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Abstract

Protein inclusions in the membranes of living cells interact via the deformations they
impose on that membrane. Such membrane-mediated interactions lead to sorting and
self-assembly of the inclusions, as well as to membrane remodelling, crucial for many
biological processes. For the past decades, theory, numerical calculations and experiments
have been employing simplified models for proteins to gain quantitative insights into their
behaviour. Despite challenges arising from nonlinearities in the equations, the multiple
length scales involved, and the non-additive nature of the interactions, recent progress
now enables for the first time a direct comparison between theoretical and numerical
predictions and experiments. We review the current knowledge on the biologically most
relevant case, inclusions on lipid membranes with a closed surface, and discuss challenges
and opportunities for further progress.

Keywords: membrane-mediated interactions, membrane-protein coupling, analytical
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1. Introduction1

Living cells employ a wide range of proteins to carry out the various tasks needed2

to survive, function, and grow [1]. Many of these proteins are embedded in or attached3

to a cellular membrane. To perform a given task collaboratively on the membrane,4

proteins often need to get physically close to one another. Besides the electrostatic5

and van der Waals interactions, which are available to all proteins, membrane proteins6

can also interact through the membrane deformations they impose. These membrane-7

mediated interactions originate from the energetic costs for bending the membrane [2]8

and are considered to be of crucial importance for sorting and dynamically organizing9

proteins [3, 4].10

Membrane-mediated interactions between proteins are difficult to study both in living11

cells and in re-constituted biomimetic systems, due to the small size of the proteins (well12

below the optical resolution limit) and the presence of other interaction terms. Although13

these interactions have been studied theoretically for 25 years, systems in which they can14

be directly measured have only been developed very recently [5, 6, 7]. These systems all15

Preprint submitted to Current Opinion in Colloid and Interface Science June 23, 2020



Membrane-
mediated 

interactions

Model inclusions 

Interactions &  
Self-organization 

a b

Membrane 
shaping 

Closed lipid 
membranes

Figure 1: Model inclusions on closed lipid membranes: Proteins or other model membrane in-
clusions that adhere to and deform lipid membranes interact through these deformations. Although
locally the deformation caused by the protein inclusions differs from the imposed shape of the colloidal
model particles, at larger inter-particle distances the membrane shape is similar, resulting in similar in-
teractions. We consider experiments, theory, and simulations of various model inclusions on closed lipid
membranes, and discuss their interactions, self-organization, and their effect on the membrane shape.

use particles which are much larger than proteins, allowing for optical tracking, and either16

carefully eliminate or precisely quantify all other interactions. The resulting systems form17

a new class of soft materials which, apart from their role in quantifying the biologically18

relevant membrane-mediated interactions, will have applications in developing hybrid19

materials and as models for understanding uptake and retention of nano- and micrometre-20

sized particles by organisms.21

Figure 1 shows our system of interest: model inclusions either adhered to or included22

in a closed membrane, locally deforming it and thus interacting with other included23

or adhered particles. The particles may either sit on the same or the opposite side of24

the membrane and come in various shapes. In the simplest case of spherical particles or25

conical inclusions, the imposed deformations will be isotropic, but even isotropic particles26

may self-assemble into complexes that together deform the membrane in an anisotropic27

manner.28

The purpose of this review is to give an overview of the advances made in describ-29

ing and quantifying the interactions between membrane-inclusions on flexible and fluid30

lipid membranes. We focus on closed lipid membranes as they are the most biologically31

relevant case and only consider membrane-mediated interactions induced by deforma-32

tions of the membrane. The structure of this article is as follows: we first describe33

the available theoretical frameworks on flat membranes and review simulation methods34

suited for numerically investigating membrane-mediated interactions. Then, we review35

the quantitative measurements, observed inclusion patterns and membrane deformations36

in experimental model systems. Finally, we discuss the progress that has been made in37

analytical approaches and simulations to elucidate how multiple isotropic and aniostropic38

inclusions interact on closed lipid membranes.39
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2. Background40

2.1. Theoretical work on flat membranes41

Since a bilayer membrane is only 4-5 nm thick but up to hundreds of microns wide,42

it is not unreasonable to use a theoretical description in which the membrane is coarse-43

grained to an infinite thin sheet, possibly with a term accounting for the difference in44

composition of the two leaflets. This approximation not only works for adhered particles45

that are significantly larger than the membrane thickness, but can also be applied to46

protein inclusions modelled as point particles that locally impose curvature. Since lipid47

membranes are in-plane fluids but resist out-of-plane bending, curving the membrane48

carries an elastic penalty. The widely used Canham-Helfrich free energy accounts for49

this elastic property by expanding membrane deformations up to second order in the50

curvature. Its free energy functional is given by [8, 9]:51

ECH =

∫ [κ
2

(2H − C0)
2 + κ̄K + σ

]
dA, (1)

where H and K are the membrane’s mean and Gaussian curvature, C0 is any spontaneous52

curvature due to bilayer asymmetry, κ the bending modulus, κ̄ the Gaussian modulus, and53

σ a Lagrange multiplier that keeps the membrane area fixed, or, alternatively, the mem-54

brane’s surface tension penalizing changes in area. As the Gaussian curvature integrates55

to a topological constant over a closed surface, it is typically left out of consideration.56

