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1
Introduction

1.1 Background

Industry has shown a lot of interest over the last decades in the emerging fields of
(big) data mining, machine learning, and deep learning. Industry sees opportu-
nities to optimize their production processes and further automate their process
pipeline with the help of data driven technologies. With the data that has been
collected in these industrial processes for the past decade, predictive models can
be trained and data driven optimization of these processes becomes feasible. For
industry it is crucial to stay ahead of the competition by producing good quality
products in as little time as possible and by spending a minimum of resources,
keeping the costs low. Data mining, machine learning and model-based optimiza-
tion are important techniques that industry can benefit from by automatically
controlling and optimizing their complex production processes.

Optimization and feedback loops have always played an important role in the
manufacturing industry. Often, these feedback loops are restricted to one part
of the process or to one particular machine, due to the complexity of modeling
the interactions between the different process steps and external factors that are
hard to model. These feedback loops are most often reacting to the current state
given a predefined preferred state, like a central heating system that maintains
a room temperature of twenty degrees Celsius by turning on and off the heater,
given that the current temperature is either too low or too high. Current im-
plementations of more complex optimization procedures are mainly focused on
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1. INTRODUCTION

optimizing unit processes and are often implemented using complex mathemati-
cal models that require a lot of domain knowledge and expertise. In the field of
Optimal Operational Control [1, 2, 3, 4] and Real Time Optimization (RTO) [5, 6,
7] static mathematical models are constructed of the industrial process and used
in the optimization procedure to come up with good operational parameters for a
specific unit process. These model-based control theories include both linear and
nonlinear systems where preferred parameters of the controllers are assumed to
be known. These procedures are static and often not able to learn from historical
events or to adapt when the process or environment changes.

With the current state of the art technologies, infrastructure and collected big
data sets from sensors and systems, new possibilities arise to optimize more chal-
lenging industrial processes in a scalable and robust way. These technologies allow
to model and optimize not just one part of the production process, but the com-
plete process. Enabling us to capture the complex interactions of the different
stages and predicting defects and possible defect causes much earlier. Data driven
modeling also allows for adapting to concept shift and concept drift, as models
can be easily retrained or even adapted in an on-line fashion. With big data, the
possibility to build predictive models purely on the data becomes feasible. With
these predictive models, optimization algorithms can produce a set of optimized
parameters to improve an entire production chain on multiple optimization crite-
ria, delivering both optimized process parameters as well as additional insight into
the production process itself by analyzing the correlations and trade-offs between
different objectives.

However, the data driven modeling and optimization of these complex processes
require insight in the data, domain expertise and a complete pipeline of data acqui-
sition, data cleansing, data preprocessing, modeling, post-processing, validation
and optimization. Each of these pipeline stages come with different challenges
and possible solutions. In this dissertation a framework for these different stages
is proposed, specifically tailored for the industrial processes of steel-making and
car body manufacturing. Throughout this dissertation, many of these stages are
addressed, in particular the preprocessing, modeling, validation and optimization
stages. The following research questions are highly relevant to these stages and
are answered in this thesis:

2



1.1 Background

• How can supervised and unsupervised machine learning techniques be uti-
lized in the context of complex industrial processes?

• How can real-world data issues, such as missing data, be treated efficiently?

• How can unsupervised learning be used for anomaly detection in high-
dimensional industrial applications?

• How can predictive models such as Kriging be efficiently applied to a large
amount of data?

• How can global optimization be applied in an industrial context, even in
real-time?

To answer these questions, several novel algorithmic contributions are presented
in this thesis, and explained in detail. The proposed framework and algorith-
mic contributions are applied on two really challenging industrial manufactur-
ing processes, steel-making and car body manufacturing, in the context of the
PROMIMOOC project, “PROcess MIning for Multi-Objective Online Control” 1.
This project is executed in collaboration with three industrial partners, Tata Steel,
BMWGroup and MonetDB and in collaboration with CWI (CentrumWiskunde &
Informatica). The two industrial processes that are discussed in this thesis are the
manufacturing of car body parts at BMWGroup located in Regensburg, Germany,
and steel-making at Tata Steel located in IJmuiden, The Netherlands.

Tata Steel IJmuiden

Tata Steel IJmuiden is a part of Tata Steel Europe, which in turn belongs to the
multi-national company Tata Group. More than 9.000 people work at Tata Steel
IJmuiden, producing more than 7 million tonnes of high quality steel. With over
750 hectares of company terrain (Figure 1.1a), Tata Steel IJmuiden is the largest
company in the Netherlands. During the process of Hot Rolling, which is only one
of the process steps required to make high quality steel, more than 6000 signals
are collected roughly every 10 milliseconds, producing approximately 2 · 1013 data

1PROMIMOOC project (project number: 650.002.001), funded by NWO (Netherlands Or-
ganisation for Scientific Research).
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(a) Tata Steel IJmuiden. (Photo from NU.nl) (b) Hot Strip Mill 2. (Photo from
viktormacha.com)

Figure 1.1: Images from Tata Steel IJmuiden.

points per year, resulting in more than 30 TB of data, not even considering the
images and video material stored as well.

As can be seen in Figure 1.1b, the Hot Rolling process is a very rough process
with a lot of mechanical parts, very high temperatures and many internal and
external factors that can influence the results.

BMW Regensburg

BMW Group Regensburg (Figure 1.2a) is one of BMWs production plants where
they produce eight different models on a single production line. The press shop
(Figure 1.2b) is the part of the production line where car body parts, such as side
frames and roof tops, are produced by stamping steel blanks. The press line is 54

meters long, weights about 4.500 tonnes and delivers 8.100 tonnes of pressure using
five press stations. The press line consumes on average 150 tonnes of steel per day
and produces more than 4.2 million parts per year. In comparison with the hot
rolling process of Tata Steel, the BMW press shop is a very controllable and clean
process. However, many machine parameters and several external factors, such as
temperature, influence the press line. Currently, most of the machine parameters
are set by domain experts.

While the process of hot-rolling steel is completely different from the process of
stamping car body parts, both processes can be modeled and optimized using
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(a) BMW Group Regensburg (Photo from
autointell-news.com)

(b) BMW Press Shop Regensburg.
(Photo from autointell-news.com)

Figure 1.2: Images from BMW Group Regensburg.

similar techniques and the same generic data driven framework.

1.2 Objectives

In the car body parts manufacturing and steel industry, data mining and on-
line automated quality control are emerging and important topics [8, 9]. In an
Industry 4.0 factory, machines and products are interlinked with each other as
one collaborative process. The PROMIMOOC project anticipates on this idea of a
completely automated and self-optimizing production chain. The main objective
of the PROMIMOOC project is to develop a generic data driven platform for
data collection, integration, modeling and model-based online process control. In
this data driven platform the industrial production process can be monitored,
optimized and adapted in real-time.

Such a generic platform consists of several main components:

Extraction Extraction, transferring and loading (ETL) of the data: This com-
ponent deals with the extraction of the machine measurements and settings,
aligning the different measurements with quality indicators and storing the
data in a fast column-store database.
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Preprocessing Data preprocessing, feature extraction and feature selection: The
second component deals with the cleaning, preprocessing and extracting
informative features from the data.

Exploration Exploratory Data Mining and unsupervised learning: In the third
component, exploratory data mining techniques are used to gain insight into
the different features and different types of available data. This component
also deals with finding anomalies in the data, detecting anomalous events
and finding clusters of data points.

Prediction Predictive model development and maintenance: Component four is
about training, validating and optimizing data driven predictive models in
order to predict various process indicators such as cost and product quality
from material input measurements and machine parameters.

Optimization Model-based multi-objective optimization: The last component is
using the predictive models to perform multi-objective optimization in order
to improve the various process indicators by giving real-time suggestions of
machine parameters.

The research discussed in this thesis aims at the second, third, fourth and fifth
component, preprocessing, feature extraction, feature selection, exploratory data
mining, predictive modeling and optimization. The first component of the frame-
work, Extraction, is outside the scope of this research as the ETL process is han-
dled by MonetDB [10].

1.3 Outline

In the following chapter, a detailed overview of the PROMIMOOC project and
the industrial partners, BMW and Tata Steel, is given. A generic framework to
perform anomaly detection, predictive modeling and optimization for industrial
processes is presented in Section 2.3. The first component of the framework, pre-
processing, is discussed in Chapter 3, where one of the main issues in preprocessing
data sets, missing values, is discussed in detail. In addition, several techniques
are proposed to visualize and impute (repair) these missing values. Unsupervised
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learning and more specifically, anomaly detection, is discussed in Chapter 4. An
anomaly detection algorithm that works for high-dimensional mixed data sets is
presented and empirically evaluated using both synthetic and real-world data sets.
In Chapter 5, a novel Kriging approximation technique, Cluster Kriging, is pre-
sented with various algorithmic flavors that allow the use of Kriging for much
bigger data sets by reducing the time and space complexity. The use of Cluster
Kriging in Efficient Global Optimization is discussed and evaluated to show that
it is feasible to apply model-based global optimization to big data. To allow the
use of other predictive models in combination with Efficient Global Optimization,
a heuristic uncertainty measure is proposed in Chapter 6. With the help of this
heuristic it becomes possible to use deep artificial neural networks trained on the
PROMIMOOC data sets in combination with the Efficient Global Optimization
algorithm to perform optimization in near real-time for industrial production pro-
cesses. Finally, conclusions and future work are discussed in Chapter 7.
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2
The PROMIMOOC Project

In the PROMIMOOC project, the two real-world use cases available are the pro-
duction of steel coils (Tata Steel) and the stamping of car body parts (BMW).
Together these two cases nicely reflect a complete industrial process, where we
have a producer of steel coils on one hand and a consumer of these (and other)
steel coils that in turn produces car body parts on the other hand. In this chap-
ter both cases are explained in detail. In addition, a generic framework for data
driven on-line control that can be applied to many of these industrial processes is
proposed in Section 2.3.

2.1 Tata Steel

In the steel-making industry, iron ore and scrap are transformed into smooth steel
coils of a few centimeters thick and many meters in length. The process consists
of several steps, some of the steps being optional and some steps are sometimes
executed multiple times.

Continuous Casting Liquid iron from the blast furnace is being cast into thick
heavy slabs.

Hot rolling The slabs are being reheated by a walking beam or pusher furnace
and go through several rougher and finishing mills. Each mill is reducing
the thickness of the steel and increasing its length.

Pickling In the pickling line, the coils get cleaned.
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2. THE PROMIMOOC PROJECT

Cold rolling After hot rolling, most coils get cold rolled by several more reduc-
tion mills to get the dimensions the customer requires.

Galvanizer Some of the steel coils need a coating and further processing, this is
what the galvanizer is for.

For the PROMIMOOC project, only the hot rolling process step of Tata Steel
is taken into account since this is the step where surface defects start to occur
and where machine parameters have a high impact on the final product. The
hot rolling process can by itself be divided into a dozen smaller steps as can be
observed in Figure 2.1. It consists of four furnaces, two walking beam furnaces
and two pusher furnaces. Each steel slab will pass from one of these furnaces
and will then go through five consequent rougher mills. After the rougher mills a
cropper shear is used to remove any oxide from the steel surface. The steel then
passes another seven finishing mills before it ends up at the roll-out table. At
the roll-out table the steel cools down before it is being coiled by the coiler. At
the roll-out table the surface inspection system takes images of each millimeter of
steel, both of the upper and lower surface, and detects and classifies defects on
the surface. These defects are classified into twenty-seven defect families.

2.1.1 Objectives

For Tata Steel, the main objectives are to accurately classify defects on the sur-
face of the steel coils by using material measurements and machine parameters.
Finding relations, possible causes and anomalies in the provided data is of great
importance as this brings additional insight into the complex process of hot rolling
and may lead to an improved production process.

Once surface defects can be classified and predicted using input material proper-
ties and machine parameters, model-based optimization of the machine parame-
ters can be performed using optimization algorithms. These algorithms can give
recommendations of near-optimal machine settings that can then be used by a
domain expert in controlling the production process.
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2.1 Tata Steel

Figure 2.1: A schematic view of the hot rolling process at Tata Steel’s hot strip
mill 2 (HSM 2). Courtesy of Tata Steel.

2.1.2 Data

The data sets provided by Tata Steel contain measurements, machine parameters
and defect information for roughly 20.000 steel coils processed by Hot Strip Mill 2.
The data is divided over numerous tables, the most important sets are the Rougher
Mill (RM), Finishing Mill 1 (FM1), Finishing Mill 2 (FM2) and Defect data sets.
These four data sets have different sampling rates and are therefore not trivial
to combine. Using timestamps, relative positions and additional meta-data, the
four data sets have been combined in data views by CWI in a MonetDB database
environment. There are several thousand records available per coil. Each record
is in turn consisting of up to hundred signals that were used for the experiments
in this research.

13



2. THE PROMIMOOC PROJECT

2.2 BMW

In the car body parts industry, blanks of sheet metal are cut from a coil and
pressed into car body parts such as side frames, roofs and structural parts like
B-pillars. For different parts, different material is required and different machine
settings can be used. Due to the high variation as well as high-dimensionality in
both material properties and machine settings, the process is a very complex one
with lots of parameters that influence the final product.

The manufacturing process consists of two main process steps and a buffer period.
First, the incoming steel coils are unrolled and cut into individual blanks. The
steel blanks are then stacked on top of each other and stored in the buffer. After
a certain time in the buffer, the stack of blanks are moved to the press line. At
the press line the blanks are pressed into a specific car body part. Depending on
the body part produced, the press line consists of a number of operations, each of
them controlled by a large variety of machine parameters.

2.2.1 Objectives

On-line quality optimization of the products and the prediction and avoidance
of defects are the key goals of this research for BMW. More precisely, the aim
is to estimate the occurrence of defects and to warn domain experts of incom-
ing anomalously looking material and abrupt changes in material flow such that
machine parameters can be adjusted in time.

To estimate the occurrence of defects, data mining techniques have to be applied
at the very beginning of the production process. Anomaly detection [11] plays an
important role in this early stage, since most of the machine parameters are still
unknown. Using anomaly detection techniques on material properties allows for
the detection of anomalous metal coils and more precisely, regions in the sheet
metal that could later lead to problems in the production process. The results
of anomaly detection algorithms can be presented to experts to gain additional
knowledge about the process and to warn the press line controllers of risks as
early as possible. However, to apply anomaly detection and other unsupervised
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techniques to the BMW data, some challenges have to be tackled. The dimen-
sionality of the problem is large and the data consists of heterogeneous coil types
and suppliers used for many different car body parts. Not all coil measurements
are annotated with a supplier and final product type which makes it difficult to
split the data set.

2.2.2 Data

Most of the BMW data comes from the first production step, the cutting process.
At the cutting process, the following properties are measured over the complete
coil length.

Impulse Magnetic Process On-line Controller (IMPOC) is an advanced
measurement commonly used in steel manufacturing plants that measures
the residual magnetic field strength of the material [12].

Oil Levels on the surface of the blanks are considered to be an important factor
in the stamping process. The amount of lubricant affects the friction and
thus plays an important role in the deep drawing process of sheet metals.

Roughness of the surface.

Thickness of the material.

Peak Count of the surface, representing the number of peaks per square meter.

The oil levels are measured by a sensor that moves over the width of the coil, all
other sensors are placed at the center of the cutting machine. Additional machine
parameters such as re-oiling and six cylinder forces used in the stamping process
are stored and linked to the steel blanks in the database.

2.3 A Generic Framework for Data driven On-line
Control

The optimization of these processes is far from trivial and though they have many
objectives in common, the two processes are composed of different steps, machines
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and data. A generic framework for data driven optimization of process parameters
and on-line control is proposed as a solution to this problem. Each step required
for the framework to work, as already given in the Introduction (Section 1.2), is
covered by the proposed framework.

Both processes are so called semi-batch processes, where the products are pro-
duced in a batch fashion but the production of each individual product can be
seen as a continuous process. For example, while several steel coils can be seen as
a batch, the production of one steel coil is the continuous casting and reduction
of roughly 2000 meters of steel. Due to the semi-batch nature of these processes,
the generic framework consists of steps focused on batch processes, such as the
prediction of good machine parameters for the manufacturing of the next prod-
ucts, and continuous processes, such as the detection of anomalous regions in the
input material. The framework also has to deal with high-dimensional data com-
ing in real-time or close to real-time. The framework needs to provide valuable
feedback to the domain experts, decision makers and process controllers in limited
time, about the current and possible future situation of the production process.
A schematic overview of the proposed framework is shown in Figure 2.2.

The framework consists of the as-is production process on the left, where the
actual production process is abstracted to one step for the sake of simplicity.
The data gathered by the production process consists of three types, material
measurements, process parameters and product quality measurements. All three
data types are required for most of the data driven framework modules to work. In
case quality measurements are absent, supervised predictive modeling would not
be possible but anomaly detection and monitoring would be still fine. The first
step of the data driven framework is to preprocess and clean the incoming material
measurements and planned process parameters. The preprocessed data is stored in
a fast database (in our setup MonetDB). Using the input data, anomaly detection
and unsupervised algorithms can provide the operator with valuable insights even
before the production takes place. When a trained predictive model is available,
the input data can also be used to provide the operator with suggestions of near-
optimal process parameters using model-driven optimization techniques. Once
the product is produced, a quality inspection system can provide feedback to the
operator. This data can also be used to perform supervised learning and train or
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Figure 2.2: A data driven framework for optimizing and monitoring manufacturing
processes.

re-train the data driven predictive models for the next iteration of the production
process.

The next chapters present solutions and implementations of each step of the pro-
posed framework. In each chapter a reference to the relevant framework step is
given.
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3
Missing Value Analysis and Imputation

In the first steps of the data driven framework, data-preprocessing is of high
importance. Many issues can occur in real-world applications such as erroneous
data, missing data, noise, cumbersome code, alignment issues between different
devices, encodings and many more. Here we focus on the problem of missing
values. Missing values play an important role in the data-preprocessing step as
they negatively influence the usability of the data and the results of many data
driven algorithms. Dealing correctly with these missing or even erroneous values
is not a trivial task. Naively removing all records with missing values will lead
to bias in the data and a loss of information, while repairing or replacing the
missing values might also result in bias, erroneous values and mis-information.
In this chapter several techniques of visualizing missing values are proposed to
gain a better understanding of the missing value mechanisms. In addition an
algorithm is proposed to effectively repair missing values in an iterative column-
wise fashion.

In this chapter the challenges of missing values are examined and for both
the exploration and imputation of these missing values, a solution is pro-
posed. The content of this chapter is primarily based on the two publica-
tions [13] and [14].
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3.1 Introduction

In industrial processes and many other real-world applications, data points are
collected to gain insight into the process and to make important decisions. Un-
derstanding and making predictions for these processes are vital for their optimiza-
tion. Missing values in the collected data cause additional problems in building
predictive models and applying them to fresh data. Unfortunately, missing values
are very common and occur in many processes, for example, sensors that collect
data from a production line may fail; a physician that examines a patient might
skip some tests; questionnaires used in market surveys often contain unanswered
questions, etc. This problem leads to the following questions:

1. What are the causes for missing values and can patterns of missing values
be observed?

2. How to build high quality models for classification and regression, when
some values in the training set are missing?

Gaining more insights into the patterns of the missing values is an important
factor for selecting algorithms that are appropriate for a given data set. A theory
about missing value patterns and mechanisms [15, 16, 17, 18, 19] already exists,
but the existing theory is insufficient to gain a clear understanding of each possible
pattern of missing values because it only defines a small set of possibilities.

Proposed is an extension to the current theory, covering all patterns of missing
values occurring in a data set, ranging from a completely Univariate Pattern to
a completely Arbitrary Pattern. Using this new concept, a greedy algorithm that
analyzes data sets is proposed, together with various visualization techniques that
provide a clear overview of the patterns of missing values occurring in the data set.
Besides analyzing missing values, it is also interesting that the same techniques
can be used to analyze the patterns of occurrence of a specific value. For example,
the patterns in sparse data sets (where 0 would be the unique value to analyze,
or even more interesting where all non-zero values are analyzed).

After analyzing the missing value patterns, these missing values need to be dealt
with in such a way that predictive models can be fitted on the data set. There
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are several methods developed for tackling this imputation problem, see e.g., [20,
21, 16, 22, 23]. The most common method, imputation, reconstructs the missing
values with help of various estimates such as means, medians, or simple regres-
sion models which predict the missing values. Proposed is a more sophisticated
approach, Incremental Attribute Regression Imputation (IARI) which prioritizes
all attributes with missing values and then iteratively “repairs” each of them, one
by one, using values of all attributes that have no missing values or are already
repaired, as predictors. Additionally, the target variable is also used as a predictor
in the repair process. Repairing an attribute is achieved by constructing a regres-
sion model and applying it for estimation of missing values. The Random Forest
algorithm, [24], [18], is used in these experiments due to its accuracy, robustness,
and versatility: it can be used to model both numerical and categorical variables.
Obviously, after repairing all attributes with missing values a final model for the
original target variable can be trained on the repaired training set.

The proposed algorithm is evaluated using five well-known data sets: Digits,Page
Blocks,Concrete, and CoverType from the UCI Machine Learning Repository, [25],
and Housing 16H from mldata.org [26], first removing some values at random, and
then reconstructing them with help of IARI and several common imputation algo-
rithms. Finally the quality of these imputation methods is compared by measuring
the accuracy of regression and classification models trained on the reconstructed
data sets. The results demonstrate that in most cases, no matter how many at-
tributes were spoiled and how severely, the IARI algorithm outperformed other
imputation methods both in terms of the accuracy of the final models and the ac-
curacy of imputation. On the other hand, the IARI algorithm is computationally
very demanding–it builds as many Random Forests as the number of attributes
that should be repaired. Fortunately, due to the parallel nature of the Random
Forest algorithm, the runtime of the IARI algorithm can be easily reduced by
running it on a system with multiple cores or CPUs.

This chapter first elaborates on possible patterns and causes of missing values in
data sets and how to analyze and visualize these patterns. Later on in the chapter
the IARI algorithm is explained in detail and results from various experiments are
presented and discussed.
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3.2 Missing Value Analysis

In the following two subsections an overview of common definitions of several
mechanisms behind missing data is given, and several new concepts of “patterns
of missingness” are introduced.

3.2.1 Missing Data Types

Rubin et al [15] defined three major classes of missing values: Missing Completely
At Random (MCAR), Missing At Random (MAR), and Missing Not At Random
(MNAR). Informally, we say that values in a data set are Missing Completely At
Random (MCAR), if the probability distribution of “being missing” is completely
independent on the observed or missing data. When the probability distribution of
“being missing” somehow depends on the observed (non-missing) values, then we
talk about the Missing At Random (MAR) scenario. Finally, when “being missing”
depends on the actual, unobserved values, then we talk about the Missing Not At
Random (MNAR) scenario.

To illustrate these three definitions, let us consider data of patients collected in
a hospital. When a doctor decides not to measure patient’s body temperature
because she can already see that the temperature is too high, then we have the
MNAR scenario - the decision of not measuring the parameter depends on its
actual value. On the other hand, if the temperature is systematically measured,
but from time to time the data registration process malfunctions (independently
on the measured values), then we have the MCAR scenario. Finally, if the doctor
has a habit of not measuring the temperature of patients with high blood pressure
(and blood pressure is always registered), then we have a MAR scenario.

Formally, the three scenarios can be summarized in the following definition, [18]:

Definition 3.1 Let y denote a target attribute, X a matrix of input attributes
with missing values, Xobs the observed entries in X, Z = (y,X), Zobs = (y,Xobs).
Additionally, let R denote an indicator matrix with ijth entry 1 if xij is missing
and 0 otherwise.
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We say that the data is Missing Completely At Random if:

Pr(R|Z, θ) = Pr(R|θ).

We say that the data is Missing At Random if:

Pr(R|Z, θ) = Pr(R|Zobs, θ).

We say that the data is Missing Not At Random if it is not Missing at Random.
(Here we assume that probability distributions are parametrized by parameters θ.)

3.2.2 Patterns of Missing Values

In addition to some general probabilistic mechanisms behind missing values, one
can also look at the shape of missing values in the data table. In the literature [16],
three definitions of missing value patterns exist; namely Univariate, Monotone and
Arbitrary pattern.

A univariate pattern (Figure 3.1a) of missing values means that one or several at-
tributes (columns) contain missing values in exactly the same records and no other
values are missing. When attributes can be organized in several groups G1, ..., Gk,
such that each group forms a univariate pattern and records with missing values
in Gi have also missing values in Gi−1, for i = k, ..., 2, then we have a monotone
pattern (Figure 3.1b). An arbitrary pattern, is anything else. Obviously, in order
to visualize patterns of missing values, one has to permute columns and rows of
the data matrix to create “rectangular regions of missingness”.

It is very important to understand the patterns of missing values in a data set,
because they might provide insight into why values are missing and relations of
attributes that are missing in groups. As an example: A camera system fails to
recognize the bar-code of a certain product, which in turn makes it impossible
for the next two sensors to save their measurements to the database, resulting
in two missing values. Additionally, identifying important patterns of missing
values in the data can lead to using a different strategy for handling these missing
values. However, in reality there are many more patterns that are now falling
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under the category arbitrary pattern, but that are not arbitrary at all. Consider a
data set with a Monotone pattern of missing values, now remove one value from
a column that does not contain any missing values yet. The data set with the
extra removed value falls under the arbitrary category, while in reality the data
set is almost completely falling into the category of a monotone pattern. Another
example, imagine that a survey takes place led by two volunteers, both volunteers
ask the same ten questions to a hundred different people, but volunteer a asks the
questions in order, and volunteer b asks the questions in reverse order. Due to
time limitations, people start to drop out after the sixth question. The combined
data set seems to have an arbitrary pattern of missing values, while if we look
more closely we can identify two partitions of the data with both one monotone
pattern of missing values.

