Universiteit

U Leiden
The Netherlands

Noisy patterns: Bridging the gap between stochastics and dynamics
Hamster, C.H.S.

Citation
Hamster, C. H. S. (2020, September 9). Noisy patterns: Bridging the gap between stochastics
and dynamics. Retrieved from https://hdl.handle.net/1887/136538

Version: Publisher's Version
Licence agreement concerning inclusion of doctoral thesis in the

Institutional Repository of the University of Leiden
Downloaded from: https://hdl.handle.net/1887/136538

License:

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/136538

Cover Page

¢ Repository

The handle http://hdl.handle.net/1887/136538 holds various files of this Leiden University
dissertation.

Author: Hamster, C.H.S

Title: Noisy patterns: Bridging the gap between stochastics and dynamics
Issue date: 2020-09-09


https://openaccess.leidenuniv.nl/handle/1887/1
http://hdl.handle.net/1887/136538
https://openaccess.leidenuniv.nl/handle/1887/1�

Reaction-Diffusion Equations
with Scalar Noise

We consider reaction-diffusion equations that are stochastically forced by a small
multiplicative noise term. We show that spectrally stable traveling wave solutions
to the deterministic system retain their orbital stability if the amplitude of the
noise is sufficiently small. By applying a stochastic phase-shift together with
a time-transform, we obtain a semilinear SPDE that describes the fluctuations
from the primary wave. We subsequently develop a semigroup approach to
handle the nonlinear stability question in a fashion that is closely related to
modern deterministic methods.

2.1 Introduction

In this chapteIE] we consider stochastically perturbed versions of a class of reaction-
diffusion equations that includes the bistable Nagumo equation

Up = Ugy + feun(u) (2.1.1)
and the FitzHugh-Nagumo equation

Uy = Ugg + feun(u) —v
¢ cub (1) (2.1.2)
Ve = Uge + ofu — ).
Here we take o > 0, v > 0 and consider the standard bistable nonlinearity
feun(u) = u(l —u)(u — a). (2.1.3)

It is well-known [34,[100] that (2.1.1)) admits spectrally stable traveling front solutions
1 1
u(z,t) = 3 1+ tanh(zx/i(x —ct))] (2.1.4)

1 The content of this chapter has been published as C.H.S. Hamster, H.J. Hupkes; Stability of
Traveling Waves for Reaction-Diffusion Equations with Multiplicative Noise in STADS, see [48].
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that travel with speed

c=V2 (a -~ ;) . (2.1.5)
In addition, the existence of traveling pulse solutions to with 0 < p < 1 was
established recently [22] using variational methods. Using the Maslov index, a proof
for the spectral stability of these waves has recently been obtained in [24] [25].

Our main results show that these spectrally stable wave solutions survive in a
suitable sense upon adding a small pointwise multiplicative noise term to the underlying
PDE. This noise term is assumed to be globally Lipschitz and must vanish for the
asymptotic values of the waves. For example, our results cover the scalar Stochastic
Partial Differential Equation (SPDE)

AU = [Uyga + feun(U)]dt + ox(U)U(1 — U)dp, (2.1.6)
together with the two-component SPDE

au = [Ua:a: + fcub(U) - V]dt + UX(U)U(l - U)dﬁtv

2.1.7

av = [Vm + Q(U — 'yV)]dt +o(U —~V)dp:, ( )
both for small ||, in which (53;) is a Brownian motion and x(U) is a cut-off function
with x(U) =1 for |U| < 2. The presence of this cut-off is required to enforce the global
Lipschitz-smoothness of the noise term. In this regime, one can think of and
as versions of the PDES_— where the parameters a and o are replaced
by a + ofB; respectively o+ o0;.

Many additional multi-component reaction-diffusion PDEs such as the Gray-Scott
[76], Rinzel-Keller [97], Tonnelier-Gerstner [I07] and Lotka-Volterra systems [56] are
also known to admit spectrally stable traveling waves in the equal-diffusion setting
[40, [46] [TT5]. This allows our results to be applied to these waves after appropriately
truncating the deterministic nonlinearities (in regimes that are far away from the
interesting dynamics).

Such cut-offs are not necessary when considering equal-diffusion three-component
FitzHugh-Nagumo-type systems such as those studied in [89] [I09]. Such equations were
first used by Purwins to study the formation of patterns during gas discharges [101].
However, in the equal-diffusion setting there is at present only numerical evidence to
suggest that spectrally stable waves exist for the underlying deterministic equation. An-
alytical approaches to prove such facts typically use methods from singular perturbation
theory, but these often require the diffusive length scales to be strictly separated.

Noisy patterns Stochastic forcing of PDEs has become an important tool for model-
ers in a large number of fields, ranging from medical applications such as neuroscience
[15, [16] and cardiology [116] to finance [30] and meteorology [35]. While a rather gen-
eral existence theory for solutions to SPDEs has been developed over the past decades
[23, [42, 92} 93], the study of patterns such as stripes, spots and waves in such systems
is less well-developed.

Preliminary results for specific equations such as Ginzburg-Landau [14} [37] and Swift-
Hohenberg [71] are available. Kithn and Gowda [43] analyzed both these equations in
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the linear regime before the onset of the Turing bifurcation. They obtained scaling laws
for the natural covariance operators that can be used as early-warning signs to predict
the appearance of patterns.

In addition, several numerical studies have been initiated to study the impact of
noise on patterns, see e.g. [79, 103, [12]. The results in [79] relating to (2.1.6) are
particularly interesting from our perspective. Indeed, they clearly show that traveling
wave solutions persist under the stochastic forcing, but the speed decreases linearly in
o2 and the wave becomes steeper.

Rigorous results concerning the impact of stochastic forcing on deterministic waves
are still relatively scarce. However, some important contributions have already been
made, focusing on two important issues that need to be addressed. The first of these
is that one needs to identify appropriate mechanisms to identify the phase, speed and
shape of a stochastic wave. The second issue is that one needs to control the influence
of the nonlinear terms by using the decay properties of the linear terms.

Phase tracking An appealing intuitive idea is to define the phase ¥(u) of a solution
profile u relative to the deterministic traveling wave ® by writing

Y(u) = argmingcpllu — (- + 9)|| L2, (2.1.8)

which picks the closest translate of ®. Inspired by this idea, Stannat [104] [I05] obtained
orbital stability results for a class of systems including by appending an ODE to
track the position of the wave. This is done via a gradient-descent technique, whereby
the phase is updated continuously in the direction that lowers the norm in . A
slight drawback of this method is that the phase is always lagging in a certain sense.
In particular, it is not immediately clear how to define a stochastic speed and relate it
with its deterministic counterpart.

This gradient-descent approach has been extended to neural field equations with
additive noise [72] [74]. In order to clarify the dynamic effects caused by the noise,
the authors employed a perturbative approach and expanded the phase of the wave
and the shape of the perturbations in powers of the noise strength o. By taking the
infinite update-speed limit, the authors were able to eliminate the phase lag mentioned
above. At lowest order they roughly recovered the diffusive wandering of the phase
that was predicted by Bressloff and Webber [16]. This perturbative expansion can be
maintained on finite time intervals, which increase in length to infinity as the noise size
o is decreased. However, one needs separate control on the deviations of the phase and
the shape from the deterministic wave, which are both required to stay small.

Inglis and MacLaurin take a directer approach in [57] by using a stochastic differential
equation for the phase that forces to hold. For equations with additive noise,
they obtain results that allow waves to be tracked over finite time intervals. As above,
this tracking time increases to infinity as ¢ | 0. The main issue here is that global
minima do not necessarily behave in a continuous fashion. This means that can
become multi-valued at times, leading to sudden jumps of the phase. However, under
a (restrictive) technical condition the extension of the tracking time can be performed
uniformly in o.
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Nonlinear effects In order to control the nonlinear terms over long time intervals
one needs the linear flow to admit suitable decay properties. We write S(t) for the
semigroup generated by the linear operator Ly, associated to the linearization of the
PDEs above around their traveling wave ®. A direct consequence of the translational
invariance is that L, ® = 0 and hence S(t)® = &' for all t+ > 0. In order to isolate
this neutral mode, we write P for the spectral projection onto ®’, together with its
complement () = I — P. Assuming a standard spectral gap condition on the remainder
of the spectrum of Ly, one can subsequently obtain the estimate

1S(HQI L2512 < Me™" (2.1.9)

for some constants 8 > 0 and M > 1; see, for example, [I13] Lem. 5.1.2].

The common feature in all the approaches described above is that they require the
identity M = 1 to hold. In this special case the linear flow is immediately contractive
in the direction orthogonal to the translational eigenfunction. This identity certainly
holds if one can obtain an estimate of the form

(Lowv,v) < =BlvllFn + sl Pol® (2.1.10)

for some k > 0, since one can then use the commutation property PS(t) = S(¢)P to
compute

%I\S(t)Qvlliz = 2(LowS(t)Qu, S()Qu) 12 < —26(S(t)Qul|3p < —26]|S(t)Qul[7=

(2.1.11)
In the deterministic case, coercive estimates of this type can be used to obtain simi-
lar differential inequalities for the L?-norm of perturbations from the phase-adjusted
traveling wave. Using the It6 formula this can be generalized to the stochastic case
[72] [74], [T04], 105], allowing stability estimates to be obtained that do not need any con-
trol over the H'-norm of these perturbations. The approach developed in [57] proceeds
directly from using a renormalisation method. Similar L?-stability results can
be obtained in this fashion, again crucially using the fact that M = 1; see [57, (6.15)].

In light of the discussion above, a considerable effort is underway to identify systems
for which the immediate contractivity condition M = 1 indeed holds. This has been
explicitly verified for the Nagumo PDE and several classes of one-component
systems [74], [104], [105]. However, these computations are very delicate and typically
proceed on an ad-hoc basis. For example, it is unclear (and doubtful) whether such
a condition holds for the FitzHugh-Nagumo PDE (2.1.7)). We refer to [111} §1] for an
informative discussion on this issue.

In the case M > 1 the semigroup is still eventually contractive on the range of @,
but it can cause transient dynamics that grow on short timescales. Such dynamics
play an important role and need to be tracked over temporal intervals of intermediate
length. In this case the nonlinearities cannot be immediately dominated by the linear
terms as above. To control these terms it is hence crucial to understand the H'-norm of
perturbations, which poses some challenging regularity issues in the stochastic setting.

Semigroup approach In this chapter we take a step towards harnessing the power of
modern deterministic nonlinear stability techniques for use in the stochastic setting. In
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particular, inspired by the informative expository paper [I17], we abandon any attempt
to describe the phase of the wave via a priori geometric conditions. Instead, we initiate
a semigroup approach based on the stochastic variation of constants formula. This leads
to a stochastic evolution equation for the phase that follows naturally from technical
considerations. More specifically, we use the phase to neutralize the dangerous non-
decaying terms in our evolution equation. Our tracking mechanism is robust and allows
us to focus solely on the behavior of the perturbation from the phase-shifted wave. This
allows us to track solutions up to the point where this perturbation becomes too large
as a result of the stochastic forcing, which resembles an Ornstein-Uhlenbeck process
and hence is unbounded almost certainly. In particular, we do not need to impose
restrictions on the size of the phaseshift as in [68], [72].

The first main advantage of our approach is that it provides orbital stability results
without requiring the immediate contractivity condition described above. Indeed, we
are able to track the H'-norm of perturbations and not merely the L?-norm, which
allows us to have M > 1 in (2.1.9). This significantly broadens the class of systems
that can be understood and aligns the relevant spectral assumptions with those that
are traditionally used in deterministic settings.

The second main advantage is that we are (in some sense) able to isolate the drift-like
contributions to the shape and speed of the wave that are caused by the noise term.
This becomes fully visible in our analysis of , where the noise term is specially
tailored to the deterministic wave ® in the sense that it is proportional to the neutral
mode ®'. In this case we are able to obtain an exponential stability result for a modified
waveprofile @, that propagates with a modified speed ¢, and exists for all positive time.
This allows us to rigorously understand the changes to the waveprofile and speed that
were numerically observed for in [79]. In general, if the R™-orbit of the traveling
wave of an n-component reaction-diffusion equation contains no self-intersections, our
results allow special forcing terms to be constructed for which the modified waves remain
exponentially stable.

However, the need to use stochastic calculus causes several delicate technical compli-
cations that are not observed in the deterministic setting. For example, the It6 Isometry
is based on L?-norms. At times, this forces us to square the natural semigroup decay
rates, which leads to short-term regularity issues. Indeed, the heat semigroup S(t) be-
haves as || S(¢)|| z(p2,m1) ~ ¢~ /2, which is in L*(0,1) but not in L2(0,1). This precludes
us from obtaining supremum control on the H!'-norm of our solutions. Instead, we
obtain bounds on square integrals of the H'-norm. For this reason, we need to carefully
track how the cubic behavior of fe,p(u) propagates through our arguments.

A second major complication is that stochastic phase-shifts lead to extra nonlinear
diffusive terms. By contrast, deterministic phase-shifts lead to extra convective terms,
which are of lower order and hence less dangerous. As a consequence, we encounter
quasi-linear equations in our analysis that do not immediately fit into a semigroup
framework. We solve this problem by using a suitable stochastic time-transform to scale
out the extra diffusive terms. The fact that we need the diffusion coefficients in
to be identical is a direct consequence of this procedure.

Outlook Let us emphasize that we view the present chapter merely as a proof-of-
concept result for a pure semigroup-based approach. For example, in the following
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chapter we show how the severe restriction on the diffusion coefficients of can
be removed by exploiting the block-structure of the semigroup.

In addition, our results here use the variational framework developed by Liu and
Réckner [77] in order to ensure that our SPDE has a well-defined global weak solution.
In future work, we intend to replace this procedure by constructing local mild solutions
directly based on fixed-point arguments.

Finally, we are interested in more delicate spectral stability scenarios, which allow
one or more branches of essential spectrum to touch the imaginary axis in a quadratic
tangency. Situations of this type are encountered when analyzing the two-dimensional
stability of traveling planar waves [8 [53] 54, [64] or when studying viscous shocks in the
context of conservation laws [6] [T, [82].

Organization This chapter is organized as follows. We formulate our phase-tracking
mechanism and state our main results in §2.2] In §2.3 we obtain preliminary estimates
on our nonlinearities, which are used in to fit our coupled SPDE into the theory
outlined in [77,03]. This guarantees that our SPDE has well-defined solutions, to which
we apply a stochastic phase-shift in followed by a stochastic time-transform in

These steps lead to a stochastic variation of constants formula.

In §2.7] we develop two fixed-point arguments that capture the modifications to

the waveprofile and speed that arise from the stochastic forcing. These modifications
allow us to obtain suitable estimates on the nonlinearities in the variation of constants
formula in which allow us to pursue a nonlinear-stability argument in

Acknowledgments. Both authors wish to thank O. van Gaans and C. da Costa for
helpful discussions during the conception and writing of this chapter. In addition, some
of our results were inspired by the valuable comments made by two anonymous referees.

2.2 Main results

In this chapter we are interested in the stability of traveling wave solutions to SPDEs
of the form

dU = [A.U + f(U)]dt + og(U)dp,. (2.2.1)

Here we take U = U(z,t) € R" with € R and ¢ > 0.

In we formulate several conditions on the nonlinearity f and the diffusion
operator A,, which imply that in the deterministic case o = 0 the system has a
variational structure and admits a spectrally stable traveling wave solution. In §2.2.2| we
impose several standard conditions on the noise term in , which guarantee that
is covered by the variational framework developed in [77]. In addition, we couple
an extra SDE to our SPDE that will serve as a phase-tracking mechanism. Finally, in
42.2.3l and §2.2.4] we formulate and discuss our main results concerning the impact of
the noise term on the deterministic traveling wave solutions.




§2.2 — Main results 29

2.2.1 Deterministic setup

We start here by stating our conditions on the form of A, and f. These conditions
require A, to be a diffusion operator with identical diffusion coefficients and restrict
the growth-rate of f to be at most cubic.

(HA) For any u € C*(R;R") we have A,u = pl sy, in which p > 0 and I,, is the
n X n-identity matrix.

(Hf) We have f € C3(R";R") and there exist u+ € R" for which f(u_) = f(u,) = 0.
In addition, there exists a constant K; > 0 so that the bound

|D?f(u)| < Ky (2.2.2)
holds for all © € R".

We now demand that the deterministic part of (2.2.1)) has a traveling wave solution
that connects the two equilibria uy (which are allowed to be equal). This traveling
wave should approach these equilibria at an exponential rate.

(HTw) There exists a waveprofile &, € C?(R;R™) and a wavespeed ¢y € R so that the
function
u(z,t) = Po(x — cot) (2.2.3)

satisfies the deterministic PDE
uy = Ayu + f(u) (2.2.4)

for all (z,t) € R x R. In addition, there is a constant K > 0 together with
exponents vy > 0 so that the bound

|Do(€) — u| + |94 (€)] < Ke™~ (2.2.5)
holds for all £ < 0, while the bound
|0(€) — ur| +[@5(€)] < Kem+ (2.2.6)
holds for all £ > 0.
Throughout this chapter, we will use the shorthands
L*=L*(R;R"), H'=H'(R;R"), H?=H?*R;R"). (2.2.7)

Linearizing the deterministic PDE ({2.2.4]) around the traveling wave (®g, ¢g), we obtain
the linear operator
Liw: H* — L? (2.2.8)

that acts as

[Lowv](§) = [A:0](€) + cov(§) + Df(Po(&))v(8)- (2.2.9)

The formal adjoint .
£ g2 2 (2.2.10)
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of this operator acts as

[L30w](€) = [Aaw](€) — cow (&) + D (o(€)) " (). (2.2.11)
Indeed, one easily verifies that
(Lowv, w2 = (v, L2%0) 2 (2.2.12)

whenever (v,w) € H*> x H?. Here (-,-)1> denotes the standard inner-product on L?.

