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"You're a smart guy, but tell me this. Why is it that nobody talks about
what was there before all this?" asked my grand father waving his old weath-
ered hands around at the gently whispering trees. We sat in two chairs
perched on top of an old green hill that looked out over the water of a place
called Camp. An unlit cigar adorned my grand father’s finger tips, and I
leaned over to help shield it from the wind as he lit it.

I answered back, "What do you mean by this, exactly? Do you mean the
space that we live in, and perhaps also the time that we occupy?"

"All of it," he replied, "If we're to believe what people say, the entire
Universe started with a Big Bang, and has been expanding ever since. I mean,
if you imagine the Universe is expanding, shooting out in all directions, then
it must be expanding into something. What is that?" I paused for a moment.
I loved these conversations with my grand father very much. Even in his
eighth decade, he always had a way of stepping far outside his immediate
surroundings into his imagination. Furthermore, he is a very stubborn
man, and this combination — imagination and steadfast persistence —is a
wonderful mindset to have when it comes to discussing the finer points of
nature unknown.

"Ah, you mean if you could magically be at the edge of the Universe,
would there be some sort of shock wave as the Universe expanded into some-
thing? And then, what would that something be?" He nodded. I attempted
to light my own cigar in the gentle breeze, and gratefully grunted a thanks
as my grand father leaned over to shield the wind. "Well, unfortunately we
are stuck here on Earth, with only our minds to wonder. But let’s say we
were there during the Big Bang, and were riding one of the first packets of
energy — let’s call it a photon - as it seemingly raced out into the void. Since
we were riding the first photon, we wouldn’t be able to see anything in front
of us, and we might shout ‘watch out for the void!" as we feared collision
with something we could not see. If this little photon just kept going, with
us on its back, then we would always seem to be flying into the void. So I
fear, whatever it is the Universe expands into, we could never describe it
with things that can be seen."

"Very interesting." said my grand father, "You see why no one ever talks
about this, because no one knows, but you have a good way of putting it
into words. Surely there must be something we could measure of this void,
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like a temperature perhaps?"”

"You know what temperature is, right? It’s just a measure of how fast molecules are
bouncing around. If there is no matter — or energy — in the void, then it’s not possible to
measure temperature.” I smiled at my grand father’s face.

"Ah, your right. Maybe one day we’ll know, and I think you're the right guy for it." The next
few minutes passed without words between us, although it was by no means silent. Around
us whispered the leaves, and below us the roll of the waves against the shore concealed their
meanings. As it were, we'd return to this topic again some time later.

These are the sort of memories, going back as far as I can recall, that I cherish. Not only
of conversations with my grand father, but with others, and myself.

XKk

It is through the childhood that a person first gains their sight of the world - that magical
thing we call life. We naturally accept the guidance of those around us, who walk with us
through the difficulties ahead. It seems such a messy and beautiful dance, and all lifeforms
partake. Interestingly, we messy creatures have devised scientific inquiry as a tool for survey-
ing that which lays before us. To us, we look not into a void, but into a rich landscape. And
yet, we too emerge from a singularity at birth and dance forth into the unknown, so some
prudence to caution is advisable.

Can we use our senses and reasoning, that which we investigate the world with, to inves-
tigate existence itself? I would argue the only such hope we have of understanding existence
through reasoning is that it’s a tautology, ‘cogito ergo sum’ in the words of René Descartes.
However, outside the walls of the mind we quickly lose objectivity, if it ever existed, and is
properly put by Meister Eckhart von Hochheim (ca. 1260 - 1328),

If reason presents certain actions as likely to improve your condition but your conscience
does not approve, then leave them undone. Reason never grasps the world in its en-
tirety and the means it dictates to achieving its limited aim will ultimately, and in some
inscrutable way, only cause damage.

If in this life we always had a mirror in front of us in which we could see things at a glance,
grasp everything in one image, acting and knowing would not cause us any problem. But,
since in our viewing we must turn from one thing to another we cannot concentrate on
one without obstructing the other.

In a sense, Meister Eckhart paints a type of uncertainty principle between reason and
conscience, acting and knowing, epistemology and ontology. To turn toward one you must
turn from the other. We may juxtapose the bumbling child’s discovery of life with the ideal
scientist, into whom the child yearns to become. Regarding the end state of this transforma-
tion, science may be seen as immaculate and homogeneous, and is often given titles of truth.
Yet, look closer and the messy dance of the child never truly stops, like Zeno’s tortoise never
quite reaching the finish line. There is never time to pause and look around and feel certainty,
‘a masterpiece is never finished, only abandoned’ in the words of Leonardo da Vinci. Thus,
I must insist, science is an interpretive dance, where no one may violate Meister Eckhart’s
uncertainty principle.

Why are we dancing with the stars? Well, I'm afraid the medium is the message, and that’s
all there is to it. Twentieth century philosopher, Michael Serres, metaphysically discusses
two rats eating rich left overs on a Persian rug in the Mayor’s house,

viii



Preface

The two companions scurry off when they hear a noise at the door. It was only a noise, but
itwas also a message, a bit of information producing panic: an interruption, a corruption, a
rupture of information. Was the noise really a message? Wasn't it, rather, static, a parasite?
A parasite who has the last word, who produces disorder and who generates a different
order. Let’s go to the country where we eat only soup, but quietly and without interruption.

To parasite means to eat next to. The noise partakes in the meal next to the rats and causes
panic. In the country quietness is the parasite.

We astronomers look up at night on a clear sky and watch the stars twinkle and consider
the twinkle a noise, a corruption, a rupture of information. Is the twinkle really a message?
The twinkle is a movement of light, spurred by Earth’s atmosphere, as natural a thing as ever
existed. We isolate the movement, and, following it, we dance our telescopes until we see
a stationary shape. Oh, but such as strange shape! The struts of the telescope leave these
arms of light seemingly coming out of the star, another corruption. Are these arms of light
really a message? To be sure they are not, but merely a parasite. And, we may go on and on
in such a way always trying to interpret what is beyond the noise without knowing. And,
that is the essence of this work: we perform an interpretive dance with twinkling lights, with
an impeccably powerful tool of human inquiry, trying not to confuse the message for the
medium.

KXk
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Astronomy has been around for millennia in various forms, from the
prehistoric nomadic peoples scratching the phases of the Moon into ani-
mal bones in 36,000 BC to present-day globally envisioned experiments
being carried out in Space. The outer cosmos undoubtedly remains the
greatest fascination of all Humankind, so much so that we spend entire
lives and immeasurable resources trying to know its past, present, and
future. It is the search for understanding of ourselves that we truly seek;
a pursuit of understanding of existence and reason. It is a worldwide ef-
fort, perpetrated by various forces throughout history from the shamanic
traditions to the religious and now by science, for no other reason than
Human curiosity. Indeed, we find many reasons why astronomy is of great
indirect value, for instance, due to spin-off of technology like the internet,
but no astronomer ever expects their discoveries will be bottled up and
sold for anything other than human pleasure. And, in that sense it is of
ultimate value, and explains why it has a special role in the world.

By coincidence we were born with consciousness in an era where the
Universe is still observable. By observable, we mean the electromagnetic
waves our eyes perceive — the visible spectrum — happens to correspond to
a night sky that has striking noticeable features. To anyone who has seen
it, we cannot imagine the night sky without this constellation of twinkling
bright spots. However, it is conceivable that had we been born much
later the expansion of the Universe would have redshifted all star light out
of human perception, and we would never have had the impulse to be
curious about the cosmos.

Radio emission mechanisms

It was only several decades ago, after looking up with our eyes for 2.5
million years that homo sapiens first thought to look in radio frequency,
defined here as having a wavelength longer than a centimetre or frequency
less than 30 GHz. The radio sky is completely different from the sky in any
other frequency range, as the physical processes that emit radio frequency
radiation trace different astrophysical structures. In radio astronomy the
physical processes that produce the emission can be classified based on
the spectral nature of the emission. Discrete emission mechanisms give
rise to spectral lines and are associated with atomic and molecular energy
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transitions, while continuum emission mechanisms give rise to a broad band spectra.

In the realm of discrete spectra emission mechanisms we enumerate two main types, and
their birth in radio astronomy. The first is the 21 cm emission from the hyperfine transition in
neutral hydrogen (HI), which was discovered as a ‘hiss’ coming from the interstellar medium
by Ewen and Purcell [1951] and corroborated by Muller and Oort [1951]. Neutral hydrogen
consists of a proton and electron, both of which have a quantum angular momentum spin.
Correspondingly, each has a quantised magnetic dipole moment which is proportional to
the charge times spin. When the angular momentum spins are aligned then the magnetic
dipole moments are anti-align — due to the opposite charges — and the energy of the HI
molecule is higher than if the magnetic dipoles were aligned. Occasionally, with a decay rate
0f 2.9 x 107!® seconds, an HI molecule with anti-aligned magnetic dipoles will spontaneously
undergo a spin-flip to the lower energy level, and emit a photon at approximately 1.4 GHz.
Due to the vanishingly small decay rate, in order to see the occurrence of 21 cm emission
there must be an extremely large volume of HI. This makes it an ideal candidate to study the
cosmic dark ages during the few hundred million years that followed the Big Bang, in which
there is abundant HI and little star formation [e.g. Patil et al., 2017].

Another important branch of discrete emission mechanism radio astronomy is radio
recombination lines (RRLs). A RRL is the emission associated with the transition of an ion
from higher to lower principle quantum numbers, n — n — N, where N is the number of
energy levels transitioned. By far the highest probability transitions are of the form n — n—1.
Furthermore these transitions of principle quantum numbers are orders of magnitudes more
likely than fine and hyperfine transitions such as the one involved in 21 cm HI emission. They
were first hypothesised to be observable in interstellar ionised hydrogen (HII) by Kardashev
[1959], and have since been observed in galactic HII regions over a range of frequencies
36.5 GHz (56 — 55) to 404 MHz (254 — 253). In Ball et al. [1970] the interpretation of RRLs
suggested that molecules other than HII were needed to fully explain their data, and since
has lead to a rich exploration of the galaxy’s composition in the heavier nucleii [Brocklehurst
and Seaton, 1972]. Recently, Emig et al. [2019] have observed the first RRLs at cosmological
distances, opening a new field for RRLs in studying distant galactic nucleii.

Continuum spectra radio emission mechanisms form a broad class of non-discrete physi-
cal process which generally are to do with moving charges. Here we enumerate two classes,
and the physical processes that generate them. The first is emission related to deceleration
of charged particles during a scattering event. The typical scenario is an electron scattering
off of a proton ion, where kinetic energy is converted into emission. This free-free scattering
—so called because the electron begins and ends unbound - is a thermal process when driven
by the internal energy of the medium. It can be shown [e.g. Rybicki and Lightman, 1986]
that the thermal free-free emission flux density from optically thin systems has very little
frequency dependence (S o< v 1), whereas for optically thick systems there is a steep de-
pendence (S o< v?). Thus, thermal free-free emission can shed light on the density of plasma
environments.

The second class of continuum emission mechanisms is called synchrotron emission
named after the first observation in 1947 by Robert Langmuir and Herb Pollock at the General
Electric synchrotron accelerator. Synchrotron emission is any emission related to acceleration
of charged particles perpendicular to their velocity, i.e. |a x v| # 0, and has a continuous
spectrum spanning all frequencies. In laboratory experiments, synchrotron radiation is
produced by forcing electrons to move in circular orbits using a magnetic field, and is seen as
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a nuisance source of energy loss.
The history of astrophysical synchrotron emission is more complicated as noted by Breus
[2001],

In particular, the Russian physicist V.L. Ginzburg broke his relationships with L.S.
Shklovsky and did not speak with him for 18 years. In the West, Thomas Gold
and Sir Fred Hoyle were in dispute with H. Alfven and N. Herlofson, while K.O.
Kiepenheuer and G. Hutchinson were ignored by them.

While the prediction of astrophysical synchrotron may be attributed to Shklovsky [1953], the
first observation seems to be by Burbidge [1956] of Messier 87, whose jet is shown in Figure 1.

Figure 1: Messier 87 and the radio jet produced by synchrotron. The jet was the first observed
astrophysical synchrotron emission.

Astrophysical radio-frequency synchrotron emission comes from charged particles —
typically electrons — moving through a magnetic field, where Lorentz force causes acceleration
perpendicular to the velocity. This causes particles to trace out circular spirals as they move
forward with a gyro-frequency v, o< B|, where B, is the strength of the magnetic field
perpendicular to the velocity of the particle. For B, =1 uGauss the gyro-frequency of the

3
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electron is approximately 3 Hz. For particles at relativistic speeds, the frequency of emitted
photons is boosted by two factors of the Lorentz factor y due to the relativistic Doppler effect
and length contraction. Thus, in the relativistic regime!, the frequency of maximal emission
is then related to the gyro-frequency by y?v,. For an ultra-relativistic electron with energy
of 10 Gey, the Lorentz factor is about 1.96 x 10* and the frequency of maximal radiation is
1.14 GHz.

There are several types of physical processes that can boost an electron to nearly the
speed of light. One is a jet stemming from rapidly spinning neutron stars and super massive
black holes forming the basis of pulsars [Hewish et al., 1968] and active galactic nucleii
[Ambartsumian, 1956, Osterbrock, 1989, Begelman et al., 1984], respectively. Another is
diffusive shock acceleration [DSA; Drury, 1983, Blandford and Eichler, 1987], a mechanism
by which a charged particle is repeatedly reflected between magnetic ‘walls’ with increasing
velocity, which plays an important role in understanding merging galaxy clusters, super nova
shocks, and solar flares.

Diffuse emission in galaxy clusters

The cosmic web is the structure of the matter, magnetic field, and kinetic energy on the largest
scales of the observable Universe [e.g. van de Weygaert and Schaap, 2009]. The web-like
structure evolved from very homogeneous Gaussian primordial conditions and is the perfect
example of how complexity can emerge from simple rules and non-complex initial conditions
[Vazza, 2020]. Supported by cosmological simulations, the current modern perspective on
assembly of the cosmic web is hierarchical in nature [Aragén-Calvo et al., 2010]. Large clusters
of galaxies formed at slight over-densities in the matter distribution, from which tenuous
filamentary structures extended for many Mpc. Smaller structures formed in the filaments
and were drawn toward the clusters, with velocities exceeding 1000 kms™!. Due to hierarchical
merging of clusters with accretion from the filaments, galaxy clusters grow to be very massive
with masses on the order of 1014715 M, and the mass of nearby filamentary structures can
be equally massive [Metzler et al., 2001].

Occasionally, galaxy clusters merge converting 10°® J of gravitational energy into kinetic
energy through a variety of processes including DSA of electrons to ultra relativistic energies
in the intra cluster medium (ICM) as well as turbulence. The resulting ultra relativistic cosmic
ray electrons (CRe) give off diffuse synchrotron emission in the presence of an ICM magnetic
field [for a review see van Weeren et al., 2019]. Diffusive shock acceleration can accelerate
non-relativistic thermal populations of CRe, or reaccelerate older aged populations of CRe.
The sycnchrotron emission from the first type is referred to as a radio relic [e.g. Ensslin
et al., 1998, van Weeren et al., 2010], while that of the latter is referred to as radio fossil
emission [e.g. de Gasperin et al., 2017, Mandal et al., 2020]. There are a number of physical
parameters that can be inferred from observations of DSA driven synchrotron emission,
including information on the CRe population and ICM magnetic field [Briiggen and Vazza,
2020]. One of the important factors is the speed of the shock which is ultimately coupled to
the dynamics of the merger, and premerger initial conditions. Another is the acceleration
efficiency which is a phenomenological number describing how much energy is transferred

I There are non-relativistic astrophysical sources of synchrotron, which, instead of depending on Lorentz boosting,
rely on extremely large magnetic fields. This is known as cyclotron emission and we pay it no further attention here.
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to an electron diffusing through the shock front once.

In order to perform inference with non-thermal synchrotron emission — whether from
radio halos, relics, or fossils — an electron ageing model must be chosen, which describes
how the spectral index of synchrotron emission from a population of ultra-relativistic CRe
evolves over time. Two standard models exist, colloquially known as the Jaffe and Perola
[JP; Jaffe and Perola, 1973] model and the Kardashev and Pacholczyk [KP; Kardashev, 1962,
Pacholczyk, 1970] model. The key difference between the models is that the JP model assumes
an anisotropic pitch-angle distribution of the CRe, and the KP model assumes an isotropic
pitch-angle distribution of the CRe. The initial formulation of both the JP and KP models
assumed that energy was injected into the CRe suddenly at single moment in time after
which the electrons age in isolation. Then in Komissarov and Gubanov [1994] both models
were extended to incorporate a finite period of continuous energy injection and the effect of
energy loss due to inverse Compton scattering.

Another important aspect is the magnetic field of the ICM. Galaxy clusters have magnetic
fields on the order of 1 uG [e.g. Roettiger et al., 1999], however the magnetic field is highly
dependent on the dynamical state of the cluster [Bonafede et al., 2010]. Galaxy clusters can
have many dynamical states ranging from disturbed to relaxed [Cassano et al., 2010b], which
is characterised by the X-ray morphology of the intra cluster medium (ICM) [Poole et al.,
2006, Maughan et al., 2008, Santos et al., 2008]. Difusive shock acceleration driven emission
is highly polarised, reflecting the fact that synchrotron emission emissivity is proportional
to |a x v|] and that the Lorentz force produces acceleration perpendicular to the direction of
velocity. Radio relics are primarily observed near the periphery of the galaxy cluster, therefore
they probe magnetic fields far from the densest part of the ICM [e.g. Wittor et al., 2019].

Turbulence is another mechanism for kinetic energy dissipation into the ICM following a
merger, accounting for approximately 20% — 30% of the thermal energy in merging clusters.
Thermal populations of electrons also produce emission due to thermal free-free scatter-
ing. In contrast with DSA driven synchrotron emission, turbulence driven emission should
have zero average polarisation. Such emission is referred to as a radio halo. Coupled with
simulations they can still provide constraints on the magnetic field structure, however due
to the dipersive nature of turbulence only statistical studies are possible [Vazza et al., 2011].
Figure 2 shows an example slice of temperature from a galaxy cluster merger simulation with
turbulence.

Radio interferometry

History

One thing that becomes clear is that the radio sky is rich in information on a wide variety
of physical processes, so how was radio astronomy born? This account can be found in a
number of sources [e.g. Southworth, 1956, Sullivan, 2009]. The answer goes back to 1839
when Carl Gauss postulated that a conducting layer at atmospheric heights should account
for the variations in a compass reading of magnetic north — an effect that navigators of the
time well knew. This mysterious electric current had supporters throughout the 1800’s, such
as Lord Kelvin. Around sixty years later, in 1901, Guglielmo Marconi transmitted a radio
signal across the Atlantic ocean, which should only have been possible if some reflecting
layer bounced the radio signal around Earth’s curvature. An electric current surrounding
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Figure 2: 2-dimensional slice showing the gas temperature for the innermost region of a
simulated galaxy cluster, during its main merger event (z = 0.6). The side of the slice is
8.8 Mpc k! and the depth along the line of sight is 25 kpc h~!. Taken from [Vazza et al., 2011].

Earth seemed like a plausible explanation. For the next three decades astronomers assumed
that, while there should be radio emission from Space, it would be bounced back by the
same electric layer around the Earth, just as Marconi’s signal had been bounced back down.
There were few attempts to look for extraterrestrial radio emission, and the development of
trans-Atlantic radio communications flourished.

In 1928 a young 23 year old Karl Jansky, newly having attained his Bachelors in physics,
was hired by Bell Labs. He was stationed at their Holmdel, New Jersey site and tasked with
identifying sources of atmospheric radio interference in telecommunications. Karl built a 100-
ft in diameter steerable antenna, which he called the ‘merry-go-round’ for its construction
included four sets of Ford model-T tires on which it could be rotated azimuthally. Over the
course of months Karl measured the various components of radio noise with his rig as a
function of time of day and azimuth. He identified two types of static-like noise related
to thunderstorms, which were well-known at the time to cause radio interference: one
due to local thunderstorms, and the second due to distant thunderstorms reflecting off of
the ionosphere. In August of 1931, such thunderstorms and associated interference were

6
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common occurrences of night-time, however as Karl continued irregular monitoring into the
autumn and winter he began to notice a third hiss-like component to the interference, which
he referred to as a ‘very steady continuous interference... that changes direction continuously
throughout the day, going completely around the compass in 24 hours’. The direction of this
component seemed entirely aligned with the Sun causing him to refer to the hiss as ‘Sun
static’. Despite equipment damages due to ferocious winter weather, he was able to monitor
into the spring at which point he noticed the hiss direction appeared to drifted in time ‘in
accordance with the lengthening day’. This further convinced him that the hiss was somehow
related to the vernal Northerly swings of the Sun.

The idea that the source of interference might be sidereal, fixed to the stars, came some
time in December of 1932. By this time the reality of the Great Depression had hit Bell Labs,
and working hours had been severely cut back limiting his time available to study the hiss.
Karl had instead spent most of 1932 studying general methods of measurement of noisy
signals, still taking daily measurements but not deeply analysing them. He had noticed that
the signal continued to advance in time relative to the Sun, and during a partial solar eclipse in
August Karl noted that the hiss intensity had little dependence on the solar occlusion. Despite
these observations, Karl must have still held the notion that the hiss was still somehow related
to the Sun. For it wasn't until December 1932 that George C. Southworth, a corespondent
working for AT&T in New York, asked Karl to plot his entire years’ data to see if it correlated
with his study of ‘diurnal changes in Earth currents’. Upon performing this task, Karl, not
an astronomer, was shocked and puzzled to find that the signal had slipped by exactly one
day. To an astronomer such a pattern would be obvious, for the stars rise four minutes earlier
each day due to the Earth’s rotation about the Sun, adding up to one day over a year. Then
Karl’s good friend and bridge partner, Albert Melvin Skellett, helped make the realisation
that the period of signal was remarkably the same as the sidereal day. (Albert lead a dual
life, being both a radio engineer for Bell Labs, and a graduate student of astronomy at the
near-by Princeton University.) This lead Karl to learn about astronomical coordinates, and by
Chirstmas 1932 he had determined the signal was fixed in space with a direction of 18 hours
right ascension, and —4 degrees declination,

Since I was home [early November] I have taken more data which indicates defi-
nitely that the stuff, whatever it is, comes from something not only extraterrestrial,
but from outside the solar system. It comes from a direction that is fixed in space
and the surprising thing is that... [it] is the direction towards which the solar
system is moving in space. According to Skellett, there are clouds of ‘cosmic dust’
in that direction through which the Earth travels.

Karl had fixated on a region of sky in the Sagitarrius constellation [Jansky, 1933], which
we now know to be the galactic centre. Karl Jansky was subsequently ordered by Bell Labs
back to more pressing tasks. The fundamental unit of flux in radio astronomy is named after
Karl, the jansky (Jy), 1 Jy=10"2WHz ' m~2. The electric layer that surrounds Earth is the
ionosphere, which is the central topic of this thesis.

Following World War II, and the debut of the atomic bomb, there was a great desire to
make progress in radio technology. Radio astronomy gained much momentum in the tail
winds of radar technology, and indeed there was a great deal of shared knowledge between
the two fields. While we can only surmise, radio technology flourished in large part for better
methods of surveillance and communication, and perhaps ultimately for the prevention
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of another man-made global catastrophe. The renewed interest in radio technologies was
a great boon to radio astronomy which lead to radio interferometry being born [Ryle and
Vonberg, 1946]. In the ‘West), radio research institutes sprang up in Europe, especially in
Britain and the Netherlands, the USA at the National Radio Astronomy Observatory (NRAO),
and Australia at Commonwealth Scientific and Industrial Research Organisation (CSIRO).
The Iron Curtain, separating ‘East and West’, provided an — arguably ideal — opportunity
for independent progress on many topics of mathematics, physics, and engineering [Pesch
and Plail, 2009, Gillespie et al., 1977], however in radio astronomy the result was quite the
opposite. Just like in the ‘West’, radar and radio astronomy flourished in post-war USSR.
However, unlike their counterparts in Europe, USA, and Australia, who primarily worked
out of universities, all USSR radio astronomy was conducted at military institutes and was
heavily censored. Most discoveries were never published in academic journals, and those
that did get published were often missing key data [Braude et al., 2012]. This policy of secrecy
ultimately lead to a lack of trust by their contemporaries, and hence today there are very few
references to early-day radio astronomy out of the ‘East’.

Eventually, radio astronomy spread around the world to places like India, South America,
Canada, South Africa, and China. Today, there are global collaborations undertaking some of
the most massive, in terms of data, human experiments, such as the Low-Frequency Array
(LOFAR), with even bigger experiments in the near future such as the Square Kilo-Metre Array
(SKA). Aperture synthesis radio interferometry, which will shortly be described, naturally
breeds unification among countries; for the need to cover long baselines — in order to resolve
the most distant objects in the Universe — necessitates an international community. The
irony is profound as radio interferometry, which sprang from war, promotes peace.

We'll now proceed with explanation of interferometry from a modern perspective in a
way that is foundational to Chapters 2—4.

Imagine yourself lying on the bottom of a swimming pool, and
looking up through the water. You are the radio telescope and
the water is the Earth’s atmosphere and ionosphere. Now
imagine that there’s a ceiling up overhead, with faint frescoes
that you're trying to make out through the water. The frescoes
are the faint objects of the universe. Then, somebody goes and
puts a thousand bright lights on the ceiling (the radio-bright
objects of the universe) — you're now trying to make out the
frescoes behind the lights’ glare. And then the wind picks up so
the water gets choppy.

OLEG SMIRNOV

Technical introduction to scattering and radio interferometry

Most of the rich information in astrophysical radio emission requires good angular resolution,
which a single antenna is unable to provide. Interferometry is a way of inferring the shape and
location of a source by measuring the interference pattern of light which has simultaneously
travelled two different optical pathways. Interference is a property of waves and is completely
described by Maxwell’s equations of electromagnetism, thus we start there. We present the
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theory of scattering as it relates to the ionosphere and the observables of radio interferometry;,
which sets the stage for Chapters 2 to 4. We treat the topic with slightly more detail than a
typical introduction to the ionosphere and radio interferometry, though we skip rigour where
appropriate for flow. The aim is that this might also serve as a summary reference for future
work on the topic.

The ionosphere is a low-density multispecies ion plasma situated between 50km and
1000km from Earth’s surface [for a detailed description see Kivelson and Russell, 1995]. The
plasma precipitation is fed by extreme ultraviolet radiation from the Sun, and the bulk motions
are driven by a complex network of forces. The ionosphere is likely a turbulent medium
[Mevius et al., 2016], and displays many discrete behaviours [Jordan et al., 2017]. The spatially
and temporally varying free electron density (FED) in the plasma alters the local dielectric
properties of ionosphere, and this leads to a refractive index less than unity that decreases
linearly with FED and wavelength of the radiation to second order. The refractive index is
given by the Lassen-Appleton-Hartree equation [Hutchinson, 2005]. The ionosphere thus
acts as a random scattering medium, and its main effects on the image quality are a reduction
of dynamic range, distortion of the shapes of sources, and decoherence of the visibilties. We
present a description of the effect of the ionosphere from first principles.

To begin, consider monochromatic electric and magnetic fields of the form E(r, t) =
e~ !'E(r) and B(r, t) = e "’ B(r) respectively. Going forward we'll drop the spatial functional
argument for clarity. Using Fourier representation we can build any electric or magnetic
field from various monochromatic components and the following derivation thus applies to
generic fields. Recall that in an isotropic linear medium that the electric field is related to
the electric displacement field by E = €' D and the magnetic field is related to the magnetic
flux density by B = uH, where € and u are the permittivity and permeability respectively. We
assume that both € and p do not change over the timescale of propagation, and that u is also
constant over space. The FED in the ionosphere induces a spatially? varying permittivity e
but does not alter permeability . Furthermore, we assume there are no sources of charge or
current, i.e. that macroscopically the ionosphere is charge neutral on scales comparable to
the wavelength. Maxwell’s equations of electromagnetism are then,

V- (eE)=0 (1
V- (uH)=0 )
V xE=iwuH 3)
V x H=—iwe€E, 4)

where we've used the fact that all temporal dependence is contained in the unitary factor
et We now define the refractive index as n? £ c?ue, and the wavenumber as k = (27)n/A
where A is the wavelength in vacuum. In general, the wavenumber changes spatially due
to the refractive index. Taking the curl of Eq. 3, inserting Eq. 4, and using a vector calculus
identity we get,

V2E+ k’E=V(V-E). (5)

By making use of Eq. 1, the right-hand side is found to be equivalent to V(V-E)=—-V(E-
Vloge,), and is zero if E L Vloge, orloge, =0 everywhere, where €, = €/¢€ is the relative

2The FED is assumed to be constant in time over the timescale of propagation of light through the medium.
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permittivity. These conditions are true if the wave is normal incident on a scattering surface,
or if there is no scatterer. More generally, we can neglect V(V -E) if the length scale over which
€, changes is much larger than the wavelength. In the ionosphere, the irregularities vary
over kilometres which is thousands of times larger than the wavelength. Since we assume
V(V -E)=0 we can apply the linear operator to each electric field component and treat the
electric field as a scalar. We therefore drop the vector notation for the electric field. In this
case Eq. 5 turns into,

(V2 +k2)E =—k> ®E, (6)

where k,, = 27“ is the constant wavenumber of the background medium which we take to be
vacuum, and ® = (n? —1) is the scattering potential.

Green’s function. The general solution to Eq. 6 can be written in terms of the Green’s func-
tion for the Helmholtz equation, which is a function satisfying (V2 + k2 )g(r,r') =—6(r—r').
Since the coefficients on the left side are coordinate-independent the Green’s function is
translation-invariant, thus Green’s function can be found by taking the Fourier transform3
and solving,

B 1
4m2s2—k2,

e ik, r—1'|

= g(r,r) =m- (8)

g(s) @)

We have skipped a large amount of rigour in deriving Egs. 7 and 8, notably we have not even
mentioned generalised functions. For a very clear account of all assumptions including the
Sommerfeld radiation condition see Schmalz et al. [2010]. Note, it is possible to derive the
Green’s function including the V(V - E) term [Kriiger et al., 2017]. The additional terms in this
complete Green'’s function are negligible when kZ, > > O(25), which is where the condition
to drop the V(V -E) term comes from. Both the Green’s function and its Fourier transform
will be useful in the following.
The general solution to Eq. 6 is then found by [Evans et al., 1999],

E:kif g<I>EdV+5§(gVE—EVg)-dA )
\%4 S

Equation 9 is an implicit solution since the solution appears also in the right-hand side,
therefore further assumptions are required to explicitly solve. Importantly, in order for the
solution to be defined we must stipulate boundary conditions on a surface S enclosing our
volume V.

Interestingly, George Green (ca. 1793 — 1841) was at least several decades ahead of his
time in formulating his theory on the solution to differential equations, despite having no
formal education in - or indeed any real exposure to — mathematics [Challis and Sheard,
2003]. He was not even really known about until years after his death, such that this day no

3Note that in this work we use the unitary definition of the Fourier transform with frequency variable in units of
cycles.
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one knows what he looked like. He grew up as the son of a miller near Nottingham, which
was rural farmland in the early 19th Century, and had little in the way of education. It would
have been hard to find access to the then cutting-edge mathematics that were happening
in places like Cambridge, and Paris. At the time Nottingham was mostly farmland, and the
only resources he had access to were a local library where there certainly was nothing in
the way of advanced mathematics to be found. The only possible connections to non-banal
mathematics would have been through a local teacher who had studied mathematics before
becoming a teacher. Nonetheless, George Green’s works are the foundation upon which all
equations of interest in physics are solved, such as Maxwell’s equations, the elastic wave
equation, the Helmholtz equation, the Schrédinger equation, the Dirac equation, the viscous
fluid equation, the Klein-Gordon equation, and Einstein’s equations to name but a few.

There are a number of ways to solve Eq. 9 which differ in the functional basis taken and in
the assumed conditions on the scattering potential ®. In this work we discuss the Born and
Rytov approximations whose first-order approximations are equivalent [e.g. Born and Wolf,
1999, Blackledge, 2005]. As will become apparent, the two approximations differ in the space
where solutions are additive — in the sense of linear differential operators — and therefore
each has its own advantages in interpretation.

Born approximation. In the Born approximation we assume additivity in the complex
wave function, i.e. we solve the linear equation Eq. 9 given boundary conditions for E. We
choose the boundary conditions to be a super position of temporally incoherent plane waves
on the celestial sphere,

E;(r) =f a(8)e™ T ds (10)
S2

where |a(8)|? is the specific intensity, or surface brightness, from the direction § on the celestial
sphere, in units Jysr—'. It gives the power per area per frequency per solid angle. Clearly, E;
satisfies the homogeneous Helmholtz equation (V> + k2 )E; = 0. By temporally incoherent
we mean that each a(8) has a unitary factor with random phase, 7, of the form e such that
(e2™m=m2)ty = §(n, —n,) where averaging is over a time much longer than A/c [Mandel and
Wolf, 1965]. Using Green’s theorem the second integral in Eq. 9 simplifies to E; [Evans et al.,
1999] and the Born solution becomes,

EPom =k51f gPEAV +E; (11)
\4
L£FE 4 E,. (12)

Equation 11 is still an implicit solution, however a series representation known as the Born
series is available,

n+l1

EBom=F; + k2, f gPE>™dV, (13)
|4

with E°™ = E;. The series defined by Eq. 13 converges if the maximal absolute eigenvalue of
the matrix representation — the spectral radius — of the convolution g » ® is less than unity
[Osnabrugge et al., 2016]. Equivalently, k2 | f v 82dV| <1 everywhere in V [Blackledge, 2005].
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In the ionosphere this is almost always true, though periods of intense solar activity can
decrease the refractive index which increases the absolute value of the scattering potential.
The assumptions of radio interferometry are violated during these periods and the data
should be thrown away.

Going forward we will assume the first-order Born approximation, E°™ ~ EE°™, which
has a convenient representation via Fourier transforms. Since Green’s function, Eq. 8, is
translation-invariant the first-order Born approximation can be written as a convolution,
EBom=F, + kZ (g x®E;). We apply the convolution theorem and write the first-order Born
approximation as,

EB™(r) =E;(r)+ k2, f efZ“S'fg(s)f a(8)d(s— A '8)dsds, (14)
S2

Eq(r)

where & is the 3D Fourier transform of the scattering potential. Equation 14 is the scattering
equation first written down by Max Born in the 1920s. It implies that if we can measure the
scattered wave, E; = EB°™ — E;, then this allows us to reconstruct the scattering potential
by solving an inverse problem. Such problems are called inverse scattering problems and
are some of the hardest problems in mathematics and physics. Indeed, Richard Feynman’s
creation in the 1960s of Feynman diagrams is all about solving scattering problems, and is
also based on Green'’s functions.

The Born approximation has a nice connection to the plane wave spectrum of Fourier
optics [Born and Wolf, 1999], which will be useful for us. Let the coordinate frame be Cartesian
r = x%+ yy+ z2 with Z pointing towards the observer, and the origin fixed to the centroid of
the scattering potential. In this coordinate system we parametrise the plane wave directions
with § = (I,m,n £ v1—12— m2) with I> + m? < 1. We will use notation that subscript 2D
denotes the X and y components of the vector, e.g. §,p = [X+ my. Consider the 2D Fourier
transform of Eq. 14 in a plane spanned by X and §. Since the incoming wave, E;, is a super
position of plane waves, its 2D Fourier transform can easily derived using the definition of
the Fourier transform of the Dirac delta, and is,

Ei(SZD;Z):J d(é)g(SZD_A71§2D)eianz dé (15)
s?