To fill the gap between the definitions of missing value patterns, we introduce the
concept of Mixtures of Monotone patterns. This requires a more precise definition
of the Univariate and Monotone patterns.

Let us consider a data set D of size N×k, with N the number of records in D and
k the number of attributes in D, and a missing indicator matrix I. Here, Iij = 1

if Dij is missing, and 0 otherwise.

Definition 3.2 (Univariate pattern) Missing values in D form a univariate
pattern if and only if there exists a set of attributes A such that:

∀x ∈ D : {a : xa is missing} = A or ∅

So for all records in D, the record has either missing values in all attributes in the
attribute set A or the record has no missing values.

Definition 3.3 (Monotone pattern) A data set D has missing values in a
monotone pattern if and only if there exists an ordering of all attributes A,
a1 . . . ak such that:

∀i ∈ {1, ..., N},∀j ∈ {1, ..., k} : Ii,j = 0⇒ Ii,j+1 = 0, . . . , Ii,k = 0

Note that Definition 3.3 is a generalization of Definition 3.2, in other words, a
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(a) Missing values in a
univariate pattern.

(b) Missing values in a
monotone pattern.

(c) Missing values in
a k-monotone mixture
pattern.

Figure 3.1: Data set of records (y-axis) and attributes (x-axis) with missing values
denoted by the colored bars.

univariate pattern is a special case of a monotone pattern. A monotone pattern
can also be seen as a collection of record groups, where each group of records has a
univariate pattern of missing values. For example, a data set has twenty attributes
and forty records, five of the records have attribute one and five missing this is
denoted as: (1, 5). Ten records have attributes one, five and nineteen missing:
(1, 5, 19), and twenty records have only attribute five missing: (5). The remaining
five records are complete. The complete data set has a monotone pattern of
missing values, which can be denotes as set p = {(5), (1, 5), (1, 5, 19)}. Each
element in p stands for a univariate pattern that holds within a subset of the
complete data set.

This way we can further generalize into a Mixture of Monotone patterns (Figure
3.1c).

Definition 3.4 (k-Monotone Mixture Pattern) A data set D has missing
values in a k-monotone mixture pattern if and only if here is a partitioning of D,
S = S0 . . . Sk−1 of size k such that S0 ∪ S1 · · · ∪ Sk−1 = D and ∀Si, Sj ∈ S, i 6= j :

Si ∩ Sj = ∅ and ∀Si ∈ S : Si has values missing in a monotone pattern.

A univariate pattern can be seen as a rectangular area of missingness, a monotone
pattern can be seen as a stack of adjacent rectangular regions and a monotone
mixture pattern can be seen as a union of disjoint monotone patterns.

25



3. MISSING VALUE ANALYSIS AND IMPUTATION

Note that any data set has values missing in a k-Monotone Mixture Pattern where
k ≤ N . When there exists a 1–Monotone Mixture Pattern, the pattern is com-
pletely monotone, when there exists only a high k mixture pattern, the pattern is
close to arbitrary. In this manner, a transition between completely monotone and
arbitrary patterns can be identified.

3.2.3 Analyzing Missing Value Patterns

It is possible to analyze a data set and identify the existing monotone mixture
patterns using our novel MMP-Finder (Algorithm 3.1). In this algorithm, first
a dictionary with all existing monotone patterns of missing values is built and
sorted by the number of rows per pattern. Then, mixtures of monotone patterns
are constructed by adding the next monotone pattern to an already existing mix-
ture, or by defining a new mixture. The MMP-Finder uses a greedy approach to
construct the mixtures of monotone patterns.

The complexity of the proposed greedy approach is O(n + m2), where n is the
number of records and m is the number of unique sets of missing attributes. Of
course m ≤ n, since every record can have a unique set of attributes missing, but
usually m is much smaller than n.

Using the MMP-Finder, all identified monotone patterns in the partitions of data
set X are returned, together with the number of records and record indexes that
belong to each monotone pattern. Notice that the solution returned is not a
unique solution, it is possible that a specific univariate pattern can belong to
multiple monotone patterns. For example, two monotone pattern sets are defined:
{(1, 5), (1, 5, 8)} and {(4, 5), (4, 5, 9)}, the next univariate pattern that occurs is
(5), this pattern might belong to the first monotone pattern set, or the second.
The proposed algorithm handles these choices in a greedy manner, the univariate
patterns are handled in an order depending on the coverage, the pattern that
covers most records is handled first, the pattern that covers the least records is
handled last. This way it is very likely to identify “the biggest” monotone pattern.
Since the missingness mechanism is usually not known, it is impossible to find the
“correct” monotone patterns.
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Algorithm 3.1 MMP-Finder
Given: A training set X with input attributes x0, . . . , xn containing missing
values, a target attribute y
{Create a dictionary CM with all unique missing attribute combinations}
CM = unique(foreach records xi ∈ X : Attr_missing(xi))
{For each combination store the records with that combination of missing at-
tributes}
RecordsPerCombination = X[Attr_missing(CM)]
{Sort the combinations by size}
sortedComb = sort(CM)
Mixtures = [];MixtureRecords = []
{Construct the mixtures}
for all comb ∈ sortedComb do
for all M ∈Mixtures do
{If the comb. is a sub or super set for all combinations in M add it to M}
if ∀c ∈M : comb ⊆ c ∨ comb ⊇ c then
Mixtures[M ].append(comb)
MixtureRecordsM .append(RecordsPerCombination[comb])
Added = True
break

end if
end for
if ¬Added then

{Add a new Mixture}
Mixtures.append([comb])
MixtureRecords.append([RecordsPerCombination[comb]])

end if
end for
return Mixtures
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Table 3.1: Textual summaries for data sets with Missing Values

Data set #Mixtures Ratio of each mixture Miss.% Category
Post-oper. 1 [ 1.0 ] 0.033 Monotone
Wisconsin 1 [ 1.0 ] 0.023 Monotone
Dermato. 1 [ 1.0 ] 0.022 Monotone
Cleveland 2 [ 0.667 0.33 ] 0.020 Two monotone patterns
Adult 2 [ 0.776 0.224 ] 0.074 Two monotone patterns

Census 7 [ 0.948 0.030 0.006 0.001 . . . ] 0.527 Mostly monotone
Automobile 4 [ 0.826 0.087 0.043 0.043 ] 0.224 Mostly monotone
Hepatitis 7 [ 0.707 0.093 0.093 0.053 . . . ] 0.484 70% mono., 30% rand.
Mammogr. 5 [ 0.550 0.244 0.160 0.038 . . . ] 0.136 Monotone mixture
Bands 18 [ 0.39 0.259 0.086 0.086 . . . ] 0.323 60% two patterns
Wiki 116 [ 0.503 0.091 0.030 0.016 . . . ] 0.807 50% mono., 50% rand.

Marketing 39 [ 0.353 0.128 0.112 0.111 . . . ] 0.235 Random
Horse-colic 82 [ 0.221 0.061 0.058 0.044 . . . ] 0.981 Random

Once the monotone patterns and their support are known, it is easier to verify
why certain attributes contain missing values, and whether there are relations
between the various attributes inside the monotone patterns. This can not only
provide valuable insight, but also help in choosing a good imputation or modeling
algorithm.

3.2.4 Analysis of Existing Data Sets

Fourteen data sets with missing values from the UCI machine learning repos-
itory [25] were analyzed using Algorithm 3.1. The output of the algorithm is
shown in Table 3.1, and a visualization of the result is provided in Figure 3.2 and
Figure 3.3. The visualization and textual summaries are generated directly from
the output of the MMP-finder algorithm.

In Figure 3.2, the monotone mixture patterns found in the Wiki data set can be
observed using two kinds of visualization techniques. In Figure 3.2a each record in
the data set that contains missing values is labeled with a color and a position on
the x axis. This way it is easy to observe where several monotone mixture patterns
are located in the data set and if there are specific regions in the data set where
these patterns occur. Additionally, the horizontal length of each bar depends
on the number of attributes that are missing. For each mixture, the longest
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(a) Visualization of missing values per
record. Each column (color) represents
a mixture of monotone patterns, the
length of each bar is proportionate to
the number of missing attributes ver-
sus the maximum number of missing
attributes in its mixture.

(b) Visualization by the number of
records affected per pattern. Each
color is a mixture of monotone pat-
terns, each bar is a monotone pattern.

Figure 3.2: First five Monotone Mixture Patterns for the Wiki data set.

pattern (pattern with most attributes missing) has a length of one, and each
other univariate pattern belonging to the same monotone pattern, has a length
proportional to the ratio of missing attributes over the longest pattern.

This visualization technique, presenting the various monotone patterns in a data
set, can be useful in understanding the underlying missing data mechanisms. For
example, in the Wiki data set, the two monotone patterns that cover most of
the records are located in a very specific order in the data set, which might be
relevant information regarding the missing data mechanism. Even more specific,
the three most occurring univariate patterns occur exactly after each other in
the data set. In Figure 3.2b, the same patterns can be observed, but now in a
histogram plot. The distribution of records belonging to each univariate pattern
can be observed and the largest monotone patterns in terms of the number of
records and in terms of the number of univariate patterns can be identified easily.
Using this visualization technique it is easy to observe the different distributions
in between the patterns. In Figure 3.3, a visualization of all the data sets with
natural missing values is shown using the first visualization technique.
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(a) Post-operative

(b) Adult (c) Census (d) Hepatitis

(e) Wiki (f) Marketing (g) Horse-colic

Figure 3.3: Visualization of data sets with natural occurring missing values.

3.3 Incremental Attribute Regression Imputation

Now that the patterns of missing values can be analyzed, the next step is repairing
these missing values. In this section the proposed IARI algorithm is explained in
detail and experimental results are discussed.

There are two ideas behind our method for incremental repair of training sets.
First, attributes with missing values are repaired one by one, according to the
priority of the attribute. The attribute with the highest priority is repaired first,
the attribute with the lowest priority is repaired last. Second, the data used for
repairing an attribute include all attributes that are already repaired and addi-
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tionally the target attribute of the original data set. The choice of the repair
algorithm is arbitrary, in principle any regression algorithm can be used here. In
our experiments we used Random Forest [24], due to its superior accuracy, speed
and robustness. Random Forest requires little to no tuning, which is very im-
portant when numerous models have to be developed without human assistance.
Additionally, the Random Forest algorithm provides a heuristic for ranking at-
tributes according to their importance. The IARI algorithm uses this heuristic for
ordering the attributes.

It might seem counter-intuitive to include the target attribute in the set of pre-
dictors to impute an input attribute–it resembles a circular process. However, our
goal is to repair a training set with help of any data we have. When the train-
ing set is fixed, a final model is trained and it can be applied to fresh data that
were not used in the training process, so there is no circularity here. Moreover,
results of our experiments demonstrate that including the target variable in the
imputation process substantially increases the accuracy of the final model which
is validated on data that were not used in the imputation process.

The IARI algorithm consists of two steps: initialization and main loop. During
the initialization all attributes are split into two groups: those that contain no
missing values (REPAIRED), and all others (TO_BE_REPAIRED). Assumed
here is that the target attribute, y, contains no missing values so it falls into
the REPAIRED group. Additionally, the set of attributes with missing values is
ordered according to their importance. This is achieved in three steps. First, the
training set is repaired with help of a simple imputation method which replaces
missing values of continuous attributes by their mean values and missing values of
discrete variables are replaced by their most frequent values. Second, a Random
Forest model is built on the repaired training set to predict values of y. Finally,
the model is applied to randomized out-of-bag samples to measure the importance
of all attributes, as described in [18].

When the initialization step is finished, the algorithm enters the main loop which
repairs attributes with missing values, one by one, in the order of their importance
(from most to least important). To repair an attribute x, IARI creates a temporary
training set which contains all attributes that are already repaired (including y)
as predictors and x as the target. All records where the value of x is missing are
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removed from this training set and, depending on the type of x, a classification
or regression variant of the Random Forest algorithm is used to model x. Finally,
the model is used to impute all missing values of x and x is moved from the
TO_BE_REPAIRED to the REPAIRED set.

The pseudo-code of a generic version of the IARI algorithm is provided in Algo-
rithm 3.2.

Algorithm 3.2 Incremental Attribute Regression Imputation
Given: A training set X with input attributes x1, . . . , xn, a target attribute y,
and a classification or regression algorithm ALG

Initialization:
for all attributes xi ∈ X do
Nmissing[i] = Count_missing(xi)
Importance[i] = ImportanceMeasure(X , xi , y)

end for
REPAIRED = y ∪ {All attributes xi where Nmissing[i] = 0}
TO_BE_REPAIRED = {All attributes xi where Nmissing[i] > 0}
while TO_BE_REPAIRED ! = ∅ do

Repair_Attribute = SELECT_Xi(TO_BE_REPAIRED , Importance)
Repair_Target = Delete_Missing_Values(Repair_Attribute)
Model = ALG.train(REPAIRED ,Repair_Target)
for all records Aj ∈ Repair_Attribute do
if is_missing(Aj) then

Aj = ALG.predict(REPAIRED [j])
end if

end for
REPAIRED = REPAIRED ∪ Repair_Attribute
TO_BE_REPAIRED = TO_BE_REPAIRED \ Repair_Attribute

end while
return REPAIRED

3.3.1 Existing Imputation Algorithms

There are many ways of dealing with missing data when building a regression or
classification model. Some of the most popular methods are:

Complete Case Analysis (CCA): This method simply ignores all records that
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have missing values and selects only records with no missing values [27, 21].
When the percentage of complete records is relatively high and the data are
missing at random or completely at random, this method does not affect
model accuracy. However, if the amount of missing data is large, the predic-
tion accuracy will be low (not enough complete cases), and when the data
are missing not at random, then this method generates bias.

Missing Indicator Variable (MIV): This method uses a dummy variable as
an indicator for missing values [27]. For every variable that might be missing,
a dummy variable is introduced, where the value of this dummy variable
is 1 when the input variable is missing and 0 when the input variable is
not missing. While this method is more efficient than the Complete Case
Analysis, it can also create bias in the final model.

Predictive Value Imputation (PVI): PVI replaces missing values by some es-
timates of their values [28]. In many cases the unconditional mean is used
(the mean value of all non-missing values of the attribute) or a conditional
mean (the mean of a specific group of records where the record with a miss-
ing value belongs to). The problem with this method is that the predictive
values are always derived from the complete cases and that might introduce
some bias. However, some additional mechanisms can be added to PVI
which lower this bias. For example, PVI might use the conditional mean
over the k-nearest neighbors of a record with a missing value, and then the
bias can be limited by first imputing the data set with unconditional mean
and then using the k-nearest neighbors on the completed data set to predict
the values of the originally missing data. By counting the number of missing
data in the neighbors, one can create a weighted average that incorporates
the uncertainty of the measurements. There are several other methods to
do single-value predictive imputation like hot-deck imputation, cold-deck im-
putation and last observation carried forward, where the data set is sorted
on specific variables and when a missing value is encountered, the value is
replaced by the value of its predecessor.

Regression Imputation (RI): Regression Imputation [28] is a PVI variant where
regression models (Support Vector Machines, Random Forests, etc.) are used
to estimate the imputed value. One way is to build the models to estimate
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the missing values using the complete cases. However, it is usually better to
also incorporate the non-complete cases by first imputing the missing values
with a more simple imputation method (like the unconditional mean). In
the first case (using only complete cases), there might be too few complete
cases to generate good models, in the latter case there is a danger of bias by
training the model with imputed (wrong) data.

Multiple Imputation (MI): This is a general imputation framework by Rubin
et al. [20, 15, 22, 29]. The idea is to generate multiple versions of im-
puted (completed) data sets, which result in multiple models. Each model
is then combined into a final predictor. The framework uses a single value
imputation algorithm of choice and a random component that represents
the uncertainty of the imputation. By creating multiple imputed data sets,
the distribution of the imputed values will reflect the distribution of the al-
ready known values and therefore reduce bias. This method allows any non-
deterministic imputation algorithm to be used. After imputing the data set
several times, creating several copies, a model is being built for each com-
plete data set. The results of each model are combined using Rubin’s Rules
[20]. The combined result leads to less biased and more accurate predictions.
One of the major advantages of MI is that it can be used with almost any
imputation algorithm. Because of this, MI is not added in the comparison
because each of the imputation algorithms can be wrapped with Multiple
Imputation.

Most of the above methods can also be used for handling missing data at prediction
time. The CCA method is here an obvious exception, but imputation or using
dummy variables are valid ways to deal with missing values at prediction time.
It should also be mentioned that in addition to the classical “off-line” scenario,
where the training set is fixed and is not changing over time, some researchers
were considering an “on-line” scenario, where the model is continuously updated
while processing a stream of data [30].

In this chapter a novel strategy is proposed that uses regression models in an
attribute wise algorithm to impute missing values in the training stage using the
target attribute as one of the predictors. The proposed algorithm is compared
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with commonly used imputation methods and an imputation method that also
uses regression models: Regression Imputation.

3.3.2 Experimental Setup

To compare the existing algorithms with our approach we used five, very different,
data sets from various Machine Learning Repositories: Digits, Cover Type, House
16H, Page Blocks, and Concrete Compressive Strength. For a complete overview
of these data sets, see the public IARI repository, [31].

Parameters

In our experiments, a popular implementation of the Random Forest algorithm,
that comes with the Scikit-learn Python package, [32], is used. The key learning
parameter, the number of estimators, was set to 100, and the remaining parameters
had default values.

For each data set several experiments are done with 75% of the attributes con-
taining missing values and 25% of the attributes (randomly chosen) containing no
missing values. The amount of missing values in the attributes with missing data,
was set to 10, 20, 30, 40, 50, 60 percent and for each setup we run 20 experiments
using different random seeds. In each experiment, the complete data set was split
in a training (80%) and a test set (20%). The deletion of values, repairing the
training set and final modeling was performed on the training set. The test set
was used to estimate the accuracy of the final model. When removing values from
the training set we used two strategies: “missing at random”, MAR, where values
were removed uniformly at random, and “missing not at random”, MNAR, where
only values bigger than the median value of the attribute, were removed uniformly
at random.

Performance Indicators

Two aspects are measured for the quality of the imputation. First, the accuracy of
the final model, that was trained on the repaired data set, is estimated with help
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of cross-validation. The accuracy was measured either by the ratio of correctly
classified cases (in case of classification) or by the coefficient of determination, R2,
(in case of regression):

R2 = 1−
∑
i (pi − yi)2∑
i (yi − ȳ)2

where yi denotes the target value and pi the predicted value.

This score indicates how well the model fits the test data. The maximal value of R2

is 1, meaning the perfect fit; values smaller than 1 reflect the error. Furthermore,
the R2 and accuracy scores of each data set are measured on final models that
were developed with three algorithms: Random Forests, Support Vector Machines
and Gradient Boosted Decision Trees. This is to demonstrate that the value of R2

(or the accuracy score) depends on the regressor or classifier that is being used in
the final modeling, and that it not always reflects the quality of the imputation
itself.

Secondly, we measured the quality of the approximation of the imputed values.
As all the imputed variables were numeric, we used the Root Mean Squared Error,
RMSE, to measure the difference between the observed and imputed values:

RMSE =

√∑
(vobserved − vimputed)

2

n

To make the comparison of results over various data sets meaningful, the attributes
of all training sets are standardized by centering them around 0 and dividing by
their standard deviations. As the last indicator of an algorithm’s performance,
the execution time is measured. For bigger data sets the CPU time might be an
issue to consider.

3.3.3 Results

For each data set, we performed 12 experiments: one for each of the percentage
levels of missing values (from 10 to 60) combined with the type of missingness
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(MAR or MNAR). Each experiment was repeated 20 times (with different random
seeds) and the results were averaged. Additionally, for each reconstructed training
set, we run three algorithms, Random Forests, Support Vector Machines and
Gradient Boosted Decision Trees, to build the final models.

The results of our experiments, the accuracy of the final model (R2 or the ratio of
correctly classified cases) and the accuracy of imputation (RMSE), are presented
in the following subsection. Each row contains averaged results of 20 runs of the
same experiment with different random seeds. The amount of missing values and
the type of missing values (MAR or MNAR) are shown as well. For the MNAR
model we used the missing percentages 20%, 40%, and 60% as upper bounds for
the percentage of missing values per attribute, but it was not always possible
to delete that many values of the attribute due to the restriction of deleting
only values bigger than the median. Let us note, that it may happen that the
fraction of records with a value of an attribute bigger than its median might be
arbitrarily small, e.g., when an attribute is almost constant. Moreover, in the
results presented below, we show the average number of missing values taken over
all attributes with missing values.

For the first three data sets (Cover Type, Digits and Houses 16H) we show the
results from the Random Forest final model; for the remaining data sets and final
model options please see Appendix A.

Each table contains several columns. The first two columns contain information
about the percentage of missing values and the type of missingness. The third
column, Ref., contains the accuracy of the model trained on the original com-
plete data set: either R2 for regression problems or classification accuracy for
classification problems. The following columns contain results of various imputa-
tion methods: Imputation by Mean, Imputation by Median, Imputation by Most
Frequent, Predictive Value Imputation using 2-nearest neighbor over a data set
imputed by the Mean, Regression Imputation using Random Forests and last but
not least, our own algorithm: IARI. Entries in boldface are significantly better
than all other entries with the same settings. The significance is tested using the
t-test, with significance level p = 0.05. The absence of a bold entry in the row
means that none of the results were significantly better than the others.
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Cover Type data set Results

In Table 3.2 and 3.3 the accuracy of the model (Accuracy Score) and the quality of
imputation (RMSE) are shown for the imputation algorithms on 40.000 instances
of the Cover Type data set.

Table 3.2: Model Accuracy Score on the Cover Type data set with 40.000 instances
using Random Forests

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
4 MNAR 0.911 0.887 0.879 0.876 0.886 0.886 0.893
6 MNAR 0.911 0.871 0.864 0.860 0.868 0.868 0.881
10 MNAR 0.911 0.815 0.809 0.803 0.806 0.805 0.839
12 MNAR 0.911 0.670 0.678 0.656 0.657 0.663 0.693

10 MAR 0.911 0.893 0.899 0.900 0.900 0.896 0.907
20 MAR 0.911 0.874 0.887 0.886 0.883 0.880 0.899
40 MAR 0.911 0.834 0.859 0.858 0.845 0.845 0.878
60 MAR 0.911 0.776 0.824 0.822 0.787 0.799 0.847

Table 3.3: Imputation Quality (RMSE) of each Imputation Algorithm on the
Cover Type data set with 40.000 instances

Miss.% Type Mean Median Freq. PVI NN RI IARI
4 MNAR 0.755 0.762 0.774 0.755 0.745 0.721
6 MNAR 0.786 0.795 0.813 0.786 0.776 0.760
10 MNAR 0.848 0.852 0.867 0.847 0.838 0.791
12 MNAR 0.894 0.884 0.889 0.894 0.894 0.877

10 MAR 0.271 0.277 0.294 0.261 0.225 0.176
20 MAR 0.380 0.389 0.414 0.370 0.330 0.266
40 MAR 0.540 0.552 0.588 0.533 0.496 0.422
60 MAR 0.661 0.676 0.718 0.658 0.630 0.564

Table 3.4: Execution time of Imputation Algorithms on the Cover Type data set
with values 50% MAR in seconds.

Mean Median Freq. PVI NN RI IARI
0.03 0.11 0.48 61.47 381.75 119.12
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From our test results we can observe that the maximum average number of MNAR
values we can delete from each attribute is around the 12%. Which implies that
approximately 88% of the data set is filled with values below or equal the median
of each attribute (probably 0). In Table 3.4 the execution time for each algorithm
is shown for the case of 50% values MAR, which is representative for all the tests
on this data set. Our approach is not the fastest, Replace by Median, Replace by
Mean and Replace by Most Frequent are almost instant while PVI, RI and IARI
are more complex and take some time. The execution time is mostly dependent
on the size of the data set and on the number of attributes, and not so much on
the number of missing values.

Digits data set Results

In Table 3.5 the accuracy of the models created using the different imputed data
sets as training set is shown.

Table 3.5: Model Accuracy Score on the Digits data set using Random Forests

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
16 MNAR 0.972 0.969 0.967 0.953 0.967 0.967 0.968
25 MNAR 0.972 0.966 0.951 0.904 0.954 0.961 0.947
27 MNAR 0.972 0.949 0.923 0.815 0.934 0.932 0.944

20 MAR 0.972 0.964 0.963 0.961 0.967 0.968 0.970
40 MAR 0.972 0.954 0.957 0.952 0.959 0.960 0.962
60 MAR 0.972 0.944 0.943 0.934 0.944 0.948 0.953

Table 3.6: Imputation Quality (RMSE) of each Imputation Algorithm on the
Digits data set

Miss.% Type Mean Median Freq. PVI NN RI IARI
16 MNAR 0.608 0.649 0.752 0.566 0.565 0.479
25 MNAR 0.858 0.903 1.037 0.841 0.829 0.646
27 MNAR 0.974 0.994 1.103 0.960 0.963 0.850

20 MAR 0.380 0.399 0.511 0.299 0.316 0.231
40 MAR 0.537 0.564 0.721 0.470 0.472 0.345
60 MAR 0.658 0.692 0.883 0.619 0.608 0.451
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In Table 3.6 the RMSE values for every imputation algorithm are presented for
all the combinations of missing data percentage and missing data type. Our IARI
approach outperforms the other imputation algorithms in most of the MAR cases
with respect to the accuracy. In the MNAR cases our algorithm works well but
imputation by Mean sometimes has a slightly better accuracy for the Random
Forest model.

