(1—1/p)E¢(p) and by = E¢(2).
Recall the definition of Sy 4 in (3.13)) and that of & ;j(m) in (3.60)).

LEMMA 3.5.19. Under the assumptions of Theorem|[3.1.3 the following two
series converge absolutely:

oo t 11
DD gige 2. Sbace(=hi2 L) pm i,

t=0 o=0 be(Zn[0,29))?
ng(bl 7b2 729):

1

and

In addition, they are equal.

Proof. The absolute convergence of the former sum is a direct consequence
of , while the absolutely convergence of the latter sum is a conse-
quence of . To verify the claimed equality observe that the first sum
in the lemma can clearly be written as

1 1
Dy X ge D S
t>0 ° 0<p<t be(Zn[0,29))?
ged(by,b2,22)=1

and by (3.61]) the new sum over p equals ft,t(t)2*t(”*2). O

LEMMA 3.5.20. Under the assumptions of Theorem [3.1.3 all series over
t > 0 in the following two expressions converge absolutely:

1 1 -
Z ?72(t+1)n Z Sb,QH'l e(—b12 1),
t>0

be(ZN[0,2¢+1))2
ged(b1,b2,2)=1
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and

9 Z (&1 (t+1) — §t+1 t+1 (t+1)) Z &ee(t)

1+t t(n—1)
t>0 2( S t>0 2 "

In addition, the two expressions are equal.

Proof. The absolute convergence follows from taking M = t, my = t,

mi =t — 1 in Lemma [3.5.10] as well as (3.28) and (3.63]). Furthermore,

the sum over b in the lemma equals

ba f2(x) b1 f1(x)
Z e( s Z e(—b1/2)e =
ba€ZN[0,2¢+1) b1 €ZN[0,2¢+1)
x€ZN[0,2t+1)n 2/b

The contribution of the even values of by is the following (after writing

b1 = 20),
cfi(x)
Lo, D ( 2 >:2t12+b212f|f1(x)

c€Z[0,2t)

and the contribution of the odd values equals

(1) 5 () (e

c€ZN[0,2t)

after writing by = 2¢ + 1. Recalling (3.6, we infer that the sum over b in
the lemma is

0 () (1o (B2
ba€7ZN[0,2¢11)

x€ZN[0,2t+ 1"
2t f1(x)

which is plainly

2t( > Czt+1(f2(X))>—21+2t< > 1)
)

x€ZN[0,2t+H)™ x€ZN[0,2t+ 1"
2°| f1(x) 20 f1 ()28 | fa (x)

+ 21 F2 ( > 1) :
x€ZN[0,2t+ 1"
v2(f1(x))=t,2"1| f2(x)
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Using (3.7) to simplify the first sum over x shows that the left side of the
equation in the current lemma is

1 1
> g @ et 1) = 22 (4 1) - 27, (1),
t>0

which concludes the proof. ]
Write A¢(M) for

#{x € (ZN[0,2"))" : ea(f1(x)) = ,2" | fo(x), fi(X)oaa = 1 (mod 4) },

where for any integer n we write nyqq for n - 272 (n),

LEMMA 3.5.21. Under the assumptions of Theorem [3.1.3 all series over t
in the following two quantities converge absolutely:

1 1
Z ot on(i+2) Z Sp,ge+2 €(—b1/4),
>0

be(ZN[0,2¢12))2
ged(by,b2,2t12)=1

/\t t+2 (a1t +1) = &1 (t+1))
42 T 2 Z o(n—1)(t+1) :

Furthermore, the two quantities are equal.

Proof. The first series and the second term in the second series can be
proven to converge absolutely in the same way as in the proof of Lemma
[3:5:200 To prove absolute convergence for the first term of the second
series we note that we may bound A¢(t + 2) < & ¢12(t + 2) and hence by
Lemma we have \(t + 2) < 2+27=2 which is sufficient.