The 2D Fourier transform of the scattered wave term, E,, requires a bit more work. From
Eq. 14 we can read off the 3D Fourier transform of E;,

K

E®)= ez
m

f a(8)d(s—21718)ds, (16)
S2

where we substituted the Green’s function Fourier transform from Eq. 7. The 2D Fourier
transform is then found by inverse transforming s, back to the spatial domain. In order to do

. . . . . k2
this we use the residue theorem to integrate around the singularity at s? = Tz —SE— 2
. . . . 1 _ 1 (1 1
using the partial fraction expansion j—g—z = 5w (ﬁ - ser—Sg),
m z z z
_ i2mslz .
Eq(syp; 2) =ik?, a(8)d(s" —2A7's)ds, (17)
ars) o
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where s° = (s, Sy sg). Note this requires that & contains no singularities, which is true of the
ionosphere.

Equations 15 and 17 are exact for the first-order Born approximation. Let us examine
them qualitatively. Both equations contain exponential terms of a similar form which encode
the propagation of the plane wave spectrum along . Notice that in the plane wave spectrum
of the scattered wave, Eq. 17, for directions of propagation where s2 + s > % the wave
decays with z. Such waves are called evanescent waves and are not detectable by radio
interferometers.

Equation 17 is a weighted sum of the incoming wave amplitudes, a(8), with the scattering
potential spectrum, ®, evaluated on a sphere of radius A~ with origin offset by s°. For the
purpose of illustration, imagine the scattering potential is an isotropic Gaussian blob with
a characteristic length scale /. This imposes a characteristic length scale in the Fourier
domain of o = (271)~! beyond which the spectrum amplitude decays to zero, i.e. ®(s) ~ 0
when |s| > o. This implies that observers looking in direction §° will only see scattered
emission from celestial sources with directions, §, satisfying arccos(8° - 8) < % The smallest
ionospheric structures often range between 1-5 km with sub-km structures occasionally
occurring [Yeh and Swenson, 1959, Yeh, 1962, Mevius et al., 2016]. At a radio frequency of
150 MHz this implies light from a single source is scattered into a cone of approximately
1.1’[1/km]™!. This implies that diffraction effects are weak.

A useful property of an optical system is whether or not it is isoplanatic [Fellgett and
Linfoot, 1955]. In general, when the electric field plane wave spectrum (Egs. 15 and 17) at the
detector surface can be sufficiently approximated by a planar convolution of the plane wave
spectrum on the object surface (S? in our case), then the optical system is called isoplanatic.
We note that both Egs. 15 and 17 are not planar convolutions but rather convolutions over the
2-sphere. Therefore, in general, an astronomical radio interferometer is not an isoplanatic
optical system. In radio interferometry there are two sources of non-isoplanaticity: one from
the curvature of the celestial sphere, and one from scattering. This can be seen by interpreting
the convolution kernels in Egs. 15 and 17 as the sources of non-isoplanaticity. Various
methods exist in radio interferometry for handling non-isoplanaticity due to curvature of the
celestial sphere in the case of non-coplanar arrays [e.g. Cornwell and Perley, 1992, Cotton et al.,
2004, Cornwell et al., 2008, van Weeren et al., 2016, Tasse et al., 2018]. The methods introduced
in Chapters 2 and 3, and applied in Chapter 4, are about handling non-isoplanaticity due to
scattering. In general, non-isoplanaticity can be handled by dividing the object surface into
isoplanatic patches [Fellgett and Linfoot, 1955].

In radio interferometry it is not the electric field that is measured but rather the electric
field coherence, V(r,r’') = (E(r, t)E*(r/, t)), where () is averaging over a time period much
longer than A/c. For simplicity, we assume a perfect receptive sensitivity, i.e. the radio
antennas measure an unbiased electric field*. Using the inverse 2D Fourier transform of the
plane wave spectrum the electric field coherence is given by,

Virr)= f ((Bi(san; 2)+ Ey(sap; B} 8y 2') + EX(85.2)

e2rlsw ™o~ ") g, s, | (18)

“Incorporating a receptive sensitivity is simply a matter of multiplying the plane wave spectrum by the directional
sensitivity gain of the antenna.
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The standard equation for electric field coherence seen in radio interferometry is stationary
[e.g. Perley et al., 1989], i.e. depends only on the separation between two positions, however
the assumptions arriving there are often absent. In general, the electric field coherence is
non-stationary [e.g. Mandel and Wolf, 1965, Garcia-Sucerquia et al., 2002}, i.e. depends on two
positions, and is only truly stationary for incoherent emission satisfying the homogeneous
Helmbholtz equation. This is true of the celestial radiation, E;, but not true of the scattered
wave, E;. The scattered wave gains spatial coherence similar to how spatially incoherent
monochromatic radiation passing through two closely separated pin holes gains spatial
coherence and produces an interference pattern that is not translation-invariant. However,
the electric field coherence can be approximated as stationary using the same observation
noted earlier; that the sparse incoherent celestial emission is scattered into a narrow cone of
diameter approximately 1/, so that two scattered waves interfere only if their wave vectors are
nearly perfectly aligned. Under this assumption, using Eqs. 15 and 17, Eq. 18 can be worked
out,

N2 e i) =0 1a  a—1a2/ 4(a2 da’ | da
Vie—r)=k, | ——— [P(A8—A &) |*(|a(8)|")ds" | d$
s 4s2 s
+ f e |a(8)P) ds. (19)
S2

Note that due the stationary assumption there are no cross-coherence terms, i.e. (E;(s,p; z) E (sop; 27 )+
(E(sop; z)E"l?‘(SZD; z’)) = 0, which can be verified directly. Equation 19 comprises inverse

Fourier transforms on the 2-sphere, which are in the class of restricted Fourier transforms [e.g.

Barcelo et al., 1997, Tao, 2003]. Efficient methods of computing (inverse) Fourier transforms

and convolutions on the 2-sphere exist [e.g. Driscoll and Healy, 1994, Jarosz, 2008]. The use of

such methods result is an exact treatment of non-isoplanatic systems [Eastwood et al., 2018],

yet still remain relatively unexplored in radio interferometry. Equation 19 is an oscillatory

integral, so another way to exactly treat non-isoplanaticity is via oscillatory integral methods

such as the method of stationary phase. Such methods are completely unexplored in radio
interferometry:.

For incoherent radiation the isoplanatic assumption is equivalent to the condition that
the specific intensity in the detector surface can be written as a planar convolution of the
specific intensity on the object surface. The kernel of the convolution in this case is called
the point spread function (PSF). Again, there are two sources of non-isoplanaticity due to
celestial sphere curvature, and scattering. For a coplanar array (detector surface of constant
z) an optical system with incoherent radiation becomes isoplanatic. However, recall that
scattering introduces coherence, and therefore a system with scattering is not isoplanatic
even for coplanar arrays.

For illustrative purposes, assume the special case of a coplanar array z = z’, and let the
electric field coherence be measured everywhere in the plane of the interferometer. We
observe that the second term in Eq. 19 reduces to a 2D Fourier transform relation between
the electric field coherence and the 2D power spectrum of the incoming electric field®, which
we call the specific intensity, sky-brightness, or image, in units of Jysr—. This is known as
the Wiener-Khinchin theorem. Observe that the first term does not simplify for a coplanar

5This technically requires changing the domain of integration to R? and defining the integrands as zero outside
the unit disk.
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array due to the s? in the denominator. However, if we additionally add the assumption that
the celestial emission is restricted to a narrow field of view, such that sz2 ~ 1, then we can
also apply the Wiener-Khinchin theorem. In this case, we see that there are two images; one
corresponding to the celestial emission and one to scattered emission respectively,

S (8)=(la( (20)
= Zj DA '8 — 21718 (|a(8)) ds'. @21

The interpretation of Eq. 21 can be thought of with a toy model. Imagine the ionosphere
is a flat layer perpendicular to zenith with a sinusoidal wave of refractive index with a spatial
frequency, s;op,, and let there be one source at zenith. Then, clearly ®(s) will have a delta peak at
+s;,,. Now, Eq. 21, says that a fraction of the source flux will be shifted symmetrically by %s;,,,.
This would look like two speckles offset from the source at zenith. Therefore, the intuition
behind Eq. 21 is that speckles are symmetrically displaced radially from sources according
to the magnitude and direction of strong spatial modes in the ionosphere. Over the course
of an observation the integral effect of scattering would be perceived as a halo of speckles,
which grows brighter proportional to the specific intensity of the source. Since the aperture
of an Earth rotation synthesis radio interferometer [Hoégbom, 1974] is sparsely covered, a
displaced speckle would appear as a displaced instantaneous PSF [Born and Wolf, 1999].
Another characteristic comes from the property of temporal continuity in the ionosphere.
Since wind speed in the ionosphere can be several hundreds of metres per second [Phillips,
1952] we expect temporal continuity of the FED and the speckles should move continuously.
Therefore, during periods of high ionosphere activity the speckles should ‘draw’ radial spokes
emanating from bright sources, e.g. as seen in Figure 3.3 in Chapter 3.

Finally, observe that Eq. 21 is a relation between the 3D scattering potential spectrum
and the 2D scattered intensity. The relation is invertible given knowledge of the celestial sky
intensity, {|a(8)|?), a measured scattered intensity .#(8), and a prior over the scattering power
spectrum. Given the above restriction on diffraction to a cone of approximately 1’, without
priors the relation is only invertible if (|a(8)|?) is dense with respect to this separation. The
fact that the complete information of a 3D object can be stored in a 2D object is the principle
of holography, first introduced by Dennis Gabor for microscopic wavefront reconstruction
that bypasses the diffraction limit of a lens [Gabor, 1949].

Incoherent light is radiation of which we know only certain
data of a statistical nature: the energy or intensity, the
polarization, the spectral composition. If we interrupt an
optical tract at an arbitrary plane, we see only an
almost-uniform blur. It must strike one as something of a
miracle that a lens can sort out the intermingling wavelets and
restore a picture of an object — at least in one plane.

DENNIS GABOR, 1969

Rytov approximation. The Rytov approximation gives a different interpretation of the
effects of scattering in terms of what are called gains. Gains form the basis of most radio
interferometry calibration procedures, and are closely related to Chapters 2 to 4.
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The Rytov approximation makes the eikonal transformation, E®%V(r) = E,(r)e?®™, where
E, satisfies the homogeneous Helmholtz equation (V2 + kfn)EO =0 and (VE,)/E, = V¢,
for some function ¢, [Born and Wolf, 1999]. We choose Ey(r,8) = a(8)e*»** which clearly
satisfies the homogeneous Helmholtz equation and (V Ey)/ E, = V(ik,,8 - r). If we substitute
the eikonal transformation into Eq. 9 then we get a non-linear Riccatian equation for ¢. If
Vo -Vo| <K Ikﬁpl everywhere in V, then the non-linear Riccatian equation can also be solved
by making the substitution w = ¢/ E, yielding [Blackledge, 2005],

2

k
p=-2 f goE,dV. 22)
E ),

In the Rytov approximation we choose additivity — in the sense of linear operators — in phase
rather than electric field. In other words, by making the eikonal transformation, we get a
linear differential equation for phase, and not electric field as in the Born approximation.
Nonetheless, the principle of super position of electric fields applies and the scattered electric
field is given by the difference between the solution and the incoming electric field, B =
Ey(e? —1). We note that Eq. 22 looks similar to the scattered wave in the first-order Born
approximation,

EP™=Ey¢, (23)

when we make the choice E; = E,. Equation 23 in combination with Eq. 14 implies that
E®©V = Elexp(E°™/ Ey)— 1], and when the spectral radius of g @ is less than unity then,
E®'©V y EBo™ This shows that the two approaches are equivalent in the regime of the typical
ionosphere.

Let us make now make the connection between the Rytov approximation and classical
non-diffractive tomography as introduced by Johann Radon [Radon, 1917]. From the discus-
sion on the Born approximation we already know that diffraction is approximately limited to
a cone on the angular scale of 1’. Given that the average separation between bright celestial
sources is greater than this, it makes sense to consider the non-diffractive limit. In this setting
we choose to align the coordinate axes with Z pointing in the direction of the single plane
wave §. If we take the 2D Fourier transform of Eq. 23, use the definition of the the plane wave
spectrum of the Born scattered wave, Eq. 17, and rearrange we get,

- 4m ; ~
Y A8 =i $0eTTE (851 — A 815 2). (24)
m
where 8% = (s,,5,,s) = ,/A2—s2— s;) and 8§ = (0,0,1). Equation 24 is an exact relation
between the Rytov and first-order Born approximations. Let us make the substitution s’ =
s” — A~18. Now, from our discussion in the Born approximation we have that the ionosphere

is only weakly diffracting and therefore |s/|> = 2A72(1—8° - 8) < A2 from which we have that
s?~ A7! and s/ ~ 0. Equation 24 becomes,

LAr

() i
v

D853 2). (25)
If we take the inverse Fourier transform of both sides, using that s, ~ 0, and rearrange we get
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the classic non-diffractive tomography relation,

—i27s)z —_ 3 ar
f e “ q)(l') dz =— l@ (l‘) (26)
'Ak'zn o(r)d 27
- (t)(l‘)wlﬂ (r)dz. (27)

This is precisely the equation that is foundational to Chapter 2. Another way to arrive at
this result is via the Jeffreys-Wentzel-Kramers-Brillouin (JWKB) approximation [e.g. Jeffreys,
1925]. In the JWKB approximation one makes the extra assumption on the eikonal phase,
that V2¢ can also be neglected, which results in the geometric optics regime. The eikonal
representation in the JWKB approximation gives rise to Jones and Miiller algebra treatment
of ray optics [Jones, 1941, Parke, 1949].

Given Eq. 27 the Rytov solution for a super position of incoming incoherent plane waves,
Eq. 10, is given by,

EROV(p) = J G(8,r)a(8)e™ T ds, (28)

where we define the gains, G(§,r) = exp [i% ff-é:l

d(r) dV(r)]. This implies that the electric
field coherence is given by,

V(r,1) =f G’ 1)G*3,){|aB)f)e™ ) ds. 29)

Equation 29 is the radio interferometry measurement equation for scalar electric fields and
perfect antenna sensitivity [Hamaker et al., 1996]. Importantly, we note that in the non-
diffractive limit the gains contain no amplitude information. When the full Eq. 22 is used
then the resulting gains would contain amplitude information, and this is possibly an avenue
of future research.

In comparing Eq. 29 with Eq. 19 we can clearly see the different approximations lead
to different interpretations. For the Born approximation, the effect of the scattering on the
image is intuitive in terms of the plane wave spectrum. For the Rytov approximation, the
effect on the electric field coherence is intuitive in terms of gains. It should be made clear that
both are valid — indeed equivalent — approaches. It is the author’s opinion that there is still
much to gain in radio interferometry by better understanding the foundational equations.
Often improvements and understanding come from returning to the basics of a theory, e.g.
understanding ‘ghosts’ in images due to over-calibration [Grobler et al., 2014].

Next-generation radio interferometry

The next generation of radio interferometry is pushing technology to it’s limit. In particu-
lar, science with the near-future Square Kilometre Array [SKA; Dewdney et al., 2009] at full
capacity is not technologically feasible with current techniques. The key parameters of a
radio interferometer are its sensitivity, angular and spectral resolution, bandwidth, and field
of view. In terms of instrumental attributes these parameters correspond to surface area,
baseline coverage, number of channels, and the type of antenna.
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In an aperture synthesis radio interferometer [Hogbom, 1974}, as collecting surface area
increases the volume of data grows quadratically as this typically corresponds to adding more
antennas, which adds one extra source of data for every pre-existing antenna. The SKA is a
near-future radio interferometer that has been envisioned for over two decades [Braun, 1996,
van de Weygaert and van Albada, 1996), and aims to provide 1 km? of effective collecting area
[Hollitt et al., 2017]. The SKA is the "pie in the sky" of radio interferometry, since with current
technology it would only be possible to utilise a mere fraction of its capacity for science. The
expected data rate of the SKA is tens of petabytes per day, or about 1 Internet — the same
volume as the entire internet. This challenge has spawned a huge interest in algorithms [e.g.
Lindner et al., 2015, Offringa, 2016, Wijnholds et al., 2018, Cai et al., 2018, 2019, Lyon et al.,
2019] and technology [e.g. Hassan et al., 2013, Isaev and Tarasov, 2016] for handing huge data
volumes.

The demand for higher angular resolution means longer baselines are required, and
antennas become further separated. This raises the challenge of keeping antennas synchro-
nised and transferring massive amounts of data to a common correlator. This ultimately
would result in improved internet infrastructure around the world. Another challenge with
long baseline arrays is dealing with the curvature of the Earth, which breaks the coplanarity
assumption. This challenge was already beginning to be addressed several decades ago [e.g.
Cornwell and Perley, 1992], and was largely solved within the last decade [Cornwell et al.,
2008]. The divergence of the radio interferometer from the classical optical detector plane
description, wherein fast Fourier transforms do everything, also sparked much work in more
general treatments of interferometric imaging [e.g. Tasse et al., 2013].

In this thesis we work with two world-class radio interferometers: Low-Frequency Array
[LOFAR; van Haarlem et al., 2013], and the Giant Metre-wave Radio Telescope [GMRT; Gupta
etal., 2017].

LOFAR is a high-sensitivity, high-resolution, wide-band, wide-field, low-frequency, fiber-
optic connected, phased-array aperture synthesis radio interferometer than spans Europe,
from Ireland to Latvia, and France to northern Sweden. It has two operating bands, the
high-band antennae (HBA; 115-240MHz) and the low-band antennae (LBA; 10-80MHz).
In this thesis, we make use of the Dutch LOFAR array, with baselines out to 80km, and an
effective collecting area of 0.04 km? at 150 MHz. The expected sensitivity of a standard
8.5 hour observation with the full Dutch LOFAR-HBA and 24 subbands is 72.8 uJybeam ™.
The original primary aim of LOFAR was to survey the entire Northern sky with unprecedented
resolution, depth, and fidelity. The science that comes out of LOFAR now spans all radio
fields and domains of astronomy including: cosmic dawn [e.g. Patil et al., 2017, Mertens
et al., 2020], early star-formation [e.g. Saxena et al., 2018], active galactic nuclei [e.g. Williams
et al., 2018], radio transients [e.g. Kuiack et al., 2019], galaxy clusters [e.g. van Weeren et al.,
2019, Mandal et al., 2019], radio exo-planets [e.g. Callingham et al., 2020], and more. LOFAR
is a pathfinder for SKA-low, and comes with a great number of technological challenges
[Noordam, 2004]. In some ways the Murchison Widefield Array [MWA; Tingay et al., 2013]
in Australia is a Southern-hemisphere counterpart to LOFAR, acting as a precursor to the
SKA-low.

The GMRT is an aperture synthesis radio interferometer composed of 30 massive steerable
45 m parabolic dishes situated just 80 km north of Pune, India. It had three narrow bands
(32 MHz wide) situated at 150 MHz, 320 MHz, and 610 MHz. Given the large collecting
area of the dishes, approximately 0.03 km?, the GMRT was one of the most sensitive radio
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interferometers prior to LOFAR, being approximately three times larger that the Very Large
Array [VLA; Condon et al., 1998] and equally large as the single dish giant Arecibo Radio
Telescope [Heiles et al., 2001]. It has enabled a host of science ranging from cosmic dawn
[e.g. Paciga et al., 2013], radio transients [e.g. Bhattacharyya et al., 2016], radio exo-planets
[e.g. Hess and Zarka, 2011], galaxy clusters [e.g. Venturi et al., 2008], to stellar radio emission
[Quiroga-Nufiez et al., 2020]. The GMRT was recently upgraded to a wideband version
[uGMRT; Gupta et al., 2017], however in this thesis we only made use of the GMRT.

About this thesis

In some sense the SKA, being a far-off intangible goal, has provided the motivation to come
together as a community and solve the technological challenges of today’s telescopes. Radio
interferometry has seen a huge boost in its algorithms in the last decade as we prepare to
meet the challenges of SKA. One of the many challenges is direction dependent ionospheric
calibration. There are several common methods for ionospheric calibration, e.g. field-based
calibration [Cotton et al., 2004] which models image domain apparent source shifts, and
facet-based calibration [Intema et al., 2009, van Weeren et al., 2016, Tasse et al., 2018] which
performs calibration on disjoint patches of the sky called facets. In this thesis we focus
entirely on the facet-based approach.

Facet-based calibration has several orders of complexity. The simplest method is to form
an independent data set per facet, by subtracting a model of the rest of the sky, and then
perform calibration independently per facet. The result solutions can then be spatially filtered
to remove noise and to try to make them spatially consistent with some model. This is the
basis of Source Peeling and Atmospheric Modelling [SPAM; Intema et al., 2009]. An extension
on this is to also enforce a linear phase model during solve, e.g. that the ionospheric phase
distortions are o< v~!. This makes forms the basis of Facet Calibration for LOFAR [FACTOR;
van Weeren et al., 2016]. The more complicated method is to simultaneously and jointly
calibrate all facets on all the visibilties [Tasse, 2014b, Smirnov and Tasse, 2015]. Following this
post-processing can enforce a linear phase model, e.g. oc ¥~! dependence for ionospheric
terms. This forms the basis of killMS and DDFacet [Tasse et al., 2018]. All facet-based methods
make use of self-calibration [Pearson and Readhead, 1984].

Common to all of these methods is that 1) they are limited by the density of infield-
calibrators to form facets, and 2) they do not use any spatial information of the ionosphere.
One of the big open questions in radio interferometry is: Is it possible to use the physics of a
weakly scattering random medium to improve on these methods of ionospheric calibration?
In this thesis we answer this question in theory and in practice.

The thesis is split into two parts. In the Chapter 1 we investigate diffuse synchrotron emis-
sion in a high redshift galaxy cluster. We use this investigation to gain a working experience
of radio interferometry, as well as to explore an interesting field in astronomy, i.e. the study
of the largest scale structure in the Universe. In Chapters 2 to 4 we then tackle the problem
of probabilistic calibration of the ionosphere using a physical model of weakly scattering
random media. The scope of the project is aimed at investigating ways to solve the problem
of the ionosphere for LOFAR, as a path finder for SKA.

In Chapter 2 we apply well-known physics of non-diffractive, or non-dispersive, phase
distortions to derive a probabilistic tomographic prior for the ionospheric distortions. The
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result is a mean and covariance function for a Gaussian process [Rasmussen and Williams,
2006b], with hyper parameters that encode information about the geometry of the ionosphere
including height, thickness, and spectral density. We show, using simulated ionospheres, that
the resulting Gaussian process surpasses all other common Gaussian processes in modelling
ionospheric distortions and is computationally feasible.

Following this, in Chapter 3, we devise a method that can apply this to real interferometric
data. Using DDFacet we acquire calibration data which we use as data in our model. There
are a number of challenges we face. Firstly, the calibrator data is low signal-to-noise. This
complicates extracting ionospheric information from them. We devise a variational hidden
Markov model [HMM; e.g. Rabiner and Juang, 1986] which provides a Bayesian estimate
of the distribution of the ionospheric distortions, which forms the input to our model. In
applying the method to real data we are forced to make several approximations to the model
for computational feasibility. Ultimately, we apply it to a single LOFAR observation and find
we are able to significantly reduce ionospheric artefacts.

Finally, in Chapter 4 we assess the feasibility of the method on the deep Lockman Hole
data set comprosing 12 8.5 hour LOFAR observations. We find that the method significantly
improves 10/12 data set, and that 2/12 data sets only show subtle improvements. In no
cases it the image quality degraded over the current state-of-the-art. We also jointly image
all 100 hours of the deep Lockman Hole data set and find that the improvements extend to
multi-epoch observations. In the process we uncover a modelling systematic, which we are
able to isolate and characterise. We find that there is a direction-dependent non-ionospheric
component that limits the resulting noise level around sources to a few times thermal noise.
We propose a correction to the method which shows, in principle, that we can account for it,
although we leave the extension of the method to a following paper.

Future directions

Given the success of the model at LOFAR-HBA frequencies, a natural extension is to apply it to
LOFAR-LBA. This likely comes with a number of challenges. For example, at lower frequencies
the number of suitable calibrators will be far fewer because sensitivity over appropriate time
scales will be much lower. In Chapter 2 we showed that the full tomographic version of the
model can handle LOFAR-LBA conditions. Therefore, a possible future avenue will be making
the full tomographic version computationally feasible to handle this sparse and noisy regime.

In this thesis we focus purely on the ionospheric modelling aspect, and do not attempt
to alter the way in which calibration and imaging occurs. However, the author recognises
the potential for new calibration and imaging techniques that implicitly account for the
ionosphere. Currently, there are no methods that take into account the spatial information
and physics of the ionosphere when inverting the visibilties. Furthermore, currently the
standard description of the ionosphere in radio astronomy excludes the amplitude infor-
mation of the ionosphere from the model. The model could be extended to incorporate a
model for amplitudes, however this would likely require modelling the ionosphere directly
on visibilities.

Another possible future direction has to do with the definition of the radio interferometry
measurement equation. The current definition [Hamaker et al., 1996] was formed in a time
prior to big-data, tomographic ionosphere corrections, and all development of the past two
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decades. Currently, the definition stems from the use of Jones algebra which means that
we choose additivity in phase space and that wave-fronts never distort. We therefore see
the visibilities as a convex sum of complex exponentials weighted by the celestial specific
intensity. There are a several side-effects of this including non-linearity of the visibility
model, and phase-wrapping of all propagation effects. However, if we were to take the Born
approximation, we would naturally gain linearity of the visibility model, which would make
least-squares calibration much more well-founded. This could have extensive implications
for calibrating the ionosphere phase and amplitude effects directly from visibilities.
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Chapter 1 Complex diffuse emission in PLCK G004.5-19.5

Complex diffuse emission in the z =0.52 cluster
PLCK G004.5-19.5
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AND G. BRUNETTI
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We present radio observations of the galaxy cluster PLCK G004.5-19.5 (z = 0.52) using the
Giant Metrewave Radio Telescope at 150 MHz, 325 MHz, and 610 MHz. We find an unusual
arrangement of diffuse radio emission in the center and periphery of the cluster, as well as
several radio galaxies with head-tail emission. A patch of peripheral emission resembles a
radio relic, and central emission resembles a radio halo. Reanalysis of archival XMM-Newton
X-ray data shows that PLCK G004.5-19.5 is disturbed, which has a known correlation with the
existence of radio relics and halos. Given that the number of known radio halos and radio
relics at z > 0.5 is very limited, PLCK G004.5-19.5 is an important addition to understanding
merger-related particle acceleration at higher redshifts.
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1.1 Introduction

Galaxy clusters are the most massive gravitationally bound structures in the Universe with
masses and volumes of the order of 10'4~1> M, and 100 Mpc®. Hierarchical mergers between
clusters at the intersections of the cosmic web, with relative velocities near 1000 kms™, can
release gravitational energy of the order of 10% erg. A fraction of this energy is dissipated
into shocks and turbulence, which in turn accelerate cosmic ray electrons (CRe) and hadrons
in the intracluster medium (ICM). The shock acceleration might occur via diffusive shock
acceleration [DSA; for a comprehensive review see Drury, 1983, Malkov and O’C Drury, 2001,
Kang and Ryu, 2013]. Turbulence can reaccelerate relativistic particles via second-order
Fermi mechanisms [for an updated review see Brunetti and Jones, 2014]. The relativistic CRe
give rise to synchrotron radiation in the presence of magnetic fields, which are typically of
the order of uG [Roettiger et al., 1999].

Emission tracing the shock fronts is referred to as radio relics, which are typically diffuse,
elongated, and polarised sources located near the cluster periphery. Central unpolarized,
diffuse radio sources are known as radio halos and likely result from turbulent acceleration.
Clusters hosting radio relics and halos have a disturbed morphology [Cassano et al., 2010b],
but not all merging clusters exhibit halos, suggesting that halos originate from a hierarchy of
complex mechanisms [Donnert et al., 2013, Brunetti, 2016].

The current catalogues of radio relics and halos are far from complete, mainly because of
the limited sensitivities of existing radio surveys. Nuza et al. [2012] performed an analysis of
MareNostrum, a high-resolution cosmological simulation, and modelled the abundance of
radio relics across redshift. By assuming a DSA efficiency, they estimate = 100(800) to be found
at 0.5 < z < 1 by the upcoming Tier-1 survey of LOFAR [van Haarlem et al., 2013] at 60 MHz
(120 MHz). Currently, there are only four relics observed beyond z = 0.5 (MACS J1149.54+2223
at z = 0.54 Bonafede et al., 2012; MACS J0717.5+3745 at z = 0.55 Bonafede et al., 2009,
van Weeren et al., 2009; El Gordo at z = 0.87 Lindner et al., 2014, Botteon et al., 2016 and
MACS J0025.4-1222 at z = 0.586 Riseley et al., 2017).

The number of observed halos beyond z = 0.5 has been limited by the sensitivity of
low-frequency radio observations. It is estimated that there are about 500-1000 radio halos
for z < 0.6 that should be found at 150 MHz by LOFAR Tier-1 Cassano et al. [2006]. This is
because inverse Compton (IC) losses (scaling with (1 + z)*) become more efficient than DSA
at higher redshifts [Cassano et al., 2006]. Thus IC losses are able to suppress high-energy CRe,
giving rise to an increasing fraction of radio halos with very steep spectra, which are only
bright at low frequencies [e.g. Brunetti et al., 2008].

One as yet unanswered question is how efficient DSA and turbulence are at electron
acceleration. In particular, it is unclear how the two mechanisms evolve over cosmic time,
and what their impact is on the underlying magnetic field. Furthermore, we eventually wish
to understand how shocks and turbulence affect host galaxies following a merger.

We present galaxy cluster PLCK G004.5-19.5, which lies at a redshift (z = 0.516) with few
known radio relics and halos; this makes it a tantalizing target to search for diffuse emission.
It was discovered by the Planck satellite through the Sunyaev-Zel'dovich (SZ) effect and
confirmed with X-ray observations [Planck Collaboration et al., 2011, 2014]. This cluster is
hot, 10.2+0.5 keV, and very massive, M5SO% =(10.4+£0.7) x 10* M,, and it hosts strong lensing
arcs [Sifén et al., 2014]. Initial follow-up studies in low-resolution low-frequency archival
data found that PLCK G004.5-19.5 hosted strong radio emission [Sifén et al., 2014]. However,
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since the radio sources were unresolved, the nature of the radio emission could not be solved.

In this paper we offer new high-resolution 150 MHz, 325 MHz, and 610 MHz observa-
tions of the cluster PLCK G004.5-19.5 using the Giant Metrewave Radio Telescope (GMRT),
and a reanalysis of XMM-Newton data for a morphology study of the X-ray emission. In
Section 1.2 we explain our reduction method and how we corrected XMM-Newton X-ray data
of PLCK G004.5-19.5 for background and vignetting. In Section 1.3 we analyse the X-ray and
radio emission.

In this work, we assume a flat ACDM cosmology with / =0.70, and Q,, = 0.30, which gives
an angular scale at z =0.516 of 6.2 kpc/”.

1.2 Observations and data reduction

1.2.1 GMRT observations of PLCK G004.5-19.5

We carried out a set of observations on PLCK G004.5-19.5 using the GMRT at 150 MHz,
325 MHz (PI: A. Stroe, Project: 27_051), and 610 MHz (PI: C. Sifén, Project: 25_036) with total
times on source of 445 min., 390 min., and 798 min. We performed 15 min. observations on
flux calibrators 3C 48 and 3C 286 at the start and end of the observation session, and 10 min.
interleaved observations of the nearby and bright phase calibrator J1924-292 that has a flat
spectrum amplitude [Healey et al., 2007].

We removed the initial radio frequency interference (RFI) of the obvious corrupt time
and frequency data by flagging by hand. We then used the source peeling and atmospheric
modelling pipeline [SPAM,; for a full description see Intema et al., 2009, Intema, 2014]. SPAM
performs antenna delay, bandpass, phase, and amplitude calibration, and then multiple
rounds of self-calibration and further flagging of bad data. It then iteratively subtracts all
sources except for bright calibrators, and calibrates direction dependently. It then spatially
fits a model to the direction-dependent calibration products and derives interpolated iono-
spheric corrections.

For our choice of initial sky model for self-calibration we used a bootstrap method. We
first used the 150 MHz model from the TIFR GMRT Sky Survey Alternative Data Release
(TGSSADR; Intema et al. [2016]) to start self-calibration for our 150 MHz observations, and
then used our deeper 150 MHz model as the initial model for our 325 MHz self-calibration,
likewise using the 325 MHz image for the 610 MHz initial sky model. The TGSSADR provides
an excellent starting model for self-calibration in this lower frequency range and is available
to the public!.

We performed multi-scale (multiscale = (0,4,8,32) pixels) multi-frequency deconvolu-
tion with CASA on the SPAM-calibrated products with a slightly uniform Briggs weighting
[robust=—0.3, Briggs, 1995] and four pixels per beam. We also corrected for a non-coplanar
array using w-projection [Cornwell et al., 2008]. The multi-scale clean avoids the issues
related to representing resolved diffuse emission with a sum of point-like sources, and this
choice of weighting balances beam uniformity in side lobes with beam resolution. The high-
est minimum baseline of the three frequencies is 120 A, corresponding to a highest sensitivity
scale of ~20".

lhttp://tgssadr.strw.leidenuniv.nl/
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(a) 150 MHz contours (red) and 610 MHz contours (b) 325 MHz contours (red) and 610 MHz contours
(blue). The 150 MHz beam is 43.3 7 x 18.9”, and (blue). The 325 MHz beam is 17.5” x 9.5 ”, and
610 MHzis7.2"” x4.9". 610 MHzis7.2"” x4.9"”.

Figure 1.1: Radio contour maps and corrected XMM-Newton EPIC image map. 150 MHz
and 325 MHz contours (red) overlaid on the 610 MHz contours (blue), with radio beams
in the bottom left corner. Contours are at (5,10, 20, 40, 80, 160)0 s levels. Thinner dashed
contours mark —50,,, (they are only noticeable for 150 MHz). Black crosses show GMOS
spectroscopic cluster members within the redshift range z =0.516 £0.015. Rsy, is shown by
the black circle.
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The background root-mean-squared noises for the individual radio maps (Figures 1.1a
and 1.1b), 0,5, were calculated as the standard deviation of the residual after Gaussian source
fitting and subtraction using Python Blob Detection and Source Measurement (PyBDSM)
v1.8. Our reduction yielded o s = 1.40 mJybeam™ at 150 MHz, 0", = 120 uJybeam™! at
325 MHz, and 0, = 90 uJy beam™! at 610 MHz. The resolutions of the maps are 43.3”x18.9”,
1757 x9.5”, and 7.2 ” x 4.9 7, respectively. We note that the side lobes from a nearby
bright source (S; 4 guz = 230 mJy from the NRAO VLA Sky Survey) cause a spatially varying
background noise in our target field.