Houses 16H data set Results

In Table 3.7 the R2 scores are shown and in Table 3.8 the RMSE results are
shown for the imputation algorithms on the Houses 16H data set.

Table 3.7: Model Accuracy Score (R2) on the Houses data set using Random
Forests

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
20 MNAR 0.636 0.604 0.598 0.580 0.606 0.603 0.617
40 MNAR 0.636 0.534 0.491 0.485 0.511 0.520 0.531
49 MNAR 0.636 −0.277 −0.287 −0.545 −0.405 −0.171 −0.450

20 MAR 0.636 0.604 0.599 0.586 0.610 0.598 0.620
40 MAR 0.636 0.544 0.533 0.511 0.552 0.521 0.590
60 MAR 0.636 0.423 0.402 0.375 0.458 0.414 0.536

Table 3.8: Imputation Quality (RMSE) of each Imputation Algorithm on the
Houses data set

Miss.% Type Mean Median Freq. PVI NN RI IARI
20 MNAR 0.486 0.517 0.709 0.485 0.428 0.342
40 MNAR 0.785 0.801 1.007 0.787 0.753 0.587
49 MNAR 0.956 0.925 1.134 0.955 0.954 0.927

20 MAR 0.386 0.395 0.542 0.370 0.328 0.280
40 MAR 0.545 0.558 0.764 0.535 0.487 0.412
60 MAR 0.669 0.685 0.925 0.665 0.625 0.531

40



3.4 Attribute Selection and Sorting Methods

3.4 Attribute Selection and Sorting Methods

For the IARI algorithm the most important attributes are selected to be imputed
first by using the out-of-bag samples provided by the random forest algorithm.
However, the question is if this is the best possible order of imputation. Comparing
the scores of IARI using this attribute ordering with the scores of IARI using the
exact opposite attribute ordering (least important attribute first) shows that the
results are only slightly worse for the latter case. This implies that the order of
attribute repair does matter, but is not a key factor in the algorithm.

3.4.1 Greedy Model Accuracy Selection

Another sorting or attribute selection method would be to repair each attribute
first, using the already repaired attributes, and select the attribute that improves
the accuracy of the model the most. This selected attribute is then added to
the training set and the procedure is repeated till all remaining attributes do not
improve the accuracy any further. This greedy approach leads to an algorithm
where one can decide to stop imputing the attributes once the model does not
improve any longer. Effectively, giving an algorithm that not only repairs the
attributes of the data set but also selecting which attributes are useful to impute
and which attributes are not improving our model and so might be better left
out.

Running this greedy version of our algorithm on the Digits data set we get the R2

results of Table 3.9.

The greedy version of IARI uses on average only 22 of the 64 attributes that
are available. It is interesting to see that the results of our greedy approach are
actually worse than the results of our non-greedy approach for the Digits data
set. The reason, is most likely that too many attributes are ignored (discarded)
by the greedy approach. It can be the case that adding an attribute to our model
might not improve the model’s accuracy immediately, but adding this attribute
in combination with another attribute might still improve the model. This can
clearly be seen in the following example where a model is trained on the function
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Table 3.9: Model Accuracy Score (R2) for the greedy IARI approach on the Digits
data set

Miss.% Type Ref. IARI GREEDY
8 MNAR 0.964 0.961 0.954
16 MNAR 0.964 0.953 0.949
23 MNAR 0.964 0.950 0.912
25 MNAR 0.964 0.926 0.907
27 MNAR 0.964 0.915 0.908

10 MAR 0.964 0.956 0.952
20 MAR 0.964 0.951 0.951
30 MAR 0.964 0.955 0.943
40 MAR 0.964 0.952 0.941
50 MAR 0.964 0.948 0.935
60 MAR 0.964 0.934 0.921

Table 3.10: Model Accuracy Score (R2) for the greedy IARI approach on the
Houses data set

Miss.% Type Ref. IARI GREEDY
8 MNAR 0.636 0.630 0.632
8 MNAR 0.636 0.617 0.624
8 MNAR 0.636 0.585 0.605
8 MNAR 0.636 0.531 0.574
8 MNAR 0.636 −0.450 0.016

10 MAR 0.636 0.627 0.635
20 MAR 0.636 0.620 0.631
30 MAR 0.636 0.608 0.624
40 MAR 0.636 0.590 0.614
50 MAR 0.636 0.567 0.599
60 MAR 0.636 0.536 0.580

y = OR(x1, XOR(x2, x3)). If the model is trained using only x1, the final accuracy
will be 75%. When adding x2 to the training set (after fixing possible missing
values) the accuracy of the model will not improve. However, by also adding x3 to
the training set the model’s accuracy will increase to 100% (under the assumption
that there are sufficient samples to learn from).

This simple example tells us that combinations of attributes might be valuable
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even if all the single attributes are not giving any improvement on the final model.
In the case of the Digits data set, this might be the case since each attribute only
stands for a single pixel, and combinations of pixels create the information needed
to see what digit the image represents, while single pixels might not give any
information at all.

The greedy algorithm is also evaluated on the Houses 16H data set, which seems
a more suitable data set for such an approach. The data set has 16 attributes and
the greedy algorithm uses on average 13 of them. The R2 scores of the original
IARI and the greedy modification can be seen in Table 3.10. In this case the
greedy algorithm performs slightly better than the original IARI algorithm. It
clearly depends on the data set and the dependencies between the attributes if
the greedy attribute selection works or not.

3.4.2 Greedy Imputation Quality Selection

Another possibility to optimize the IARI algorithm is to select the features to be
repaired on the repairability of each attribute. With repairability we mean how
well a specific attribute can be repaired. This can be measured by the out-of-
bag error provided by the Random Forest models used to repair each attribute
with. The main idea behind this approach is that if the attributes are repaired
in an order of attributes that can be repaired as good as possible first, it might
be possible to repair the remaining attributes even more accurately and as such,
the final model will have a lower RMSE. In Figure 3.4 the RMSE of the IARI
algorithm and the repairability selection variant of IARI (named REPAIR) are
presented. The REPAIR algorithm has a slight improvement in the RMSE score,
but the modified algorithm also takes more time due to the n ∗ (n− 1) models it
trains.

3.5 Conclusions

A new concept to analyze and visualize missing value patterns in data sets is
proposed and it is shown that with a greedy method called MMP-finder, a data
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Figure 3.4: Imputation Quality (RMSE) on the Concrete data set

Figure 3.5: Imputation Quality (RMSE) on the Page data set
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set with missing values can be analyzed. Using the concept of k-Monotone Mixture
Patterns, a better in-depth understanding of the underlying patterns of missing
values or unique values can be obtained.

Furthermore, a missing value generator is developed and made publicly available
to make it possible to test and compare different algorithms on a wide set of both
generated and natural data sets. The proposed missing value generator can be
used as a tool to generate benchmark data sets for algorithms that handle certain
kinds of missing values, giving insight in what kind of situations an algorithm
might work well and in what situations certain algorithms would not perform
well. For future work, it would be interesting to incorporate various mechanisms
of missing values into the generator to also cover MNAR situations. Another
interesting extension to the proposed analysis algorithm would be to include expert
knowledge and assumptions to come up with the most likely partition of monotone
patterns.

In addition, a novel algorithm, IARI, is proposed for imputing missing values
into training sets. IARI can handle both regression and classification problems.
The key advantage of IARI over other imputation methods is the superior ac-
curacy of the final models which are trained on the repaired training sets, and
more accurate reconstruction of missing values. On the other hand, IARI requires
much more computing resources than its alternatives: 2-3 orders of magnitude.
Fortunately, the main algorithm behind IARI, Random Forest, can be efficiently
distributed along multiple nodes, significantly reducing the real (wall clock) com-
putation time.

In principle, IARI is a generic algorithm which can be configured in various ways
by changing the measure of importance of attributes, ordering of attributes, and
the base algorithm used for imputation. Also the initialization step, where only
attributes with no missing values are used as a starting set of predictors, can be
modified: sometimes adding to this set several attributes with just a few missing
values and removing incomplete records from it, lead to better results.

During our experiments with IARI, it was noticed that sometimes a simple im-
putation method may lead to better results than those obtained by IARI. This
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happens in case of the Digits data set, where values were removed “not at ran-
dom”, see the IARI repository [31] for additional details. As expected, the quality
of IARI approximations of missing values was always significantly better than
those obtained by imputing means, but surprisingly, the opposite holds for the
quality of the corresponding final models. This could be caused by the nature
of the classification problem and the fact that Random Forest is not suitable for
image classification. Almost in all other cases, the IARI algorithm outperforms
other imputation methods: both in terms of the accuracy of imputation and the
accuracy of the final model. In most real world cases it is difficult to determine
how well a certain imputation algorithm will work. The quality of imputation
depends a lot on the data set and the reason of why values are missing. However,
when little is known about a data set, the IARI algorithm is a good choice to start
with.

Both the analysis and visualization methods and the IARI algorithm are publicly
available on Github in the IARI repository [31] and MisVis repository [33].
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Outlier Detection

in High-Dimensional Big Data

Using the preprocessed input data, a lot of data science can already be conducted
to provide valuable insights for the domain experts. Unsupervised learning tech-
niques such as clustering and outlier detection can warn the operator for incoming
issues or allow the operator to make educated guesses about the process parame-
ters to adjust.

In this chapter we focus on outlier detection in high-dimensional data, which is im-
portant in the complex manufacturing processes of BMW, since they are interested
in knowing when and where incoming steel coils show anomalous measurements.
This knowledge enables BMW to decide which coils to process, which to process
with careful settings and which to reject completely. Outlier detection in high-
dimensional data is a challenging yet important task, as it has applications in, e.g.,
fraud detection and quality control. In these highly complex and high-dimensional
data sets, existing methods are likely to overlook important outliers because they
do not explicitly take into account that the data is often a mixture distribution
of multiple components. Proposed, in this chapter, is an algorithm specifically
tailored to find outliers in high-dimensional data sets which is also used in the
real-world application of BMW.

47



4. ANOMALY DETECTION

In this chapter the challenge of anomaly detection in high-dimensional
datasets is introduced and an algorithm, Gloss, that performs local sub-
space outlier detection using global neighborhoods, is proposed. Experi-
ments on synthetic data demonstrate that Gloss more accurately detects
local outliers in mixed data than its competitors. Moreover, experiments
on real-world data show that our approach identifies relevant outliers over-
looked by existing methods, confirming that one should keep an eye on the
global perspective even when doing local outlier detection.
The content of this chapter is primarily based on publication [34].
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4.1 Introduction

Outlier detection [35] is an important task that has applications in many domains.
In fraud detection, for example, a bank could be interested in detecting fraudulent
transactions; in network intrusion detection, it could be of interest to automati-
cally detect suspicious network events; in a manufacturing plant, identifying raw
materials or products with strongly deviating properties could be useful as part
of quality control. In each of these applications, the data is high-dimensional and
each data point is a potential outlier.

Many techniques for outlier detection have been proposed and studied. Many
traditional outlier detection methods [36] are parametric and thus make strong
assumptions about the data. Moreover, data points are always considered as a
whole and relative to all other data points, which strongly limits the accuracy
of these methods on high-dimensional data. Outlier detection in complex, high-
dimensional data is an inherently hard problem, as data points tend to have similar
distances due to the infamous ‘curse of dimensionality’. To address both this
problem and the limitations of (global) outlier detection, local outlier detection
methods [37, 38, 39] have been proposed over the past few decades. These methods
are distance- or density-based, and assign outlier scores based on the distance of a
data point to its closest neighbors relative to the local density of its neighborhood.
To further improve on this, local subspace outlier detection methods [40, 41, 42]
have been introduced. They search for local outliers within so-called subspaces,
i.e., subsets of the complete set of features. This results in each outlier being
reported together with a corresponding subspace in which it is far away from
its neighbors. Existing local outlier detection approaches, however, are bound to
overlook outliers when the data is a mixture of high-dimensional data points drawn
from different data distributions. That is, as we will show, a local neighborhood
found within a given subspace may very well include data points from different
components of the mixture, which might result in clear outliers hiding in the
crowd of a different component. This is especially relevant when the individual
components of the mixture are unknown and hence the dataset has to be analyzed
as a whole.
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Figure 4.1: Dataset with six dimensions, consisting of a mixture of samples from
three distributions. Shown are the global 6D space projected onto 2D (top left),
and three orthogonal 2D subspaces (other). The implanted outlier (red star) can
only be detected in Subspace 1 (top right) if local outlier detection uses its global
neighbors (yellow diamonds) instead of its subspace neighbors (dots nearby).

We encountered this exact situation in an ongoing collaboration with the BMW
Group, where our aim is to identify steel coils strongly deviating in terms of their
material properties. The data is very high-dimensional, as it contains hundreds
of measurements per coil, but is also known to be a mixture of samples from
different distributions: the steel coils have different grades and come from different
suppliers. Unfortunately, part of this information is not available in the data and
we therefore had to analyze the complete, mixed data. However, what is a ‘normal’
measurement for one type of coil can be a clear deviation for another type of coil;
therefore, existing outlier detection methods did not perform well. Section 4.4 will
show examples of relevant outliers detected by our approach that were not found
by existing methods.

Figure 4.1 illustrates the problem that we consider on a synthetic dataset. The
data consists of three normally distributed clusters in six dimensions; the gener-
ative process (and experiments on generated data) will be described in detail in
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Subsection 4.3.1. When considering all data points, the data point depicted by
the red star is not a local outlier in any of the subspaces, neither in the global
nor in any of the two-dimensional subspaces (only three shown). However, when
only considering the data point’s neighbors in the global space, here depicted with
yellow diamonds, we can observe that the red star is a clear outlier in the 2D
subspace shown in the top right plot. it happens to be close to data points from
other components, but is far away from data points from the component it belongs
to and is therefore an outlier. As we will show in Subsection 4.3.1, existing al-
gorithms are unable to detect such outliers, especially in high-dimensional data,
whereas our method can.

Approach and contributions Our first contribution is the formalization of the
Local Subspace Outlier in Global Neighborhood problem. That is, we propose to
combine local subspace outlier detection with neighborhoods selected in the global
data space. The purpose of using global neighborhoods is to assess the degree of
outlierness of a given data point relative to other data points belonging to the same
mixture component, avoiding the possibility that outliers can hide among members
of other components of the mixture distribution. Although global outlier detection
in high-dimensional data is tough because of very similar distances, we argue and
empirically show that globally selecting a neighborhood is nevertheless feasible.
Following this, our second contribution is the introduction of the Gloss algorithm,
which combines our ideas on outlier detection using global neighborhoods with
techniques from LoOP [39] and HiCS [40].

Given a dataset, it computes the probability that a data point is an outlier ac-
cording to the problem definition. Moreover, it does so for all feature subspaces
deemed relevant and hence also provides information about the subspace(s) in
which a data point is considered to be an outlier. Although Gloss is technically
a seemingly straightforward extension of LoOP, the experiments will demonstrate
this is conceptually an essential extension nevertheless.

Finally, the third contribution of this work is an extensive set of experiments on
both synthetic and real-world data, in which we evaluate Gloss and compare
its performance to its state-of-the-art competitors. The experiments demonstrate
that the use of global neighborhoods enable the discovery of outliers that would
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otherwise be left undetected, without sacrificing detection accuracy on ‘regular’
outliers.

4.1.1 Related Work

Although most previous work on outlier detection has been done in statistics, there
are also clustering-based [43], nearest neighbor -based [44], classification-based [45]
and spectral -based [46] outlier detection algorithms. Statistical approaches can be
categorized as: distribution-based [36], where a standard distribution is used to fit
the data; distance-based [47], where the distance to neighboring points are used
to classify outliers versus non-outliers; and density-based, where the density of a
group of points is estimated to determine an outlier score. While classification,
clustering- and distribution-based algorithms aim to find global outliers by com-
paring each data point to (a representation of) the complete dataset, distance-
and density-based algorithms detect local outliers. We next describe the methods
most relevant to our work:

Local Outlier Factor (LOF) [37] was the first algorithm to introduce the con-
cept of local density to identify outliers. The authors also claim that they are
the first to use a (continuous) ‘outlier factor’ rather than a Boolean outlier
class.

Local Correlation Integral (LOCI) [38] detects outliers and groups of outliers
(small clusters) using the multi-granularity deviation factor (MDEF). If a
point differs more than three standard deviations from the local average
MDEF, it is labeled as outlier.

Local Outlier Probabilities (LoOP) [39] is also similar to LOF but does not
provide an outlier factor. Instead, it provides the probability of a point be-
ing an outlier using the probabilistic set distance of a point to its k-nearest
neighbors. Given this distance and the distances of its neighbors, a Proba-
bilistic Local Outlier Factor (PLOF) is computed and normalized. We will
build upon LoOP in this work.
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Subspace Outlier Detection (SOD) [41] is an algorithm that searches for
outliers in meaningful subspaces of the data space or even in arbitrarily-
oriented subspaces [42]. Other work in the area of spatial data uses special
spatial attributes to define neighborhood and usually one other attribute to
find outliers that deviate in this attribute given its spatial neighbors [48].1

Outlier Ranking (OutRank) [50] determines the degree of outlierness of points
using subspace analysis. For the analysis of subspaces it uses clustering
methods and subspace similarity measurements.

High Contrast Subspaces(HiCS) [40] is a state-of-the-art algorithm that searches
for high contrast subspaces in which to perform local outlier detection. It
uses LOF as the local outlier detection method for each such subspace, but
other algorithms could also be used.

Other recent work such as [51] combines density clustering with local and global
outlier detection. We will empirically compare to LOF, HiCS, and two variants
of LoOP in Section 4.3, as these are well-studied and representative of the state-
of-the-art in local (subspace) outlier detection.

4.2 Global Local Outliers in SubSpaces

4.2.1 Problem Definition

Many outlier detection (and data mining) algorithms assume—either implicitly or
explicitly—that the data is an i.i.d. sample from some underlying distribution.
That is, assumed is a dataset D1 drawn from some fixed distribution q1, denoted
D1 ∼ q1. Given this, global outliers can be found by approximating q1 from the
data, estimating P (d | q1) for all d ∈ D1, and ranking all data points according to
the resulting probabilities or scores.

In practice, however, many datasets are mixture distributions of multiple compo-
nents. Consider for example a dataset D2 consisting of a mixture of two com-
ponents C1 and C2, drawn from two different distributions, i.e., D2 = C1 ∪ C2,

1More details and a comparison of these algorithms can be found in [49].
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C1 ∼ q1, and C2 ∼ q2. Globally scoring and ranking outliers now becomes a very
challenging task, as identifying the underlying distributions is a hard problem and
different components may have different characteristics (such as overall density,
attribute-value marginals, etc.).

Local outlier detection algorithms address this problem by considering distances
or densities locally in the dataset, i.e., within the neighborhood of each individual
data point. Although this approach generally works well, it has the disadvantage
that it breaks down on high-dimensional datasets, for which all distances become
similar; no data points are much further apart than others.

This problem can be addressed by using a local subspace outlier detection algo-
rithm such as HiCS [40]. That is, given a dataset D consisting of data points over
a feature space F, these methods search for local outliers within feature subspaces
F ⊂ F. Each reported outlier is associated with a subspace F , explaining in which
features the data point is different from its neighbors.

However, as argued in the Introduction, this approach suffers from a severe limi-
tation: existing approaches do not take into account that datasets may be mixtures
of multiple components. That is, when searching for local outliers within a feature
space F , the density is locally estimated using a neighborhood determined using
the dataset projected onto the feature subspace only. Unfortunately, as we will see
next, this may have very undesirable side-effects.

That is, consider again our mixture dataset D2. Suppose that a data point o ∈ C1,
i.e., drawn from q1, is a clear outlier in a (small) subspace F , but its values for F
are very normal for data points drawn from q2. Then outlier o may go completely
undetected by using existing algorithms:

1. First, because the data is high-dimensional, global outlier detection methods
do not consider o to be far away from other data points in C1 (o is only
different in the feature set F );

2. Second, local outlier detection suffers from the same problem when consid-
ering all features;

3. Finally, local subspace outlier detection will not find the outlier either: the
neighborhood of o based on D2 projected onto F consists of members of
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component C2. Although o does not belong to that component, it is in fact
very close to those ‘neighbors’ and is therefore not considered an outlier!

Summarizing, existing methods cannot detect outliers that 1) are confined to a
feature subspace but 2) can only be observed within the global neighborhood of the
outlier, i.e., when the outlier is compared to data points belonging to the same
component. This leads to the following definition.

Problem 4.1 (Subspace Outlier in Global Neighborhood) Given a dataset
D over features F and neighborhood size k, we define the probability p that a data
point d ∈ D is a subspace outlier in global neighborhood w.r.t. F ⊆ F as

pF,k(d) = P (πF (d) | πF (NNk(d))),

where πF (X) denotes X projected onto F and NNk(d) denotes d’s global k-
neighborhood, i.e., the k data points closest to d in D (over all features F).

That is, it is our aim to estimate the probability that a data point is an outlier
within a feature subspace, but relative to its neighbors in the complete, global
feature space. In the following two subsections we will introduce the concepts and
theory needed to accomplish this. Note that we will often drop k from pF,k as this
is usually a constant.

Before that, however, it is important to observe that we use the global feature
space only to determine a reference collection, after which any subspace can be
considered for the actual estimation of the outlier probabilities. Although the
absolute distances between the data points in F will be small when the data is
high-dimensional, a ranking of data points based on distances from a given d is
likely to result in neighborhoods that primarily consist of data points belonging
to the same component as d. That is, we implicitly assume that the components
of the mixture are—to a large extent—separable in the global feature space, but
this seems very reasonable for the setting that we consider.

The attentive reader may observe that this problem appears to be contradictory:
if a global neighborhood can be reliably selected, then why not simply do global
outlier detection? The answer to this question is two-fold:
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1. First, the neighborhood of a data point is usually defined as its k-nearest
neighbors. Even when the data is high-dimensional and the absolute dis-
tances are small, a ranking of distances is likely to result in neighborhoods
that primarily consist of data points belonging to the same mixture com-
ponent. (I.e., we implicitly assume that the components of the mixture are
distinguishable in the global feature space.)

2. Second, we assume that any strong deviation in a subspace is sufficient
to mark a data point as outlier. This is the case in the manufacturing
application domain that we study in Section 4.4, in which each (global)
steel coil having one or more strong local deviations should be marked as
outlier. Such subspace outliers, however, would not be detected by any
global approach as they disappear when considering global distances.

In the following two subsections, we first introduce the preliminaries needed for
the algorithm that we propose to solve Problem 4.1, after which we introduce the
algorithm itself.

4.2.2 Preliminaries

In this subsection we briefly describe LoOP [39] and HiCS [40], as we will build
upon both techniques for our own algorithm, which we will introduce in the next
section. The main reason for choosing LoOP is that it closely resembles the
well-known LOF procedure but normalizes the outlier factors to probabilities,
making interpretation much easier. Further, we use an adapted version of the
HiCS algorithm to search for relevant subspaces when there is no set of candidate
subspaces known in advance.

LoOP [39] Given neighborhood size k and data point d, LoOP computes the prob-
ability that d is an outlier. This probability is derived from a so-called standard
distance from d to reference points S:

σ(d, S) =

√∑
s∈S dist(d, s)2

|S|
, (4.1)
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where dist(x, y) is the distance between x and y given by a distance metric (e.g.,
Euclidean or Manhattan distance).

Then, the probabilistic set distance of a point d to reference points S with ‘signif-
icance’ λ (usually 3, corresponding to 98% confidence) is defined as

pdist(λ, d, S) = λ ∗ σ(d, S). (4.2)

From the following step onward nearest neighbors are used as reference sets. That
is, given neighborhood size k and significance λ, define the Probabilistic Local
Outlier Factor (PLOF) of data point d as

PLOFλ,k(d) =
pdist(λ, d,NNk(d))

IEs∈NNk(d)[pdist(λ, s,NNk(s))]
− 1. (4.3)

Finally, this is used to define Local Outlier Probabilities.

Definition 4.1 (Local Outlier Probability (LoOP)) Given the previous, the
probability that a data point d ∈ D is a local outlier is defined as:

LoOPλ,k(d) = max

{
0, erf

(
PLOFλ,k(d)

nPLOF ·
√

2

)}
where nPLOF = λ · Stddev(PLOF ), i.e., the standard deviation of PLOF values
assuming a mean of 0, and erf is the standard Gauss error function.

HiCS [40] HiCS is an algorithm that performs an Apriori-like, bottom-up search
for subspaces manifesting a high contrast, i.e., subspaces in which the features have
high conditional dependences. For a given candidate subspace it randomly selects
data slices so that a statistical test can be used to assess whether the features
in the subspace are conditionally dependent. To make this procedure robust,
this is repeated a number of times (Monte Carlo sampling) and the resulting p-
values are averaged. Although the method was originally evaluated using both
the Kolmogorov-Smirnov test and Welch’s t-test, we here choose the former as
this does not require any (parametric) assumptions about the data. Parameters
are the number of Monte Carlo samplesM (= 50, default value), test statistic size
α (= 0.1), and candidate_cutoff (= 400), which limits the number of subspace
candidates considered.
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4.2.3 Global Local Outlier Probabilities

We introduce Gloss, for Global–Local Outliers in SubSpaces, an algorithm for
finding local, density-based subspace outliers in global neighborhoods, as defined
in Problem 4.1. On a high level, Gloss, shown in Algorithm 4.1, employs the
following procedure. First, if no subspaces are given a subspace search method
is used to find suitable subspaces (Line 1). Then, the global k-neighborhood
is computed for each data point in the data (2–3). After that, for each data
point an outlier probability is computed for each considered subspace, relative to
its global neighborhood (4–9). Finally, these outlier probabilities are returned as
result (10).

