Universiteit

4 Leiden
The Netherlands

Expansions of quantum group invariants
Schaveling, S.

Citation
Schaveling, S. (2020, September 1). Expansions of quantum group invariants. Retrieved from
https://hdl.handle.net/1887/136272

Version: Publisher's Version
License: Licence agreement concerning inclusion of doctoral thesis in the

Institutional Repository of the University of Leiden
Downloaded from: https://hdl.handle.net/1887/136272

Note: To cite this publication please use the final published version (if applicable).


https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/license:5
https://hdl.handle.net/1887/136272

Cover Page

The handle http://hdl.handle.net/1887/136272 holds various files of this Leiden University
dissertation.

Author: Schaveling, S.
Title: Expansions of quantum group invariants
Issue Date: 2020-09-01


https://openaccess.leidenuniv.nl/handle/1887/1
http://hdl.handle.net/1887/136272
https://openaccess.leidenuniv.nl/handle/1887/1�

4. Towards constructing U, (sl

Introduction

In this chapter we repeat the construction of U, (sl§) of the first chapter for sl,,
for general n. In the first section we quantize the upper Borel subalgebra of s,
and we construct a basis by using the Weyl-group action. The Weyl group is
constructed for U, (sl§) in section 4.2, after which we continue with constructing
the Weyl group for U, (sly;). We assume that € is invertible in this chapter. We
calculate the algebra relations up to any order of € by taking the power series
expansion of an expression.

In this chapter we assume that € is invertible, as in the non-invertible, ek =0 case
the construction of the quantum Weyl group breaks down. It is not possible to
construct the usual highest weight representations when e* = 0. Taking € invert-
ible provides an isomorphism between slj; and sl,,. The usual automorphisms T;
that originate from the Weyl group are not algebra automorphisms when € is not
invertible. When working over R(e), the maps T; turn out to be algebra auto-
morphisms.

In the last section we prove that one can define algebra maps T; from the auto-
morphisms T; for non-invertible e. However, the T; can only be applied to simple
generators times a factor of €. This is familiar from chapter one, where we saw a
similar term €Z in the commutator.

A different set of symmetries has been found by Bar-Natan and Van der Veen
when €f = 0, or more generally for R[[¢]]. The set of symmetries for non-
invertible € is isomorphic to the dihedral group D, for slj;. See [37] for details.

It remains to be seen if this means that the invariants arising are stronger, as they
might have less symmetry, or if this means there are more hidden symmetries
that arise in the invariants. This symmetries only differs for n > 4, as D3 = Ss.
If € € R][e]], it has been noted that a quotient of an affine quantum group is
obtained, see [37] and [5]. The Dynkin diagrams of affine Lie algebras have a
circular form, so there are different symmetries than in the sl,, case. When k=0
in an affine Lie algebra in some sense, these symmetries survive. See [37] and [5]
for details.

The contents of this chapter is as follows. In the first section we provide the
general slj; Lie algebra relations and its quantization U, (sl;) for invertible €. The
construction of the U, (sly;) is briefly covered. In the second section we cover
the finite dimensional representation theory for U,(sl5) for invertible €, and an
algebra automorphism is constructed. In the third section we proceed with the
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Chapter 4. Towards constructing U, (sl;,)

U, (sly;) case in the same way, following [29]. In the last section we scetch the
connection between the Hopf algebras covered in this and the first chapter.

4.1. Quantizing a Lie subalgebra of s/,

Let sI¢ be a Lie bialgebra over R () for an indeterminate € with generators H;*, X",
i =1---n,Cartan-matrix ajj and the relations (we introduce € in the b~ side mul-
tiplication, as opposed to chapter 1)

[H, X;'] = fea;X;", [H, H ] = 0,[H, X'] = £a; X", (4.1)
_ 1 1 —a .
(X5, X7 = =56 (H + e Hy), (ady ) (X7) =0, (i #j),  (42)
§(X") =eX;" ® Hf —eH;” ® X[, (4.3)
§(X;)=X; ®@H —H ®X;, (4.4)
S(HF) =0. (4.5)
In our convention, a;; = 2, a;; = —1if i = j £ 1 and else zero. We consider the

double of the Lie algebra of upper triangular matrices b™ C gl,, so we will as-
sume that the Cartan matrix has rank n. As noted in chapter 1, the Cartan matrix
is well defined, even though the above algebra is not semisimple.

We observe furthermore that H" generate the Cartan subalgebra b, the biggest
commutative subalgebra of g (which is the case for semisimple Lie algebra’s).
Define adx(Y) = [X, Y] as the adjoint action of g on itself. Putting € = 1 and di-
viding out to H;” — H = 0 yields the usual s, Lie bialgebra. In this chapter we
consider the generalization of the classical double quasitriangular Lie bialgebra
calculated in chapter 1, although with € present in the b~ lower Borel subalgebra
commutation relations.

The simple roots &; : h* — R(€) are defined as the linear maps uci(H].*') = ajj,
and similarly for h~ C b, with an additional factor of €. Since € is invertible, the
root space for h* are isomorphic and we may talk about the rootspace of sIf. As
we are concerned with the quantization of b™ in this section, we will use roots on
h*.

The fundamental reflections s; : h — b are defined by s;(h) = h — a;(h)H;" for
h € . The Weyl group of g is the subgroup of GL(h) generated by s1,- - - ,5,_1.
The Lie algebra slj, is finite dimensional, so there is a unique element w of max-
imal length N. Write w = s;, - - - s;,,. Define the positive roots as the set AT =
{ai,, siy(@iy), -+, si, (- - - siy_, (i) }. Note that each element occurs exactly once.
Although sl;; is not semisimple, the Killing form is nondegenerate on the sub-
algebras h* C b generated by H;*. The reason is that the upper an lower Borel
subalgebras b* are embedded in sl,,. So the Cartan matrix and the root system
corresponding to the b* algebra is well defined.

For a Lie algebra g over a field, one can extend the fundamental reflections to
act on g instead of ) C g, see [6], in which case we call the automorphism corre-
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4.1. Quantizing a Lie subalgebra of sl,,

sponding to s; T;. In the case of slj,, we have the following definition of T;. This
definition is equivalent to the automorphisms T; of sl,, as one can check in for
example [6], or [14].

Proposition 4.1.1. Let sl§, be the Lie algebra structure as specified above. The T; defined
in the following way

Ti(X;) = =X, T,(H") = e 'H; —e 'ayH;, Ti(H;) = eH;" — ea;H;", (4.6)
Ti(X;) = (—ay)! Hady ) ™"(X),i # ] (4.7)
Ti(X;) = (=1)%(—ay)! ™ (adx-) " (X[),i # J. (4.8)

are Lie algebra automorphisms of slf,.

Proof. The only relations that change in the presence of € are the commutator
[Hi’,in] = —euinjjE and [X;", X;'] = —3(H;" + e 'H; ). Applying T; and T; on
both sides of the first identity, we observe that T respects the relation. Here we
make use of the Jacobi-identity to calculate commutators of commutators.

For the second identity, we observe that the right-hand side is invariant (modulo
a global minus sign) under T; if i = j and if j # i we gain a term —al‘j(H]-Jr +
e_lH]._) = H]-+ + e_lH]f, as a;j = —1if i # j. On the left hand side we ob-
tain the term [[X]Jr, X, (X, X]’]], which we can evaluate with applying the Ja-
cobi identity twice. Note that —a; = 1, so T;(X;) = [X; ,X]f]. We see that
15,54, [, X 1) = —[1X7, X7, X7, X7 = ([, X0, X7], X7, We only
need to prove that [X", [X;", [X;", X;]]] yields a term H," + e 'H ~,and similarly
for the term i ¢+ j. Using the commutator [X*, X~] we obtain —[[X", [X;", X, X]ﬂ —
[[[X].+, X].—],xz.—],xj] = %(—[[X]._, Hf + e—lH;],X]ﬂ + [[H].+ + e_lH]._,XZ._],X;“]).
With [H 1+ , X]i] = +a l-]-in and the relations for H;", this yields the required result.
This proves the theorem. O

These automorphisms obey the braid group relations T;T;T; = T;T;T; for all i # j.