We now impose a standard spectral stability condition on the wave. In particular,
we require that the standard translational eigenvalue at zero is a simple eigenvalue. In
addition, the remainder of the spectrum of L, must be strictly bounded to the left of
the imaginary axis.

(HS) There exists 8 > 0 so that the operator L, — A is invertible for all A € C\ {0} that
have R\ > —23, while L, is a Fredholm operator with index zero. In addition,
we have the identities

Ker(Liy) = span{®)}, Ker(£2Y) = span{tppy } (2.2.13)

tw

for some 1y, € H? that has

(@0, V)12 = 1. (2.2.14)

We conclude by imposing a standard monotonicity condition on f, which ensures
that the SPDE fits into the variational framework of [77]. We remark here
that we view this condition purely as a technical convenience, since it guarantees that
solutions to do not blow up. However, it does not a play a key role in the heart
of our computations, where we restrict our attention to solutions that remain small in
some sense.

(HVar) There exists Ky, > 0 so that the one-sided inequality

(f(ua) = f(up),ua — up)re < Kyar [ua — up|? (2.2.15)

holds for all pairs (ua,up) € R™ x R".

2.2.2 Stochastic setup

Our first condition here states that the noise term in is driven by a standard
Brownian motion. Let us emphasize that we made this choice purely to enhance the
readability of our arguments. Indeed, our results can easilyﬂ be generalized to the
situation where the noise is driven by cylindrical Q-Wiener processes.

(HB) The process (B;):>0 is a Brownian motion with respect to the complete filtered
probability space
(Q, F, (Ft)e0, IP’) : (2.2.16)

2 The authors of Chapter [4|do not agree with this statement.
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We require the function Dg to be globally Lipschitz and uniformly bounded. While the
former condition is essential in our analysis to ensure that our cut-offs only depend on
L?-norms, the latter condition is only used to fit (2.2.1)) into the framework of [77].

(Hg) We have g € C*(R™;R™) with g(u_) = g(uy) = 0. In addition, there is K, > 0
so that
|Dg(u)| < K, (2.2.17)

holds for all © € R", while
l9(ua) = g(up)| + [Dg(ua) — Dg(up)| < Kglua —up (2.2.18)
holds for all pairs (ua,up) € R™ x R™.

We remark here that it is advantageous to view SPDEs as evolutions on Hilbert
spaces, since powerful tools are available in this setting. However, in the case where
u_ # ug, the waveprofile ®; does not lie in the natural statespace L?. In order to
circumvent this problem, we use ®( as a reference function that connects u_ to u,,
allowing us to measure deviations from this function in the Hilbert spaces H' and L?.

In order to highlight this dual role and prevent any confusion, we introduce the
duplicate notation

B, = By (2.2.19)

and emphasize the fact that ®..¢ remains fixed in the original frame, unlike the wave-
solution (2.2.3). We also introduce the sets

Uz = Orop + L2, Ut = Bpep + HY, Upz = Prer + H?, (2.2.20)

which we will use as the relevant state-spaces to capture the solutions U to (2.2.1).
We now set out to append a phase-tracking SDE to (2.2.1]). In the deterministic
case, we would couple the PDE to a phase-shift v that solves an ODE of the form

A(t) = co + O(U(t) — ®y (- ffy(t))>. (2.2.21)

By tuning the forcing function it is possible to remove the non-decaying terms in the
original PDE, which act in the direction of &y, ( —'y(t)). This allows a nonlinear stability
argument to be closed; see e.g. [117].

In this chapter we extend this procedure by introducing a phase-shift I that experi-
ences the stochastic forcing

dr’ = [cg + O(U(t) — B, (- —F(t)))}dt + O(0)dBs. (2.2.22)

By choosing the function ®,, the scalar ¢, and the two forcing functions in an appro-
priate fashion, the dangerous neutral terms can be eliminated from the original SPDE.
These are hence purely technical considerations, but in §2:2.4 we discuss how these
choices can be related to quantities that are interesting from an applied point of view.

In order to define our forcing functions in a fashion that is globally Lipschitz con-
tinuous, we introduce the constant

Kip = [|9(®0) |22 + 2K, |[¢ew]| 2- (2.2.23)
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In addition, we pick two C'°°-smooth non-decreasing cut-off functions

1
Xlow - R — [*

170 Xuign : R = [Kip — 1, Kip + 1 (2.2.24)

that satisfy the identities

Xlow () = Xlow () = 0 for ¥ > (2.2.25)

1
2’
together with

Xhigh(¥) = ¥ for |9| < Kip,  Xnign(¥) = sign(?) [Kip +1] for |¥] > Kip +1. (2.2.26)

For any u € Uy and 1) € H', this allows us to introduce the functions

-1
b(uﬂﬁ) = - |:Xlow(<a§uvw>l/2):| Xhigh(<g(u>7ql}>l/2)u
., 1 2 , (2.2.27)
K,U(U, ¢) — + %0' (uaw) .
In addition, for any u € Uy, ¢ € R and ¢ € H' we define the expression
Taluse ) = ho(u, )™ | f(u) + e’ + o%b(u, 1) lg(w)] . (2.2.28)
while for any u € Uy, ¢ € R and ¢ € H? we write
-1
a‘o’(uvcaw) = _K:o‘(uvw) |:X10W(<65u7¢>L2):| |:<u7A*¢>L2 + <t70'(ua C,¢)7¢>L2]
(2.2.29)

Finally, we introduce the right-shift operators

[Tyu)(§) = u(§ — ) (2.2.30)

that act on any function u : R — R".
With these ingredients in hand, we are ready to introduce the main SPDE that we
analyze in this chapter. We formally write this SPDE as the skew-coupled systenﬂ

U [AU + £(U)]dt + og(U)dB,,
ar = [C + as (Uv Cy TFwtw)] dt + Ub(U7 TFwtw) dﬁta

(2.2.31)

noting that we seek solutions with (U(t),I'(t)) € Uy x R. Observe that the first
equation is the same as ([2.2.1]).

In order to make this precise, we introduce the spaces
N2([0,T); (Fe)sH) = {XeL?([0,T] x Qdt Py H) -

X has a (F;)-progressively measurable version},
(2.2.32)

3 Note here that formally b(U, Trtw) is a multiplication operator from R — R, hence a number. If
we generalize 3; to a cylindrical Q—Wiener process on a space H then the term involving b becomes
a functional from H to R, see Chapter@
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where we allow H € {R,L? H'}. We note that we follow the convention of [93} [95]
here by requiring progressive measurability instead of the usual stronger notion of
predictability. Since we are exclusively dealing with Brownian motions, this choice
suffices to construct stochastic integrals.

Our first result clarifies what we mean by a solution to (2.2.31)). We note that (i) and
(ii) in Proposition imply that (X, T) is an L? x R-valued continuous (F;)-adapted
process. We remark that in the integral equation (2.2.42)) we interpret the diffusion
operator A, as an element of L(H'; H™'), where H ' is the dual of H' under the
standard embeddings

*

H' - 1?=[1*]" > H'=[H"]". (2.2.33)

We note that the set (H', L?, H') is commonly referred to as a Gelfand triple; see e.g.
[32, §5.9] for a more detailed explanation. For (v,w) € H™' x H' we write (v, w)p-1. 1
to refer to the duality pairing between H' and H~'. If in fact v € L?, then we have

<'U,'IU>H—1;H1 = <v,w>Lz. (2234)

Proposition 2.2.1 (see §2.4)). Suppose that (HA), (Hf), (HVar), (HTw), (HS),
(Hg) and (Hp) are all satisfied and fir T >0, c€ R and 0 < o < 1. In addition, pick
an initial condition

(Xo,To) € L x R. (2.2.35)

Then there are maps
X:[0,T]xQ—=L* T:[0,T]xQ—R (2.2.36)
that satisfy the following properties.
(i) For almost all w € Q, the map

t— (X(t,w),I(t,w)) (2.2.37)
is of class C([0,T]; L? x R).
(ii) For allt € [0,T], the map
wr (X(tw),D(tw) € L* xR (2.2.38)
is (Ft)-measurable.
(iii) We have the inclusion
X € L(Q,P;C([0,T7; L?)), (2.2.39)

together with , )
X N=([0,T); (F); HY),
€ ([0,7; (F); HY) (2.2.40)
I e N*([0,T]; (F):R)
and

9(X + Oyer) € N*([0,T);(F); L?),

(2.2.41)
b(X + @reﬁTFwtw) € NQ([O’TL (]:t)aR)
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(iv) For almost all w € Q, the identities

X(t) = Xo+ / AL[X(5) + ®reg] ds + / F(X(5) + Brer) ds
9, 0 (2.2.42)
+U/O g(X(S)+(I)ref)dﬁs
and
DO = Lot [ [t an(X(6) + Puar.cTi )] ds
0 (2.2.43)

t
+0'/ b(X(S) +q)refaTF(s)th)dﬁs
0

holdY| for all 0 <t < T.

(v) Suppose that the pair (X,T) :[0,T] x Q — L* x R also satisfies (i)-(iv). Then for
almost all w € ), we have

(X,T)(t) = (X,T)(t) forall0<t<T. (2.2.44)

2.2.3 Wave stability

By inserting the traveling wave Ansatz (2.2.3)) into the deterministic PDE (2.2.4)), we
observe that
A ®o + Jo(Po, co, Yiw) = 0, (2.2.45)

which means that ag(®Po, o, ¥tw) = 0. Our first result here shows that this can be
extended into a branch of profiles and speeds for which

o (P oy Piw) = 0. (2.2.46)

Roughly speaking, this means that the adjusted phase I'(t) — ¢t will (instantaneously)
feel only stochastic forcing if one takes ¢ = ¢, and U(t) = Tpy) @, in (2.2.31)).

Proposition 2.2.2 (see §2.7). Suppose that (HA), (Hf), (HTw), (HS) and (Hg) are
all satisfied and pick a sufficiently large constant K > 0. Then there exists 6, > 0 so
that for every 0 < o < d,, there is a unique pair

(Dyyc0) €Up2 xR (2.2.47)
that satisfies the system
APy + To (Po, oy thpw) =0 (2.2.48)
and admits the bound
|5 — Pol| g2 + |co — co| < Ko?. (2.2.49)

4 Note that this equation initially only holds as an identity in H~'. Inclusion (2.2.39)) makes that we
can interpret the integrals in L?. We have X € N2 ([0, T7; (Fe); Hl) but this does not mean that
X(t) € H' pointwise.
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We are interested in solutions to (2.2.31)) with an initial condition for U that is close
to ®,. We will use the remaining degree of freedom to pick the initial phase I' in such
a way that the orthogonality condition described in the following result is enforced.

Proposition 2.2.3 (see §2.7). Suppose that (HA), (Hf), (HTw), (HS) and (Hg) are
all satisfied. Then there exist constants dg > 0, 6, > 0 and K > 0 so that the following
holds true. For every 0 < o <, and any ug € U2 that has

l[uo — @422 < do, (2.2.50)

there exists o € R for which the function

Uy = T [00] — D0 (2.2.51)
satisfies the identity
<’U’Yoa th>L2 =0 (2252)
together with the bound
Yol + lloyollL2 < Kljuo — @ 22 (2.2.53)

If in fact ug € Ugr, then we also have the estimate
1ol + lvg [z < Kllug — @l a1 (2.2.54)

Let us now pick any uy € Ugr for which (2.2.50)) holds. We write (X, 'y,) for the
process described in Proposition [2:2.1] with the initial condition

(XOaFO) = (uO - ‘I)ref770)a (2255)
in which -y is the initial phase defined in Proposition We then define the process
Vo (t) = T, (1) [Xuo () + Prer] — Do, (2.2.56)

which can be thought of as the deviation of the solution U of from the stochastic
wave @, shifted to the position Ty, (t).

In order to measure the size of the perturbation, we pick € > 0 and introduce the
scalar function

t
Nejuo () = [[Vao ()12 +/ e Vi (5) 132 ds. (2.2.57)
0
For each T' > 0 we now define a probability

pe(T, 1, u0) = P( sup Newwy (1) > n). (2.2.58)
0<t<T

Our first main result shows that the probability that V.., remains small on timescales
of order o~2 can be pushed arbitrarily close to one by restricting the strength of the
noise and the size of the initial perturbation.
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Theorem 2.2.4 (see §2.9). Suppose that (HA), (Hf), (HVar), (HTw), (HS), (Hg)
and (Hpf) are all satisfied and pick sufficiently small constants € > 0, o9 > 0, J,, > 0
and 0, > 0. Then there exists a constant K > 0 so that for every T > 1, any
0<o0 <6, T2, any ug € Uy that satisfies and any 0 < n < 6,, we have
the inequality

pe(T,m,u0) < 17K [llug = o [31 + 0T (2.2.50)

Our second main result concerns the special case where the noise pushes the stochas-
tic wave @, in a rigid fashion. This is the case when

9(®g) = I Py (2.2.60)

for some proportionality constant ©¥g € R. It is easy to verify that with
9y = —v/2 holds for

In this setting we expect the perturbation V to decay exponentially on timescales
of order 2 with large probability. In order to formalize this, we pick small constants
€ > 0 and a > 0 and introduce the scalar function

t
Neasug (t) = e[|V (1)7 +/ e e |V (5) |71 ds, (2.2.61)
0
together with the associated probabilities
Pea(T, 1, u0) = P( Sup Ne g (t) > 77)- (2.2.62)
0<t<T

Theorem 2.2.5 (see §2.9). Suppose that (HA), (Hf), (HVar), (HTw), (HS), (Hg)
and (Hp) are all satisfied . Suppose furthermore that holds and pick sufficiently
small constants € > 0, 60 >0, o > 0, 6, > 0 and 0, > 0. Then there exists a constant
K > 0 so that for any T > 1, every 0 < o < 6,72, any ug € Ug that satisfies
and any 0 < n <9, we have the inequality

ps,a(Tﬂ%UO) < 7771[(”“0 - <I>U||§{1, (2.2.63)

2.2.4 Interpretation
In we show that the pair (V,T') = (V,,,y,) defined in §2.2.3|satisfies the SPDE

AV = R,(V)dt+ cS,(V)dps,
(2.2.64)
ar = [CU + ao ((I)a + V) Co, wtw)] dt + Ub((bo + ‘/7 ’(/}tw) d/Btv
in which the nonlinearities satisfy the identities
o (Po, oy Ptw) =0, Ry(0) =0, 8,(0)=g(Ps)+b(Ps)P,, (2.2.65)

together with the asymptotics
Diag (®y, oy ) = O(02), DR,(0) = O(a?). (2.2.66)

For our discussion here we take V(0) = 0 and I'(0) = 0, which corresponds with the
initial condition condition U(0) = ®,, for the original system (2.2.1]).

The identities imply that V(¢) and I'(t) — ¢, t experience no deterministic
forcing at t = 0. We now briefly discuss the consequences of this observation on the

behaviour of ([2.2.64)) in the two regimes covered by Theorems and
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Exponential stability Our results are easiest to interpret in the special case
9(20) = Vo 2y, (2.2.67)

where Theorem applies. Remarkably, the modified profiles and speeds (@, cy)
can be computed explicitly in this settingﬂ

Proposition 2.2.6 (see §2.7). Consider the setting of Proposition and suppose
that (2.2.60) holds. Then for all sufficiently small 0 < o < d, we have the identities

1

() = @of[1+5-0%93]""%),

L2 s (2.2.68)
Co = [1 + %0219(2)] co,
together with
L 5 g07-1/2 ’ ’
g(®,) = [1 + 27 92] 00!, = —b(Dy, i) D (2.2.69)
A direct consequence of (2.2.69) is that the identity

S,(0)=0 (2.2.70)

can be added to the list (2.2.65)). In particular, we obtain the explicit solution

(Vvv F) = (07 cot + Ub(q)ov wtw)ﬁt)
1 51 (2.2.71)
- (O,CUt —o[l+ 257 190@)
for the system ([2.2.64)). This corresponds to the solution
U(t) = 0,(-+T(¢)) (2.2.72)

for (2.2.31]), which exists for all ¢ > 0.

We hence see that the shape ®, of the stochastic profile remains fixed, while the
phase T'(¢) of the wave performs a scaled Brownian motion around the position ¢,t.
Since the identities ([2.2.68) imply that the waveprofile is steepened while the speed is
slowed down, our results indeed confirm the numerical observations from [79] that were
discussed in

Any small perturbation in the V' component will decay exponentially fast with high
probability on account of Theorem [2.:2.5] Intuitively, the leading order behavior for V'
resembles a geometric Brownian motion, as the noise term is proportional to V while
the deterministic forcing leads to exponential decay. In particular, we expect that our
approach can keep track of the wave for timescales that are far longer than the O(o~?)
bounds stated in our results.

5 Similar formula can be obtained by following the formal approach in [19], which appeared during
the revision phase of this paper.
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Orbital stability In general we have S,(0) # 0, which prevents us from solving
explicitly. Indeed, Theorem m states that V' (¢) will remain small with high
probability, but the stochastic forcing will preclude it from converging to zero. However,
our construction does guarantee that (V(¢), ¢tw)r2 = 0 as long as V stays small. Since
(@, Yew)r2 = 1, this still allows us to interpret I'(¢) as the position of the wave. In
particular, if the expression ¢t 'I'() converges in a suitable sense as t — oo then it is
natural to use this limit as a proxy for the notion of a wavespeed.
In order to explore this, we introduce the formal expansion

V(t) = oV (t) + O(c?) (2.2.73)

and use the mild formulation developed in §2.6] to obtain
V(1) / S(t — 5)S5(0) dfs. (2.2.74)
Here S denotes the semigroup generated by Ly, which by construction decays expo-

nentially when applied to S,(0). In particular, for any bilinear map B : H '« H' - R
we can use the It6 isometry to obtain

t
EB[VIM (), vV ()] = / B[S(t — 8)S5(0),S(t — 5)S,(0)] ds
0 (2.2.75)
— | BIS(:)S:(0),5(:)5,(0)] ds.
0
which converges in the limit ¢t — oo.
Introducing the formal expansion
L(t) = cot + TV (1) + o TP (1) + O(0?), (2.2.76)
the first bound in (2.2.66)) implies that
IO = b(@g, viw)Br (2.2.77)
together with
2 () / D3, (P, couthow) [VIV (5), VIV (5)] ds
‘ (2.2.78)
+D1b(©0'71/}tw) |:/ Va(l)(s) dﬁs:| .
0
Since EV, () (t) = 0 we obtain
ETM(t) =0 (2.2.79)
together with
Er®(r) = / / D2y (B, ¢ o) [S(5)54(0), S()S, (0)] ' ds
(2.2.80)

3 / (t — s)Dia, (P Cos tw) [S(5)S5(0), S(5)S,(0)] ds.
0
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Upon writing

cg:qﬁfj/”D@AQﬂ%wmnag&m»aﬁ&mﬂw, (2.2.81)
0

we hence conjecture that the expected limiting value of the wavespeed behaves as
c? + O(c®). Since ¢, = ¢y + O(c?) this would mean that the stochastic contributions
to the wavespeed are second order in o.