As the algorithm computes an outlier probability for each combination of data
point and subspace, the probabilities need to be aggregated in order to rank the
data points according to outlierness. As we are interested in strong outliers in any
subspace, we will use the maximum outlier probability found for a data point,
i.e., p(d) = maxF∈F(pF (d)). Using the average, for example, would give very
low outlier probabilities for data points that [only] strongly deviate in a small
subspace.

More in detail, Gloss builds upon both LoOP and HiCS by integrating both
algorithms and adapting them to the global neighborhood setting that we consider
in this work.

First, we introduce the extended standard distance, inspired by LoOP, which incor-
porates 1) a feature subspace F and 2) a global neighborhood relation G:

σ(dF , Gd) =

√∑
s∈Gd dist(dF , sF )2

|Gd|
, (4.4)

where dF and sF are shortcuts for πF (d) and πF (s) respectively, and Gd is the
global neighborhood defined as Gd = NNk(d).

Then, using probabilistic set distance as defined in the previous subsection to-
gether with the extended standard distance, we define the Probabilistic Global
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Local Outlier Factor PGLOF as:

PGLOFλ,Gd(dF ) =
pdist(λ, dF , Gd)

IEs∈Gd [pdist(λ, s,Gs)]
− 1 (4.5)

Finally, a subspace outlier probability pF,k(d) is computed for each data point
and subspace according to Definition 4.1, but using PGLOF instead of PLOF ;
see Line 9 of Algorithm 4.1. That is, with the global neighborhood projected onto
the features in the selected subspace.

Algorithm 4.1 Gloss

Given: Dataset D, neighborhood size k, optional: subspaces F
1: F = SubspaceSearch(D) {O}nly if F not given
2: for all d ∈ D do
3: Gd = NNk(d)
4: end for
5: for all d ∈ D do
6: for all F ∈ F do

7: σ(dF , Gd) =

√∑
s∈Gd

dist(dF ,sF )2

|Gd|

8: pdist(λ, dF , Gd) = λ · σ(dF , Gd)

9: PGLOFλ,Gd(dF ) = pdist(λ,dF ,Gd)
IEs∈Gd [pdist(λ,s,Gs)]

− 1

10: pF,k(d) = max
{

0, erf
(

PGLOFλ,Gd (dF )

nPGLOF ·
√
2

)}
11: end for
12: end for
13: return p

4.2.4 Subspace Search

Gloss can either perform subspace search or use a given set of relevant subspaces.
In the latter case, the subspace search (Line 1 in Algorithm 4.1) is skipped. By
parameterizing this, we allow background knowledge to be used to reduce the
number of subspaces whenever possible, hence avoiding an exponential search for
subspaces and thus reducing runtime. In the manufacturing case study that we
will present in Section 4.4, for example, there is a natural collection of subspaces
that can be exploited.
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When subspace search is enabled, the search procedure of HiCS is used. However,
instead of testing each feature of a candidate subspace against the remaining
subspace features, Gloss tests each candidate subspace feature against the re-
mainder of the entire feature space, emphasizing the relation between local and
global spaces. As such, the algorithm searches for subspaces that exhibit high con-
trast relative to the global feature space. Because subspace search is adapted from
HiCS, the parameters and their default values are the same as those described in
subsection 4.2.2.

The maximum number of interesting subspaces for HiCS is usually set to 100, also
for Gloss this is generally a good value though less is most of the time fine as
well, depending on the dataset.

4.3 Experiments

We evaluate Gloss on 1) synthetic data, 2) benchmark data with implanted out-
liers, 3) benchmark data with the minority class as outlier class, and 4) a real-world
dataset provided by an industrial partner. The source code and experimental setup
can also be found on the Github repository [52].

In the first experiment, in Subsection 4.3.1, we simulate an (unbalanced) Boolean
classification task where the class labels are 1) outlier and 2) not an outlier. This is
a very common approach in outlier detection, because objective evaluation is very
hard otherwise. Performance is quantified by 1) Area Under the Curve (AUC) of
the ROC curve and 2) runtime.

We compare Gloss to LoOP, LOF, HiCS, and LoOP local, a variant of LoOP that
detects outliers in each 2D subspace and then assigns the maximum probability
over all subspaces to the data point. For all algorithms the neighborhood size
k is set to 20, which is considered to be sufficiently large; the distance metric
is set to Euclidean. For both HiCS and Gloss, the parameters are set to their
defaults and the maximum number of subspaces considered is also set to the
default: 100.
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4.3.1 Synthetic Data

Setup We first devise a generative model to generate data with known outliers
that satisfy the assumptions of our problem statement: the data is a mixture
of samples from different distributions, and outliers have values sampled from
another distribution for some random subspace. More formally, the generative
process generates a dataset D with features F and clusters C, where each cluster
c ∈ C is assigned a random center µc and variance σ2

c. Each data point d ∈ D
is assigned to one of the clusters uniformly at random, denoted C(d), and then
sampled from a normal distribution with specified center and variance:

∀d ∈ D : d← N(µC(d), σ
2
C(d)).

After generating the mixed dataset, outliers O are introduced by changing a ran-
dom subset of the features for some of the data points. Given a data point o, a
random F ⊂ F and a randomly chosen cluster r 6= C(o), o is marked as outlier
and o projected onto F is changed as follows:

oF ← N(µr, σ
2
r)F .

Experiments are performed on synthetic datasets with 1000 data points, of which
50 are marked as outliers. The number of dimensions d is set to 10, 20, 50, 100, 200

or 400; the number of clusters tested are 2, 3 and 5; and µ is per dimension
randomly drawn from [0, 2], [0, 3], [0, 5] or [0, 10] (σ2

c is fixed to 1). This results
in 18 parameter settings per dimensionality.

Results Figure 4.2 shows ROC curves for all algorithms per dimensionality, using
3 clusters and µ drawn from [0, 3]. Table 4.1 presents the obtained AUC scores and
run times averaged over all 18 runs per dimensionality. It can be observed from
Table 4.1 that the purely local subspace analysis done by Local LoOP completely
fails to identify the ‘hidden’ outliers, whereas HiCS and the global outlier detection
methods fail when the number of dimensions increases. Gloss, on the other
hand, is able to detect most outliers even when the dimensionality increases all
the way up to 400. From the ROC curves in Figure 4.2 it can be observed that
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Gloss tends to find many more outliers at very low false positive rates, while
other algorithms only manage to catch up once the false positives rate increases
substantially. From the results per individual parameter setting (not included here
but available on GitHub [52]), we can see that a higher µ makes it easier for all
algorithms to detect the outliers. This makes sense, since the clusters become more
separated and therefore the impact of the local deviation on the global space will
be higher. The number of clusters in the data does not seem to be of substantial
importance.

Table 4.1: Results on synthetic data. Average AUC and runtime in seconds for
each algorithm, per dimensionality, averaged over all other parameter settings.

AUC Runtime
d Gloss HiCS LOF LoOP L.LoOP Gloss HiCS LOF LoOP L.LoOP
10 0.955 0.96 0.96 0.96 0.55 2.3 3.2 0.1 0.4 1.9
20 0.95 0.94 0.94 0.94 0.53 4.0 3.5 0.1 0.4 3.4
50 0.94 0.92 0.92 0.90 0.51 12.2 9.3 0.2 0.6 8.7
100 0.93 0.90 0.90 0.85 0.54 30.0 41.1 0.3 0.9 17.7
200 0.92 0.85 0.87 0.80 0.52 79.4 91.5 0.6 1.7 38.6
400 0.90 0.81 0.84 0.73 0.48 225.9 232.8 1.2 2.4 57.6

4.3.2 Benchmark Data with Implanted Outliers

Setup Next we compare Gloss to its competitors using a large set of well-known
benchmark data from the UCI machine learning repository [25]: Ann Thyroid,
Arrhythmia, Glass, Diabetes, Ionosphere, Pen Digits 16, Segments, Ailerons, Pol,
Waveform 5000, Mfeat Fourier and Optdigits.

Previous papers usually considered the minority class as ‘outlier class’ for pur-
poses of evaluation, but this clearly would not demonstrate the strengths of our
approach: we assume the data to be a mixture of components (i.e., classes), and
we search for outliers within those classes. We therefore use the UCI datasets
as examples of realistic data and implant artificial outliers. That is, we pick a
random sample of 10% of the data points and transform each such data point
to an outlier by replacing a randomly picked subspace with the values of a data
point from a different class (the size of each subspace was chosen uniformly from
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(a) 10D (b) 20D

(c) 50D (d) 10D

(e) 200D (f) 400D

Figure 4.2: Results on synthetic data. ROC curves for each algorithm and per
dimensionality, with µ randomly drawn from [0, 3] and 2 clusters per dataset.
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[2,max(2, 0.1 ∗ d)]). Note that the datasets most likely already contain ‘natural’
outliers, which makes the task at hand even more difficult.

Figure 4.3: Gloss accuracy for benchmark datasets with increasing neighborhood
sizes and 5% implanted outliers.

Results Figure 4.3 shows the effect of the neighborhood size on the performance
of Gloss. It can be seen that the method is very robust with respect to this
setting. As k = 20 is considered to be a “good” choice in literature for LoOP and
related local outlier detection methods, we chose this as the default for all other
experiments and methods.

Table 4.2 presents average AUC scores and running times over ten runs per
dataset, together with basic dataset properties, for all competing methods. Gloss

clearly outperforms its competitors for most datasets when it comes to AUC and
is about as fast as HiCS. From this we can conclude that it is beneficial to use
Gloss when the data consists of multiple components and outliers may be hidden
as a result of that.
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Table 4.2: Results on benchmark data with implanted outliers. AUC scores and
running times in seconds for each algorithm.

AUC Runtime
Dataset |D| d Gloss HiCS LOF LoOP L.LoOP Gloss HiCS LOF LoOP L.LoOP
Ann Thyroid 3772 30 0.61 0.57 0.60 0.59 0.55 115.8 34.8 0.3 1.2 20.1
Arrhythmia 452 279 0.54 0.53 0.51 0.53 0.53 327.8 1517.8 0.1 0.4 22.4
Glass 214 9 0.73 0.68 0.71 0.71 0.55 20.5 14.4 0.0 0.1 0.3
Diabetes 768 8 0.62 0.59 0.60 0.62 0.51 25.1 10.1 0.0 0.1 0.9
Ionosphere 351 34 0.70 0.61 0.64 0.61 0.57 17.6 13.1 0.0 0.1 2.0
Pen Digits 16 10692 16 0.92 0.86 0.92 0.91 0.50 236.9 53.4 1.5 3.0 28.7
Segments 2310 20 0.82 0.80 0.77 0.80 0.75 61.8 15.2 0.1 0.5 7.6
Ailerons 13750 41 0.69 0.61 0.51 0.65 0.61 396.8 91.9 0.7 8.2 109.7
Pol 15000 49 0.58 0.54 0.59 0.58 0.51 475.1 256.4 4.9 7.6 168.4
Waveform 5000 5000 41 0.57 0.57 0.58 0.57 0.52 172.1 76.5 2.6 2.7 34.8
Mfeat Fourier 2000 77 0.63 0.54 0.59 0.57 0.51 84.3 53.7 0.7 1.2 29.2
Optdigits 5620 65 0.69 0.58 0.68 0.66 0.52 209.5 117.7 4.9 4.6 73.0
Average 0.67 0.62 0.64 0.65 0.55 174.1 176.6 1.2 2.3 38.7

4.3.3 Benchmark Data with Minority Class as Outliers

Setup We do not expect using the minority class of a dataset as outlier class
to demonstrate the strengths of our approach. Nevertheless, we do not want
our improved algorithm to perform worse on the regular local outlier detection
task either. Hence, we also compare Gloss to its competitors using the same
benchmark datasets but with outliers defined by the more usual procedure of
using the minority class as ‘outlier class’. Apart from that, we use the same setup
and parameters as in Subsection 4.3.2.

Results Table 4.3 presents the average AUC scores obtained over ten runs per
dataset. The results show that Gloss performs pretty much on par with the
state-of-the-art, demonstrating that our proposed method is capable of detecting
‘regular’ outliers as well as the ones that Gloss identifies but other methods miss
(see previous subsections).

4.4 Case Study: Outlier Detection for BMW

The last series of experiments of this section are performed on a proprietary
dataset made available by the BMW Group at plant Regensburg. This dataset
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Table 4.3: Results on benchmark data using the minority class as outliers. AUC
scores for each algorithm.

Dataset Gloss HiCS LOF LoOP L.LoOP
Ann Thyroid 0.759 0.581 0.727 0.779 0.889
Arrhythmia 0.581 0.646 0.48 0.617 0.582
Glass 0.771 0.818 0.815 0.744 0.621
Diabetes 0.575 0.512 0.495 0.566 0.508
Ionosphere 0.886 0.921 0.881 0.881 0.733
Pen Digits 16 0.473 0.522 0.461 0.465 0.524
Segments 0.522 0.493 0.512 0.52 0.530
Ailerons 0.839 0.977 0.185 0.634 0.987
Pol 0.445 0.461 0.439 0.434 0.467
Waveform 5000 0.503 0.496 0.498 0.5 0.512
Mfeat Fourier 0.442 0.518 0.487 0.439 0.5
Optdigits 0.519 0.57 0.538 0.545 0.483
Average 0.61 0.626 0.543 0.594 0.611

was one the motivations for this work: the data is high-dimensional and a mixture
of different, unknown components. Moreover, it is essential for BMW to be able to
identify any outliers in the data, as this directly influences their car manufacturing
process.

The data concerns steel coils, which is the raw material used as input at the stamp-
ing plant (also called ‘press shop’). Before entering the stamping process, each
coil—of 2–3 km long—is unrolled and cut into shorter pieces. During this process,
a large number of measurements is made. We aim to use these measurements to
detect steel coils that strongly deviate from a typical coil in some specific region.
A complicating factor is that the data contains measurements for different types
of steel from different suppliers, but this important information is not available
in the data. Hence, we are dealing with mixed data and we are thus facing ex-
actly the problem formalized as Problem 4.1, for which we proposed Gloss as
solution.

Setup The dataset, containing all measurements done from December 2014 to
December 2015, consists of 2204 data points and has 1200 dimensions, grouped
into 100 12-dimensional subspaces using the spatial aspects of the data. Each
data point represents a coil having 100 segments (in length) and 3 tracks (in
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width). The most important measurements [8], and the ones we use, are IMPOC,
quantifying magnetic properties of the steel, andOil levels, quantifying the amount
of oil on the coil. Each subspace consists of 3 IMPOC and 9 Oil level values
averaged over a segment of size 2% of the length of the coil; the 100 subspaces are
consecutive, overlapping segments covering the entire coil.

We compare Gloss to LoOP using all global features and to Local LoOP ran on
each of the 100 individual segments/subspaces. Other algorithms are not included
in the evaluation because of the high-dimensionality of the data; run times would
be unreasonably long.

Results As expected, LoOP is unable to detect local outliers: it does not take
advantage of the spatial information and cannot deal with the very large number
(1200) of dimensions. The results obtained by Gloss and our Local LoOP variant
are generally similar, but are substantially—and importantly—different for some
of the steel coils, as we will show in detail shortly. Moreover, Local LoOP is
slower than Gloss, since the neighborhood of a coil needs to be computed for each
individual subspace, whereas Gloss only needs to compute a global neighborhood
once.

We now zoom in on the 512 coils recorded in March 2015, a representative month.
By focusing on data from a specific month, we simulate the setting in which the
stamping plant operator will inspect the results in the future; Gloss is currently
being implemented in the production environment at BMW. Given that deviations
in the steel coils directly influence the manufacturing process, this is expected to
improve the stability of the process and the quality of the products.

When comparing the outlier rankings obtained with Gloss and Local LoOP for
this particular month, we observe that many top outliers appear in high positions
in both rankings. However, 1) some coils are ranked very differently by the two
approaches and 2) Gloss ranks some coils as outliers that Local LoOP does not.
One such a coil is depicted in Figure 4.4, showing both the outlier probabilities
computed by both methods, and the IMPOC and Oil level measurements. While
Gloss ranks this coil 5th, Local LoOP ranks it 103th. Clearly an operator would
inspect this coil, labeled B1, if Gloss were used to rank the coils, but not if
Local LoOP would have been used. We asked a domain expert to inspect the
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Figure 4.4: Results for coil B1. Top: Gloss (red line) and LoOP (blue line)
outlier probabilities for each of 100 consecutive coil segments. Middle: IMPOC
measurements over the whole length of the coil, both for this particular coil (black)
and averaged over its 20 global neighbors (green). Bottom: Oil level measurements
visualized in 2D, representing the entire surface of the coil.

measurements and outlier probabilities of this coil and others. He reported back
to us that the probabilities computed using Gloss more accurately reflect the
extend to which the coils are outliers.

More in detail, the low oil levels near the far right of the coils together with
the sudden drop in IMPOC are clear deviations, as correctly detected by Gloss.
Local LoOP, however, reports this as normal behaviour since similar oil levels
occur in the same segments of other coil types and only detects the small areas
where the measurements change rapidly. In Figure 4.4, LoOP only detects an
outlier because the transition from low to high oil levels happens to be located
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Table 4.4: Case study. Outlier rankings obtained by Local LoOP, Gloss, and
BMW domain expert.

Rank L.LoOP Gloss BMW Expert
1 A1 B1 B1
2 A2 B2 B10
3 A3 B3 B6
4 A4 B4 B3
5 A5 B5 A6
6 A6 B6 A1
7 A7 B7 B8
8 A8 B8 A10
9 A9 B9 A4
10 A10 B10 B4

such that it deviates from its local neighbors. However, when looking at globally
similar coils one observes that the high oil levels in the middle of the coil are very
rare, which explains the high outlier probabilities given by Gloss.

Next, to further validate the rankings provided by our method, a domain expert
of BMW was shown two top-10 outlier coil rankings, one obtained by Gloss and
one by Local LoOP (without duplicates; a coil was left out from a ranking if it was
ranked higher by the other method). Of course, the test was blind, i.e., the domain
expert did not know which method generated which ranking. For each coil in either
top-10, the domain expert was shown the plots as in Figure 4.4, but only with
the outlier probabilities for the corresponding method. Given the two rankings
and plots, the domain expert was asked to rank the 20 (unique) coils according to
the perceived degree of outlierness from the domain perspective. Table 4.4 shows
the labels for the coils in the top-10 rankings of Local LoOP and Gloss, plus the
ranking given by the domain expert (using these labels). It is striking that the
top four coils selected by the domain expert were all selected by Gloss, with the
top ranked coil being the same coil as the top ranked coil identified by Gloss.
This confirms that our proposed algorithm is capable of detecting and ranking
important outliers that existing algorithms overlook.

For the application at our industrial partner, deviations in the measurements
often indicate problems with the material and these may cause problems during
the manufacturing process. Per year, over 100 000 coils are processed at this plant,
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making it infeasible for operators to inspect every single coil. Thus, Gloss will
help to narrow this down by providing outlier rankings and probabilities. Gloss

is able to find these hidden anomalies while LoOP both on the global space as on
the local subspaces is not always able to.

While most of the results show similar outcomes for both multiple times LoOP
and Gloss, there are quite a few cases where Gloss would classify a segment as
outlier and LoOP would not.

4.5 Conclusions and Outlook

An algorithm, Gloss, is proposed to find local subspace outliers in high-dimensional
mixed datasets. The algorithm is evaluated on synthetic high-dimensional data,
open access datasets from the UCI machine learning repository and a closed
dataset from BMW Regensburg.

It can be seen from the results shown in Section 4.3 that the proposed algorithm,
Gloss, outperforms existing methods on the synthetic data with hidden subspace
outliers once the dimensionality grows large. From the results it can be observed
that HiCS has a relative high execution time once the number of dimensions
grows, this is due to the search for interesting subspaces, even though this is
already limited by 4 · D. The proposed algorithm as well as Local LoOP, takes
only two dimensional subspaces into account. Given the global neighborhood,
there is less need to consider every possible subspace. However, a search for these
subspaces using HiCS’ method or another approach would most likely improve
accuracy. The results for the open datasets show that our algorithm also performs
well on real world datasets. The real world case on BMW data, shows us that
Gloss is capable of finding some important outliers that would otherwise remain
undetected by using existing algorithms, confirming that one should keep an eye
on the global perspective even when doing local outlier detection.

For future research it would be very interesting to look into efficient relevant
subspace detection algorithms to improve the accuracy of Gloss without sig-
nificantly increasing complexity. Another improvement would be to use locality
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sensitive hashing to define the neighborhood of each point, which would provide
a much faster solution than using standard kNN.
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5
Cluster Kriging

Data driven models and model-driven optimization are two of the most important
parts of the data driven framework (Section 2.3). Kriging or Gaussian Process
Regression is a popular kernel based data driven regression model. Kriging is
capable of achieving high accuracy predictions and providing, in addition, the
predicted variance, also known as the Kriging variance. The Kriging variance is
used in many applications as the uncertainty or quality measure of a prediction
and is heavily exploited in surrogate model-based optimization.

However, the computational and space complexity of Kriging, that is cubic and
quadratic in the number of data points respectively, is a major bottleneck, es-
pecially with the quantities of data available for the PROMIMOOC project. To
address these issues, Cluster Kriging is proposed as a solution for the time and
space complexity bottleneck. In addition, Cluster Kriging can be used as the sur-
rogate model for Efficient Global Optimization to allow model-driven optimization
on big data.
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In this chapter, a general methodology for the complexity reduction of
Kriging, called Cluster Kriging, is proposed. The main principle of Cluster
Kriging is that the whole data set is partitioned into smaller clusters and
multiple Kriging models are built on top of them. In addition, four Kriging
approximation algorithms are proposed as candidate algorithms within the
new framework. Each of these algorithms can be applied to much larger
data sets while maintaining the advantages and power of Kriging. The pro-
posed algorithms are explained in detail and compared empirically against
a broad set of existing state-of-the-art Kriging approximation methods on
a well-defined testing framework. It is also shown that Cluster Kriging can
be used with the popular model-based optimization framework; Efficient
Global Optimization. According to the empirical study, the proposed al-
gorithms consistently outperform the existing algorithms. Moreover, some
practical suggestions are provided for using the proposed algorithms.
The content of this chapter is primarily based on the publications [53, 54,
55, 56].
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5.1 Introduction

Kriging, or Gaussian Process Regression [57] is a popular and elegant kernel based
regression model capable of modeling very complex functions. Kriging is used in
many fields e.g., engineering, mining and geology, as a tool for the analysis of
data sets, for prediction purposes and for Surrogate model-based optimization [58].
Many other regression models exist, such as parametric models, which are easy
to interpret but may lack expressive power to model complex functions. On the
other hand, Regression Tree based methods like Random Forests [59] or Gradient
Boosted Decision Trees lack the advantage of interpretation [60] but have more
expressive power. Another method is Linear Model Trees [61], which uses a tree
structure with linear models at the leaves of the tree. There are also more complex
algorithms like Neural Networks, or Extreme Learning Machines [62], that are able
to model very complex functions but are usually not easy to work with in practice.
There are also different kernel based methods such as Support Vector Machines
[63] and Radial Basis Functions [64]. The main advantage of Kriging over other
regression methods is that Kriging provides not only the estimate of the value of a
function, but also the mean squared error of the estimation, the so-called Kriging
variance. The Kriging variance can be seen as the uncertainty assessment of the
model and has been exploited in surrogate model based optimization and many
other applications. Despite the clear advantage of the Kriging variance, Kriging
suffers from one major problem, the high training time and space complexity,
which are O(n3) and O(n2), respectively. Where n denotes the number of points.
To overcome this complexity problem, Kriging approximation algorithms such as
[65] and [66] are introduced. Unfortunately, these approximation algorithms are
usually less accurate than the original Kriging algorithm.

An overview of Kriging approximation methods is presented and a novel divide
and conquer based approach, Cluster Kriging (CK), is introduced. The novel
Cluster Kriging framework contains three steps, Partitioning, Modeling and Pre-
dicting. Each of the steps can be implemented using a wide range of approaches,
which are explained in detail in this chapter. Using these approaches four algo-
rithms are implemented and compared against each other and the state of the
art. One particular interesting and novel algorithm that uses the Cluster Kriging
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methodology is the proposed Model Tree Cluster Kriging (MTCK). MTCK
uses a regression tree with a specified number of leaf nodes to partition the data
in the objective space. A Kriging model is then built on each partition defined by
the tree’s leaves. MTCK uses only one of the trained Kriging models per unseen
record to predict, depending on which leaf node the unseen record is assigned to.
The proposed algorithms are evaluated and compared to several state-of-the-art
alternative Kriging approximation algorithms. A well-defined testing framework
for Kriging approximation algorithms [67] is adopted for the comparisons.

In addition to the Cluster Kriging varients proposed, it is also shown that Clus-
ter Kriging can be integrated in the Efficient Global Optimization framework.
Enabling efficient global optimization for large data sets.

5.2 Kriging

Loosely speaking, Kriging is a stochastic interpolation method in which the output
value of a stochastic process is predicted as a linear function of the observed output
values [68, 69]. In particular, Kriging is the best linear unbiased predictor (BLUP)
and the corresponding mean squared error of prediction is used for uncertainty
qualification. Kriging originates from the field of spatial analysis/geostatistics and
more recently is being widely used in Bayesian optimization and design and anal-
ysis of computer experiments (DACE) [70, 71]. The model features in providing
the theoretical uncertainty measurement of estimations.