Although the Canham-Helfrich and various derived models of the membrane have been57

studied for decades, a general expression for a membrane shape that minimizes it has58

not yet been found, due to the nonlinear nature of the corresponding shape equation.59

There are many approximate results for the linearised case and numerical ones for the60

full model, accounting for variations in membrane composition and boundary conditions61

imposed by the inclusions we discuss here.62

The first study of membrane-mediated interactions based on the Canham-Helfrich free63

energy was done by Goulian, Bruinsma and Pincus [2] in tension-free and flat membranes.64

They found an interaction potential F ∼ κ(α2
1 + α2

2)/r
4, where κ is the membrane’s65

bending modulus, r the distance between the inclusions, and α1 and α2 the angles they66

impose at their edges (the opening angles of the cones shown in figure 1). Note that67

the result of Goulian et al. predicts that the interaction between like and opposite68

inclusions is identical, as it scales with the sum of the squares of the imposed angles,and69

always repulsive. Goulian et al. also showed that thermal fluctuations would lead to70

an additional effect, of order 1/r4. Park and Lubensky [10] refined this calculation,71

showing that thermal fluctuations would lead to an order 1/r4 effect for inclusions with72

up-down symmetry, but of order 1/r2 for ones that break this symmetry. They also73

accounted for the possibility that the deformations imposed by the inclusions are not74

isotropic. Kim, Neu and Oster [11] showed that despite the pairwise repulsions, many-75

body interactions can play an important role. Later, Yolcu et al. [12] showed that higher76

order multibody terms beyond three-body terms need to be taken into account as well.77

The result of Goulian et al. was extended to membranes with tension by Weikl, Kozlov78

and Helfrich [13], for which case there is an additional leading term 2πκα1α2(ξa)2K0(ξr),79

where ξ =
√
σ/κ is the inverse of the characteristic length scale, σ the tension, a the80

radius of the (conical) inclusions, and αi their opening angle. Due to this additional81

3



term, the interaction becomes attractive at large separations for opposite inclusions on a82

membrane with tension, while remaining repulsive for identical conical ones and at short83

distances.84

In 2003, Evans, Turner and Sens [14] studied a closely related system, where inclusions85

are assumed to exert a force rather than impose a contact angle on the flat membrane.86

They found repulsive interactions for isotropic inclusions and attractive interactions for87

anisotropic ones; they also derived the Green’s function for the linearised shape equation88

of the membrane with tension. Meanwhile, Dommersnes and Fournier [15] had developed89

an analytical solution for the energy of a system with many inclusions in the limit that90

they can be described as point-like, locally imposing the curvature rather than a contact91

angle at the rim of an extended particle. They predicted that for tension-free membranes,92

many-body interactions between anisotropic (saddle-like) inclusions would result in the93

formation of ring-, line- and egg-carton like patterns. Weitz and Destainville [16] added94

tension to the model of Dommersnes and Fournier, showing that they could re-derive95

the interaction potential of Weikl et al. using point-like particles, and that many of96

these particles could spontaneously aggregate. Notably, Guven, Huber and Valencia [17]97

studied the interaction of helical inclusions, which exhibit long-range attraction and short-98

range repulsion, and can describe the ‘Terasaki spiral ramps’ or ‘parking garage shapes’99

found in the endoplasmic reticulum of the cell [18].100

An alternative approach to describe membrane-mediated interactions is through the101

membrane’s stress tensor, as first described by Capovilla and Guven [19]. Müller, Deserno102

and Guven [20] used this method to derive an exact expression for the force between two103

identical inclusions. The advantage of this approach is that it allows for arbitrarily large104

deformations. Unfortunately, the expression for the force cannot be evaluated in closed105

form, though Müller et al. could infer the sign of the force for two infinite cylinders.106

Yet another method is to employ an effective field theory to calculate interactions as107

developed by Yolcu and Deserno [21]. This field-theoretical method again only applies to108

small deformations, but can be used to systematically obtain pairwise as well as three-109

and four-body potentials [12].110

In summary, on flat membranes with tension identical isotropic inclusions are pre-111

dicted to repel, while opposite as well as anisotropic particles are predicted to attract112

each other at long distances and repel at short separations. However, the various methods113

described above have two important drawbacks. First, they are almost all restricted to114

small deformations, and second, biological membranes are closed and hence curved sur-115

faces. Similarly, experimental lipid membrane model systems need to be free standing to116

allow inclusions to impose a deformation on the membrane and thus often giant unilamel-117

lar vesicles (GUVs) are employed. The membrane-inherent curvature has a significant118

effect on the interactions and assembly pattern of membrane inclusions as we will show119

in the subsequent sections. Although some analytical work has been done on closed and120

curved membranes (section 4.1), large deformations remain out of reach due to inherent121

nonlinearities. Fortunately, simulations can be carried out in that regime, and used to122

bridge the gap between experiments and analytical work.123

2.2. Simulation methods124

All-atomistic simulations cannot (yet) reach the time and length scales necessary to125

study membrane-mediated interactions and therefore simulations are typically carried out126
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at the coarse-grained molecular and coarse-grained near-continuum level. Coarse-grained127

but still molecular simulations were done by Reynwar et al. [22], who used a model in128

which lipids are described by three spheres (one hydrophilic and two hydrophobic), form-129

ing a flat fluid bilayer spanning the simulation box. Adsorbed particles were constructed130

from beads of the same size as the lipids, with an attractive interaction between some of131

the particle beads and the hydrophilic beads in the lipids. In contrast to most analytical132

models, these simulations predict that inclusions attract up to very short distances, and133

collectively can induce the membrane to undergo vesiculation or even budding. A more134

detailed but still coarse-grained description is employed in the MARTINI model, in which135

a single bead represents four heavy atoms and their associated hydrogens [23, 24]. The136