Let us now proceed with the proof of the claimed equality. The sum over

b is
ba fa(x) b1 f1(x)
> e(PR) T ecnme("EY)
bo€ZN[0,2¢F2) b1 €ZN[0,2¢F2)
x€ZN[0,2t+2)" 2tb

The new sum over b can be written as follows (after writing b; = 4y + j),

X ccime(gr) o e(M)
JQGUZ:F;[Q%? yeZn[0,2*)
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which is equal to

Mot D e(—j/4)e<j££2’()).

JEZN[0,4)
2|j:>2ﬂ)2

A moment’s thought allows to verify the following identity for any inte-
ger ¢

Z e(jc/4) = 2(1ap, + e(c/4)) 1y,
JEZN0,4)
2|j=>21ba

Using this for ¢ = f1(x)27 — 1 provides us with the equality of the sum
over by with

2t+11v2(f1(x)):t(12fb2 + e((fl(x>27t - 1)/4))
Hence the sum over b in the lemma is

ot +1 ) e (’”jfg‘)) (Lo, + e((A1(x)27 = 1)/9)),

ba €ZN[0,2¢F2)
x€ZN[0,2842) vy (f1(x))=t

which is
2L N oyra(fa(x)) 25 > e((f1(x)27'=1)/4).
xEZﬂ[O,ZH'Q)n XEZQ[O,QH'Z)"
v2(f1(x))=t v2(f1(x))=t,2"2| f2(x)

Furthermore we have

doe((hx2 =1/ = > TS 1,

x€ZN[0,2t+2)n x€ZM[0,2t42)n x€ZN[0,2t42)n
v2(f1(x))=t v2(f1(x)=t,2"T2| f2(x)  v2(f1(x))=t,2"F2| fa(x)
2072 fo(x) f1(x)oda=1(mod 4) f1(x)oda=3(mod 4)

and, since vo(f1(x)) = t implies f1(X)oaa = f1(x)27%, this can now be
written as

2 Y 1= > =200+ 2) = (Grralt +2) = Grrera(t +2)).
x€ZN[0,2t+2)n x€7ZN[0,2t+2)n
v2(f1(x))=t va(f1(x))=t
2142| fo(x) 202 f5 (x)
J1(x)oaa=1(mod 4)
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Hence, the sum over b in the lemma is

2+ Z 02t+2(f2(x))+23+2t(2)\t(t+2)_(ft,t+2(t+2)—ft+1,t+2(t+2))>‘
x€7Zn[0,2t+2)n
va(f1(x))=t

Utilising (3.7)) to evaluate cye+2(f2(x)) concludes the proof. O

The next lemma is the last one in the established line of similar results.

LEMMA 3.5.22. Under the assumptions of Theorem[3.1.5 both series over

t in the following expression converge absolutely:

M(t+2) 1 11 -
2wty o wom 2. Swarc(-hi279)
>0 >0 be(zn[0,29))?

o=>t+3 20==2|by by

Furthermore, the limit

i #{x e (Zn[0,2M))" : fo(x) =0 (mod 2M) , f1(x)oda = 1 (mod 4) }
im
M—00 2M(n—1)

exists and is equal to the previous expression.

Proof. The proof of the absolute convergence is similar to that in the proof
of Lemma, thus we shall next concentrate on showing the existence
of the limit in the lemma. Writing by = 2¢7'"?(4y + j) and using (3.7),
we see that the sum over b becomes

S el Y e(ie (B 5 (4B

x€(ZN[0,22))" FE€ZN[0,4) yEZN[0,2¢)

which equals

2 3, (12@|fz<x>—1292f2(x)> > e(—j/4)e(j£$;)>-

x€e(ZN[0,29))™ JEZN[0,4)
2% f1(x)

Noting that the sum over j equals 4 when 4 | f1(x)27% — 1 holds, and it
otherwise vanishes, we obtain

gitot2 Z (129|f2(x) - 12Q_1‘f2(X))a

x€(ZN[0,29))™ 2
2! f1(x),4] f1(x)27F =1
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which can be written as