1.2.2 XMM-Newton reduction

PLCK G004.5-19.5 was observed by XMM-Newton on 23 March, 2010 (ObsID: 0656201001),
for a total duration of 14.2 ks. We reduced the EPIC MOS 1, MOS 2, and pn data using the
XMM Science Analysis Software (SAS) v14. We ran the standard pipeline tasks emproc and
epproc for MOS and pn data, respectively. For each of the three detectors, we filtered the
data for solar flare events, following the same method as described in Mernier et al. [2015]. In
the 10-12 keV band of MOS and the 12-14 keV band of pn, we fitted count-rate histograms
binned in 100 s intervals with a Poissonian curve. We excluded all the time intervals in which
the count-rate lay above u +2,/i, where u is the mean of the Poissonian distribution. We
repeated the procedure for the 0.3-10 keV band in the three instruments with histograms
binned in 10 s intervals, since De Luca and Molendi [2004] reported that soft flare events
can also affect soft X-ray bands. As recommended by the calibration reports, we kept only
the highest quality events (f 1lag=0) for the three instruments. Only single events were are
allowed in pn (pattern=0), while we allowed single, double, triple, and quadruple events in
MOS (pattern<12).

We extracted the MOS 1, MOS 2, and pn images of PLCK G004.5-19.5 within four distinct
energy bands (0.3-2 keV, 2-4.5 keV, 4.5-7.5 keV, and 7.5-12 keV), and extracted similar “back-
ground” images, taken from stacked filter-wheel closed observations?. We scaled the average
count-rate of the “background” images to the average count-rate of the EPIC images within
10-12 keV, where negligible cluster emission is expected. The EPIC images in each band, and
for each instrument, were then subtracted from this instrumental background and corrected
for vignetting effects, after dividing them by their respective exposure maps generated using
eexpmap.

The background- and vignetting-corrected images were then combined into one full EPIC
image which can be seen in Figure 1.2.

1.2.3 Spectroscopic data

We complement our X-ray and radio analysis with spectroscopic measurements of galaxy
redshifts derived from two sets of observations. In addition to the six redshifts published by
Sifén et al. [2014], we retrieved spectroscopic observations performed with the Focal reducer
and low-dispersion spectrograph (FORS2) on the Very Large Telescope (VLT; Program ID:
090.A-0925(A), PI: H. Bohringer) as part of a spectroscopic follow-up of Planck z > 0.5 cluster
candidates. We reduced these data with the ESO REFLEX pipeline, which performs standard
reduction steps such as bias subtraction, flat-field correction and wavelength calibration

2 XMM-Newton SOC website (http://xmm.esac.esa.int).
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Figure 1.2: XMM-Newton EPIC (MOS+pn) background- and exposure-map corrected image
of PLCK G004.5-19.5 (0.3-12 keV). The point-spread function of the EPIC cameras is~6".
Overlaid are the extraction regions (wedges) and point-source masks (circles) used for the
radial profile measurement.

[Freudling et al., 2013]. We measured galaxy redshifts by cross-correlating the resulting spectra
with template galaxy spectra from the Sloan Digital Sky Survey using the RVSAO software
[Kurtz and Mink, 1998]. Combining there two data sets, we find 16 galaxies in the redshift
range 0.50-0.53 (corresponding to a range of 3,000 kms™!) that are isolated in redshift space
and have a velocity dispersion of ~ 1200 kms™'. The cluster redshift from the combined 16
galaxies is z,; =0.519.

1.3 Results and discussion

1.3.1 X-ray structure

Our processed EPIC image of PLCK G004.5-19.5 (Figure 1.2) suggests that the cluster is
disturbed. Assuming z =0.516, we find an offset ~ 100 kpc between the X-ray peak and the
X-ray centroid, estimated from a circular aperture of R,, = 500 kpc on the X-ray peak.

The degree of cluster disturbance can be provided in a more quantitative way, by estimat-
ing at least two morphological parameters [described in detail in Cassano et al., 2010b].

1. The centroid shift, w [Poole et al., 2006, Maughan et al., 2008], is estimated from fitting
2D B-profiles in a series of N circular apertures &£; R, (with 0.05 < &; <1) centred on
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Figure 1.3: Radial surface brightness profile of XMM-Newton EPIC background- and exposure-
map corrected image of PLCK G004.5-19.5 (0.3-12) keV in the NW and SE directions, centred
on the X-ray brightness peak.

the X-ray peak, and can be expressed as

N

1 1 ) 1/2
w=—x|—— A;—(A , 1.1
7 [N—1;( i—( >)] (L.D)
where A; — (A) is the difference between the X-ray peak and the centroid estimated
in the ith aperture. Although Cassano et al. [2010b] proceeded from 0.05R,;, to Ry,
in 5% steps, here the larger PSF of EPIC does not allow us to explore the image with
such precision. Therefore, here we chose larger aperture radii of 0.2R,,, 0.4Ryp, 0.6Ryp,
0.8R,p,, and R,,.

2. The concentration parameter, ¢ [Santos et al., 2008], is defined as the ratio of the peak

over the ambient surface brightness S:

_ §(r <100 kpc)

= . 1.2
¢ S(r <500 kpc) (1.2)

Based on our EPIC image, we find w =0.058 £0.007 and ¢ = 0.079 £ 0.004. Referring to
Figure 1a of Cassano et al. [2010b], it appears that PLCK G004.5-19.5 is situated within the
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lower-right quadrant where disturbed galaxy clusters are found that host radio halos. This
suggests that PLCK G004.5-19.5 is disturbed, although we note that PLCK G004.5-19.5 lies
further in redshift than all of the clusters used in the derivation of the relation.

We note a small nodule of previously unidentified X-ray emission to the south-east of
the main X-ray profile. A clustering of red elliptical galaxies, shown in Figure 1.5a, as well
as an associated spectroscopic member, suggests that this nodule is at the cluster redshift.
Assuming the nodule is purely thermal emission, with kT ranging from (3-10) keV, we find
unabsorbed luminosities in the (0.1-2.4) keV energy band, within a circular region of 31”
(192 kpc) and excluding a point-like source and main cluster X-ray emission?,

LMOS! =(6.7+1.4) x 10® ergs™"
LYO%2 =(5.8+1.3) x 10" ergs ™",

These luminosities are consistent with typical values for small galaxy groups and sub-
clusters [Reiprich and Bohringer, 2002]. Taking the same aperture, 31”, we calculate a main-
cluster luminosity of (9.2 +1.4) x 10** erg s~!. This is 14-16 times brighter than the luminosity
of south-eastern nodule.

In Figure 1.3 we show the radial X-ray (0.3-12) keV surface brightness profile of PLCK G004.5-
19.5 in the south-east and north-west, centred on the X-ray brightness peak (see the mask
in Figure 1.2). We see a significant uniform over-brightness in the south-east relative to
north-west. This supports that the ICM is disturbed. We also note an excess located 160 “to
the south-east that is associated with the X-ray nodule.

1.3.2 Radio emission

We are able to detect several diffuse and compact radio sources, which are labelled in bold in
Figures 1.1a and 1.1b. We performed Gaussian source extraction using PyBDSM v1.8.7 with
a detection threshold of 50 ,,. For point sources lacking a detection at one frequency, we
measured the flux within an aperture of one beam. For one resolved source, we measured the
flux within a common aperture, and we discuss this procedure below. The flux measurements
are given in Table 1.1, with nondetection measurements labelled accordingly.

We take the flux variance to be the sum of the measurement variance and a systematic
variance equal to 15% of the flux, that is, 05 = 02 A/Apeam +(0.155)?, where S, A, and Apeam
are the measured flux, source area, and beam area.

We modelled the flux with two parameters, the spectral index @ and S, 4 gy, according to

a

S(v)=814 GHZ(TE}I{Z) . (1.3)
We used the Metropolis-Hastings algorithm to sample the posterior distribution of the model.
This is a common straightforward way to sample from the posterior distribution of a model
given only knowledge of the a priori distribution and a method of computing the observables.
We report the resulting posterior model parameters and uncertainties in Table 1.1 with
Gaussian « and log-normal S, 4 giy,- The resulting model for each source with 1o bands is
shown in Figure 1.4.

3The south-east nodule falls between two CCD chips for the EPIC pn instrument, therefore we were unable to
calculate its luminosity.

31


http://adsabs.harvard.edu/abs/2002ApJ...567..716R

Chapter 1 Complex diffuse emission in PLCK G004.5-19.5

2 3
102 7— 10
3 Y model
- ~
> 10! - \\‘ -¢- data
£ E Seey, .
— \\\ L 102
% 1005 ’§“*
1 C1+2 NW1
1071 5 10!
= ~ 1
— \\\ E 10
Eq02{ "o ‘\\w
3 g
vt T - 10°
NW2 H
10* 4 1071
] * [
— \‘\\ \\\\ L 101
=] AN ~_
E 101 4 SN N - 10°
= ; " >
@ L 107
1 E X1
10° 4 1072
—_ 'S
> MR
€ i S
E 100 e ~- - 101
1 x2 S
100 T v A L . B T T Y T T T 100
147 322 608 1400147 322 608 1400
v [MHz] v [MHz]

Figure 1.4: The measured fluxes, S(v), for the sources with are in blue. The mean posterior
model fluxes are with orange dashed lines with 1o shaded intervals.
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Table 1.1: Integrated spectral fluxes, spectral index, and rest-frame P, 4 gy, with ACDM and z =0.516.

Source  Sisomu:  Ssasmiz Sei0 Mz a S1.4GHz P4 cHz Nature
(mJy) (mJy) (mJy) (mJy)  (10**W/Hz)

Cl+2  65+10 8+1  4.2+0.7° —1.9+04 0.673 0.6*0- lobes?
NW1 160+£30  62%9 46+7  —09+0.2  197] 133 relic?
NWw2 150+£20 75+10 47+7  —0.8+0.2 23*1 15*3 head-tail
H 10£2¢  4.0+0.7° 1.2+05° —1.2+04  0.7707 0.5707 halo?
E 55+10  22+3 8+1  —1.4+02 2477 2.0104 head-tail
X1 40+10 4.6+0.7 05+0.1* —3.1+£03 0.04730%  0.07*30 AGN?
X2 10+£2* 55+09 4.4+07 —05+02 2799 1.6%03 point?
S 30+£10  15+2 9+1  —0.8+0.2 4+2 3.0t 8 head-tail

2 Point-source, peak flux below detection limit 50,5, and aperture flux measurement.
b Both resolved at 610 MHz; S\ 11y, = 2.4+ 0.2 mJy and S&2 1, = 1.9£0.2 mJy.
¢ Resolved source, measurement within 17 ” circular aperture.

S'61-SF00D MOTd Ul uolssiua asnffip xojduio)
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We labelled three sources S, X1, and X2 near Rsy,. Source S has an extended radio mor-
phology that is indicative of a tailed radio galaxy, where the tail direction implies its projected
relative velocity with respect to the ICM [see for e.g. Miley et al., 1974]. The tail of source S
implies that it is moving away from the projected cluster centre. It has a spectral index of
—0.8+0.2, which is in line with a radio lobe.

Sources X1 and X2 are situated above the X-ray nodule of the SE sub-cluster, and they have
quite differing spectral indices of —3.1 £0.3 and —0.5+ 0.2, respectively. Figure 1.5a shows
the optical region around the sources. Red elliptical galaxies cluster strongly around source
X1. This suggests that X1 is associated with one of the giant red elliptical galaxies that make
up the sub-cluster, and its steep spectral index suggests that it might be a merger-reactivated
AGN.

To the east of the main cluster we have labelled an extended source, E, which has a tailed
morphology similar to source S, and also a spectroscopically confirmed cluster member
source near the radio surface brightness peak. The spectral index of source E is —1.4+0.2,
which suggests that there is some significant electron ageing. This suggests that there might
be some merger-induced reacceleration of aged electrons from a previous era of activity, or
alternatively, some flux contamination from the central cluster region. The orientation of the
tail implies that source E is moving towards the projected centre of the main cluster.

Two compact sources, labelled C1 and C2, are located between source E and the cluster
centre. At 610 MHz, both patches are resolved and have similar fluxes of 2.4 £0.2 mJy and
1.9 £ 0.2 mJy, respectively. However, they are unresolved at 150 MHz and 325 MHz. We
therefore calculated the integrated spectral index of the sum of the two sources (in Table 1.1 as
C1+2), and found it to be very steep, —1.940.4. There are spectroscopic cluster members near
the two brightness peaks of C1 and C2, although it is unclear whether they are counterparts,
as there is are also galaxies between C1 and C2 that are not confirmed as cluster members.
The steep spectral index supports that C1 and C2 are lobes of a galaxy.

To the north-west of the main cluster are two extended sources labelled NW1 and NW2.
Figure 1.5b shows a zoom of this region with 610 MHz contours over the Gemini gri-colour
image.

Source NW2 has an orientation perpendicular to the X-ray profile, with the largest linear
scale (LLS) of 40” (250 kpc). Its southernmost 610 MHz contour is 62”7 (380 kpc) away from the
brightest cluster galaxy (BCG; 19h17m05.09s, —33d3120.9”). There is a slight brightening
at the southern tip and a nearby spectroscopically confirmed cluster member (a giant red
elliptical galaxy, shown by the cyan circle in Figure 1.5b). The integrated spectral index of
NW2is —0.8+0.2.

Source NW1 is oriented along the tangent of the X-ray profile, with LLS of 44” (270 kpc).
Its nearest 610 MHz contour is 28” (170 kpc) from the BCG. The surface brightness along
its length is uniform, with little variation compared to the brightness of source NW2. The
integrated spectral index is —0.9+0.2.

In the central region, at 150 MHz and 325 MHz, there is a diffuse bridge of radio emission
between the north-western and eastern parts of the cluster, which we have labelled H because
its central location and extended morphology suggest that it is a radio halo. This source is
noticeably extended in a region containing other compact sources (C1 and C2), therefore we
did not use Gaussian source extraction to measure fluxes for H. After fitting all other sources
with Gaussians and subtracting them from the field we took the flux within a 17” circular
aperture.
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Figure 1.5: Gemini gri-colour image with contours at (5, 10,20, 40, 80, 160)0 ,,,s, and GMOS
spectroscopic sources as cyan circles. X-ray contours are white.

We chose this aperture for two reasons. The first is that we required the aperture to fit
completely within the region between C14-2 and NW1 to avoid flux contamination. In the
150 MHz map, the angular separation between C1+2 and NW1 is approximately 23”because
of the lower resolution. At 325 MHz the separation is approximately 45”. The second reason
is that we wish to have at least one beam of collecting area at all frequencies. The aperture
area is 900 arcsec?, which is equivalent to 1 beam at 150 MHz, 5 beams at 325 MHz, and 23
beams at 610 MHz. These criteria fixed the circular aperture size to 17”. The spectral index
of this extended source is measured to be —1.2+0.4.

1.3.3 Nature of the diffuse emission

In this disturbed galaxy cluster, the extended morphology and tangential orientation of source
NWI1 is in line with a radio relic tracing a shock front, and its spectral index is consistent
with recently accelerated electrons. The X-ray data exposure time, 14.2 ks, is too short to
detect a counterpart temperature jump, and there are no polarisation data. The projected
distance of NW1 from the BCG is relatively small for a radio relic [Vazza et al., 2012], since
shock structure is typically found farther out in the cluster periphery. A possible explanation
is that we are viewing this system from a partially head-on perspective. In addition to the
creation of relics and halos, shocks in the ICM can revive fossil radio plasma from a previous
episode of activity [Enflin and Gopal-Krishna, 2001] which can have filamentary structure.
On the other hand, we might expect the spectra of NW1 to be steeper if this were the case
[see e.g. sources in van Weeren et al., 2011].

Source NW2 has a morphology similar to sources E and S, with a tail direction implying it
is an infalling cluster member. The spectroscopic cluster member could be related to the
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slight brightening in the southern tip of NW2. We remark that the red elliptical galaxy at the
northern tip of NW?2 is likely also a cluster member that might likewise contribute to the
extended emission.

The diffuse source H is consistent with a radio halo, in line with the evidence that these
sources are found in dynamically disturbed systems. Current data suggest that the halo has a
spectrum of —1.2 £0.4, although higher sensitivity observations are required to derive better
constraints. Measuring halo spectra at this redshift is very important since at z > 0.5 IC losses
are expected to dominate. Simple modelling predicts that only one-third of very massive
~1—2 x 10'® M, merging systems at redshift ~ 0.5 (such as PLCK G004.5-19.5) are predicted
to have spectra flatter than @ =—1.5, with the majority of cases generating halos with much
steeper spectra [Cassano et al., 2010a].

Radio halos can also, if less frequently, have filamentary structure [e.g. Govoni et al., 2005].
Since NW1 has a rather small projected distance on the sky from the BCG, and since we have
no polarisation data and not enough data for an X-ray shock, we cannot rule out that NW1
is part of the radio halo that has survived IC losses. However, we rate this as unlikely since
we expect IC losses, which scale as (1 + z)*, to heavily diminish the flux at high frequencies,
which leads to the USS halo nature. The brightness of NW1 at 610 MHz indeed seems to
argue against this. Furthermore, Sif6n et al. [2014] found very bright emission in the region
of NW1 in archival 1.4 GHz NVSS. Given that PLCK G004.5-195 is at a mean redshift of 0.516,
we would not expect remnant halo flux to be bright at higher frequencies.

1.4 Conclusion

We have performed high-resolution 610 MHz, 325 MHz, and 150 MHz observations of the
cluster PLCK G004.5-19.5 with the GMRT. We found a complex arrangement of central and
peripheral diffuse emission, as well as several head-tail galaxies.

We reprocessed archival XMM-Newton data and found morphological parameters that
imply that PLCK G004.5-19.5 is a disturbed system [Cassano et al., 2010b]. Furthermore, a
previously unidentified south-eastern sub-cluster is observed with X-ray unabsorbed lumi-
nosity (6.7 + 1.4) x 103 ergs™!, approximately a factor 14-16 lower than the luminosity of
them main cluster in the same aperture.

Most remarkably, we found a partially face-on radio relic (NW1) and centrally located
radio halo (H) with spectral index (—1.2+0.4). Our interpretation of this finding favours
the dynamically young state suggested by the X-ray morphology parameters, as well as the
morphology of the radio emission.

PLCK G004.5-19.5 is the fifth cluster beyond z = 0.5 known to host a radio relic, and it is
one of the few known instances of a (z > 0.5) radio halo.
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A probabilistic approach to direction-dependent ionospheric
calibration
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Calibrating for direction-dependent ionospheric distortions in visibility data is one of the
main technical challenges that must be overcome to advance low-frequency radio astronomy.
In this paper, we propose a novel probabilistic, tomographic approach that utilises Gaussian
processes to calibrate direction-dependent ionospheric phase distortions in low-frequency
interferometric data. We suggest that the ionospheric free electron density can be modelled
to good approximation by a Gaussian process restricted to a thick single layer, and show
that under this assumption the differential total electron content must also be a Gaussian
process. We perform a comparison with a number of other widely successful Gaussian
processes on simulated differential total electron contents over a wide range of experimental
conditions, and find that, in all experimental conditions, our model is better able to represent
observed data and generalise to unseen data. The mean equivalent source shift imposed by
our predictive errors are half as large as those of the best competitor model. We find that it
is possible to partially constrain the hyperparameters of the ionosphere from sparse-and-
noisy observed data. Our model provides an alternative explanation for observed phase
structure functions deviating from Kolmogorov’s five-thirds turbulence, turnover at high
baselines, and diffractive scale anisotropy. We show that our model performs tomography
of the free electron density both implicitly and cheaply. Moreover, we find that even a fast,
low-resolution approximation of our model yields better results than the best alternative
Gaussian process, implying that the geometric coupling between directions and antennae is
a powerful prior that should not be ignored.
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Ifwe know that our individual errors and fluctuations follow
the magic bell-shaped curve exactly then the resulting
estimates are known to have almost all the nice properties that
people have been able to think of.

JOHN W. TUKEY, 1965

2.1 Introduction

Since the dawn of low-frequency radio astronomy, the ionosphere has been a confounding
factor in the interpretation of radio data. This is because the ionosphere has a spatially
and temporally varying refractive index, which perturbs the radio-frequency radiation that
passes through it. This effect becomes more severe at lower frequencies; see [e.g. de Gasperin
et al., 2018]. The functional relation between the sky brightness distribution - the image
— and interferometric observables — the visibilities — is given by the radio interferometry
measurement equation [RIME; Hamaker et al., 1996], which models the propagation of
radiation along geodesics from source to observer as an ordered set of linear transformations
[Jones, 1941].

A mild ionosphere will act as a weak-scattering layer resulting in a perturbed inferred
sky brightness distribution, analogous to the phenomenon of seeing in optical astronomy
[Wolf, 1969]. Furthermore, the perturbation of a geodesic coming from a bright source will
deteriorate the image quality far more than geodesics coming from faint sources. Therefore,
the image-domain effects of the ionosphere can be dependent on the distribution of bright
sources on the celestial sphere, that is they can be heteroscedastic. This severely impacts
experiments which require sensitivity to faint structures in radio images. Such studies include
the search for the epoch of reionisation [e.g. Patil et al., 2017], probes of the morphology
of extended galaxy clusters [e.g. van Weeren et al., 2019], efforts to detect the synchrotron
cosmic web [e.g. Vernstrom et al., 2017], and analyses of weak gravitational lensing in the radio
domain [e.g. Harrison et al., 2016]. Importantly, these studies were among the motivations
for building the next generation of low-frequency radio telescopes like the Low Frequency
Array (LOFAR), Murchison Widefield Array (MWA), and the future Square Kilometre Array
(SKA). Therefore, it is of great relevance to properly calibrate the ionosphere.

Efforts to calibrate interferometric visibilities have evolved over the years from single-
direction, narrow-band, narrow-field-of-view techniques [Cohen, 1973], to more advanced
multi-directional, wide-band, wide-field methods [e.g. Kazemi et al., 2011, van Weeren et al.,
2016, Tasse et al., 2018]. The principle underlying these calibration schemes is that if you
start with a rough initial model of the true sky brightness distribution, then you can calibrate
against this model and generate an improved sky brightness model. One can then repeat this
process for iterative improvement. Among the direction-dependent calibration techniques
the most relevant for this paper is facet-based calibration, which applies the single-direction
method to piece-wise independent patches of sky called facets. This scheme is possible
if there are enough compact bright sources — calibrators — and if sufficient computational
resources are available. Ultimately, there are a finite number of calibrators in a field of view
and additional techniques must be considered to calibrate all the geodesics involved in the
RIME. We note that there are other schemes for ionosphere calibration that do not apply the
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facet-based approach, such as image domain warping [Hurley-Walker et al., 2017].

There are two different approaches for calibrating all geodesics involved in the RIME.
The first approach is to model the interferometric visibilities from first principles and then
solve the joint calibration-and-imaging inversion problem. This perspective is the most
fundamental; however, applications [e.g. Bouman et al., 2016] of this type are very rare and
often restricted to small data volumes due to exploding computational complexity. However,
we argue that investing research capital — in small teams to minimize risk — could be fruitful
and disrupt the status quo [Wu et al., 2019]. The second approach is to treat the piece-
wise independent calibration solutions as data and predict calibration solutions for missing
geodesics [e.g. Intema et al., 2009, van Weeren et al., 2016, Tasse et al., 2018]. In this paper,
we consider an inference problem of the second kind.

In order to perform inference for the calibration along missing geodesics, a prior must
be placed on the model. One often-used prior is that the Jones operators are constant over
some solution interval. For example, in facet-based calibration the implicit prior is that two
geodesics passing through the same facet and originating from the same antenna have the
same calibration — which can be thought of a nearest-neighbour interpolation. One often-
neglected prior is the 3D correlation structure of the refractive index of the ionosphere. An
intuitive motivation for considering this type of prior is as follows: The ionosphere has some
intrinsic 3D correlation structure, and since cosmic radio emission propagates as spatially
coherent waves. It follows that the correlation structure of the ionosphere should be present
in ground-based measurements of the electric field correlation - the visibilities. The scope of
this paper is therefore to build the mathematical prior corresponding to the above intuition.

We arrange this paper by first reviewing some properties of the ionosphere and its re-
lation to interferometric visibilities via differential total electron content in Section 2.2. In
Section 2.3, we then introduce a flexible model for the free electron density based on a Gaus-
sian process restricted to a layer. We derive the general relation between the probability
measure for free electron density and differential total electron content, and use this to form
a strong prior for differential total electron content along missing geodesics. In Section 2.4 we
describe a numerical experiment wherein we test our model against other widely successful
Gaussian-process models readily available in the literature. In Section 2.5 we show that our
prior outperforms the other widely successful priors in all noise regimes and levels of data
sparsity. Furthermore, we show that we are able to hierarchically learn the prior from data.
In Section 2.6 we provide a justification for the assumptions of the model, and show the
equivalence with tomographic inference.

2.2 lonospheric effects on interferometric visibilities

The telluric ionosphere is formed by the geomagnetic field and a turbulent low-density
plasma of various ion species, with bulk flows driven by extreme ultraviolet solar radiation
[Kivelson and Russell, 1995]. Spatial irregularities in the free electron density (FED) n, and
magnetic field B of the ionosphere give rise to a variable refractive index n, described by the
Appleton-Hartree equation [Cargill, 2007] — here given in a Taylor series expansion to order
o)

o T TP Y04, (050 o
212 213 814
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241/2
Here v,(x)= ( fggg";) is the plasma frequency, vy (x) = gg‘)j is the gyro frequency, v is the

frequency of radiation, g is the elementary charge, €, is the vacuum permittivity, and m
is the effective electron mass. This form of the Appleton-Hartree equation assumes that
the ionospheric plasma is cold and collisionless, that the magnetic field is parallel to the
radiation wavevector, and that v > max{v,, vy}. The plus symbol corresponds to the left-
handed circularly polarised mode of propagation, and the minus symbol corresponds to the
right-handed equivalent. Going forward, we will only consider up to second-order effects,
and therefore neglect all effects of polarisation in forthcoming analyses.

In the regime where refractive index variation over one wavelength is small, we can
ignore diffraction and interference, or equivalently think about wave propagation as ray
propagation [e.g. Koopmans, 2010]. This approximation is known as the Jeffreys-Wentzel-
Kramers-Brillouin approximation [Jeffreys, 1925], which is equivalent to treating this as a
scattering problem, and assuming that the scattered wave amplitude is much smaller than
the incident wave amplitude - the weak scattering limit [e.g. Yeh, 1962, Wolf, 1969]. Light
passing through a varying refractive index »n will accumulate a wavefront phase proportional
to the path length of the geodesic traversed. Let %}: be a functional of n, so that the geodesic

%f[n] :[0, 00) — R3 maps from some parameter s to points along it. The geodesic connects
an Earth-based spatial location x to a direction on the celestial sphere, indicated by unit
vector k. The accumulated wavefront phase along the path is then given by

¢}}=2%’ n(%4n)s))~1ds, 2.2)

0

where c is the speed oflight in vacuo. Hamilton’s principle of least-action states that geodesics
are defined by paths that extremise the total variation of Eq. 2.2.

By substituting Eq. 2.1 into Eq. 2.2, and by considering terms up to second order in v~
only, we find that the phase deviation induced by the ionosphere is proportional to the

integral of the FED along the geodesic, ¢§ Nk

4megmey U x’

1

where,

iéfoo n. (Z¥[n)(s)) ds. 2.3)
0

Equation 2.3 defines the total electron content (TEC).

In radio interferometry, the RIME states that the visibilities, being a measure of coherence,
are insensitive to unitary transformations of the electric field associated with an electro-
magnetic wave. Thus, the phase deviation associated with a geodesic is a relative quantity,
usually referenced to the phase deviation from another fixed parallel geodesic - the origin
of which is called the reference antenna. Going forward we use Latin subscripts to spec-
ify geodesics with origins at an antenna location; for example %?[n] is used as shorthand
for O/'Z}'{‘[ [n]. Correspondingly, we introduce the notion of differential total electron content
(ATEQ),

2 gk _ gk (2.4)
which is the TEC of %?[n] relative to %;T‘[n].
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2.3 Probabilistic relation between FED and ATEC: Gaussian
process layer model

In this section we derive the probability distribution of ATEC given a specific probability
distribution for FED. It helps to first introduce the concept of the ray integral (RI) and the
corresponding differenced ray integral (DRI). The Rl is defined by the linear operator Gif‘ V-
R mapping from the space of all scalar-valued functions over R3 to a scalar value according
to,

Gkr 2 f k[n] )) ds, (2.5)

where f € ¥V = {g | fw g¥x)dx< oo} Thus, an RI simply integrates a scalar field along a
geodesic. The DRI A';‘j : ¥ — R for a scalar field f is straightforwardly defined by

Ak f2(GF-GN)f. 2.6)

Both the RI and DRI are linear operators in the usual sense. Using Egs. 2.3 up to 2.6, we see
that
T = Af e 2.7)
Let us now specify that the FED is a Gaussian process (GP) restricted to (and indexed by)
the set of spatial locations = {x€R® | (x—xy)-2 €[a—b/2,a + b/2]}. This defines a layer
of thickness b at height a above some reference point x, (see Figure 2.1). Within this layer
the FED is realised from,

ne ~ N[, K], 2.8)

where u : & — R, is the mean function, and K : & x 2 — R is the covariance kernel function.
In other words, the ionospheric FED is regarded to be a uncountable infinite set of random
variables (RVs) indexed by spatial locations in &, such that for any finite subset of such
locations the corresponding FEDs have a multivariate normal distribution.

In order to extend the scalar field 7, to all of R3, so that we may apply the operator in
Eq. 2.6 to FED, we impose that for all x € R®\ & : n,(x) = 0. This simply means that we
take electron density to be zero outside the layer, and makes Gif‘ well-defined. To further
simplify the model, we assume that the mean FED in the layer is constant; that is, for all
XeX : u(x)=r1i,

One immediate question that arises pertains to the reasoning behind using a GP to model
the FED in the ionosphere. Currently, there is no adequate probabilistic description of the
ionosphere that is valid for all times and at the spatial scales that we require. The state-of-
the-art characterisation of the ionosphere at the latitude and scales we are concerned with
are measurements of the phase structure function, a second-order statistic [Mevius et al.,
2016]. It is well known that second-order statistics alone do not determine a distribution.
In general, all moments are required to characterise a distribution, with a determinancy
criterion known as Carleman’s condition. Furthermore, the ionosphere is highly dynamic and
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ESXZ'

Figure 2.1: Geometry of the toy model. The ionosphere is a layer of thickness b at height a
above a reference location x,. In general, ATEC is the TEC along one geodesic minus the
TEC along another parallel geodesic. Usually, these geodesics are originating at antennae i
and j (locations x; and x;), and pointing in directions k; and k,, respectively. One common
choice is to have a fixed reference antenna for all ATEC measurements. The corresponding
zenith angles are ¢; and ¢».

displays a multitude of behaviours. Jordan et al. [2017] observed four distinct behaviours of
the ionosphere above the MWA. It is likely that there are innumerable states of the ionosphere.

Due to the above issue, it is not our intent to precisely model the ionosphere. We rather
seek to describe it with a flexible and powerful probabilistic framework. Gaussian processes
have several attractive properties, such as the fact that they are highly expressive, easy to inter-
pret, and (in some cases) allow closed-form analytic integration over hypotheses [Rasmussen
and Williams, 2006a].

However, a Gaussian distribution assigns a non-zero probability density to negative values,
which is unphysical. One might instead consider the FED to be a log-GP, n, (x) = 71, exp p (x),
where the dimensionless quantity p (x) is a Gaussian process. In the limit p (x) — 0, we
recover that 7, is itself a GP. This is equivalent to saying that the o, /7, < 1. As explained in
Section 2.4, we determine estimates of o,,, and 72, by fitting our models to actual observed
calibrator data, the International Reference Ionosphere (IRI), and observations taken from
Kivelson and Russell [1995]. This places the ratio at o, /7, < 0.06, suggesting that if the
FED can be accurately described with a log-GP, then to good approximation it can also be
described with a GP.

We now impose that the geodesics are straight rays, a simplification valid in the weak-
scattering limit considered here. The geodesics therefore become 92;‘ [n](s) =x+sk. In
practice, strong scattering due to small-scale refractive index variations in the ionosphere
is negligible at frequencies far above the plasma frequency when the ionosphere is well-
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behaved, which is about 90% of the time [Vedantham and Koopmans, 2015]. For frequencies

< 50 MHz however, this simplification becomes problematic. Under the straight-ray assump-

tion, Equation 2.7 becomes

Tlf.zf ne(xi+sl})ds—f n.(x;+s'k)ds’. (2.9)
sf" s]f’

Here, the integration limits come from the extension of the FED to spatial locations outside

the index-set 2, and are given by

s}*z(aig—(xi—xo)-i)secqb, (2.10)

where sec ¢ = (k- 2)~! denotes the secant of the zenith angle. It is convenient to colocate the
reference point x, with one of the antenna locations, and then to also specify this antenna as
the reference antenna, i.e. the origin of all reference geodesics. When this choice is made,
ATEC becomes TE‘O.

Equation 2.7 shows directly that if 7, is a GP, then so is ATEC. This can be understood by
viewing the RI as the limit of a Riemann sum. We reiterate that every univariate marginal of a
multivariate Gaussian is also Gaussian, and that every finite linear combination of Gaussian
RVs is again Gaussian. Taking the Riemann sum to the infinitesimal limit preserves this
property. Since the DRI is a linear combination of two RIs, the result follows [e.g. Jidling et al.,
2018].

The index-set for the ATEC GP is the product space of all possible antenna locations and
vectors on the unit 2-sphere, & = {(x, k)|xeR3 ke SZ}. This is analogous to saying that the
coordinates of the ATEC GP are a tuple of antenna location and calibration direction. Thus,
given any y = (x, k) €., the ATEC is denoted by 7k . Because ATEC is a G, its distribution
is completely specified by its first two moments.

Since we assume a flat layer geometry, the intersections of two parallel rays with the
ionosphere layer have equal lengths of b sec ¢. This results in the mean TEC of two parallel
rays being equal, and thus the first moment of ATEC is,

marec(y) =0, (2.11)

where y = (x;, k) € . It is important to note that this is not a trivial result. Indeed, a more
realistic but slightly more complicated ionosphere layer model would assume the layer
follows the curvature of the Earth. In this case, the intersections of two parallel rays with the
ionosphere layer have unequal lengths, and the first moment of ATEC would depend on the
layer geometry and 7i,.

We now derive the second central moment between two ATEC along two different
geodesics, as visualised in Figure 2.1.

Karec(yy) =E[ 7% 7] 2.12)
=E[(GFn. — Gy, \GF n.— Gy n,)) (2.13)
_ RR/ lA(lA(/ IACIA(/ l‘d*(/
=1 4 % [ -, 2.14)
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wherey=(x;, k)€ & andy’:(xj,fc’)ey and,

Il.';.‘“zf f K (x; + sk, x; +s'k’) dsds’. (2.15)
sk Jsko

We now see that the GP for ATEC is zero-mean with a kernel that depends on the kernel of the
FED and layer geometry. The layer geometry of the ionosphere enters through the integration
limits of Eq. 2.15. Most notably, the physical kernel is non-stationary even if the FED kernel
is. Non-stationarity means that the ATEC model is not statistically homogeneous, a fact that
is well known since antennae near the reference antenna typically have small ionospheric
phase corrections. We henceforth refer to Eq. 2.14 as the physical kernel, or our kernel.