MARTINI model is widely used for studying the dynamics of the lipid bilayer and its137

direct interaction with transmembrane proteins, but remains too detailed for the scales138

of membrane-mediated interactions.139

To describe membranes at micrometre rather than nanometre length scales, they need140

to be coarse-grained further, to a level where beads no longer represent atoms or even141

molecules, but patches of a membrane. Such a description can therefore also be considered142

a discretised version of the continuum model of Canham and Helfrich. The integral over143

the mean curvature can be approximated by triangulating the surface, and calculating144

the projection of the normal of neighbouring triangles onto each other. One can account145

for the in-plane fluid nature of the membrane by allowing edges between neighbouring146

triangles to flip. The Metropolis Monte-Carlo method can then be used to find minimal-147

energy configurations of the membrane with adhering particles [25, 26, 27]; these methods148

were reviewed by Sreeja et al. [28]. Alternatively, one can use finite-element methods [29]149

or relaxation methods [30] to find membrane shapes minimizing the curvature energy.150

The various simulation methods can of course complement each other, and have all151

lead to new predictions and insights. For our purposes, the rough coarse-grained approach152

holds the most promise, as it can simulate the entire system at relevant timescales,153

and still connect to both the experiments and the analytical work, as discussed in the154

following sections. With the advance of computing power, the coarse-grained mesh can155

become more refined, and connect to the lipid-based or perhaps even all-atomistic models.156

Already with current technology explicit predictions can be made about the patterns that157

many inclusions can make, and the step to designing these inclusion patterns can now be158

taken. A key development of the last couple of years that allows for this next step is the159

experimental quantification of the interaction potential between membrane inclusions.160

3. Experimental measurements of membrane-mediated interactions on GUVs161

The reason for the startling lack of quantitative knowledge of membrane-mediated162

interactions between proteins is that experimental studies of such interactions between163

individual proteins are difficult.164

One challenge lies in gathering data on their distance dependant interaction potential:165

proteins are too small to be resolved by in situ techniques such as light, fluorescence,166

confocal, and superresolution microscopy upon approach. Fluorescent markers can be167

employed for studying the behaviour of large numbers of proteins, but are not suited168

for measuring membrane-mediated interactions between individual proteins because of169

their bulky nature. Transmission electron microscopy allows atomic-level information170
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of proteins and their aggregates on membranes but is restricted to thin, solid samples171

precluding the investigation of their dynamics. This may be resolved by the developing172

technique of liquid cell electron microscopy, which allows imaging of thin liquid speci-173

mens [31, 32]. Small angle X-ray scattering (SAXS) measurements have recently been174

used to extract the interaction energy, for example between alamethicin pores [33] and175

gramicidin channels [34]. However, protein interactions are usually not limited to mem-176

brane deformations only but include electrostatic, hydrophobic/hydrophilic and van der177

Waals interactions, making it challenging to single out the contribution stemming from178

the membrane deformation. The typically anisotropic protein shape which may further-179

more be affected by interaction with the membrane or other proteins further complicates180

quantification and direct comparison with theoretical models. Finally, protein interac-181

tions with the membrane on the molecular level may lead to additional effects such as182

local sorting of lipids that go beyond bending and tension mediated interactions and183

cannot be captured by coarse-grained or elastic-continuum models of the membrane.184

Therefore, proteins are not the first choice for testing predictions and quantitatively185

studying membrane mediated interactions. Better suited are model systems that mimic186

membrane inclusions while overcoming some of the challenges inherent to proteins. The187

first experiments with model inclusions on lipid membranes were done by Koltover et188

al. [35]. They observed that membrane deforming objects, be they colloidal particles or189

DNA-lipid aggregates, strongly deform flaccid membranes and attract over a distance of190

roughly the diameter of the inclusion. They furthermore noticed that spherical particles191

were predominantly found in regions of negative curvature and observed collective ar-192

rangements into close packed hexagonal clusters or rings around the waist of dumbbell193

shaped vesicles (figure 2d). After these exciting initial observations, no further quantifi-194

cation of the process has been reported for almost two decades until recently. In this195

section, we will discuss the progress that has been made with model systems made by196