When the stochastic process is assumed to be Gaussian, Kriging is equivalent to
Gaussian Process Regression (GPR), where the posterior distribution of the re-
gression function (posterior Gaussian process) is inferred through Bayesian statis-
tics. In this chapter, we shall consider this special case and adopt the mathematical
treatment of the Gaussian process. Assume that input data points are summa-
rized in the set X = {x(1),x(2), . . . ,x(n)} ⊆ Rd and the corresponding output
variables are represented as y = [y(x(1)), y(x(2)), . . . , y(x(n))]>. Specifically, the
mostly used variant of Kriging, Ordinary Kriging, models the regression function
f as a random process, that is a combination of an unknown constant trend µ
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with a centered Gaussian Process ε. The output variables are considered as the
“noisy” observation of f , that is perturbed by a Gaussian random noise γ:

y(x) = f(x) + γ(x) = µ+ ε(x) + γ(x),

ε(x) ∼ N(0, σ2
ε(x)), γ(x) ∼ N(0, σ2

γ), ε ⊥⊥ γ.

Note that the noises (error terms) γ are assumed to be homoscedastic (identically
distributed) and independent, both from each other and the Gaussian Process ε.
The centered Gaussian process ε is a stochastic process which possesses zero mean
everywhere and any finite collection of its random variables has a joint Gaussian
distribution [57]. It can be completely specified by providing a covariance function
k(·, ·) to calculate the pairwise covariance:

k(x,x′) = Cov[ε(x), ε(x′)].

The covariance function k(·, ·) is a kernel function performing the so-called “kernel
trick”, which computes the inner product on the feature space as a function in
the input space. Consequently, the variance σ2

ε(x) of a Gaussian process ε is
independent from the input x and thus denoted as σ2

ε in the following. In practice,
a common choice is the Gaussian covariance function (also known as squared
exponential kernel):

k(x,x′) = σ2
ε

d∏
i=1

exp
(
−θi(xi − x′i)2

)
, (5.1)

where θi’s are called hyper-parameters, that are either predetermined or estimated
through model fitting, and σ2

ε is inferred by the maximum likelihood method. By
using the Gaussian kernel, the resulting Gaussian process is stationary in the sense
that the process variance is constant: ∀x ∈ Rd, k(x,x) = σ2

ε .

To infer output value y(t) = y(x(t)) at an unobserved data point x(t), the joint
distribution of y(t) and observed outputs y are derived, conditioning on the input
data set X, x(t) and the unknown prior mean µ. Such a joint distribution is a
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multivariate Gaussian and is expressed as follows;[
y(t)

y

] ∣∣∣ X ∼ N

(
µ1n+1,

[
σ2
ε + σ2

γ c>

c Σ + σ2
γI

])
, (5.2)

ci = k(x(t),x(i)), Σij = k(x(i),x(j)),

where 1n+1 denotes a column vector of length n + 1 that contains only 1’s. The
homogeneous variance σ2

γ of the noise can be either determined by the user or
estimated through maximum likelihood method. The posterior distribution of
y(t) can be calculated by marginalizing µ out and conditioning on the observed
output variables y [57]. Without any derivations, the posterior distribution for
Ordinary Kriging is again Gaussian [72]:

y(t) | X,y,x(t) ∼ N
(
m(x(t)), s2(x(t))

)
(5.3)

where the posterior mean and variance are expressed as:

m(x(t)) = µ̂+ c>
(
Σ + σ2

γI
)−1

(y − µ̂1n) (5.4)

s2(x(t)) = σ2
γ + σ2

ε − c>
(
Σ + σ2

γI
)−1

c

+
(1− c>

(
Σ + σ2

γI
)−1

1n)2

1>n
(
Σ + σ2

γI
)−1

1n
(5.5)

µ̂ =
1>n
(
Σ + σ2

γI
)−1

y

1>n
(
Σ + σ2

γI
)−1

1n

Note that the estimation of the trend, µ̂ is obtained by maximum a posteriori
principle (MAP). The posterior mean function (Eq. 5.4) is used as the predic-
tor while the posterior variance (Eq. 5.5) is the so-called Kriging variance that
measures the uncertainty of the prediction.

5.3 Relevant Research

Despite the theoretically sound development of the Kriging model, it suffers sev-
eral issues when applied to large data sets. The major bottleneck is the high time
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and memory complexity of the model fitting process: The inverse of the covari-
ance matrix Σ−1 needs to be computed for both the posterior mean and variance
(Eq. 5.4 and 5.5), which has roughly O(n3) time complexity1. Moreover, when
optimizing the hyper-parameters of the kernel function, the log likelihood function
of those parameters is again calculated through Σ−1, resulting in a O(n3) com-
putational cost per each optimization iteration. Thus, for a large data set, such
a high overhead in model fitting renders Kriging inapplicable in practice. Var-
ious attempts have been made to overcome the computational complexity issue
of Kriging [57]. The contributions towards solving this issue can be roughly split
into three categories:

Subset Methods

The first category of approximation algorithms uses only a subset of the complete
data set to approximate a full Kriging model. The idea behind these methods is
to get a realistic representation of the complete data set by taking only a small
portion of the data points. The main issue with these subset approximation
algorithms is how to identify a subset that represents the complete data set.

Subset of Data (SoD) [73] is a naive approach in reducing complexity by taking
a subset ofm < n data points. The points are ussualy taken at random. The
obvious disadvantage of such an approach is that possible valuable informa-
tion is lost in the process. Taking a representative subset of data points is
a non-trivial task.

Subset of Regressors (SoR) [74] approximates Kriging by a linear combina-
tion of kernel functions on a set of basis points. The basis points are linearly
weighted to construct the predictor. The choice of the basis points does
influence the final outcome. As noted also in [75], there are only m (num-
ber of basis points) degrees of freedom in the model because the model is
degenerate (finite linear-in-the-parameters), which might be too restrictive.

1There are asymptotically faster algorithms for matrix inversion, e.g., Strasssen’s O(n2.807)
and Stothers O(n2.373), but their practical performance is worse than some methods with o(n3)
time complexity.
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Approximation using Sparsity

The second category of approximation algorithms approximate the covariance ma-
trix using sparsity based methods. Most of these algorithms also use a (relevant)
subset of the data like in the category mentioned above.

Sparse On-Line Gaussian Processes (OGP) [76] uses a Bayesian on-line al-
gorithm, together with a sequential construction of a subsample of the data
that specifies the prediction of the GP model. The idea behind constructing
a subsample of basis vectors is very similar to The Fully Independent Train-
ing Conditional mentioned next. The advantage of OGP is that additional
data points can be added to the OGP model without always completely
retraining the model.

Fast Kriging with Gaussian Markov Random Fields [66] is an algorithm
that uses an approximation of the covariance matrix with a sparse precision
matrix. It uses Gaussian Markov Random Fields (GMRF) on a reasonable
dense grid to exploit the computational benefits of a Markov field while
keeping the formula of Kriging weights. This method reduces the complexity
for simple and ordinary Kriging, but might not always be efficient with
universal Kriging.

The Fully Independent Training Conditional (FITC) [77, 78]. Snelson and
Ghahramani proposed what they called Sparse Gaussian Processes using
Pseudo-inputs. It uses a more sophisticated likelihood approximation with
a richer covariance. It is a non-degenerate version of the SoR algorithm.
By providing a set of basis points (Pseudo inputs), the model is fitted and
validated on the training data. As with SoR the choice of basis points is
a problem, this is usually either a subset of the training data or a uniform
distribution over the input space.

Divide and Conquer Methods

The last category contains methods that divide a (big) data set into several smaller
data sets and build a model for each of them. How to split the data set into
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smaller data sets and how to combine the different models is what makes these
algorithms unique. The proposed Cluster Kriging algorithms also belong to this
category.

Bayesian Committee Machines (BCM) [65] is an algorithm similar to the one
we propose, but developed from a completely different perspective. The
basic motivation is to divide a huge training set into several relatively small
subsets and then construct Kriging models on each subset. The benefit of
this approach is that the training time on each subset is satisfactory and the
training task can be easily parallelized. After training, the prediction is made
by a weighted combination of estimations from all the Kriging models. BCM
uses batch prediction to speed up the computation even further. However,
BCM does not seem to correct for different hyper parameters per module,
neither for badly fitted modules, which becomes a major problem when the
number of modules increases.

Several other attempts have been made to divide the Kriging model in sub-models
[79, 80], each solution for different domains. In [79], a Bagging [81] method is
proposed to increase the robustness of the Kriging algorithm, rather than speeding
up the algorithm’s training time. In [80], a partitioning method is introduced
to separate the data points into local Kriging models and combine the different
models using a distance metric.

All of these approximation algorithms have their advantages and disadvantages
and they are compared to our Cluster Kriging algorithms.

For the empirical study, three state of the art algorithms: SoD, FITC and BCM
are selected to compare with the proposed approaches in this paper, as they seem
to be the mostly used in their category.

81



5. CLUSTER KRIGING

5.4 Cluster Kriging

The main idea behind the proposed approach, Cluster Kriging, is to combine
multiple Kriging models trained on each partition of data, where the partitions
are obtained from clustering algorithms. Loosely speaking, if the whole data
set is partitioned into clusters of similar sizes, Cluster Kriging will reduce the
time complexity by a factor of k2 resulting in k ·

(
n
k

)3 (where k is the number
of clusters) if Kriging models are fitted sequentially. When exploiting k CPU
processes in parallel, the time complexity will be further reduced to

(
n
k

)3. In
practice this means that if we take k depending on n our algorithm becomes
quadratic in time, and using k clusters it even reaches linear time complexity.
For the output value y(t) at an unobserved data point x(t), each Kriging model
provides a (local) prediction for y(t). To obtain a global prediction, it is proposed
to either combine the predictions from all the Kriging models or select the most
proper Kriging model for the prediction.

There are many options for the data partitioning, e.g., K-means and Gaussian
mixture models (GMM), and the Kriging model on clusters can also be combined
in different manners. By varying the options in each step of the cluster Kriging,
many algorithms can be generated. Four of them will be explained in the next
section. In this section, the options in each step of the algorithms are introduced
gradually.

5.4.1 Clustering

The first step in the Cluster Kriging methodology is the clustering of the input
data X (and the output variables) into several smaller data sets. In general, the
goal is to obtain a set S containing k clusters on the input data set X.

S = {X1,X2, . . . ,Xk}, where
k⋃
i=1

Xi = X. (5.6)

In addition, the output values y are also grouped according to the clustering of
X: y = [y>1 ,y

>
2 , . . . ,y

>
k ]>. The clustering can be done in many ways, with the
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most simple and feasible approach being random clustering. For our framework
however we introduce three more sophisticated partitioning methods that are used
in the experiments later on.

Hard Clustering

The hard clustering splits the data into k smaller disjoint data sets:

k⋂
i=1

Xi = ∅

This can be achieved by various methods, for instance the K-means algorithm
(Eq. 5.7). K-means clustering minimizes the within-cluster sum of squares, that
is expressed as:

arg min
S

k∑
i=1

∑
x∈Xi

||x− µ(i)||2, (5.7)

where µ(i) is the centroid of cluster i and is calculated as the mean of the points
in Xi. The minimization of the within-cluster sum of squares takes only O(nkd)

execution time.

Fuzzy Clustering

Instead of using a hard clustering approach, a fuzzy clustering algorithm can
be used to introduce slight overlap between the various smaller data sets, which
might increase the final model accuracy. To incorporate fuzzy clustering, instead of
directly applying cluster labels, the probabilities that a point belongs to a cluster
are calculated (Eq. 5.8) and for each cluster (n · o)/k points with the highest
membership values are assigned, where o is a user defined setting that defines
the overlap. o is set between 1.0 (no overlap) and 2.0 (completely overlapping
clusters).

In principle, any fuzzy clustering algorithm can be used for the partitioning. In
this section the Fuzzy C-Means (FCM) [82] clustering algorithm and the Gaussian
Mixture Models (GMM) [83] are used. FCM is a clustering algorithm very similar
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to the well known K-means. The algorithm differs from K-means in that it has
additional membership coefficients and a fuzzifier. The membership coefficients
of a given point give the degrees that this point belongs to each cluster. These
coefficients are normalized so they sum up to one. The algorithm can be fitted
on a given dataset and returns the coefficients for each data point to each cluster.
The number of clusters is a user defined parameter. Fuzzy C-means optimizes the
objective function given in Eq. 5.8 iteratively. In each iteration, the membership
coefficients of each point being in the clusters are computed using Eq. 5.9. Subse-
quently, the centroid of each cluster µ(j) is computed as the center of mass of all
data points, taking the membership coefficients as weights. The objective of fuzzy
C-means is to find a set of centroids that minimizes the following function:

n∑
i=1

k∑
j=1

wmij ||x(i) − µ(j)||2, (5.8)

where wij are the membership values (see Eq. 5.9) and m is the so-called fuzzifier
(set to 2 in this chapter). The fuzzifier determines the level of cluster fuzziness as
follows:

wmij =
1∑k

c=1

(
||x(i) − µ(j)||
||x(i) − µ(c)||

) 2
m−1

(5.9)

The other fuzzy clustering procedure used is the Gaussian Mixture Models. GMM
are used together with the expectation-maximization (EM) algorithm for fitting
the Gaussian models. The mixture models are fitted on the training data and
later used in the weighted combination of the Kriging models by estimating clus-
ter membership probabilities of the unseen data points. The advantage of this
clustering technique is that it is fairly robust and that the number of clusters can
be specified by the user. For the GMM method one could use the full covari-
ance matrix whenever the dimensionality of the input data is small. However,
when working with high-dimensional data a diagonal covariance matrix can be
used instead. The time complexity of GMM depends on the underlying EM algo-
rithm. In each iteration EM, it takes O(nk) operations to re-estimate the model
parameters.
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Regression Tree Partitioning

The third method used is the partitioning by use of a Regression Tree [84] on the
complete training set. The regression tree splits the dataset recursively at the
best splitting point using the variance reduction criterion. Each leaf node of the
Regression Tree represents a cluster of data points. The number of leaves (or the
number of records per leave) can be set by the user. By reducing the variance in
each leaf node and therefore the variance in each dataset, the Kriging models can
be fitted to the local datasets much better as will be presented later on. The time
complexity of using a Regression Tree for the partitioning is O(n), given that the
depth of the tree or the number of leaf nodes is set by the user.

Figure 5.1: Visualisation of a Model Tree. The top node is the root and the
bottom nodes are the leaves with attached models. Each record in the data (on the
left) is assigned to a leaf node of the regression tree.

The partitioning done by the regression tree depends on the splitting criterion.
For a faster execution of the Cluster Kriging algorithm we could choose to use
a splitting criterion that splits the dataset in each node evenly, balancing the
load for each of the local Kriging models attached to the leafs. From emperical
experience we know that splitting using the standard variance reduction function
generally results in better performing models than using such an evenly splitting
criterion. This is likely due to the fact that datasets with a lower variance can be
more easily fitted by a Kriging model.
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5.4.2 Modeling

After partitioning the data set into several clusters, Kriging models are fitted on
each of the smaller data sets. The Kriging algorithm is applied on each cluster
individually, this way each model will be optimized on its own training set and
will have different hyper-parameters. For simplicity we assume, in this chapter,
the kernel functions used on each cluster to be the same. As for the regression
tree approach, the data set, or more precisely the input space, is partitioned by
the tree algorithm and, for each leaf node, a Kriging model is computed using
the data belonging to this node (Fig. 5.1). A similar technique is introduced
in the context of combining linear regression models [85, 86, 61]. In general,
the predictive (posterior) distribution of the target variable y(t) on each cluster
is:

y(t) | Xl,yl,x(t) ∼ N
(
ml(x

(t)), σ2
l (x(t))

)
, l = 1, . . . , k, (5.10)

whereml and σ2
l are specified again by Eq. 5.4 and 5.5 except that X,y are replaced

by Xl,yl here. Note that building the Kriging models can be easily parallelized,
which gives an additional speedup to Cluster Kriging. Another benefit of building
each model separately, is that each model has usually a much better local fit than
a single global Kriging model would obtain.

5.4.3 Prediction

After training various Kriging models, unseen data points need to be predicted.
For this prediction, there are several options. Depending on the partitioning
method used before, the simplest way of predicting the unseen data points is by
using a single local model. When the partitions are overlapping, a combination of
the different local models into one global model is required.

Single Model Prediction

The most straightforward method which can be used to predict unseen data points
is by using only one of the local Kriging models. This does require the partitioning
used to create partitions based on locality like k-means clustering or a regression
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tree. First, the partitioning method is used to predict which cluster the new data
point belongs to, then the Kriging model trained using this particular cluster is
used to predict the mean and variance at the new data point.

In case of the Regression Tree procedure, the targets are predicted from new
unseen data points by first deciding which model needs to be used, using the
Regression Tree. The target is then predicted using the specific Kriging model
assigned to the leaf node (Figure 5.1). The main advantage of this method is that
there is no combination of different predictions and only one of the local Kriging
models needs to provide a prediction. This results in a significant speed-up for the
prediction task. A possible disadvantage of this method is that you might loose
the global information of the target function and that predictions close to the
cluster borders may be less reliable. In Figure 5.2, a visualisation of predictions
from a fitted Cluster Kriging model using regression trees is shown, marking the
intersections between the different local models with black dashed lines. It can be
observed that the edges of the local models are not completely matching, meaning
that the predictions near the border are not as smooth as they would be in a global
Kriging model. It can also be observed that the area covered by each cluster is
not the same, this is due to the splitting criterion of the regression tree. While the
splitting criterion could be choosen in such a way that it balances the cluster sizes,
using variance reduction as the splitting criterion generally gives better fitted local
models.

Optimal weighting procedure

Instead of using single model predictions, the multiple local models can be com-
bined into one global model using various combination procedures. When the
input data set is separated by hard clustering methods, the Gaussian processes
built on different clusters are independent from each other. In this sense, it is
possible to construct a global Gaussian process model as the superposition of
Gaussian processes from all the clusters. In addition, a weighting scheme is used
to model how much “trust” should be put on the prediction from each cluster. The
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Figure 5.2: The landscape of the two dimensional Ackley function on the left, and
on the right is the contours of the Model Tree Cluster Kriging mean function, with
the tree partitioning visualized by dashed lines. The index of the clusters are shown
in the middle of each rectangle.

weighted superposition of all Gaussian processes is [55]:

y(t) | X,y,x(t) ∼ N

(
k∑
l=1

wlml(x
(t)),

k∑
l=1

w2
l σ

2
l (x(t))

)

The overall prediction and its variance depend on the weights used in the equation
above. Intuitively, the optimal prediction is achieved when the variance of the
estimation is minimal. To obtain such an optimal predictor, the overall Kriging
variance should be optimized with respect to the weights, resulting in the following
optimization task:

minimize
{w1,...,wk}

k∑
l=1

w2
l σ

2
l (x(t))

subject to
k∑
l=1

wl = 1, wl ≥ 0, l = 1, . . . , k.

88



5.4 Cluster Kriging

The optimal weights are obtained by solving the problem above (see [55, 54] for
details):

w∗l =
1/σ2

l (x(t))∑k
i=1 1/σ2

i (x(t))
. (5.11)

The optimal weights are then used to construct the optimal predictor, which is
the inner product of the model predictions with the optimal weights.

Membership Probabilities

For the GMM and other soft clustering approaches, the membership probabilities
can be used for unseen records to define the weights for the combination of pre-
dictions. For each unseen record, the membership probabilities that this record
belongs to the k clusters are calculated and directly used as the weights in the
weighted sum of predictions and variances given by the Kriging models:

wl = Pr(C = l | X,x(t)), for l = 1, . . . , k (5.12)

where C is the cluster indicator variable ranging from 1 to k. The rationale behind
such a weighting scheme can be shown from the following derivation. In general,
the goal here is to express the predictive distribution of variable y(t) that is the
conditional density function on the whole data set X, using the posterior densities
from all clusters. By applying the total probability with respect to the cluster
indicator variable C, such a density function p can be written as [54]:

p(y(t) | X,y,x(t))

=

k∑
l=1

p(y(t), C = l | X,y,x(t))

≈
k∑
l=1

p(y(t) | Xl,yl,x(t)) Pr(C = l | X,x(t)) (5.13)

The independence assumption between Gaussian process models still holds ap-
proximately when the amount of the overlap between clusters is small. Thus, the
density function g(y(t) | X,y,x(t)) approximately equals to Eq. 5.13. The first
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term inside the sum in Eq. 5.13 is the predictive density function obtained from
each cluster. The second term represents the probability of data point x(t) be-
longing to a cluster, which is the weight in Eq. 5.12. Consequently, the overall
predictive density function is a mixture of predictive distributions of all the Gaus-
sian process models on clusters. To predict y(t), the expectation of the conditional
density function p(y(t) | X,y,x(t)) is calculated:

IE[y(t) | X,y,x(t)]

=

k∑
l=1

∫ ∞
−∞

y(t)
k∑
l=1

g(y(t) | Xl,yl,x(t)) Pr(C = l | X,x(t)) dy(t)

=

k∑
l=1

Pr(C = l | X,x(t))IE[yt | Xl,yl,x
t]

=

k∑
l=1

wlml(x
(t)) (5.14)

Note that ml(x
t) is the mean function as shown in Eq. 5.10 and 5.14 suggests

that the overall prediction made on the whole data set can be expressed as a
convex combination of the local predictions on each cluster of data, in which the
combination weights are membership probabilities of GMM or similar clustering
approaches. Furthermore, the variance of the prediction (expectation) above is
derived as follows:

Var[y(t) | X,y,x(t)]

= IE[y(t)
2
| X,y,x(t)]− IE[y(t) | X,y,x(t)]2

=

k∑
l=1

wl

(
Var[y(t) | Xl,yl,x(t)] + IE[y(t) | Xl,yl,x(t)]2

)
− IE[y(t) | X,y,x(t)]2

=

k∑
l=1

wl

(
σ2
l (x(t)) +m2

l (x
(t))
)
−

(
k∑
l=1

wlml(x
(t))

)2

(5.15)

Note that σ2
l (x(t)) is again the Kriging variance at point x(t) from cluster l.
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5.5 Flavors of Cluster Kriging

Using the three stages and various components for each stage of the Cluster Krig-
ing methodology, various algorithms can be implemented. In this chapter we asses
four different flavors of Cluster Kriging:

Optimally Weighted Cluster Kriging (OWCK), which uses a hard (K-
means) clustering technique to partition the data into k clusters. Subse-
quently, a Kriging model is trained on each cluster and to predict unseen
data points, the predictions and variances of each model are combined using
the Optimal Weights Procedure (Subsection 5.4.3).

Optimally Weighted Fuzzy Cluster Kriging (OWFCK), which uses a soft
clustering technique (Fuzzy C-Means) to partition the data into k overlap-
ping clusters and also uses the Optimal Weights Procedure combining the
different predictions (Subsection 5.4.3).

Gaussian Mixture Model Cluster Kriging (GMMCK), which uses Gaussian
Mixture Models to partition the data into k overlapping clusters and the
trained Kriging models are weighted using the membership probabilities
assigned on the unseen data by the Gaussian Mixture Model (Subsection
5.4.3).

Model Tree Cluster Kriging (MTCK), the proposed novel algorithm, uses a
regression tree with a fixed amount of leaf nodes to partition the data in the
objective space. A Kriging model is then trained on each partition defined
by the tree’s leaves. MTCK uses only one of the trained Kriging models per
unseen record to predict (Subsection 5.4.3), depending on which leaf node
the unseen record is assigned to.

First a decision tree regressor is constructed using the complete dataset. The
tree is generated from the root node by recursively splitting the training data
using the target variable and the variance reduction criterion. Once a node
contains less than the minimum samples needed to split or the node contains
only one record, the splitting stops and the node is called a leaf. To control
the number of clusters, the user can set the maximum number of leaves or
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the minimum leaf size. Next, each leaf node is assigned a unique index and
each record belonging to the leaf is assigned to this index. For each leaf, a
Kriging model is computed using only those records assigned to this leaf.
Each Kriging model is now able to predict a particular region defined by the
Regression Tree.

For the prediction of the target for unseen records, the regression tree decides
which Kriging model should be used. The final predicted mean and variance
is provided by this Kriging model.

5.6 Experimental Setup and Results

A broad variety of experiments is executed to compare Optimally Weighted Clus-
ter Kriging and its Fuzzy and Model Tree variants, to a wide set of other Kriging
approximation algorithms. The algorithms included in the test are; Bayesian
Committee Machines, both with shared parameters (BCM sh.) and with individ-
ual parameters (BCM), Subset of Data (SoD), Fully Independent Training Con-
ditional (FITC), Optimally Weighted Cluster Kriging (OWCK) using K-means
clustering, Fuzzy Cluster Kriging using Fuzzy C-means (OWFCK), Fuzzy Clus-
ter Kriging with Gaussian Mixture Models (GMMCK) and, finally, Model Tree
Cluster Kriging (MTCK).

The above algorithms are evaluated on three different data sets from the UCI
machine learning repository [25]:

• Concrete Strength [87], a data set with 1030 records, 8 attributes and one
target attribute. The task is to predict the strength of concrete.

• Combined Cycle Power Plant (CCPP) [88], a data set of 9.568 records, 3

attributes and one target attribute. The target is the hourly electrical energy
output and the task is to predict this target.

• SARCOS [89], a data set from gaussianprocess.org with a training set of
44.484 records, 21 attributes and 7 target attributes. The task is to predict
the joint torques of a anthropomorphic robot arm. All 21 attributes are

92



5.6 Experimental Setup and Results

used as training data but only the 1st target attribute is used as target. The
dataset comes with a predefined test set of 4.449 records.