2t+g+2 ( Z 1) _ 2t+g+l+n ( Z 1> )
x€(ZN[0,29))" x€(ZN[0,2¢~ )"

v2(f1(x))=t,2¢|f2(x) va(f1(x))=t,2¢"1| fa(x)
fl (X)oddzl(mOd 4) f1 (x)oddzl(mod 4)

Therefore, whenever M is an integer with M > ¢t + 3, we have

11 _
S g X Seelh2

t>0 be(ZN[0,29))?
t+3<o<M 297t72|b1,21'b2
M
_ M(o)  Mle—1)
_42 Z <2g(n—1) ~ 9le-1)(n-1) )°
t>0 o=t+3

The sum over p is telescopic, thus we get

- . M(M)  M(t+2)
> 2t g0m Y Swaee(-bi2 g):4(2M(n1>_2(t+2)<"1)'

>0 be(ZN[0,29))?
t+3§Q§M 2g_t_2|b1,2fb2

Using the bound (3.28) we obtain

Z ot 20n Z |Sp20 €(—b12"79)| < Z% Z 2%2/’("—3)

20 o>M be(Zn[0,29))? t>0 = o>M
QQ_t_2|b1,2J(b2

< o™
and therefore also

- . Ae(t+2)
Z 5 500 Z Sb,20 €(—b12"79) 4Z<2M(n 1) 9t+2)(n—1)

t>2t03 be(Zn[0,29))?
o=t+ 29_t_2|b1,2j(b2

is O(2=™). Taking M — oo and noting

)\t(M) B #{X S (Zﬁ [O, 2M))n : 2M ’ fg(X),fl(X>0dd =1 (mod 4) }

o oM(n—1) 9M(n—1)

shows that the limit

#{x € (Zn[0,2M))" : 2M | fo(x), f1(X)oaa = 1 (mod 4) }
M—o0 2M(n71)
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exists and equals

ME+2) 1 11 ‘o
E W + Z ?2? E Sb729 e(—b12 )
t>0 t>0 be(ZN[0,29))?

02t+3 ZQ_t_2|b1,2fb2

This concludes the proof. ]

Proof of Proposition |3.5.18. First, the contribution of those t with
f2(t) being zero in the quantity inside the limit defining ¢s in Proposi-
tion [3.5.18] can be dealt with in an identical manner as in our proof of

Proposition [3.5.11}

Using Hilbert symbols (see, for example, [Ser73, Ch.III,Th.1]) one can
obtain that for an integer m the curve 3 + 22 = ma3 has a point over
Qg2 if and only if the odd part of m is 1(mod 4). Hence the limit ¢y
in Proposition coincides with the limit in Lemma thus o
exists. Finally, to prove Ey(2) = {2, recall that E(2) can be represented
as the sum over ¢, o in and combine the equalities proved in Lemmas

3.5.19] [3.5.20] [3-5.21] and [3.5.22] O

3.5.4 Concluding steps

For every prime p we define

where L is equal

#{t € (Zn[0,pM)":p" | fo(t), 23 + 2% = f1(t)23 has a Q,-point}
N(n—1) ’
p

This is well defined because for p = 1 (mod 4) the limit coincides with
74,(p) which was introduced in (3.50), and for p # 1(mod 4) the limit
coincides with ¢, and /5 from Propositions [3.5.11] and [3.5.18| respectively.
The definition of 7, is motivated by the construction of the Tamagawa
measure by Loughran in [Loul3, §5.7.2]. It is useful to recall that if
one were counting Q-rational points on the hypersurface fo = 0 then the
corresponding Peyre constant would involve a p-adic density that is the
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same as the number 7, except for the condition on Q,-solubility, see [PT01,
Cor.3.5]. For s € C with R(s) > 1 let

L(s) :==+/¢(s) (3.65)
denote the p-adic factor of L(s) by L,(s) and write A\, for L,(1), i.e.