Related work. Modelling the ionosphere with a layer has been used in the past. Yeh [1962]
performed analysis of transverse spatial covariances of wavefronts [e.g. Wilcox, 1962, Keller
et al., 1964] passing through the ionosphere. Their layer model was motivated by the obser-
vation of scintillation of radio waves from satellites [Yeh and Swenson, 1959]. One of their
results is a simplified variance function, which can be related to the phase structure functions
in Section 2.6.4. In van der Tol [2009], a theoretical treatment of ionospheric calibration
using a layered ionosphere with Kolmogorov turbulence is done. More recently, Arora et al.
[2016] attempted to model a variable-height ionosphere layer above the MWA using GPS
measurements for the purpose of modelling a TEC gradient; however unfortunately they
concluded that the GPS station array of the MWA is not dense enough to constrain their
model.

2.4 Method

In order to investigate the efficacy of the physical kernel for the purpose of modelling ATEC
we devise a simulation-based experiment. Firstly, we define several observational setups
covering a range of calibration pierce-point sparsity and calibration signal-to-noise ratios. A
high signal-to-noise-ratio calibration corresponds to better determination of ATEC from
gains in a real calibration program. Secondly, we characterise two ionosphere varieties as
introduced in Section 2.3. Each ionosphere variety is defined by its layer height and thickness,
and GP parameters. For each pair of observational setup and ionosphere variety we realise
FED along each geodesic and numerically evaluate Eq. 2.7 thereby producing ATEC. We then
add an amount of white noise to ATEC which mimics the uncertainty in a real calibration
program with a given calibration signal-to-noise ratio. Finally, we compare the performance
of our kernel against several other common kernels used in machine learning on the problem
of Gaussian process regression, known as Kriging. In order to do this, we generate ATEC
for extra geodesics and place them in a held-out dataset. This held-out dataset is used for
validation of the predictive performance to new geodesics given the observed ATEC. We
refer to the other kernels, which we compare our kernel to, as the competitor kernels, and
the models that they induce, as the competitor models.
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Table 2.1: Summary of the parameters of the simulated ionospheres.

Variety a(km) b (km) Kpgp 0, (m=%) HPD (km)
dawn 250 100 M32 6-10° 15
dusk 350 200 EQ 3-10° 15

2.4.1 Datageneration

For all simulations, we have chosen the core and remote station configuration of LOFAR [van
Haarlem et al., 2013], which is a state-of-the-art low-frequency radio array centred in the
Netherlands and spread across Europe. The core and remote stations of LOFAR are located
within the Netherlands with maximal baselines of 70 km, and we term this array the Dutch
LOFAR configuration. We thinned out the array such that no antenna is within 150 m of
another. We made this cutoff to reduce the data size because nearby antennae add little new
information and inevitably raise computational cost. For example, antennae like CS001HBAO
and CS001HBAL1 are so close that their joint inclusion was considered redundant.

We consider several different experimental conditions, with a particular choice denoted
by 1, under which we compare our model to competitors. We consider five levels of pierce-
point sparsity: {10,20,30,40,50} directions per field of view (12.6 deg®). For a given choice
of pierce-point sparsity we place twice as many directions along a Fibonacci spiral — scaled
to be contained within the field of view — and randomly select half of the points to be in the
observed dataset and the other half to be in the held-out dataset. The Fibonacci spiral is
slightly overdense in the centre of the field of view, which mimics selecting bright calibrators
from a primary-beam uncorrected radio source model. We consider a range of calibration
signal-to-noise ratios, which correspond to Gaussian uncertainties of ATEC that would be
inferred from antenna-based gains in a real calibration program. We therefore consider 11
uncertainty levels on a logarithmic scale from 0.1 to 10 mTECU. A typical state-of-the-art
Dutch LOFAR-HBA (high-band antennae) direction-dependent calibration is able to produce
on the order of 30 calibration directions [Shimwell et al., 2019], based on the number of
bright sources in the field of view, and produce ATEC with an uncertainty of approximately
1 mTECU; these levels of sparsity and noise probe above and below nominal LOFAR-HBA
observing conditions.

We define an ionosphere variety as an ionosphere layer model with a particular choice
of height a, thickness b, mean electron density 71,, and FED kernel Kyrp with associated
hyperparameters, namely length-scale and variance. As mentioned in Section 2.3, due to the
innumerable states of the ionosphere our intent is not to exactly simulate the ionosphere,
but rather to derive a flexible model. Therefore, to illustrate the flexibility of our model, we
have chosen to experiment with two very different ionosphere varieties which we designate
the dawn and dusk ionosphere varieties. These ionosphere varieties are summarised in
Table 2.1. In Section 2.6.4 we show that these ionosphere varieties predict phase structure
functions which are indistinguishable from real observations. In order to select the layer
height and thickness parameters for the dawn and dusk varieties we took height profiles from
the International Reference Ionosphere [IR]; Bilitza and Reinisch, 2008] model.

In order to choose the FED GP kernels and hyperparameters we note that it has been
suggested that scintillation is more pronounced during mornings, due to increased FED
variation [e.g. Spoelstra, 1983]; therefore we chose a rough FED kernel for our dawn simulation.
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Roughness corresponds to how much spectral power is placed on the shorter length-scales,
and also relates to how differentiable realisations from the process are; e.g. see Figure 2.2.
For the dawn ionosphere we choose the Matérn-3/2 (M32) kernel,

3 —+/3
Kyso(x,X) =02 1+£|X—X/| exp —f|x—x/| , (2.16)
e sz VeSS

which produces realisations that are only once differentiable and therefore rough. For the
dusk ionosphere we choose the exponentiated quadratic (EQ) kernel,

—IX—X’IZ]
-~ M

2.17
0, (217)

Kio(x,x)=0? exp [

which produces realisations that are infinitely differentiable and smooth.

Both kernels have two hyperparameters, variance o2 and length-scale /. In order to
estimate the FED variation, o, we used observations from Kivelson and Russell [1995] that
TEC measurements are typically on the order of 10 TECU, with variations of about 0.1 TECU.
Following the observation that the dawn typically exhibits more scintillation we choose a
twice higher o, for our dawn simulation. In addition to the length-scale we consider the
half-peak distance (HPD) &, which corresponds to the distance at which the kernel reaches
half of its maximum. This parameter has a consistent meaning across all monotonically
decreasing isotropic kernels, whereas the meaning of / depends on the kernel. It is related
to h by h ~ 1.177I for the EQ and h ~ 0.9691y5, for the M32 kernel. The length-scales
were chosen by simulating a set of ionospheres with different length-scales and choosing
the length-scale that resulted in ATEC screens that are visually similar to typical Dutch
LOFAR-HBA calibration data. For a given ionosphere variety, we numerically integrate the
FED realised from the corresponding GP along the rays in order to compute TEC. From TEC
we compute DTEC by taking the difference with the reference antenna TEC. We note that
this requires a much higher relative precision in the absolute TEC calculations, since TEC is
typically two orders of magnitude large than DTEC. Due to computational limits, we only
realise one simulation per experimental condition - that is, we do not average over multiple
realisations per experimental condition — however given the large number of experimental
conditions there is enough variation to robustly perform a comparative analysis.

2.4.2 Competitor models

For the comparison with competitor models, we compare the physical kernel with: exponen-
tial quadratic (EQ), Matérn-5/2 (M52), Matérn-3/2 (M32), and Matérn-1/2 (M12) [Rasmussen
and Williams, 2006a]. The EQ and M32 kernels have already been introduced as FED kernels.
The M52 and M12 are very similar except for having different roughness properties. Each of
these kernels results in a model that spatially smooths — and therefore interpolates — the ob-
served data, but involves a different assumption on the underlying roughness of the function.
In order to use these kernels to model ATEC, we give each subspace of .# its own kernel
and take the product. For example, if K is the competitor kernel type, and (x, k), (X, ke,
then we form the kernel Kq((x, k), (X, k")) = Kl (x, x’)Ké(k, k’) thereby giving each subspace
of the index set, ., its own kernel with associated hyperparameters.
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Y

Figure 2.2: Example realisations from exponential quadratic, Matérn-5/2, Matérn-3/2, and
Matérn-1/2 kernels. The same HPD was used in all kernels, however the smoothness of the
resulting process realisation is different for each.

Figure 2.3 shows each kernel profile with

LOR FED kernel choice the same HPD and Figure 2.2 shows exam-
—— Exponentiated Quadratic . .

Matérn 3 plerealisations from the same kernels. It can

Matérn 2 be visually verified that the M32 kernel has

—— Matérn more small-scale variation than the EQ ker-

nel, while maintaining similar large-scale
correlation features.

We note that evaluation of the physi-
cal kernel requires that a double integral
be performed, which can be done in sev-

0.0 eral ways [e.g. Hendriks et al., 2018]. In

0 1 2 3 our experiments we tried both explicit adap-
distance (HPD) tive step-size Runge-Katta quadrature, and
two-dimensional trapezoid quadrature. We
Figure 2.3: Shape of several kernels as a func- found via experimentation that we could
tion of separation in units of the HPD of the simply use the trapezoid quadrature with
kernel. each abscissa partitioned into four equal in-
tervals without loss of effectiveness. How-

ever, we chose to use seven partitions. We discuss this choice in Section 2.6.5.

0.5 1

FED correlation (1)

2.4.3 Model comparison

For model comparison, we investigate two key aspects of each model: the ability to accurately
model observed ATEC, and the ability to accurately infer the held-out ATEC. In the language
of the machine-learning community these are often referred to as minimising the data
loss and the generalisation error, respectively. We also investigate the ability to learn the
hyperparameters of the physical kernel from sparse data. Finding that the physical model
accurately models both observed and held-out ATEC, while also being able to learn the
hyper parameters, would be a positive outcome.

To measure how well a model represents the observed data, given a particular choice
of kernel K and hyperparameters, we compute the log-probability of the observed (LPO)
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ATEC data — Bayesian evidence — which gives a measure of how well a GP fits the data with
intrinsically penalised model complexity. If we have data measured at X € & according to
Tobs = T(X)+ € where € ~ A[0,02] and 7(X) ~ A0, K(X,X)] then the LPO is,

log Py (% ops) =log 40, B], (2.18)

where B = K(X,X)+ c21. To measure how well a model generalises to unseen data, given a
particular choice of kernel K, we compute the conditional log-probability of held-out (LPH)
data given the observed data. That is, if we have a held-out dataset measured at X* € .
according to 7¥, = 7(X*)+ €* with €* ~ .40, 0] then the LPH conditional on observed 7y
is,
log Py (77, | Tobs) =10g A K (X*, X)B ™" T ops,
B*— K(X*,X)B~'K(X,X")] (2.19)

where B* = K(X*,X*)+ o?1.
In order to make any claims of model superiority, we will define the following two figures
of merit (FOMs),

ALPOG(n) 2 Patec (Tobs 1 1)
PC(Tobs“])

N Parec (%%, | Tobs: 1)
pC( obs | Tobs’n)

where Prgc is the probability distribution using the physical kernel and P is the distribution
using a competitor kernel. The variable ) represents a particular choice of experimental
conditions, for example pierce point sparsity and noise.

These FOMs specify how much more or less probable the physical kernel model is than a
competitor for the given choice of experimental conditions, and are therefore useful inter-
pretable numbers capable of discriminating between two models. For example, a ALPO¢(1)
value of 1 implies that for the given experimental conditions, 1, both models have an equal
probability of representing the observed data, and a value of 1.5 would imply that the physical
kernel representation is 50% more probable than the competitor kernel. We note that consid-
ering the ratio of marginal probabilities is the canonical way of model selection [Rasmussen
and Williams, 2006a]. For a rule-of-thumb using these FOMs, we empirically visually find
that models produce noticeably better predictions starting at around 1.10 (10%).

For each choice of experimental conditions, 1), and kernel model, we first infer the maxi-
mum a posteriori estimate of the hyperparameters of the kernel by maximising the marginal
log-likelihood of the corresponding GP [Rasmussen and Williams, 2006a], which is equivalent
to maximising the LPO of that model on the available observed dataset. We maximise the
marginal log-likelihood using the variable metric BFGS method, which uses a low-rank ap-
proximation to the Hessian to perform gradient-based convex optimisation [Byrd et al., 1995].
We use the GPFlow library [Matthews et al., 2017], which simplifies the algorithmic process
considerably. On top of this we perform optimisation from multiple random initialisations
to avoid potential local minima. For the physical kernel this corresponds to learning the
layer height a and thickness b, and FED kernel length-scale /, and variance o2 , and for the
competitor kernels this corresponds to learning a variance and the length- scales for each
subspace.

(2.20)

AIPH¢(n) £ , 2.21)
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Table 2.2: Average and standard deviation, over all experimental conditions, of the difference
between the learned physical hyperparameters and the true hyperparameters.

Variety a b HPD bo,,
(km) (km) (km) (10"'kmm™3)
dawn 10£10 48+£18 4+3 1.9+1.2

dusk 169 82+20 1405 2.2£0.3
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Figure 2.4: Example of antenna-based ATEC screens from the dusk ionosphere simulation.
Each plot shows the simulated ground truth (noise-free) ATEC for each geodesic originating
from that station with axes given in direction components k, and k. The inset label gives
how far the antenna is from the reference antenna. Antennae further from the reference
antenna tend to have a larger magnitude ATEC as expected. Each plot box bounds a circular
12.6 deg? field of view.

2.5 Results

In Table 2.2 we report the average and standard deviation, over all experimental conditions, of
the difference between the learned physical hyperparameters and the true hyperparameters,
which we term the discrepancy. The optimisation converged in all cases. We observe that
for both ionosphere varieties the discrepancy of a is on the order of a ~ 10 km, or a few
percent, implying that a can be learned from data. The discrepancy of HPD, is on the order of
1 km, or around 10%, implying the spectral shape information of the FED can be constrained
from data. We observe that the discrepancy of layer thickness, b, is large and on the order
of 50%. One reason for this is because Eq. 2.15 will scale to first order with b — which is
degenerate with the function of ,,, —and the only way to break the degeneracy is to have
enough variation in the secant of the zenith angle. In a sparse and noisy observation of
ATEC, the secant variation is poor and it is expected that this degeneracy exists. Therefore
we also show the product bo,,, and we see that this compound value discrepancy is smaller
by approximately 35%.

In Table 2.3 we summarise the performance of the physical kernel against each competitor
kernel. We display the mean of ALPO((n), and ALPH(n) over all experimental conditions,
as well as their values at the nominal experimental conditions of 30 directions per 12.6 deg?,
and ATEC noise of 1 mTECU, which is indicated with 1,,,,,,. We use bold font in Table 2.3 to
indicate the best competitor model.

We first consider the ability of each model to represent the observed data. For the
dawn ionosphere, the M52 competitor kernel has the best (lowest) (ALPOc),, = 1.55 and
ALPOZ“”’“ = 1.46, implying that the M52 kernel model is 55% and 46% less probable than
the physical kernel model on average over all experimental conditions, and at nominal con-
ditions, respectively. We note that the M32 kernel produced similar results. For the dusk
ionosphere, the EQ kernel model is likewise the best among all competitors, being only 73%
and 54% less probable than the physical kernel model on average over all experimental con-
ditions, and at nominal conditions, respectively. In all experimental conditions, the physical
model provides a significantly more probable explanation of the observed data.

We now consider the ability of each model to infer the held-out data. For the dawn iono-
sphere, the M52 competitor kernel has the best (lowest) (ALPHC),] =1.49 and ALPOZ“‘"“ =
1.31, implying that the M52 kernel prediction is 49% and 31% less probable than the physical
kernel model on average over all experimental conditions, and at nominal conditions, respec-
tively. We note that the M32 kernel produced similar results. For the dusk ionosphere, the EQ
kernel model is likewise the best among all competitors, with predictions only 16% and 12%
less probable than the physical kernel model on average over all experimental conditions,
and at nominal conditions, respectively. In the case of the rougher dawn ionosphere, the
physical model provides a significantly more probable prediction of the held-out data in all
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Table 2.3: Shows the probability ratio FOMs (see text) averaged over experimental conditions
and at nominal conditions. Larger values indicate that the physical model is more probable.
Bold face indicates the best performing competitor model (lower number).

(ALPOc), ALPO™™ (ALPHc), ALPH!™™

dawn
M12 1.86 1.79 1.82 1.61
M32 1.56 1.49 1.50 1.33
M52 1.55 1.46 1.49 1.31
EQ 1.63 1.48 1.84 1.35
dusk
M12 2.72 2.19 2.24 1.73
M32 1.96 1.69 1.50 1.29
M52 1.82 1.60 1.33 1.20
EQ 1.73 1.54 1.16 1.12

experimental conditions. However, for the smoother dusk ionosphere at nominal conditions,
the physical model is only 12% more probable than the EQ kernel model, which is not very
significant.

Figure 2.7 shows a visual comparison of the predictive distributions of the physical and
best competitor kernel for the dawn ionosphere, for nominal and sparse-and-noisy condi-
tions, for a subset of antennae over the field of view. In the first row we show the ground truth
and observed data. In the second and third rows we plot the mean of the predictive distribu-
tion with uncertainty contours of the physical and best competitor models, respectively. At
nominal conditions, the predictive means of the best competitor and physical models both
visually appear to follow the shape of the ground truth. However, for the sparse-and-noisy
condition, only the physical model predictive mean visually follows the shape of the ground
truth. The uncertainty contours of the physical model vary in height slowly over the field of
view, and are on the order of 0.5-1 mTECU. The uncertainty contours for the physical model
indicate that we can trust the predictions near the edges of the field of view. In comparison,
the uncertainty contours of the best competitor model steeply grow in regions without cal-
ibrators, and are on the order of 2-10 mTECU, indicating that only predictions in densely
sampled regions should be trusted.

The last two rows show the residuals between the posterior means and the ground truth
for the physical and best competitor models respectively. From this we can see that even
when the best-competitor predictive mean visually appears to follow the ground truth the
residuals are larger in magnitude than those of the physical models.

In order to quantify the effect of the residuals, a ATEC error, 07, can be conveniently
represented by the equivalent source shift for a source at zenith on a baseline of r,

2

Slm—T 2.22)
€oMm, V21
~1 16”( i )_1( Y )_2( ot ) (2.23)
e 10km 150MHz mTECU J :

Figure 2.5 shows the mean linear regression of the absolute equivalent source shift of the
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Figure 2.5: Mean equivalent source shift as a function of angular distance from the nearest
calibrator caused by inference errors from the ground truth for a) remote stations (RS; > 3 km
from the reference antenna) at nominal conditions (30 calibrators for 12.6deg? and 1 mTECU
noise), b) core stations (CS; < 2 km) at nominal conditions, ¢) RS with sparse-and-noisy
conditions (10 calibrators for 12.6deg” and 2.6 mTECU noise), and d) CS with sparse-and-
noisy conditions. The dash line styles are the best competitor models (see text), the solid line
styles are the physical model. The red lines are dawn ionospheres, and the blue lines are dusk
ionospheres.

residuals for each point in the held-out data set, for nominal (left) and sparse-and-noisy
(right) conditions, at 150 MHz on a baseline of 10 km, as a function of the nearest calibrator.
For visual clarity we have not plotted confidence intervals, however we note that for nominal
conditions the 1o confidence width is about 2” and for the sparse-and-noisy conditions it is
about 4”. Because there are few nearest-calibrator distances exceeding 1 degree at nominal
conditions, we only perform a linear regression out to 1 degree.

The upper row shows the source shift for the remote stations (RS) residuals, which are
generally much larger than the source shifts for core stations (CS) in the bottom row, since
the CS antennae are much closer to the reference antenna and have smaller ATEC variance.
We observe that the physical model (dashed line styles) generally has a shallower slope than
the best competitor model (solid line styles). Indeed, for the CS antennae the physical model
source shift is almost independent of distance from a calibrator. The offset from zero at 0
degrees of separation comes from the fact that the predictive variance cannot be less than the
variance of the observations; see the definition of B* in Eq. 2.19. At 1 degree of separation,
the physical model mean equivalent source shift is approximately half of that of the best
competitor model. At 0 degrees of separation, the mean source shift is the same for both
models as expected.
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2.6 Discussion

2.6.1 Model selection bias

Our derived model is a probabilistic model informed by the physics of the problem. We use
the same physical model to simulate the data. Therefore it should perform better than any
other general-purpose model. The fact that we simulate from the same physical model as
used to derive the probabilistic model does not detract from the efficacy of the proposed
model to represent the data. Indeed, it should be seen as a reason for preferring physics-based
approaches when the physics are rightly known. The Gaussian random field layer model for
the ionosphere has been a useful prescription for the ionosphere for a long time [e.g. Yeh and
Swenson, 1959].

One type of bias that should be addressed is the fact that we assume we know the FED
kernel type of the ionosphere. We do not show, for example, what happens when we assume
the wrong FED kernel. However, since we are able to converge on optimal hyper parameters
for a given choice of FED kernel, we can therefore imagine performing model selection based
on the values of the Bayesian evidence (LPO) for different candidate FED kernels. Thus,
we can assume that we could correctly select the right FED kernel in all the experimental
conditions that we chose in this work.

2.6.2 Implicit tomography

The results of Section 2.5 indicate that the physical model provides a better explanation of
ATEC data than any of the competitor models. One might ask how it performs so well. The
approach we present is closely linked to tomography, where (possibly non-linear) projections
of a physical field are inverted for a scalar field. In a classical tomographic approach, the
posterior distribution for the FED given observed ATEC data would be inferred and then the
predictive ATEC would be calculated from the FED, marginalising over all possible FEDs,

P(T | Tobs) :f P(T | ne)P(ne | Tobs) dne! (224)

where n, = {n,(x)| x€ 2} is the set of FEDs over the entire index set 2, 7 = {'z:iC |(x,k)e S c

<} is the ATEC over some subset ., of the index set ., Typs = {1:5: +e|(x k)e S SYis
the observed ATEC over a different subset %, of #, and € ~ A[0,0%1].

In our model, the associated equation for P (7 | 7,s) is found by conditioning the joint
distribution on the observed ATEC and then marginalising out FED,

P(7| ’cobs)zf P(n,, 7|7 dn, (2.25)
ne

:f P("e | Tobs)P(T | nevfobs) dner (2.26)
ne

where in the second line we used the product rule of probability distributions [Kolmogorov,
1956]. By working through Egs. 2.24 and 2.26, we discover thatif P (7 | n,)=P (T | B,, Tops) is
true, then our method is equivalent to first inferring FED and then using that distribution to
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calculate ATEC. In Appendix A we prove that the expressions in Egs. 2.24 and 2.26 are equal
due to the linear relation between FED and ATEC because the sum of two Gaussian RVs is
again Gaussian. Most importantly, this result would not be true if ATEC was a non-linear
projection of FED.

We refer to this as implicit tomography as opposed to explicit tomography, wherein the
FED distribution would be computed first and the ATEC computed second [e.g. Jidling et al.,
2018]. This explains why our kernel is able to accurately predict ATEC in regions without
nearby calibrators. The computational savings of our approach is many-fold compared with
performing explicit tomography, since the amount of memory that would be required to
evaluate the predictive distribution of FED everywhere would be prohibitive. Finally, the use
of GPs to model ray integrals of a GP scalar field is used in the seismic physics community for
performing tomography of the interior of the Earth.

2.6.3 Temporal differential TEC correlations

One clearly missing aspect is the temporal evolution of the ionosphere. In this work we have
considered instantaneous realisations of the FED from a spatial GP; however, the inclusion of
time in the FED GP is straightforward in principle. One way to include time is by appending
a time dimension to the FED kernel, which would mimic internal (e.g. turbulence-driven)
evolution of the FED field. Another possibility is the application of a frozen flow assumption,
wherein the ionospheric time evolution is dominated by a wind of constant velocity v, so
that n,(x, t)= ng(x— vt). Here, ng represents the FED at time ¢ =0, and n, is a translation
over the array as time progresses. In modelling a real dataset with frozen flow the velocity
could be assumed to be piece-wise constant in time. We briefly experimented with frozen
flow and found hyperparameter optimisation to be sensitive to the initial starting point due
to the presence of many local optima far from the ground-truth hyperparameters. We suggest
that a different velocity parametrisation might facilitate implementation of the frozen flow
approach.

2.6.4 Structure function turnover and anisotropic
diffractive scale

The power spectrum is often used to characterise the second-order statistics of a stationary
random medium, since according to Bochner’s Theorem the power spectrum is uniquely
related to the covariance function via a Fourier transform. In 1941, Kolmogorov [translated
from Russian in Kolmogorov, 1991] famously postulated that turbulence of incompressible
fluids with very large Reynolds numbers displays self-similarity. From this assumption,
he used dimensional analysis to show that the necessary power spectrum of self-similar
turbulence is a power-law with an exponent of -5/3. A convenient related measurable function
for the ionosphere is the phase structure function [van der Tol, 2009],

D(r)=((¢ ,(R)—d,(r + R)f)g (2.27)
A(L)ﬂ (2.28)
B Taite ’ '

where the expectation is locally over locations far from the boundaries of the turbulent
medium, which is often characterised by an outer scale. The quantity ry;s is referred to as the
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Figure 2.6: Structure functions predicted by our model compared with observations and
theory. The dotted and dashed lines show the phase structure function corresponding to the
physical kernel, with the dawn and dusk configurations, respectively (see Figure 2.1). Along
side is the predicted structure function of Kolmogorov turbulence with a diffraction scale of
10 km, and the structure function constrained from observations in Mevius et al. [2016] with
1o confidence region in yellow. We note that Mevius et al. [2016] observes a turnover, but
does not characterise it, and therefore we do not attempt to plot it here.

diffractive scale, and is defined as the length where the structure function is 1 rad®. Under
Kolmogorov’s theory of 1941, 8 =5/3. Observations from 29 LOFAR pointings constrain f to
be 1.89+£0.1, slightly higher than predicted by Kolmogorov’s theory, and the diffractive scale
to range from 5 to 30 km [Mevius et al., 2016].

In Figure 2.6 the structure functions of the physical kernel are shown for the dawn and
dusk varieties, alongside Kolmogorov’s f = 5/3 and the Mevius et al. [2016] observations.
Though not plotted, Mevius et al. [2016] also find that there is a hint of a turnover in the
structure functions they observed, which they suggest might be a result of an outer scale in
the context of Kolmogorov turbulence. However, these latter authors conclude that longer
baselines are needed to properly confirm the turnover and its nature. The dawn and dusk
structure functions are nearly parallel with observations, and have turnovers that result
because the FED covariance functions decay to zero monotonically and rapidly beyond
the HPD. Interestingly, despite the fact that the FED kernels used for the dawn and dusk
ionospheres have different spectral shapes, the structure functions have similar slopes. The
difference between the dawn and dusk structure functions can be seen in the curvature of
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their turnovers.

Our model provides an explanation for the observed shape of structure functions, which
Kolmogorov’s theory of 1941 fails to provide, namely the existence of a turnover, and a
slope deviating from five-thirds. Specifically, a turnover requires only FED correlations
that are stationary, isotropic, and monotonically decreasing (SIMD). Both the dawn and
dusk ionosphere varieties experimented with predict slopes compatible with observations.
Moreover, as shown in Appendix B, our model in conjunction with the SIMD FED kernel is
falsifiable by observing a lack of plateau.

Mevius et al. [2016] also observe anisotropy in the measured rg;; as a function of pointing
direction, and suggest that it is due to FED structures aligned with magnetic field lines [Loi
et al.,, 2015]. In total, 12 out of 29 (40%) of their observations show anisotropy unaligned
with the magnetic field lines of Earth. We propose a complementary explanation for the
anisotropy of diffractive scale, without appealing to magnetic field lines. Our model implies
that diffractive scale monotonically decreases with zenith angle. This is a result of the non-
stationarity of the physical kernel even if the FED is stationary.

2.6.5 Low-accuracy numerical integration

The numerical integration required to compute Eq. 2.14 is performed using the 2D Trapezoid
rule. This requires the selection of a number of partitions along the ray. The computational
complexity scales quadratically with the number of partitions chosen, and thus a trade-
off between accuracy and speed must be chosen. We found the relative error (using the
Frobenius norm) to be 80% with two partitions, 20% with three partitions, 10% with four
partitions, and 6% with seven partitions. After experimentation it was surprisingly found that
two partitions was sufficient to beat all competitor models, and that marginal improvement
occurs after five partitions. This suggests that even a low-accuracy approximation of our
model encodes enough geometric information to make it a powerful tool in describing the
ionosphere. Ultimately, we chose to use four partitions for our trials.

2.7 Conclusion

In this work, we put forth a probabilistic description of antenna-based ionospheric phase
distortions, which we call the physical model. We assumed a single weakly scattering iono-
sphere layer with arbitrary height and thickness, and free electron density (FED) described
by a Gaussian process (GP). We argue that modelling the FED with a GP locally about the
mean is a strong assumption due to the small ratio of FED variation to mean as evidenced
from ionosphere models. We show that under these assumptions the directly observable
ATEC must also be a GP. We provide a mean and covariance function that are analytically
related to the FED GP mean and covariance function, the ionosphere height and thickness,
and the geometry of the interferometric array.

In order to validate the efficacy of our model, we simulated two varieties of ionosphere —
a dawn (rough FED) and dusk (smooth FED) scenario — and computed the corresponding
ATEC for the Dutch LOFAR-HBA configuration over a wide range of experimental conditions
including nominal and sparse-and-noisy conditions. We compared this physical kernel to
other widely successful competitor GP models that might naively be applied to the same
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Figure 2.7: Caption continued on next page.

59



Chapter 2 Probabilistic ionospheric calibration

Figure 2.7: Example visual comparison of the predictive performance of our physical model
with that of the best competitor model for the dawn ionosphere. First row — ground truth
ATEC overlaid on noisy draws from the ground truth which are the observations; Second
and third rows — posterior mean with uncertainty contours for the physical model and best
competitor model respectively. Fourth and fifth rows — residuals between posterior means
and ground truth for the physical model and best competitor model respectively. First two
columns: Results for experimental conditions, (10 directions, 2.5 mTECU noise), for a central
antenna (near to reference antenna) and a remote station (far from reference antenna); Last
two columns: Results for experimental conditions, (30 directions, 1.6 mTECU noise), for a
central antenna and a remote station.

problem. Our results show that we are always able to learn the FED GP hyperparameters
and layer height — including from sparse-and-noisy ATEC data — and that the layer thickness
could likely be learned if a height prior was provided. In general, the physical model is better
able to represent observed data and generalises better to unseen data.

Visual validation of the predictive distributions of ATEC show that the physical model
can accurately infer ATEC in regions far from the nearest calibrator. Residuals from the
physical model (0.5-1 mTECU) are smaller and less correlated than those of competitor
models (2-10 mTECU). In terms of mean equivalent source shift resulting from incorrect
predictions, the physical model mean equivalent source shift is approximately half of that of
the best competitor model. We show that our model performs implicit tomographic inference
at low cost, which is because ATEC is a linear projection of FED and the FED is a GP. We
suggest possible extensions to incorporate time, including frozen flow and appending the FED
spectrum with a temporal power spectrum. Our model provides an alternative explanation
for the Mevius et al. [2016] observations: phase structure function slope deviating from
Kolmogorov’s five-thirds, the turnover on large baselines, and diffractive scale anisotropy.

In the near future, we will apply this model to LOFAR-HBA datasets and perform precise
ionospheric calibration for all bright sources in the field of view. It is envisioned that this will
lead to clearer views of the sky at the longest wavelengths, empowering a plethora of science
goals.
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Probabilistic direction-dependent ionospheric calibration for
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Direction-dependent calibration and imaging is a vital part of producing radio im-
ages that are deep and have a high fidelity and highly dynamic range with a wide-field
low-frequency array such as LOFAR. Currently, dedicated facet-based direction-dependent
calibration algorithms rely on the assumption that the size of the isoplanatic patch is much
larger than the separation between bright in-field calibrators. This assumption is often vio-
lated owing to the dynamic nature of the ionosphere, and as a result, direction-dependent
errors affect image quality between calibrators. In this paper we propose a probabilistic
physics-informed model for inferring ionospheric phase screens, providing a calibration for
all sources in the field of view. We apply our method to a randomly selected observation from
the LOFAR Two-Metre Sky Survey archive, and show that almost all direction-dependent
effects between bright calibrators are corrected and that the root-mean-squared residuals
around bright sources are reduced by 32% on average.
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3.1 Introduction

In radio astronomy many of the greatest questions can only be answered by observing the
faintest emission over a large fraction of the sky surface area. Such large puzzles include
searching for the epoch of reionisation [e.g. Patil et al., 2017], potentially detecting the miss-
ing baryons in the synchrotron cosmic web [e.g. Vernstrom et al., 2017], understanding the
dynamics of galaxy cluster mergers [e.g. van Weeren et al., 2019], and probing matter dis-
tribution with weak gravitational lensing at radio frequencies [e.g. Harrison et al., 2016]. In
recent years, instruments such as the Low-Frequency Array [LOFAR; van Haarlem et al., 2013],
the Murchison Widefield Array (MWA), and the future Square Kilometre Array (SKA) have
been designed with the hope of discovering these key pieces in our understanding of the
Universe. In particular, the prime objective of LOFAR, a mid-latitude array (N52°), is to be
a sensitive, wide-field, wide-band surveying instrument of the entire northern hemisphere
at low frequencies, although it is important to note that LOFAR effectively enables a host of
other scientific goals such as real-time monitoring of the northern sky at low frequencies
[Prasad et al., 2016].

While these instruments take decades to plan and build, arguably most of the technologi-
cal difficulty follows after the instrument comes online as scientists come to understand the
instruments. Even though LOFAR came online in 2012, after six years of construction, it was
not until 2016 that a suitable direction-dependent (DD) calibrated image was produced for
its high-band antennae (HBA; 115-189MHz) [van Weeren et al., 2016], and although there has
been much progress, there is currently still no DD calibrated image produced for its low-band
antennae (LBA; 42-66MHz). Importantly, despite many years in developing these initial DD
calibration and imaging algorithms, they were not suitable for the primary survey objective
of LOFAR. Thus, there has been continuous work aimed at improving them.

The main cause of DD effects in radio interferometry is the ionosphere. The ionosphere is
a turbulent, low-density, multi-species ion plasma encompassing the Earth, driven mainly by
solar extreme ultra-violet radiation [Kivelson and Russell, 1995] that changes on the timescale
of tens of seconds [Phillips, 1952]. The free electron density (FED) of the ionosphere gives
rise to a spatially and temporally varying refractive index at radio wavelengths. This causes
weak scattering of electric fields passing through the ionosphere [Ratcliffe, 1956], which
becomes more severe at lower frequencies, and results in the scattering of radio radiation
onto radio interferometers. Despite the weak-scattering conditions, the integral effect of
repeated scattering through the thick ionosphere can cause dispersive phase variations of
well over 1 radian on the ground [Hewish, 1951, 1952].

Wide-field radio arrays, such as LOFAR, are particularly susceptible to the DD effects of
the ionosphere [Cohen and Rottgering, 2009] because the field of view is many isoplanatic
patches [Fellgett and Linfoot, 1955] wherein the instantaneous scattering properties of the
ionosphere change significantly over the field of view. In order to achieve the science goals
in the wide-field regime, a DD calibration strategy must be adopted [Cornwell et al., 2005].
Many DD approaches have been developed, ranging from field-based calibration [Cotton
et al., 2004] and expectation-maximisation [Kazemi et al., 2011] to facet-based approaches
[Intema et al., 2009, van Weeren et al., 2016, Tasse et al., 2018].