Proposition 4.1.2. Let the T; be as defined above, and let a;; be the Cartan matrix cor-
responding to sl,. Then T;T;T; = T, T;T; for all i # j.

Proof. As ajj only takes nonzero values if i and j differ at most 1, we only need to
check two non-trivial identities. The case for Hli can be reduced to the sl case
by counting the factors of € on both sides and realizing T; is linear in €. We note
that independently of the index i, T; switches the sign of H*. This is in fact the
only thing that is different from s/, for the Cartan subalgebra, together with € we
need to keep track of.

The case for XijE is the same for both b*, and can be reduced to the usual case
by realizing that H* acts in the same way as e "' H~. We only need to count the
factors of € that are introduced when checking the Weyl condition on X]jE This is
left as an exercise, as it follows by a straightforward calculation. O
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Chapter 4. Towards constructing U, (sl;,)

We continue with constructing the quantization of the above sl Lie bialgebra.
We first quantize the upper triangular matrices Lie subalgebra b of sI§. Consider
the subalgebra b* generated by the simple root vectors X" and H;" for all i =
1---n —1. remember that the cobracket on b™ is multiplied with e:

5(X;") = eX; AHJ. (4.9)

The cobracket on the other positive root vectors is implicitly defined. To quan-
tize a Lie bialgebra, only the cobracket on the simple generators are needed. We
follow the usual construction of U, (sl3) here to obtain a quantization of b™*. See
chapter 6 and 8 of [6].

We are looking for a Hopf algebra with classical limit 4.9, so it is easiest to start
with quantizing the cobracket. Firstly, let us take the trivial Hopf algebra struc-
ture on the universal enveloping algebra U(b™"), as introduced earlier. §(H;") = 0
yields

Ay(H) =H®1+1®H;.

Continueing with X", we introduce a grading deg on b*. Here deg(H;") = 0 and
X" = 1. In order to obtain a graded algebra, we need the (co)multiplication to
preserve the grading, or at least not lowering the degree in the case of general
positive roots. To this end, let us follow [6] and guess

A(X) = X @ et I @ X (4.10)

where j1, v € R(€)][[h]], so that eH; and e"Hi' are grouplike, meaning A, (eMHY =
eMH @ hiH Multiplying X~ with e /" thus yields

M(XH) = X @t 1o X,

so we can take v = 0 without loss of generality. We can use that the classical limit
of Ap(X;") equals 4.9, so we can take y = € to obtain

A(XH) = XF @t 110X, (4.11)

Aj, extends to an algebra homomorphism on the subalgebra generated by H;" and
X, since the H;" has trivial comultiplication. Consequently, the multiplication
(bracket) can be left unchanged. Hence we can directly write down the antipode
for H;" and X;" from the calculated comultiplication.

Su(H) = —H",S(X;") = —X; e el (4.12)

We extend A, to an algebra homomorphism on U, (b™1). Consider the classical
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4.1. Quantizing a Lie subalgebra of sl,,

Serre-relations for i # j, that hold for the Lie algebra:

1*11,']'

(@) (%0 = L (04 G ) =0 @)
k=0

For sly, 1 — a;; = 2 for all the nontrivial relations (the case i = j yields a vanish-
ing commutator for XlJr and X;’). Note that in the case of sl3, with the definition

[x,y] =zand X] =x, X; =y, gives [z,x] = 0.

In order for Aj, to be an algebra homomorphism, 4.13 needs to be altered. Re-
peating the calculation we did in chapter 1, the correct form of the quantum
Serre relations is obtained by replacing the binomial coefficients with quantum
binomial coefficients, with g = ¢" = 1 + eh. For the calculation in the case of sl,,,
see chapter 6 of [6]. In the presence of € this calculation is the same.

1-a; -
0[] et <o (@14

One of the ingredients for the proof that with these relations A;, does indeed
become an algebra homomorphism is the commutation relation

eehHi* X;LgfehH? _ eehain]{r.

Together with the trivial counit, we have constructed the Hopf algebra structure
on U, (b™).
q

Theorem 4.1.1. Uy, (b™) is a quantization of the Lie bialgebra b™, for invertible and
non-invertible €. Moreover, there exists an algebra isomorphism U, (b™) = U(b™)[[h]]
in both cases.

Proof. In order to prove that we have indeed found the quantization of b™, ob-
serve that multiplication and comultiplication in Uy (b") have b* as classical
limit. It is also necessary to find a R(¢€)[[}]]-module isomorphism between U, (b™)
and U(b™)[[h]]. Since € is invertible, this is equivalent to the sl,, case. This equiv-
alence yields an R(e)[[h]]-module isomorphism. Even stronger, we obtain an
algebra isomorphism between Uy, (b") and U (b™)[[h]], as there exists an algebra
isomorphism between Uy, (sl,) and U(sl,)[[h]] by the rigidity theorem. See [6],
chapter 6.1.

The case where € is not invertible can be obtained from the first case by expand-
ing the isomorphism in terms of €. The fact that this can be done follows because
the € only occurs together with the / in the algebra relations on the b™ side in the
g-Serre relations. This implies that the isomorphism Uy, (b™) = U(b™)[[h]] is also
defined over R[[¢, h]]. Moreover, € is only present in g and ¢ is invertible up to
any order of €X. We note that after expansion of g there is no factor of e ! present
in the relations of Uy, (b™).
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Chapter 4. Towards constructing U, (sl;,)

To prove that in finite order of € we still have isomorphisms of R|[e|/ (ek )[[h]]-
modules, note that injectivity follows from comparing the terms in each order of
€. The surjectivity follows in the same way. That we obtain an isomorphism of
algebras follows from linearity of the isomorphism over €. So we have a quanti-
zation of the Lie bialgebra b™. O

We are now in a position to construct a PBW basis for Uj,(b™), while also calcu-
lating the dual of Uj,(b™), the partial R-matrices and the comultiplication on the
PBW basis. These calculations are necessary in order to be able to write an algo-
ritm that can calculate the algebra relations for general n. We could start with the
dual basis to the simple roots X;". Using these generators and the action of the
Weyl group, we can calculate the necessary partial R-matrices. Using those (and
their inverse), we can calculate the coproduct on basis elements associated with
any positive root. Then we can find the (co)multiplication properties of the dual
basis using the Hopf algebra pairing.

The action of the braid group can be defined straightforwardly on the algebra
U,(n*) spanned by X;" in U, (b™) through the Hopf algebra right-adjoint action
Ad

Ady(y) = Y xq)yS(x2))

of Uy, and U,’, the opposite coalgebra. Define Ti(X].*) = Ad (x)) (X;) and
T;(X") = Ad“P . (X;"). As we will see, for invertible € it is possible to define
] —(X,.*)( N

T; on Uy(sly;). This will be covered in the next sections. For now we restrict
ourselves to U, (n"). Note that we define the T; slightly different here than we
will do in the next section. We leave out the central factor for cosmetic reasons.
We note that this has no effect on the expression for A(Xj) we state here.

This action can be used to write down explicit generators of U, (b™) for invertible
€. If B =sisi,---si (a;) € AT, define Xﬁi =T - TiH(Xif). Assuming that
there are no redundant reflections in the notation for g, this is well defined, and
yields generators X}Bi for each positive root. The fact that this is well defined
follows from the Weyl property for T;. For the proof that T; satisfy the Weyl
property we refer to the next two sections.

Denote XﬁjE for the generators of U, (sl,;) corresponding to the root 8, and denote

Hi* for the generators of the quantized Cartan subalgebra of U,(sl§), for i =
1,---n. Let w be the longest root with decomposition w = s;, - - - 5;,. We denote
the positive roots by B, -- Bn. Corresponding to this decomposition we have
the non-simple generators X;, wherei=1,--- ,N

Monomials in X; and HE form a basis of U,(b™). The folowing theorem is a
generalization of the theorem we saw in chapter 1, however the proof is easier
since we start with an algebra over R(e).

Theorem 4.1.2. Let XE and HE be the generators corresponding to the positive roots
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4.1. Quantizing a Lie subalgebra of sl,,

N
B. Then the monomials ] (X;)m’ ‘

n
i=1 i=

l(Hf)”i form a basis of U, (b™).