In addition, 8 synthetic datasets with each 10.000 records, 20 attributes and one
target attribute are used. The synthetic datasets are generated using benchmark
functions from the Deap Python package [90] and are often used in optimization.
The functions are Ackley, Schaffer, Schwefel, Rastrigin, H1, Rosenbrock, Himmel-
blau and Diffpow.

5.6.1 Hyper-Parameters

The hyper-parameters in each Kriging model are set via the Maximum Likelihood
Estimation (MLE). As the constant trend µ also needs to be estimated, we use
the so-called concentrated log likelihood for the estimation. For this numerical
optimization task, we adopt a quasi-Newton method (BFGS) [91] with restarting
heuristic. Each of the Kriging approximation algorithms has a hyper-parameter
that can be tuned by the user to define the number of data points, clusters or
inducing points, basically defining the trade-off between complexity and accuracy.
For each of the algorithms a wide range of these hyper-parameters are used to
see the effect and make a fair comparison between the different algorithms. The
overlap for each of the Fuzzy algorithms is set to 10%, since from empirical expe-
rience we know that 10% works well. Although higher percentages (above 10%)
usually increase accuracy, the increase of accuracy is not significant and costs ad-
ditional training time as well. For the Model Tree variant, the number of leaves
is enforced by setting a minimum number of data points per leaf and an optional
maximum number of leaves. For the Concrete Strength dataset and all synthetic
datasets: FITC is set to a range of inducing points starting from 32 and increasing
in powers of 2 to 512. SoD is set to the same range as FITC but for SoD this
means the number of data points. BCM, both shared and non-shared versions and
all Cluster Kriging variants are set to a range from 2 to 32 clusters, increasing
with powers of 2. For the Combined Cycle Power Plant dataset: FITC is set to a
range of inducing points starting from 64 and increasing in powers of 2 to 1024.
SoD is set to the a range from 256 to 4.092 data points. BCM, both shared and
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non-shared versions and all Cluster Kriging variants are set to a range from 4 to
64 clusters.

Finally, for the SARCOS dataset, the range of FITC’s inducing points stays the
same as for the CCPP dataset, for SoD the range is from 512 to 8.184 data points,
and for all cluster based algorithms and the model tree variant, the range is set
from 8 to 128 clusters.

5.6.2 Quality Measurements

The quality of the experiments is estimated with the help of 5-fold cross vali-
dation, except of the SARCOS dataset, which uses its predefined test set. The
experiments are performed in a test framework similar to the framework proposed
by Chalupka, K. et al. [67], i.e., several quality measurements are used to evaluate
the performance of each algorithm. The Coefficient of determination R2 score,
Mean Standardized Log Loss (MSLL) (see [57] Section 8.1) and the Standardized
Mean Squared Error (SMSE) are measured for each test run. The Mean Stan-
dardized Log Loss is a measurement that takes both the predicted mean and the
predicted variance into account. Penalizing wrong predictions that have a small
predicted variance more than wrong predictions with a large variance.

MSLL =

〈
1

2
· log(πσi + (yi − ŷi)2/σi)− triv

〉
Where σt is the predicted variance for record xi and ŷi the predicted mean. With
triv the trivial score simulating a predictor that predicts the overall mean and
standard deviation:

triv =
1

2
· log(πσy + (yi − ȳ)2/σy)

For MSLL and SMSE lower scores are better, for R2, 1.0 is the best possible score
meaning a perfect fit and everything lower is worse.
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Table 5.1: Average R2 score per dataset for each algorithm

Dataset SOD OWCK GMMCK OWFCK FITC BCM BCM sh. MTCK

Concrete 0.784 0.826 0.839 0.696 0.675 -81.888 -242.459 0.851
CCPP 0.948 0.937 0.968 0.916 0.890 0.220 -24.602 0.968
Sarcos 0.964 0.894 0.996 0.570 0.941 -627.280 0.448 0.999
Ackley 0.952 0.957 0.951 0.954 0.260 0.921 -0.039 0.981
Schaffer 0.321 0.388 0.369 0.406 0.208 0.452 -0.050 0.672
Schwefel 0.990 0.973 0.977 0.947 0.006 0.969 -0.043 0.999
Rast 0.973 0.947 0.948 0.932 0.322 0.914 -0.043 0.998
H1 0.676 -0.082 0.527 -1.125 0.165 0.657 -0.046 0.977
Rosenbrock 0.999 0.997 0.997 0.981 0.000 0.994 -0.050 1.000
Himmelblau 0.997 0.995 0.995 0.981 0.291 0.994 -0.044 1.000
Diffpow 0.995 0.991 0.991 0.975 0.001 -0.001 -0.001 1.000

Table 5.2: Average MSLL score per dataset for each algorithm

Dataset SOD OWCK GMMCK OWFCK FITC BCM BCM sh. MTCK

Concrete -0.837 -0.946 -1.100 -0.692 -0.629 18.590 68.013 -1.140
CCPP -0.089 -1.438 -1.525 -1.109 -1.165 7.826 69.346 -1.193
Sarcos -1.926 -1.371 -3.147 -0.302 -1.463 780.090 507.721 -3.429
Ackley -1.622 -1.516 -1.517 -1.462 -0.104 7.352 13.010 -2.012
Schaffer 0.477 -0.073 0.081 -0.091 -0.107 16.872 11.707 -0.514
Schwefel -2.554 -2.013 -2.162 -1.944 -0.002 -0.144 12.034 -3.278
Rast -2.179 -1.686 -1.807 -1.642 -0.193 4.554 11.590 -2.901
H1 -0.766 -0.276 -0.540 -0.060 -0.059 9.018 17.393 -1.967
Rosenbrock -3.479 -2.915 -3.074 -2.738 high* 0.612 18.575 -4.054
Himmelblau -3.204 -2.646 -2.790 -2.553 -0.193 -1.422 12.826 -3.739
Diffpow -3.020 -2.548 -2.666 -2.438 high* high* high* -3.744

5.6.3 Results

The results of experiments on the real world data sets Concrete Strength, CCPP
and SARCOS are shown in Figure 5.3 and the results on the Synthetic data sets

95



5. CLUSTER KRIGING

Table 5.3: Average SMSE score per dataset for each algorithm

Dataset SOD OWCK GMM-CK FCM-CK FITC BCM BCM sh. MTCK

Concrete 0.216 0.174 0.161 0.304 0.325 82.888 243.459 0.149
CCPP 0.052 0.063 0.032 0.084 0.110 0.780 25.602 0.032
Sarcos 0.036 0.106 0.004 0.430 0.059 628.280 0.552 0.001
Ackley 0.048 0.043 0.049 0.046 0.740 0.079 1.039 0.019
Schaffer 0.679 0.612 0.631 0.594 0.792 0.548 1.050 0.328
Schwefel 0.010 0.027 0.023 0.053 0.994 0.031 1.043 0.001
Rast 0.027 0.053 0.052 0.068 0.678 0.086 1.043 0.002
H1 0.324 1.082 0.473 2.125 0.835 0.343 1.046 0.023
Rosenbrock 0.001 0.003 0.003 0.019 1.000 0.006 1.050 0.000
Himmelblau 0.003 0.005 0.005 0.019 0.709 0.006 1.044 0.000
Diffpow 0.005 0.009 0.009 0.025 0.999 1.001 1.001 0.000

are shown in Figures 5.4 and 5.5. The results are shown with both objectives,
time and accuracy (x and y axis respectively) in mind to show the trade-off and
to show that some algorithms are performing better in both objectives. The R2

scores of each dataset per algorithm, averaged over all folds, are shown in Table
5.1. The MSLL scores are provided in Table 5.2 and the SMSE scores in Table
5.3. The best results for each dataset are shown in bold face.

5.6.4 Parameter Setting Recommendations

To use the Cluster Kriging algorithms, the minimum cluster size or the number of
clusters has to be set as a user defined parameter. It is recommended to set this
parameter in such a way that each individual cluster contains between 100 and
1000 records. 1000 records is still computationally tractable by Kriging in terms
of execution time and 100 records is in most cases still doable in terms of fitting
the Kriging model. Selecting smaller cluster sizes is likely to result in poorly fitted
models and selecting cluster sizes larger than 1000 will in most cases not increase
accuracy but will only increase execution time. These recommendations are purely
based on empirical observations and depend highly on the dataset one is working
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(b) Concrete (c) CCPP

(d) Sarcos

Figure 5.3: Quality measurements of each algorithm with the hyper-parameters
increasing in sample sizes for FITC and SoD, and decreasing in cluster sizes for the
cluster based algorithms as explained in Subsection 5.6.1. The results are shown for
the Concrete, CCPP and Sarcos datasets. The training time is given on the x axis
and the R2 score on the y axis. The dashed green line indicates the non dominated
set.

with. For MTCK smaller cluster sizes are usually still fine because of the low
variance in the records per leaf due to the splitting criterion of the Regression
Tree.
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(b) Ackley (c) Schaffer

(d) Schwefel (e) Rastrigin

Figure 5.4: Quality measurements of each algorithm with the hyper parameters
increasing in sample sizes for FITC and SoD, and decreasing in cluster sizes for the
cluster based algorithms on the first half of synthetic datasets. The training time
on the x axis and the R2 score on the y axis. The green line indicates the non
dominated set.

5.7 Efficient Global Optimization

In many real-world optimization problems, such as optimizing the manufacturing
of car body parts or the production of steel, function evaluations are costly, ei-
ther in time or money. Efficient Global Optimization (EGO) [70] is a procedure
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(b) H1 (c) Rosenbrock

(d) Himmelblau (e) Diffpow

Figure 5.5: Quality measurements of each algorithm with the hyper parameters
increasing in sample sizes for FITC and SoD, and decreasing in cluster sizes for the
cluster based algorithms on the second half of the synthetic datasets. The training
time on the x axis and the R2 score on the y axis. The green line indicates the non
dominated set.

designed to use a very low number of function evaluations while optimizing a spe-
cific function. The procedure uses a surrogate model to approximate the response
surface of the real function. The surrogate model is fitted using an initial space fill-
ing Design of Experiments (DOE) [92]. Once the surrogate model is fitted on this
data, optimization on the surrogate model’s response surface can be performed
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to find good candidate solutions for the black-box function to be optimized. This
step does not require any additional expensive function evaluations since it uses
the surrogate model. For the selection of these candidate points, EGO uses an
infill-criterion, which is meant to provide a nice balance between exploration and
exploitation. The newly found candidate solution is then evaluated against the
black-box function and added to the data set and used to re-fit the surrogate
model. This procedure is repeated untill the convergence criteria are met.

The Efficient Global Optimization [70] or Bayesian optimization [93, 94] is a se-
quential model-based global optimization algorithm that is built on stochastic
models over the unknown objective function. The Kriging modeling technique [95]
is originally proposed as the underlying model in EGO.

5.7.1 The Efficient Global Optimization Algorithm

EGO [70] is proposed to optimize expensive objective functions by sequentially
choosing new candidate solutions from an underlying Kriging model. The can-
didate solutions are obtained by maximizing the so-called acquisition function or
infill-criterion. Acquisition functions usually take the mean and variance of the
posterior process (Eq. 5.10) into account, in order to balance the exploration and
exploitation of the global search. Adding the newly obtained data points into the
underlying Kriging model, its posterior process is modified and the acquisition
function is updated accordingly. In this manner, a sequence of new solutions are
generated iteratively. This algorithm is summarized in Algorithm 5.1. Many ac-
quisition functions have been proposed and investigated [96]. The most popular
ones are: Lower Bound (LB) [97], the Probability of Improvement (PI) [98, 99] and
Expected Improvement (EI) [70]. In this chapter, we focus only on the expected
improvement, that is defined as follows, in terms of minimization:

EI(x) = IE[max{0,min(y)− y(x)} | y]

= (min(y)−m(x))Φ

(
min(y)−m(x)

s(x)

)
+ s(x)φ

(
min(y)−m(x)

s(x)

)
(5.16)
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Algorithm 5.1 Efficient Global Optimization
1 Generate the initial data set X,y
2 Fit the Kriging model hyper-parameters on the initial data set X,y.
3 while the stop criteria are not fulfilled do
4 Find global optimum of the infill criterion:

x∗ = argmaxx EI(x)

5 Evaluate x∗: y∗ = y(x∗) and append x∗, y∗ to X,y.
6 Re-estimate the Kriging model hyper parameters
7 end while

where Φ(·), φ(·) denote the cumulative distribution function and the probability
density function of the standard normal distribution, respectively. It takes into
account the quantity of the expected improvement and also rewards a higher vari-
ance. In addition, the gradient of the expected improvement is given in Equation
5.17, as it is required by the quasi-Newton optimization procedure, that is used
in the next subsections.

∇EI(x) = φ(u)∇s(x)− Φ(u)∇m(x) (5.17)

u =
min(y)−m(x)

s(x)

When applying the EGO algorithm to a large initial data set (e.g., in the experi-
ment design), the CPU time spent on the hyper-parameter re-estimation becomes
computationally infeasible. To relax this issue, it is proposed to use time complex-
ity reduction techniques that have been developed for the Kriging model.

5.7.2 Cluster Kriging-based EGO

It is proposed to exploit the Cluster Kriging variants in the EGO algorithm, for
time complexity reduction. Although various complexity reduction (or approxi-
mation) methods exist for Kriging, we state that Cluster Kriging is more suitable
for the EGO algorithm for the following reasons.
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Firstly, the Kriging models on each cluster can be executed in parallel, which yields
an additional linear speedup in practice. Secondly, after a new candidate solution
is found through the acquisition function, the hyper-parameters of Kriging needs
to be re-estimated. Taking the cluster information into account, it is proposed to
only re-estimate the Kriging models on the clusters that this new solution belongs
to. This operation results in another linear speedup in the hyper-parameter re-
estimation procedure, as in the best scenario, only one Kriging model is subject to
re-fitting. Thirdly, the acquisition function, e.g., the expected improvement is still
well-defined on Cluster Kriging because either the posterior process (Eq. 5.10) or
at least the mean and variance function (Eq. 5.14) can be derived. The algorithm
is presented in Algorithm 5.2.

In the algorithm, the initial fitting procedure can be parallelized (line 2). Usually,
the cluster (and the Kriging model on it) that the new solution belongs to is
updated (line 13-16). A counter c is incremented every time when a new candidate
solution is generated (line 5). If the c value, that is the recently appended data
points, are more than 10% of the initial data set, the clustering is performed again
to keep the size of each cluster balanced and capture the information contained
in the newly added points.

5.7.3 Experiments

Several experiments are conducted to show both the empirical time complexity
and convergence rate of the proposed Cluster Kriging based EGO, including all
the variants of Cluster Kriging discussed earlier in this chapter. The performance
of the proposed algorithm is compared to the original EGO that uses Ordinary
Kriging (OK). For our experiments, the benchmark functions chosen are Ackley,
Rastrigin and Schaffer. These functions are chosen because they are used often
in optimization experiments, are highly multi modal, and are of a relatively high
complexity.

Experiment 5.1 The algorithms compared are: EGO with Ordinary Kriging
(OK), Tree-based local Kriging models (MTCK), Superposition of Kriging models
(OWCK) and the mixture of Kriging models (GMMCK). Each of the Cluster
Kriging variants uses 5 clusters. Both execution time and convergence rate are
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Algorithm 5.2 Cluster Kriging based Efficient Global Optimization (CK-EGO)

Input: Data set X,y obtained on a black-box function f . The number of clusters
q. The clustering method is chosen from K-means, GMM or regression trees
by the user.

1: Initial Clustering: {Xi,yi}qi=1 ← X,y
2: Create the Kriging model for each cluster:

y | Xi,yi ∼ N
(
mi(x), s2i (x)

)
, i = 1, . . . , q

3: c← 0
4: while the stop criteria are not fulfilled do
5: x∗ = argmaxx EI(x)
6: Evaluation: y∗ = f(x∗)
7: c← c+ 1
8: if c > 10% the number of data points in X then
9: Merge the data set: X,y← {Xi,yi}qi=1

10: Clustering the data set X,y and re-create the Kriging models for each
cluster.

11: c← 0
12: else
13: for every cluster i that x∗ belongs to do
14: Append x∗, y∗ to Xi,yi.
15: Re-estimate the hyper-parameter for the Kriging model on cluster i.
16: end for
17: end if
18: end while
19: return x∗
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being measured with a fixed set of EGO iterations and optimization budget. The
convergence is measured by taking the absolute error between the real optimum
of the benchmark functions and the found optimum for each iteration of EGO.
Each EGO run performs 10 iterations for the three benchmark functions in two
dimensions. Three different initial sample sizes are used to train the surrogate
models, 500, 1000 and 5000 points in order to illustrate the growth of CPU time
required per algorithm, when the size of the data available increases. For each
different experimental setup, the average time and distance to the optimum is
recorded over 20 runs with different random seeds.

Experiment 5.2 The algorithms, OK, MTCK and OWCK are compared in five
dimensions on the benchmark functions Ackley and Rastrigin also varying the
algorithm that maximizes the expected improvement. CMA-ES and the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) algorithm are compared.

Results From Figure 5.7 it can be observed that the Cluster Kriging based EGO
variants perform very similar to OK, depending on the target function, a specific
variant even outperforms Ordinary Kriging. Due to the relatively large variance
in the results it is difficult to judge which algorithm performs better. However,
from the CPU time in Figure 5.6 it can be observed that Cluster Kriging and
in particular MTCK takes only a fragment of the time that Ordinary Kriging
requires. Using a sample size of 500 points this difference is mainly due to the
re-fitting of only one local model at a time. This can be seen by comparing
MTCK with GMMCK and OWCK, since all three cluster Kriging variants use
the same number of local models and only MTCK uses an adaptive local model
strategy. When the number of points increases to 1.000 and even 5.000, the
difference between the three cluster Kriging variants decreases but the difference
with Ordinary Kriging becomes enormous. This shows that using EGO with
Ordinary Kriging quickly becomes infeasible when the number of data points
grow.

From Figure 5.8 it can be observed that also in higher dimensions Cluster Kriging
does not under-perform Ordinary Kriging. In addition, it can be observed that
using different optimization strategies for the expected improvement affects the
convergence rate. However, the best optimization strategy clearly depends on the
target function.
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5.8 Conclusions

A novel Kriging approximation methodology, Cluster Kriging, is proposed, using
a combination of smaller Kriging models trained on partitions of the data set.
Four different algorithms using this methodology are proposed and explained in
detail and a broad comparison between the novel algorithms and other state of
the art Kriging approximation algorithms is done. The results of the experiments
(as given in Section 5.6) clearly show that for each data set, the Gaussian Mixture
Models Cluster Kriging (GMM CK) and the Model Tree Cluster Kriging (MTCK)

(a) CPU time (500, 2) (b) CPU time (1000, 2)

(c) CPU time (5000, 2)

Figure 5.6: Average CPU time (in sec.) per benchmark function for varying
sample sizes (nsamples , ddimensions). In blue the MTCK algorithm, OK is denoted in
grey, GMMCK in yellow and OWCK in green.
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(a) Ackley (500, 2) (b) Rastrigin (500, 2) (c) Schaffer (500, 2)

(d) Ackley (5000, 2) (e) Rastrigin (5000, 2) (f) Schaffer (5000, 2)

Figure 5.7: Average convergence of the absolute error of three benchmark functions
in two dimensions, with varying training sample sizes n and 10 iterations of EGO.
Shown is the average over 20 runs (lines) and one standard deviation (shaded areas).

106



5.8 Conclusions

(a) Ackley (500, 5) (b) Rastrigin (500, 5)

Figure 5.8: Average convergence of the absolute error of two benchmark functions
in five dimensions using different optimization algorithms. 500 training samples and
50 iterations of EGO are used. Shown is the average over 20 runs (lines) and one
standard deviation (shaded areas).

outperform the other algorithms in all measurements. It can also be observed that
the Bayesian Committee Machine algorithms, both with shared parameters and
with individual parameters, are very unstable when the number of clusters is
above 8. This is most likely due to poor recombination of models with different
hyper-parameters and the chance of poor fitting of one of the clusters. In terms
of training time, Subset of Data is much faster than any of the other algorithms,
though it pays for this complexity reduction by a decrease in accuracy. Both for
SoD and FITC, the training time increases faster than the training time of the
cluster based algorithms. It is shown that the membership probabilities of the
Gaussian Mixture Model can be used as weights in the combination of the various
Kriging models’ predictions. It is also shown that a Model Tree of Kriging models
works very well in high-dimensional problems and requires less prediction time
due to the fact that only one Kriging model per unseen data point is used for
prediction.

It is shown that Cluster Kriging can be applied in the EGO algorithm for com-
plexity reduction. Three variants of Cluster Kriging are validated in combination
with EGO on some test functions. Based on the empirical results that are shown
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5. CLUSTER KRIGING

in Section 5.7, it can be concluded that EGO using Cluster Kriging is much faster
in terms of time complexity compared to the traditional EGO that employs an
Ordinary Kriging model. Moreover, each of the Cluster Kriging variants perform
very well compared to EGO using Ordinary Kriging in terms of convergence speed.
From the results shown in Subsection 5.7.2, it can be inferred that the MTCK
model fits the objective function well due to the reason that it captures local
information much better than Ordinary Kriging.
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6
Arbitrary Model Efficient Global Optimization

The Kriging model, as stated in Chapter 5, is heavily exploited by the Efficient
Global Optimization framework, a popular optimization algorithm for optimizing
expensive functions, such as the production of high quality steel in the PROMI-
MOOC project.

Applying Efficient Global Optimization with Cluster Kriging is one solution in
solving the time and space complexity bottleneck of standard Kriging while using
the Global Optimization algorithm. However, many data sets do not obey the
assumptions that the Kriging model is based on. Other machine learning tech-
niques such as Artificial Neural Networks, Random Forests and Support Vector
Machines might perform much better as surrogate models. Unfortunately, these
techniques do not provide a prediction variance out of the box.

In this chapter a novel uncertainty measure is proposed to allow the use of these
different data driven models in the Efficient Global Optimization framework. With
the help of this measure, global optimization with complex deep neural networks,
as well as other machine learning techniques such as Random Forests, as the
surrogate model, becomes feasible.
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6. ARBITRARY MODEL EFFICIENT GLOBAL OPTIMIZATION

In this chapter the challenges of applying global optimization on arbitrary
machine learning models is discussed. In order to use the models in the
model-based optimization procedure of the framework (Section 2.3), an
uncertainty measure, the k-NN uncertainty is presented. It is shown that
the k-NN uncertainty allows for combinations of EGO and models that
outperform the classical EGO using Kriging.
This chapter is primarily based on the publication [100].
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6.1 Background

As discussed in Chapter 2, the main objective of the industrial partner Tata Steel,
is to classify surface defects on incoming steel slabs and optimize process param-
eters to reduce the number of defects occurring. To achieve this objective within
the framework presented in Section 2.3, global optimization algorithms like EGO
have to be applied using a large scale of different predictive models as surrogate
model. Using different surrogate models can significantly improve the accuracy of
the final predictive model and therefore greatly increase the performance of the
EGO algorithm.

However, there is one major issue, the infill-criteria of EGO requires a prediction
uncertainty or prediction variance, which most statistical models do not provide
out of the box. To overcome this issue, a novel uncertainty measure is introduced.
This measure allows us to apply EGO in combination with any predictive model
such as deep neural networks that are capable of predicting surface defects on the
Tata Steel data set.

6.2 kNN Uncertainty Measure for EGO

For most regression models, their overall accuracy can be estimated with help
of various error measures. However, in some applications it is important to pro-
vide not only point predictions, but also to estimate the “uncertainty” of the
prediction, e.g., in terms of confidence intervals, variances, or interquartile ranges.
There are very few statistical modeling techniques able to achieve this. For in-
stance, the Kriging method is equipped with a theoretical mean squared error. In
this section we address this problem by introducing a heuristic method to esti-
mate the uncertainty of the prediction, based on the error information from the
k-nearest neighbors. This heuristic, called the k-NN uncertainty measure, is com-
putationally much cheaper than other approaches (e.g., bootstrapping) and can
be applied regardless of the underlying regression model. To validate and demon-
strate the usefulness of the proposed heuristic, it is combined with various models
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6. ARBITRARY MODEL EFFICIENT GLOBAL OPTIMIZATION

and plugged into the well-known EGO algorithm. This allows for the usage of
regression models other than the Kriging model.

Such a measure of the prediction uncertainty should aim at the following objec-
tives: 1) It should operate independently of the modeling assumptions. 2) It
should be exploitable by the Efficient Global Optimization algorithm, making it
possible to use any regression model in the EGO framework.

In the nonparametric settings, when estimating the mean squared error of the
predictor, the available information are the data set D := {X,y} and the predic-
tion f̂(x) at x. Intuitively, this empirical uncertainty measure should be zero at
correctly predicted known observations and increase for the data points that are
far from the observations. Given these preferred properties, a distance-weighted
measure Ûk-NN is proposed as follows:

Ûk-NN =

∑
i∈N(x)

wki

∣∣∣f̂(x)− yi
∣∣∣∑

i∈N(x)

wki︸ ︷︷ ︸
empirical prediction error

+

min
i∈N(x)

d(xi,x)

max
xi,xj∈X

d(xi,xj)
σ̂

︸ ︷︷ ︸
variability of the observation

. (6.1)

wi = 1− d(xi,x)∑
i∈N(x)

d(xi,x)
, σ̂ =

√
Var

[
{yi}i∈N(x) ∪ {f̂(x)}

]
.

Note that N(x) collects the indices of k-nearest neighbors to x and d(·, ·) denotes
the Euclidean distance metric. σ̂ is computed as the standard deviation of the
observations in the neighborhood with the prediction f̂(x).