Common to all of these DD techniques is the requirement that the signal-to-noise ratio
needs to be high enough on short enough time intervals where the ionosphere can be con-
sidered fixed. Therefore, bright compact sources are required throughout the field of view,
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which act as in-field calibrators. The fundamental assumption is that the distance between
calibrators is less than the isoplanatic-patch size, which is about 1° for nominal ionospheric
conditions. However, this quantity is dynamic over the course of an observation, and this
assumption can be broken at times.

With the advent of the killMS DD calibration algorithm [Tasse, 2014b, Smirnov and Tasse,
2015], and the DDFacet DD imager [Tasse et al., 2018], the LOFAR Two-Metre Sky Survey
[LoTSS; Shimwell et al., 2017] became possible, and the LoTSS first data release (DR1) has
become available [Shimwell et al., 2019]. While LoTSS-DR1 provides an excellent median
sensitivity of S;44np, =71 ,u]ybeam_1 and point-source completeness of 90%, there are still
significant DD effects in the images between the in-field calibrators. Improving the DD
calibration for LoTSS is therefore a priority.

The second data release (DR2) is preliminarily described in Shimwell et al. [2019], and will
be fully described in Tasse et al. (in prep.). Because we have internal access to this archive,
we make reference to LoTSS-DR2.

The aim of this work is to present a solution to this limitation by probabilistically infer-
ring the DD calibrations for all sources in a field of view based on information of the DD
calibrations for a sparse set of bright calibrators. Importantly, this approach can be treated
as an add-on to the existing LoTSS calibration and imaging pipeline.

We arrange this paper as follows. In Section 3.2 we formally define the problem of the DD
calibration of ionospheric effects through inference of the doubly differential total electron
content. In Section 3.3 we describe the procedure we used to perform the DD calibration
and imaging of a randomly chosen LoTSS-DR2 observation using doubly differential total
electron content screens. In Section 3.4 we compare our image with the LoTSS-DR2 archival
image.

3.2 Doubly differential phase screens

In radio interferometry the observable quantity is the collection of spatial auto-correlations
of the electric field, which are called the visibilities. The relation between the electric field
intensity and the visibilities is given by the radio interferometry measurement equation
[RIME; Hamaker et al., 1996],

Vixx)= > (Bx kJx ke (x, kB (X, k) (Ekk) & E' (k)
ke
x h(x, k)h*(x, k), 3.1

where we have left out frequency dependence for visual clarity, although for future reference,
we let there be N.q sub-bands of the bandwidth.

In order to understand Eq. 3.1, let the celestial radio sky be formed of a countably in-
finite number of discrete point sources with directions in ¢ = {k; € S? | i = 1..Ng;,}. The
propagation of a monochromatic polarised celestial electric field E(k) can be described by
the phenomenological Jones algebra [Jones, 1941]. Letting the locations of antennae be
X =1{x; €R®| i =1..N,,}, then E(x,k) = h(x,k)J(x, k)E(k) denotes propagation of E(k) to x
through the optical pathway indexed by (x, k), where h(x, k) is the Huygens-Fresnel propaga-
tor in a vacuum. Each antenna has a known instrumental optical transfer function that gives
rise to another Jones matrix known as the beam, B(x, k). The total electric field measured by
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an antenna atx is then E(x) =Y, _, h(x,k)B(x, k)J(x, k)E(k), and Eq. 3.1 follows from consid-
ering the auto-correlation of the electric field between antennae and imposing the physical
assumption that the celestial radiation is incoherent.

Some words on terminology: although &, B, and J are all Jones operators, we only refer to
J as the Jones matrices going forward, and we index them with a tuple of antenna location
and direction (x, k). This corresponds to an optical pathway. When a Jones matrix is a scalar
times identity, the Jones matrix commutes as a scalar, and we simply use scalar notation.
This is the case, for example, when the Jones matrices are polarisation independent. It is also
common terminology to call the sky-brightness distribution, I(k) = (E(k) ® Ef(k)), the image
or sky model, and values of the sky-brightness distribution are components.

In radio astronomy we measure the visibilities and invert the RIME iteratively for the
sky model and Jones matrices. The process is broken into two steps called calibration and
imaging. In the calibration step the current estimate of the sky model is held constant and
the Jones matrices are inferred. In the imaging step the current estimate of the Jones matrices
are held constant and the sky model is inferred. In both the imaging and calibration steps the
algorithm performing the inference can be either direction independent (DI) or DD, which
stems from the type of approximation made on the RIME when the visibilities are modelled.
Namely, the DI assumption states that the Jones matrices are the same for all directions, and
the DD assumption states that the Jones matrices have some form of directional dependence.

In the current work we focus entirely on the Stokes-I, that is, polarisation independent,
calibration and imaging program used by the LoTSS pipeline. The LoTSS calibration and
imaging pipeline is broken up into a DI calibration and imaging step followed by a DD
calibration and imaging step.

Equation 3.1 shows that each optical pathway (x, k) has its own unique Jones matrix
J(x, k) describing the propagation of radiation. In total, this results in 2 Ny, N, degrees of
freedom for %Nam(Namt —1) observables. In practice, during DD calibration and imaging, this
is never assumed for three main reasons. Firstly, the computational memory requirements of
giving every direction a Jones matrix are prohibitive. Secondly, because Ng;, > N, it would
allow too many degrees of freedom per observable, which leads to ill-conditioning. Thirdly,
most sky-model components are too faint to infer a Jones matrix on the timescales that the
ionosphere can be considered fixed.

The LoTSS calibration and imaging program manages to handle the computational mem-
ory requirement and ill-conditioning through a clever sparsification of the optimisation Jaco-
bian and by invoking an extended Kalman filter, respectively; see Tasse [2014b,a], Smirnov
and Tasse [2015] for details. However, there is no way to prevent the third issue of a too
low signal on required timescales, and they are limited to tessellating the field of view into
approximately N, ~ 45 facets, defined by a set of calibrator directions, #, C #. The result
of DI and DD calibration and imaging for LoTSS is therefore a set of N, DI Jones matrices,
and a set of N N, DD Jones matrices.

We consider the functional form of the final Jones matrices following this two-part cali-
bration and imaging program. For each (x,k) € & x £, we have the associated calibration
Jones matrix,

10, k) 2770 (3, 1 (% K) 3.2)
—jbD (x,k) ]DI(X’ K) ei(AocpDD(x,k)+A0(pDI(x,k’))y (3.3)
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where notation ¢t £ m means definition by equality, and can be read as ‘¢ is equal by definition
to m’. An effective direction can intuitively be defined for the DI Jones matrices as the
direction, k/, that minimises the instantaneous image domain dispersive phase error effects
in the DI image. Clearly, this leads to problems for a wide-field instrument, where the
actual Jones matrices can vary considerably over the field of view. It is fairly simple to
contrive examples where there is no well-defined effective direction. Nonetheless, we use
this terminology and return to address the associated problems shortly.

From the Wiener-Khinchin theorem it follows that the visibilities are independent of the
electric field phase, therefore a choice is made to spatially phase reference the Jones matrices
to the location x; of a reference antenna. Doing so defines the differential phase,

A9 (x,k) = ¢ (x,k)— ¢ (x, K). (3.4)

Now, we consider a set of observed visibilities, which are perfectly described by Eq. 3.1,
where we neglect time, frequency, or baseline averaging. Then, there must be a set of true
Jones matrices, ¢ "¢ = {J""¢(x, k) | (x,k) € Z x ¢}, which give rise to the observed visibilities.
We assume that this set of Jones matrices is unique. Because the Jones matrices are assumed
to be scalars, we can write them as JUe(x, k) £ Jtrue(x, k)e Lod ™ xk)

Next, we consider the process of inferring the true Jones scalars from the observed visibil-
ities using piece-wise constant calibration Jones scalars, Jeal(x, k), as is done in killMS. To do
so, we define the operation |k| = argmax,, k- k’ as the closest calibration direction to a given
direction. In general, it is always be possible to write the true Jones scalars, J*"¢(x, k), in terms
of the resulting calibration Jones scalars J°¥(x, k) as

JrUe(x, k) 2a(x, k)e PRyl | K), (3.5)

where a(x, k) and Ay (x, k) correspond to the correction factors that would need to be applied
to each calibration Jones scalar to make it equal to the true Jones scalar along that optical
pathway. We assume the situation where there is enough information in the observed visibil-
ities to strongly constrain the calibration Jones scalars, and that we are able to point-wise
solve for a global optimum. This is unique by our above assumption. Then, if the distance
between calibrators is much less than the isoplanatic-patch size [Fellgett and Linfoot, 1955],
we have that a ~ 1 and Ay ~ 0.

The substance of this paper is aimed at inferring the function A, for all optical pathways
(we pay minor attention to a as well). Because of the dynamic nature of the ionosphere,
the calibration facets are not always isoplanatic (k # |k] in the appropriate sense defined in
Fellgett and Linfoot [1955]), and consequently, A3 % 0 sometimes.

We now focus our attention on the calibration Jones matrices in the direction of the cali-
brators and consider the value of A B (x, k) for (x, k) € X x #,. In the event that Ay (x, k)~ 0,
then from Egs. 3.5 and 3.3 it follows that the DD differential phases are

AgpPP(x,k) = Ay ™ (x, k) — Ay P (x,K). (3.6)

This states that in the directions of the calibrators, the DD calibration Jones phases are
equal to the difference between the true Jones phases and DI Jones phases. However, in a
typical application of facet-based calibration, we can easily see that this statement is usually
false. It basically means that the designation of DI and DD for the Jones matrices inferred in
calibration and imaging is a misnomer.
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Firstly, specifying that the DI Jones matrices have a single effective direction is an invalid
statement. The effective direction, as defined above, minimises the instantaneous image
domain dispersive phase error effects, and this depends largely on the ionosphere, geometry
of the optical pathways, and the sky-brightness distribution. The ionosphere changes in time,
acting as a time-varying scattering layer in the optical system, therefore the effective direction
is also dynamic. The effective direction is heavily weighted towards the brightest sources
in the field of view, and because longer baselines ‘see’ less flux, the effective direction is
different for each antenna. To a lesser extent, the sensitivity drop-off at lower frequencies also
introduces an effective direction that changes with sub-band frequency. Secondly, although
DI calibration should remove all DI components such as station clocks, in practice, there are
always remnant DI components in the DD Jones matrices.

It is desirable to assume that Eq. 3.6 holds in going forward because we interpret this
to mean that we can make Ayf8(x,k) ~ 0 everywhere through an appropriate choice of
AgpPP(x,k). Therefore, we consider how the DD calibration can be modified such that
Eq. 3.6 holds.

We address the first issue above, of ill-defined effective direction, by suitably forcing the
observed visibilities to be well-approximated by isolated calibrators. This is applied and
discussed further in Section 3.3.1.

To correct the second issue, to exactly separate all DI components from the DD Jones
matrices, we use a trick. In Eq. 3.1 we can factor all commutative DI factors out in front of the
summation. As we show in Appendix C, this is equivalent to directionally phase-referencing
the Jones scalars, which we denote as doubly differential phase,

AZg £ Ay (x,K)— Ay (x, ko). (3.7)

Moreover, we show that doubly differential phase is guaranteed to have no DI components.
This trick is used and discussed further in Section 3.3.3.

After applying the above two fixes, Eq. 3.6 then takes the form of a doubly differential
phase, A2¢"P(x,k). These not only have no DI components, but also have a well-defined
reference direction. Both attributes are vital for our modelling method.

Finally, this paper is concerned with performing DD calibration by inferring A2¢"P(x, k)
for a set of isolated calibrators followed by interpolation of these values to a multitude of
optical pathways, which we call a screen. We assume that the DD Jones scalars are dominated
by ionospheric dispersive phase effects and slowly changing beam errors. We neglect the
ionospheric amplitude effects in this description because the phase effects are far more
dominant. When the frequency of radiation is far above the ionospheric plasma frequency;,
then the ionospheric phase effects are given by a dispersive phase. The dispersive phase
retards the wavefront without distorting it. The doubly differential ionospheric dispersive
phase is given by

. K
AP (x,k) = ;Aﬁf(x, k), (3.8)

where Agf(x, k) is doubly differential total electron content (DDTEC), and k = —q*

4megme *
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3.3 Methods

In this paper we push beyond the current state-of-the-art LoTSS DD calibration and imaging
using a physics-informed probabilistic model to infer DDTEC screens. We perform our
screen-based DD calibration and imaging on a randomly selected eight-hour observation
from the LoTSS-DR2 archive. The selected observation, LoTSS-DR2 pointing P126+65, was
observed between 23:12:14 on 8 December, 2016, and 07:28:34 on 9 December, 2016, during
solar cycle 24!. The ionosphere activity during this observation was mixed, with the first half
of the observation ‘wild’ (DDTEC exceeding 100mTECU) and the last half ‘calm’.

We first provide an overview of the our DD calibration and imaging procedure, before
providing a deeper explanation of each step. A summary of our DD calibration and imaging
program can be seen in Figure 3.1 and is as follows:

1. Subtract and solve step. Subtract a good model of the sky, except approximately 35
bright calibrators (peak flux > 0.3 Jybeam ™). Solve against isolated calibrators.

2. Smooth and slow-resolve. Smooth the Jones scalars, and resolve on a long timescale
to simultaneously reduce the degrees of freedom and solve the hole problem [for a
description of the problem, see Shimwell et al., 2019].

3. Measure DDTEC. Infer DDTEC from the Jones scalars in the directions of the bright
calibrators.

4. Infer DDTEC screen. Apply our DDTEC model to infer DDTEC for all intermediate
brightness optical pathways (>0.01 Jybeam ™), forming a screen over the field of view.

5. Image screen. Concatenate the smoothed solutions with the DDTEC screen. Image the
original visibilities with this set of solutions.

3.3.1 Subtract and solve

In this step we isolate a set of calibrators by subtracting the complementary sky model and
then perform a solve. The process is visualised in the correspondingly labelled process box
in Figure 3.4.

We begin by selecting a set of bright calibrators (peak flux > 0.3 Jybeam™). The goal is
to cover the field of view as uniformly as possible while not selecting too many calibrators,
which can result in ill-conditioning of the system of equations that must be solved. In
practice, we usually do not have enough bright calibrators to worry about ill-conditioning.
Our selection criteria resulted in 36 calibrators whose layout is shown in Figure 3.2 alongside
the 45 calibrators selected by the LoTSS-DR2 pipeline.

As stated in Section 3.2, for our method to work, it is vital that the directions of the
calibrators are well defined. The Jones matrix for each calibrator can be considered as a DI
Jones matrix within the calibrator facet, therefore the notion of effective direction, as the
direction that minimises instantaneous image domain artefacts, applies within a facet as well.
Intuitively, the effective direction is located near the brightest sources in a facet. For example,

10n 8 December, 2016, the total number of sunspots was 14 £ 1.2 and on 9 December, 2016, it was 20£5.7. The
average daily sunspot count in December 2016 was 18.
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Figure 3.1: Flow diagram overview of our DD calibration and imaging program.

in Figure 3.3 the central source is by far brighter than all nearby sources, consequently, the
dispersive errors in that direction are minimised. This defines an average effective direction.

Because the effective direction changes over time, baseline, and frequency, it follows
that DD modelling is systematically biased by the unknown direction of the Jones matrices
if they are based on these ill-defined effective directions. We circumvent this issue by first
subtracting all sources from the visibilities, except for the bright calibrators. This requires
having a good enough initial sky model. In our case we use the sky model from the LoTSS-
DR2 archive. We mask a 120” disc around each calibrator, ensuring that all artefacts for the
calibrators are included in the mask. We predict the visibilities associated with the remainder
of the sky model, pre-applying the solutions from the LoTSS-DR2 archive. We then subtract
these predicted visibilities from the raw visibilities in the DATA column of the measurement
set, placing the result in a DATA_SUBTRACT column of the measurement set. After they are
subtracted, the isolated calibrator sources provide well-defined directions, which is crucial
for Eq. 3.6 to hold.

We note that any unmodelled flux missing from the sky model will still reside in the
visibilities, leading to a systematic calibration bias when the RIME is inverted. However, they
will have been missing from the model due to their inherent faintness, therefore they should
have minimal effect on the effective directions inside the facets of the isolated calibrators.
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Figure 3.2: Layout of our selected calibrators (black stars) compared to the LoTSS-DR2
archival calibrator layout (cyan circles). The calibrators define a facet tessellation of the field
of view. The red circles indicate the regions of the cutouts in Figure 3.10.

It is possible that a bright extended source be included in the set of calibrators. In this case,
the model of the extended source is truncated at a radius of 120” from the peak. Because
the sky model is necessarily incomplete, residual flux of the extended source is left over.
As above, because these residual components are faint, they have negligible effects on the
resulting effective direction of the calibrator. Another problem of choosing extended sources
as calibrators is that of convergence due to their resolved nature. Extended calibrators can
lead to divergent calibration Jones scalars, which is a problem that must also be handled by
any calibration and imaging program. In our case, the sky model comes from the LoTSS-
DR2 archive, which provides a carefully self-calibrated model at the same frequency and
resolution, and we expect to suffer less strongly from divergent solutions.

We perform a solve on DATA_SUBTRACT against the sky-model components of the isolated
bright calibrators. We call these solutions raw_cal for future reference.

Several non-ionospheric systematics will be in raw_cal. Firstly, beam errors are a sys-
tematic that come from performing calibration with an incomplete beam model, as well
as with an aperture array that contains dead or disturbed array tiles. The beam model can
be improved by better physical modelling of the aperture array, which requires a complex
solutions to Maxwell’s equations. The second issue is a transient effect because tiles can go
dead over time and the dielectric properties of the antennae environment can change with
temperature and air moisture content. It is important in the following to account for beam
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Figure 3.3: Example of an average effective direction in a facet. The red circles indicate
calibrators. The central calibrator has a peak flux of 0.91 Jybeam ™', while the next brightest
non-calibrator source, approximately 16’ to the left, is 0.12 Jybeam ™. Within the facet of the
calibrator, the Jones matrices are mostly optimised in a direction of the calibrator, but this
effective direction changes over time, baseline, and frequency.

errors. Beam errors a priori are expected to change slowly over the course of an observation.
Another systematic that will find its way into the raw_cal are unmodelled sources outside
the image, in LOFAR’s relatively high-sensitivity side-lobes. The effect of such unmodelled
sources on calibration is still being understood. As noted in Shimwell et al. [2019], such
sources can be absorbed by additional degrees of freedom during calibration. Because they
are not within the imaged region, this flux absorption can go unnoticed. It is therefore
important in the following to limit the degrees of freedom of the calibration Jones scalars.

3.3.2 Smooth and slow-resolve

There are enough degrees of freedom in a DD solve for unmodelled flux to be absorbed
[Shimwell et al., 2019], therefore naively applying raw_cal and imaging would be detrimental
to source completeness. Shimwell et al. [2019] found that a post-processing step of Jones
scalar phase and amplitude smoothing removed enough degrees of freedom to alleviate
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Figure 3.4: Flow chart of the subtract and solve and smooth and slow-resolve steps. Together,
they represent a DD calibration program similar to the LoTSS-DR1 and DR2 pipelines.

this problem. However, they then discovered that such a smoothing operation introduces
negative halos around sources, the systematic origin of which has yet to be determined. A
second solve on a much longer timescale alleviates the negative halo problem. The process
is visualised in the correspondingly labelled process box in Figure 3.4.

The LoTSS DD calibration and imaging pipeline performs Jones scalar phase smoothing
by fitting a TEC-like and constant-in-frequency functional form to the Jones phases using
maximum likelihood estimation. This results in two parameters per 24 observables (the
number of frequency sub bands bands). We alter the smoothing method by fitting a three
parameter model: a TEC-like term, a constant-in-frequency, and a clock-like functional
form. Our choice results in three parameters per 24 observables. We add the additional term
because a small (< 1 ns) remnant clock-like term appears to exist in the DD Jones phases.

Weak scattering in the ionosphere causes a well-known DD amplitude effect, however
the amplitudes of the Jones scalars in raw_cal are more complicated, with possible con-
tamination from an improperly modelled beam and unmodelled flux. Therefore, we do not
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consider modelling amplitude in this work, but we do impose the prior belief that beam error
amplitudes change slowly over time and frequency as in Shimwell et al. [2019]. To impose
this prior, we simply smooth the log-amplitudes of raw_cal with a two-dimensional median
filter in time and frequency with window size (15 min., 3.91 MHz).

Scintillation can also significantly effect the amplitudes of the Jones scalars. When the
scintillation timescale is shorter than the integration timescale, the observed visibilities can
decohere. In this case, the visibilities should be flagged. DDFacet contains an adaptive
visibility weighting mechanism inspired by the optical method of "lucky imaging" that down-
weights noisy visibilties [Bonnassieux et al., 2018], which effectively handles fast scintillation.
When scintillation occurs on a longer timescale, the effect is characterised by amplitude
jumps for groups of nearby antennae within the Fresnel zone. These effects are predominately
removed during the DI calibration and are not considered further. This implies that we do
not consider DD scintillation.

A surprising result of the smoothing procedure is that it introduces negative halos around
bright sources, which destroys the integrity of the image. In the LoTSS pipeline, despite
much effort to understand the fundamental cause of the problem, a temporary solution
is to pre-apply the smoothed solutions and resolve against the same sky model on a long
timescale. We perform this resolve with a solution interval of 45 minutes and call these
solutions slow_cal. We form the concatenation of smooth_cal and slow_cal and call it
smooth_cal+slow_cal.

3.3.3 Measure DDTEC

Next, we extract precise DDTEC measurements from raw_cal, which are later used to infer
a DDTEC screen. While it would be possible to model a DDTEC screen directly on Jones
scalars, the required inference algorithm would be extremely expensive to account for the
high-dimensional, complicated, multi-modal posterior distribution that occurs due to phase
wrapping. Therefore, in this section we describe how we use the v~! dependence of dispersive
phase (Eq. 3.8) to measure DDTEC?. The process is visualised in the correspondingly labelled
box of Figure 3.8.

First, we directionally reference the Jones phases in raw_cal by subtracting the phase of
the brightest calibrator, that is, the reference calibrator, from the phases of all other directions.
We can assume that all remnant DI effects are removed from the resulting doubly differential
phases (see Appendix C). We then assume that these Jones scalar phases are completely
described by DDTEC and the smoothed amplitudes coming from beam errors.

The idea of fitting frequency v~!' dependence to phase to extract a TEC-like term is not new
[e.g. van Weeren et al., 2016]. However, fitting ionospheric components from Jones scalars is
a notoriously difficult procedure because the Jones scalars are typically noise dominated,
with heteroscedastic correlated noise profiles, and there are many local minima caused by
phase-wrapping. Figure 3.5 shows an example of simulated Jones scalars data for a single
optical pathway with a typical observational noise profile corresponding to a remote antenna
and calibrator peak flux of 0.3 Jybeam ™. Typically, the problem is solved using maximum-
likelihood estimators and the resulting TEC-like parameters are too biased or of high variance

2We use the term ‘measure DDTEC’ purely for distinction between the inferred DDTEC screen discussed in
Section 3.3.4. Also, from a philosophical perspective, a measurement is a single realisation of inference.
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to be used for any sort of inference. For our purposes we require uncertainties of the measured
DDTEC, which should be of the order of a few mTECU.

15
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Figure 3.5: Simulated real and imaginary components of noise-dominated Jones scalars and
observational uncertainties. The simulated ground truth DDTEC is 150 mTECU and the
observational uncertainties are frequency dependent and correlated, corresponding to a

remote station for a calibrator at the cutoff peak flux limit of 0.3 Jybeam™.

We formulate the problem as a hidden Markov model [HHM; Rabiner and Juang, 1986]. In
this HMM the Jones scalars of an optical pathway form a sequence of observables indexed by
time, and the DDTEC of the optical pathway forms a Markov chain of hidden variables. We
then apply recursive Bayesian estimation to obtain the posterior distribution of the DDTEC at
each point in time given the entire Jones scalar sequence. As shown in Appendix D, this can be
done in two passes over the data, using the forward and backward recursions, Equations D.3
and D.5, respectively.

Let g; € CMea be the observed complex Jones scalar vector at time step i, and let AT,
be the corresponding DDTEC. For visual clarity, we drop the optical pathway designation
because this analysis happens per optical pathway.

We assume that the Jones scalars have Gaussian noise, described by the observational
covariance matrix ¥. Thus, we define the likelihood of the Jones scalars as

plg: | AT, %) =Aclg: | 18l 547, 3], (3.9)

where |g;| denotes the smoothed amplitudes, and .A¢ denotes the complex Gaussian distri-
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bution. The complex Gaussian distribution of a complex random variable is formulated as a
multivariate Gaussian of the stacked real and imaginary parts.

Because we expect spatial and temporal continuity of FED, the DDTEC should also exhibit
this continuity. Therefore, we assume that in equal time intervals the DDTEC is a Lévy process
with Gaussian steps,

PAST 1 | AST) = NAST 41 | AST;, 06 1], (3.10)

where w? is the variance of the step size. This is equivalent to saying that the DDTEC prior is
a Gaussian random walk.

Equations 3.9 and 3.10 define the HMM data likelihood and state transition distribution
necessary to compute Equations D.3 and D.5. The relation between DDTEC and amplitude
and the Jones scalars is non-linear, therefore Equation D.3 is analytically intractable. To
evaluate the forward equation, we apply variational inference, which is an approximate
Bayesian method. Variational inference proceeds by approximating a distribution with a
tractable so-called variational distribution with variational parameters that must be learned
from data [e.g. Hensman et al., 2013]. A lower bound on the Bayesian evidence is maximised
for a point-wise estimate of the variational parameters, resulting in a variational distribution
that closely resembles the actual distribution.

We assume that the variational forward distribution for DDTEC, at time step i given all
past Jones scalars, gy.;, is closely approximated by a Gaussian,

q(AgT,-)=</V[A§Ti | m,-,y?], (3.11)

where the mean and variance is m; and 7%, respectively. When this choice is made, the
state transition distribution is conjugate, and the forward recursion reduces to the well-
known Kalman-filter equations, and the backward recursion reduces to the Rauch-smoother
equations [Rauch, 1963].

We consider marginalisation of the state transition distribution in Equation D.2. Marginal-
ising with respect to Equation 3.11 at time step i — 1, we obtain

PAST; | 801, B) = N[AST; | my_y, 61 +77 ). (3.12)

This can be viewed as the propagated prior belief in DDTEC. The forward probability density
is then given by Bayes equation,
2 2
P(Aﬁfi | go;i,E) — p(gl | Aoflrz)p(AoTl | gO:lflrE)‘ (3‘13)
p(8i | 8o.i-1, %)

This is the posterior probability density given all previous observations in the observable
sequence.

Variational inference proceeds by minimising the Kullbeck-Leibler divergence KLg || p]=
f z1084q/p dg from the variational forward distribution g to the true forward distribution
p with respect to the variational parameters. Equivalently, we may maximise the following
evidence lower-bound objective (ELBO),

p(Ang- | gO:irz)p(A(Z)Ti | 80:i-1, %)

Yilg,p]=E 511 3.14

l[q P] q(Ait ) 0g q(A(Z)Ti—l) ( )
ZEq(Agr,,l) [108 p(gi | Aﬁfi,Z)]

—KUq(AT;-) 1| P(AG T | 8oim1, D). (3.15)
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Because the variational and prior distributions are both Gaussian, there is an analytic ex-
pression for the KL term®. The expectation of the likelihood term is called the variational
expectation and is analytically derived in Appendix E.

One of the benefits of variational inference is that it turns a problem that requires compu-
tationally expensive Markov chain Monte Carlo methods into an inexpensive optimisation
problem. It works well so long as the variational distribution adequately describes the true
distribution.

We have assumed the variational forward distribution to be Gaussian, therefore the
approximated system becomes a linear dynamical system (LDS). Several great properties
follow. Firstly, the backward equation, Equation D.5, is reduced to the Rauch recurrence
relations [Rauch, 1963], which are easily accessible [e.g. Shumway and Stoffer, 1982], so we
do not write them down here. The Rauch recurrence relations are analytically tractable. As
long as the variational forward distribution is a reasonable approximation, they therefore
provide a computationally inexpensive improvement to DDTEC estimation. In contrast,
performing the forward filtering problem alone uses only half of the available information in
the observable sequence.

Secondly, the unknown step size variance w and the observational uncertainty ¥ can be
estimated iteratively using the expectation-maximisation (EM) algorithm for LDS [Shumway
and Stoffer, 1982]. For a good introduction to HHMs and parameter estimation see Shumway
and Stoffer [1982], Rabiner and Juang [1986], Dean et al. [2014]. In summary, each iteration of
the EM algorithm starts with the E-step, which calculates the forward and backward equations
to obtain an estimate of the hidden variables given the entire sequence of observables. The
M-step then consists of maximising the expected log-posterior probability of the hidden
parameters found in the E-step. The M-step equations for LDS are given explicitly in Shumway
and Stoffer [1982], therefore we do not provide them here. We call these solutions the LDS-EM
solutions.

The complete DDTEC inference algorithm is given in Algorithm 1. For the initial prior
DDTEC prior mean and prior uncertainty we use 0 mTECU and 300 mTECU, respectively.
The top panel in Figure 3.6 shows the ELBO basin for the Jones scalar data in Figure 3.5
during the first forward pass iteration of the algorithm. During the first iteration, the HMM
parameters are not known and the ELBO basin is has many local optima. However, after
the first iteration, the HMM parameters are estimated, and during the second pass, most of
the local optima are gone, corresponding to better priors that were learned from the data.
This happens because the constrained Lévy process variance regularises the inferred DDTEC.
In situations with noisy data, but where a priori the DDTEC changes very little, this can
significantly improve the estimate of posterior DDTEC. In situations where the DDTEC varies
much between time steps, the time-coupling regularisation helps less, but it still reduces
the variance of the estimates. Figure 3.7 shows the resulting 90% confidence interval of
the posterior phase for this example simulated DDTEC inference problem, and the method
clearly correctly found the right phase wrap.

To globally optimise ELBO in the presence of many local optima, we use brute force
to locate a good starting point, and then use BFGS quasi-Newton optimisation from that
point to find the global optimum. Because there are only two variational parameters, the
brute-force grid search is very quick.

2 2 2
KL [y, 0211l N [tz 02]] = § (% e’ 4 10g %)
2 2 1
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/* Initialise */
Set N, t0 @ max number of iterations;
Set £ = I as an initial estimate of observational covariance of g per frequency;
Set 0 to an initial estimate of the DDTEC Lévy variance per time-interval;
Set n=0;
while n < N, do
/* E-step */
Set i =0;
whilei < T ; // Forward pass
do
Use 0™ and =™ to define %[q || p];
Maximise .%;[q || p] for mE”) and y[l.");
Seti=i+1;
end
Seti=T;
while i >0; // Backward pass
do
Revise estimate of mgn) and )’(i") with Rauch-recurrence relation;
Seti=i—1;
end
/* M-step */
Set w™*D and T™*Y to the LDS-EM solutions;
Setn=n+1;
end

/* Final variational mean and variance */

return {mﬁ") L {y(l.") }

Algorithm 1: Solving the recursive Bayesian estimation of DDTEC from Jones scalars
using variational inference to approximate the analytically intractable forward dis-
tribution. It assumes that the DDTEC is a Lévy process with Gaussian steps. It uses
the EM-algorithm to estimate the the observational covariance and Lévy process step
variance.
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Figure 3.6: ELBO landscape of the simulated Jones scalars in Figure 3.5 during the first
and second iterations of Algorithm 1. The top panel shows the ELBO basin during the first
iteration, and the lower panel shows the ELBO basin during the second iteration after one
round of parameter estimation. The ground-truth DDTEC is 150 mTECU in this example.

In this randomly chosen data set 0.1% of the measured DDTEC are found to be outlier
solutions, that is, approximately 1.6 x 10% of 2.6 x 10° optical pathways. Outliers are visually
characterised by a posterior uncertainty that is too small to explain its deviation from its
neighbouring (in time and direction) DDTEC. Outliers drastically affect the performance of
the screen inference step because the uncertainties will be ‘trusted’.

We detect outliers using a two-part heuristic approach, where we value having more
false positives over false negatives. First, we filter for large jumps in DDTEC. We use rolling-
statistics sigma-clipping, where we flag DDTEC that deviate by more than two standard
deviations from the median in a rolling temporal window of 15 min. Secondly, we filter for
large jumps directionally. We fit a smoothed multiquadric radial basis function to the DDTEC
over direction and flag outliers where the DDTEC deviates by more than 8 mTECU. Measured
DDTEC that are flagged as outliers are given infinite uncertainty.

3.3.4 Infer DDTEC screen

We denote the DDTEC mean and uncertainties inferred with variational inference in Sec-
tion 3.3.3 as the measured DDTEC with associated measurement uncertainties. In this section
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Figure 3.7: Posterior doubly differential phase solved with variational inference. The shaded
region shows the central 90% confidence interval following two passes of Algorithm 1. The
resulting variational estimate for DDTEC is 149.1 2.3 mTECU. The ground-truth DDTEC is
150 mTECU.

we show how we perform probabilistic inference of a DDTEC screen. In order to distinguish
the DDTEC screen from the measured DDTEC, we call them the inferred DDTEC. The process
is visualised in the correspondingly labelled box in Figure 3.8.

We define the screen directions by selecting the brightest 250 directions with apparent
brightness greater than 0.01 Jybeam™ and separated by at least 4. We exclude the original
calibrator directions from the set of screen directions, which already have optimal solutions
provided in smooth_cal+slow_cal.

We model the measured DDTEC over optical pathways, indexed by (x, k), following the
ionospheric model proposed in Albert et al. [2020a], which geometrically models the iono-
sphere as a flat, thick, infinite-in-extent layer with free electron density (FED) realised from
a Gaussian process. Whereas in Albert et al. [2020a] the modelled quantity was differential
total electron content (DTEC), here we model DDTEC, which requires a modification to their
model. Generalising the procedure outlined therein, we can arrive at similar expressions as
their Egs. 11 and 14. Because the results can be arrived at by following the same procedure,
we do not show the derivation here and simply state the DDTEC prior mean and covariance,

mz-(x, k) =E[A] 7(x, k)] =0, (3.16)
Kazo((x, k), (x;, ) =E[A) T(x;, K)A] 7(x;, K] (3.17)
:Iil;'k/ - Iilz)k/ - Iil;‘ko + Iil:)ko
— I I+ I — I
e AR R B

HI2N — I — 1

koko
oj Tl (3.18)
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where we have used the same notation with Latin subscripts denoting antenna indices. Each
term in Eq. 3.18 is a double integral

skt gkr

/ ! J
I = f f K (x; + sk,x; + s'’K') dsds’ (3.19)

S!(_ Sk/_

i J
of the FED covariance function K, and the integration limits are given by
k+ b A Av—1

s = a:i:E—(xi—xo)-z (k-z), (3.20)

where a is the height of the centre of the ionosphere layer above the reference antenna, and
b is the thickness of the ionosphere layer. The coordinate frame is one where the z is normal
to the ionosphere layer, for instance, the east-north-up frame.