Proof. From the classical PBW theorem it follows that ordered monomials in ngt

constitute a linear basis of U, (sly;). Now we use the fact that € is invertible, so
that we have an isomorphism between U,(sl5;) and U(sly,)[[}]], by the rigidity
theorem. O

This finishes the construction of U, (b™). To obtain U,(slf;) we need to calculate
the QUE-dual of U,(b*), which we refer to as U, (b~ ), consistent with chapter
1. Then one can form the quantum double of U, (b*) to form U, (sl§). We skip
this construction and state the relations of U, (sl};). The proof that these relations
form a Hopf algebra can be found in many sources, since € is invertible.

Notice that Uy, (b™) is also well defined over R|[[¢, h]] by expanding g. Over this
ring, it is possible to divide out to € for some k. When we take the quantum
double of Uy (b"), we can no longer work over R[[e]], due to the factor q—irl

present. In the last section of this chapter we cover this issue.

Theorem 4.1.3. Let € be invertible, and let q = ¢". The following relations

(X; H | =ea;X;, X, H] = —a; X}, [X; H] = a;X;, [X, H ] = —eayX]
+ _elyg- k=1— if
R e Y Yk [l ay vk by Ik
(X, X ="—"T——0; Y, (-1 (X)X (X;m) 0
is T q_q,l ijr k ; j ; =
k=0 72

A(le) — le ®ehH;/2 _i_eth;/Z ® XZ*’A(X;F) — Xl+ ®e€hHi+/2 _’_efehHi*/Z ® Xl+
AHF) = H* @ 1+10@ HY, S(X;7) = —e"X,8(X) = —e "X, S(H;) = —H;

define an Hopf algebra U, (sl;) over R(€), which is the quantization of the Lie bialgebra
sl. The monomials

N n n N
TG TIE)PTTH)PTT(XE)™
i=1 i=1 i=1 i=

form a basis of qu(sl,‘j).

In general, the action of the Braid group is not compatible with the coproduct
when extended to the full Hopf algebra. This means that one has to compute
the action of the braid group, before one can compute the coproduct. There is
another option. One can express the coproduct of the generators in terms of the
R-matrices corresponding to the U, (sl,); subalgebras of U, (sl;). We refer these
R-matrices as partial R-matrices.

Let A = a;; be the Cartan matrix. Define {; = Z(A‘l)z-]-H i For simple roots «;,

i =1,---,n—1, associated with (dual) generators XIJr ,X; and Hf ,Ci, one has

108



Chapter 4. Towards constructing U, (sl;,)

the following pairing (g = ehy:
((HD) () (6 (X)) = Goarbih™ ol 1], (4.15)

Where [s]; = % and [n],! = [n]4[n — 1], - - - [1]; is the quantum factorial. We
wish to calculate the pairing on general monomials in X*); and HJ*, gj- To this

end, define R, ; as

5 > WX (H ) @ (6)F (X))
Rui= ), kI, '
k=0,1=0 q

(4.16)

By the quantum double construction, this is the R-matrix for Uy (sl) for the i-
th simple root. Using the braid group action, one can define the R-matrix for
general positive root B, = T;, (- - - T;,—1(«;,)) as follows. We note that the algebra
automorphisms T; can be defined on Uj(sl;). The definition can be found in
section 4.3.

Rup, = (Tyy -~ T, , @ Ty -~ T ) (Ryi), (4.17)
Ri<p, = Rup, . Rup,- (4.18)

We have the following proposition, see section 4.3 for the proof.

Proposition 4.1.3. (Comultiplication) For any p € A™,

M(X]) =Ry L (Xf @ e + 10 X)) Ry, <p.
Note that if B = Y; kia;, then Hg = Y; d;k;H;, where d; = 1 are the Cartan integers,
where we restrict ourselves to sl,,.

So it is possible to quantize the algebra on the simple generators and know the
comultiplications on the non-simple generators. We turn the PBW basis consist-
ing of monomials in generators into a dual basis to obtain the R-matrix. To this
end, we define the following generators. Let A = 4;; be the Cartan matrix. Re-
member J; = Y (A™1);H - The following pairing for monomials in the dual
generators can be calculated by using the comultiplication.

Proposition 4.1.4.
N n n N ,

(CIH™ TTEDP TTE)P TIC)™) = TT8mgm T T8pp TTH™" P T Tlmilg.
i=1 i=1 i=1 i=1

where [n]; = %.

The proof makes use of proposition 8.3.7 in [6].
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4.2. Representation theory of U, (sl5)

Proof. Let us scetch the proof of the general case. The proof is by induction,
using proposition 8.3.7 in [6] that is proven in section 4.2.1. We apply A to the
non-capital side, after which we only need to count the tensor-products that pair
non-zero. Note that our algebra has the same pairing as the U, (b*) dual pairing
in [6], except for the factor of €, and the correction with g — g~1.
In particular, since {; are dual to H;", the basis of U,(b~) corresponds to the
{T, P‘ﬁf} basis in [6]. The different conventions for the comultiplication of Xl+
in [6] result in a factor of ql/ 2t (t—1) present in 8.3.7 in [6] that is absent here.
Looking at our R;, in particular the prefactor R,, present in the sum, we get the
required result.

L]

Now this construction is finished, we can write down the universal R-matrix
corresponding to U,(sl;). The hardest part is calculating the PBW basis and
the corresponding dual, and the multiplication relations between the generators.
The quantum Serre relations together with the braid group action provide the
multiplication relations between the PBW generators.

4.2. Representation theory of U,(sl5)

Let us proceed with calculating the comultiplication of the quantized Lie bialge-
bra U, (sl5). Before we are able to properly calculate the comultiplication (in such
a way that is generalizable, anyway), we need to look at the finite dimensional
representations of U, (sl5). In this section, we may write U, (sly;), Uy(sly,) or Hy ¢
for the quantization of slj,.

First we note that if €> = 0, it is impossible to define the g-Weyl group in the way
it is usually done, since the finite dimensional highest weight representations
cannot be constructed. A solution to this problem is to work over the field R(e),
and prove afterwards that all components of the desired identity lie in R[[¢]], so
that we can divide out to (e?). For the remainder of this section we will work
over the field R(e)[[H]].

If e = 1, and one divides out to H" — H™~ one gets U,(sl,). This algebra is ob-
tained by taking the quantum double of the upper triangular matrix subalgebra,
with the Hopf structure calculated earlier. For a description of the representa-
tions of the regular U (sly) see for example [6]. We will take the op quantum
double construction in this section, instead of the cop construction.

We consider the algebra U,(sl§), also denoted as Hp. for short, generated by
X*,X~,H" and H™ and the following relations. Note that we introduce € in the
b* multiplication relations. Moreover, our conventions match the conventions

used in [29]. In particular note the factor of qul in the commutator between
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Chapter 4. Towards constructing U, (sl;,)

X*.
[X7,H ] =2X", [Xt,H"] = —2eX", [X " ,H"]| =2eX, [Xt,H ]| = —2X*
(4.19)
H- _ ,—e'H*
X x =
q9—4

Note that we scaled the generators X~ by a factor of ﬁ with respect to the

algebra in the first chapter. Substituting H™ = 2A — Band H~ = a yields the
familiar algebra structure, where B is left out when considering only the U, (sl5)
subalgebra. We take g = e~"¢, which will be useful when constructing the uni-
versal R-matrix. This is a different from the previous section. Note that € is
invertible.

Multiplying X~ with g — g~ ! yields an algebra over R|[€]] (formally we also have
the parameter , so it is an algebra over R[[¢, h]]). The final results of the con-
struction are valid for non-invertible € over the ring R[[¢]], as discussed in the
last section of this chapter.

We can take H* = e 'H" instead of H'. In this case, we have an algebra ho-
momorphism with the algebra in [29], by sending our H™ to Reshetikhin’s H, (as
well as sending our H™ to H) and substituting q% for g. Uy (sl5) agrees with ex-
ample 3.2.1 in [23] in the same way. The comultiplication, antipode and R-matrix
are given by the following formulas.