We remark that computations of this kind resemble the multi-scale approach initiated
by Lang in [72] and Stannat and Kriiger in [68]. However, our approach does allow us to
consider limiting expressions such as , for which one needs the exponential decay
of the semigroup. Indeed, resembles a mean-reverting Ornstein-Uhlenbeck
process, which has a variation that can be globally bounded in time, despite the fact
that the individual paths are unbounded.

As above, we expect to be able to track the wave for timescales that are longer
than the O(c~2) bounds stated in our results. The key issue is that the mild version of
the Burkholder-Davis-Gundy inequality that we use is not able to fully incorporate the
mean-reverting effects of the semigroup. We emphasize that even the standard scalar
Ornstein-Uhlenbeck process requires sophisticated probabilistic machinery to uncover
statistics concerning the behavior of the running supremum [2, [96]. We explore these
issues in more detail in the following chapters. For the moment however, we note that
our initial numerical experiments seem to confirm that the expression indeed
captures the leading order stochastic correction to the wavespeed.

2.3 Preliminary estimates

In this section we derive several preliminary estimates for the functions f, g, Jy, b and
Ko. We will write the arguments (u,¢) € Uy X R as

u=®+4+v, t=c+d, (2.3.1)

in which we take (®,c) € Uy x R and (v,d) € H* x R. We do not restrict ourselves to
the case where (®,¢) = (P, ¢p), but impose the following condition.

ar e conditions W) an old and the pair (®,c) € Uy X R satisfies the

hP Th diti HT d (HS) hold and th: ir (® u R isfies th
bounds

1 — Poll 2 < min{L, [4]denllzz] Y, e —cof < 1. (2.3.2)

In we obtain global and Lipschitz bounds for the functions f and g. These
bounds are subsequently used in to analyze the auxiliary functions Jy, b and K.
Throughout this chapter we use the convention that all numbered constants appearing
in proofs are strictly positive and have the same dependencies as the constants appearing
in the statement of the result.

2.3.1 Bounds on f and g

The conditions (Hf) and (Hg) allow us to obtain standard cubic bounds on f and
globally Lipschitz bounds on g. We also consider expressions of the form ¢ g(u), which
give rise to quadratic bounds.
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Lemma 2.3.1. Suppose that (Hf) and (hPar) are satisfied. Then there exists a constant
K > 0, which does not depend on the pair (®,c), so that the following holds true. For
any v € H' and ¢ € H* we have the bounds

If(@+v)lz= < K1+ ][wlFnllvlze],

F@+0), 02| < K14 |ollm|vl2e] 0] an, (2.3.3)

while for any set of pairs (va,vp) € H' x H* and (Y,70p) € H* x H', the expressions

Aapf = f(®+va)— f(®+vp),
AaB(f, )L (f(®+va),Ya): — (f(®+vB),YB)L2

satisfy the estimates

(2.3.4)

[Aapfllze < Kllva—vplre
+K (loallm loallss + Nzl llos) ) loa = vsll,
[Aap(f. )zl < Klva —vpllzl|vallm (2.3.5)

+K|[va = vpllm (lvallze + lvsle) [vall m
K1+ [oplmllosli| [ea - sl
Proof. Exploiting (Hf) we obtain
|D? f(u)| < Cy[L+ [ul], (2.3.6)

together with
IDf()] < Ca[1 + [uf’] (2:3.7)

for all w € R™. In particular, (hPar) yields the pointwise Lipschitz bound
|£(@ +va) = (@ +vp)| < Cofl + [val” + 05[] [oa — v (2.3.8)

Using the Sobolev embedding ||||cc < Cs||-|| g this immediately implies the first es-

timate in (2.3.5). Applying this estimate with v4 = 0 and vg = 9 — & we find

[F( @)z < 1f(@o)llL2 + [[/(®) = f(Po)l|z2

2.3.9
< (2.3.9)
Exploiting
[£(@+0)l[e2 < Nf( @)z + [ (@ +v) — f(P)]lL2s (2.3.10)
we hence obtain
1F(@+v)le < Cs[1+[vllze + [[vll7n o]l z2]- (2.3.11)

The first estimate in (2.3.3)) now follows by noting that ||v||z2 < |[v]|%y ||v]|z2 for |[v]|zz >
1.
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Turning to the inner products, ([2.3.8]) allows us to compute
[(f(@+va) = f(®+vp),Ya)rz| <Collva —vB|L2ll¥allLe

+ Callvallie + llvplie]llva — vsllm Yalla
(2.3.12)

Exploiting (2.3.9)), the second estimate in (2.3.3)) hence follows from the bound

using a similar observation as above to eliminate the |[v||p2]/9||L2 term. Finally, the

second estimate in (2.3.5) can be obtained by applying (2.3.12)) and (2.3.3) to the

splitting

(F(@+va)¥a)ie = (F@+vp),0m)ie] S [(F(@+va) = F(@+v5),0a)re|
+[(f(®+vB), YA —¥B)12|.

(2.3.14)
O

Lemma 2.3.2. Suppose that (Hg) and (hPar) are satisfied. Then there exists a constant
K > 0, which does not depend on the pair (®,c), so that the following holds true. For
any v € H' we have the bounds

lg(@+v)llr2 < llg(®o)llrz + Kg(1+ [Jv]lz2)
< KL+ vl 2], (2.3.15)
10eg(® +0)|l2 < K[L+ [v]la],

A

while for any pair (va,vg) € H' x H* we have the estimates

l9(® +va) — g(® +vB)| 2 < Kljva —vs|r2,
(2.3.16)
10c[g(® +va) = g(® +vp)lllLe < K[1+Jvallm]llva —vslm
Proof. The Lipschitz estimate on g implies that
lg(® +va) — g(® +vp)|r2 < Kgllva —vBlL2. (2.3.17)
Applying this inequality with v4 = v and vg = &9 — & we obtain
lg(@ +v)lzz < llg(@o)llzz + K[l — Rollz2 + [[vllz2]. (2.3.18)
which in view of (hPar) yields the first line of (2.3.15)).
The uniform bound
|Dg(® +v)| < K, (2.3.19)

together with the identity

9eg(® +v) = Dg(® + v) (' + ) (2.3.20)



42 Chapter 2 — Reaction-Diffusion Equations with Scalar Noise

immediately imply the second estimate in (2.3.15)). Finally, using
|Dg(® + v) — Dg(® + w)| < K, |v — w| (2.3.21)
and the identity
Oe[g(® +va) —g(@+vp)] = [Dg(®+va)— Dg(®+vp)] (¢ +v))
, , (2.3.22)
+Dg(® + vp) (vl — vp),

we obtain
10 [9(® 4+ va) — g(® +vB)|ll2 < Kgllva —vBllo [[®] 22 + 03] 2]
+EKg vl —vpllLe.

The second estimate in (2.3.16]) now follows easily. O

(2.3.23)

Lemma 2.3.3. Suppose that (Hg) and (hPar) are satisfied. Then there exists a constant
K > 0, which does not depend on the pair (®,¢), so that the following holds true. For
any v € H' and ) € H' we have the bounds

(g(®+v), )2l < K[+ [oll2][[¢]l 22,
{0eg(® +v),¢) 2] K[+ [Joll 2]l v

while for any set of pairs (va,vp) € H' x H' and (Ya,p) € H' x H' we have the
estimates

{g(® +va),Ya)r2 — (9(® +vB), ¥B) 2| <Kl|va —vB|L2[[Yal L2
+ K[1+ |lvllrz]l[¥ba — ¥l L2,

[(Oclg(® +va)],vha) 2 — (Oc[9(® + vB)], ¥B) 2| <K|lva = vBlL2(vall
+ K1+ [lvpll2lllva — ¥l
(2.3.25)

Proof. The estimates (2.3.24) follow immediately from the bound |g(® + v)||z2 <
K[1+ v z2]. The first bound in (2.3.25) can be obtained from Lemma by noting
that

{g(® +va),Ya)r: — (9(® +vp),¥B)rz| < [(9(®+va)—g(® +vp),Ya)re|
+{g(® +vB),va —¥B)r2]-

(2.3.24)

IN

(2.3.26)
The final bound can be obtained by transferring the derivative to the functions v 4 and
VB. O

2.3.2 Bounds on 7, b and «,

We are now ready to obtain global and Lipschitz bounds on the functions Jy, b and
Ko In addition, we show that it suffices to impose an a priori bound on |[v||z2 in order
to avoid hitting the cut-offs in the definition of b. This is crucial for the estimates in
§2.9] where we have uniform control on ||v||zz, but only an integrated form of control

on ||lv||g1.
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Lemma 2.3.4. Suppose that (Hf) and (hPar) are satisfied. Then there exists a constant
K > 0, which does not depend on the pair (®,c), so that the following holds true. For
any (v,d) € H' x R and ¢ € H' we have the boundﬂ

[70(® + v, ¢ + d)| 2 < K@)+ vl + ol ollze],

(@ +v,ctdibyl < KO+ AL+ ol fole] ol 5320

In addition, for any set of pairs (va,vp) € H x H, (da,dp) € R xR and (1 4,1p) €
H' x HY, the expressions

AapJo = Jo(®+va,c+da) — To(®+vp,c+dp),

Aap(Jo,-) 12 (Jo(® +va,c+da),Ya)re — (Jo(® +vp,c+dp),¥B) L2
(2.3.28)

satisfy the estimates

1A a0l L2

IN

Klllvallzlvallez + llvslla lvsllc2]llva — vl o
+[1+ [lvallz]lda — dpl
+EK(1+ dp])[lva —vBllu,
|Aap(Jo, 2| < Klllvalliz + lvslliallva = vslm [$alm (2.3.29)
H1+ [[oallz2][da = dp| Y alla
+K(1+[dg|)|lva — vsllL2[[¢a]
+K(1+|dg])[1 + lvsllm lvsllia]llva — vBllm
Proof. We first note that the terms in — can be absorbed in -,

so it suffices to study the function

Jo:11(u,c) =cu’. (2.3.30)
Recalling that (hPar) implies
le| + [|@"][ = < Cn, (2.3.31)
we find
1 os11(® + v, ¢+ d)l| 2 < Co(1+ [d])(1 + [[o]lr), (2.3.32)

together with
[(Jo:r1(® + v, e+ d), ) 2] < Co(1+ [d]) (1 + [|v]|2) 4] a2, (2.3.33)
which can be absorbed in (2.3.27)).

In addition, writing
AapJonr = Joar(®+wva,c+da) — Jo.r1(® +vp,c+dp),
Aap(Joar, )z = (Jogr(®+va,c+da),Ya)re (2.3.34)
—(Jo.11(® +vp,c+dp),¥B) L2,

6 We are dropping the third argument of Jy here since it is irrelevant when ¢ = 0.
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we compute
AapJo.ar = (da — dp)(®" + V) + (c+dp)(vy — v). (2.3.35)
This yields
[1AaJoirrl2 < Cslda — dpl (1+ |lvallg) + C3(1 + |dB|)[lva — vplla,  (2.3.36)
which establishes the first estimate in (2.3.29).

In a similar fashion, we obtain

(AapJoar, ¥)r2| < Cslda = dp| (L [Jvallz2) [l + Ca(1+|dB])[va —vallL2 [l m: -

(2.3.37)
The remaining estimate now follows from the inequality
|Aap(Jor, )zl < [(AapJoar, ¥a)re|
(2.3.38)
+(Jo;11(® +vp,c+dp),Ya —Vp)Le|.
O

Lemma 2.3.5. Assume that (hPar) is satisfied. Then there exists a constant K > 0,
which does not depend on the pair (®,c), so that the following holds true. For any
ve HY and ¢ € H' we have the bound

[(0(® +v),¥) 2| < K1+ [|vfl 2] 19|, (2.3.39)

while for any set of pairs (va,vp) € H' x H' and (Ya,%p) € H' x H' we have the
estimate

[(0¢[® 4+ val, a2 — (0¢[® +vp), ¥B) 2| < Klva —vsllzl|valm

FE[1+ ollz2] |04 — 5l
(2.3.40)

Proof. The desired bounds follow from the identity
(0 (® +v), ¥} 2| = (P + v, 0c¥h) 2], (2.3.41)
together with the estimate
[(O[® +val, Ya)r2 — (0c[® + vl ¢B) 2| < [(va —vB, Octha) 2|
+ (0@, va — Vi) 12| (2.3.42)
+ [(vp, O¢[a — Vi) 12|
O

Lemma 2.3.6. Suppose that (Hg) and (hPar) are satisfied. Then there exist constants
Ky >0 and K > 0, which do not depend on the pair (®,c), so that the following holds
true. For any v € H* and ¢ € H' we have the bound

b(®+0,9) < K, (2.3.43)
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while for any set of pairs (va,vg) € H' x H' and (Ya,vp) € H* x H* we have the
estimate

[b(® +va,1a) =b(® +vp,¥B)| < Klva—vsllrzlallm
+K[1+[Jvglcz][va — ¥5lla

Proof. The uniform bound (2.3.43) follows directly from the properties of the cut-off
functions. Upon introducing the function

(2.3.44)

B(Jf, y) = _Xlow(x)ilxmgh(y), (2345)

the global Lipschitz smoothness of the cut-off functions implies that

6(za,y4) — b(zp,yB)| < Ci[|lzp —2al + lyB — yal]. (2.3.46)

Using the identity
bluu,6) = b({Gew, )12, (g(u), )12 ) (2:3.47)
the desired bound ([2.3.44]) follows from Lemmas and O

Lemma 2.3.7. Assume that (Hg) and (hPar) are satisfied. Then for anyv € H' that
has

[v]|ze < min{1, 4]t ], (2.3.48)
we have the identity
-1
b(P + v, Yiw) = — [(Oe[® + v], Yew) 2] (9(P + V), o) L2 (2.3.49)
Proof. Using (2.3.15) and recalling the definition (2.2.23)), we find that
[(g(® + v), ew) 2] < [Hg(%)l\m + 21@} [Yewllze = Kip. (2.3.50)

In addition, we note that (hPar) and the normalisation (2.2.14) imply that

1 3
<6§(I)7'¢tw>L2 = <a§‘I)0,’(/JtW>L2 + <8§[¢) — @], Yrw)p2 > 1 — 1 = 1 (2.3.51)
This allows us to estimate
3 3 1 1
(0e(® + ), Yow)re = & — (0, 0cPiw)p2 = — — = 3, (2.3.52)
4 4 4 2
which shows that the cut-off functions do not modify their arguments. O

Lemma 2.3.8. Suppose that (Hg) and (hPar) are satisfied. Then there exists a
constant K,, > 0, which does not depend on the pair (®,c), so that for any 0 <o <1,
any v € H' and any v € H', we have the bound

o (@ 4+ 0,0)| + k(@ +0,0) 7| + Ko (@ + v, )" V? < K, (2.3.53)
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Proof. This follows directly from the bound

1< ko (P+v,0) <1+ Zipa%(g. (2.3.54)
O
In order to state our final result, we introduce the functions
v ) = ko) -1,
v () = ke(u,) -1, (2.3.55)
v P w) = mo(u )T,

which isolate the o-dependence in k..

1
Lemma 2.3.9. Suppose that (Hg) and (hPar) are satisfied and pick 9 € {—1, —3 1}.

Then there exist constants K, > 0 and K > 0, which do not depend on the pair (®,c),
so that the following holds true. For any 0 <o <1, anyv € H' and any ¢ € H' we
have the bound

\ygw(@ +o, qp)’ < o’K,, (2.3.56)

while for any 0 < o < 1 and any set of pairs (va,vp) € H' x H' and (Ya,¥p) €
H' x H', we have the estimate

V(@ + v, ba) = V0@ + v )| < Ko ua — vpllpallallm

+EG*[1+ ||vgllz2] 04 — ¥l
(2.3.57)

Proof. As a preparation, we observe that for any > 0 and y > 0 we have the inequality

' 11 ’_ ly — |
l+z 1+4+y| (Q+2)(1+vy)

<ly—al, (2.3.58)

together with

’ 11 ‘: ly — 2| <lp—a. (2359
Viter ity JO+2)Q+y)(VIta+/Tty) ~ 2
Applying these bounds with y = 0, we obtain
1 1
Y@ v w)] < goo? @ o) < 2,7 K- (2.3.60)

which yields ([2.3.56f). In addition, we may compute

2
g
‘Vgﬁ)(q)‘FUAvd)A)_Vz(fﬁ)((I)+UBv1/)B)’ < 27p’b((b+UA7¢A)2_b(q)+UBa7/JB)2|
2
g
= ?p|b(¢+UAa¢A)+b(¢+UB7wB)|

X [b(® +va,1ha) — b(®+vp,9¥B)|.