DNA-origami constructs and colloidal particles in the past years.197

3.1. Model inclusions made from DNA-origami198

Model inclusions based on DNA origami profit from the versatility of this technique in199

creating virtually any shape and straightforwardly designing the position of interaction200

sites and their strength. Key to anchoring DNA origami constructs to lipid membranes is201

the presence of lipophilic moieties, such as cholesterol or tocopherol, whose number and202

chemical nature determines the adhesion energy. This emerging technique has recently203

for the first time been employed to study membrane-mediated interactions, albeit not yet204

quantitatively, possibly because the origami constructs are below the resolution limit of205

conventional microscopy techniques.206

Flat, rectangular origami blocks that bind to other blocks can deform GUVs [36]207

and SUVs [37] by imposing a planar deformation, that may even destroy the vesicle [37]208

(figure 2a). The assembly of the endosomal sorting complexes required for transport (ES-209

CRT) subunit Snf7 inspired Grome et al. to investigate the effect of DNA origami curls210

on lipid vesicles. Dense coverage and polymerization of GUV and LUV adhered DNA211

origami curls into springs was shown to induce the formation of tubes or even complete212

transformation of LUVs into a spring covered tubes (figure 2b). The resultant tubes were213

densely covered with the DNA constructs oriented perpendicular to the tube [38]. To214

mimic BAR domains Franquelim et al. created 100 nm linear and curved rods with dif-215
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Figure 2: Examples of experimentally found inclusion interactions on lipid vesicles a) Inter-
acting DNA origami blocks deform GUVs, from Czogalla et al. [36] reprinted with permission of John
Wiley & Sons, Inc. b) Concave DNA-origami rods induce outward vesicle tubulation in deflated vesicles.
TEM (right) shows a dense packing of the rods on tubules, from Franquelim et al. [39] (CC BY 4.0). c)
Self-assembly of DNA curls triggers the spontaneous formation of spring-covered tubules from lipid vesi-
cle. TEM micrograph shows how the spring surrounds the strongly deformed vesicle, from Grome et al.
[38] reprinted with permission of John Wiley & Sons, Inc. (d) Colloidal particles on GUVs preferably
locate in regions of negative curvature, reprinted with permission from Koltover et al. [35], copyright
(1999) by the American Physical Society. e-g) Spherical colloidal particles that deform GUVs attract
each other. e) Light microscopy sequence of a pair of colloids, reprinted with permission from Sarfati
and Dufresne [6], copyright (2016) by the American Physical Society. f) 3D reconstruction of confocal
microscopy stack showing colloids (green) on a GUV (magenta), with insets showing attached (top) and
wrapped (bottom) states and image from a simulation at particle separation s = 1.5Dp; Interaction
potential between two spherical particles measured in the experimental system for tense (blue triangles)
and floppy (red dots) vesicles and in simulations (black diamonds), from van der Wel et al. [5] (CC
BY 4.0). g) Experimental measurements of the interaction potential between two spherical particles in
system e), inset shows the near field potential, from Sarfati and Dufresne [6].

ferent radii of curvature made from DNA origami [39]. By placing the membrane anchors216

on the positively or negatively curved region of the rods, deformations with a different217

curvature could be imposed onto lipid vesicles. They found that linear scaffolds had no218

strong effect on the GUV shape, whereas concave scaffolds could trigger outward tube219

formation and convex scaffolds induced invagination type deformations above a critical220

concentration. Highly curved constructs did not induce tubulation due to a competition221

between the adsorption energy and bending energy. Outward tubes were found to be222

densely covered by DNA nanostructures perpendicularly aligned along the rod axis, see223

figure 2b.224

The freedom to design DNA constructs of virtually any shape and control over num-225

ber, position and type of membrane anchors opens the door to create and study model226

inclusions that mimic proteins involved in membrane shaping. This promising research227

avenue has just been begun to be explored and already provided fascinating new insights228

into how membrane-deforming proteins collectively assemble and alter membrane shapes.229

7



3.2. Colloidal particles as model inclusions230

A promising type of model membrane inclusions are colloidal particles. Their diameter231

can be chosen large enough to allow visualization by light microscopy techniques and small232

enough to still undergo thermal motion, typically between a few hundred nanometre to233

a few micrometre. This allows quantitative detection of their trajectories using image234

analysis and thereby inference of their interactions. The adhesion of colloidal particles to235

lipid membranes can be achieved in various ways: (1) by non-specific interactions, such236

as electrostatic interactions between charged beads and lipids with an oppositely charged237

headgroup, hydrophobic interactions, or van der Waals interactions [7, 40, 35, 41, 42];238

and (2) by specific receptor-ligand based interactions, e.g. between streptavidin coated239

beads and GUVs doped with biotinilated lipids [43, 35, 5, 44].240

After adhesion to the membrane, the particles become (partially) wrapped by the241

membrane depending on their interaction with the membrane, their shape and orientation242

with respect to the membrane given a sufficiently low membrane tension [45, 46]. For243

colloidal particles, the short interaction range with respect to the particle diameter leads244

to a very sharp wrapping transition with increased adhesion strength and high degrees245

of wrapping [5, 40, 47].246

The transition from the adsorbed to wrapped state was found to occur in a few mil-247

liseconds and sometimes has been observed to be followed by a slower “ingestion” process248

that lead to a further transfer of the particle towards the vesicle center and concomitant249

decrease of the vesicle size [40]. Fery et al. followed the membrane coverage of particles in250

contact with a tensionless GUVs and showed that the wrapped state can be achieved even251