A(X7) = X~ @M /2 4 ometH /2@ X= AN(XT) = XT e /2 4 oM 2 x+
(4.20)
A(H®) = HE ©14+1@ HY,§(XT) = —¢'X",5(X") = —""X", S(H) = —H.

We also introduce the g-commutator as
[A,B], = qAB — q ' AB. (4.21)

In constructing the representations of U, (sl5), we will follow [29] (see Reshetikhin’s
website for this paper). Denote the representation map by 7 : Hye — End(V),
where V is the 2-dimensional vector space generated by {e% €1 }. We obtain
the following actions, denoted in matrix notation, where we use the order of the
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4.2. Representation theory of U, (sl5)

basis as indicated.

0 ] (4.22)

|
—~
e
+
S—
|
—m o or oo o’
O =
_

To prove this is a representation, one needs to prove that the maps given above
are indeed algebra homomorphisms. This is a straightforward exercise. Remem-
ber that we take g = e~ In the case of j = 1 we obtain the simplest case of [29],
if we identify H* and H™.

Following [29], we can denote the representation in the following more general

way. For this section, we use the convention that [n]q = qq:;,l . Furthermore,

nl [n]q!
[k] = Wtik]q!’ as usual.
q

For a finite dimensional module V7 of dimension 2j + 1 we get, where j is a posi-
tive integer or half integer and V/ is generated by the basis vectors e},, —j < m <
J

7ol Uy (sl§) — End(V7) (4.23)
70 (XH) (eh) = ([j = mglj + m+1]y)"%], (4.24)
70 (X7) (eh) = ([ +mlglj — m + 1))V %], _, (4.25)
7 (HY)(e)) = 2meel, (4.26)
7 (H)(e)) = 2mel,. (4.27)

Again, checking that this yields a representation is straightforwardly writing out
the relations 4.19. So 4.19 becomes a quasitriangular Hopf algebra with the fol-
lowing R-matrix. See [30], or [6], if you use the variables E = e"H"/2X and
F = e~"H"/2Y, and identify e "'H* with H~. Note that the factor 1/2 in the
exponential comes from the pairing between H* and H™. Ultimately this is due
to a different definition of the comultiplication, which is used in calculating the
pairing between monomials. We know that the R-matrix is defined as the uni-
versal R-matrix of the Drinfel’d double. Hence it must be of the form ) e, ® f*,
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Chapter 4. Towards constructing U, (sl;,)

where e and f are dual bases. We obtain after a correction with a factor %

R =exp(hH" @ H™/2) Y Ry(h) (" /2XT)" @ (e /2X~)"  (4.28)
ql/Zn(nfl)(l _ qu)n

Ry(h) = ;!

An application of the Hopf algebra automorphism S @ S to the R-matrix shows
that we obtain (note the plus instead of the minus sign in R,):

R =Y Ru(h)(e " /2XT)" @ (e"H/2X )" exp(hH* @ H™/2).  (4.29)

5 1/2n(n+1) (1 __ ;,—2\n
Ro(h) = 1 [n% )" (4.30)

An essential element we can construct with the R-matrix is the ribbon element,
or more importantly, the inverse of the ribbon element. See [23] for the precise
definition. In particular we can write v = pu for the ribbon element, where
u=YRASRW), and p?> = ulv, u! = YRASZ(RM), v = S(u). Using
these identities, we get

pfl _ pa(H'+eH™)
The square root w of the inverse ribbon element is not a part of the algebra Hy .
since it cannot be expressed in terms of X*. Writing these out in matrix notation
makes clear that 71(X*) don’t generate the entire End(V7/), except in the case of
j= % and j = 1, the standard representation of Hy .. We will write out the action
of w in the representations V’ later in this section, but it will be the case that w
sends a basis vector e}, to the vector ¢_,,. In matrix notation this is the element
with only non-zero entries on the ‘mirrored” diagonal. Since this is true for any
m, 7t(w) cannot be written as a linear combination of (H*)? and (X*)%, a and
b positive integers, as any combination of these will yield non-zero off-diagonal
entries.

This means that we have to add w to the Hopf algebra. To prove that this makes
sense, we can use proposition 6.3.12 and example 6.3.13 of [23]. It turns out
that we obtain another Hopf algebra, called the quantum Weyl group ([6]), and
denoted by H, ., in some sense the completion of H;¢[30]. Proposition 6.3.12 can
be used for U, (sl;) as well, but one obtains a Weyl element associated with the
longest root in sl,, so this lemma will be of less use there.

Proposition 4.2.1. Define the algebra automorphism T by
T(HY) = —eH ,T(eH ) = —H", T(X*) = —g*!XT,

and let v be the inverse of the Ribbon element. Then these data together with the
quasitriangular structure R on Hy define the Hopf algebra H; ., which is generated by
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Hj ¢ and w, obeying the relations
wgw ! =T(g), w* =v,Aw) = R 'wew,e(w) =1,5(w) = we? (€A +H")
Here g € Hp ¢, and € is the counit.

Before proving the proposition, let us note that if we take € = 1, and we identify
H™ with H™, taking the sl limit, the antipode agrees with [30], remembering that
we have introduced a factor of 2 in our conventions. The conventions here agree
directly with [6], however they use an asymmetric comultiplication. The expres-
sions for T can be checked in representations by explicitly taking the square root
in representations of v—!.

Proof. We check the conditions for proposition 6.3.12 in [23].

We have T? = id and T ® T(R) = Ra1, which is a consequence of the expression
for R given before, and can be checked by explicit calculation. This means that
v~ ! has to obey

v liscentral, Av™!) = (v T @v HY)RuR), T !) = v L,

The first two conditions are satisfied by definition of the ribbon element. See
prop. 2.1.8 in [23]. As noted before, v™1 = p~2u~!. Also it is useful to ob-
serve To S = S~!oT. Taking the automorphism T of this expression, we get
T(p2)T(u1) = pPT(RA(RW)) = pPROS 2(R2) = pro-T = v-1.

We have to prove that T defines an algebra map and an anti-coalgebra map, and
we have to prove that R is a 2-cocycle. The last condition follows by definition of
a quasitriangular structure, as usual. The fact that T is an algebra automorphism
is checked by checking the algebra relations, as is the case with a anti-coalgebra
map. This is a straightforward exercise and is left to the reader. This shows that
our map T and the ribbon element obey the relations of proposition 6.3.12 in [23].
As a result we obtain a Hopf algebra Hj which is generated by Hp. and w1,
which obeys the following relations

wgw ' =T(g), w? =v,Aw) = R 'w@w,e(w) =1,S(w) = wuS(w?)

We are left with the calculation of the antipode of the Weyl element.

For the calculation of the element p?> = u~'v we used the Mathematica imple-
mentation, for which we refer to the appendix. In the program we used the cop-
convention of the double construction instead of the op. Note that the antipode
S on U, (b*) provides an isomorhpism between the two double constructions.
Under this isomorphism, the R-matrix R, is taken to szl, see exercise 7.1.2 in
[23]. A simple calculation using proposition 2.1.8 in [23] shows that p is invariant
under this isomorphism.