1\ 12
Api=(1—- .
? < p>

Recall the definition of the real density J in (3.33]) and that d denotes the
degrees of fi; and fo (which are equal and even).

THEOREM 3.5.23. Keep the assumptions of Theorem|3.1.5.

1. If & has a smooth fibre with a Q-point then the constant cy in The-
orem[3.1.3 is strictly positive.

2. The infinite product Hp;—*; taken over all non-archimedean places
converges.

3. The constant cg in Theorem satisfies
1 ~
o — Vi Il 5,
REMARK 3.5.24. Recalling that /7 is the value of the Euler Gamma func-
tion at 1/2 and noting that

1= lim (s — 1)"/2L(s)

S—>1+

allows for a comparison of Theorem [3.5.23| with the case of [Loul3, Th.
5.15] that corresponds to

Proof of Theorem[3.5.23. To prove (1) observe that due to (3.40)), it suf-
fices to show that if ¢ has a smooth fibre with a Q-point then

J > 0and Lg > 0.

For the former part, we point the reader to the definition of J in (3.33)).
One should first notice that if V C [—1,1]" is an area without zeroes of

f2, then the integral
/ / o(T f(t))dtdD
I'eR JteV
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vanishes.

Let us write A :={t € (—1,1)" | fi(t) > 0}. Then the closure of A is the
region of integration that appears in J. Since the boundary has measure
zero, integrating over A gives the same result. Divide A up into sufficiently
small boxes with sides parallel to the coordinate axes, not necessarily finite
in number and not necessarily of equal sizes. Since we already know that
the integral J converges to a finite value, this value is equal to the possibly
infinite sum of integrals over these boxes.

It is proved in [Bir62, §6], that if B C (—1,1)" is a box with sides parallel
to the coordinate axes and the hypersurface fo = 0 has a non-singular real
point inside B then the corresponding integral

/FER /t _ oL fa(e))dtdl

is positive. In our case, every real zero of fs is non-singular by assumption.
Combined with the vanishing mentioned above, the integral over any box
in the subdivision of A is non-negative, so we only need to prove the
existence of one box containing a real zero of fa.

Now, in (1) it is assumed that ¢ has a smooth fibre with a Q-point. This
means that there exists a point t € P"~1(Q) such that for any representa-
tive tg € Q™ we have f3(tp) = 0, and moreover the curve 1:(2)+x% = f1(to)x3
is smooth and has a Q-point, hence in particular an R-point. Therefore
we have fi(tg) > 0. Choosing such tg inside (—1,1)", we get the desired
existence of tg € A satisfying f2(tg) = 0. Subsequently we find a box
B C A with sides parallel to the coordinate axes containing to. Therefore
the integral over this particular box is positive, and in conclusion J is
positive.

To prove L¢ > 0, we invoke Lemma to see that it is enough to show
E4(2) > 0, and

p=1(mod 4) = 74,(p) >0, and (3.66)
3 (mod 4) = E4(p) > 0.

For this, choose a representative to in Zp; , (rather than in (—1,1)" as
in the previous paragraph) and note that for every prime p the point tg
can be viewed as a smooth Q,-point on the hypersurface fo = 0 and such
that the curve 2% + 2% = fi(to)23 has a Q,-point. For p = 1 (mod 4)

this forces no condition on fi(tg), thus 74, (p) > 0 because, as mentioned
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in [Bir62, §7], one can use Hensel’s lemma to prove that if fo = 0 has a
smooth Q,-point then the analogous p-adic density is strictly positive.
If p = 3(mod4) or if p = 2 then the existence of such a to can be
used with Hensel’s lemma to prove that the quantities o and ¢, (defined
in Propositions [3.5.11] and [3.5.18| respectively) are strictly positive. The
equalities Eg(p) = ¢,/(1 — 1/p) and Ey(2) = f2 (proved in Propositions
[3.5.11] and [3.5.18) then show the validity of (3.66), which concludes the
proof of (1).