(2.3.61)
In particular, the bounds (2.3.57)) follow from Lemma m O
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2.4 Variational solution

In this section we set out to establish Proposition [2.2.1} Our strategy is to fit the first
component of (2.2.31)) into the framework of [77]. Indeed, the conditions (H1)-(H4)

in [77) are explicitly verified in Lemma below. The second line of (2.2.31)) can
subsequently be treated as an SDE for I' with random coefficients. In Lemma [2.4.3

below we show that this SDE fits into the framework that was developed in [93, Chapter
3] to handle such equations.

Lemma 2.4.1. Suppose that (HA), (Hf), (HTw), (HS), (HVar) and (Hg) are all
satisfied. Then there exist constants K > 0 and ¥ > 0 so that the following properties
hold true.

(i) For any triplet (va,vg,v) € H* x H' x H', the map
s (AiJva + svBl,v)g-1.m1 + (f(Pref +v4 + 5UB),v) 12 (2.4.1)
18 continuous.
(i) For every pair (va,vg) € H' x H', we have the inequality

Klva—vpli: > 2(A.(va—vB),va —vB)g-1;m
+2(f(Pres +v4) — f(Pret +vB),v4 —vB)2  (2.4.2)
Hg(Pret +v4) — g(Pres + UB)H%Q'

(ii) For any v € H' we have the inequality

2(A0,0) 1,1 +2(f (Pret + ), 0) 12 +[|g(Pret +0) |72 + 0|7 < K[1+]v]|72].
(2.4.3)

(iv) For any v € H' we have the bound

1Al + 1 (@res + 0) 7+ < K[1+ [0l ] [1 + [lvl22]. (2.4.4)

Proof. Ttem (i) follows from the linearity of A, and the Lipschitz bound (2.3.5). In
addition, writing

T = (f(®Pret +v4) = f(Pref +vB),v4 — VB)L2, (2.4.5)
(HVar) implies the one-sided inequality

z

<f(q)ref + UA) - f(q)ref + 'UB)a (I)ref +va — ((I)ref + UB)>L2

(2.4.6)
< Ciflva —vpl1.-

Item (ii) hence follows from the Lipschitz bound (2.3.16) together with the bound

(A, V) -1 g1 < —pl|v||F. (2.4.7)



48 Chapter 2 — Reaction-Diffusion Equations with Scalar Noise

A second consequence of (HVar) is that

<f(q)ref + U)y U>L2 = <f(¢)ref + U) - f(q)ref)7 (q)ref + ’U) - q)ref>L2
+<f(q)ref)a 'U>L2

) (2.4.8)
< Chllvllzz + 1S (Pree) 2 l|v]| 22
< Cofl+vl3:].
In particular, we may obtain (iii) by combining ([2.4.7) with (2.3.15).
Finally, for any v € H' and 1 € H' we may use (2.3.3) to compute
<f((1)ref + ’U), w>H*1;H1 = <f((1)ref + U)v 1/)>L2
(2.4.9)

IN

Ca[L+ [0l l[0]32] I
In other words, we see that

1 @ret + )11+ < Ca[t + ol lloll3e] < Ca(L+ o)A+ [o]Z),  (2:4.10)
which yields (iv). O

Lemma 2.4.2. Suppose that (HA), (Hf), (Hg) and (hPar) are all satisfied. Then there
exists a constant K > 0, which does not depend on the pair (D, c), so that the following
properties hold true for any 0 < o < 1.

(i) For anyv € H and any ¢ € H* with ||¢|| gz < 2||iw] 2, we have the bound

lao (® + v, ¢,)] < K[1 4 [[v]|m ||v||2LQ] (2.4.11)

(i) For anyv € H' and any pair (Ya,vp) € H> x H? for which ||[allm> < 2||tiw]| 2
and |[YB||g2 < 2||tiw| g2, the difference

AABaJrr = ad((I) +v,¢ qZ}A) - ao‘((D +v,¢, 1/13) (2412)

satisfies the bound
[Aapag] < K[1+llollm (1 + [olEe)| Il — vsll. (2.4.13)

Proof. We first compute

’{U(u’w)<\70(uvc’w)’w>[12 = <f(u) + cu’ + 02b(u’w)a€[g(u)]’w>112

(2.4.14)
= <j0(U,C)71/)>L2 + Uzb(%ﬁ’)@&[é](“)]»@m-

Upon defining
51(“’7071/}) = <._7()(’U/7C),'¢1>L2,

Err(u, ) = 0%b(u, 1) (Oeg(u), ¥) 12, (2.4.15)
Errr(w, ) = ko (u,¥){u, Ax) 2,
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we hence see that

-1
CLO-(U7C, 17[}) = - |:X10W(<a£uvw>L2)] [EI(U, ¢, 1/}) + Ell(uad}) + SIII(U@w)} .
For # € {I,11,111}, we define
AABS# = g#((I) +v,c, ¢A) — 5#((I> +v,c, ’(/JB)

We note that Lemmas [2.3.3], 2-3.4] and [2.3.6] yield the bounds

€@ +v,e,9p)| < Ci[l+ [ollmllvlie],
Er(® +v,0)| < Cr[1+[Jv]|Le],

together with

|AaB&r] Cr[L+ Il vllZ=] lva — ¥Bllar,
|AapErrl < Cill+|[vll2]*lva — ¥B|
+C1 [+ [[v][2]l[Ya — ¥B|lar-

IN

N

A direct estimate using the a-priori bound on [|9||gz2 and (2.3.53)) yields

Er1r(@ +v,9)] < K [[(®, Ah) 2] + [(v, Autp) 2] ]
< Cofl+|v]zz].
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(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)

By transferring one of the derivatives in A,, we also obtain using Lemma the

bound

A1 < |ke(P+v,04) — ko (P 4+ v,¥B)| (P + v, Axtba) 2]
+ 160 (P +v,9p)[ (P + v, As[ha — Pp]) 2]
Cs(1+ [0l L2)* [ — ¥l m
+C3[1+ ol ]llva — ¥pla-

IA

Upon writing
S(U,Cﬂm = gI(u7C7 ¢) +(€][(’U/,’(/)) +5II(U?1/))7
AyBE = Aap&r+AupErr + A,
we hence conclude that

|E(® +v,c,7)]
|AaBE|

IN

Ca[L+ [Jollzn]|v]| 2],
Ca[L+ vl ] 1+ Il 2] 1A — ¢Bllm-

IN

(2.4.21)

(2.4.22)

(2.4.23)
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Item (i) follows immediately from the first bound, since Xjow(-) ™" is globally bounded.
To obtain (ii), we compute

|Aapas| < Cs[{0(P +v),¢a)rz — (0c(P + ), ¥p) 2| |E(P + v, ha)
+C5 |AaBE|
< Go[L+ ollze] 1+ ol oll22] 1A — ¥Blm (2.4.24)

+Cs[L+ ol ] [+ l[vllF2] lpa — ¢sla

Cr[ 1+ ol (L4 o)) I6a = 51101,

IN

in which we used several estimates of the form

lollze < Cs[1+ fJollz2] < Cs[1+ [[v]l e [lv]lZ:]- (2.4.25)

Upon introducing the shorthands

p(U, ’Y) = c+ ao(q)ref + v, ¢, T’y"/}tw)7
2.4.26
G0.7) = B(@uer + 0. Ty, (2.4.26)
the second line of (2.2.31] can be written as
dl' = p(X(t),T(t))dt + oq(X (t),T(t))dB:. (2.4.27)

Taking the view-point that X (¢t) = X (¢,w) is known upon picking w € Q, (2.4.27) can
be viewed as an SDE with random coefficients. Our next result relates directly to the
conditions of [93, Thm. 3.1.1], which is specially tailored for equations of this type.

Lemma 2.4.3. Suppose that (HA), (Hf), (HTw), (HS) and (Hg) are all satisfied and
fixr ¢ € R together with 0 < o < 1. Then there exists K > 0 so that the following
properties are satisfied.

(i) For anyv € H' and any pair (ya,vB) € R?, we have the inequality

K1+ vl +li)] va —vel® = 2[va — 8] [p(v,74) — p(v,78)]

+la(v,74) — qlv,78)[>.
(2.4.28)

(ii) For any v € H' and v € R, we have the inequality
2 2 2
29p(v,7) + la(v, )" < KL+ ol [lo]Z] [1 +~7]. (24.29)
(i4i) For any v € H' and v € R, we have the bound

[p(0, )|+ law, I < K 1+ o] mfvl|2]- (2.4.30)
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Proof. The exponential decay of 1{  and v, implies that

”TVA"/)tW - TVB"/)tWHHl < CVl |’YA - ’YB' . (2.4.31)
Using Lemmas [2.3.6] and [2:4.2] we hence find the bounds

pv, M < Co[t+ [vllallvlz:],

(2.4.32)
g, )] < K,
together with
p(v,v4) =, ve)l < Ca[L+ Pl L+ Ivliz2)] Iva = sl (2.4.33)
l4(v,74) = q(v,vB)l < Call +[|vf|ze] lya =8l
Ttems (i), (i) and (iii) can now be verified directly. O

Proof of Prop. [2.2.1] The existence of the dt @ P version of X that is (F;)-progressively
measurable as a map into H', follows from [93, Ex. 4.2.3].

We remark that the conditions (H1) through (H4) appearing in [77] correspond
directly with items (i)-(iv) of Lemmam In particular, we may apply the main result
from this paper with a = 2 and 8 = 4 to verify the remaining statements concerning
X.

Finally, we note that items (i)-(iii) of Lemma allow us to apply [93, Thm.
3.1.1], provided that the function

t [L+ X Ol (1 + (X O]3)] (2.4.34)

is integrable on [0,7] for almost all w € . This however follows directly from the
inclusions

X € L5(Q,P;C([0,T); L?)) N NZ([0,TT; (F2); HY), (2.4.35)
allowing us to verify the statements concerning I'. The remaining inclusions (2.2.41])
follow directly from the bounds in Lemmas and O

2.5 The stochastic phase-shift

In this section we consider the process (X,T') described in Proposition and define
the new process

V(t) = T-r@[X (1) + Pret] — @ (2.5.1)
for some ® € Uy . In addition, we introduce the nonlinearity
Rowec(V) = Ko(P+v, ) AP + ]
+(@ +v) 4+ 2b(P + v, P ) Oe[g(P + V)]
+ [c + as (@ + v, ¢, wtw)} [® + '] (2.5.2)

Iio-((I) + v, iﬁtw) |:A* [(P + 'U] + ja((I) + v, C, wtw)
+a6 (P + v, ¢, Yiw ) [P + V'],
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together with
So(v) = g(®+v)+b(P+v, 1)@ + 0. (2.5.3)

Our main result states that the shifted process V' can be interpreted as a weak solution
to the SPDE

AV = Rewe(V)dt+0Se(V)dB,. (2.5.4)

Proposition 2.5.1. Consider the setting of Proposition and suppose that (hPar)
is satisfied. Then the map
Vi[0,T] xQ— L? (2.5.5)

defined by satisfies the following properties.
(i) For almost all w € Q, the map t — V(t,w) is of class C([0,T]; L?).

(ii) For all t € [0,T], the map w = V(t,w) € L? is (F;)-measurable.
(iii) We have the inclusion
Ve N*(0,T)(F); HY) (2.5.6)

together with
So(V) € N2([0,T]; (F); L?). (2.5.7)

(iv) For almost all w € Q, we have the inclusion

Rowc(V(,w)) € L'([0,T); H™Y). (2.5.8)

(v) For almost all w € Q, the identity

Vi) = V(0)+ /0 Rowwo(V(s)) ds + 0 /0 So(V(s))d8, (2.5.9)

holds for all 0 <t <T.

Taking derivatives of translation operators typically requires extra regularity of the
underlying function, which prevents us from applying an [t6 formula directly to .
In order to circumvent this technical issue, we pick a test function ¢ € C2°(R;R"™) and
consider the two maps

dprc H'xR—-R,  ¢oc:RoR (2.5.10)
that act as

¢1;C(x’7) = <$7T7<>H_1;H1;

¢2§C (’7) = <T7’yq)ref - (I)v <>H_1;H1 (2511)

= (T Qres — D,() 2.

These two maps do have sufficient smoothness for our purposes here.
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Lemma 2.5.2. Consider the setting of Proposition[2.2.1. Then for almost all w € Q
the identity

¢1;C (X(t)’ F(t)) =
¢1,¢(X(0),T(0))

+ /0 <A* [X(S) + (bref] + f(X(S) + q)ref)aTF(s)C>H*1;H1 ds

t
- /0 [C + as (X(S) + Pref, €, TF(S)wtw)] <X(S)7 TF(S)</>L2 ds

1

t
- 50—2 / Qb(X(S) + érefy TF(S)’(/}tW) <g(X(S) + ¢ref)7 TF(S)CI>L2 ds
0

1 t
+ 50'2/ b(X(S) + (Dref,TF(s)wtw)2<X(S), TF(3)<H>L2 ds
0

t

+0 [ {X(5) + ) Ty O 48,
-0 /t b(X(5) + Pret, Trs)Yew ) (X (5), Tr(5)¢) 12 dBs
’ (2.5.12)
holds for all0 <t <T.
Proof. We note that ¢1¢ is C?-smooth, with derivatives given by
Dorc(z, My, Bl =y, Ty Q. — B, Ty ) 1.1, (2.5.13)
together with
D*¢c(, Ny Blly, Bl = =28, TV -1 + B2 (@, Tl gy (25.14)

Applying a standard It6é formula such as [27, Thm. 1] with S = I, the result readily
follows. O

Lemma 2.5.3. Consider the setting of Proposition[2.2.1. Then for almost all w € Q
the identity

P2c(T(t) = h2,c(T(0))

t
— /0 [+ ag (X (8) + Prer, ¢, Tr(s)Viw) | (Pret, Tr(s)C') 12 ds

1 t
+§0'2 / b(X(S) + Pret, TF(s)wtw)2<q)ref7 TF(s)<//>L2 ds
0

t
_J/ b(X(S) + CI)ref» TI‘(s)wtw) <(I)refv TF(S)CI>L2 dﬁs
0

(2.5.15)
holds for all0 <t <T.
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Proof. We note that ¢g,¢ is C?-smooth, with derivatives given by

D¢21<(7)[6} = 7ﬂ<©rcfaT’y</>L2; (2516)

together with
D2¢2§C(7)[ﬂ} [B] = ﬂ2<(1)ref7 T’y</,>L2~ (2517)
The result again follows from the Itd formula. O

Corollary 2.5.4. Consider the setting of Proposition suppose that (hPar) is
satisfied and pick a test-function ¢ € C°(R;R™). Then for almost all w € Q, the map

V' defined by satisfies the identity

(V(£),0) e = (V(0), C)za + / (Roswe (V(8)), Ortrnnds + o / (S5 (V(5)), ) 2 dBs

(2.5.18)
forall0 <t <T.
Proof. For any v € R, we have the identities
ao(u, ¢, Ty)) = ag(T—yu,c,),  blu, Tyy) = b(T—u, ), (2.5.19)
together with the commutation relations
T, f(u) = f(Tyw), Tyg(u)=g(Tyu), T Au=AT u. (2.5.20)
By construction, we also have
V() rz = ¢1:¢ (X (), (1)) + ¢2:¢ (T(1)), (2.5.21)
together with
T_r(s)[X(8) + Pref] = @ + V(s). (2.5.22)

The derivatives in (2.5.12)) and (2.5.15)) can now be transferred from ¢ to yield (2.5.18]).

We emphasize that the identity

%a%(@ +V(s), ) 2[X" + 8] = ia%@ FV(8), o) PAL[X(5) + Brer]  (2.5.23)

is a crucial ingredient in this computation. This is where we use the requirement in
(HA) that all the diffusion coefficients in A, are equal. O

Proof of Proposition[2.5.1 Items (i) and (ii) follow immediately from items (i) and (ii)
of Proposition m Turning to (iii), notice first that we have the isometry

1Tz = [zl (2.5.24)
Observe in addition that

||T/\/®ref — (I)HHl < ||T~/(I>ref — Dot g + ||(I)ref — (I)”Hl < [1 + |’7‘ ]7 (2.5.25)
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since ®/; and ®/.; decay exponentlally In particular, the inclusion (2.5.6)) follows from
the corresponding inclusions ) for the pair (X,TI"). The second inclusion
now follows immediately from the bounds in Lemmas and

Using Lemmas |2.3.1] [2.3.2] [2.3.6| and [2.4.2] we obtain the bound

HRU;@,C(U)HH*1 < CQKND""HUHHl]
+Co [1 4 [|v]|Fn ||v]l 2]

) (2.5.26)
+Cy0° K, [1 + HUHHl]
+ [+ [olloliZe] [1 + [[ollee ]
Since items (i) and (iii) imply that
sup ||V (t,w)|/rz + / |V (t,w)||3: dt < oo (2.5.27)
0<t<T

for almost all w € Q, item (iv) follows from the standard bound

T T 1
/ V() s dt < \/:F[/ IV (t.) 3 ] ” (2.5.28)
0 0

Finally, we note that items (iii) and (iv) imply that the integrals in (2.5.9)) are well-
defined. In view of Corollary we can apply a standard diagonalisation argument
involving the separability of L? and the density of test-functions to conclude that (v)
holds. O

2.6 The stochastic time transform

We note that can be interpreted as a quasi-linear equation due to the presence
of the k,A, term. In this section we transform our problem to a semilinear form by
rescaling time, using the fact that x, is a scalar. In addition, we investigate the impact
of this transformation on the probabilities .

Recalling the map V defined in Proposition we write

To(t,w) = /0 o (® 4+ V(s,w), V) ds. (2.6.1)

Using Lemma we see that t — 74 (¢) is a continuous strictly increasing (F;)-adapted
process that satisfies
t < 1o(t) < Kyt (2.6.2)

for 0 <t <T. In particular, we can define a map
3 :[0,T] x Q —[0,T] (2.6.3)

for which
To(to(T,w),w) = 7. (2.6.4)
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We now introduce the time-transformed map
V:[0,T] x Q — L? (2.6.5)

that acts as

V(irw) = V(te(r,w),w). (2.6.6)

Before stating our main results, we first investigate the effects of this transformation

on the terms appearing in (2.5.9).