Using similar arguments together with the general expression S(w) = wuS(w?2)
from proposition 6.3.12 in [23], we can show that in general the antipode of the
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Chapter 4. Towards constructing U, (sl;,)

Weyl group element is given by S(w) = wp~!. Observe that the w we use here
is the inverse of the w defined in [23], by definition. This ends the proof of the
proposition. [

The T defined here for sl, is not a braid group generator. However, this is not
important in the sl, case since there is only one simple root. It is possible to make
T a braid group generator in the sl,, case by performing a simple transformation
on w. For this construction we will have to do more work. .
Let us now calculate the action of the inverse ribbon element on a basis-vector ¢/,
of a module V/. We leave the representation-map 7t/ out of the notation.

v‘l(e] ) = u_lp_l ZR JS2(R (H++€H_)(e{‘n) (4.31)
=exp(hH™ H*/Z)
ZRn (h) (e—ehH’/Zx—)n((_1)2€2h€€hH+/2x+)ne—%(H++6H’) (dn)
Observe that since X™ acts as a raising operator, only the terms with 0 < n <

j — m act nonzero on e},. Hence we obtain for such an n-term in the R-matrix,
which we will sum over afterwards,

exp(hRH™H" /2)Ry(h) (e €M 12X )1 ((=1)22heH " /2X+)mec2m) (¢ ) (4.32)
= exp(hH™ H*/2)R,(h)(e ehH™ /2y~ )n(_1)2n826hn(ehe(m+1+~~'+m+n))ee(2m)(e]y'n_i_n
=exp(hH H" /2)R,(h)(—

hei((m+n)(m+n+1 m(m+1) )(eehH /2X )n —e(zm)
(-

1 ) 2n Zehn

j

Cin-+n

= exp(hH H" /2)Ry(h)
ehei((m—i-n)(m-l-n-l-l)— m(m+1))

1 ) 2n 26hn

ehe%( m(m—1)— (m+n)(m+n—1))ee(2m)e]r'n
Remember that the module V7 is generated by the highest weight vector e;:. Since
the inverse of of the ribbon element is central (see [23]), it is enough to check
equality on the highest weight vector. Then only the n = 0 term contributes, and
we get the following identity

vlel, = @i+l (4.33)

By Schur’s lemma the action of v~! is proportional to the identity. Note in partic-
ular the contribution from p~!. The following expression is a square root of v !,
and as it turns out the only one that meets the requirements of proposition 4.2.1.
It can be proven by direct calculation that it satisfies wgw ! = T(g) and w? = v.
We get the required result:

w‘le],'n _ (_1)—j+mehe(j(j+1)—m)ej

—m-

We have the following lemma.
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Lemma 4.2.1. Let w~! be as in proposition 4.2.1. Then the action of w~" in the highest
weight module V7 is given by

wqefi‘n _ (_1)fj+mehe(j(j+1)fm)e]'

—m:*

(4.34)

Proof. By definition, w is the non-central square root of the inverse ribbon ele-
ment v~ 1. To calculate the action of w in the representation we have to know
which square-root we have to use, given that we are working with matrices, so
there are multiple options, a priori. We claim that the square root in the repre-
sentation is uniquely determined by two equations:

wgw ™! = T(g) and w? = v.

This is proved by looking at the action of v in the representation, and is translated
into the following lemma, which will not be proven here, but can be proved
by looking at the Jordan decomposition of w(j), or by counting the degrees of
freedom, alternatively.

Lemma 4.2.2. Suppose w(j) is a 2j+1 by 2j+1 invertible matrix, and let xp(j) =
(XT) and xm(j) = 7t(X™), the action of X* in the representation VI. Let A be any
invertible element of the underlying ring. Then w(j) is uniquely defined by the following
two equations

w(j)? = Mld(j) (4.35)
w(j)ap()w(j) " = xm(j).
Here Id(j) is the 2j+1 times 2j+1 identity matrix.
Proof. O

It is clear that the scuare root w given above satisfies
wgw ™! = T(g) and w? = v.
This finishes the proof. O

We know the explicit action of w in any finite dimensional H . module, and we
can compare it with other definitions. One can check that the given square root
of the inverse ribbon element yields the correct T, as stated in proposition 4.2.1.

Usually, w™! is defined by its action on all finite representations V/ of H, ., for ex-
ample in [29] and others. This is possible if Hj ¢ is semisimple as an algebra. An
algebra is said to be semisimple if the set of elements that act as zero in every ir-
reducible representation contains only zero. We know that H; . is not semisimple
however, since e "'H" — H™ acts as zero in every representation. This element
exactly generates the ideal we need to divide out to, in order to get the U, (sl2),
which is a semisimple algebra. The non-semisimplicity implies that w is well de-
fined up to terms H™, e 1H*, which have the same action in any representation,
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Chapter 4. Towards constructing U, (sl;,)

if we would define w by its action in the representation. Of course, this is a con-
sequence of the fact that € 'HT — H™ is central in Hy.. This element will turn
out to be the term we gain in our final expression, with respect to the s, case.
The w defined here agrees, after the ‘semisimplification” of Hy ¢, with the quan-
tum Weyl element in [30], and is the inverse of the w defined in example 6.3.13
in [23], as mentioned before. This can be seen from the action of w in the repre-
sentation. Note that llq(slz) in [23] agrees with the conventions of [30].

4.3. Constructing the q-Weyl group of U, (sl;)

We proceed with constructing quantum Weyl group of U, (sly;), with Cartan ma-
trix a;; of sl,;. We follow [30]. Note that the relations here agree with [21] and [30],
when we divide out to e 'H;" — H; . Before reading this section it is advised to
study [30] in full detail, since we copy a large part of his calculations.

This algebra is non semi-simple. The Weyl group elements used in the main part
of this section come from the H . case, where we defined it to be the square root
of v~1. Later in this section we introduce w;, where w; and w; are related by a
simple transformation with g=¢ '"#"H " like the U, (sl,) case [30]. It turns out to
be the case that the algebra automorphisms obtained this way will yield a braid
group representation.

U, (sl¢) is generated by {X;", H"} and the relations

(X7, H] = a;X;, [XZ-*,H].*] = —a;eX;, [Xl.‘,H].*] = a;;eX;, [Xj,H].—] = —a; X"
(4.36)
I —bfele;r(s g k|1 —aj kvt vy l—ai—k
[Xz- /X]- ] = 1 Y Z (—1) k (Xz' ) X]‘ (Xi ) =0
q—9 k=0 7

A(Xl—) — Xl_ ®e€hHi7/2 + E_EhH;/Z ® XZ—IA(XI—F) — Xl+ ®€hHi+/2 _i_e—hH;r/Z ® Xl-‘r
AHF) =H*®1+1@H5S(X) = —"X,S(X;7) = —e "X, S(H;) = —H..

Where g = e~". Using proposition 4.2.1, we will write down the action of the
Weyl group in Uy (sly;) for each of the Hy . subalgebras. The quantum Weyl ele-
ments are defined via the Hy . submodules of the representations of U, (sly), for
each simple root a;, i = 1,-- -, rank(sl,) = n — 1 of sl,.

U, (sly)) is a quasitriangular Hopf algebra, as has been noted in the first section of
this chapter. In this section we denote the R-matrix as R, and its inverse as R .
The notation R is reserved for other purposes. The same notation will be used
for the partial R-matrices of U, (sl5).

In the notation of [30], let V* be a representation of U, (sl5). We know that v

are highest weight representations [6]. U,(sl;;) is generated by n — 1 copies of
the subalgebras H, ¢ ; corresponding to the simple roots. In each of these copies
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4.3. Constructing the q-Weyl group of Uy (sly))

we can find a corresponding Weyl element w; with proposition 4.2.1. We know
that V* factorizes into irreducable Hj .-submodules Vi. Checking this fact comes
down to checking relations on simple generators. This is equivalent to lemma 2
in [30], which proves that if V is an H; ¢ ; module X]-jE (V) is still an Hy ¢ ; submod-
ule. In general we have, for V7 irreducible H, ¢ ;-submodules for the usual half
integer values for j,

VY = P (Hom(VI, V') @ VI) = W} @ V).
j j

We define W)L Homy(VI,V}), with k = R(e). The isomorphism

f: P Hom(V, v o Vi) — v
j

is givenby (---,0,¢; ® e}, 0, -+ ) — ¢;(e),), evaluation. Since the H, . ; modules
Vi are irreducible submodules of V#, the homomorphisms ¢; € Hom(Vi, V)
are, by Schurs lemma, the identity on Vi, scaling the constant to 1 without loss
of generality.

Since U, (sly;) is generated by the H; . ; subalgebras corresponding to simple roots,
we can assume that Im(¢;) is a copy of Vi in V* as H,.;-submodule, where
i=1,---n— 1. The action of H on an element ¢ ® ¢}, is then given by H 0 ¢ ®
e, = Hf((p(e]m)) = —aij(e) 1i1 )/ 2 ((p](em) since [Hli,X]i] = :F(e)(lﬂ)/zainji,
so the submodules V/ ¢ V* are invariant under the action of Hl.i. In general,
the submodules V/ are not invariant under the action of X:. This action is more
complicated, and although it yields another H;.-submodule, it may not be the
same submodule.