if the particles are not allowed to move towards the vesicle center [41]. More recent con-252

focal microscopy experiments on spherical colloids have furthermore confirmed that the253

adhesion strength, which can be tuned through the receptor surface density, determines254

whether the particles are fully wrapped or just adhered [5] (figure 2e). Particle coverage255

by lipid membrane requires the availability of excess membrane area and conversely leads256

to a increase in membrane tension [5, 41].257

Particles that are at least partially wrapped by the membrane will interact through258

their membrane deformation and can thus be used as a model system to investigate and259

quantitatively measure membrane-mediated interactions. Upon wrapping, rigid particles260

impose their shape onto the membrane, while soft particles can be deformed themselves to261

minimize the overall free energy and may feature temperature-dependent interactions [42].262

Thus, quantitative measurements of membrane-mediated interactions on soft particles263

are more involved and hence only rigid particles have been used to date. To be able264

to single out the interactions due to the membrane deformation it is important that265

all other interactions between colloidal particles are either suppressed or known. Also,266

because particles that induce deformations sense and respond to membrane curvature [7],267

quantitative measurements of membrane-mediated interactions need to take the overall268

membrane shape into account.269

After the initial qualitative observations of attractive interactions between model in-270

clusions by Koltover et al. in 1999, the quantification of these interactions was indepen-271

dently tackled by two groups in 2016. Experiments by Sarfati and Dufresne confirmed272

that streptavidin-coated polystyrene beads - although stable in solution - attract each273

other on tense GUVs over distances of roughly a bead diameter [6]. On flaccid GUVs,274

no interaction was observed. In the bound state, the particles fluctuated around an equi-275
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librium separation close to the particle diameter. They extracted the force profiles and276

interaction energies using a maximum likelihood analysis. The extracted interactions277

were found to vary greatly and reported to be as large as 150kBT , see (figure 2e and278

g). The variation has been attributed to a non-uniform degree of membrane wrapping279

and dependence on the (uncontrolled) membrane tension. The authors hypothesize that280

multipolar tension-mediated capillary interactions due to roughness of the contact line281

between membrane and particles are the origin for the observed attraction.282

To single out membrane-mediated interactions, van der Wel et al. designed their col-283

loidal model system to exclude effects from gravity and suppress van der Waals and elec-284

trostatic interactions [5, 44]. Using confocal microscopy they observed that membrane-285

adhered particles were either not wrapped or fully wrapped, which could be controlled286

by particle-membrane adhesion strength and membrane tension [5], see figure 2f. They287

extracted the interaction potential using a transition probability matrix approach and288

found that membrane-attached but not wrapped particles only diffused on the membrane289

without any interactions [5, 44]. Two membrane-wrapped particles on the other hand290

attracted each other with about −3kBT energy over a range of about one bead diameter291

on floppy vesicles (σ > 10nN/m), and slightly less on tense vesicles (σ > 1 µN/m) [5]292

(figure 2f). Monte-Carlo computer simulations quantitatively confirmed the measured293

two-particle interaction (figure 2f). The authors conclude that the observed attraction294

is due to a decrease in the bending energy of the membrane upon approach of the parti-295

cles [5]. Pairs of wrapped and non-wrapped particles can assemble into a dimer state and296

subsequently wrap both particles into a tubular state. Whenever mixtures of wrapped297

and non-wrapped particles were present on the membrane, irreversible aggregation ensued298

in the long term [44].299

The above discussed experiments have consistently found attractive interactions that300

extend over roughly a particle diameter between spherical colloidal particles that deform301

spherical lipid membranes. An open question remains as to the relative contributions302

of membrane bending and membrane tension to the measured attraction, which could303

be resolved by using a micropipette aspiration setup to control the membrane tension.304

Further control over the degree of wrapping and the wrapping angle, for example by305

employing Janus particles that only partially adhere to the lipid membrane [7], will be306

an exciting avenue to quantitatively test predictions on the two-particle interactions from307

theory and simulations [48]. Already, Janus particles have been observed to also attract on308

GUVs and pairs orient themselves in curvature gradients [7]. Colloidal model inclusions309

with an anisotropic shape would open the door to dynamically measure non-spherically310

symmetric interactions, which are highly relevant in biology, for example for proteins with311

BAR domains. Recent experiments on semiflexible rod-like fd virus particles showed a rich312

assembly into linear chains, collapsed globules, and chain-like aggregates on membranes313

depending on the adhesion strength [49]. A quantitative measurement of the orientation-314

dependant membrane-mediated interaction potential of these particles has not been done315

yet but should be feasible. Finally, experiments on colloid-lipid membrane model systems316

provide an excellent means to study the complex and non-additive interactions between317

multiple particles and the states they assemble into.318
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Figure 3: Examples of inclusion arrangements on curved and closed membranes from recent
analytical work. a) Mixtures of inclusions on a spherical vesicle are sorted according to inclusions size,
reprinted with permission from Idema et al. [50], copyright (2010) by the American Physical Society.
b) On cylindrical membranes, two long rods position themselves on opposite sides, but adding a third
rod results in a minimum-energy state in which two rods coalesce, reprinted with permission from Vahid
and Idema [51], copyright (2016) by the American Physical Society. c) Flow fields on deformed vesicles,
showing how inclusions adsorbed from the outside or inside migrate towards regions of low curvature (top)
or high curvature (bottom), respectively. Reproduced from Agudo-Canalejo and Lipowsky [52] published
by The Royal Society of Chemistry (CC BY 3.0). d) Ring-like inclusions on tubular membranes can
coalesce under specific conditions, from Shlomovitz and Gov [53].