The FED kernel, K, that is chosen determines the characteristics of the resulting DDTEC.
In Section 3.3.4 we discuss our choice of FED kernels. For a comprehensive explanation
of the effect of different FED kernels on DTEC and examples of inference with this model,
see Albert et al. [2020a]. Importantly, the only difference between inference of DDTEC and
inference of DTEC is in the number of terms in Eq. 3.18, where there are 16 for DDTEC and
only 4 for DTEC.

Using Eqgs. 3.16 and 3.18 to define the DDTEC prior distribution, we infer the posterior
distribution for the DDTEC screen given our measured DDTEC following standard Gaussian
process regression formulae [e.g. Rasmussen and Williams, 2006a]. Specifically, given a
particular choice for the FED kernel, K, if the set of optical pathways of the measured DDTEC
are given by Z and the set of all optical pathways that we wish to infer DDTEC over are given
by Z* , then the posterior distribution is [cf. Eq. 19 in Albert et al., 2020a]

P(AXT(Z9) | A2t(Z), K ) =N [AZT(ZY) | m(Z), K(Z*, Z%)), (3.21)

where the conditional mean is m(Z*) = KA[Z]T(Z*,Z)B_lA(Z)T(Z), the conditional covariance
is K(Z*,Z) = Kp2.(Z*,Z*) — Kp2 (25, Z)B™' Kp2.(Z,Z*), and B = K2.(Z,Z) + £2.(Z,Z). The
measured DDTEC mean and uncertainties are A37(Z) and X a2¢(Z, Z), respectively. To handle
infinite measurement uncertainties, we factor £2.(Z,Z) into the product of two diagonal
matrices, then symmetrically factor the diagonals out of B. The inverted infinities then act
to zero-out corresponding columns on right multiplication and rows on left multiplication.

For a given choice of FED kernel, K, the geometric parameters of the ionosphere and
FED kernel hyper parameters are determined by maximising the log-marginal likelihood of
the measured DDTEC [cf. Eq. 18 in Albert et al., 2020a],

logP (A27(Z)| K)=log A [A2T(Z) |0, B]. (3.22)
For all our Gaussian process computations we make use of GPFlow [Matthews et al.,
2017], which uses auto-differentiation of Tensorflow [Abadi et al., 2015] to expedite complex
optimisation procedures on both CPUs and GPUs.
Accounting for a dynamic ionosphere
The ionosphere is very dynamic, with a variety of influencing factors. It can change its

overall behaviour in a matter of minutes [e.g. Mevius et al., 2016, Jordan et al., 2017]. In our
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experimentation, we found that choosing the incorrect FED kernel results in very poor quality
screens because of a systematic modelling bias.

We delimit two cases of incorrectly specifying the FED kernel. The first is when the true
FED covariance is stationary but the spectral properties are incorrectly specified. This can
happen, for example, when the character of the ionosphere changes from rough to smooth, or
vice versa. The tomographic nature of Kz, then incorrectly infers DDTEC structure that is not
there. In the second case, the true FED covariance is non-stationary and a stationary FEED
kernel is assumed. This happens, for example, when a travelling ionospheric disturbance
(TID) passes over the field of view [van der Tol, 2009]. In this case, the FED has a locally
non-stationary component and the tomographic nature of the DDTEC kernel will incorrectly
condition on the TID structures, causing erratic predictive distributions.

Both types of bias can be handled by a dynamic marginalisation over model hypotheses.
To do this, we denote each choice of FED kernel as a hypothesis. For each choice of FED kernel,
we optimise the FED and ionosphere hyperparameters by maximising the log-marginal
likelihood of the measured DDTEC, Eq. 3.22. We then define the hypothesis-marginalised
posterior as

P(A22(z*)| A21(Z sz P(A22(Z)| A22(2),K;), (3.23)

where w; = ( Z)| K; ) /> (AZT(Z )| K; ) This marginalisation procedure can be viewed
as a three-level h1era1'chlcal Bayesian model [e.g. Rasmussen and Williams, 2006a]. The
hypothesis-marginalised distribution is a mixture of Gaussian distributions, which is a com-
pound model and is no longer Gaussian in general. We approximate the mixture with a single
Gaussian by analytically minimising the Kullbeck-Leibler divergence from the mixture to the
single Gaussian. For reference, the mean of the single Gaussian approximation is the convex
sum of means weighted by the hypothesis weights.

For our FED hypothesis kernels we select the Matérn-p /2 class of kernels for p € {1,3,5, oo}
and the rational-quadratic kernel [Rasmussen and Williams, 2006a]. All selected kernels are
stationary. While we could incorporate non-stationary FED kernel hypotheses to handle the
second type of bias, we do not explore such kernels in this work. See Albert et al. [2020a] for
examples of the Matérn-p /2 class of FED kernels.

Computational considerations

In order for this approach to be practically feasible, the computation should only require a few
hours. The main bottleneck of the computation is computing the 16 double integral terms
in Eq. 3.18 for every pair of optical pathways, and inverting that matrix. A single covariance
matrix requires evaluating 16(N;es Nan N1 )> double-precision floating point numbers that
are stored in a Ny Nea X Nape Ve matrix. In the case of P126+65, using an abscissa resolution
of N, = 5 as suggested by [Albert et al., 2020a], the covariance matrix is approximately
23GB of memory, with approximately 600GB of memory used in intermediate products. The
large intermediate products mean that the covariance matrix evaluation is memory bus
speed bound. Furthermore, the inversion scales with N3 N2 . Hyperparameter optimisation
requires approximately 200 iterations of hessian-based gradient descent, with each iteration
computing the matrix and inverse at least once. Therefore, a lower limit on the number of
matrix inversions required for a typical observation with five FED kernel hypotheses is 10°.
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On a single computer with 32 cores and 512 GB of RAM this takes several weeks. Chunking
data in time produces modest savings. Using GPUs would make this calculation feasible in
just a few hours. However, while GPUs are intrinsically enabled by Tensorflow, we do not
currently have access to GPUs with enough memory.

To perform this scalably with enough FED kernel hypotheses to handle the dynamic
nature of the ionosphere would require too much computing power for a single measure-
ment set calibration, and unfortunately, a trade-off must be made. Therefore, we first make
the approximation that the ionosphere is thin, that is, we let b — 0. When we make this
approximation, the double integral terms become

I =K (x; + 5/%x; + s€°K), (3.24)
where sl.ko =(a—(x; —Xg)-2)(k-2)~'. This reduces the memory size of intermediate products
by NZ, approximately from 600GB to 30GB, but the size of the matrix is still the same, and
the same problem of inverting a large matrix appears many times.

Therefore we introduce a second approximation, that there is no a priori coupling between
antennae. When we do this, Eq. 3.18 becomes

X; N 7KK 7 7kl 7KK
Ky M) =17 — Ly — ;" + 1
,-kk/ ~kk/ ~kk ~kk
—lpi + 1oy + 10" —Ioo"
ok’ | 7ok’ | skoky _ 7koky
=L A Ly AL =
ot =g — I+ Tog (3.25)
This covariance matrix requires only computing 16(N,,)? double-precision floating point
numbers and requires inverting an N, x N, matrix. This is extremely fast, even with CPUs,
and the whole P126+65 measurement set can be performed in 50 minutes with five FED
kernel hypotheses.
After making these approximations with a stationary FED kernel, it becomes difficult to
infer the height of the ionosphere, a. Rather, if the FED kernel is isotropic and parametrised by

a length scale, for instance, [, then the marginal likelihood becomes sensitive to the ratio a/!.
Therefore it is still possible to learn something of the ionosphere with this approximation.

3.3.5 Image screen

DDFacet has internal capability for applying solutions during imaging in arbitrary directions
[Tasse et al., 2018]. DDFacet typically works with its own proprietary solution storage format.
To facilitate working with our solutions, we extended DDFacet to work with and recieve the
directions layout from H5Parm files whose specifications are defined by LoSoTo [de Gasperin
et al., 2019]. We convert the smooth_cal+slow_cal solutions to H5Parm format and then
convert DDTEC to DTEC by adding back the reference direction phase from smooth_cal.

We use the DDFacet hybrid matching pursuit clean algorithm, with five major cycles,
108 minor cycles, a Briggs robust weight of -0.5 [Briggs, 1995], a peak gain factor of 0.001,
and clean threshold of 100 uJybeam™. We initialise the clean mask with the final mask
from LoTSS-DR2. All other settings are the same as in the LoTSS-DR2 pipeline and can be
found in Shimwell et al. [2019]. We also apply the same settings to image the solutions in
smooth_cal+slow_cal for comparison purposes later.
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3.4 Results

Figure 3.9 shows several dimensional slices of the resulting DDTEC screens for LOFAR remote
antenna RS508HBA, which is 37 km from the reference antenna. Remote antennae are
typically more difficult to calibrate because flux on smaller angular scales (longer baselines)
drops off, therefore they are a good choice for showing the performance of the DDTEC
measurement and screen inference. The top panel shows the temporal evolution of a single
direction. We observe two distinct ionospheric behaviours over the course of the observation.
From 0 to 3.5 hours the ionosphere is ‘wild’, with DDTEC variations greater than 150 mTECU,
and the variation between time steps are more noise-like. From 3.5 hours until the end of the
observation, the DDTEC rarely exceeds 10 mTECU, and the variations between time steps
are smoother. For comparision, a central antenna within 500 m of the reference antenna
typically has DDTEC variations of 10 mTECU. In order to have such a small DDTEC so far
from the reference antenna, the FED of the ionosphere should be highly spatially correlated
on length scales longer than that baseline. This implies that a structure larger than 50 km,
potentially at low altitude, is passing over the array during that time.

Because we applied FED model hypothesis marginalisation, we can confirm that the
spatial power spectrum indeed changed during these two intervals. During the first half of
the observation, coinciding with the ‘wild’ ionosphere, the most highly weighted FED kernel
hypothesis was the Matérn-1/2 kernel, followed by the Matérn-3/2 kernel. During the last
half of the observation, coinciding with the ‘calm’ ionosphere, the most highly weighted FED
kernel hypothesis was the Matérn-3/2 kernel, followed by the Matérn-5/2 kernel.

The change in temporal variation roughness implies that the temporal power spectrum
of the FED changed in shape, becoming more centrally concentrated in the last half of the
observation. If we apply the frozen-flow assumption, then, over short enough time intervals,
the temporal covariance becomes the FED spatial covariance and therefore we expect to see
rougher temporal correlations when the spatial correlations become rougher. The frozen-
flow assumption is thus supported by the fact that the first and last half of the observations
are better described by rough and smooth FED kernels, respectively, matching the temporal
behaviour.

The middle and bottom rows of Figure 3.9 show the antenna-based DDTEC-screens
(showing what the ionosphere looks like from the perspective the antenna) of our inferred
DDTEC and measured DDTEC, respectively. The left columns are a slice during the ‘wild’
interval and the right column is a slice during the ‘calm’ interval (points indicated in the
temporal profile). We note that during the ‘calm’ time the DDTEC-screens are mostly negative.
From Equation 3.16 we expect that the DDTEC should be zero on average, which seems at
odds with the overall negative DDTEC screen at this time slice. As pointed out in Albert et al.
[2020a], the mean DTEC, and therefore mean DDTEC, should be zero only in the case of a flat
infinite-in-extent ionosphere layer, and then in a model where the ionosphere follows the
curvature of the Earth, the mean is not zero. The remote antennae of LOFAR are indeed far
enough from the reference antenna to have non-zero mean DDTEC as a result of curvature.

Because we applied the two approximations in Section 3.3.4, our model is no longer
tomographic, therefore we should not expect super-resolution DDTEC inference as observed
in Albert et al. [2020a]. However, our model still retains the directional coupling of a thin-layer
ionosphere model. Therefore, we observe that the reference direction is constrained to have
zero DDTEC in the inferred DDTEC screens.
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Figure 3.10 shows, side-by-side, several sources in the LoTSS-DR2 archival image, the
smooth_cal+slow_cal image, and the inferred DDTEC screen image. The column num-
bers correspond to the region indicated in Figure 3.2 with red circles, which shows that
all selected sources are between calibrators. The LoTSS-DR2 and smooth_cal+slow_cal
sources display similar dispersive phase errors, which implies that the isoplanatic assumption
was violated in that region of the image at some point during the observation. In the inferred
DDTEC screen image the dispersive phase error effects appear less pronounced, indicat-
ing that the inferred DDTEC screen provided a better calibration than nearest-neighbour
interpolation of the calibrator solutions.

In order to quantify the improvement to the image quality caused by applying the inferred
DDTEC screen, we systematically compare the scale of artefacts in the vicinity around bright
sources within the primary beam. We consider an annulus from 12”to 90”around all sources
brighter than 0.1 Jybeam™, and calculate the root-mean-squared residuals for the LoTSS-
DR2 image, 0 pg,, and inferred DDTEC screen image, 0 scieen, Within that annulus. Figure 3.11
shows the histogram of 10g s¢reen/ O pro- In total, 76% of the sources have Oy een < Opre With
amean reduction in O g een 0f 32% with respect to opgy.

3.5 Discussion

In P126+65 there is a clear improvement over LoTSS-DR2 resulting from applying our inferred
DDTEC screens. Remarkably, we see this improvement using only 35 in-field calibrators
compared to the 46 used in LoTSS-DR2. This suggests that the method may have applications
to other regimes where calibrators are very sparse, such as in very long baseline interferometry
or at ultra-low frequencies.

However, it is unclear whether this observation is typical and if the same method applied
to other observations would achieve similar results. One obvious difference between obser-
vations is the different layout of sources, and therefore potential calibrators. The distribution
of bright sources in P126+65 is relatively uniform over the field of view, which plays to the
advantage of our screen inference method. As a result of the approximations in Section 3.3.4,
the method is no longer tomographic, and sparsity of calibrators could have a significant
effect on screen quality. One of the next steps would therefore be to test the performance on
alarge number of observations. Furthermore, there are potential ways in which to make the
tomographic approach computationally efficient and therefore computationally viable, but
these require more research.

There is also the question of how robust this method is to various systematics. For
example, it is not yet known if unsubtracted compact or diffuse emission could be absorbed
during the calibration, as is known to occur if there are too many degrees of freedom during
calibration. Another source of uncertainty is the robustness of this method to the behaviour
of the ionosphere. In this observation two distinct characteristics of the ionosphere were
observed: one ‘wild’ and one ’calm’. There are perhaps many more types of ionospheres
that could be encountered [e.g. Mevius et al., 2016, Jordan et al., 2017]. Because of the FED
hypothesis marginalisation, we expect that any new ionosphere should be manageable as
long as the calibrators are not too sparse by incorporating the right FED kernel hypotheses.

Furthermore, while the changing ionosphere character may be handled with model
weighting, the quality of the inferred DDTEC screens ultimately depends upon the quality of
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the measured DDTEC. If this method were to be applied to LOFAR-LBA or long-baseline data,
the robustness of the DDTEC measurements must be guaranteed. For P126+65, 0.1% of all
measured DDTEC were found to be outliers, but this could easily be much larger when there
is less flux in the field against which to calibrate, as is the case at lower frequencies and on
very long baselines, or when the ionosphere coherence time is shorter than the time interval
of calibration (tens of seconds).

The improvements to root-mean-squared residuals near bright sources would be more
appreciable with lower thermal noise. An interesting avenue on which to test this method
would therefore be multi-epoch observations with tens to hundreds of hours of data. In a
deep observation, scattering of emission off of the ionosphere can cause low level structure
in the image, mimicking astrophysical sources such as cosmic web accretion shocks that are
hidden below the thermal noise. Any wide-field statistical study of faint emission should
ensure that such effects are properly calibrated.

3.6 Conclusion

We have put forward a method for DD calibration and imaging of wide-field low-frequency in-
terferometric data by probabilistically inferring DDTEC for all bright sources (>0.01Jybeeam ™)
in the field of view, using a physics-informed model. In order to do this, we proposed an
HMM with variational inference of the forward distribution for measuring DDTEC with un-
certainties from Jones scalars solved against isolated calibrators. Isolating the calibrators was
found to be important because this gives the Jones scalars well-defined effective directions.
We handled the dynamic nature of the ionosphere by marginalising the probabilistic model
over a number of FED kernels hypotheses. We only explored stationary hypothesis kernels,
therefore this method may not perform well on ionospheres with TIDs.

We tested the method on a randomly selected observation taken from the LoTSS-DR2
archive. The resulting image had fewer direction-dependent effects, and the root-mean-
squared residuals around bright sources were reduced by about 32% with respect to the LoTSS-
DR2 image. Remarkably, we achieved this improvement using only 35 calibrator directions
compared to 46 used in LoTSS-DR2. While these results are promising, the robustness of the
method must be verified on more observations.
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Figure 3.8: Flow diagram of the measure DDTEC and infer DDTEC screen steps. These steps
can be considered the main difference between our method and the method used in the
LoTSS-DR1 and DR2 pipelines.
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Figure 3.9: DDTEC screens and temporal profile of LOFAR antenna RS508HBA. The lower
four plots show the path-length distortions due to the ionosphere from the perspective of
antenna RS508HBA during wild and calm periods. The middle row shows the inferred DDTEC
screen, and the bottom row shows the measured DDTEC screen. The black star indicates the
reference direction, hence the DDTEC is always zero in that direction. The top plot shows
the DDTEC for a single direction over the course of the observation, and it clearly shows that
the temporal behaviour changed around 3.5 hours into the observation.
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Figure 3.10: Comparison of direction dependent effects in regions far from a calibrator. The
bottom row shows the archival LoTSS-DR2 image, the middle row shows the image when

s applied, and the top row shows the final image with our inferred

DDTEC screen applied. The column numbers correspond to the regionslabelled in Figure 3.2.
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Figure 3.11: Histogram and Gaussian kernel density estimation of the difference in magnitude
of root-mean-square residuals in annuli around bright source, screen-corrected, O gcreens
over LoTSS-DR2 archival, opg,. The root-mean-square residuals are calculated within an
annulus between 12”to 90" centred on sources brighter than 0.1 Jybeam ™. The residuals
are primary-beam uncorrected. The black line denotes the mean ratio, and corresponds to
O screen = 0.680pro.
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Chapter 4 Feasibility of ionospheric screens for LoTSS

On the feasibility of probabilistic ionospheric screens for LoTSS

J. G. ALBERT, R. J. VAN WEEREN, H. T. INTEMA, AND
H.J.A. ROTTGERING

In preparation for submission

Producing direction dependent calibrated radio images is vital for low-frequency wide-
field radio surveys such as the LOFAR Two-Metre Sky Survey (LoTSS). The current facet-based
direction dependent calibration of LoTSS is limited by two main factors: the sparsity of
suitable in-field calibrators, and ill-conditioning when many in-field calibrators are used. A
screen-based method of direction dependent ionospheric calibration was recently proposed
in Albert et al. [2020b] which was found to surpass the state-of-the-art direction dependent
calibration on a single randomly selected LoTSS data set, using fewer calibrators than used
by the LoTSS calibration. The proposed method potentially poses a logical next LoTSS survey
improvement if it can be shown to be feasible and robust on a larger sample set. In this
paper we apply the method to the deep Lockman Hole data set (12 observations and 100
hours in total) which spans varying times-of-day, season, and varieties of ionosphere. We
present a neural-network based outlier detection method that significantly improves over the
original outlier detection method. We quantity the improvement to image artefacts around
inter-calibrator sources by computing equivalent integration-time gain. We find that for
observations with low and high ionospheric activity that the method provides, respectively,
an average equivalent integration-time gain near bright sources of 1.3, and 2.0. In two of
the observations the improvements are less significant. We suggest that during these two
observations small-scale ionospheric structure limits the screen-based method. In no cases
is the resulting image quality worse than LoTSS. We apply the same method to calibrate and
image the full data set and find that the same improvements scale to deep observations. Our
method produces a zoo of ionospheric doubly differential total electron content screens
supporting that the ionosphere has many different distinct behaviours. We discover an
unmodelled systematic in the Jones scalars, which results in residual artefacts that limit the
effectiveness of method. Using a combination of real and simulated Jones scalar data we
propose and implement a preliminary correction for it. The proposed correction is found to
partially correct for the systematic, and indicates that the general approach is correct and
can be improved to completely account for the systematic. Using these results we determine
that the method is capable of extending the LoTSS calibration and imaging pipeline, and is
also promising for < 100 MHz data.
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Grootschalige Onderzoeksfaciliteiten’, as this research is part of the NL SKA roadmap project. J. G. A. and
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which is financed by the Netherlands Organisation for Scientific Research (NWO). This research has
made use of the University of Hertfordshire high-performance computing facility and the LOFAR-UK
compute facility, located at the University of Hertfordshire and supported by STFC [ST/P000096/1]. J.
G. A. thanks Aleksandrina Skvortsova for spending many hours clicking through outlier data.
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4.1 Introduction

One of the primary objectives of the Low-frequency array [LOFAR; van Haarlem et al., 2013]
is to be a wide-field low-frequency surveying instrument of the entire northern hemisphere
with unprecedented high sensitivity and resolution. There are numerous challenges involved
in realising this goal, which requires efficiently storing and processing petabytes of data. First
among these, any good wide-field low-frequency survey requires good direction dependent
(DD) calibration and imaging [Cohen and Réttgering, 2009]. Great progress has been made
to meet the DD calibration and imaging challenge. The calibration program killMS [Tasse,
2014b, Smirnov and Tasse, 2015] applies a clever sparsification of the optimisation problem to
overcome computational limitations of DD calibration, and uses an extended Kalman filter to
regularise the Jones matrices which improves the conditioning of the problem. The imaging
program DDFacet [Tasse et al., 2018] is a wide-field wide-band non-coplanar deconvolution
algorithm with spatially varying point-spread-function, and allows externally defined Jones
matrices to be applied. Together these two programs supply the tools that make up the state-
of-the-art DD calibration and imaging solution used by the LOFAR Two-Metre Sky-Survey
[LoTSS; Shimwell et al., 2019].

The LoTSS is planned in a tiered program of successive image quality, sky-coverage,
and depth. The first data release [DR1; Shimwell et al., 2019] provided the first tier of the
survey, presenting images of 5% of the northern sky, with an excellent median sensitivity of
Siaamiz =71 pJybeam ™! and point-source completeness of 90% at integrated flux density of
0.45 Jy. The coming second data release (DR2) will present improved DD calibrated images
of a much large fraction of the northern sky, and should improve the median sensitivity as
well as improve the detection of diffuse emission. Future data releases will go deeper, and use
long baselines to achieve resolutions of 0.3”. Since we have internal access to the unreleased
LoTSS-DR2 archive, we'll make reference to DR2.

Despite enabling one of the most ambitious radio surveys ever conducted, the state-of-the-
art DD calibration and imaging method is fundamentally limited by 1) the sparsity of available
calibrators in the field of view, and 2) the ill-conditioning of the system. When the angular
separation between calibrators is too great, the ionospheric distortions are directionally
under-sampled, leading to non-isoplanaticity [Fellgett and Linfoot, 1955], and when there
are too many degrees of freedom this leads to ‘self-cal bias’* [Grobler et al., 2014]. These
two limitations are not mutually exclusive; even when the field of view is densely populated
with bright calibrators, selecting too many potentially leads over-parametrisation and flux
absorption. Indeed, the LoTSS-DR2 choice of 45 calibration directions was chosen to balance
these two aspects.

The scattering effects of the ionosphere can be seen as a diffuse halo around sources,
which are not necessarily visible above the noise [Vedantham and Koopmans, 2015] and
can significantly impact studies sensitive to the power-spectrum of faint diffuse emission
[e.g. Harrison et al., 2016, Patil et al., 2017, Vernstrom et al., 2017, van Weeren et al., 2019].
Some part of this scattering can be corrected via DD calibration, however there is always a
remaining component which adds noise to the image, which depends on the spatio-temporal
power-spectrum of ionospheric FED and the availability of bright enough calibrators. For
LOFAR this noise-like component is expected to be of a level comparable to thermal noise
[Vedantham and Koopmans, 2016]. The DD correction performed by killMS is a facet-based

IThe term ‘self-cal bias’ was coined by Ger de Bruyn.
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algorithm that assumes each facet is an isoplanatic patch. When this is true, then all sources in
a facet can be calibrated with a single number per antenna, to good approximation, removing
most ionospheric effects and leaving only a thermal noise-like halo residual. However, since
the ionosphere is highly dynamic often the isoplanatic assumption is violated and a facet
fails to be well calibrated.

Recently, Albert et al. [2020b] proposed a probabilistic DD calibration and imaging ap-
proach for ionospheric calibration of LOFAR high-band antennae (HBA; 115-189MHz) radio
interferometric data that alleviates the issue of the sparsity of calibrators. The method is
based on inferring doubly differential total electron content [DDTEC; described in Albert
et al., 2020b] using a probabilistic non-diffractive tomographic technique [Albert et al., 2020a].
The method was shown to significantly improve DD dispersive phase errors between cali-
brators on a single randomly selected observation taken from the LoTSS-DR2 archive. In
particular, the method was shown to reduce the root-mean-squared residuals by 32% within
90” of inter-calibrator, bright (peak flux > 100 mJybeam ™) sources in comparison with the
archival LoTSS-DR2 image. For comparison, the reduction in DD scattering artefacts, around
these inter-calibrator sources, is equivalent to observing for approximately twice as long. If
this result can be expected when the method is applied to most observations, then it prompts
the possibility of reprocessing the entire LoTSS-DR2 archive (13 000 hours of observing time)
with these inter-calibrator ionospheric artefacts suppressed. However, before proposing
such a computationally expensive reprocessing the feasibility of the method on multiple
nights needs to be accessed, as well as an understanding and amelioration of the systematic
biases of the method.

Understanding the systematic biases of the method is vital for releasing a product that
the scientific community can trust. Such systematic biases include flux absorption due to an
incomplete sky model and over-parametrisation, dispersive phase and amplitude errors due
to an incomplete beam model, and incorrect DDTEC inference due to model misspecification
of the Jones scalars. Since this method introduces no extra degrees of freedom and maintains
the same calibrator sparsity as LoTSS, we expect the same source completeness properties as
the current LoTSS-DR2 processing, and we do not investigate it here.

In this paper we examine 1) the method effectiveness in a larger sample of observations
as well as on a multi-epoch (100 hours) imaging application, 2) the robustness to ionospheric
conditions, and 3) systematic biases due to model misspecification. In Section 4.2 we describe
the data and calibration procedure. In Section 4.3 we assess the method individually on 12
data sets with identical points taken from the LoTSS archive. We also combine all data sets
and produce a deep image, which we compare to LoTSS. We then we quantify the robustness
to differences in ionospheric conditions. Finally, in Section 4.4 we investigate a systematic
due to model misspecification using a combination of real and simulated Jones scalar data,
and then present a correction for this systematic.

4,2 Method

In this paper, we are primarily focused on assessing our method for robustness to ionospheric
conditions. To that end, we limit the variation due to calibrator distribution, sky model
completeness, field declination, and proximity to bright sources. The optimal experimental
setup is therefore to compare the method on the same field over multiple observations. We
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select the deep Lockman Hole (162°,58°) data set (12 observations and 100 hours in total) for
this purpose, whose observation dates and times are shown in Table 4.1 along with total daily
Sun-spot count. The selected data set can be divided into two sample sets with six samples
in each category: high Sun-spot count at dawn (Summer of 2018), and low Sun-spot count at
dusk (Spring of 2015).

Sun-spot counts are known to correlate strongly with ionospheric free electron density
(FED) due to extreme ultra violet ionising radiation from the Sun [Kiepenheuer, 1946], and
therefore are an approximate measure of the expected ionospheric conditions. As can be
seen from the Sun-spot counts, the observations from Summer of 2018 are expected to have
a lower FED compared to the observations from Spring of 2015. We note that high Sun-spot
count, and thus FED, does not necessarily imply temporal or spatial characteristics of the
ionosphere, as these qualities are largely influenced by the bulk motion properties of the
Earth’s atmosphere. In fact, the local time-of-day has the largest impact on the temporal and
spatial properties of the ionosphere, for example it has been suggested that scintillation is
more pronounced near sun-rise due to increased FED variation [e.g. Spoelstra, 1983]. Given
the different season and time of day of the data sets, they probe two vastly differentionosphere
varieties.

Table 4.1: Date and time of 12 Lockman Hole 8 hour observations selected for method analysis

Obs. ID Start time (UTC) Total daily Sun-spots

667218 2018-09-13 07:05:31 0£0
667204 2018-09-12 07:06:28 14£1.1
664480 2018-08-19 08:39:05 14£0.9
664320 2018-08-15 08:49:19 13+0.9
659948 2018-07-1211:08:29 0+0
659554 2018-07-1011:11:19 0£0
342938  2015-05-08 14:50:43 150+10.2
340794  2015-04-2517:08:19 69+6.2
299961 2015-03-24 17:47:39 108+5.9
294287  2015-03-2119:11:19 26%2
281008 2015-03-14 18:26:58 55+£4.7
274099 2015-03-08 20:11:19 28+1.9

Note: Sun-spot uncertainties are standard deviations of measurements
from solar observatories around the world.

For the purpose of discussion in this current work we provide a summary of the steps of
the method from Albert et al. [2020b]:

1. Subtract and solve step. Subtract a good model of the sky from the visibilities, except
for a set of bright calibrators. Solve against the isolated calibrators.

2. Smooth and slow-resolve. Smooth the Jones scalars, and resolve on a long time scale to
simultaneously improve the conditioning and solve the holes problem. For description
of the hole problem see Shimwell et al. [2019]. The phases are smoothed in frequency
by fitting a phase model, and amplitudes in time using a median filter with 15 min.
filter window.
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3. Measure DDTEC. Infer the DDTEC of the Jones scalars with a variational hidden Markov
model. Perform outlier detection and flagging on the inferred DDTEC.

4. Infer DDTEC screen. Apply model marginalised Gaussian process regression on the
measured DDTEC, with a physically motivated DDTEC covariance function, to infer
DDTEC for a screen of directions covering the field of view.

5. Image. Image the original visibilities with a concatenation of the smoothed and screen
solutions.

With the exception of isolating the calibrators before solving, the first two steps can be seen
as equivalent to the LoTSS DD calibration, and steps 3 and 4 can be seen as an extension of
the LoTSS DD calibration pipeline. A good quality of an extension to an existing pipeline is
that it does not worsen the data product with respect to the preceding part of the pipeline.
The calibrator selection criteria in step 1 of the original method was peak flux > 0.3 Jybeam™
separated by at least 6. Depending on the field, this selection could result in less than 20 to
more than 50 in-field calibrators, which significantly impacts the inter-observational DDTEC
screen consistency. To that end, in this paper we choose to standardise step 1 by choosing the
same number of calibrators as used by LoTSS — the brightest 45 directions separated by at least
6’. Our calibrator selection is not not exactly the same as in LoTSS. In LoTSS, the direction
of calibrators is not necessarily centred on a source, whereas our calibrator directions must
precisely encircle a bright source. This can be seen in Figure 4.6a, where the LoTSS calibrators
do not centre on any particular source. This is because LoTSS calibrates against all the sources
within a facet, and we calibrate against isolated bright sources. However, by choosing the
same number of calibrators, and ensuring they are sufficiently separated, the average distance
between our calibrators is the same as in LoTSS.

The Lockman Hole data sets have been previously jointly calibrated and imaged as part
of LoTSS-DR2. Therefore, we have a deep sky model that is a factor of approximately 3.5
deeper than the sky model for an individual eight-hour observation. We use this deep sky
model to perform calibrator isolation in step 1. In DDFacet, deconvolution is performed
using hybrid matching pursuit with a genetic algorithm that locally optimises deconvolution
around each clean component [Tasse et al., 2018]. The sky model resulting from this process
may contain scattered negative components, especially around bright sources, which are
called sky model artefacts. Failure to include these sky model components in the subtraction
mask can cause undefined distortion of the Jones scalars solved for. We manually ensure
that the subtraction mask in step 1 encompasses all sky model components of the calibrator
source. In particular, radio galaxy 3C244.1 is the brightest source in the field, and has scattered
sky model components that would fall outside the default subtraction mask, a circle with
radius 120” around each calibrator. We used a 240" radius mask for this calibrator.

4.2.1 Animproved outlier detection

As stated in Albert et al. [2020b], outlier detection and flagging of the DDTEC inferred in step
3 is extremely important for the performance of the method, since the Gaussian process
regression (step 4) depends on accurate estimates of the DDTEC uncertainty. That is, the
method is robust to outlier DDTEC values so long as the corresponding uncertainties are
large enough to reflect this. In the original method outlier detection was done with a heuristic
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method using radial basis functions that detects outliers based on spatial similarity, however
this method resulted in too many false negatives when applied to the Lockman Hole data
sets. To this end, we manually identified 4531 outliers and 74460 non-outliers then designed
and trained a neural network to perform classification.

The input to the neural network is the time series of DDTEC mean and log-uncertainty of
the K nearest neighbours of an optical pathway under consideration, as shown in Figure 4.1.
We choose K =15 (1/3 calibrator directions in the field of view), i.e. a DDTEC value is classified
as an outlier based on the nearest 15 calibrators in the antenna’s field of view. This choice of
input reflects how humans visually determine what is an outlier. In particular, in order for a
DDTEC value to be classified as an outlier by a human we require 1) that it visually ‘looks
out of place’ in the context of the DDTEC screen, or 2) the temporal evolution of that optical
path ‘looks out of place’ when compared with neighbouring calibrators. These two criteria
correspond to being spatially and temporally ‘out of place’. It is important that we consider
these two criteria, because sometimes when there are many outliers in an antenna’s field of
view the spatial information alone cannot discriminate between outlier and non-outlier.

The neural network architecture is an ensemble of eight 10-layer residual temporal a
trous convolutional neural networks [CNN; e.g. He et al., 2015]. Each layer has a kernel of
shape (kernel, filters) corresponding respectively to how wide the convolution window is,
and the number of features, similar to channels in an image. We choose kernel=3, and a
filter=48. The non-linearities of each CNN is the function f(x)=max(0, x). After we apply
the non-linearity we down sample the data according to a rule known as a pooling operation.
Each layer is a residual layer, i.e. the input to the layer is added to the output after applying
the non-linearity and pooling operation. Each layer is an a trous convolution [Yu and Koltun,
2016] which has inspiration from wavelet decomposition. In a trous convolution the kernel
window is expanded by a parameter called the dilation rate. Roughly speaking this controls
how sensitive the layer is to diffuse signal. Each member of the ensemble has a different
combination of pooling operation and dilation rate which gives each member a unique
structure that is sensitive to different types and scales of structure in the data. The set of
eight combinations of pooling and dilation rate is {MaxPool,AvgPool} x {1,2,3,4}. The idea
of using an ensemble of classifiers is that it averages away the bias of a single classifier, which
is the motivation behind many ensemble-based methods such as random forests.

A final layer projects the input to filter=1, which is interpreted as the logit of a binary
classification problem. To facilitate learning we add a constant to the output of each CNN
equal to the log prior probability of the training set, which is -3.6. This means that when the
CNN outputs zero the logits will correspond to the prior logits and the neural network only
needs to learn deviations from the prior. The loss function of each CNN is weighted binary
cross-entropy. We weight the positive classifications by the ratio of non-outliers to outliers,
which is approximately 36, so that the average gradient magnitudes of all outlier examples is
equal to that of the non-outlier examples. This ensures that we do not preferentially learn to
classify non-outliers.