Define the elements w; acting on U, (sl};) via representations by

w; = @(Iw]/) ® (w;);),

j
where [, ) is the identity on WA The (w;); are then defined via proposition

421, where (w;) j acts on the HZ,e,z submodule V/ by the action calculated in
lemma 4.2.1. Note that in the semisimple case, like in [30], this definition would
uniquely define w;. In the non-semisimple case we need to require that the Weyl
property holds for conjugation with w;. Then the w; become well-defined on the
Cartan subalgebra.

Let us calculate zt)l'H]ﬁ()l.’1 from the definition of w;, by comparing the action on
irreducable modules. By the previous discussion we can check this for the factor-
ization of V* into H, . ;-submodules, the i corresponding to the simple roots. We

denote the vectors as e}, omitting the ¢. In this case, let e{ﬁ € V" be any vector in
any irreducible H, ¢ j-submodule V" C V* of highest weight n. Let i # j (in the
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case i = j we get the action from proposition 4.2.1), then H; acts only nonzero if
i=j+1.

wiH]*wi_l(efn) = w1H+( ") = agemwi(e” ) = ajemey = —emey,.
Note that a;; = —1. On the other hand we have
(e)~= 1$1)/2(H] — a;iH;") (efh) = (—aj;i + a;ja;;)eme)), = —mee},.

From this we can conclude that w; H+ Lacts as ()~ (*ﬁl)/z(Hi — a;;H;") in
H; . i-modules. From proposition 4.2. 1 we obtain the T; (H ) relatlons Since the
algebra is not semisimple, we can always add a term H = eleiJ“ — H;” (and
idem for H;) and get the same action in representations.

However, 1f we take the T;(H;) relations together with the requirement that T;T;T; =
T;T;T; we get the followmg relations. The proof is by straightforwardly checkmg
the Weyl—relation. We leave this to the reader. The requirement that the Weyl-
property holds could be seen as a definition of the action of w; on Hj, since it
uniquely determines this action.

Lemma 4.3.1.

Ty(H') = eH; —eazH; , Ti(eH; ) = H —a;H}, Ti(X;") = —¢'X7. (437)

For sly, a;j = 2ifi = j,a;; = —1ifi = j £ 1 and zero else. By proposition 4.2.1 we
now have

Ti(e) = wiew; ", A(w;) = R(i) " w; @ w;, (4.38)

where R (i) is the partial R-matrix on the i-th Hjc-subalgebra defined by 4.28.
Remember that the adjoint action of U, (sl5) on itself is given by

= 23(1)f5<€ 2))

We denote the adjoint action for short as o, in multiplicative notation. Using this
definition, we calculate wz-X].jE w; 1

Let us define two sets of generators that make the comultiplication anti-symmetric,
and correspond to the two ways to write the R-matrix in the H; . case. Note that
our definitions agree with the definitions of [30].

-1+ —_H~ — -1+ — -
Ei — qe H; /ZXi-i-,Fi =q H; /ZXi /Kl+ — qe H; /2/K1‘ — qu /2/
= —e 1H* T = —
Ei=q ¢ B 72X F =g 72X,

Via the adjoint action we have an action of the g-Weyl element on these genera-
tors. We now have the following lemmas, the proof of which are equivalent to
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4.3. Constructing the q-Weyl group of Uy (sly))

the proofs given in [30], except for a factor of two in the definitions of H + resp.
H in [30], after reducing the Cartan subalgebra. The reason we cannot directly
follow Reshetikhin and Kirrilov’s proof is that we have to introduce the +/-back
into the equations, so we have to check all the relations manually. It is insightful
to study this proof, and the proof of proposition 2.2.1 in chapter 4 of [21], which
are roughly the same. The proof of lemma 4.3.2 is by explicit calculation of the
adjoint action of the Weyl group element.

Lemma 4.3.2.

w; ofj = wifj(K;r)”ifwi’l (4.39)

w;oFj = S(wi_l)(Ki_)_”if'FjS(wi).
Proof. We will only scetch the proof here, since this proof is exactly the same as
the proof of lemma 1 in [30], where we are keeping track of H* and the different
factors 2. Note that we start with the expression 4.29 and let R~! = S ® id(R).
Then we use R = S ® S(R) to rewrite the adjoint action of w; on E; and F;.
After using the commutation relations, the final result is obtained by using the
fact that u=! = Y R,S*(Rq), and uhu~! = S?(h) for any h € H — 2,¢, so that
u commutes with K. Note that w™! = (up)~/2 = (up)'w = u~'S(w). This
ends the proof. O

Lemma 4.3.3. The sets Vi; = {E;, - - - ,E;aif oEj}and Vij = {Fj,--- ,F;u’j o F;} are
irreducible Hy ¢ j-modules of weight —aj;.

Proof. Lemma 4.3.3 can be concluded directly from the algebra relations. Since
we used the same conventions as [30], the relations are exactly the same. An
explicit isomorphism between both sets and V*i is given by the maps

(4.40)

1

PE o F) =

p(Ej o Ej) =cj;

Note that because e 'H+ — H™ acts as zero in V/, we can make multiple choices

for Vj; and V; that are isomorphic to Vi. We will parametrize these choices by

the two parameters ci in the future, where cz-jjE stands for a central factor. O

Lemma 4.3.4.
E? OE]‘ = (Kf)fn(K;j*l[X;r,- - [Xf, X;r]quij/z]qa,-j/ﬂl . ']q(ﬂij+2n)/2—1 (4.41)
S(Fin ° Fj) = _q(inil)[xii" T [X;’X;]q”fj/z]q”ij/z+l o ']q(”i‘””)/Z*l(K;)n(K'i)

i ]
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Proof. The relations follow by induction to 7 from the algebra relations. We write
down the case for n = 1 here by using the definition of the adjoint action.

EioE; = EE; — e M EpefE, (4.42)
EE qE E _ ql/Z(K+) (K]})fqul/Z(qfl/ZXlﬂ»X;» _q1/2X1+XZ+)
— (K KX X,

The case for higher n follows in the same fashion. The second formula follows in
the same way, except we take the antipode on both sides afterwards. This proves
the lemma. O

We can use the lemmas to calculate the algebra automorphisms associated with
the quantum Weyl group explicitly. To this end let us introduce

w; = wiq—e*IHi*Hf/él.
Lemma 4.3.5.
Aw;) = R(i)"'w; @@, (4.43)
ﬁ(l) _ q (H ®H' —H'@H, ) /4 ZR *hHiJr/ZX,JF)” Q (eehHi’/ZXf)nl (4‘44)
n(n+1) (1 _ 4—2\n
Ry (h) = 7" (1 —g7?) . (4.45)
[n]v/!

Proof. This can be calculated by straightforward computation from proposition

4.2.1, where it is important to remember that g=¢ 'H"H /4 is not group-like, but

that a correction appears when taking the coproduct. ]

Note from the previous section that the partial R-matrix
R(i) = e N (H @H'-H'®H;)/4 (1 — qu)nEn £n
(i) =q° SR TREROAY Tl © 5

Since the E, F have an antisymmetric coproduct, it is this form in which we will
later recognize the algebra we are using, only with X, Y and Z instead of E; and
lowercase letters instead of F;. Denote algebra automorphisms of U,(sly;) as

T;(h) = @, 'hw;, Vh € Uy(slf). (4.46)

We have the following formula, which is a direct consequence of the above lemma.
(Denote R (i) = R;).

= =-1
AT(X)) = RiT; @ Ti(A(X))R;

The following theorem holds true and is proven by combining the above lem-

121



4.3. Constructing the q-Weyl group of Uy (sly))

mas, together with the action of w; in the irreducible modules. Note that the T;
are denoted in the opposite way as T in proposition 4.2.1. Observe that in the
U, (sly) case, T; are the quantization of the classical Weyl group action [6] in the
sense that the action of T; corresponds to the action of the simple reflections s;
corresponding to the simple roots «;. Looking at the first order in & we obtain the
same fact. One can compare the T; with the action of the simple reflections given
in the first section and convince oneself of this fact.