4. Interactions between inclusions on curved and closed membranes319

4.1. Analytical work320

As detailed in section 2.1, analytical work on membrane-mediated interactions was321

initially done on infinite membranes that are asymptotically flat. Cellular membranes,322

however, are usually curved and closed surfaces, as are the membranes in many biomimetic323

experimental settings. In general, inclusions behave differently on curved and closed324

membranes than they do on flat ones.325

In 1998, Dommersnes, Fournier and Galatola [54] showed that for small separations326

on a spherical membrane, two identical conical inclusions would repel as 1/θ4, like the327

result of Goulian et al. [2] on tensionless flat membranes. For larger angles however, the328

globally curved and closed nature of the spherical topology becomes significant, resulting329

in a repulsion which is stronger than for the flat case, and an eventual equilibrium with330

the inclusions on opposite poles. Idema et al. [50] showed that such interactions could lead331

to spontaneous sorting of inclusions of different size (figure 3a). Adhered colloids, on the332

other hand, impose a curvature that is opposite to the global curvature of the sphere, and333

therefore will attract each other [5]. Moreover, Agudo-Canalejo and Lipowsky recently334

showed that such adhered colloids can detect local curvature differences on a stretched335

sphere, predicting that they will migrate to low-curvature regions when adsorbed from336

the outside of a vesicle and to high-curvature regions when adsorbed from the inside [52]337

(figure 3c).338

On tubular membranes, as often found inside cells, Vahid and Idema [51] analytically339

studied point-like inclusions and predicted the formation of rings of inclusions and the340

arrangement of rings and rods, see figure 3b. The interactions and dynamics of rings on341
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tubes have earlier been investigated by Shlomovitz and Gov [53], who identified conditions342

under which they could coalesce, see (figure 3d). Vahid and Idema found similar results343

for rings, and showed that while identical long rods will sit on opposite sides of the344

tube, adding a third identical rod will not result in a configuration with equally spaced345

inclusions, but cause two of them to coalesce. This demonstrates both the non-additive346

behaviour of the inclusions and the strong impact of the closed geometry. Moreover, they347

predicted the formation of rings of isotropic particles, later confirmed in simulations [55]348

(see figure 4d).349

The amount of analytical results available for closed membranes remains small to350

date, predominantly due to the fact that while the relevant equations are relatively easy351

to write down, they are exceedingly difficult to solve. Fortunately, simulations have352

in recent years been able to reproduce both the available analytical and experimental353

results, and are leading the way in revealing possible emerging patterns in a broad range354

of biologically and technologically relevant settings.355

4.2. Simulation work on colloids on closed vesicles356

In 2012, two groups independently reported simulation results that showed the spon-357

taneous aggregation of colloids adsorbed to GUVs [26, 27, 61]. These results at first358

glance seem to contradict the analytical one of Dommersnes et al. [54], but the setting is359

slightly different: where the analytical work was on inclusions that impose a given tangent360

at their edge, the simulations are of colloids that are partly wrapped by the membrane,361

and can share their wrapped region, leading to a global energy minimum in which they362

are close together. Both simulation groups also showed that multiple colloids together363

can induce the formation of membrane tubes on the vesicle, due to a larger contact area364

between colloid and membrane. Follow-up simulations based on the method of Šarić and365

Cacciuto [26, 61] by Vahid et al. allowed for the first time direct comparison between366

simulation and experimental data on the interaction of two adsorbed colloids, as reported367

in [5]. Very recently, Bahrami and Weikl also published follow-up results to their 2012368

work, in which they show that partially wrapped colloids (figure 4e) will attract when369

adsorbed to the outside of a vesicle, but repel when adsorbed to the inside [59].370

On non-spherical vesicles, colloids inducing deformations interact with the curvature371

of the vesicle. Multiple adsorbed colloids will arrange in structures that seek out the372

region of lowest curvature [58], in accordance with the analytical work of Agudo-Canalejo373

and Lipowsky [52]. In particular, colloids adsorbed to prolate ellipsoidal vesicles will374

spontaneously form a ring around the vesicle’s midplane [58] (figure 4c).375

4.3. Anisotropic inclusions on curved and closed membranes376

As already noted by Park and Lubensky in 1996 [10], anisotropic inclusions may377

behave differently than their isotropic counterparts. Anisotropy in the imposed deforma-378

tion of the membrane can originate from the shape of the inclusion itself, for example379

in the banana-shape of proteins with a BAR domain (reviewed in Simunovic et al. [62]).380

Alternatively, anisotropy can arise from the combined deformation of two or more lin-381

early arranged isotropic inclusions, leading to effective multi-body interactions as studied382

by Kim et al. [11] and Dommersnes and Fournier [15]. Where isotropic inclusions on the383

same side of a flat or spherical membrane are predicted to repel, anisotropic ones are384

generally predicted to attract and form aggregates.385
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d)

e) f ) g) h)

b) c)a)