Let us now commence the proof of (2). Denoting the limit in the definition
of 7, by £, we see

(1-=L9) 1\ /2
lim [T 22 = lim H”dzp<1 - )
t—o0 o Ap  t=oo o (1—2) P

1
p
L2 ‘, (1 — Z=ttmd 1)) 12
_C(n _ d) ti}I{.lo H (1 . lpES(mod 4)) (1 . lpEI(InOd 4)) ’
2#p<t P P

We now let x stand for the non-trivial Dirichlet character (mod 4) to
obtain

1,=3(mo
(1- letmonny ) o
H (1 ~ Ly=1(mod 4)) - H 1— x(p) H ( - ]?)
p<t ) p<t D p<t

p=3(mod 4)

Applying the Leibniz formula for 7, or in other words, that the Euler
product for the Dirichlet series L(, s) of x converges to m/4 for s = 1, we

get
i T (0 Testmed 9)\ V2 "
(1 o lpzl(mod 4)) - 2 0s

p<t D

where Cy was defined in equation (3.8]).

We have so far shown the validity of

91/2 / 1/2
lim ;\p:&d<lim1—[ 1:]; e >7T2 Co.
t—00 5t C(n — ) t—00 ot (1 = (;10 )

It is clear that for p = 1(mod 4) we have £, = 7y,(p), and thus (3.53)
leads to the absolute convergence of

w1 6= II

p=1(mod 4) p=1(mod 4)
p<t
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By Proposition [3.5:1T] one gets

14
I ay= I we
p=3(mod 4) p=3(mod 4)
p<t p<t

It is now clear from Lemma [3.5.9] that the last product converges. There-
fore the product [],7,/A;, is convergent, which proves (2).

For the proof of (8) we note that the arguments at the end of the proof
of (2) provided us with the equality

1/2

Tp 0921/2 T
p )‘7]7 B ﬁ (pEIH sz<p)> (pz?)H Ed)(p)) TCO

(mod 4) (mod 4)

We have E(2) = ¢ due to Proposition|3.5.18 Recalling Lemma we
get,

1/2 1/2
T2 Loy —Co.
L, T a2

A comparison with (3.40) makes the proof of (8) immediately apparent.
O

Let us remark that the arguments in the proof of Theorem [3.5.23| can be
easily rearranged to show that Hp<t 7, diverges. Therefore the numbers
Ap can be viewed as ‘convergence factors’. We are very grateful to Daniel
Loughran for suggesting this choice for \,, as well as for the L-function in
(13.65)).

In fact, the above proof of (1) shows a stronger statement. We thank
Jean-Louis Colliot-Thélene for asking the question that prompted us to
recognize this.

THEOREM 3.5.25. If for every prime p there exists a smooth fibre with a
Qp-point, and moreover there exists a smooth fibre with an R-point, then
cy 1S positive.

Proof. We have seen in Lemma that the product
Lo =Ee2) [ m® ] FEob)

p=1(mod 4) p=3(mod 4)

converges absolutely. Hence its value is positive if the values of the in-
dividual factors are positive. In the proof of Theorem [3.5.23| we showed
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that each of the factors in the product above is positive by starting with a
Q-point and considering it as a Q,-point for every p. However, every indi-
vidual prime was then treated separately, so one may as well have started
with Qp-points for every p which are not necessarily defined over Q.

The same strategy was used to prove J > 0, and again here one might have
started with an R-point that is not necessarily also defined over Q. O

REMARK 3.5.26. Theorem [3.5.25|shows that the Hasse principle holds for
the total space of smooth fibres. Since the main term in Theorem [3.1.3]
only takes care of smooth fibres, the singular fibres lie outside the reach
of the proof.
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