Lemma 2.6.1. Consider the setting of Proposition and suppose that (hPar) is
satisfied. Then the map te defined in satisfies the following properties.

(i) For every 0 < 1 < T, the random variable w — te(T,w) is an (Fy)-stopping time.
(i) The map T+ te(T,w) is continuous and strictly increasing for all w € Q.

(#i) For any 0 <7 <T and w € Q we have the bounds

K 't <tg(r,w) <. (2.6.7)

(iv) For every 0 <t < T, the identity
to(To(t,w),w) =t (2.6.8)
holds on the set {w : 7o (t,w) < T}.
Proof. On account of the identity
{w:te(r,w) <t} ={w:71e(t,w) > 7} (2.6.9)

and the fact that the latter set is in F;, we may conclude that ¢t (7) is an (F;)-stopping
time. The remaining properties follow directly from (2.6.2)-(2.6.4)). O

Lemma 2.6.2. Consider the setting of Proposition recall the maps (te,V) de-
fined by and and suppose that (hPar) is satisfied. Then there exists

a filtration (F,),>o together with a (F,)-Brownian motion (B,)r>0 so that for any

(
H € N*([0,T); (F;); L?), the process
H(r,w) = H(ta(r,w),w) (2.6.10)
satisfies the following properties.

(i) We have the inclusion
H e N*([0,T); (Fr); L?), (2.6.11)

together with the bound

T T
E/ ()% dr < KHE/ ()] dt. (2.6.12)
0 0
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(i) For almost all w € §, the identity

t(p(‘r) T . _
/ H(s) dB, = / H(r ko (® + V(7)) "/ dB,. (2.6.13)
0 0
holds for all0 < 7 <T.
Proof. Following [59] §1.2.3], we write
Fr={A€UxoF: AN{ts(r) <t} € F, for all t > 0}. (2.6.14)

The fact that H is (F,)-progressively measurable can be established following the proof
of [58, Lem. 10.8(c)]. In addition, we note that for almost all w € Q the path

ts |V (t,w)]|2s (2.6.15)

is in L'([0,T]), which allows us to apply the deterministic substitution rule to obtain

to(T) T
/ IV (s)l|72 ds = / 1V (te (7)) |7 207 ta (7)) dr’. (2.6.16)
0 0
We now note that
8th>(7) = [5}% (tq>(7’))] -
o (@ + V(o (), ¥u) (2.6.17)
Ko (D + V(7))

In particular, we see that
|0-ta (1) > Kt (2.6.18)

and hence o ()
T (T
[ Weat) e’ < 50 [ VIR s (2:6.19)
0 0
The bound (2.6.12)) now follows from t¢ (T, w) < T.

To obtain (ii), we introduce the Brownian-motion (8, ),>¢ that is given by

ABry(er)- (2.6.20)

_ T 1
5= [ e
0 87—Itcp (T/)
For any test-function ¢ € C2°(R;R"™) and 0 < t < T, the proof of [59, Lem. 5.1.3.5]
implies that for almost all w € €2 the identity

ta(T) T
/0 (H(s),C)r2dBs = /0<H(t¢>(7/))a<>L2\/8T’t<1>(7_/)d3‘r’

—1/2 i3,

] (2.6.21)
_ /0<F(T'),4>Lma(q>+V(T’),wtw)

holds for all 0 < 7 < T. Since (i) and (ii) together imply that the right-hand side of
(2.6.13)) is well-defined as a stochastic-integral, a standard diagonalisation argument
involving the separability of L? shows that both sides must be equal for almost all
w € . O
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In order to formulate the time-transformed SPDE, we introduce the nonlinearity
Rowc(V) = Fo(®+0, ) " Rowde(v) — Liwv
= A+ 0]+ To (P + v, ¢, hw) (2.6.22)
.o (P + v, ) " Fa(P + v, ¢, Y ) [P+ '] = Liw,
together with
Soa(v) = Ko(®+0,94) 1 Ss(v)

_1/9 , , (2.6.23)
= Ko (@40, 00) 2 g(D + ) + B(@ + v, 1) [0 + ]

Proposition 2.6.3. Consider the setting of Proposition and suppose that (hPar)
is satisfied. Then the map -
Vi[0,T] xQ— L? (2.6.24)

defined by the transformations and satisfies the following properties.
(i) For almost all w € Q, the map T+ V(1;w) is of class C([0,T]; L?).

(ii) For all T € [0,T], the map w — V(1,w) is (F,)-measurable.
(iii) We have the inclusion
V e N2([0,T); (F)-; HY), (2.6.25)

together with
So:0(V) € N2([0,T]; (F)r5 L?). (2.6.26)

(iv) For almost all w € Q, we have the inclusion
Row,c(V(-,w)) € L'([0,T); L?). (2.6.27)

(v) For almost all w € Q, the identity

) = VO+ [ [6aT0) + R e (V)] dr

/ (2.6.28)
to / S0 (V) dBs
0
holds for all 0 <t <T.
(vi) For almost all w € Q, the identity
V) = SOV + [ S0 Rewe(V() d
L0 (2.6.29)
—|—0’/ St —1)800(V(7')) dBr
0
holds for all T € [0,T], in which
S :[0,00) — L(L* L?) (2.6.30)

denotes the analytic semigroup generated by Ly, .
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Proof. Ttems (i)-(iii) follow by applying (i) of Lemma to the maps V, 0:V and

using the definition (2.6.23)). Item (iv) can be obtained from the computation (2.5.26)),
noting that the A,v contribution is no longer present.

Item (v) can be obtained by applying the stochastic time-transform (2.6.13]) and the
deterministic time-transform

tqp(T) T _ . _
| Reoc@)ds = [ Ruao(T) o (@ + Ve v)] " ar
0 0
(2.6.31)
to the integral equation (2.5.9)).

Turning to (vi), we note that A, generates a standard diagonal heat-semigroup,
which is obviously analytic. Noting that

Ly — A, € L(HY; L?) (2.6.32)
and recalling the interpolation estimate
1/2) 11/2

ol < Culloll gz o]l g2 (2.6.33)

we may apply [80, Prop. 3.2.2(iii)] to conclude that also Ly, generates an analytic
semigroup. We may now apply [92] Prop. 6.3] and the computation in the proof of [0,
Prop. 4.1.4] to conclude the integral identity (2.6.29)). O

We now introduce the scalar functions

t
Neal) = VO + [ e e Vi) ds,
o (2.6.34)
Neo(r) = eT|V(D)]7: + / e =™ |V ()|} dr
0
together with the associated probabilities
Pea(T,n) = P( sup N57a(t)>77),
~ ostsT (2.6.35)
pgya(T,n) = P( sup N5$a(7)>n>.
0<r<T

Our second main result shows that these two sets of probabilities can be effectively
compared with each other.

Proposition 2.6.4. Consider the setting of Proposition [2.2.1] and recall the maps V
and V' defined by and . Then we have the bound

PealTyn) < Pe1. o (KT, K ') (2.6.36)
Proof. We note that
V(D)2 = eV (7o () 22 < O (o) 22, (26.37)
which implies that
oS e V)ze < o0 TNV ()l (2.6.38)
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In addition, we compute

¢
/ e_E(t_S)easHV(s)H%p ds
0

7o (t) , o _ _
:/ e—f—:(t—tqp(”r ))eatq)(‘r)HV(T/)H%—IIK/U(@+V(7—/),wtw) 1d7'/~
0
(2.6.39)

Using ([2.6.18]) we obtain the estimate
Tcp(t)
t— t<1>(’7'l) = hp(’]’q;.(t)) — tq;.(T/) == / 8T//tq>(7") dT// 2 K;l |Tq>(t) — 7'/‘ 5 (2640)

T/

which yields
t 7o () 1 , PR
/ === 00|V ()| %pn ds < K, / e K21 ea =) oo [T |20 dr. (2.6.41)
0 0

In particular, we conclude that

T

t
sup / e st |V ()5 ds < sup K, e~ Kilelr—)gar V()3 dr’.
0

0<t<T 0<7<K,T 0
(2.6.42)
This yields the implication
sup Ny (1) <K 'n= sup N.,(t) <mn, (2.6.43)
0<7<K,T A 0<t<T
from which the desired inequality immediately follows. O

2.7 The stochastic wave

In this section we set out to construct the branch of modified waves (®,, ¢, ) and analyze
the phase condition
<T*’Yo [Uo] - @, wtw>L2 =0 (271)

for ug ~ ®,. In particular, we establish Propositions [2.2.2] 2.2.3] and [2.2.6]
A key role in our analysis is reserved for the function

MO’;‘P,C(’Uvd) = \70(¢+Uac+d7wtw) _jo((I),C)
4 + [As — Lo,

(2.7.2)

defined for (®,¢) € Uy x R and (v,d) € H* x R. Indeed, we will construct a solution
to
A*@a + ja((I)a', Ca'7 'll)tw) == O (273)

by writing
O, =Dy +v, ¢y =co+d. (2.7.4)
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Using the fact that the pair (®g, ¢g) is a solution to (2.7.3) for o = 0, one readily verifies
that the pair (v,d) € H? x R must satisfy the system

AV} + Loyt = —M ity o0 (v, ). (2.7.5)

o,Co

In addition, the function M,.e
earity Ro:a, ¢, -

In @ we obtain global and Lipschitz bounds on M, .. These bounds are
subsequently used in to setup two fixed-point constructions that provide solutions
to (2.7.1)) and (2.7.3)).

will be used in to obtain bounds on the nonlin-

2.7.1 Bounds for M,

In order to streamline our estimates, it is convenient to decompose the function 7, as

Tolwetb) = o)~ [ F(0) + 20" + 02b(u, i) O g(w)]

(2.7.6)
= Jo(u,¢) + E»1(u,€) + Ep.r(uw).
Here we have introduced the function
SUJ(U"E) = Vc(r_l)(uv ’(/th)[f(u) + Eul]
) (2.7.7)
= V((77 )(U,Z/th)jo(uyf)a
together with
Eqirr(u) = ko (u, o) ™ b, Yiw) e g ()] (2.7.8)
where v ! is as defined in (2.3.55).
This decomposition allows us to rewrite (2.7.2)) in the intermediate form
Mmq)yc(v, d) = Mo;q:._yc('l}, d) + 50;](@ +v,c+ d) + SU;[[((I) + ’U). (279)
We now make a final splitting
Moa,c(v,d) = To(®+v,c+d) — To(®,¢) — Df(Po)v — cov’ — dPj (2.7.10)
= Nipe)+Ninae,.c(v,d), -
in which we have introduced the function
Nrpe(v) = f(® +v) = f(®) = Df(®)o, (2.7.11)
together with
Niroc(v,d) = dv' + [Df(®) — Df(Po)|v+ (¢ — co)v' +d[@ — Df].  (2.7.12)
We hence arrive at the convenient final expression
MU;@,C(”, d) = NI;f,‘I)(’U) + NII;‘I),C(U7 d) + ‘S‘(J';I((I> +v,c+ d) + 50;[[((1) + ’U)
(2.7.13)

and set out to analyze each of these terms separately.
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Lemma 2.7.1. Suppose that (Hf) and (hPar) are satisfied. Then there exists K > 0
so that for any v € H' we have the bound

INEpo@)lz: < K[1+ [l ] vl v] ce, (2.7.14)

while for any pair (va,vg) € H' x H' we have the estimates

|NT.f.8(va) — Nr.pe(vB) L2 < K[+ loallgr + lvslla ] [loallar + lvslla]
X”UA —UBHLQ,
|(Nripe(va) = Nipo(B), Yew) 2] < K[14 vallar + lvella] [lvallze + lvsllz2]

X ||UA — UBHL?-
(2.7.15)

Proof. Using and (hPar) we obtain the pointwise bound
Wi pe(v)] < C1[L +[v]] [o]?, (2.7.16)
from which easily follows. In addition, we may compute
Nipe(va) = Nrpe(vs) = f(® +va) — f(2 +vp) — Df(® +vp)(va — vB)
+ (Df(® +vg) — Df(®))(va — vp)

= Nijatos(va —vg) + (Df(® 4+ vp) — Df(®))(va — vp).
(2.7.17)

Applying (2.3.6) and (hPar) a second time, we obtain the pointwise bound
WNisga(va) = Nige(vs)l < Coll+|val + |vpl|] [va — vp/”

+C2[1 + |vp|] v |lva — vB|

< Cs[l+ |val + [vsl ][ lval + |vB|] [va — vs],
(2.7.18)
from which the estimates in (2.7.15)) can be readily obtained. O]

Lemma 2.7.2. Suppose that (Hf) and (hPar) are satisfied. Then there exists K > 0
so that for any (v,d) € H' x R we have the bound

Wirsoelv dllzz < K[le=col + 1@ = oll s + [d]] [[olla +1d]],  (27.19)
while for any set of pairs (va,vg) € H x H' and (da,dp) € R? the expression
AaNiro,e =Nirao,c(va,da) — Niro,c(vs,dp) (2.7.20)

satisfies the estimates

[AaBNIL® |l L2 < K[llvallgr + ldB| + [|® — oz + |c — col |
X [lva —vlla + |da —dgl],
(2.7.21)
(AABNIL® s o) 2] < K[|lvallpz + ds|+ |® — Dol 2 + |c — col ]

X[|lva —vBllL2 +|da — dp|].
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Proof. In view of (hPar), we obtain the pointwise bound
Wire.c(v,d)] < [ld| + |c = co| | [v'] + C1 | — ol [v] + @' — | [d],  (2.7.22)
from which follows. In addition, we obtain the pointwise bound
[AupNinecl < |da—dp||v]+ [lds]+ e col ] vy — v
+K|® — | [|va —vp|] +|®" — 0| |da — dp]
from which follows. O

Lemma 2.7.3. Suppose that (Hf), (Hg) and (hPar) are satisfied. Then there exists
K >0 so that for any 0 < o <1 and (v,d) € H' x R, we have the bound

(2.7.23)

€1 (@ +v,c+d)lle < Ko*(L+[d)[1+[[vllm + [Pl lollzz],  (2.7.24)
while for any 0 < o < 1 and any set of pairs (va,vp) € H' x H' and (da,dp) € R?,
the expression
Aup€or =E51(Q +va,c+da) — 51 (P +vp,c+dp) (2.7.25)
satisfies the estimates
1AaBEsrllz < Ko*(L4|da)[1+ [lvalle + [lvalF vallze]lvoa — vpllze
+K0®[1+ |dp| + [[vallm lvallze + vl vslc2]lva — vsllm

+Ko?[1+ |lvallg] |da — dsl,
(2.7.26)

HAABEsir Yew) 12| < Ko*(L+|dal + |dp])[1+ llvallm vallZ2]lva — vsl L2
+Ko?[lvallzz + llvslli:]llva — vsllm

+K02[1 + ||UA||L2] |dA — dB‘ .
(2.7.27)

Proof. The bound ([2.7.24)) follows directly from Lemmas and In addition,

these results allow us to compute

HAABEO';I||L2 S

VD@ + v, ) = 5@ + 08, )| 1T6(® + va, e+ da)l e

[ (@ + 05, Y[ 1T6(®@ + 04, ¢+ da) = Fol@ + v, ¢+ )|z
< Cio?lua = vplla(L+ dal) [L+ [vallr + oalfp oal 2]

+ €10 [loallmn vallze + vpllm lozlze]lva - sl

+C1?[L+ vallm] lda — dp|

+ 010'2(1 + |dB|)||UA — UB”Hl,
(2.7.28)
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together with

|<AAB£O';I?¢tW>L2 | S

Vf,fl)(‘p + 04, Yrw) — 1/((771)(‘1) + vp, ¢tw)‘ {To(® +va,c+da), Yiw) 2]

+

(@ + ”UB,l/th)’ {(Jo(® +va,c+da) — TJo(®+vp,c+dp), Yow) 2|
+C20%||va — vplL2 (1 + |dal) [1 + [lvallm [val 2]

+C20?[|vallze + llvslZ2llva — vplm

+C20?[1+ [[vall 2] |[da — di]

+ 02(72(1 + ‘dBDH'UA — UB||L2-
(2.7.29)

These terms can all be absorbed by the expressions in ([2.7.26) and (2.7.27)). O

Lemma 2.7.4. Suppose that (Hg) and (hPar) are satisfied. Then there exists K > 0
so that for any0 <o <1 andv € H' we have the bound

1@+ 0)e < Ko2[1+ [ollm], (2.7.30)

while for any 0 < o <1 and any pair (va,vp) € H' x H' the expression
Aap€oirr =Eoar(P+v4) — E5pr (P + vB) (2.7.31)

satisfies the estimates

IA

[1AaBEq 11| L2 Eo?[1+ [vallm Jllva — vl

HAABEsir ew)r2| < Ko?[1+ |lvallrz]llva —vsl 2.