The proposed uncertainty quantification consists of two components: 1) the em-
pirical error of the prediction and 2) the variability of the observed outputs y.
Intuitively, less empirical prediction error leads to higher certainty of the predic-
tion. Moreover, when comparing two different regression tasks, a large variability
of the observations y could contribute to the high uncertainty of the prediction,
even if the predictor f̂ were making the same empirical error on both tasks. The
empirical error is computed from the difference between the prediction f̂(x) and
the observations at the k-nearest neighbors. Such differences are linearly scaled
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where the weights are inversely proportional to Euclidean distances to the neigh-
bors. This heuristic is based on the intuition that the closer neighbors have more
influence than neighbors that are further away. To quickly diminish the effect
of far-away neighbors, the exponent k (the number of neighbors) is applied on
the weights. The variability of the observation is estimated by calculating the
standard deviation of the observations at the nearest neighbors and the predicted
point. The resulting value is then rescaled by the distance to the nearest neighbor.
Using the distances to scale the heuristic error prediction, we make sure that the
uncertainty goes to zero at correctly predicted known points and that it increases
when predicting points further away from the known observations.

A good number of neighbors is depending on the number of known points and the
data dimensionality. For most of the experiments k is set to 20, more neighbors
will provide a more smooth but also slightly more pessimistic prediction error
while less neighbors make the expected prediction error more optimistic and less
smooth.

To illustrate the behaviour of k-NN uncertainty, a 1-D function f(x) = x sin(x)

is used in Figure 6.1. Note that k-NN uncertainty (green area) progresses very
similarly to the Kriging uncertainty quantification (blue area). It can also be
observed that at the known observations the prediction error given by the k-
NN uncertainty algorithm is exactly the error between the prediction and the
known observation. Note that the SVR model is badly fitted, and different hyper-
parameters would result in a much better fit. This is on purpose to illustrate how
the k-NN uncertainty would look like using less fitted models. Lastly, it can be
observed that when the to be predicted point is far away from the known data
points the uncertainty of the prediction increases.

6.3 Experimental Setup

Two different experimental setups are used to demonstrate the properties and
effectiveness of k-NN uncertainty in Efficient Global Optimization. First, we val-
idate k-NN uncertainty by visual inspection of plotted two and five dimensional
benchmark functions that are often used in the field of optimization (in this case
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Figure 6.1: Best viewed in color. Visualization of k-NN uncertainty heuristic.
The dotted red line is the real function f(x) = x sinx, the red dots are the observed
points. The blue line is the predicted mean of the Kriging model with the shaded
blue area showing the standard Kriging variance and the shaded green area is k-NN
uncertainty on the same Kriging model. The yellow line shows the predictions of
a Support Vector Regression (SVR) model with default hyper-parameters (C = 1,
RBF kernel, ε = 0.1) with the shaded yellow area denoting k-NN uncertainty using
the SVR model. The number of neighbors for k-NN uncertainty is set to 4 in this
case.

the Ackley and Schaffer function). In Figure 6.2 it can be observed that k-NN
uncertainty is quite similar to the Kriging variance as shown in the lower subplots
of Figure 6.2 a. k-NN uncertainty is a bit less optimistic than the Kriging vari-
ance but shows roughly the same areas with higher variance. When looking at the
Random Forest bootstrapping variance and k-NN uncertainty it can be observed
that the bootstrapping variance is very blocky, due to the Random Forest model
assumptions. k-NN uncertainty however does not use the individual tree predic-
tions of the Random Forest model and because of the interpolation effect using
the distances to the known observations, it creates a much more smooth surface.
In Figure 6.3 the models are trained on samples of the Schaffer function in the
space of −50 to 50 for both dimensions while tested on the complete range of −100
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to 100. It can be observed that the k-NN uncertainty gradually increases when
moving away from the known observations, while the Kriging variance almost
immediately explodes to a flat high value.

When looking at the same benchmark function but now in five dimensions, we can
plot a one-dimensional slice of the function (using the first dimension) to show
the local behaviour of k-NN uncertainty versus the Kriging variance in Figure 6.4.
Here it can be observed that the Kriging variance is over-optimistic and actually
wrong, while k-NN uncertainty is much more pessimistic and actually captures
very nicely the shape of the underlying function.

(a) Kriging variance versus k-NN uncer-
tainty

(b) Random Forest bootstrapping variance
versus k-NN uncertainty

Figure 6.2: a) Upper-left plot is the Ackley function in two dimensions, upper-
right shows the Kriging prediction of this function using 100 data points for train-
ing. Lower-left plot shows the Kriging variance and bottom-right shows k-NN un-
certainty using the same Kriging model. b) Upper-left plot is the same as a),
upper-right shows a Random Forest predictor with 50 trees using 100 data points
for training. Lower-left plot shows the variance given by the tree regressors of the
Random Forest and bottom-right shows k-NN uncertainty using the same Random
Forest model. The number of nearest neighbors for k-NN uncertainty is set to 20.

The second experiment is more quantitative as we compare the performance of
k-NN uncertainty in the setting of Efficient Global Optimization. We compare
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(a) Kriging variance versus k-NN uncer-
tainty

(b) Random Forest bootstrapping variance
versus k-NN uncertainty

Figure 6.3: Same as in Figure 6.2 but now using the Schaffer benchmark function.

Figure 6.4: The green dots are unseen observations of the Ackley function in five
dimensions (slice with the last four dimensions set at zero), the blue line is the
predicted mean of a Kriging model, the blue shaded area is the Kriging variance
and the green shaded area k-NN uncertainty with 20 nearest neighbors using the
same Kriging model.
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the convergence speed of the original EGO with Kriging, EGO with Kriging using
k-NN uncertainty instead of the Kriging variance, EGO with a Random Forest
model using k-NN uncertainty as the prediction variance and finally EGO with
a multi-layer perceptron using k-NN uncertainty (using two hidden layers of size
100 and 50 nodes respectively).

The experiment is carried out using three different benchmark functions Ackley,
Rastrigin and Schaffer with implementations from the DEAP [90] python package.
For each function, the experiments are repeated using 100 initial samples using a
Latin hypercube sampling strategy, and in 2, 5 and 10 dimensions (d). The EGO
algorithm is run for 10 · d evaluations and each experiment is repeated 40 times.
The number of nearest neighbors for k-NN uncertainty is set to 20.

From Figure 6.5 we can observe that in most cases the convergence is very similar
for all four EGO setups. In the two dimensional cases the Random Forest setup
seems to be slightly worse performing than the Kriging setups, on the other hand,
in the ten dimensional cases the Random Forest setup seems to outperform the
Kriging setups. For the Kriging models, the original Kriging variance seems to
perform slightly better than the heuristic k-NN uncertainty, however in most
cases this is only marginal. Interesting is to note the performance of the neural
network using k-NN uncertainty, which performs very well and even outperforms
the standard EGO procedure with Kriging in the five dimensional cases. Further
investigation showed us that the neural network fits the underlying global trend
of the function much more accurate than the Kriging or Random Forest model,
allowing the EGO procedure to quickly converge to the global optimum.

6.4 Conclusion

An uncertainty quantification measure, the k-NN uncertainty measure is proposed.
The proposed heuristic works independently of the modeling assumptions and can
therefore be used in combination with any regression model. It is shown that
the heuristic function obeys the preferred properties: 1) it ensures exactitude;
on known observations a correct prediction gives zero prediction variance. 2) it
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(a) Ackley 2D (b) Ackley 5D (c) Ackley 10D

(d) Rastrigin 2D (e) Rastrigin 5D (f) Rastrigin 10D

(g) Schaffer 2D (h) Schaffer 5D (i) Schaffer 10D

Figure 6.5: Convergence on the three benchmark functions. Displaying, as blue
dots, the original EGO procedure with Kriging variance, the red stars show the con-
vergence of EGO with a Random Forest model using k-NN uncertainty, the green
diamonds illustrate the convergence of EGO with Kriging using k-NN uncertainty
and the yellow triangles illustrate the convergence of EGO with a multi-layer per-
ceptron using k-NN uncertainty. The shaded areas show the 95% confidence interval
over 40 runs.
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increases with the dispersion of the known observations. 3) It is exactly the pre-
diction error when predicting known data points. The behaviour of the k-NN
uncertainty is verified by plotting the surface of several predictors on two bench-
mark functions and by running a wide set of experiments using the Efficient Global
Optimization framework. Results of the EGO experiments show that the heuris-
tic can be used in such optimization settings and that the performance in both
high and low dimensions, using different statistical models, can even outperform
the original EGO concept that uses Kriging. It also shows that different regres-
sion models can be used in Efficient Global Optimization using such a heuristic
as prediction variance, making EGO more widely applicable. It is shown that
the proposed heuristic is robust with respect of its parameter k, the number of
neighbors, and a recommendation of k = 20 is given.

119





7
Conclusions and Outlook

Data science, as in the combination of analytics, machine learning, data mining
and also optimization, plays an increasingly important role in industrial processes.
Lots of sensor data, machine parameters, quality measurements, images and other
signals are collected during these, usually complex, processes. Data mining can
aid in extracting relevant information from this data to provide insight to domain
experts. In addition, machine learning can aid the domain experts by predicting
possible defects, quality indicators or machine parameters. Last but not least,
optimization algorithms can be exploited to increase the overall productivity of a
manufacturing process, increase the product quality or lower the cost.

Each of these data science components strongly interacts with each other, machine
learning requires features which can be collected by data mining algorithms or by
using the insight that data mining may provide. The optimization algorithms, on
the other hand, can exploit the trained machine learning models to optimize the
process efficiently, without requiring lots of evaluations on the real process.

In the context of the PROMIMOOC project these components are presented in
a framework for controlling and optimizing industrial manufacturing processes.
In Section 7.1 conclusions are drawn from the works in this dissertation and the
contributions to the components and interlinking of components of this framework
are discussed. Section 7.2 discusses what can be done in the (near) future regarding
industrial process optimization.
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7.1 Conclusions

To answer the research question, “How can supervised and unsupervised machine
learning techniques be utilized in complex industrial processes?”, a framework for
monitoring, controlling and optimizing an industrial manufacturing process is pre-
sented consisting of several components (Chapter 2). The aim of such a framework
is three fold. The first objective is to provide the domain expert / process con-
troller with relevant information about the current and possible future states of
the process as quickly as possible. Secondly, to warn the domain expert in case
of anomalies, and last but not least, to provide the domain expert with a near-
optimal set of machine parameters to produce the next batch of products.

For such a framework to work efficiently, not only does it require algorithms with
sufficient predictive power, it also requires algorithms that can work with high-
dimensional data, in limited time and with a limited number of evaluations (in
case of optimization algorithms). In addition, the framework needs to cope with
data quality issues such as missing values. To solve this issue and as an answer to
the research question, “How can real-world data issues, such as missing data, be
treated efficiently?” , a novel algorithm for repairing missing values Incremental
Attribute Regression Imputation (IARI) is proposed. In addition, a visualization
technique to get more insight into missing value patterns is presented.

Outlier detection, or anomaly detection is an important component of the frame-
work, as it is the first component that delivers crucial information to the domain
expert. In most manufacturing processes the source material used for the final
products come from different suppliers and vary in material properties. Outlier
detection on these material properties is not straight-forward. Leading to the
research question “How can unsupervised learning be used for anomaly detection
in high-dimensional industrial applications?”. Global Local Outliers in SubSpaces
(GLOSS) is specifically proposed to find outliers in high-dimensional data sets
from a mixed distribution. GLOSS is able to find many relevant outliers in these
material property data sets that existing state-of-the-art outlier algorithms are not
able to find. By combining local and global neighborhood information, GLOSS
works even when the dimensionality is huge and the outlier only shows outlying
behaviour in a small subset of these dimensions.
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To provide the domain expert with possible machine parameters to handle the
incoming material, data driven models and optimization algorithms are required.
One of the most used global optimization algorithms for expensive (in time or
money) function evaluations, such as an expensive industrial process or time con-
suming simulator, is Efficient Global Optimization (EGO). EGO exploits an un-
derlying Kriging model to find the next candidate solution, effectively replacing
the expensive objective function with a much cheaper (but less accurate) surrogate
model. The candidate solution is then evaluated on the expensive function and
the result is used to update the underlying model. EGO uses the Kriging model
because it does not only provide a predicted mean but also a prediction variance,
the so-called Kriging variance. Unfortunately, Kriging has a major disadvantage,
the training time complexity of the model is O(n3) and the memory complexity
O(n2), which makes the model quickly infeasible as the data size increases. Lead-
ing to the two research questions “How can predictive models such as Kriging be
efficiently applied to a large amount of data?” and the larger question; “How can
global optimization be applied in an industrial context, even in real-time?”.

An answer and solution to these research questions, is the proposed Cluster Krig-
ing. Cluster Kriging is a Kriging approximation algorithm where the data is being
split into clusters or partitions. On each of these clusters a normal Kriging model
is being trained. Using either an optimal weight scheme or membership proba-
bilities, the different Kriging models’ predictions and variances are combined into
one final prediction and prediction variance. Using Cluster Kriging the time com-
plexity of training the model goes down by a factor of k2, where k is the number
of clusters. When k is set proportional to the number of data points and k CPUs
are provided, the training of the model even becomes linear. It is shown that the
accuracy of Cluster Kriging is consistent and sometimes even outperforming the
original Kriging algorithm on a large set of functions.

Another solution to the problem of the EGO with Kriging complexity is to not use
Kriging as the underlying surrogate model. Unfortunately, many machine learning
techniques do not have a prediction variance or prediction uncertainty available
out of the box. In this dissertation an uncertainty measure is proposed, the k-NN
uncertainty. This heuristic uncertainty measure is model independent and calcu-
lates an approximation of the prediction error using the error information of the
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k-nearest neighbors. It is shown that EGO in combination with different models,
such as artificial neural networks, support vector machines and random forests,
using the k-NN uncertainty, performs equally well or better than using the origi-
nal EGO with Kriging. The performance of the EGO algorithm is very dependent
on the fit of the underlying model, being able to use different predictive models
allows for choosing a better fitting model and therefor increasing the efficiency of
the EGO algorithm.

7.2 Future work

This dissertation contributes by providing a set of specific solutions in the fields
of missing value imputation, anomaly detection, Kriging and model-based opti-
mization. In addition, an overview of a framework for monitoring and optimizing
industrial manufacturing processes by using data mining, machine learning and
optimization techniques is provided. Different implementations of the framework
components are suggested and several issues in connecting these components are
challenged. A lot of challenges are of course still present and the design choices
made during this project will not always be optimal for each application.

Some of the open questions related to the research in this dissertation are:

Proper benchmarking of outlier detection algorithms: One of the most
challenging topics in outlier detection is that the result of an outlier detection
algorithm, most of the time, cannot be evaluated using a simple metric. There
is no one definition of what an outlier or anomaly is. How a domain expert
defines an anomaly depends highly on the domain, application and on the expert.
To compare outlier detection algorithms, well defined benchmark data sets are
essential. In current state-of-the-art research, classification data sets are misused
to validate the performance of anomaly detection algorithms by detecting the least
present class in the data set. This results in a biased comparison which favors
clustering based algorithms that use the residual class as outlier identification.
The development of a proper benchmark for these algorithms, including a wide
variety of anomaly and data types, would aid the research field enormously.
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Automatically configuring predictive models: The predictive models such
as Cluster Kriging, Deep Neural Networks and Random Forests all have a few to
many hyper-parameters. In the development of the framework for Tata Steel and
BMW, most of these models’ parameters where optimized by hand, grid search or
simply by taking the most commonly used values from literature. Algorithm con-
figuration is an upcoming research field that could provide very valuable insight
and improvements in selecting and configuring these models for optimal perfor-
mance.

Automatically optimizing artificial neural network architectures: Next
to the hyper-parameters of the more classical predictive models, deep neural net-
works consist of many design choices. From the number of layers to the hyper-
parameters of each layer, the preprocessing step of the input data and the activa-
tion functions. All of these design choices could possibly be automated by using
efficient optimization techniques. Reducing the effort of finding a good predictive
model and possibly increasing the final accuracy of these predictive models.
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A
IARI results

In this appendix the complete results of the IARI experiments are provided, each
section presents the results of a particular dataset from the UCI repository. The
third colomn in each table presents the reference value (R2 score on the dataset
without missing values), the highest R2 score in each row is printed bold.

Cover Type Dataset Results

In Tables A.1 to A.3 and A.4 the accuracy of the models (Accuracy Score) and
the quality of imputation (RMSE) are shown for the imputation algorithms on
40.000 instances of the Cover Type dataset.
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Table A.1: Model Accuracy Score on the Cover Type Dataset with 40.000 instances
using Random Forests

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
4 MNAR 0.911 0.887 0.879 0.876 0.886 0.886 0.893
6 MNAR 0.911 0.871 0.864 0.860 0.868 0.868 0.881
8 MNAR 0.911 0.850 0.841 0.835 0.844 0.845 0.864
10 MNAR 0.911 0.815 0.809 0.803 0.806 0.805 0.839
12 MNAR 0.911 0.670 0.678 0.656 0.657 0.663 0.693

10 MAR 0.911 0.893 0.899 0.900 0.900 0.896 0.907
20 MAR 0.911 0.874 0.887 0.886 0.883 0.880 0.899
30 MAR 0.911 0.857 0.874 0.874 0.866 0.863 0.889
40 MAR 0.911 0.834 0.859 0.858 0.845 0.845 0.878
50 MAR 0.911 0.808 0.841 0.838 0.819 0.822 0.864
60 MAR 0.911 0.776 0.824 0.822 0.787 0.799 0.847

Table A.2: Model Accuracy Score on the Cover Type Dataset with 40.000 instances
using Support Vector Machines

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
4 MNAR 0.819 0.746 0.741 0.724 0.746 0.747 0.748
6 MNAR 0.819 0.723 0.717 0.696 0.723 0.727 0.736
8 MNAR 0.819 0.704 0.689 0.675 0.704 0.708 0.735
10 MNAR 0.819 0.672 0.666 0.662 0.671 0.678 0.731
12 MNAR 0.819 0.613 0.621 0.593 0.612 0.612 0.602

10 MAR 0.819 0.813 0.813 0.810 0.815 0.815 0.819
20 MAR 0.819 0.804 0.806 0.799 0.807 0.810 0.819
30 MAR 0.819 0.795 0.797 0.785 0.797 0.803 0.817
40 MAR 0.819 0.787 0.788 0.769 0.788 0.794 0.814
50 MAR 0.819 0.778 0.778 0.755 0.779 0.784 0.809
60 MAR 0.819 0.765 0.764 0.747 0.767 0.776 0.802
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Table A.3: Model Accuracy Score on the Cover Type Dataset with 40.000 instances
using Gradient Boosting Trees

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
4 MNAR 0.787 0.778 0.776 0.761 0.778 0.777 0.779
6 MNAR 0.787 0.774 0.769 0.747 0.772 0.771 0.778
8 MNAR 0.787 0.767 0.758 0.745 0.767 0.765 0.773
10 MNAR 0.787 0.753 0.748 0.743 0.751 0.750 0.764
12 MNAR 0.787 0.695 0.694 0.717 0.687 0.690 0.691

10 MAR 0.787 0.785 0.785 0.773 0.785 0.784 0.785
20 MAR 0.787 0.782 0.783 0.771 0.783 0.778 0.784
30 MAR 0.787 0.778 0.778 0.765 0.779 0.777 0.783
40 MAR 0.787 0.774 0.774 0.763 0.775 0.774 0.780
50 MAR 0.787 0.770 0.770 0.760 0.770 0.766 0.778
60 MAR 0.787 0.766 0.767 0.755 0.767 0.758 0.774

Table A.4: Imputation Quality (RMSE) of each Imputation Algorithm on the
Cover Type dataset with 40.000 instances

Miss.% Type Mean Median Freq. PVI NN RI IARI
4 MNAR 0.755 0.762 0.774 0.755 0.745 0.721
6 MNAR 0.786 0.795 0.813 0.786 0.776 0.760
8 MNAR 0.814 0.823 0.842 0.814 0.802 0.771
10 MNAR 0.848 0.852 0.867 0.847 0.838 0.791
12 MNAR 0.894 0.884 0.889 0.894 0.894 0.877

10 MAR 0.271 0.277 0.294 0.261 0.225 0.176
20 MAR 0.380 0.389 0.414 0.370 0.330 0.266
30 MAR 0.468 0.479 0.509 0.460 0.420 0.347
40 MAR 0.540 0.552 0.588 0.533 0.496 0.422
50 MAR 0.602 0.615 0.654 0.597 0.564 0.493
60 MAR 0.661 0.676 0.718 0.658 0.630 0.564

Table A.5: Execution time of Imputation Algorithms on the Cover Type Dataset
with values 50% MAR in seconds.

Mean Median Freq. PVI NN RI IARI
0.03 0.11 0.48 61.47 381.75 119.12
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Digits Dataset Results

In Tables A.6 to A.8 the accuracy scores are shown and in Table A.9 the RMSE

results are shown for the imputation algorithms on the Page Blocks dataset.

Table A.6: Model Accuracy Score on the Digits Dataset using Random Forests

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
8 MNAR 0.972 0.971 0.972 0.966 0.972 0.970 0.972
16 MNAR 0.972 0.969 0.967 0.953 0.967 0.967 0.968
23 MNAR 0.972 0.966 0.964 0.937 0.962 0.963 0.962
25 MNAR 0.972 0.967 0.951 0.904 0.954 0.961 0.947
27 MNAR 0.972 0.950 0.923 0.815 0.934 0.932 0.944

10 MAR 0.972 0.969 0.971 0.967 0.970 0.971 0.971
20 MAR 0.972 0.964 0.963 0.961 0.967 0.968 0.970
30 MAR 0.972 0.962 0.961 0.956 0.963 0.963 0.967
40 MAR 0.972 0.954 0.957 0.952 0.959 0.960 0.962
50 MAR 0.972 0.950 0.952 0.945 0.953 0.957 0.957
60 MAR 0.972 0.944 0.943 0.934 0.944 0.948 0.953

Table A.7: Model Accuracy Score on the Digits Dataset using Support Vector
Machines

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
8 MNAR 0.980 0.966 0.966 0.964 0.967 0.967 0.969
16 MNAR 0.980 0.955 0.952 0.946 0.958 0.958 0.963
23 MNAR 0.980 0.943 0.934 0.916 0.943 0.945 0.954
25 MNAR 0.980 0.914 0.897 0.841 0.917 0.920 0.933
27 MNAR 0.980 0.816 0.754 0.553 0.815 0.823 0.891

10 MAR 0.980 0.977 0.978 0.977 0.979 0.978 0.980
20 MAR 0.980 0.974 0.973 0.969 0.977 0.976 0.979
30 MAR 0.980 0.967 0.966 0.962 0.974 0.971 0.979
40 MAR 0.980 0.962 0.960 0.954 0.966 0.965 0.976
50 MAR 0.980 0.953 0.950 0.946 0.959 0.958 0.974
60 MAR 0.980 0.941 0.938 0.929 0.947 0.947 0.967
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Table A.8: Model Accuracy Score on the Digits Dataset using Gradient Boosting
Trees

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
8 MNAR 0.960 0.960 0.961 0.959 0.958 0.958 0.957
16 MNAR 0.960 0.959 0.954 0.945 0.956 0.954 0.956
23 MNAR 0.960 0.956 0.949 0.934 0.952 0.953 0.943
25 MNAR 0.960 0.949 0.936 0.892 0.940 0.950 0.918
27 MNAR 0.960 0.915 0.858 0.746 0.882 0.901 0.924

10 MAR 0.960 0.962 0.962 0.960 0.958 0.960 0.959
20 MAR 0.960 0.957 0.958 0.956 0.955 0.960 0.956
30 MAR 0.960 0.954 0.952 0.953 0.958 0.953 0.953
40 MAR 0.960 0.950 0.949 0.944 0.949 0.952 0.947
50 MAR 0.960 0.944 0.944 0.941 0.944 0.944 0.944
60 MAR 0.960 0.937 0.938 0.928 0.937 0.934 0.930

Table A.9: Imputation Quality (RMSE) of each Imputation Algorithm on the
Digits Dataset

Miss.% Type Mean Median Freq. PVI NN RI IARI
8 MNAR 0.499 0.524 0.577 0.464 0.466 0.419
16 MNAR 0.608 0.649 0.752 0.566 0.565 0.479
23 MNAR 0.723 0.775 0.919 0.691 0.680 0.534
25 MNAR 0.858 0.903 1.037 0.841 0.829 0.646
27 MNAR 0.974 0.994 1.103 0.960 0.963 0.850

10 MAR 0.265 0.279 0.358 0.193 0.211 0.154
20 MAR 0.380 0.399 0.511 0.299 0.316 0.231
30 MAR 0.462 0.486 0.623 0.384 0.395 0.289
40 MAR 0.537 0.564 0.721 0.470 0.472 0.345
50 MAR 0.602 0.632 0.807 0.548 0.543 0.400
60 MAR 0.658 0.692 0.883 0.619 0.608 0.451

Table A.10: Execution time of Imputation Algorithms on the Digits Dataset with
values 50% MAR in seconds.

Mean Median Freq. PVI NN RI IARI
0.00 0.01 0.02 9.21 30.39 14.25
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Houses 16H Dataset Results

In Tables A.11 to A.13 the R2 scores are shown and in Table A.15 the RMSE

results are shown for the imputation algorithms on the Houses 16H dataset.