Theorem 4.3.1. The T; as defined above are well-defined up to central factors c;; depend-
ing on Ki Moreover, the T; are U, (sly,) algebra automorphisms, given by

=
=

=
Il

K (K) ™%, Ti(K; ) = K (K) ™, (4.47)
LX) = =X; (K7) 7K LT ) = — (K (KD
T ) = (=1 =gl (KK (D) E))™,

X ,[Xf,Xf]ﬂ/z]ﬂ/m---]q,a e (K7 (KGH) ™/, i £
T ) = 6t () R ) )

(X, - (X7 ,X ] o /2]qa,-j/z+1 . ']q—n 1 ((K7)™ (K+))aif/2,i #]

and when a;; = 0, Ti(X;") = X;",

Proof. The main objective is to prove that conjugation with the Weyl element re-
spects the algebra structure. We will first prove that the T; are of the form given
above. This follows directly from lemmas 4.3.3 and 4.3.2 together with the action

of w;. We can then rewrite E;aij o Ej with lemma 4.3.4, taking n = —a;;, since w;
takes the lowest weight vector E; in the module homomorphic to V% (and the

—a;;

same for F;) to the highest weight vector, which is E; "/ o E;, by the action of w;
in irreducible modules. This gives the desired relations for T; applied on X* up
to a central factor depending on i and j, due to the non-semisimplicity. Making
this choice is equivalent to choosing a root of v~!. This shows that the T; are not
well defined, when defined from the quantum Weyl group, up to a central factor.
Once we choose a root of v—1, we make a choice for Cij- Concretely, this choice
corresponds to choosing isomorphisms ¢ and ¢ in lemma 4.3.3.

Let us get some specific values for c;;. Firstly, the relations T; (K]i) = (K;F) (K;F)~%i
and T;(X;") follow from proposition 4.2.1 and lemma 4.3.1. Consider T;( [X]i, Xf] ).

Since we want T; to be an algebra homomorphism, we get the requirement c;]f Cij =
1 for all i and j, since c;; is central (it consists of powers of e 'H;" — H;"). In par-

ticular, cij must be invertible.
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Hence we have the following relations.

T(KF) = K (K7) ™, Ti(K) = KF (K7 )™, (4.48)
T(X;") = =X (K7) 7MKL T(X) = — (K (KD X
Ti(Xf)—cz;( 1)% [—alg (K ) (K7)™H) 7H(K) THK )

[ /[Xij' ] a /Z]q”ij/2+1 o ']q—”ij/z—l((K;)(Kz%)il)u[j/zli 7&]
T(X7) [_;j]q!c;l<<1<]-+>-1<K]f>>-1<<1<;><1<r>-1>“ff

X+ X X el ] g (K7 KD,

Where we will write simply ¢;; for c . Comparing T; with [30] we can conclude

that the T; must be algebra- automorphlsms since (K; )(K;")™! is a central ele-
ment for all i = 1, --n — 1. The proof that T; are automorphisms coincides then
with the proof in [30]. This concludes the proof. O

From the lemmas in this section together with proposition 4.2.1 we obtain the
following fact. It can be proven by direct verification, when we remember that
ajj = —1fori # j, since we are working with the s/, Cartan matrix. To prove it
for a general Cartan matrix, it is enough to consider rank 1 and 2 cases [6], [30].

Theorem 4.3.2. The c;; in theorem 4.3.1 are group-like elements in H; and H;, with
Hi=¢'H'-H ,i=1---n—1

Proof. We know that ¢;; are invertible from the proof of the last theorem. Note
that for any invertible element ¢, we have A(c™!) = A(c)~!. Also, c;j are central
elements, and live in the Cartan subalgebra of U,(sl;;). As a consequence, c;j
must be a power-series in the elements e 'H" — H. = H;, since these are the
only central elements that are contained in the Cartan subalgebra. This follows
from the relations [(H;")¥, X]i] = (H' £ ai]-)kai - (HllL)kX]i # X]i

We see that A(c;;) must also be central, since A(H;) = H;®1+1® H;. Asa
consequence of this, A(c;j) = R™'A(c;j)R = A(cjj). So if we can prove that
A(cij) = (cij @ cij) ¥ for some invertible 2-cocycle ¥, then we know that ¥ is also
a central element, with ¥,; = ¥ that lives in the tensor product of the Cartan-
subalgebra with itself, since the tensor algebra of the Cartan part of U,(sly) is
closed under taking the coproduct. That ¥ is a 2-cocycle means that 1 ® ¥ (id ®
A)(Y)=¥Y®1(A®id)(Y).

Since the ¢;; are invertible, let us write A(ci]-) = (ci]- ® cz-]-)‘i’. Since ¢;; are central,
sois ¥. Let us write ¥ = ¢ ® cA(c™!), where ¢ = cl.;l depends on H; for some
i without loss of generality. The fact that ¥ is central and symmetric and only
dependent on elements of the Cartan subalgebra follows from the properties of
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4.3. Constructing the q-Weyl group of Uy (sly))

cij- We prove now that ¥ is a 2-cocycle.

10Y([id®A)(¥) =1®c@c(1®A(c))c® Ac)id @ A(A(c™))
=1®c®c(c®Alcc™))id® A(A(cTY))
=cRc®c(Aid)(A(cY))
=Y®1(A®id)(Y).

The second-last equality follows from coassociativity and homomorphism prop-
erty of A. The last equality follows from the definition of ¥ and the fact that A is
a homomorphism.

Since Y is central it is a power series } ;. r.en [ li=1..n—1 fk,lHlki ® Hfi, for central
elements H; and vectors k = (ky,--- ,k,—1)and1 = (l3,---,1,_1), where n — 1
indicates the rank of 4;;. However, the case where ¥ is dependend on multiple
H; can be reduced to the case of one variable.

The reason is that ¥ factorizes into terms corresponding to the simple roots. This
fact follows from requiring that ¥ is a 2-cocycle and the fact that H' are linearly
independend for different i and n. This yields fi1 = IT; f(o, k,0,---),(0, 0,0, 0)/
by comparing different terms and using a straightforward induction argument.
Conceptually, the general argument is equivalent to the case for two variables H;
and H,. This is left to the reader.

Let us note that we may take foo = 1 without loss of generality, as the invertibil-
ity of c;; implies that Y is invertible. This is the case if and only if fy # 0. So it is
enough to look at the case where ¥ = Y, f,, H!" ® H;".

Furthermore, we know that ¥ is symmetric, in the sense that when the tensor
factors of ¥ are interchanged, we obtain ¥. This forces

Y=Y I fAeuH®1+1@H)(H @H)).
li,kiEN i=1--n—-1

We claim that k = 0 in the above expression. To see this it is enough to consider
the case where ¥ only depends on one central variable, say H;, by the previous
discussion. By plugging in ¥ = ¥ e firr1 (HY ® 1+ 1 ® HF) (H! @ H}) into the
cocycle condition (putting H; = H for simplicity) we get
Z fi—&-k,kfj—O—l,l(HiJrk ® Hk ® Hl + Hk ® Hi+k ® Hl)

i,jk]1>0

(A(H)™ @1+ A(H)' @ H)

— Z fi+k,kfj+l,l(Hl ® Hi+k ® Hk + Hl ® Hk ® Hi+k)

ijk]1>0
(1@ AH)YT +H @ A(H)).

Let us look at the prefactor of the term H ® 1 ® 1. Since we assumed fog =
1, we get 2f19 = 3f10, s0 fip = 0. We use here that A(H) = H®1+1®
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H. In general, we get as a prefactor of H" ® 1 ® 1 the equation 2f, 0 = 3f,0 +
fn-10f1,0 + fn—20f20 + -+ fi,0fn—1,0. Assuming f;y = 0 for i < n as induction
hypothesis, we get f,0 = 0. This proves the claim. So ¥ can only be a power
series in H; ® H;. Hence we can write ¥ = Zni,n]_ fn,.Hf" ® Hl”’

Without loss of generality we assume that ¥ depends only on H; = H. We wish
to prove that ¥ = 1 ® 1 if ¥ is an invertible, central, symmetric 2-cocycle that
is an element of the Cartan subalgebra. Then we are finished, since the only
elements that have a coproduct of the form A(c) = ¢ @ ¢ are elements ¢ = ¢°H.
See for example lemma 6.4.1 in [6].