Proof. The bound ([2.7.30) follows directly from Lemmas [2.3.2] [2.3.6] and [2.3.8] In
addition, we may compute

(2.7.32)

A

1AaBE 11> <0° ‘V((;_l)(‘l’ +va, ) — VS (@ + g, ¢tw)‘ Ky |0 [g(® + va)ll 22
+ 02K, [0(® + va, Yiw) — b(® + vB, Vi) |06 [9(P + va)]| 2
+ 0K K| 0cg(® +va) — g(@ + vp)]| 12
<C10”|lva —vBll2[1+ llvalla]
+Ci0?|lva —vgllL2 [1 + [[vallm]

+ C10? [1 + ||UAHH1] [va = vBllm,
(2.7.33)
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together with

{AABEs 11, tw) L2
<o W@ + va, o) — V5@ + v, o) | Kb [(0[g(® 4+ va)], Yow) 12|

+ 02Ky [b(® + va, Prw) — b(® + v, )| [(De[g(® + va)], ) 2]
+ 02K, Ky [{0e[g(® + va) — g(® + vB)], Yew) 2|

<Cy0°|lva —vsllr2 [1+ lvallz2]
+ C20°||lva —vpllr2[1+ |vall 2]

+ C202||1)A - 'UB||L2~
(2.7.34)

These expressions can be absorbed into the bounds ([2.7.32)). O

Corollary 2.7.5. Suppose that (Hf), (Hg) and (hPar) are satisfied. Then there exists
K > 0 so that the following holds true. For any 0 < o <1 and any (v,d) € H* x R
that has |d| < 1, we have the estimate

IMowc(v, )l < K[+ vl ]lollav] e

+K[|c—col + |® — @oll g2 + |d] ] [|[v]| a2 + |d] ] (2.7.35)
+Ko?[1+ ||v]| ]

In addition, for any 0 < o <1 and any set of pairs (va,vp) € H' x H' and (da,dp) €
R? for which |ds| < 1 and |dg| < 1, the expression

AgpMopc = Moa,c(Va,da) — Mo.a,.(VB,dB) (2.7.36)
satisfies the estimates

|8asMacllie < K[1+ allis + losllm] [loallm + oplm] oa = vsl:
+K[0? + [vallm + |dp] + | @ = ollg1 + [ — co ]
x[|lva —vplla +|da — dp|]
+Ko? [valiplloall e va = vplls
+K0 [[vallm [vallez + [oslm oslize] loa = vplm,

(2.7.37)
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(AaBMod s Viw)r2| < K[1+ [vallar + llvplla] [llvallze + vsllzz]llva — vl
+K[0? + [vallLz + dB| + @ = Pol|2 + |c = col ]
x[|lva —vBllL2 + |da — dp|]

+Ko?|[vallm [[vallizllva — vallLe

+K0? [[[vallfs + losllf | lva —ve .

Proof. In view of the identity (2.7.13)) it suffices to note that the terms (2.7.14]), (2.7.19)),
2.7.24)) and ([2.7.30f) can be absorbed in (2.7.35]), while the expressions (2.7.15)), (2.7.21}),
2.7.20)), (2.7.27)) and (2.7.32) can be absorbed in (2.7.37) and (2.7.38)). O
Corollary 2.7.6. Suppose that (Hf) and (Hg) are satisfied. Then there exists K > 0

so that the following holds true. For any 0 < o <1 and any (v,d) € H* x R that has
vl g <1 together with |d| < 1, we have the estimate

IModoeo(v,d)llzz < Kl[vllee + |dl ] [Iv]la +1d] ] + Ko®. (2.7.39)

In addition, for any 0 < o <1 and any set of pairs (va,vp) € H' x H' and (da,dp) €
R? for which the bounds
lvaller <1, |dal <1, |lvgllm <1, |dg| <1 (2.7.40)
hold, the expression
AppMoidy.co = Moiwy,co(Va,da) — Mo.ag.co (VB, dB) (2.7.41)

satisfies the estimate

[AaBMowg,collL2 < K [0 + [vallms + [[vslla +|dpl|] [lva — vsllm +1da — dsl].
(2.7.42)

Proof. These bounds can easily be obtained by simplifying the corresponding expressions

from Corollary O

2.7.2 Fixed-point constructions

As a final preparation before setting up our fixed-point problems, we need to control
the higher order effects that arise when translating the adjoint eigenfunction ;. In
particular, for any v € R we introduce the function

MW(’Y) = T’ywtw - wtw + W%W (2743)

and obtain the following bounds.
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Lemma 2.7.7. Suppose that (HTw) and (HS) hold. Then there exists K > 0 so that
for any v € R we have the bound

[New (22 < K72, (2.7.44)
while for any pair (ya,vs) € R? we have the estimate
[Now(va) = Now(vB) |22 < K[ |val + [v8]] Iva — 8] (2.7.45)
Proof. In view of (2.4.31)), we have the a priori bound
INow(Nlpz < C1[1+ |v]], (2.7.46)
together with
[New(74) = Miw(vB)ll22 < C1lya — 78] (2.7.47)

In particular, we can restrict our attention to the situation where |y| < 1 and |y4| +
|vs] < 1. In this case we obtain the pointwise bounds

Nw©I < 377 sup_ [uto () (2.7.43)
§-1<E/<E+1

together with

Wiw(74)(€) = Mew(v8)(E < [ sup i (€)]] [%(’YA —v8)? + [vBllva — 8]

§-1<¢/<E+1
(2.7.49)
The desired bounds now follow from the exponential decay of 1, . O

Proof of Proposition[2.2.9. As a consequence of (HS), there exists a bounded linear
map

Liny : L? = H?> xR (2.7.50)
so that for any h € L?, the pair (v,d) = Linyh is the unique solution in H? X R to the
problem

Liwv = h — ®(d. (2.7.51)
Indeed, we take d = (h,¥w) 2, which in view of the normalization (2.2.14)) ensures that
the right-hand side of (2.7.51)) is in the range of Li.
It now suffices to find a solution to the fixed-point problem

(v,d) = =LinyMo34,¢, (v, d). (2.7.52)
Upon introducing the set
Zo = {(v,d) € H> xR : |[v||g2 + |d| < min{1,00°}} C H* xR (2.7.53)
and applying Corollary we see that for any (v, d) € Zo we have
[Moiag.co(v,d)|| 22 < K (0% +0%) = Ko?(0%0% + 1), (2.7.54)

while for any two pairs (va,da) € Zo and (vp,dp) € Zo we have

[Moswg,co(Va,da) = Moiwg,co(VB,dp)|lL2 < Ko?[1+20][lva — va|m + |da — ds|].

(2.7.55)
In particular, choosing © to be sufficiently large and d§, > 0 to be sufficiently small, we
see that the map —LinyMo,0,,¢, is @ contraction on Zg for all 0 < o < §,. O
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Proof of Proposition[2.2.5 We first recall that

<(I)rcf7wéw>L2 = *< refawtw>L2 = 7<®6awtw>L2 =-—1. (2756)

Writing ug = xg + Prer, this allows us to compute

<U’yv 1/’tw>L2 = <I0 + (brefa T’ywtw>L2 - <(I)m 7/}tw>L2
= <$0 + (breﬁ wtw - 71/J£W +MW( )>L2 - <(I)<7a 1ﬁtw>L2 (2757)
= 7+<x0+¢1‘0f U?¢tW>L2 +S (:r07 )a

in which we have introduced the expression
Ex(w0,7) = —v(x0, Yiy) 12 + (T + Pret, Now (7)) L2 (2.7.58)
Using Lemma [2.7.7 we obtain the estimate
|E6 (20, 7)| < CillwollLe || + C1 [1 + ||m0||L2]72, (2.7.59)
together with the Lipschitz bound

€6 (w0, v4) — Eo(z0,vB)I2 < Collollze |va — vBl

+C2 1+ llzollzz] [ Ival + [val] 1va — 78]
(2.7.60)
In particular, upon choosing dgx > 0 to be sufficiently small and imposing the restriction

[zollz2 4 w0 + Pret — PollL2 < s, (2.7.61)

we can define 7 as the unique solution to the fixed-point problem

- = <$0 + (I)rcf o‘awtw>L2 + 5 ($0, ) (2762)

on the set
Yoo = {7 M £ 2)120 + Pret — Po |l L2 ||t L2 }- (2.7.63)

By choosing d, > 0 and dg > 0 to be sufficiently small, the bound ([2.2.49) allows us to
conclude that (2.7.61)) is satisfied whenever (2.2.50) holds.

For any v € R we can compute

17020 = Balite = [ (@0l ) - 20(6)"de

/[/7@’(£+s)ds]2d£

/Iv\/ O/ (& + 5)2 ds de (2.7.64)
h / ;(6)° dg

Iy 195 117

I IA



§2.8 — Bounds on mild nonlinearities 69

In particular, we obtain the bound
loyollzz = [lwo + Pret — T Po |2
< H:L‘() + Ot — (bO'HLQ + ||TA/O<I>U — <I>U||L2 (2.7.65)
< lzo + Pret — Pollz2 + Cs |0l -

A

The desired estimate (2.2.53|) hence follows from vy € £,,. The final estimate (2.2.54)
follows in a similar fashion, exploiting ®/ € L?. O

Proof of Proposition[2.2.6. For convenience, we introduce the notation

a, = [1+ %azﬁg]”g. (2.7.66)
Using the definitions one easily verifies the identities
T, (€) = ao®p(asf), PH(E) = ag®f(asf), (2.7.67)
which yields
9(25(8)) = g(Po(asf)) = PP (ant) = oo, @, (€), (2.7.68)
together with
f(®,) + ¢, @, = —a;?A.®,. (2.7.69)

Since the cut-off functions in the definition of b act as the identity for small ¢ > 0, we
obtain

b(q)oa 1ptw) = —?9004;1a
1 3 (2.7.70)
Ho(q)tﬂwtw) = 1+ %’030[02,
which implies
1
Ja(q)aa Co, 1/th) = [1 + 270—279(%04;2}_1 [f(q)a) + CU(I); - 0219%&;2¢g]
p
= —[1+ i02192072]71[072/1 o, + 0—219207214 P,]
20 07 g e T0Te STl (2.7.71)
1 _ o?
= —A.0,.
The claims now follow from the uniqueness statement in Proposition [2.2.2 O

2.8 Bounds on mild nonlinearities

In this section we set out to obtain bounds on the nonlinearities ﬁg@mca and gg;q%

defined in (2.6.22))-(2.6.23]). In addition, we show that our choices (2.2.27]) and (2.2.29))
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for a, and b prevent these nonlinearities from having a component in the subspace of
L? on which the semigroup S (t) does not decay, provided the cut-offs are not hit.

Our main result below shows that the construction of ®, has eliminated all O(1)-
terms from the deterministic nonlinearity R, leaving only a small linear contribution
together with the expected higher order terms. It is important to note here that these
higher order terms depend at most quadratically on ||v| g1, besides powers of ||v| 2.

In general, the stochastic nonlinearity S,.¢, will have an O(1)-term, but we have an
explicit expression for this contribution so we also discuss the case when this contribution
disappears. In both cases, the higher order terms depend at most linearly on ||v| g:.

Proposition 2.8.1. Consider the setting of Proposition[2.2.3 and recall the definitions
(2.6.29) and (2.6.25). Then there exists K > 0 so that for any 0 < o < J, and any
v € H', the following properties hold true.

(i) We have the bound

Row@,.c(W)llzz < Ko?|fvllm + Kloll3n [1+ [[vl|Z> + o?llvl7].  (2.8.1)

(i) We have the estimate

1Sei@, (0)llz2 < K1+ [[v]| ] (2.8.2)
(éii) If the inequality

lollze < min{1, [4]lse ]| 2]~} (2.8.3)

holds, then we have the identities
<ﬁa;q>mc‘, (’U), wtw>L2 = <§0;<I>(7 (U)a 'l/)tw>L2 =0. (284)

(iv) If the identity
9(20) = =b(Ps, ) P, (2.8.5)

holds, then we have the bound

1Seia, (0)llz2 < K|lv]m. (2.8.6)

In order to derive a compact expression for ﬁg;q,mcg, it is convenient to recall the
definition (2.7.2]) and introduce the function

ﬁcf;I('U) = Mo’;@a,ca (’1)7 0) - Mo;‘ba,cg (07 0) (287)
We note that the bounds in Corollary are directly applicable to this function.

Lemma 2.8.2. Consider the setting of Proposition[2.2.3 Then for any 0 < o < §,
and v € H', we have the identity

Rotorco () = R (0) — [xtow (06l + 0] 12)] (Ror (), ) 2[00, + ).
(2.8.8)
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Proof. Inspecting (2.7.2]) and using the defining property (2.2.48) for (®,,c,), we see
that

~Moa,,0,(0,0) = Ay + To(Ps, Co). (2.8.9)
Applying (2.7.2) once more, we hence find
ja((I)a + v, o, T,ZJtW) = jo(q)cn CJ) + [ﬁtw - A*}'U + MG@U,% ('U’ O)

= [Ltw — A*]U — A*‘bo- + MU;‘I)U,CU (’Uv O) - Mo‘;q)(,,ca (0’ 0)
o Ao Ay 4 R (0).

(2.8.10)
Writing
Io(v) = (o +v, Athiw)rz + (To(Po + v, Co, Piw), Ytw) 12 (2.8.11)
and using Cf‘ij Yew = 0, we may compute
To(v) = (Do, Athiw) 12 + (0, [A = L3 [un) 12
HTo (Po + 1, Cos tw)s Ytw) L2
= (Ao, Ypw) L2 + ([Ax — Low]v, Yiw) 12 (2.8.12)

+<\70(<I>z7 + v, Cq, ¢tw)7 wtw>L2
<ﬁ0;1(v)v wtw>L2 .
In view of the definition (|2.2.29) for a,., we now obtain

(2 ((I)U + U, Cq, wtw)
Ha‘(q)a + v, wtw)

~ [tow (0618 + 2, vu12)| Tot0)

-1
= - |:Xlow(<a§ [(1)0' + U}v"/}tw>L2)i| <Ro;l(v)a ’(/th>L2'

(2.8.13)

In particular, the desired identity (2.8.8)) follows directly from the definition (2.6.22). O

Lemma 2.8.3. Consider the setting of Proposition[2.2.4 Then there exists K > 0 so
that for any v € H' and 0 < o < 5, we have the bound

Roir@)lz: < Kool + KollF [1+ [v]lz2 + o?[vll72], (2.8.14)

together with

|(Ror(v), o) 2| < Klolle2 [0 + |vllz2] + Kol [[[o]72 + 0[[0]32]
(2.8.15)
Proof. Applying Corollary [2.7.5] we find
Rot(@)lz < Cr[1+ ol ] |v]lalv]lze
+C1[o® + ol ] o]l
0102 ol ol ol (28.10)

+C10°[v]l e [[v]l 2 vl
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together with

[(Roir(v),Yow)rz| < Ca[L+ [[ollm]llvllc2]lv]l 2
+Ca[0® + ||v]| 2] [Jv]| 2

2.8.17
+Ca0? ol el o2 (2817)
+Co0? |0 Fe[v]| 111
These expressions can be absorbed into ([2.8.14]) and (2.8.15)). O

Lemma 2.8.4. Consider the setting of Proposition[2.2.4 Then there exists K > 0 so
that for any 0 < o < 6, and any v € H* we have the bound

ISei0, (V) = Soie, (0)[[L2 < KlJv]|a- (2.8.18)

Proof. Writing

T = Sse, (U) —So.0, (0)
= /fa(q)a + v, wtw)_l/2 {g(@ff + 'U) + b(cbff + v, wtw)af [(I)U + U]} (2819)

—#o (@ V) T2 9(@0) + b i) 0[]

and using Lemmas 2.3.2] 2.3.6] [2.3.8] and 2.3.9], we compute

IZllze < w52 (@6 + v, ) — Vf,_l/Q)(‘I)m@btW)} [9(@o)llz2 + |2, | 2]
+EKillg(®5 +v) — 9(P5) | 22
+ K, [0(Py + v, Ptw) — b( P, htw) | [| R ]| 12

+ K Kp||v'| 2.
(2.8.20)
Applying these results once more, we find
IZl2 < Cio®|ollre + Cilfvllze + Culvl L2 + Cilfv]| (2.821)
< Cofvllar,
as desired. O

Proof of Proposition[2.8-1] To obtain (i), we use (2.8.8) together with Lemma to
compute

Hﬁoﬁbg,ca (U)||L2 < ||ﬁ0;1(v)||L2 +Ch |<ﬁ0;l(v)a¢tW>L2‘ [1 + ||v||H1]

Cao®|[v]|n + CollolFp [+ [[vl| 22 + o®||v]|Z:]
+Col[v]l 2 [0 + vl 2] [1 + [[v]] 2]
+Colvll g [l 22 + o [lolZ] [1+ [[o]lan ]

IN

(2.8.22)
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These terms can all be absorbed into (2.8.1)).
The bound (ii) follows directly from Lemma using the estimate

1So:a, W)Lz < ISoie, (0)llz2 + [So:0, (V) = Soia, (0)] 2 (2.8.23)

and the a-priori bound
[So:0,(0)llL2 < Cs. (2.8.24)

The bound (iv) follows in the same fashion, since the condition ([2.8.5]) implies that

So.0,(0) = 0. (2.8.25)

Finally, (iii) follows from the identities (2.8.8)) and (2.3.49)), using the proof of Lemma
to show that the cut-off function Yy in (2.8.8)) acts as the identity. 0O

2.9 Nonlinear stability of mild solutions

In this section we prove Theorems and providing an orbital and an ex-
ponential stability result for the stochastic waves (®,,c,) on timescales of order o 2.
Recalling the function , our key statement is that E sup, N. o (t) can be bounded
in terms of itself, the noise-strength ¢ and the initial condition ||V'(0)|%:. This requires
a number of technical regularity estimates, which we obtain in

In order to prevent cumbersome notation and to highlight the broad applicability of
our techniques here, we do not refer to the specific functions V' and the specific nonlin-
earities Ry.0, ¢, here. Instead, we assume the following general condition concerning
the form of our nonlinearities.

(hFB) We have ||Ben|| 12 = Kp.en < 00 and the maps
Fin:H' - L?, F,:H'— L? By,:H' - L? (2.9.1)
satisfy the bounds

[ Fin (v) || 2
[Fa@)llz < Kemlollis 1+ [vll72), (2.9.2)

[Bin(0)l[2 < Kpyinl[v]lm

IN

KF;linHUHHl)

for some m > 0. In addition, there exists 19 > 0 so that
<UQEin(U) + Fnl(’U), 77[}tw>L2 = 07 <Bcn + Blin(v)v 1/)¢;W>L2 =0 (293)

whenever ||v||r2 < np.