Table A.11: Model Accuracy Score (R2) on the Houses Dataset using Random
Forests

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.636 0.619 0.622 0.606 0.623 0.621 0.630
20 MNAR 0.636 0.604 0.598 0.580 0.606 0.603 0.617
30 MNAR 0.636 0.582 0.561 0.545 0.575 0.574 0.584
40 MNAR 0.636 0.534 0.491 0.485 0.511 0.520 0.531
49 MNAR 0.636 −0.277 −0.287 −0.545 −0.405 −0.171 −0.450

10 MAR 0.636 0.624 0.620 0.610 0.624 0.621 0.627
20 MAR 0.636 0.604 0.599 0.586 0.610 0.598 0.620
30 MAR 0.636 0.577 0.571 0.555 0.586 0.565 0.608
40 MAR 0.636 0.544 0.533 0.511 0.552 0.521 0.590
50 MAR 0.636 0.499 0.483 0.450 0.519 0.485 0.567
60 MAR 0.636 0.423 0.402 0.375 0.458 0.414 0.536

Table A.12: Model Accuracy Score (R2) on the Houses Dataset using Support
Vector Machines

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.531 0.502 0.506 0.495 0.508 0.511 0.522
20 MNAR 0.531 0.472 0.477 0.469 0.478 0.485 0.510
30 MNAR 0.531 0.443 0.446 0.441 0.445 0.455 0.493
40 MNAR 0.531 0.403 0.404 0.403 0.402 0.414 0.469
49 MNAR 0.531 −0.342 −0.265 −0.296 −0.359 −0.341 −0.714

10 MAR 0.531 0.505 0.511 0.505 0.512 0.514 0.526
20 MAR 0.531 0.482 0.496 0.492 0.493 0.499 0.522
30 MAR 0.531 0.459 0.477 0.476 0.468 0.478 0.517
40 MAR 0.531 0.436 0.460 0.459 0.444 0.460 0.511
50 MAR 0.531 0.409 0.439 0.438 0.417 0.436 0.506
60 MAR 0.531 0.384 0.419 0.417 0.391 0.413 0.495
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Table A.13: Model Accuracy Score (R2) on the Houses Dataset using Gradient
Boosting Trees

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.582 0.574 0.577 0.563 0.575 0.574 0.577
20 MNAR 0.582 0.566 0.567 0.553 0.563 0.563 0.569
30 MNAR 0.582 0.553 0.553 0.541 0.547 0.550 0.551
40 MNAR 0.582 0.537 0.534 0.517 0.525 0.527 0.522
49 MNAR 0.582 −1.576 −1.161 −2.009 −1.060 −1.182 −0.516

10 MAR 0.582 0.568 0.574 0.565 0.574 0.572 0.577
20 MAR 0.582 0.559 0.562 0.551 0.561 0.559 0.575
30 MAR 0.582 0.547 0.548 0.536 0.550 0.544 0.568
40 MAR 0.582 0.530 0.531 0.515 0.532 0.525 0.561
50 MAR 0.582 0.510 0.507 0.490 0.512 0.500 0.547
60 MAR 0.582 0.486 0.483 0.464 0.490 0.471 0.527

Table A.14: Execution time of Imputation Algorithms on the Houses Dataset
with values 50% MAR in seconds.

Mean Median Freq. PVI NN RI IARI
0.01 0.03 3.28 16.69 96.56 48.62

Table A.15: Imputation Quality (RMSE) of each Imputation Algorithm on the
Houses Dataset

Miss.% Type Mean Median Freq. PVI NN RI IARI
10 MNAR 0.329 0.352 0.498 0.324 0.277 0.228
20 MNAR 0.486 0.517 0.709 0.485 0.428 0.342
30 MNAR 0.630 0.662 0.869 0.632 0.580 0.452
40 MNAR 0.785 0.801 1.007 0.787 0.753 0.587
49 MNAR 0.956 0.925 1.134 0.955 0.954 0.927

10 MAR 0.270 0.276 0.382 0.253 0.222 0.190
20 MAR 0.386 0.395 0.542 0.370 0.328 0.280
30 MAR 0.475 0.486 0.664 0.462 0.415 0.352
40 MAR 0.545 0.558 0.764 0.535 0.487 0.412
50 MAR 0.607 0.622 0.850 0.600 0.555 0.466
60 MAR 0.669 0.685 0.925 0.665 0.625 0.531
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Page Blocks Dataset

In Tables A.16 to A.18 the accuracy scores are shown and in Table A.20 theRMSE

results are shown for the imputation algorithms on the Page Blocks dataset.

Table A.16: Model Accuracy Score on the Page Dataset using Random Forests

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.973 0.973 0.973 0.973 0.974 0.974 0.973
20 MNAR 0.973 0.972 0.973 0.972 0.973 0.972 0.972
30 MNAR 0.973 0.971 0.972 0.971 0.972 0.974 0.971
40 MNAR 0.973 0.971 0.970 0.970 0.971 0.972 0.969
49 MNAR 0.973 0.960 0.959 0.960 0.957 0.949 0.945

10 MAR 0.973 0.974 0.973 0.974 0.973 0.974 0.973
20 MAR 0.973 0.974 0.972 0.974 0.974 0.974 0.974
30 MAR 0.973 0.972 0.972 0.973 0.973 0.972 0.973
40 MAR 0.973 0.971 0.972 0.971 0.973 0.971 0.973
50 MAR 0.973 0.972 0.971 0.969 0.970 0.968 0.972
60 MAR 0.973 0.969 0.968 0.968 0.969 0.966 0.970

Table A.17: Model Accuracy Score on the Page Dataset using Support Vector
Machines

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.960 0.959 0.958 0.953 0.959 0.959 0.960
20 MNAR 0.960 0.958 0.957 0.952 0.958 0.959 0.960
30 MNAR 0.960 0.956 0.952 0.951 0.955 0.957 0.959
40 MNAR 0.960 0.945 0.943 0.944 0.945 0.949 0.955
49 MNAR 0.960 0.888 0.889 0.895 0.888 0.888 0.892

10 MAR 0.960 0.959 0.959 0.954 0.959 0.960 0.960
20 MAR 0.960 0.957 0.958 0.952 0.959 0.960 0.960
30 MAR 0.960 0.955 0.956 0.950 0.956 0.960 0.960
40 MAR 0.960 0.952 0.954 0.946 0.953 0.958 0.961
50 MAR 0.960 0.950 0.951 0.942 0.951 0.957 0.959
60 MAR 0.960 0.946 0.945 0.937 0.946 0.954 0.960

133



A. IARI RESULTS

Table A.18: Model Accuracy Score on the Page Dataset using Gradient Boosting
Trees

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.971 0.971 0.972 0.970 0.971 0.972 0.971
20 MNAR 0.971 0.970 0.970 0.971 0.972 0.971 0.972
30 MNAR 0.971 0.970 0.969 0.969 0.971 0.971 0.970
40 MNAR 0.971 0.967 0.966 0.965 0.966 0.970 0.969
49 MNAR 0.971 0.943 0.948 0.942 0.939 0.943 0.930

10 MAR 0.971 0.973 0.972 0.971 0.972 0.972 0.971
20 MAR 0.971 0.972 0.973 0.970 0.971 0.972 0.971
30 MAR 0.971 0.971 0.971 0.970 0.972 0.970 0.971
40 MAR 0.971 0.968 0.968 0.967 0.969 0.968 0.972
50 MAR 0.971 0.966 0.964 0.964 0.967 0.967 0.969
60 MAR 0.971 0.961 0.959 0.962 0.962 0.965 0.967

Table A.19: Execution time of Imputation Algorithms on the Page Dataset with
values 50% MAR in seconds.

Mean Median Freq. PVI NN RI IARI
0.00 0.00 0.10 1.97 35.32 19.89

Table A.20: Imputation Quality (RMSE) of each Imputation Algorithm on the
Page Dataset

Miss.% Type Mean Median Freq. PVI NN RI IARI
10 MNAR 0.384 0.407 0.473 0.350 0.307 0.220
20 MNAR 0.543 0.574 0.649 0.517 0.455 0.282
30 MNAR 0.682 0.714 0.710 0.668 0.605 0.389
40 MNAR 0.816 0.838 0.819 0.813 0.771 0.496
49 MNAR 0.978 0.965 0.939 0.977 0.976 0.946

10 MAR 0.276 0.284 0.429 0.240 0.207 0.126
20 MAR 0.403 0.413 0.610 0.367 0.323 0.230
30 MAR 0.482 0.495 0.739 0.452 0.399 0.287
40 MAR 0.563 0.578 0.860 0.537 0.481 0.317
50 MAR 0.634 0.651 0.964 0.616 0.555 0.367
60 MAR 0.688 0.707 1.051 0.673 0.617 0.417
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Concrete Dataset

In Tables A.21 to A.23 the R2 scores are shown and in Table A.25 the RMSE

results are shown for the imputation algorithms on the Concrete dataset.

Table A.21: Model Accuracy (R2) Score on the Concrete Dataset using Random
Forests

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.906 0.897 0.886 0.880 0.892 0.893 0.891
20 MNAR 0.906 0.883 0.867 0.860 0.873 0.875 0.877
29 MNAR 0.906 0.841 0.839 0.839 0.824 0.823 0.825
39 MNAR 0.906 0.821 0.809 0.816 0.801 0.796 0.762
47 MNAR 0.906 0.727 0.720 0.726 0.712 0.701 0.642

10 MAR 0.906 0.884 0.879 0.877 0.885 0.880 0.892
20 MAR 0.906 0.866 0.859 0.852 0.866 0.855 0.877
30 MAR 0.906 0.849 0.842 0.833 0.849 0.828 0.862
40 MAR 0.906 0.824 0.821 0.812 0.830 0.795 0.844
50 MAR 0.906 0.791 0.787 0.775 0.799 0.747 0.819
60 MAR 0.906 0.759 0.760 0.752 0.762 0.694 0.792

Table A.22: Model Accuracy (R2) Score on the Concrete Dataset using Support
Vector Machines

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.637 0.610 0.597 0.596 0.608 0.622 0.630
20 MNAR 0.637 0.564 0.549 0.542 0.556 0.583 0.609
29 MNAR 0.637 0.482 0.478 0.472 0.478 0.498 0.541
39 MNAR 0.637 0.409 0.398 0.391 0.406 0.433 0.529
48 MNAR 0.637 0.240 0.257 0.269 0.237 0.244 0.318

10 MAR 0.637 0.619 0.618 0.606 0.622 0.628 0.634
20 MAR 0.637 0.597 0.596 0.574 0.603 0.615 0.631
30 MAR 0.637 0.574 0.572 0.535 0.578 0.598 0.628
40 MAR 0.637 0.552 0.549 0.502 0.555 0.584 0.625
50 MAR 0.637 0.526 0.519 0.453 0.528 0.563 0.620
60 MAR 0.637 0.490 0.484 0.412 0.493 0.535 0.610
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Table A.23: Model Accuracy (R2) Score on the Concrete Dataset using Gradient
Boosting Trees

Miss.% Type Ref. Mean Median Freq. PVI NN RI IARI
10 MNAR 0.899 0.895 0.889 0.889 0.891 0.892 0.895
20 MNAR 0.899 0.890 0.872 0.869 0.881 0.880 0.883
29 MNAR 0.899 0.829 0.842 0.844 0.822 0.816 0.833
39 MNAR 0.899 0.820 0.824 0.827 0.810 0.803 0.794
47 MNAR 0.899 0.701 0.719 0.727 0.694 0.689 0.637

10 MAR 0.899 0.889 0.889 0.881 0.887 0.883 0.893
20 MAR 0.899 0.873 0.871 0.864 0.870 0.865 0.882
30 MAR 0.899 0.851 0.856 0.844 0.854 0.845 0.870
40 MAR 0.899 0.834 0.835 0.827 0.832 0.822 0.853
50 MAR 0.899 0.802 0.807 0.791 0.808 0.793 0.831
60 MAR 0.899 0.765 0.767 0.759 0.767 0.755 0.808

Table A.24: Execution time of Imputation Algorithms on the Concrete Dataset
with values 50% MAR in seconds.

Mean Median Freq. PVI NN RI IARI
0.00 0.00 0.01 0.15 2.79 1.99

Table A.25: Imputation Quality (RMSE) of each Imputation Algorithm on the
Concrete Dataset

Miss.% Type Mean Median Freq. PVI NN RI IARI
10 MNAR 0.343 0.400 0.469 0.331 0.271 0.178
20 MNAR 0.516 0.591 0.667 0.514 0.440 0.292
29 MNAR 0.689 0.775 0.831 0.691 0.628 0.447
39 MNAR 0.860 0.905 0.963 0.862 0.818 0.589
47 MNAR 1.058 1.036 1.092 1.058 1.055 1.015

10 MAR 0.277 0.295 0.378 0.240 0.209 0.140
20 MAR 0.389 0.415 0.527 0.360 0.311 0.213
30 MAR 0.477 0.509 0.653 0.456 0.399 0.280
40 MAR 0.549 0.585 0.746 0.534 0.476 0.342
50 MAR 0.613 0.653 0.843 0.603 0.547 0.410
60 MAR 0.674 0.717 0.909 0.668 0.619 0.476
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B
Symbols and Abbreviations

Symbols

Notation. Throughout this Thesis, we used the following common symbols to
denote the respective variables in the table below unless otherwise noted.
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B. SYMBOLS AND ABBREVIATIONS

Symbol Description

n Number of data points
k Number of clusters or neighborhood size
d Dimensionality of the input space
D Data set
w Weight
x Data point
X Set of data points
y Observation
Y Set of observations
R2 Coefficient of Determination
F Subspaces

NNk(·) k-Nearest Neighbors
f(·) Function
f̂(·) Predicted function (Predictor)

k(·, ·) Kernel function
d(·, ·) Distance metric
Pr(·|·) Probability distribution

σ Standard deviation
σ2 Variance
µ Mean values

f : Rd → R Regression function
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Abbreviations

Abb. Full name

AUC Area Under the Curve
BCM Bayesian Committee Machines
BFGS Broyden Fletcher Goldfarb Shanno
BLUP Best Linear Unbiased Predictor
CCA Complete Case Analysis

CCPP Combined Cycle Power Plant
CK Cluster Kriging

CMA-ES Covariance Matrix Adaptation Evolution Strategy
CWI Centrum Wiskunde & Informatica

DACE Design and Analysis of Computer Experiments
DOE Design of Experiments
ETL Extraction, transferring and loading
EGO Efficient Global Optimization
EM Expectation Maximization
EI Expected Improvement

FCM Fuzzy C-Means
FITC Fully Independent Training Conditional
FM Finishing Mill

GLOSS Global Local Outliers in Subspaces
GMM Gaussian Mixture Models

GMMCK Gaussian Mixture Model Cluster Kriging
GPR Gaussian Process Regression
HiCS High Contrast Subspaces
HSM2 Hot Strip Mill 2
IARI Incremental Attribute Regression Imputation

IMPOC Impulse Magnetic Process On-line Controller
k-NN k Neirest Neighbors

LB Lower Bound
LOCI Local Correlation Integral
LOF Local Outlier Factor

LoOP Local Outlier Probabilities
MAR Missing At Random

MCAR Missing Completely At Random
MI Multiple Imputation

MIV Missing Indicator variables
MLE Maximum Likelihood Estimation
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Abb. Full name

MMP Monotone Mixture Pattern
MNAR Missing Not At Random
MSLL Mean Standardized Log Loss
MTCK Model Tree Cluster Kriging
OGP Sparse On-Line Gaussian Processes
OK Ordinary Kriging

OutRank Outlier Ranking
OWCK Optimally Weighted Cluster Kriging

OWFCK Optimally Weighted Fuzzy Cluster Kriging
PI Probability of Improvement

PLOF Probabilistic Local Outlier Factor
PROMIMOOC Process Mining for Multi- Objective Online Control

PVI Predictive Value Imputation
RI Regression Imputation

RM Rougher Mill
RMSE Root Mean Squared Error
ROC Receiver Operating Characteristic
RTO Real Time Optimization

SMSE Standardized Mean Squared Error
SOD Subspace Outlier Detection
SoD Subset of Data
SoR Subset of Regressors
UK Universal Kriging
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English Summary

Industrial manufacturing processes, such as the production of steel or the stamping
of car body parts, are complex semi-batch processes with many process steps, ma-
chine parameters and quality indicators. To optimize these complex processes, for
example by reducing the number of defects or increasing the throughput, a great
number of requirements need to be taken into consideration. In this dissertation
a framework for monitoring and optimizing these complex industrial processes is
presented. The framework is specifically tailored to the production processes of
Tata Steel and BMW Group. Both are industrial partners of the PROMIMOOC
project. The framework consists of several components of which; preprocessing,
outlier detection, predictive modeling and optimization are the main technical
components that are the focus of this work. For each of these components a
possible implementation is proposed and the challenges in implementing these
components in an industrial manufacturing setting are discussed.

A novel algorithm for repairing missing values, Incremental Attribute Regression
Imputation (IARI) is proposed and a visualization technique to get more insight
into missing value patterns is presented. IARI repairs missing values by train-
ing predictive models on (repaired) complete columns (features). The predictive
models are then used to repair one column at a time till the dataset is complete.
The accuracy of imputation (how well the missing values are repaired) is much
better than that of existing imputation techniques.

For the monitoring of the manufacturing process it is vital to detect deviations
in source material as quickly as possible, as the quality of the source material
can greatly effect the final product quality. An outlier detection algorithm Global
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Local Outliers in SubSpaces (GLOSS), specifically designed to find outliers in high-
dimensional data sets from mixed distributions, is proposed and effectively used
on the BMW data set. The proposed algorithm is able to detect “hidden” outliers,
outliers that look similar to other data points coming from a different distribution
but entirely different from the data points coming from the same distribution. The
algorithm combines global distance information, using all dimensions (features),
with local subspace distance information (subspace of features) to determine the
outlier possibility of each subspace. For the BMW data set, the subspaces are
predefined as one percent of the length of a steel coil. In cases where the subspaces
are not defined the algorithm employs the interesting subspace search technique
used in High Contrast Subspaces (HiCS).

To not only monitor but also optimize the production process, predictive mod-
els and optimization algorithms are required. One popular algorithm to perform
global optimization on expensive black-box functions (such as a complex produc-
tion process), is the Efficient Global Optimization (EGO) algorithm. This algo-
rithm makes use of a surrogate model to minimize the required number of real
function evaluations. The surrogate model originally used in EGO is the Kriging,
or Gaussian Process regression model. To apply EGO on large high-dimensional
data sets, however, is not feasible with the current implementation. Training the
underlying Kriging models takes O(n3) time in the number of data points. To alle-
viate this issue, a set of Kriging approximation algorithms, Cluster Kriging (CK),
is proposed. In Cluster Kriging, multiple smaller Kriging models are trained on
a subset of the data and then the predictions of these local models are combined
using a clever combination technique. Various flavors of Cluster Kriging are im-
plemented and evaluated and it is shown that with Cluster Kriging it becomes not
only feasible to model larger data sets, the accuracy of the trained models usually
outperform the original Kriging model. This performance gain is likely due to the
fact that local information is better preserved in the local Kriging models.

To use the EGO algorithm also with a wide variety of different predictive models,
a model-independent uncertainty estimation measure, the k-NN uncertainty, is
proposed. Using this heuristic error measure as the prediction variance in EGO,
different surrogate models can be used in the EGO framework. It is shown that,
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dependent on the data, EGO with a different model such as an artificial neural net-
work, can significantly increase the performance (convergence) of the optimization
procedure.

Each algorithm proposed in this thesis is compared against state-of-the-art existing
algorithms and used in the PROMIMOOC project for real world applications of
BMW and Tata Steel.
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Industriële fabricageprocessen, zoals de productie van staal en het produceren van
carrosserie onderdelen (autodeuren, motorkappen etc.), zijn complexe semi-batch
processen met veel processtappen, machine instellingen en kwaliteit indicatoren.
Om deze complexe processen te optimaliseren, bijvoorbeeld door het aantal de-
fecten te reduceren of door de productie te verhogen, moet aan een flink aantal
vereisten voldaan worden. In dit proefschrift wordt een systeem voor het moni-
toren en optimaliseren van deze complexe industriële processen gepresenteerd. Het
systeem is gemaakt voor het productieproces van Tata Steel en BMW, de twee
industriële partners van het PROMIMOOC project. Het systeem zal echter ook
werken voor een generiek productieproces zolang alle benodigde data aanwezig
is. Het systeem bestaat uit een aantal componenten waarvan voorbewerking,
“anomaly” detectie, voorspellende modellen en optimalisatie een grote rol spelen
en de focus hebben in dit proefschrift. Voor elk van deze componenten wordt er
een mogelijke implementatie voorgesteld en worden de uitdagingen op dit gebied
in een industriële productiesetting besproken.

Een nieuw algoritme voor het repareren van missende waardes, Incrementele At-
tribuut Regressie Imputatie (IARI) is voorgesteld, als wel een aantal visualisati-
etechnieken voor het inzichtelijk maken van patronen van missende waardes in
een dataset. IARI repareert een dataset door gebruik te maken van voorspellende
modellen die gebruik maken van de al bestaande complete en gerepareerde data
om zo een voor een kolommen te repareren. Het nieuwe IARI algoritme kan de
missende waardes een stuk beter repareren dan andere bestaande state-of-the-art
algoritmes.
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Voor het monitoren van een productieproces, is het van vitaal belang dat afwi-
jkingen in het te bewerken materiaal snel gedetecteerd worden. Als de kwaliteit
van het bronmateriaal niet goed is of grote afwijkingen bevat, kan dit van sterke
invloed zijn op het uiteindelijke product. Een anomalie detectie algoritme Glob-
ale Lokale Afwijkingen in Deel Ruimtes (GLOSS), specifiek ontwikkeld voor het
vinden van afwijkingen in datasets met een hoge dimensionaliteit en bestaande
uit een mix van verschillende distributies, is voorgesteld en gebruikt op de dataset
van BMW. Het voorgestelde algoritme kan zogenaamde “verborgen” afwijkingen
vinden. Dit zijn afwijkingen die heel erg lijken op data punten die in de dataset zit-
ten maar van een andere distributie komen en daarentegen zeer afwijken van data
punten in de data set die van dezelfde distributie komen. Het algoritme gebruikt
afstandinformatie van de volledige hoog-dimensionale ruimte in combinatie met
lokale afstandinformatie in deelruimtes, om voor elke deelruimte een afwijk score te
berekenen. Voor de BMW dataset zijn de deelruimtes voorgedefinieerd als één pro-
cent van de lengte van een rol staal. Als de deelruimtes niet voorgedefinieerd zijn,
dan maakt het algoritme gebruik van de interessante deelruimte zoek techniek die
ook in het Hoge Contrast Deel Ruimtes (HiCS) algoritme wordt gebruikt.

Om niet alleen het proces te monitoren maar ook te optimaliseren, zijn er voor-
spellende modellen en optimalisatie algoritmes nodig. Een populair algoritme voor
globale optimalisatie speciaal voor kostbare (in tijd of geld) functie evaluaties, is
het Efficiënte Globale Optimalisatie (EGO) algoritme. Dit algoritme maakt ge-
bruik van een surrogaat model om met zo min mogelijk echte evaluaties een zo
goed mogelijke oplossing te vinden. Omdat het proberen van instellingen in een
productieproces erg duur kan zijn, in zowel tijd als materiaalkosten, is het van
belang dat er zo min mogelijk “slechte” instellingen geprobeerd moeten worden
voordat een goede oplossing bereikt kan worden. Het surrogaat model dat EGO
normaal gesproken gebruikt is Kriging. Kriging is een voorspellend model dat
niet alleen de voorspellende waarde geeft, maar ook de waarschijnlijke variantie
(mogelijke afwijking) in de voorspelling. Deze variantie wordt ook wel de Kriging
variantie genoemd. Deze variantie wordt door het EGO algoritme gebruikt om te
balanceren tussen exploitatie en exploratie met een zogenoemd opvul-criterium.
Om EGO te gebruiken op een grote dataset met veel attributen, is er echter
een groot nadeel, het trainen van een Kriging model kost O(n3) tijd en O(n2)
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geheugen, waarbij n het aantal datapunten is. Om dit probleem op te lossen,
stellen we in dit proefschrift een set van Kriging benaderingalgoritmes voor die we
Cluster Kriging (CK) varianten noemen. In een Cluster Kriging algoritme worden
er meerdere kleine Kriging modellen getraind op kleine delen van de dataset. De
voorspellingen van deze lokale modellen worden dan op een slimme manier gecom-
bineerd om uiteindelijk tot een voorspelling en variantie te komen. Verschillende
varianten van Cluster Kriging worden voorgesteld waarbij elke variant vergeleken
wordt in een test opstelling met verschillende test functies. De accuraatheid van de
Cluster Kriging varianten is vaak nog beter dan het originele Kriging algoritme.
Dit komt waarschijnlijk omdat lokale informatie beter door de lokale modellen
opgeslagen kan worden dan in een globaal model.

Een andere oplossing om EGO te gebruiken voor grote datasets is door andere sur-
rogaat modellen te gebruiken. Helaas hebben maar weinig modellen het voordeel
dat ze een voorspelling variantie of voorspellingszekerheid geven. In dit werk
stellen wij daarom ook een model-onafhankelijke onzekerheid waardering voor, de
k-NN onzekerheid. Met het gebruik van deze heuristiek kan EGO gebruikt worden
met elk mogelijk voorspellend model als surrogaat. We laten zien dat, afhanke-
lijk van de data, EGO met een heel ander model dan Kriging (zoals een neuraal
netwerk), significant beter kan werken.

Elk algoritme dat voorgesteld is in dit werk is vergeleken met verschillende state-of-
the-art alternatieven. Elk algoritme is ook actief gebruikt gedurende het PROMI-
MOOC project binnen in “echte-wereld” applicaties van BMW en Tata Steel.
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