We then jointly train the whole ensemble with Adam stochastic gradient descent [Kingma
and Ba, 2014] using a mini-batch size of 32, time-segments of 50 minutes, and learning rate of
10~*. We mask out the optical paths without ground truth labels. We train for 20 epochs which
takes approximately 6 hours on a 32 core CPU. Following training we set the classification
threshold of each member of the ensemble to the optimal value using the receiver operating
characteristic (ROC) curve The ROC curve is a plot of the FPR against FNR as a function of
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Figure 4.1: Pictorial description of the input to the neural network. For each optical pathway
we take the K nearest neighbours in the field of view, measured by great circle separation,
and stack the time series of measured DDTEC and log-uncertainty. An ensemble of temporal
CNNs are applied to the input and the outputs are trained for logistic regression per time
step. The ensemble median classification is used to identify outliers.
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Table 4.2: Comparison of outlier detection methods.

Neural network method

Heuristic method

Obs. ID FNR FPR  Est. FN  Est. FP FNR FPR  Est. FN  Est. FP
667218 1.5% 11.2% 728 274474 | 452% 5.0% 21999 122109
667204 04%  4.4% 125 113679 | 54.8% 6.1% 19387 155669
664480 0.1% 10.4% 49 275810 | 58.7% 11.4% 22768 300110
664320 1.4% 18.3% 1500 461773 | 49.1% 8.2% 51741 206502
659948 1.5% 6.0% 1247 150594 | 45.8% 5.1% 38239 128 304
659554  0.6% 7.5% 452 195082 | 39.3% 7.2% 28220 187 883
342938 22% 11.2% 1056 320300 | 423% 5.7% 20422 161647
340794  5.9% 5.4% 6148 152023 | 43.7% 4.2% 45270 118631
299961 2.1%  2.8% 806 76993 43.6% 3.2% 17068 88911

294287 12.4% 6.9% 25327 185568 | 43.7% 6.9% 89487 186491
281008 1.6% 4.2% 532 119309 | 42.4% 3.7% 13705 107378
274099  4.7%  9.9% 17329 250393 | 48.8% 59% 181955 150008

Total 2.6% 7.0% 55298 2575997 | 48.0% 5.5% 550261 1913642

Note: On average there are 2 749 800 optical paths per observation.
Note: FNRis false-negative rate, FPR is false-positive rate, FN is false negatives, and FP is false positives.
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the threshold. We choose the threshold for each member of the ensemble that minimises
FNR plus FPR. At deployment time we take the median classification from all members of
the ensemble as the classification.
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Figure 4.2: Receiver operating characteristic curve as a function of the threshold for the
number of neural-network identified outliers in an antenna’s field of view. We flag an antenna’s
entire field of view if the number of neural-network identified outliers is above a threshold.
We value low FNR without significantly raising FPR. The optimal threshold of 30 directions
gives a FNR of 0.7% and FPR of 7.7%.

A comparison of performance of the heuristic method to the neural network is shown
in Table 4.2. The average false-negative rate (FNR) of the heuristic and neural network
methods is 48% and 2.6% respectively. False negatives (FN), being outliers that are missed,
have a much larger impact on performance than false positives (FP), which are accidentally
flagged non-outliers. Therefore, the neural network method provides an order of magnitude
improvement.

Using the FNR, FPR and the number of neural network classified outliers we can estimate
the number of FN and FP in the neural network classifications. Despite the significant
improvement of the outlier detection, we estimate that approximately 55 298 outliers were
missed. We observe that most of these FN occur when there are a large number of outliers
detected in the same field of view. This suggests that when the field of view has too many
outliers it is difficult for the neural network to decide which data points are not outliers.

We use this intuition to motivate a secondary rejection step. We reject an antenna’s
entire field of view if the number of neural-network identified outliers in the field of view
is above a certain threshold. When an antenna’s entire field of view is flagged we flag all
corresponding baselines in the visibilities involving the antenna under consideration. This
rejection mechanism requires no extra computation since it uses the results of the neural
network classifications. Figure 4.2 shows the receiver ROC curve for this rejection mechanism.
The ROC curve plots the FPR against FNR as a function of the threshold. We identify a
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threshold that meets our requirements of low FNR without raising the FPR significantly. From
the ROC curce we choose an optimal threshold of 30 directions. This results in a FNR of 0.7%,
which is a factor of almost four in reduction, and a FPR of 7.7%, which is unchanged.

4.3 Image improvements and ionospheric robustness

The method significantly improved the DD errors in 10/12 observations, while 2/12 showed
only moderate improvements. Figure 4.3 shows typical examples of how inter-calibrator DD
errors are corrected by the method. In observations 274099 and 297287 many inter-calibrator
DD effects still remained after applying the method, despite verifying that that screens looked
sensible. Note that the resulting image quality in these observations is still at least as good,
or better, than the LoTSS-DR2, i.e. DD errors did not get worse.

There are several possible explanations why these two observations did not show signifi-
cant improvements. One is that the calibrator layout, with an average inter-facet separation
of 38/, may under-sample small scale ionospheric structure during these observations. This
separation is equivalent to ionospheric scales of 2 km to 5 km, which occasionally occur
in the ionosphere [Yeh and Swenson, 1959, Mevius et al., 2016]. Another possibility is that
non-stationary structure due to travelling ionosphere disturbances (TIDs) [e.g. van der Tol,
2009] may have been prevalent in these observations. Our method currently does not support
non-stationary disturbances, though extensions are possible to account for such behaviour.
Alternatively, the thin-screen approximation described in Albert et al. [2020b] may not be valid
in these observations. Koopmans [2010] shows that wide-field low frequency arrays should
take into account the 3D ionosphere. In our application we take a full 3D non-diffractive
tomographic model in the limit of a thin-ionosphere for computational reasons, although
there are possible optimisations that might make 3D modelling feasible. Finally, we observe
in Table 4.2 that these two observations have a much higher number of estimated FN, sug-
gesting that the Jones scalar data may have been of sub-standard quality resulting more
missed outliers.

In Figure 4.3 we observe that the spoke-like patterns, which originate from uncorrected
ionospheric scattering, are corrected by the method. We observe that around all corrected
sources, especially the right-most one, there are radially asymmetric arc-like patterns. These
arc-like patterns appear in varying degrees in all observations. We analyse and propose a
correction for these arc-like patterns in Section 4.4.

To quantify improvement to DD errors we measure the root-mean-squared residuals
(RMSR) around inter-calibrator bright sources before and after applying the screen. To
measure RMSR, we select the brightest 66 non-calibrator compact sources across the field of
view and mask an annulus with inner radius set to avoid the source flux and outer radius set
to 45”. If there are nearby compact or diffuse structures these are excluded from the mask.
The RMSR is then computed as the square-root of the mean of the square of the flux density
in the mask. We denote RMSR in the screen-corrected image as O gcreen, aNd O g_screen aS the
RMSR in the image with same calibration procedure as LoTSS-DR2. We refer to G packground 8
the background noise.

From the RMSR we compute the equivalent integration-time gain (EITG), as the relative
extra amount of integration time that would be required to achieve the RMSR of the screen,
O screens When using the LoTSS-DR2 calibration method. Assuming that scattering effects occur
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Figure 4.3: Visual example of how the method corrects inter-calibrator DD errors. These
sources are taken from observation 342928. The lower panels are images with 45-direction
calibration using the same method as LoTSS-DR2, and the upper panels are images with

DDTEC screens applied. The mean background noise is 70 uJybeam ™.

uniformly random throughout an observation then the EITG is given by (0 ,o_screen/ O screen)’-

Figure 4.4 shows a histogram of the EITG for the two sample sets as well and also plots the
EITG of the individual observations against the total daily Sun-spot counts. We observe that
the EITG in both sample sets are peaked above one and have long tails extending to higher
values. There is an apparent difference in the histograms of the two sample sets. The high
Sun-spot (Spring 2015) sample set has a mean EITG of 2.0 while the low Sun-spot (Summer
2018) sample set has a mean EITG of 1.3, and the tail of the prior one at larger EITG is heavier.
Given that the Spring 2015 is closer to Solar maximum, has high Sun-spot counts, and is
at dusk, the ionospheric FED is likely much larger than in the Summer 2018 observations,
therefore scattering is likely stronger. Indeed, the scattering artefacts in the Summer 2018
images are far weaker. These results suggests that the method corrections are more significant
during times of high ionospheric FED and less significant when the ionosphere FED is lower,
which are equivalent to stronger and weaker scattering respectively. This is also compatible
with the result of Albert et al. [2020b].

This result is partially explained by the fact that observations with less scattering have
fewer DD errors to correct, therefore the maximal achievable EITG is lower. This necessarily
constrains the EITG in the Summer 2018 sample set to lower numbers than the EITG in
the Spring 2015 sample set, regardless of the model accuracy. Thus, we cannot rule out the
possibility that the model is not accurately modelling the underlying DDTEC in the Summer
2018 sample set. For example, there is likely more turbulence near dawn [e.g. Spoelstra,
1983] which produces small scale structure that the average calibrator spacing of 38’ does
not resolve. Since the scattering effects are very weak in the Summer 2018 observations,
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Figure 4.4: Upper panel: Total daily Sun-spot count individual observations plotted with
respect to the EITG. The red star is the data point from Albert et al. [2020b]. Lower panel:
Histograms and kernel density estimation of ETIG aggregated per sample set. The dashed
line indicates the mean of 2.0 for the histogram for the Spring 2015 sample set. The dotted
line indicates the mean of 1.3 for the histogram for the Summer 2018 sample set.

sometimes with DDTEC values only a few times the uncertainty, it is not possible to investigate
this possibility.

We can effectively characterise the model efficacy independent of the ionospheric condi-
tions by considering the EITG as a function of the strength of ionospheric scattering. As a
proxy for ionospheric scattering strength we use the ratio 0 no—screen/ Tbackground- Figure 4.5
plots EITG against this proxy of ionospheric strength. We observe that when the 0 ,,y_screen
is close to the background noise the EITG is approximately unity, indicating that there is
no improvement from the model. Conversely, when the 0, gcreen iS an order of magnitude
larger than the background noise the EITG is in the vicinity of three. There is a large scatter in
the relation, however a power-law fit indicates that the EITG oc \/ O no—screen/ T background- The
ideal model that completely removes all scattering effects would produce a power-law index
of two. The deviation from this ideal relation is likely explained by at least two things. Firstly,
there is always a low-level halo of speckles around sources, proportional to the brightness
of the source, due to ionospheric scattering on sub-solution interval timescales. Secondly,
as mentioned already, in Section 4.4 we investigate a systematic which contributes to the
residuals around sources.
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Figure 4.5: 2D Histogram of the EITG and ionospheric scattering strength proxy,
O no—screen/ Tbackground> aggregated over all observations. The red line shows a power-law fit.

The scatter also slightly goes below one for 0"y —screen S 3T background- This can be explained
by the enhanced effect of small errors or systematics at low noise levels. Specifically, suppose
the flux of the pixels in the masked regions where RMSR is measured is composed of the back-
ground flux and the artefact flux, with root-variances 0yackground and O griefact = A0 background
respectively. The artefact flux can be due scattering as well as modelling systematics. Then,
since the background and artefacts are independent we have that the EITG is,

2

1+a
EITGzﬁ, (4.1)

screen

where @,y screen aNd Qgereen cOrTespond to before and after applying the screen model, respec-
tively. Note that @ cOntains systematics imposed by modelling, which a,o_screen 1S free of.
When @,,y_screen @A Qgereen are small then a modelling error can lead to EITG less than one.
For example, SUPPOSe O o—screen = 3T background, then a modelling error of 207, ciground implies
EITG less than one.

We jointly imaged all observations producing a deep image. Figure 4.6 shows the compar-
ison between our deep image and the LoTSS-DR2 archival deep image. Since the calibrator
layout is different between the LoTSS-DR2 image and our image, there are two comparisons
we make.

The first is a comparison of scattered flux near calibrators. Since LoTSS calibrates against
all flux in a facet, the solution does not perfectly correct any particular source. Instead, the
solution partially corrects all sources in the facet, with boundaries indicated by cyan lines in
Figure 4.6a. Compare this with our calibrator sources, inside red circles, which are all well
corrected. This reflects the fact that we isolate the calibrators before solving.
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One of the benefits of not isolating calibrators is that all solutions in a facet will be partially
improved, and this is a good strategy when a screen-based method is not available. If we were
to image with only the isolated calibrator solution then we would see very clean calibrators
but worse inter-calibrator scattering than in the LoTSS image. Therefore, when no screen-
based method is available calibrating against a facet is appropriate. However, calibrating
against a whole facet can fail entirely when the isoplanatic patch size becomes much smaller
than the facet.

The second comparison we make is that of the scattered flux around inter-calibrator
sources. Figure 4.6b shows some examples of the improvements made by our model. We
observe that the spoke-like artefacts are mostly gone, indicating that the effects of the iono-
sphere have been mostly removed. The majority of the remaining artefacts are from the
modelling systematic mentioned earlier, which are also visible in the individual observations,
in Figure 4.3. These artefacts are typically lower level than the scattering related artefacts,
moreover we expect to be able to characterise and remove this modelling systematic.

4.4 Anon-ionospheric systematic and correction

In Figures 4.3 and 4.6b we observe asymmetric arc-like artefacts around inter-calibrator
sources after applying our screen-based calibration. These artefacts do not appear uniformly
across the field of view, and are less severe in some observations. For example, they were not
noticeable in Albert et al. [2020b]. The asymmetric pattern suggests that this is a phase-effect,
and the arc-like pattern suggests that it is varies on the scale of hours. If it varied on shorter
timescales then the patterns would be more radial as ionospheric scattering artefacts are.
Therefore, this suggests that the phase component of the Jones scalar model is missing a
slowly varying component.

We observe that both in LoTSS-DR2 archival images as well as our images without screens
applied, e.g. the LoTSS-DR2 deep image in Figure 4.6 and the lower panels in Figure 4.3,
that there are no arc-like artefacts. This implies that the Jones scalar smoothing performed
in LoTSS calibration and step 2 of our method can account for this systematic. In LoTSS
calibration the phase model is a two-parameter linear model, a TEC-like oc v~! term and a
constant term. In step 2 of our method the phase model is a three-parameter linear model,
a TEC-like o< v~! term, a constant term, and a clock-like o< v term. Both LoTSS and step 2
of our method assume slowly changing amplitudes. Note, we introduced a clock-like term
upon noticing residual direction independent components in the Jones scalars [see Albert
et al., 2020b]. This is fundamentally why we perform directional referencing before inferring
DDTEC.

The performance of the method depends on the Jones scalars being modelled correctly,
since a DDTEC screen inferred from biased DDTEC will lead to biased screens. The model
assumes that the only DD contributions to the Jones scalars are slowly varying amplitudes due
to beam errors, and phases o< ¥~ due to non-diffractive weak scattering in the ionosphere.
The temporal aspect of the Jones scalars is modelled with a hidden Markov model using
variational inference assuming a linear phase model containing only DDTEC [Albert et al.,
2020b].

Global optimisation is guaranteed via a clever basin-hopping routine. This is based on
the analytic form of the variational expectation in [Albert et al., 2020b]. The variational
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(b) Cut-outs of inter-calibrator sources. Bottom row: LoTSS-DR2 deep archival. Top row: our deep
image.

Figure 4.6: Comparison between the LoTSS-DR2 archival deep Lockman Hole image and the
same data calibrated with our screen-based method. Our deep image does not apply the
systematic correction proposed in Section 4.4. Cyan lines and red circles correspond to the
LoTSS calibration regions and to our calibrators, respectively. The mean background noise

in both the LoTSS-DR2 archival deep image and our deep image is 27 uJybeam ™.
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expectation has many local maxima due to phase wrapping. Since we have the analytic form
we know precisely how far apart the local minima are, therefore we can simply hop between
them to find the global maximum (which is unique).

We search for a slowly varying unmodelled phase systematic, by plotting the residual
between the posterior mean phase and the phase of the data. The upper panel of Figure 4.7
shows the residual phase over time of a single antenna and direction following Jones scalar
modelling. We observe a low-order (in the sense of polynomials), symmetric in frequency,
slowly varying underlying structure in the residuals. The phase residuals in this example can
be quite large, reaching approximately 0.4 radians.

We perform linear regression for each time-slice and plot the first regression coefficient
(the slope) in the lower panel. The regression coefficient has units of radians/MHz and can be
converted to an effective phase residual by multiplying by half of the bandwidth. The effective
phase residual scale is indicated on the right axis, and reflects the scale of the residuals in the
upper panel. From the effective phase residual we can see that this residual changes slowly
over the observation, on the scale of hours. This suggests that it is related to the arc-like
artefacts.

The regression coefficient is insensitive to phase residuals originating from noise and
therefore is a good measure of the systematic. Table 4.3 summarises the effective phase
residuals for each observation in terms of percentiles of the effective phase residuals. We
observe that the distribution of effective phase residuals is heavily tailed. While half of
the effective phase residuals are below approximately 0.07 radians, 20% of effective phase
residuals are above approximately 0.15 radians and 10% are above approximately 0.20 radians.

Table 4.3: Effective phase residuals per observation.

Effective phase residual (rad)

Obs. 1D — 5 oile ~ 80-%ile  90-%ile
667218 0.06 0.13 0.20
667204  0.06 0.13 0.19
664480  0.06 0.13 0.19
664320  0.07 0.15 0.23
659948  0.06 0.14 0.21
659554  0.06 0.13 0.20
342938 0.07 0.14 0.19
340794  0.07 0.16 0.23
299961  0.06 0.12 0.18
294287  0.06 0.15 0.23
281008  0.05 0.11 0.16
274099  0.07 0.16 0.25

The phase residuals must originate from one or more DD systematics, since we have
directionally referenced the Jones scalars. This is why we infer doubly differential total
electron content instead of differential total electron content. Figure 4.8 shows an example
of the effective phase residual plotted over a field of view. We observe that the effective phase
residuals are clearly correlated over direction.
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Figure 4.7: Example of unmodelled systematics in the phase residuals. The upper panel
shows the phase residuals for a single antenna and direction. The lower panel shows the first
regression coefficient (slope) of the phase residuals and the corresponding effective phase
residual on the right axis.

Given that there is a correlation over direction and that the effect changes on the time
scale of hours there are only a few known candidates for this systematic. The most logical
cause is that the beam model is inaccurate. The beam of a LOFAR station is quite complicated
since the tiles of the array exhibit electromagnetic coupling, which are not perfectly modelled.
Since the beam shape is a function of phase tracking centre, an inaccurate beam model would
introduce an effect that changes slowly over the course of an observation.

We propose that the phase residuals can be heuristically modelled by the addition of a
constant-in-frequency term in the Jones phase model which changes slowly in time. This
proposal is based on the fact that both LoTSS calibration and step 2 of our method produce
images without arc-like patterns and both include a constant-in-frequency term in the phase
model. Albert et al. [2020b] show how to perform variational Bayesian inference with a hidden
Markov model [HMM; Rabiner and Juang, 1986] with any arbitrary linear phase model. In
step 3 of the method we use a single linear term, i.e. DDTEC. Here we consider the effects
of introducing a constant-in-frequency term to the linear phase model. In particular, we
consider the bias-variance trade-off of introducing an additional degree of freedom.

We simulate 100 independent Jones scalar sequences using a two-component linear
phase model with DDTEC plus a constant-in-frequency term. We use the HMM to simulate
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Figure 4.8: Example of the effective phase residual from observation 659948 exhibiting corre-
lation among directions.

the Jones scalars, drawing from the empirical HMM parameter distribution for DDTEC, i.e.
the variance of the Gaussian steps and observational uncertainty. We choose a Gaussian step
variance of (0.04 rad)? for the constant-in-frequency term, which was selected to produce
effective phase residuals that resemble the lower panel of Figure 4.7.

Given these simulated Jones scalars we perform HMM variational inference with two
different linear phase models: 1) a DDTEC-only linear phase model, and 2) a DDTEC plus
constant-in-frequency linear phase model. The first model is exactly the same one used in
step 3, and the second model is the exact same one that the Jones scalars are simulated with.
We then compute the residual between the posterior mean DDTEC and the ground truth.

Figure 4.9 plots the DDTEC residual for both linear phase models as a function of the
ground truth constant-in-frequency term. We also compute the effective phase residual
for the simulated data and find that there is a scaling relation of 0.157 times the ground
truth constant-in-frequency term. The effective phase residual scale is shown on the top
axis. We observe that the single component linear phase model (DDTEC-only) results in a
residual that depends linearly on the ground truth constant-in-frequency term, with a slope of
approximately —16.7 mTECU rad . The variance of the scatter is very small, (0.75 mTECU 2.
We observe that the two component linear phase model results in residuals with no significant
dependence on the ground truth constant-in-frequency term. The variance of the scatter is
an order of magnitude larger that the single component model, (15 mTECU)?.
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The first model results in high-bias low-variance residuals, while the second model results
in low-bias high-variance residuals. The high-bias of the first model follows because the
missing component in the phase model shifts the global optimum away from the ground
truth, whereas the high-variance of the second model follows because we have introduced
twice as many degrees of freedom given the same amount of information in the data. The
high-bias of the first model implies that for antennas with phase residuals such as the one
in Figure 4.8, that the inferred DDTEC is offset by as much as 60 mTECU, and this offset
changes very slowly over the course of an observation. We suspect that this gives rise to the
asymmetric arc-like patterns. Furthermore, while the effective phase residuals might seem
deceptively small, < 1 rad, the effect on the inferred DDTEC is quite large.

effective phase residual [rad]
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Figure 4.9: Deviations of the inferred DDTEC from the ground truth for two linear phase
models. The single component model (purple) is the DDTEC-only model, and the two
component model (orange) is the DDTEC and constant-in-frequency model. The shaded
regions are 95% confidence regions.

The high-variance of the second model implies that we cannot simply add the constant-
in-frequency term to the HMM in step 3, since the resulting DDTEC would be useless for
screen-based modelling. We propose an alternative method of debiasing based on the
effective phase residual and a strong prior on the smoothness. We use the scaling relation
between the effective phase residual and the ground truth constant-in-frequency term to
get a noisy estimate of the constant-in-frequency term. We then apply a median filter over
a time window of 2.5 hours with reflecting boundaries to produce a slowly varying smooth
estimate of the constant-in-frequency term. We then subtract this estimate of the constant-in-
frequency term and resolve again with the DDTEC-only model. This method requires running
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the HMM inference twice, once to get the effective phase residuals, and a second time once
the phases have been debiased. Since this systematic is DD, we also interpolate the constant-
in-frequency term to the screen directions. We apply nearest-neighbour interpolation as a
first-order approximation.

Figure 4.10 shows a comparison of inter-calibrator sources significant arc-like artefact
before and after debiasing. We observe the arc-like artefacts are suppressed, however a
low-level diffuse artefact appeared. This confirms that the arc-like artefacts were indeed due
to these phase residuals. The fact that the arc-like pattern disappears, despite the resulting
diffuse artefacts suggests that our general approach to debiasing is correct, however there is
still work to be done to perfect the method. For example, good outlier flagging proved critical
for the DDTEC before inferring the screen, therefore perhaps outlier detection and flagging
with these constant-in-frequency terms using spatial information would improve the results.
Also, the timescale of 2.5 hours may be too long. Given that the resulting diffuse artefact is
large scale, they likely stem from the treatment on short baselines, i.e. central antennae.

4.5 Information in DDTEC screens

An interesting product of this method is the rich view of the ionosphere’s behaviour. Fig-
ure 4.11 shows a random selection of DDTEC screens across the Lockman Hole data set,
organised according to similarity of features. The posterior uncertainty in these DDTEC
screens is < 1 mTECU. The screens were randomly selected from antennae at least 1 km
from the reference antenna. Because they are randomly sampled they provide a cross sec-
tion of the common types of ionosphere varieties. We see that features ranges from simple
gradients across the field of view, to wave-like patterns, to higher-order aperiodic features.
This supports the fact that there are many distinct behaviours in the ionosphere [e.g. Mevius
etal., 2016, Jordan et al., 2017]. This is one of the most detailed views of the ionosphere ever
made in terms of angular (sub-arcminute) and temporal (sub-minute) resolution, as well
as precision of the DDTEC measurements (sub-mTECU). This zoo of DDTEC screens also
allows us to explore the limits of our screen-based method. In particular, it enables us to
explore in the future how sparse the calibrators can be selected such that we can still recover
these screens.

One of the tantalising future applications of this method is DD calibration of LOFAR-LBA.
While it is beyond the scope of this paper to give an in-depth prediction for how feasible this
will be, we can already draw conclusions from the variety of structures seen in Figure 4.11.
Specifically, we note that roughly 20% of the DDTEC screens have wave-like patterns and
another 20% have rough small-scale structure. Such prevalence of small-scale structure
suggests that LOFAR-LBA, with typically less than ten bright calibrators with good quality
Jones scalars per field of view?, may struggle to perform DD calibration. This suggests DD
calibration of LOFAR-LBA may benefit from the planned LOFAR expansion which would
allow dual HBA-LBA observations, where the DDTEC screens from HBA can be applied to
LBA.

As observed in Albert et al. [2020a], the full tomographic application is able to perform
inference on sub-calibrator spacing. This suggests that a valuable future direction would be
to make the full tomographic method computationally feasible for application to LOFAR-LBA.

2Private communications with W, Williams.
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(a) Left: before applying debiasing. Right: After applying debiasing. Source comes from observation
342938.

(b) Cut-outs of inter-calibrator sources. Bottom row: before applying debiasing. Top row: After applying
debiasing. Sources come from observations (left to right): 281008, 340794, 299961, 342938.

Figure 4.10: Comparison of inter-calibrator sources with significant arc-like patterns before
and after applying our proposed debiasing correction.
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On top of this, we would also like to understand what further improvements to the screen
model would be beneficial at better handling some of the more difficult ionospheres, e.g.
non-stationary FED covariances, or curvature of Earth.

Since the ionospheric model has undergone several approximations [see Albert et al.,
2020b] for computational efficiency, we no longer perform tomography. Therefore, it is not
possible to learn about most of the ionosphere’s physical parameters. In principle, it is still
possible to constrain the ratio of irregularity correlation scale to height of the ionosphere.
However, since we have performed a FED hypothesis marginalisation it is not straight forward
to interpret these parameters. Furthermore, as shown in Section 4.4, the modelling systematic
can result in DDTEC that differ from the ground truth as much as 60 mTECU. It would
therefore be premature to interpret the DDTEC screens for ionospheric science.

4.6 Conclusion

We have tested the probabilistic screen-based method of Albert et al. [2020b] on 12 observa-
tions (100 hours) of Lockman Hole LOFAR HBA data, which covers a wide range of ionospheric
conditions, and compared the results to the calibration procedure of LoTSS-DR2. We find
that 10/12 images showed significant improvement beyond the method of LoTSS-DR2, while
2/10 observations showed as-good or only slightly better improvements. We suggest that
these moderate improvements are due to unresolved small scale structure in the ionosphere,
or non-stationary structure. This implies that the method robust to most ionospheric condi-
tions.

We have quantified the improvements from screen-based modelling in terms of equivalent
integration-time gain around bright sources, which is the extra relative observation time that
would be needed using the LoTSS-DR2 calibration method to reduce the scattering artefacts
to the level that the screen achieves. We find that when the free electron density is high, due
to increased Sun activity, measured in terms of Sun-spots, the equivalent integration-time
gain is on average two. That is, the method achieves scattering effects equivalent to an
observation twice as long. We also jointly imaged all observations, and compared this the
to deep LoTSS-DR2 image. We find that similar improvements also scale to deep images,
though modelling systematics build up and increase the noise around bright sources.

We discovered a modelling systematic that results in asymmetric arc-like artefacts around
inter-calibrator sources. The origin of the phase component is not yet known, though we sug-
gest it could be related to beam model inaccuracies. We propose that it can be accounted for
as an additional DD constant-in-frequency phase component in the Jones phase model. Us-
ing a combination of real and simulated data we show that including a constant-in-frequency
term in the HMM results in high-variance DDTEC inference unsuitable for screen inference.
Therefore, an alternative method was proposed to account for the bias. We propose a simple
filtering method, based on the slowly varying nature of the systematic, to remove it from
the data. We show that this simple procedure removes the arc-like patterns, but introduces
low-level diffuse artefacts. This suggest the general approach to accounting for the systematic
is correct, but more work is needed to perfect it.

Once this systematic is robustly accounted for, the results of this paper suggest our screen-
based method is feasible for reprocessing the entire LoTSS archive. Future improvements to
the screen-based method, that would improve the robustness and also make it applicable to

113



Chapter 4 Feasibility of ionospheric screens for LoTSS

Buid |

Declination (J2000)

165° 160° 165° 160° 165° 160° 165° 160°

Right Ascension (J2000)

Figure 4.11: Caption continued on next page.
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Figure 4.11: A zoo of DDTEC screens. Each panel is a DDTEC screen with normalised scale.
The posterior uncertainty in these DDTEC screens is < 1 mTECU. The screens are randomly
taken throughout the Lockman Hole data set from antennae at least 1 km from the reference
antenna. They have been organised according to similar features ranging from simple gradi-
ents, to wave-like structures, to rough nearly uncorrelated structures. The black star is the
reference direction. The distance from the reference antenna is shown in the box.

LOFAR-LBA, would be to relax the thin-layer approximation so that the model becomes fully
(non-diffractive) tomographic as originally proposed in Albert et al. [2020a].
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Derivation of tomographic
equivalence

We now explicitly prove the assertion that Eq. 2.24 is equal to Eq. 2.26, that is,

JP(T|ne)P(ne | T obs) dne:fp(ner‘l:'fobs) dn,. (A.1)

We note that we sometimes use the notation .A[a | m,, C,] which is equivalent to a ~
‘/‘/[ ma’ Cﬂ ]' N

We define the matrix representation of the DRI operator in Eq. 2.6, A, n, = {A)’(c n. |(x,k)e
.}, and likewise let A be the matrix representation over the index set .%,,s. Similarly, the
matrix representation of the FED kernel — the Gram matrix—is K = {K(x,x) | x,x’ € Z'}. Using
these matrix representation we have the following joint distribution,

i, K KA KA"
P(Re, T, Tops)=A | 0, AK AKA! A KAT ) (A.2)
0 AK AKA! AKA"+0%I

Let us first work out the left-hand side (LHS) of Eq. A.1. Because 7 = A,n,, and using
standard Gaussian identities we have,

P(z|n,)=N[AKK \(n,—7,),AKA,—A KK 'KA,] (A.3)

A,(ne—1,) 0

Similarly, the second distribution on the LHS is,

PR, | Tops) = N7, + KAT(AKAT + 02 1) 7,
K—KAT(AKAT + oI AK]. (A.4)

We now can use standard Gaussian identities [e.g. Weiss and Freeman, 2001] to evaluate the
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integral on the LHS,

f P(t|n.)P(n, | Tops) dn, =A[AKAT(AKA" + 0% 1) 745, A, KA
—AKA"(AKAT + 0’1 'AKA] (A.5)

In order to work out the right-hand side (RHS), we simply condition Eq. A.2 on 7,,; and
then marginalise n, by selecting the corresponding sub-block of the Gaussian,

5 T
P(ne,TITobs)Zﬂ[(%e)+( kA )(AKAT+GZI)_17:0bs,

ATKA"
K AKA!
A, KAT A KAT
KAT T —1
—(A*KAT)(AKA +o’I) (AK AKA*T)] (A.6)

Marginalising over n,, is equivalent to neglecting the sub-block corresponding to n,. There-
fore, the RHS is,

f P(n,,7| Ty dn, :JV[A*KAT (AKAT +0°1) ' 7o, A, KAT

~AKAT(AKAT +0%1) AKAT]. A7)

136



Appendix B

Derivation of the ATEC variance
function and its limits

We derive the ATEC variance function GZATEC(d ) for zenith observations (k = k’ = 2) by
considering a baseline between an antenna-of-interest at x; =x; and a reference antenna at
X, = 0. To use the Pythagorean theorem later, we assume that this baseline lies in the plane of
the local horizon, i.e. perpendicular to the zenith. Without loss of generality, we can orient
the coordinate axes such that this baseline lies along the X direction, so that x; —x, = d%. Here
d = ||x;|| is the distance between the two antennae. We then take the general covariance
function Kargc ([xi,xo,f(] , [x 71X0) R’]), and find that in this particular case

O.ZTEC(d) éI<ATEC ([xirxo»i] ’ [Xi»XOri]) (B.1)
1 1
:Z Z(_I)P1+Pz
p1=0p,=0
b prb
f f Ko, (1K) =X(1op); +2(51 = $2)11) dsidsy, (B.2)
0 0

where K, is an arbitrary stationary and isotropic kernel (such as the Exponentiated Quadratic
and Matérn % kernels considered earlier) for the FED. The two terms where p; and p, are
equal give the same contribution, as do the two terms for which p; and p, are unequal. By
subsequently applying the Pythagorean theorem in this last case (i.e. p; =0 and p, =1, and
vice versa), we find

b b
UZTEC(d)sz f Kne(|51—32|)—Kne(V d2+(31—32)2)d31d32- (B.3)
o Jo

We manipulate this result to obtain a more insightful expression. First, we note the (implicit)
presence of three parameters with dimension length: ionospheric thickness b, reference
antenna distance d, and FED kernel half-peak distance /. We perform transformations to
dimensionless coordinates u; = 3+ and u, = 7 to reveal that the shape - though not the
absolute scale - of the function 04 ;,(d) is governed only by the length-scale ratios % and 4,
and the particular functional form of K, .
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Furthermore, for stationary covariance functions, we have K, = O'ie Cy, where C,, is the
corresponding dimensionless correlation function.
These considerations enable us to express the ATEC structure function as a dimensionless,
shape-determining double integral appended by dimensionful prefactors; i.e.

ot
O rpc(d) =207 h* f f Cp, (R Uy — u,|)
0 0

2
—C,, h\J (%) +(uy — u,)* | duyduy. (B.4)

We first note that the variance of ATEC is simply proportional to the variance of n,. Secondly,

2
we note that h|u; —uy,| < h (%) +(u; — u,)? for any non-zero d, so that Cy, (B uy—uy))>

Cy, (h (%)2 +(u, — uz)z) for all monotonically decreasing correlation functions C,,, (or,

equivalently, covariance functions K, ). With the integrand always positive, we see that the
integral must be a strictly increasing function of % (which occurs in the integration limits).
Therefore, we conclude that for stationary, isotropic, and monotonically decreasing (SIMD)
FED kernels with HPD F, the ATEC variance increases monotonically with the thickness of
the ionosphere b. Simply put: thicker SIMD ionospheres cause larger ATEC variations.

Let us now consider three limits of the ATEC zenith variance function, that all do not re-
quire Kggp to decrease monotonically. In the short-baseline limit, i.e. % — 0, we have

C,, (h (%)2+(u1 — u2)z) — C,, (h|uy — u,]). We therefore find that UZATEC — 0 irrespec-

tive of other parameters, recovering that the variance of ATEC vanishes near the reference

antenna. In the long-baseline limit, i.e. ¢ > 2 > 1, we see that (%)2+(u1— w)f ~ 4,
. 2 2 . .

since (u; —u,)* < (2)" < (47 Assummg C,.,(d)~0when % > 1, the integrand reduces to

C,, (huy—u,))—-C, (h . %) Cy, (R |1, — u,]). We find that in this case,

e

O rpc 207 hzf f (R luy—upl)duy duy. (B.5)

This is the plateau value of the ATEC variance that our model predicts for the long-baseline
limit.