Using the nonlinearities above, we can discuss the mild formulation of the SPDE
that we are interested in. At present, we simply assume that a solution is a priori
available, but one can also set out to construct such a solution directly.
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(hSol) For any T > 0, there exists a continuous (F;)-adapted process V : Q x [0, T] — L?
for which we have the inclusions

Ve N3 ([0,T; (F); HY),  Bin(V) € N2([0,T]; (F2); L?). (2.9.4)
In addition, for almost all w € 2 we have the inclusions

Fin(V(-,w)) € LY([0,T]; L?), Fu(V(-,w)) € L'([0,T]; L?) (2.9.5)
together with the identity

t

Vi) = SEV()+ 02/0 S(t—s)Fin(V(s)) ds + /0 S(t—s)Fu(V(s)) ds

¢ ¢
—l—a/o S(t — s)Ben dfs + 0/0 S(t — s)Bin (V(s)) dps,

which holds for all ¢ € [0,T]. Finally, we have (V(0), tw)r2 = 0. (290
For any € > 0 and « > 0, we recall the notation
Nealt) = eIV + [ el | (o) s, (2.0.7)
For any T' > 0 and n > 0, we introduce the (F;)-stopping time
e o(T,n) = inf {0 <t<T:N.o(t) > n}, (2.9.8)

writing 7. (T, n) = T if the set is empty. Our two main results here, which we establish
in §2.9.3| provide bounds on the expectation of sup Ne o(2).

0<t<7e,a(T)n)

Proposition 2.9.1. Assume that (HA), (HTw), (HS), (HB), (hSol) and (hFB) are
satisfied. Pick a constant 0 < € < 3, together with two sufficiently small constants
0y > 0 and 6, > 0. Then there exists a constant K > 0 so that for any T > 1, any
0<n<dy and any 0 <o < 5o T~'2 we have the bound

E  sup  Neo(t) < K[IIV(O)II%I +0°T|. (2.9.9)

0<t<7e,0(T'm)
Proposition 2.9.2. Assume that (HA), (HTw), (HS), (HB), (hSol) and (hFB) are
satisfied and that Be, = 0. Pick two constants € > 0, a > 0 for which € + % < B,
together with two sufficiently small constants 6, > 0 and d, > 0. Then there exists a
constant K > 0 so that for any T > 1, any 0 < n < 4, and any 0 < o < 6T 12 we

have the bound

E  sup N.o(t) < K[V(O)|3..
0<t<7e o (T)n) - (> IVl (2.9.10)

Exploiting the technique used in Stannat [I05], these bounds can be turned into
estimates concerning the probabilities

Pea(T,m) = P(OiltlET [Neo(t)] > 77). (2.9.11)

This allows our main stability theorems to be established.
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Corollary 2.9.3. Consider the setting of Proposition[2.9.1. Then there ezists a con-
stant K > 0 so that for any T > 1, any 0 <n < 4y, and any 0 < o < 6,772, we have
the bound

peo(T,m) < K[|V (0)l3 + o*T]. (2.9.12)

Proof. Upon computing

mpeo(T,n) = 0P (re0(T,n) <T)
= F {1TE,O(T,7;)<TN5,0 (e0(T, 77))}

2.9.13
< ENE,O (TE,O(T7 77)) ( )
< E  sup  Neo(t),

0<t<7¢,0(T,n)
the result follows from ([2.9.9)). O

Corollary 2.9.4. Consider the setting of Proposition[2.9.3. Then there exists a con-
stant K > 0 so that for any T > 1, any 0 <n < 0, and any 0 < o < 6T~ 1% we have
the bound

Pe,a(Tin) <0~ K[V (0)[ 7 (2.9.14)

Proof. Upon computing
Mea(Tn) = 1P (realT,n) <T)
E [1raya(T,n)<TNa,oc (TE,Q(T7 77))}

ENe,a (Ta,a(Tv 77))

E sup Neo(t),
OgtSTs,a (T{fl)

(2.9.15)

IN

IA

the result follows from ([2.9.10)). O

Proof of Theorems[2.2.7) and[2.2.5, On account of Propositions[2.2.3|and [2.6.3] the map
V defined in (2.6.6)) satisfies the conditions of (hSol) with (BW?T)TM as the relevant
Brownian motion. In addition, Proposition m guarantees that (hFB) is satisfied.
The desired estimates now follow from Corollaries [2.9.3] and [2.9.4] using Proposition
2.6.4 to reverse the time-transform. O

2.9.1 Setup

In order to establish Propositions we need to estimate each of the terms
featuring in the identity (2.9.6). The regularity structure of the semigroup S(t) is crucial
for our purposes here, so we discuss this in some detail using the terminology used in
[55, §10].

In particular, for any 0 < ¢ < 7 we introduce the sector

Y, ={z€ C\ {0} : Jarg(2)| < ¢}, (2.9.16)
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in which we take arg(z) € (—m,w). We recall that a linear operator £ : D(£) C X — X

on a Banach space X is called sectorial if the spectrum of L is contained in X, for some
0<w(L) < g, while the resolvent operators R(z, L) = (z — L)' satisfy the bound

sup  [[2R(z, L)l £(x,x) < oo (2.9.17)
2€C\Xy, (1)

Our spectral assumptions (HS) combined with the fact that Ly is a lower-order
perturbation to the diffusion operator A, guarantee that — Ly, is sectorial. This means
that Ly, generates an analytic semigroup. In order to isolate the behavior caused by
the neutral eigenmode, we introduce the map Q : L? — L? that acts as

Qu =v — (v, Yrw) 2P} (2.9.18)
This projection allows us to formulate several important estimates.

Lemma 2.9.5 (see [80]). Assume that (HTw) and (HS) hold and consider the analytic
semigroup S(t) generated by L. Then there is a constant M > 1 for which we have
the bounds

1SRN £(z2,12) < Me Pt 0<t< oo,

1SRl £cz2, 1y < Mt 3, 0<t<2,

1SQlc(r2,m1) < Me Pt t>1, (2.9.19)
[[Low = AJS@H)Ql e,y < Mt~ 3, 0<t<2,

lLad = AdS(OQl ey < M3, 0<t<2.

In order to understand the combination S(¢)Q as an independent semigroup, we
introduce the spaces

Ly={vel?:(I-Qu=0}, Hi={veH?:(I-Q)v=0} (2.9.20)
and consider the operator Egv : Hé — Lé that arises upon restricting Ly to act on

H% Note that this is well-defined since Range(ﬁtw) = Lé. For any 6 € R, we now
introduce the linear operators

Lemma 2.9.6. Assume that (HTw) and (HS) hold and pick any 0 < 6 < 8. Then the
operator B(? is sectorial on Lé and the semigroup generated by fng corresponds with
the restriction of e®*S(t) to Lé.

Proof. Note first that E?W is bijective since we have projected out the one-dimensional
kernel. For any v € L2Q and A in the resolvent set of Ly, we may compute

0 = (I - Q)EtwR(/\, Etw)v
= (I-Q)[—v+ AR Liw)v] (2.9.22)
AMI = Q)R(A, Lw)v.
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which implies that R(X, Liw)v € Lé. In particular, the resolvent set of Ly, is contained

in the resolvent set of EtQW. The stated properties now follow in a standard fashion; see,
for example, [80, Prop. 3.1.5]. O

In order to define our final regularity concept, we need to introduce the Hardy spaces

H'(2,) = {f:%, — C holomorphic for which
oo
Ifllm1(s,) == sup / tf(e™t) dt < oo},
wi<e Jo (2.9.23)
H>*(%,) = {f:X, — C holomorphic for which

[fll o= (s,) == sup |f(2)| < oo}
z€EX,

If £ is sectorial on a Banach space X, then for any w(£) < ¢ < m and any h € H'(Z,,)

one can define

WE) = — [ Rz L)h(z)dz € £(X, X) (2.9.24)

21 Joy,

by picking an arbitrary v € (w(L),y) and traversing the boundary in a downward
fashion, keeping the spectrum of £ on the left. It is however unclear if this integral
converges if we take h € H*(X,). The following result states that this is indeed the
case for the sectorial operators discussed in Lemma [2.9.6] Indeed, one can use a density
argument to extend the conclusion to the whole space H*(X,). Operators with this
property are said to admit a bounded H“°-calculus, which is crucial for our stochastic
regularity estimates.

Lemma 2.9.7. Assume that (HTw) and (HS) hold and pick any 0 < 6 < 8. There exists
xS (w(ng), g) together with a constant K > 0 so that for any h € H'(X,) N H>®(Z,)
we have

Ih(BS)| < Kbz (2.9.25)

Proof. Since Ly, — A, is a first order differential operator with continuous coefficients,
the perturbation theory described in [IT4], §8] can be applied to our setting. In particular,

)

we can find constants ©¢ > 1 and C; > 0 together with an angle ¢y € (w(B_g,)

"2
for which
Ih(B-e,)llzr2,02) < Cl||h||H$% (2.9.26)
holds for all h € H'(Z,,) N H®(X,,). By restriction, we hence also have
Hh(BS?@O)HL(LZ 12) < 1h(B-e,)llc(ze,.22)Crllhll g (2.9.27)

for all such h. Fix two constants

max{w(ng), Yot <r<ep< g (2.9.28)
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and pick h € Hl(ESo) N H*(X,). Using the resolvent identity, we may compute

Il

w

o]
Q

h(Bg) — h(B%,) 2%/32 h(z)[R(z, B§) — R(z, B%,)] d=

v

1
= — h(2)[R(z,B§) — R(z — 0 — ©9, BY)] dz
27 %,
1
= (0+6y)— h(z)R(z, B$)R(z — 0 — Oy, BY) d=.
271'2 %,
(2.9.29)
Since zero is contained in the resolvent set of Bé’?, there exists Cy > 0 for which the
estimate o
R(z, BYR(z — 0 — 00, B c(12 .12y < ——— 2.9.30
IRz BY)R( o Bt ity < 1y 1 (2.9.30)
holds for all z € 0%,. This decays sufficently fast to ensure that
IR(BE) — h(B%, ez, iz < Callbllax (2.9.31)

for some C3 > 0 that does not depend on the choice of h. The desired bound now
follows from the inequality
1hllmg < Ihllag- (2.9.32)

O

Now that the formal framework has been set up, we are ready to return to the
quantity N, (t) defined in , which is the main object of our interest. For
convenience, we use the shorthand notation 7 = 7, o (7', 1) ubiquitously throughout the
remainder of this section. Writing v = a 4 €, we introduce the splitting

Neou(t) = e[V,
¢
Newn) = [ 00 V(5) 3 ds (2.9.33)
t
= oot [V s
0
In order to understand N; .7, we introduce the expression
&) = SHRV(0), (2.9.34)
together with the long-term integrals
t—1
Snlt) = [ S 9QF(V(9) s ds,
pou
) = / S(t — 8)QFw(V(5)) Locy ds,
0 (2.9.35)

t—1
ngt;lin(t) = A S(t - S)QBlin (V(S))15<T d587

t—1
gg;cn(t) = /0 S(t - S)QBCD]-S<T dﬂs
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and their short-term counterparts

t

g%zlin(t) = 1 S(t - S)Qﬂin (V(S)) ]-s<T dS;
t
) = [ S 5)QRA(V($)Lcr s
trt (2.9.36)
g%%lin(t) = i1 S(t - S)QBlin (V(S))15<T d557
t
gSB};cn(t) = /t—l S(t - S)QBCII18<T dgs.

Here we use the convention that integrands are set to zero for s < 0. For convenience,
we also write

Epau(t) = g}!«z;#(t) + g;}?#(t) (2.9.37)
for # € {lin, nl} and
Epy(t) = 5%;#(75) + 515311;#(75) (2.9.38)

for # € {lin, cn}.
Turning to the terms in (2.9.6) that are relevant for evaluating N. .77, we introduce
the expression

t
T,s0lt) = / ¢*(15(8)E0(s) |2 ds. (2.9.39)
0
together with
t
T, pant) = / ¢ S(6)EL ()20 ds,
t
Lhira® = [ @ISO () ds
0 (2.9.40)
T, pan) = / | S(6)EE () 21 ds,
t
T pell) = / e S(O)EE on(5)I201 ds

for # € {lt,sh}. The extra S(J) factor will be used to ensure that all the integrals
we encounter are well-defined. We emphasize that all our estimates are uniform in
0 < § < 1, allowing us to take § | 0. The estimates concerning I;f‘(;: 7o and 13]?6; Blin 1D
Lemmas[2.9.12]and 2.9.18| are particularly delicate in this respect, as a direct application
of the bounds in Lemma [2.9.5 would result in expressions that diverge as ¢ | 0.

2.9.2 Deterministic regularity estimates

In this part we set out to analyze the deterministic integrals in (2.9.6). The main
complication is that we only have integrated control over the squared H'-norm of V.
This is particularly delicate for If,];;; Fom1> Where the nonlinearity itself is quadratic in V.
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Lemma 2.9.8. Fiz T > 0 and assume that (HA), (HTw), (HS), (HfS), (hSol) and
(hF'B) all hold. Pick two constants e > 0, a > 0 for which E—I—% < B and writev = a+e.
Then for any 0 < <1 and any 0 <t <T, we have the bound

&)z < M2eT(V(0)]e, (2.9.41)

together with
2

e Tyso(t) < 2B7V6_6t||V(0)H?p, (2.9.42)
Proof. We compute
o)z < MPee |V (0)]2: (2.9.43)
< M V0)]7, N
together with
t
CLsolt) < M [ Oy ) ds
0 (2.9.44)
M2
< e VOl
O

Lemma 2.9.9. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Pick two constants e > 0, a > 0 for which 5+g < B and write v = a+e.
Then for any 0 < J <1 and any 0 < t < 7, we have the bound

M2
eat||gF;lin(t)||2L2 < K%;liniNa,a;H(t% (2.9.45)
28 —v
together with
trlt 2 M?
T (8) < Kag, ————— N, o 11(t). 2.9.46
€ V,&,F,hn( ) = F,11n2(ﬁ+ % _ 1/)5 g, 711( ) ( )
Proof. We first observe that
t 2
lermlz = Kradr? ([ PNV ds)
0 ) (2.9.47)
SOkl < Kradr ([ 2Vl as)
0

This allows us to compute
2

t
O < Kl M ( / NW%5<”>||V<s>||mds)

0
M? K
< Khingy—e™ [ eIVl ds
M? ’

= K%;linmNs,a;Il(t)~
(2.9.48)
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Exploiting the inequality 26 — v > ¢, we write

and observe that

Upon fixing 1 = 1 — 79, we readily see that

o = 52’;” <1 (2.9.49)
278 —v =¢. (2.9.50)
271,8:2ﬂf€fuz2(ﬂ+%—u). (2.9.51)

This allows us to compute

- 1
€ EtIL/t,J;F;lin (t)

IN

IN

t s 2
K%;hnM%*Et/ evs </ e BNV () || ds') ds
0 0
t s
Kzzr.liane_st/ e’ </ e~ 2nB(s—s) ds’) X
' 0 0
(/ e*QWﬁ(S*S/)HV(Sl)Hip ds') ds
0

2 M? —et ! vs ° —27y2B(s—s") "2 I
KF;linme € € [V (s) |71 ds” ds

:Khwl4ﬂ//eeﬁmﬂnwnm@m

K2 ' M2 _5t/ |:/ —(2728— ”)gdS:| 2v28s’ ||V( )H 1d8/
F;IIHQ’Ylﬂ o y 4
K%'lin M eet /75 67(2%5*1’)5/62’7255'”V(S/)Hgfldsl
(2B (2728 - v) 0
M2 e
= K in —Et/ evs |V S/ 2 dSI
e M S LSl
M2
= K2'. 71\[&: o t .
Finygra )0 ar(t)
(2.9.52)
O

Lemma 2.9.10. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Pick two constants € > 0, o > 0 and write v = oo+ ¢. Then for any
0<d<1andany0<t<T, we have the bound

76t1.1/5 Flm(t) § 46”M2K}2’;linN€704§11(t)' (2953)
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Proof. Using Cauchy-Schwarz, we compute

t S 1 2
e_EtIzS/],né;F;lin(t) < MQK%;line_Et/ e’ (/ \/75,||V(s/)|H1ds'> ds

= Fiin®" . 1m
V(s 1d. d
([ = velinas ) as
t
<

s 1
2M2K?2. .. e_st/ evs (/ —||V(s)]? ds’) ds
F;lin 0 1 m” ( )HH1

t min{¢,s’'+1} ovs
- 2M2K2'in€7€t/ |:/ 7d8:| V(s 2 ds’'
" o LUs —— 45 IVl
t

< A Ky [V ds
0
= 4€"M?K}inNe oi11(2).

(2.9.54)
O

Lemma 2.9.11. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Pick two constants e > 0, a > 0 for which s—l—% < B and write v = a+e.
Then for anyn >0, any 0 < § <1 and any 0 <t < 7, we have the bound

NErm®i: < nKEaM*(1+0")?Ne a1 (t), (2.9.55)

together with

2

e STt < Kz (14+9™)2——N. ..07(8). 2.9.56
() < nKpa(1+n )/34‘%—1/ eos11(t) ( )
Proof. We first notice that
t 2
lerm®2: < Kha(L+ ™M ( [ e v, ds) ,
0 , (2957
ISE)EEM Oz < K+ ™) M ( / e-5<f-5>||V<s>||%pds)

1 1
Using 8 > v — ia = §o¢ + &, we compute

t
[ eVl ds
0

t
e%t/ e PU=9)e= 3|V (s)||%: ds

0

IN

t
e%t/o e*ﬁ(tfs)e*%(tfs)HV(s)Hip ds (2.9.58)

t
e%t/o e VIV (5)]|%1 ds.