Figure 4: Examples of inclusion patterns formed on curved and closed membranes from
recent simulation work. a) Chains and aster aggregates of curved rods at low (top row) and high
(bottom row) adhesion, reproduced from Olinger et al. [56] with permission of The Royal Society of
Chemistry. b) Deformed vesicle shape due to the combined action of oppositely curved rods at various
rod-curvature ratios, reproduced from Noguchi and Fournier [57] with permission of The Royal Society
of Chemistry. c) Spontaneous ring formation of colloids adhered to the outside of an elongated vesicle,
from Vahid et al. [58], reproduced by permission of The Royal Society of Chemistry. d) Spontaneous ring
formation of colloids adhered to the outside of a membrane tube. e) Interaction between two colloids
partially adsorbed on the outside of a vesicle, for two different wrapping angles, adapted with permission
from Bahrami and Weikl [59], copyright (2018) American Chemical Society. f-g) line and patch formation
by curved inclusions with slightly different curvatures, adhered to the outside of a membrane tube. h)
Curvature-sensing by similar inclusions as in (f-g). d) and f-h) from Vahid et al. [55], Helle et al. [60]
(CC BY 4.0).

Most effort has been put into modelling and measuring the interactions and assembly386

patterns between inclusions shaped like proteins known to interact with and induce mem-387

brane curvature, such as BAR domains and dynamin. Ramakrishnan et al. considered388

inclusions with mirror symmetry and found that they aggregate into ordered patches389

even at low concentrations and induce the membrane shape to change from spherical390

to disk-like and tubular [63]. Simunovic et al. found the formation of linear aggre-391

gates and meshes of N-BAR protein models and endocytic bud-like deformations of the392

membrane at higher protein densities [64]. An increase in surface tension decreases the393

interaction strength and range, and affects the preferred relative orientation and assem-394

bly patterns [65]. Describing protein scaffolds as elements of ellipsoidal or hyperboloidal395

surfaces, Schweitzer and Kozlov found that pairwise membrane-mediated interactions396

between strongly anisotropic scaffolds are always attractive with energies up to tens of397

kBT [66]. Their computations showed that convex scaffolds tend to mutually orient to398

12



face the sides with the lowest contact angle.399

Similar to the results of Simunovic et al. [64], Olinger et al. [56] found that bent400

rectangular rods that only adhere to the membrane with the concave side form chains401

at low adhesion strength and aster aggregates at higher adhesion strength (figure 4a).402

In both cases, the rods tend to line up parallel to each other at low adhesion strengths.403

Olinger et al. furthermore found that the aster arrangement originates from the saddle-404

like membrane deformations which induced a tilt of the lipids around the inclusions.405

On flat membranes, similar arrangements emerge, resulting in the formation of ridges,406

tubes, and buds, as shown by Noguchi [67]. However, mixing two types of banana-407

shaped inclusions that induce opposite curvatures can inhibit the formation of tubes,408

instead leading to the formation of linear assemblies shaped like straight bumps and409

stripes on flat membranes and strongly deformed vesicles with rings of inclusions, as410

shown by Noguchi and Fournier [57] (figure 4b).411

Experimental results on intrinsically curved proteins have shown that they can act as412

curvature sensors at low concentrations and curvature inducers at high concentrations [68,413

69], leading to the formation of membrane tubes, consistent with the prediction of the414

simulations on both flat membranes and GUVs. Unsurprisingly, on membranes that are415

already tubular, banana-shaped inclusions will orient themselves along the bent direction.416

Recent work by Vahid et al. [55] shows that their interactions depend on the difference417

between their imposed curvature and that of the tube they reside on. Consequently, they418

may attract in a head-to-tail fashion forming rings, side-to-side fashion forming lines, or419

in both directions, forming scaffolds (figure 4f-g). The scaffolds themselves can change420

the tube’s curvature considerably, leading to a phase-separation into regimes with high421

and low protein density, as directly observed in mitochondria by Helle et al. [60].422

The recent simulation results, though already beautiful and thought-provoking, have423

likely only given us a first glance at what is to come in the near future. The coarse-424

grained model currently employed is likely to allow us to start exploring the wide range425

of membrane shapes found inside living cells, including the tubular and sheet-like net-426

works in the endoplasmic reticulum, Golgi apparatus, and mitochondria, and dynamic427

processes like vesicle budding and cellular signalling. Key steps that will be taken in the428

coming years include the combination of different geometries into more complex shapes429

with different topologies, the further study of mixing and sorting of inclusions on those430

geometries, and the study of the conditions under which spontaneous changes in topol-431

ogy may occur. At the same time, there will be a drive towards more realistic models,432

mimicking more closely the properties of the various lipids and proteins found in living433

cells. From both approaches, basic principles will be extracted which in time will allow434

the design of membrane-with-inclusion systems that can self-organize into a functional435

shape.436

5. Conclusions437

Recent observations that proteins can sense and induce membrane curvature and use438

membrane-mediated interactions for organizing themselves into complex and functional439