Another way to arrive at the plateau value expression of Equation B.5 is by considering
the statistical properties of TEC first. In a computation analogous to the one for ATEC in
Section 2.3, one can derive the general TEC covariance function Kygc. The variance of Tf
(the TEC of antenna i while observing towards the zenith 2) is straightforwardly shown to be

=0’ hzf f (Ruy—up|)duy du,. (B.6)

We highlight the absence of a dependence on i at the RHS. As a ATEC is simply a TEC
differenced with a TEC for a reference antenna observing in the same direction, we have

UZATEC=V(Tf—fﬁ)=V(Tf)+V(T§), (B.7)
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where the second equality only holds when the TECs are independent. This is exactly the
scenario considered in the long-baseline limit. Plugging in Equation B.6 recovers the plateau
level. We can find a general upper bound to the variance of ATEC in terms of physical
parameters. To this end, we note that the integrand in Equation B.4 is maximised when, over
the full range of integration, the value of the first term is 1 whilst the second term is equal
to the infimum of the correlation function. Calling infg {C,, (r): r € Ry} £ 1, we find the
inequality;,

" "
O e 207 hZJ J 1—Iduydu, =2(1-I)o’, b*. (B.8)
0

For strictly positive FED kernels that decay to zero at large distances (such as the EQ and
Matérn kernels considered in this work), we find O.ZTEC < 202 b?. Kernels resulting in anti-

correlated FEDs produce the constraint 04 ;. < 402 b? or tlghter By measuring o argc(d),
one can bound the product ¢, b from below. The strongest bound is obtained for large d.
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Factoring commutative DI
dependence from the RIME

We consider the effect of directionally referencing spatially referenced commutative Jones
scalars. In particular, we study phases of the Jones scalars, and assume amplitudes of one,
but the same idea extends to amplitude by considering log-amplitudes that can be treated
like a pure-imaginary phase.

Let g(x,k) = e*W be a Jones scalar, and consider the necessarily non-unique decompo-
sition of phase into DD and DI components,

P(x 1) =9 P (x k) + 9 (x). C.1

This functional form only specifies that the DI term is not dependent on k. The differential
phase to which the RIME is sensitive is found by spatially referencing the phase,

Ay (%, k) =¢ (%, k) — ¢ (%0, k) (C.2)
=0y P (x, k) + A" (x). (C.3)

Directionally referencing the differential phase to direction k, , we have

A2 (x,K) =00 (x, k) — AP (x k) (C.4)
=A2 9 P (x, k). (C.5)

We see that the DI phase has disappeared, and we are left with the doubly differential phase
for the DD term. We then assume that there was a remnant DI component in ¢°P(x,k). Then
by induction we have that Aﬁ(])DD(x, k) must be free of DI terms, and qub(x, k) must be free
of all DI components. It follows that directionally referencing phase guarantees that all DI
components are removed.

Furthermore, assuming we were to directionally reference a doubly differential phase.
We assume that the doubly differential phase is referenced to direction kg, with A’ﬁ(p(x, k)£
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Ao (x,k)— AP (x, k). Then we see

A g,k — A2 (x, ko) =209 (%, k) — Agp (%, k) — (A (%, ko) — A (%, K)) (C.6)
=00 (x, k) — A (x, ko) (C.7)
=A2p(x,k). (C.8)

That is, directionally referencing a doubly differential phase produces a new doubly differen-
tial phase, referenced to the new direction, ky. This trick thus allows us to set a well-defined
reference direction to phases that have undergone DI calibration before DD calibration.
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Recursive Bayesian estimation

Yi Yin

Figure D.1: Casual graph depicting a hidden Markov model.

Recursive Bayesian estimation is a method of performing inference on a hidden Markov
model [HMM; Rabiner and Juang, 1986]. Let y be an observable and x be a hidden variable.
The HMM assumptions on x and y are, firstly, that the hidden random variable is only con-
ditionally dependent on its previous state, and secondly, the observable is conditionally
independent of all other random variables except for the current hidden state. These as-
sumptions are depicted in Figure D.1, where i is the sequence index. This paradigm is often
given a notion of causality or time, but this is not necessary in any way. The sequence index
is an abstract notion that simply explains how the set of hidden variables are traversed. For
example, we assume that the observations are frames of a movie, and the hidden variable
is the plot contained in each movie frame. The HMM assumption is that the movie plot is
linear, and the picture encodes what is going on in the movie at a given point in time. With
recursive Bayesian estimation the movie can be watched with frames randomly ordered and
the complete plot is still rendered completely.

There are two distinct types of information propagation in a hidden Markov model.
Information can flow in the direction of the arrows, or against them. This leads to the notion
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of the forward and backwards equations that describe how belief in hidden variables is
propagated forward, and for revising, we believe in previously visited hidden variables.

The joint distribution of the hidden random variables and observables in a chain of
length T can be written out as a product of conditional distributions and a marginal using
the product rule of probability distributions [Kolmogorov, 1960]. Because of the HMM
assumptions the joint distribution is

T
o, Yor) =p(o) | | PO [xi)p(y: %)), (D.1)
i=1
We first consider propagating information forward. This is done in two steps, typically
called the predict and update steps. For the predict step, we consider how belief in the
absence of new observables is propagated. For this, we apply the Chapman-Kolmogorov
identity' for Markovian processes,

P(Xis1 | ¥o:i) =Ex,ly,, [P(Xi+1 |Xi)]; (D.2)

which gives us the probability distribution of the hidden variables at time i + 1 in terms of
the so-called state transition distribution p(x;,; | X;) and posterior distribution p(x; | yo.;) at
index i. The current prior belief can be understood as the expectation of the state transition
distribution over the measure of the current posterior belief.

The update step is simply an application of the Bayes theorem with the prior defined by
the predict step,

PYi | X)Ex, | iyois [p(x; | x;1)]
p(yi | Yo:i-1)

where the denominator is the Bayesian evidence of the newly arrived data given all previous
data, and it is independent of the hidden variables. Equation D.3 gives a recurrence relation
for propagating our belief forward, therefore this is called the forward equation.

We now assume that we are at index 7', and wish to use all acquired information to revise
our belief in the previously visited hidden variables at indices i < T. The trick is to realise
that p(x; | X;41 | Yo.7) = p(X; | X;41 | Vo.;) as a result of the Markov properties. In this case, again
using the product rule, we find that the joint conditional distribution of a pair of sequential
hidden states given the whole sequence of data is

pX; | yo:i)= ) (D.3)

P Xrey | Vour) = PXi1 1 X)pX; | Vo )p(Xi1 |Y0:T). (D4)
p(Xis1 | ¥o:i)

Marginalising the second hidden parameter, we arrive at the recurrence relation

P(Xi1 | X)p(Xiz1 | Yo 1)
Xl+1 |y0:i)

p; | yo.r) = p(x; |Y0;)J dx;y;. (D.5)
This can be solved by starting at T and solving this equation iteratively backwards, therefore
Equation D.5 is called the backward equation. Most importantly, we note that the backward
equation does not require conditioning on data, as was done in the update step.

If b is conditionally independent of a, then p(a | ) fp a | b)p(b|c)db = Ey.[p(a | b)] is the Chapman-
Kolmogorov identity.
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When the transition and likelihood are assumed to be Gaussian, for example, in a linear
dynamical system, the forward and backward equations are equivalent to the well-known
Kalman filter equations and Rauch smoother equations [Rauch, 1963], respectively.
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Jones scalar variational
expectation

Let g € CMra be an observed complex Jones scalar vector, with amplitudes g € RV and
phases ¢ € RMea, We assume that the Jones scalars have complex Gaussian noise, described
by the observational covariance matrix 3. Thus, we have that the observational likelihood of
the Jones scalars (cf Eq. 3.9) is

p(gle, g B)=Aclglge™, =], (E.1)

where ¢ is the complex Gaussian distribution, which is defined as the Gaussian distribution
of the stacked real and imaginary components. We define the residuals 0 R = Re[g]— g cos ¢
and 61 =Im[g]— g sin ¢, and the stacked residuals §g=(6R,61)". Then the log-likelihood
becomes

1 1

logp(g| ¢, 8, %) =— Nyeqlog2m— 5 log|%|— EégT2_15g, (E.2)
1 1

=— Nireqlog2m— Elongl— ETr[Z*15g5gT] (E.3)
1 1

=— Nireqlog2m— 5 log|%|— Evec[Z]_1 Tvec[ogog”] (E.4)

where we used the fact that the trace of a scalar is a scalar, and that Tr[A” B] = Ttf[BAT | =
vec[A]Tvec[B].
Now we assume that the phases are linearly modelled according to

M
P =>_fiVa, (E.5)
2fT(va (E.6)

where f;(v) is the i-th basis function of a set of M linearly independent functions depending
on frequency v, and a; is the i-th parameter in the linear model. In the second line we have
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written the sum as a dot product. We furthermore assume that the parameter vector, a, is a
(potentially correlated) Gaussian random variable,

a~ANuT). (E.7)

This induces a distribution on phase via Eq. E.5.
The variational expectation of the Jones scalars with respect to a is the expectation of the
log-likelihood,

1
E, [logp(gl (P,g,E)] Z_IVfreq 10g27—[— E lOg|Z|

1
- Evec[E_l]Tvec [E.[6868"]], (E.8)
where we used the fact that expectation and vectorisation commute. Now we need to evaluate
the expectation, E, [5 g0 gT]. In order to do this, we realise that there are three explicit
expectations that must be done corresponding to sub-blocks of 6gég’ consisting of the
real-real, real-imaginary, and imaginary-imaginary outer products of residual vectors,

E,[6RG6R] =f SRSR" dp(a) (E.9)
. (E.10)
E,[6R5I"] =f S6R&ITdp(a) (E.11)
ap. (E.12)

E,[6161"] =f 61617 dp(a) (E.13)
. (E.14)

where p(a) = A[u,T]. All three of the above integrals involve Gaussian expectations of
trigonometric functions. For example, the (i, j)-th element of the integral I,, is,

(Ir )i j) =J(Re[g]i —gicos@(v;))(Re[g]; —g;cosp(v;))dp(a). (E.15)

To evaluate this integral, we use angle addition formulae to reduce all powers of trigono-
metric functions. We then use the characteristic function of the Gaussian distribution, which
gives the relation, Ex.. y(, rjle" "X|= ¢if"u=2/"Tf  on the exponential form of cosine and sine.
Applying the above, we evaluate all integral matrix elements,

(I;+)i,j) =RelgliRe[g]; — g;Relg]; i (f (v:)) —Relgligj lu(f(v;))

+8igiha(f(vi), f(v})) (E.16)
(Iri)u,j) =Relgl;Im[g]; — g;Im(g]; i, (f (v;)) —Relgl; g ha(f (7))

+8i8jhs(f (i), f (7)) (E.17)
(1ii)i,j) =Im[g];Im[g]; — g;Iml[g]; ko (f (v;)) —Iml[gl; g ha(f(v;))

+8i8iha(f(vi), f(v})) (E.18)
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where,
hy(x)=E,[cos x"a]=e ¥ ™ cosx (E.19)
hy(x)=E,[sinxTa]= e~ 2x Ix sinx” (E.20)
hy(x,y)=E,[cosx"acosy’a]l= %(hl(x +y)+h(x—y)) (E.21)
hy(x,y) =E,[sinx’a sinyTa] = %(hl(x —y)—h(x+y)) (E.22)
hs(x,y)=E,[cosx”asiny’a]= %(hZ(x + )+ hy(x—y)). (E.23)

This completes the evaluation of Eq. E.8 for an arbitrary linear phase model. For example,
in a phase model consisting only of DDTEC, we have M =1, fi(v) =% and a, = Aj7. Itis
simple to calculate the variational expectation of other linear phase models including terms
such as clock-like terms, constant-in-frequency terms, and higher order ionospheric terms.

A simplification follows if the observational errors are assumed uncorrelated, which leads
to a reduction of the number of operations required to compute the variational expectation.
In this case, only the diagonals of I,, and I;; are needed, and I,; is not needed at all.
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Derivation of the M-step

Here we derive the maximisation step of Algorithm 1. This is an extension of Shumway
and Stoffer [1982] to time varying observational covariance and state transition covariance.
In order to do this we must linearise the forward equation. Let the set of HMM states be
X ={x;|i=1..n} and the set of observations be Y ={y; | i = 1..n}. Following similar notation
as in Shumway and Stoffer [1982] we'll term x;’ be the state at step i conditioned on data up
to an including step s. Therefore if i > s then x; is the forecast of the state. Consequently
the conditional mean and covariance is u; and I;’. We'll also need the joint-covariance I;
which is the covariance of {x;, x;_; } conditioned on data up to step s. The recursive equations
for all these components are given in [e.g. Shumway and Stoffer, 1982] and follow from the

forward and backward equations in Appendix D.

Since at each time step the state is a Gaussian variable, using standard identities it follows
that the posterior distribution of x; — x;_; conditioned up to step 7 is given by,

Xi—Xj—1 7~ ’/V(xi —Xi1 | ‘u:l _M:'l,prin + ri’il _]-—"n',l _riril'i) . (E1)

1,1

The joint log-likelihood of the data and state is the sum of the prior component and the
likelihood component,

1 1 a
logL(X,Y) £— Elog|1"0|—§(x0—,u0)T1"0 1(xo—.uo)
1< 1<
— 5 D logIul =5 > =29 (g — xi)
i=1 i=1

IS S o A P
2;bglzll 2;(% Fx) = (s — fi(x;) + const. (E2)

where f; is the forward function from the HMM state to observable and time i. In general,
the function f; can change over time, e.g. deterministic input control parameters to f; can
be time dependent. Let us define the linear map D;(y) =V, f;|, y for some %;. The forward
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function then satisfies f;(x;) = f;(%;) + D;(x; — %;) + o(|x; — %;|?). From this Eq. E2 becomes,
1 1 _
log L(X,Y)=— Elogll"0| - E(XO_.UO)TF() !(x0 — o)
1< 1<
— 5 210811 = 2 > (= xim) 9 (5~ xi)
i=1 1

i=
1 n
—Ezllogm,w

1 n
=5 2 0= fiE8) =Dyl = 2) 57 (3= fi(%) = Dilagy = 51)
i=1
+ const. (E3)

which is exactly equal to Eq. E2 when x; = X; and f; quadratic in the neighbourhood of x;.
Defining 6 y; = y; — fi(X;)+ D; X; then Eq. E3 becomes,

1 1 _
logL(X,Y)=— 3 log Ty — E(xo — o) Ty ! (0 — o)

1< 1 -
=3 210819 =5 > ) (i)
i=1 i=1

1 n
- EZI:IOg|Zi|
o

I .
—3 2(5%‘ —D;x;)" =16y, —D;x;)
i=1
+ const. (E4)

Taking the expectation of Eq. E4 with respect to the state conditioned on all data we find [cf.
Shumway and Stoffer, 1982],

1 1< 13
Ex[log L(X, Y)]=—loglly| =5 > logl2|— > log||
i=1 i=1
1 _ 1 _
- E(Au(r)l _HO)TFO 1(“(’)1 _.Uo)_ ETI[FO 11—‘()n]
1 n
= 2 =) O e =)
i=1
1 n
) Z TeQ (1) + 17, —T T
i=1
1 n
- 52(5%‘ — D)= 6y, —Diull)
i=1
1 n
-3 > Tz DI D/ ]
i=1
+ const. (E5)
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We next take the derivative with respect to u,, Iy, 2;, and X; and set to zero and solve. Some
derivative identities are required. Assuming A is symmetric and positive definite, then using

Einstein summation notation we have,
-1 _ —1 4—1
Va, Ay == AL A,
_ 71
Va, log|A| —Al.].
Va, 1AL Vg == (A7 x)(A7 v =—(A7 (A7 )
“1p1__ A—1RT a=1 __ a—1pT -1
Vi, THA™ Bl=— A}, B A j=—AT B A,
Applying these identities as needed we have,
Vo Exllog L(X, V)] =Ty (g — o) =0

= o ={hg

1 1 _
Vi, Ex[log L(X, Y)]=— EVFO log|To|— Evro(ﬂg — o) Ty M (ud — o)
1 _
=5 Vi, Tl ']
P T
=_§r0 +5r0 T’ =0

— FO =r0n

1 n
Vo, Exllog L(X, )] == > Vg, log|]
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This completes the derivation of the update equations of the M-step.
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English Summary

What we know is a drop, and what we don’t know, an ocean. Some claim that the only things
we can know are those which are seen with the naked eye. To take in light, and produce
knowledge. That is the way information, raw and without interpretation, makes its way to
places like Wikipedia, books, schools, and into the minds of the next generation. The next
time you experience a blackout at night in your city go outside and look up. If luck favours
you, you won't find clouds but rather the cosmos staring down at you. You'll note that most of
those lights twinkle, like a distant candle in the wind. An odd few you'll note do not twinkle,
and, as you may already know, those are the planets of our solar system. Mars, Venus, Jupiter...
these characters of myth conjure up scenes of the gods’ wars, loves, and vengeance, and it
doesn’t take long before your mind starts to wander. When was it, the last time you looked
up in the night sky?

If you could see in the radio spectrum, that is if your eyes could sense wavelengths
greater than 1 cm, you would see a night sky that looks vastly different from the star-strewn
scene you're used to in the visible spectrum. The radio sky contains large diffuse structures,
compact pulsating sources, filamentary structures, ring like structures, and more. These
shapes correspond to a diversity of physical processes at play throughout the Universe.

One such physical process that we discuss in this thesis is synchrotron emission resulting
from the merging of galaxy clusters. Synchrotron emission is radio frequency light that
results from fast moving electric charges in the presence of an ambient magnetic field. Galaxy
clusters, on a scale some 100 millions times larger than our solar system, are the largest
gravitational wells of the Universe with masses on the order of 10'* M. Galaxy clusters form
the vertices of the cosmic web, with elongated filaments and sheets connecting them. Since
the scales are so large, they present an interesting laboratory for testing physics.

Occasionally, galaxy clusters merge with matter in-falling from the cosmic web with rela-
tive speeds exceeding 1000 kms~'. Such merger events can be thought of as the analogue of
particle accelerators here on Earth, where we test theories of physics on the smallest scales.
A merger event produces large outward travelling shocks in the intra-cluster medium (ICM),
releasing gigantic amounts of kinetic energy (10% J) in the form of turbulence and accelera-
tion of cosmic ray electrons (CRe) to ultra-relativistic speeds. These CRe emit synchrotron
emission that traces the dynamics of the mergers, and with advanced computational methods
allow us to test theories of physics on the largest scales.

In Chapter 1 we investigate one particular galaxy cluster (called PLCK G004.5-19.5) that
has the interesting property of being at large cosmological time (with a redshift of z =0.52).
We analyse the cluster at 150 MHz, 325 MHz, and 610 MHz with the Giant Metrewave Radio
Telescope [GMRT; Gupta et al., 2017] and find emission that suggests the cluster has under-
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gone a merger in the past, however the arrangement of emission is too complicated to say
much more. An interesting finding is that the central region of the cluster appears to have
a diffuse component that resembles what is called a radio halo. Radio halos are thought to
be driven by turbulence, however their existence at high redshift is rare. Their rarity comes
from the fact that radiant energy is lost through a process called inverse Compton scattering,
and this energy loss goes as o< (1+ z)*. Therefore, it's not that they don’t exist at high redshift,
they are merely too dim. In fact, this cut-off in cosmological redshift acts a a valuable means
of testing cosmology. The prevelence of faint complicated emission in high-redshift galaxy
clusters, and the hidden treasure trove of information, prompts the need for high-resolution,
low-frequency, wide-bandwidth, high-sensitivity radio telescopes.

Radio astronomy has changed a lot since it began. Early pioneers of radio interferometry
[Ryle and Vonberg, 1946] acquired so-called ‘visibilities’ with analog-driven pens on paper.
They could touch their data with their hands. Today, a radio astronomer ironically rarely sees
the visibilities, and the trend is increasing in that direction. Radio telescopes are some of the
biggest data experiments of humankind. One such telescope that occupies a large portion of
this thesis is the Low-Frequency Array [LOFAR; van Haarlem et al., 2013].

Since there is a clear need for deeper and better radio images, a large part of radio astron-
omy is technical in nature and known as calibration and imaging. In short, the visibilities
characterise how light from two very distant, but neighbouring, sources in the sky interferes
with each other. Much like how the interference pattern in Thomas Young’s double-slit exper-
iment told him how far apart the slits were, the visibilities tell us how far apart radio sources
are on the sky. Calibration and imaging is the process of using computers to invert large sets
of visibilties.

Chapters 2 to 4 deal with the aspect of calibration. Calibration has to do with the fact
that the telescope and medium between the telescope and sources are constantly changing.
Physical properties like temperature and humidity can change how a radio antenna receives
light, and something known as the ionosphere alters how radio waves propagate to the
telescope. In this thesis we are concerned with calibration of the ionosphere.

One of the challenges of ionospheric calibration is that you can’t directly see the iono-
sphere. There is a long history of trying to solving this challenging problem. There are two
main types of methods for ionospheric calibration, field-based calibration [Cotton et al., 2004]
which models image domain apparent source shifts, and facet-based calibration [Intema
et al., 2009, van Weeren et al., 2016, Tasse et al., 2018] which performs calibration on disjoint
patches of the sky called facets. In this thesis we focus entirely on the facet-based approach.

Facet-based calibration has several orders of complexity, however we will just sketch the
basic idea here. The idea is that when radio frequency light traverses a medium with a low
density of electric charges — as in the case of the ionosphere — the light wave takes on a small
time delay. This time delay is proportional to how many electrons the wave passes, and so
one can imagine counting all the electrons between the radio antenna and the source and
using this quantity to calibrate the effect of the ionosphere. In a way that is what facet-based
calibration does, except once for each bright source in the field of view.

How does this work though, since one cannot see the ionosphere? Indeed, the challenge
all lies in inferring a physical quantity based only on the light that the antennas receive. In
this thesis we borrow a concept from an entirely different field called seismic imaging. In
seismic imaging the goal is to see inside the Earth by bouncing acoustic waves off of structures
inside and recording them on the surface again. This method is built on the principle of
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tomography:.

Tomography and probability theory is used in Chapter 2 to derive a method that can
infer the ionosphere’s effect, and we show using simulations that it is superior to an array of
other methods that aim to do the same thing. The superiority follows because we have used
physics to place strong constraints on the result. In general, using physics to constrain the
possible outcomes of a process is very powerful.

With this powerful new method proven to work on simulated data, in Chapter 3 we apply
it to real data for the first time. In this case we apply it to an 8-hour LOFAR observation that
previously showed large calibration errors in the image. We pleasantly find that our method
is able to remove these image errors and we have a much clearer view of that small piece of
the sky.

We naturally want to know if that success was just luck, and if the method is robust.
Therefore, in Chapter 4 we apply the same method to twelve 8 hour LOFAR observations all
pointed at the Ursa Major (The Big Dipper) constellation. This area is known as the Lockman
Hole, for it shows very little HI emission in the galactic foreground. In this case we observe
that there is a general improvement in ten out of twelve cases, however it also brings to our
attention a low-level systematic in the data that we were not aware of. This systematic proves
to be very difficult to quantify.

Our method has shown great initial success and there are clear directions in which to im-
prove it in order to account for this systematic. This process is typical in science. As methods
get better, uncertainty decreases and, in the process, reveals lower-level phenomenon. Often
this is the threshold where discoveries and advances are made.
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Nederlandse Samenvatting

Vertaald door Martijn Oei

Wat we weten is een druppel, en wat we niet weten, een oceaan. Sommige mensen zeggen
dat de enige dingen die we kunnen weten, dingen zijn die je met het blote oog kunt zien.
Licht opnemen, en kennis produceren. Dat is de manier waarop informatie, in eerste in-
stantie primitief en zonder interpretatie, uiteindelijk terecht komt op plekken als Wikipedia,
in boeken, op scholen, en in de hoofden van de volgende generatie. Ga de volgende keer dat
er ’s nachts in jouw stad een stroomstoring is eens naar buiten, en kijk dan omhoog. Met
een beetje geluk is het niet bewolkt, en zie je de kosmos naar beneden staren. Het zal je dan
opvallen dat de meeste lichtjes die je ziet, twinkelen, als verafgelegen kaarsen in de wind.
Van een paar zal het je opvallen dat ze niet twinkelen, en — zoals je misschien al zult weten —
dat zijn de planeten van ons zonnestelsel. Mars, Venus, Jupiter... Deze mythische figuren
doen denken aan verhalen over de oorlogen, liefde, en wraak van goden, en het duurt niet
lang voordat je gedachten met je aan de wandel gaan. Wanneer was het voor het laatst dat je
’s nachts naar de hemel hebt gekeken?

Als je licht van het radiospectrum zou kunnen zien, dus als je ogen gevoelig waren voor
golflengten groter dan een centimeter, dan zou je een hemel zien die er volkomen anders
uitziet dan het met-sterren-bezaaide tafereel waaraan je gewend bent vanuit het zichtbare
spectrum. De radiohemel bevat grote diffuse structuren, compacte pulserende bronnen,
filamentaire structuren, ringachtige structuren, en meer. Deze vormen corresponderen met
een scala aan fysische processen die zich in het Universum voltrekken.

Eén zo'n fysisch proces dat we in dit proefschrift bespreken, is synchrotronemissie afkom-
stig van het samensmelten van clusters van sterrenstelsels. Synchrotronemissie is licht met
radiofrequentie dat ontstaat door snelbewegende elektrische ladingen in een omringend
magnetisch veld. Clusters van sterrenstelsels, die honderd miljoen keer groter kunnen wor-
den dan ons zonnestelsel, zijn de voornaamste zwaartekrachtsputten in het Universum, met
massa’s van zo'n honderdduizend miljard zonsmassa’s. Clusters van sterrenstelsels vormen
de knopen van het kosmische web, die verbonden worden met uitgerekte filamenten en
dunne vliezen. Omdat ze zo ontzettend groot zijn, vormen ze interessante laboratoria om
natuurkundige wetten te toetsen.

Soms nemen clusters van sterrenstelsels materiaal op dat met relatieve snelheden van
meer dan duizend kilometer per seconde vanuit de rest van het kosmische web komt aanstor-
men. Zulke botsingen en samensmeltingen kunnen worden gezien als het analogon van
deeltjesversnellers hier op aarde, waarmee we fysische theorieén testen die over het allerklein-
ste gaan. Samensmeltingen van clusters onderling zorgen voor grote naar buiten bewegende
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schokgolven in het intraclustermedium (ICM), waarbij gigantische hoeveelheden kinetis-
che energie (10° J) vrijkomen in de vorm van turbulentie en de versnelling van kosmische
straling (in het bijzonder elektronen - CRe) naar ultrarelativistische snelheden. Deze CRe
stralen synchrotronemissie uit waarmee de dynamica van de samensmeltingen af te leiden
is, en waarmee, aan de hand van geavanceerde computationele technieken, natuurkundige
theorieén over de grootste schalen getoetst kunnen worden.

In Hoofdstuk 1 onderzoeken we één bepaald cluster van sterrenstelsels (met de naam
PLCK G004.5-19.5), dat de interessante eigenschap heeft dat we hem zien zoals hij kosmolo-
gisch ver terug in de tijd eruit zag (op een roodverschuiving van z = 0.52). We onderzoeken
het cluster op 150, 325 en 610 MHz met de Giant Metrewave Radio Telescope [GMRT; Gupta
etal., 2017], en vinden emissie die erop wijst dat het cluster in het verleden een samensmelt-
ing met een ander ondergaan heeft, maar het patroon van de emissie is te ingewikkeld om er
veel meer over te kunnen zeggen. Een interessante bevinding is dat het centrale gebied van
het cluster een diffuse component lijkt te hebben die veel weg heeft van wat een radiohalo
wordt genoemd. Men denkt dat radiohalos ontstaan door turbulentie, en dat hun bestaan
op hoge roodverschuiving zeldzaam is. Die zeldzaamheid is het gevolg van het feit dat stral-
ingsenergie verloren gaat door een proces dat inverse comptonverstrooiing wordt genoemd,
en dat energieverlies schaalt als o< (1+ z)*. Daarom is het eigenlijk niet zo dat radiohalos niet
bestaan op hoge roodverschuiving, maar meer dat ze te lichtzwak zijn om waargenomen te
worden. Het is zelfs zo dat deze observationele begrenzing in kosmologische roodverschuiv-
ing een waardevol instrument is om kosmologische modellen te toetsen. De aanwezigheid
van lichtzwakke, complexe emissie in clusters van sterrenstelsels op hoge roodverschuiving,
en de bijbehorende verborgen schat aan informatie, vraagt om de ontwikkeling van radiote-
lescopen met hoge resolutie, ontvangst bij lage frequenties, brede waarneembanden en hoge
gevoeligheden.

De radiosterrenkunde is flink veranderd sinds de begindagen. Vroege pioniers van ra-
diointerferometrie [Ryle and Vonberg, 1946] verzamelden data, ‘visibilities’ genoemd, met
analoog aangedreven pennen op papier. Ze konden de data aanraken met hun handen.
Vandaag de dag ziet een radioastronoom echter zelden de visibilities. Radiotelescopen zijn
enkele van de grootste data-experimenten van de mensheid. Eén zo'n telescoop, welke in
een groot gedeelte van dit proefschrift centraal zal staan, is de Low-Frequency Array [LOFAR;
van Haarlem et al., 2013].

Aangezien er een duidelijke behoefte is aan diepere en betere radiobeelden, is een groot
deel van de radiosterrenkunde technisch van aard, en heeft to maken met calibratie en
beeldvorming. Kort gezegd karakteriseren de visibilities hoe licht van twee verafgelegen,
maar qua hoek nabijgelegen, bronnen aan de hemel met elkaar interfereren. Net zoals het
interferentiepatroon in het tweespletenexperiment van Thomas Young hem vertelde hoe ver
de spleten uit elkaar stonden, zo vertellen de visibilities ons hoe ver radiobronnen uit elkaar
staan aan de hemel. Calibratie en beeldvorming is het process waarbij computers gebruikt
worden om grote hoeveelheden visibilities te inverteren.

Hoofdstukken 2 tot en met 4 behandelen het calibratieaspect. Calibratie is noodzakelijk
omdat de telescoop en het medium tussen het instrument en de lichtbronnen voortdurend
aan verandering onderhevig zijn. Zaken als temperatuur en luchtvochtigheid kunnen de
manier waarop een radioantenne licht ontvangt, veranderen, en een atmosferische laag die
bekend staat als de ionosfeer beinvloedt hoe radiogolven naar de telescoop propageren. In
dit proefschrift houden we ons bezig met calibratie van ionosferische effecten.
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Eén van de uitdagingen van ionosferische calibratie is dat je de ionosfeer niet direct
kunt zien. Er is een lange geschiedenis van mensen die dit uitdagende probleem hebben
geprobeerd op te lossen. Er zijn, hoofdzakelijk, twee klassen van methoden voor ionos-
ferische calibratie: veldgebaseerde calibratie [Cotton et al., 2004], waarin ogenschijnlijke
bronverschuivingen in het beelddomein worden gemodelleerd, en facetgebaseerde calibratie
[Intema et al., 2009, van Weeren et al., 2016, Tasse et al., 2018], waarin men ontkoppelde
stukjes hemel calibreert die facetten genoemd worden. In dit proefschrift focussen we ons
volledig op de facetgebaseerde aanpak.

Facetgebaseerde calibratie kent verschillende lagen aan complexiteit, maar we zullen
hier vooral het basisidee schetsen. Het idee is dat wanneer licht met radiofrequentie door
een medium reist met een lage dichtheid aan elektrische ladingen - zoals in de ionosfeer
—de lichtgolf een kleine tijdsvertraging oploopt. Deze vertraging is evenredig met het aan-
tal elektronen dat de golf tegenkomt, en je zou je daarom kunnen voorstellen dat je alle
elektronen zou kunnen tellen tussen de radioantenne en de lichtbron, en de uitkomst zou
kunnen gebruiken om het effect van de ionosfeer weg te calibreren. In zekere zin is dat wat
facetgebaseerde calibratie klaarspeelt, maar dan voor iedere heldere bron in het blikveld.

Maar hoe werkt dat dan, aangezien we de ionosfeer niet kunnen zien? Het is inderdaad
zo dat de uitdaging er volledig in ligt dat je een fysische grootheid moet afleiden puur en
alleen op basis van het licht dat de antennes ontvangen. In dit proefschrift lenen we een
concept van een geheel ander wetenschappelijk veld: seismische beeldvorming. Binnen de
seismische beeldvorming is het doel om het inwendige van de aarde zichtbaar te maken door
akoestische golven te laten weerkaatsen door structuren in de aarde, en de echos weer te
meten aan het oppervlak. Deze methode is gebouwd rond het principe van tomografie.

Tomografie en kansrekening worden in Hoofdstuk 2 gebruikt om een methode af te lei-
den waarmee ionosferische effecten kunnen worden bepaald, en we laten aan de hand van
simulaties zien dat deze methode superieur is aan een klasse andere methoden waarmee
hetzelfde beoogd wordt. Deze superioriteit is het gevolg van het feit dat fysische wetmatighe-
den gebruikt zijn om de resultaten van de methode te vormen. In zijn algemeenheid is het
erg krachtig om fysica te gebruiken om de verscheidenheid aan mogelijke uitkomsten van
een proces in te perken tot alleen de plausibele.

Nadat duidelijk is dat deze krachtige nieuwe methode werkt op gesimuleerde data, passen
we haar in Hoofdstuk 3 voor het eerst toe op echte data. In dit geval gebruiken we een
achturige LOFAR-observatie, waarvan het beeld in eerste instantie grote calibratiefouten
bevatte. Prettig genoeg constateren we dat onze methode in staat is om deze beeldfouten
weg te werken, zodat we een stuk duidelijker beeld krijgen van dit kleine stukje hemel.

Logischerwijs willen we weten of dit succes een gelukje betrof, en of de methode robuust
is. Daarom passen we in Hoofdstuk 4 dezelfde methode toe op twaalf achturige LOFAR-
observaties, die allemaal gericht zijn op een deel van het sterrenbeeld Ursa Major (Grote
Beer). Dit gebied staat bekend als het Lockmangat, omdat het erg weinig HI-emissie vertoont
in de Galactische voorgrond. In dit geval blijkt er een algemene verbetering te zijn in tien van
de twaalf gevallen, maar ook wordt duidelijk dat er een kleine systematische fout in de data
zit waar we in eerste instantie niet van op de hoogte waren. Deze systematische fout blijkt
erg moeilijk te kwantificeren.

Onze methode heeft groot initieel succes getoond en er zijn duidelijke vervolgstappen om
haar te verbeteren en voornoemde systematische fout aan te pakken. Dit proces is typisch
voor de wetenschap. Als methodes beter worden, neemt de onzekerheid in de resultaten af
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en als gevolg wordt het bestaan van subtielere fenomenen blootgelegd. Vaak is dit de grens
waar ontdekkingen worden gedaan en vooruitgang geboekt wordt.
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