IN
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This yields the desired bound

2
e[ Erm ()72

IA

t
K20(1 4 )2 M2 ( [ e vk, ds)
0
t 2

e (e )
0
< K%;nl(l+7777L)2M277N6,a;11(t)-

2.9.59)

IA
=
E

In a similar spirit, we compute

L) S K (1A [ ([ v d) s
0 0
< it [ ([Tt
0 0
x < / ) e PE=D V()13 ds/) ds
0
< Rt b [ [t avas
0 0

t t
= UKIQ:';Ill(1+nm)2M267€t/ [/

e’(%*””)sds} NV ()3 ds’
0 s’/

2 t
< nK%;nl(l_’_nm)Q%e—st/ e—(%—u+5)sleﬁs/HV(SI)”%ﬂds/
]\;2 Ot ’ o !
R e e el Il Lo
2, 0
< nKp(1 +nm)2mNe,a;II(t)‘
’ (2.9.60)
[

Lemma 2.9.12. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Pick two constants € > 0, a > 0 and write v = a + e. Then for any
n>0,any0<d <1 andany 0 <t <7, we have the bound

TR () € nMEKE (17214 e (44 )Nt (8. (29.61)
Proof. We start by observing that

— 1/2
13 = [[o]|22 + p~ [ A0 2. (2.9.62)
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In addition, for any w € L?, 9 >0, 94 > — and 95 > —1 we have

%(S(ﬂ +9a)w, SV +Ip)w)r: = (LiwSO+Ia)w, SV +Ip)w)r:
(S + I a)w, Loy S+ Ip)w) 2
= (S +I94)w, LEYS(W + I p)w) 2
H(S(P + I a)w, LS9+ Ip)w) 2
= (S +I9a)w, L2V — A]SW +Vp)w) 2

+<S(19 + 19/1)’[07 [»th - A*] S('l9 + ?93)'(0>L2

—2(AY2S(9 + 9w, AYV2S(9 + 95 )w) 2.
(2.9.63)

Assume for the moment that 6 > 0. For convenience, we introduce the expression
Ss,s’,s”;?-l = <S(3 +0— Sl)QFnl (V(S/)),S(S +4— SH)QFHI(V(SH))>H7 (2964)

where we allow H € {L?, H'}. Exploiting (2.9.63) and the fact that § > 0, we obtain
the bound

Essromm < MK (140" )|V ()7 V(") 7
1

+M2K12w;n1(1 + Wm)zpfl\/ﬁﬂv(sl)nip HV(S'/) H?{l

1d
-1
— 7755 s/ s
Pogasee et
(2.9.65)
for the values of (s, s’,s”) that are relevant below. Upon introducing the integrals

t s s 1
I G*Et/ ells/ / 1_’_7 V s/ 2 V s// 2 dSI/ ds/ dS,
’ oo [ [ 14 IV IVl

t s s d
I = e et / e”s / / digs,s/,s”;LQdSN ds' dS7
0 s—1Js—1 @S

we hence readily obtain the estimate

(2.9.66)

1
eI () < (L4 p MK (1 +0™)? T - §P71111~ (2.9.67)
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Changing the order of the integrals, we find

o mln{ts+1}
o

min{t,s +1 s +1} 1 ) )
e 1 + ——1ds|||V(s Vis"” ds"ds’'
[ Lo 1+ e ] IV s IV

< 3 —et ! vs' v V4 N2 mint,s+1) Vv 11\ (12 d /Id /
S VO | ) IV (s ds”ds
—et ! vs' 3v (|12 min{t,s'+1} —v(min{t,s'+1}—s"") "2 "t
< 3e e’ e ||\ V(s")|| 5 e |V (s") |7 ds"ds
0 . s'—1
<

37’631/6751‘// eus'||V(S/)H%Ilefamin{t,surl} ds'

0
S 377€3VN87Q;][(1€).
(2.9.68)
In a similar fashion, we may use an integration by parts to write

min{¢,s’ +1} min{t,s’+1,s” +1} d
/ / / 61/5*5‘573/75//;112 ds dS” dS/
s

It ]
max{s’,s"} S

= Iira+ III;B + 1.0,

(2.9.69)
in which we have introduced
min{t,s’+1} ) , .
IH;A = fst/ / me{t,s +1,s +1}gmin{t,s’+1,s“+1},s/,s”;L2 ds” dS/,
-1
min{t,s'+1} L.
III;B = _Et/ / Vmax{é s }5max{sl7s//}7s/’sl/;L2 dS”dS/7
mln{t,s'+l} min{t,s'+1,s” +1}
Iirc = _5t/ / {/ veV Es g .12 ds] ds" ds'.
0 Js'—1 max{s’,s"}
(2.9.70)

Note here that Z;;,p is well defined because § > 0. A direct inspection of these terms
yields the bound

|III| S €V(2+V)M2K}27';n1(1+77m)26_5t><

t , min{t,s’+1}
/ e V() 2 / V(") 3 ds” ds’
0 s’ —1
(2 1 v) MK (11 1) 2e ! x

<
t , min{t,s'+1} ) , .
/ evs ||V(S,)H§_I162y/ e—y(mm{t,s +1}—s )HV(SH)”?_Il ds" ds'
0 s'—1
t

< e (@24 V)MPER (1" e / e [V (5|3 min {41 g

0
S 7’]63y(2+y)M2K%;n1(1 +nm)2Na,a;H(t>-

(2.9.71)
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It hence remains to consider the case § = 0. We may apply Fatou’s lemma to conclude

t
Thra(®) = [ el SO)2(9)m)*Loc ds
0 —0

(2.9.72)
h{sn_}glf IE?&;F;HI (t) .

IN

The result now follows from the fact that the bounds obtained above do not depend on
d. O

2.9.3 Stochastic regularity estimates

We are now ready to discuss the stochastic integrals in . These require special
care because they cannot be bounded in a pathwise fashion, unlike the deterministic
integrals above. FExpectations of suprema are particularly delicate in this respect.
Indeed, the powerful Burkholder-Davis-Gundy inequalities cannot be directly applied
to the stochastic convolutions that arise in our mild formulation. However, the H°°-
calculus obtained in Lemma [2.9.7) allows us to use the following mild version, which is
the source of the extra T factors that appear in our estimates.

Lemma 2.9.13. Fiz T > 0 and assume that (HA), (HTw), (HS) and (HB) all hold.
There exists a constant Key, > 0 so that for any W € N2([0,T]; (F); L?) and any
0 < a <28 we have

t T
B sup eatn/ S(t— $)QW () dfs |2 §KCHVE/ W (s) |2 ds.  (2.9.73)
0<i<T 0 0

1
Proof. Lemma [2.9.7| implies that the generator BS = Liw + 50 of the semigroup

e%atS(t) on Lé satisfies assumption (H) in [ITI]. On account of the identity
¢ v )
eatH/O S(t—s)QW (s) dBs| 7 = ||/O ez 7S (t — 5)Qez W (s) |72, (2.9.74)

the desired estimate is now an immediate consequence of [I11, Thm. 1.1]. O

Lemma 2.9.14. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Then for any pair of constants € > 0 and 0 < « < 28 we have the bound

E sup eat||53;1in(t)||2Lz < (T+1)KCHVK123;Mne€E sup Neq.gr(t). (2.9.75)
0<t<T 0<t<r
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Proof. Using Lemma [2.9.13 we compute

E sup e®||Epin()]|72 < E sup e*[|Epun(t)]|7
0<t<r 0<t<T

¢
E sup eat||/ S(t—S)QB]in(V(S))15<Td65H2L2
0

0<t<T

T
< KunE / €| Bin (V(5)) Lo |2 dis
O T

< KenKhf [ e[V (s) o ds,
0

(2.9.76)
By dividing up the integral, we obtain

T 1
/ V()2 ds < e / eS|V (5) |2 Lo, ds
0 0

+eo | e PV (s) || Filaer ds
[T]+1
b tef / 6—8(\_TJ-H—s)easHV(S)H%{l 1, ds
[T]

¢
< (T'+1)e* sup /e_s(t_s)eaSHV(s)H%Il15<Tds
0<t<T+1J0o

¢
< (T +1)e® sup / et 3|V (5) || %1 ds
0

0<t<r
= (T +1)e sup N agr(t),
0<t<r
(2.9.77)
which yields the desired bound upon taking expectations. O

Lemma 2.9.15. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Then we have the bound

E sup |[Egen®)|22 < TKowK%.,
ogtETH Bien(D)llz: < B; (2.9.78)

Proof. This bound follows directly from (2.9.76] by picking o = 0 and making the
substitutions

KB;lin = KB;cn, ||V(5)||%[1 — 1. (2979)
O

We now set out to bound the expectation of the supremum of the remaining double
integrals Ifé;B;lin(t) and If;;B;Cn(t) with # € {lt,sh}. This is performed in Lem-
mas [2.9.20] and [2.9.21] but we first compute several time independent bounds for the
expectation of the integrals themselves.

Lemma 2.9.16. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Pick constants € > 0, o > 0 and write v = « + €. Then for any
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0<0<1and0<t<T, we have the identities

t s—1
EL) s pamn(t) = E/ e”s/ [S(s+6 — ") QB (V(s))|1 711 1< ds’ ds,
0 0
i s—1
EIlllt,ﬁ;B;cn(t) = E/ e / HS(S +0— S/)QBcn”?{115’<T ds' ds,
0 0
(2.9.80)
together with their short-time counterparts
t s
ELlspin(®) = B [ e [ 18548 )QBun (V) Lo ds'ds,
0 s—1
t s
ETfypen() = B [ e [ 8545~ )QBunlfLrc d'ds.
0 s—1

(2.9.81)

Proof. The linearity of the expectation operator, the Itd Isometry (see e.g. [93] §2.3])
and the integrability of the integrands imply that

t s—1
ETS(t) = E / e / S5+ 6 — )QBiun (V () Ly <rdBor |2 ds
0 0 (2.9.82)

t s—1
= E/ e” / |S(s + 6 — s")QBiin (V(S')) 12114 < ds’ ds.
0 0
The remaining expressions follow in a similar fashion. O

Lemma 2.9.17. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Pick constants € > 0, a > 0 for which ¢ + a < 28 and write v = o + €.
Then for any 0 < § <1 and any 0 < t < T, we have the bound

M2
Ee ' s pun(t) <
e u,é,B,hn( ) = 26 —

Proof. Using ([2.9.80) and switching the integration order, we obtain

KB linENesas11 (8 A T). (2.9.83)

t SAT
Be T, pin(t) < M2K3, B / / 2= [V (s')]|2: ds’ ds
0

tAT t
= MQK%;linEe_st/ [/ e~ (28-v)s ds}ews/HV(s')Hpr ds’
0 s’

< LzK%‘l. Ee—ct /tAT e~ CH=0)3 285'|| ()|12,, ds’
< 55 KB 0

= 2;\4_2 VK%;linEe_st /Ot/\r e,,S’ ||V(S/)H§{1 ds’

< 2242 K2 s Be=sth /Ot/\r QUSIHV(S/)H%{l s’

B Qé\ijK%;linENs,a;H(t AT).

(2.9.84)
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Lemma 2.9.18. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Pick two constants € > 0, a > 0 and write v = a +e. Then for any
0<d<1andany0<t<T, we have the bound

Ee EtIuSBhn(t) é K%;linMQ(l +p—1)ey(4+y)EN€,Ot;II(t/\T)' (2985>
Proof. We only consider the case 6 > 0 here, noting that the limit 6 | 0 can be handled
as in the proof of Lemma [2.9.120 Applying the identity (2.9.63) with ¥4 = Vg, we

obtain the bound

1S(s + 6 = sNQBun (V(s)) 17 < MK, |[V(s") 30

1
+M2K2'in —1 VS/ 2
1Bd,l P m” ( )”H1
—071§£||5(3 +6—5)QBun (V(s))lI72
(2.9.86)
for the values of (s, s) that are relevant below. Upon writing
L - / [ e IV L s,
(2.9.87)
I = at/ / ||S (s+d—s )QBlm( (s))721s<rds’ ds,
s— 1
we obtain the estimate
1
_EtIE 4;B; hn( ) < (1 + p_l)MQK%;linZI - §p_1III' (2988)
Changing the integration order, we obtain
. t min{t,s’+1} 1 )
Ir = Eefs/{/ 6”51+7d5}V3’ 1yo,ds
! 0 5 [ s+(5—s’] IV ()7 Lo <
t
< Se”Ee_Et/ eIV ()31 1y < ds’
0 tAT ,
< 3e”Ee_EMT/ e’S ||V (8|3 ds’
0
= 3€VEN57Q;]](75 A T).
(2.9.89)

Integrating by parts, we arrive at the identity

Irr

t min{¢,s’'+1} d
Be~et / [ / e 18(s 46— 5 )QBun (V(5) |32 ds| o< s’
0 s

/

Irra+Zrr.e +ZIir,cs

(2.9.90)



90 Chapter 2 — Reaction-Diffusion Equations with Scalar Noise

in which we have introduced the expressions
t . ’
Iira = Be et / e/ it S (minft, s' + 1} + 0 — ' )QBin (V(8)) 2215 < ds,
0
t
Tirn = ~Be ™ [ e 1S0)QBum(V(S) [ Locr
0

t min{¢,s’+1}
Iirc = —Ee*Et/ [/ ve”®||S(s + 6 — s )QBun (V(s)) |72 ds] 1y, ds’.

0 s’
(2.9.91)
Inspecting these expressions, we readily obtain the bound
t

v 2712 —et vs' N2 ’

Tul < @+ KB [ IV Loe ds 2.9.92
< €2+ Vv)MPKj i ENz o1 (t A T).

O

Lemma 2.9.19. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hFB) all hold. Pick a constant 0 < e < 28. Then for any0 < § <1, andany0 <t < T,
we have the bounds

Ee—EtI;tB'B'cn(t) < 7KB'cn7
o (26 =) ™ (2.9.93)

M
Ee—EtIs}:S'B'cn(t) S K%cni(l +p_1)€€(4+€)'
,0:B; jen ™ _
Proof. Using the fact that

t
1
e_st/ e ds < =, (2.9.94)
0 €

these bounds can be obtained from Lemmas [2.9.17] and 2.9.18] by picking o = 0 and
making the substitutions

1
KB;lin — KB;cn, ENEV();]](t A T) — g (2995)
O

Lemma 2.9.20. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hF'B) all hold. Pick two constants € > 0, a > 0 for which ¢ + o < 2/ and write
v =« -+¢e. Then we have the bounds

M2
E sup e_EtIII/t,O;B;lin(t) < eE(T_Fl)iK?B;linE Sup Nf?;a;II(t)v

0<t<r B 28 —v 0<t<r
E sup e TN puin(t) < e (T+ 1D)KR,M*(1+p")e’(4+v)E sup Negri(t).
0<t<r 0<t<r

(2.9.96)
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Proof. By splitting the integration interval we obtain

sup e EtIl ,0:B; lm(t) < sup e Etz-l ,0;B; hn(t)

0<t<r 0<t<T
t
= swp e [ el ds
0<t<T 0
1
< et [ e le o)l ds
0 2
were [ e el (o) ds (29.97)
1

|T]+1
tesem(ITIHDE / e €8 1 (5)]12: ds
[T
= E[ EII OBlm( )+ € 261_“031111(2)
o e W (7] + 1))

Applying Lemma [2.9.17 we hence see

E sup e*Et lljt,O;B;lin(t)
o<t<r
M2

26 — KB lmE[NE;a:,H(l A T) +o+ NE;a;U((LTJ + 1) A T)] (2.9.98)

2

S(T+1) KBlln sup NSC%II()
2/6 - o<t<r

The same procedure works for the second estimate. O

Lemma 2.9.21. Fiz T > 0 and assume that (HA), (HTw), (HS), (HB), (hSol) and
(hF'B) all hold. Pick a constant € > 0, o > 0 for which e < 2. Then we have the
bounds

M?
E sup e_EtILIItO'B'cn(t) S eg(T + 1) K%'crﬂ
0<t<r e (28 —e)e
- = M2 . (2999)
E sup e EtI OBcn(t) S (T+1)KB ;cn (1+P )66(4+6)'

0<t<r

Proof. Following the procedure in the proof of Lemma [2.9.20, these bounds can be
obtained from the estimates in Lemma 2.9.19] . O

Proof of Proposz'tion . Pick T'> 0 and 0 < n < np and write 7 = 7. (T, n). Since
the identities Wlth v="V(tAT)hold for all 0 < ¢t < T, we may compute

E sup Neog(t) < 5E sup {Ilgo(t)lliz+04||5F;1in(t)ll2Lz+||5F;n1(t)|\%2
0<t<r 0<t<r

+0?[Epain ()22 + 02 (|Epien (B2
(2.9.100)
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by applying Young’s inequality. The inequalities in Lemmas now imply
that

E sup Nog(t) < Ci[[|V(0)|Fn + 0T + (77 + 0T + 0’4)E sup N o.11(1)].
0<t<r 0<t<r
(2.9.101)

In addition, we note that

EQ?‘:E N510§II(t) S 9E Oilig eist |:IV70§O(t) + U4Ill/t,0;F;1in(t) + 0415?0;F;1in(t)
<t<r <t<r

+Ill/t,O;F;nl (t) + I;?O;F;nl (t)
+UZIllzt,o;B;1in (t) + UQIZS/]?O;B;nn (t)
+02111:O;B;cn(t) + J2I§?O;B;cn(t):| .
(2.9.102)
The inequalities in Lemmas now imply that
E sup N.our(t) < Co[[|[V(O)||F + 0T + (77 + 0T + 04) sup Neo.11(t)].

o<t<r o<t<r
(2.9.103)
In particular, we see that

E sup N.o(t) < Cs[||[V(0)||[7 + 0*T + (n+ 0T + oYE sup Neo(t)]. (2.9.104)
0<t<r 0<t<r

The desired bound hence follows by appropriately restricting the size of n+02T+0*. O

Proof of Proposition[2.9.9 Ignoring the contributions arising from B.,, we can follow
the proof of Proposition [2.9.1] to obtain the bound

E sup N.o(t) < Ca[|V(O)|71 + (n+0°T +0*)E sup N.ao(t)]. (2.9.105)
0<t<r o<t<r

The desired estimate hence follows by appropriately restricting the size of n 4 T +
4
o, O