structures has breathed new life into the search for a quantitative understanding of these440

interactions. Twenty-five years after the first attempt to formulate the interactions be-441

tween two model inclusions on flat membranes, theorists have taken important steps442
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towards refining and analytically describing how inclusions organize themselves on the443

biologically more relevant case of closed and curved membranes. The complexity en-444

countered in membrane proteins such as many-body interactions, large deformations and445

arbitrary inclusion shapes remain challenging to analytical theories due to the inherent446

nonlinearities. Still, progress is being made steadily, and the first steps towards studying447

point-like inclusions on curved geometries have been taken, hopefully soon to be extended448

to further curved shapes.449

The renewed interest in developing experimental model systems and the increasing450

sophistication of numerical methods opened the door to investigate situations that go451

beyond a few inclusions that weakly deform lipid membranes. The experimental model452

systems make use of model inclusions based on DNA-origami or colloidal particles on giant453

unilamellar vesicles. These model inclusions have the advantage of a tuneable membrane454

adhesion strength and controllable other interactions, and posses simple and uniform455

shapes, while allowing straightforward quantification of their membrane-mediated inter-456

actions through in situ techniques. The first measurements of the pairwise interaction457

potential of membrane-wrapped spheres on such model systems allowed a quantitative458

comparison with simulations for the first time. Easily accessible yet with far reaching459

insights are systematic measurements of multi-body interactions, from three-body inter-460

actions to collective effects. They would allow testing the non-additive nature of these461

interactions, probe the rich variety of phenomena predicted by simulations and provide462

quantitative insights into pattern formation in proteins.463

Numerical simulations are leading the way in understanding and predicting the or-464

ganization of model inclusions in lipid membranes. Modelling proteins with anisotropic465

shapes has provided valuable insights in recent years. However, the multi-body inter-466

actions between arbitrarily shaped inclusions or non-uniform composition still require467

significant work before a more general framework can be established. Biological mem-468

branes, such as the endoplasmic reticulum, are crowded with proteins and other molecules469

and feature complex, highly bent geometries. The most commonly employed descriptions470

to date do not suffice to describe such complex situations. We expect that the simula-471

tions will push towards this biologically relevant situation and provide profound insights472

on key processes such as cell division, trafficking and signalling.473
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* Šarić and Cacciuto [26] and Bahrami et al. [27] introduced coarse-grained methods484

now widely used in simulating colloid-membrane interactions.485

* Grome et al. [38] demonstrated that vesicles can form tubules by self-assembling486

DNA nanosprings.487

* Franquelim et al. [39] showed how and under what conditions DNA-origami inclu-488

sions modeled after BAR domains deform lipid vesicles.489

* Sarfati and Dufresne [6] directly measured the interaction potential of two membrane-490

adsorbed colloids both in the near and far field.491

** van der Wel et al. [5] directly measured the interaction potential of two membrane-492

adsorbed colloids, and showed that experimental results correspond directly with493

numerical predictions.494

* Reynwar et al. [22]. First paper to show (through simulations) that interactions495

between many identical particles can lead to large membrane deformations and496

vesiculation.497

* Agudo-Canalejo and Lipowsky [52]. Analytical work showing that adhered colloids498

can detect local curvature.499

* Vahid and Idema [51]. Analytical study of interactions on tubular membranes,500

predicts the spontaneous formation of rings of isotropic inclusions.501

* Olinger et al. [56]. Simulation study showing how curved bar-shaped inclusions can502

form ridges and networks on closed vesicles, with shapes depending on adhesion503

strength between inclusion and membrane.504

* Noguchi and Fournier [57]. Numerical study of the effect of mixing two different505

kinds of curvature-inducing inclusions, resulting in, among others, highly deformed506

vesicles with large surface-to-volume ratios.507

** Helle et al. [60]. Combined simulation and in vivo experimental work shows that508

bent proteins / inclusions can act as curvature sensors in low concentrations and509

curvature inducers in high concentrations, with patterns depending on the curvature510

of the inclusions.511

15



References512

[1] B. Alberts, A. Johnson, J. Lewis, D. Morgan, M. Raff, K. Roberts, P. Walter,513

Molecular biology of the cell, 6th ed., Garland Science, New York, NY, U.S.A.,514

2014.515

[2] M. Goulian, R. Bruinsma, P. Pincus, Long-range forces in heterogeneous fluid mem-516

branes, Europhys. Lett. 22 (1993) 145–150. URL: http://iopscience.iop.org/517

0295-5075/22/2/012. doi:doi:10.1209/0295-5075/22/2/012.518

[3] H. T. McMahon, J. L. Gallop, Membrane curvature and mechanisms of dynamic519

cell membrane remodelling, Nature 438 (2005) 590–596. URL: http://www.nature.520

com/articles/nature04396. doi:doi:10.1038/nature04396.521

[4] M. Simunovic, P. Bassereau, G. A. Voth, Organizing membrane-curving proteins:522

the emerging dynamical picture, Curr. Opin. Struct. Biol. 51 (2018) 99–105. URL:523

http://linkinghub.elsevier.com/retrieve/pii/S0959440X1830023X. doi:doi:524

10.1016/j.sbi.2018.03.018.525
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