Let us now prove that ¥ = 1® 1 if ¥ is an invertible, central, symmetric 2-
cocycle. We will do this by explicitly checking the 2-cocycle condition for ¥ =
Y., fnH" ® H". From inserting the power series for ¥ into the 2-cocycle condition
we get, with a straightforward substitution of summetion variables,

Z fnfk( >Hk+P®Hk+i’l p®H}’l

nkp 0

k + .
} : fk+pfn—p< p) Hk+p ® Hk+n P H".
n,k,p=0 p

We take fp = 1 without loss of generality. By linear independence of the gen-
erators we can compare term by term. We claim that this relation is satisfied
onlyif ¥ =¥, 155 "@H" We have to prove that the equation above holds only if

fror1 =3 :1, We observe that a given combination of exponents of the Hs appears
only once in the equation above. The base case follows from thek = 1landn =1,
p = l-term: f12 = 2f>fo. Suppose that for some | > 0 the formula holds. Then we
look at the terms with n = I such that H*** @ H*"""P @ H" = H*"' @ H @ H'.
This implies that k = 1 and p = [. Writing down the coefficient of this term we

immediately get f;11 = { 4{1' the desired result.
However, implementing f; = f¥/k! into the equation we see that (again compar-

ing terms) for any pair non-negative integers 1,k and 0 < p < n, we have

{H—k <TZ> _ {H—n <k+P>
nlk! \p (k+p)l(n—p)! p )

We quickly realize that f; # 0 implies (n — p)!p! = n!, which is something that
people in highschool might wish is true, but fortunately for us, itis not. So f; = 0.
But this means that ¢;; is group-like. O

Theorem 4.3.3. (Weyl property) Let the T; be as in theorem 4.3.1, and let a;; be the s,
Cartan matrix. Denote c;j = c;d;. Then d; = cjzfor all j =1,---n —1if and ony if for
alli,j=1,---n—1,

T,T,T; = T,T;T;. (4.49)
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We call this property the Weyl-property. The Weyl-property implies that we can
use the T; for defining Hopf algebra generators. In the case of sz there are only
two simple roots, so for a decomposition of the longest root vector into simple
roots wy = s;,5;,5;,, where i1,ip = 1,2,i; # iy, there is a unique way to write
down the corresponding algebra generator: X3 = T; (le(Xf)) Hence we do
not need the Weyl property for sl5.

In general this is not the case. In that case, for each reduced decomposition of the
longest classical Weyl group element, there exist multiple ways to write down
the corresponding root-vector in the Hopf algebra. We need the Weyl-property
in order for the construction of higher order generators to be well-defined. See
for example proposition 8.1.3 in [6] and proposition 5, chapter 4, paragraph 1.5
in [3]. In general, the quantum Weyl group construction depends on a choice of
the longest root decomposition. If the Weyl-property is not satisfied, then it is
impossible to know which order of T; belongs to a given decomposition, so the
construction of higher order basis vectors is ill-defined. Let us prove the theorem.

Proof. First note that Ty (T;(X;)) is nonzero only if i = j or i = k, so we only need
to check one relation on the generators X" (the Weyl-relation follows for X;” from
the X -relations, since the prefactors are inverted in this case). Secondly, if the
automorphisms have no central prefactor, then the proof that they obey the Weyl
property is similar to the proof in [30], by explicit verification. We leave this to the
reader, since the computations are exactly the same. It is only needed to follow
the additional central factors present in T; as compared to the T; with no central
pre-factor. We include the central factor ((K;L) (Kj’)*l)*1 ((K;7)"H(K;))%/% in ¢
in this proof for simplicity.

First note that ¢;; are group-like by the previous theorem. Denote this central
(e7'HF—H;)

factor by c;; = c;d;, where c; = e ! forsomel € k, since cij is group-like.

Idem for d;. We now prove
T(T(Ti(X;"))) = Ti(T(T;(X;")))-

On the left hand side, no central factors are introduced: T;(X;") = X; (K; )%

1 1

Since i # j, a;; = —1. So Tj(X;) = Cjiil[inX;]qfl/z. Applying T; to this ex-
pression yields a central factor of ci;lTi(cj’il) = ci’ldj’lTi(c];l) = ci’ldj’ldi’lcicj =
dj_ldz._lcj.

On the right-hand side we get Tj(X;") = cj; [X]*, X;"],-12. Applying T; yields

Ti(cji) eyl (X", X g1, X 1gmr2,

where T;(cj;) = Ti(c;d;) = dici_lc]-_l. So as a central factor we have dici_lcj_lcidj =
d;d ]-cj_l. Note that applying T; to the commutator gives no additional central fac-
tor, since both X" and X; are present. We have as a central factor Tj(did]'c]fl) =
di_ldj_lcljc]._1 = dl._lc]._1 = c]._l.l. We see that the left and right handside are equal if
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and only if dj = CJZ-.

Note in particular that in 4.3.1 the central factor ((K;“) (K;) HT((K7) YK )il

obeys d;j = ¢?, since for i # ja;; = —1 or a;; = 0, in which case Weyl property

is trivially satisfied. So choosing c;; = 1 is admissable. One might want to make
a different choice for the constant c;; where A(z) is of a different form, more like
that of the semisimple case. To this end consider an element @; with the proper-
ties

A(w;) = R(i)t; @ ;, (4.50)
R(i) = Y Ra(h) (e M /2X:0)" @ (et 12X )",
T'l(h) = ?’bi_lhwi/

such that there is no central term is present in the T; as compared to the T; in
[29]. This is possible if one introduces an abstract Weyl element obeying the
above properties, however it is not clear if such an element exists at all. We could
define the explicit automorphisms T; by requiring that under the identification
ofe 'Htand H-, T, = T;. In particular this means that

AMT(X)) = RiTi @ Ti(AX )R,

for some 2-cocycle R;. Note that R; is an element of U, (sI$) ® U, (sIS), so we can

always write down this formula in the algebra U,(sl§). Note that T; by construc-
tion correspond to a choice for ¢;;, since we want T; to obey the Weyl-property.
We now prove the following fact.

Proposition 4.3.1. The automorphisms T; as defined in theorem4.3.1 obey the Weyl
property and are of the form T;(h) = W, 'hw;, where W; are defined as in lemma ??, if
and only if ¢c;j = 1.

Proof. Under the identification of e 'H* and H~, in U,(sly), we have T; = T,
so¥Y = R;lﬁi is equal to 1 ® 1 under this identification, by semisimplicity of
Uy (sly). We claim that ¥ is a central element.

We now use the fact that Ti(X]?L) = cl-jTi(X]-Jr) for some group-like element c;; if
i # j. From the identities A(Tl(X]i)) =RTi® Tl(A(X;“))le_l and idem for T; it
follows that (noting that T; and T; agree on H; . ; and on the Cartan subalgebra of
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U, (sly;) = Hy,e by definition, as this action was calculated from the H . action)

(cij @ cip) (Ti(X;" )@ Tyl ) + Tie™ )®T'(X'+)>

= R Ri(ey Ty(X[) @ Ti(e™ )+ Ti(e™ )®C1]T(X] NRAR;

= i T(X) @ ("™ ) + Ti(e ™) @ ¢y Tu(X}).

But this implies T;( X]‘“) ® Cz';l = Ti(X]?“) ® 1, by invertability of c;;, and linear
independence of the terms involved. So ¢;; = 1. It should be remarked that

We now prove the claim. Therefore look at a similar expression, A(T;(X;")). We
know that T;(X7") = T;(X;"). Furthermore ¥/ ~= 1®1, and R; and R; are
elements of Hc,;. Let H; = e:*lHl.Jr — H;". Then ¥ must be a power series in
H; ® Hy,ine '(H;" ® HT — H; ® H") and H ® H;" — H” ® H; . We have

+ + + + + + +
CHIEOH! oHY @ X+ = oHi g X+ @1 H OH;

This observation is generalizable to general power series in H* ® H*, and holds
also for the opposite case. Moreover, we observe that

N v

AT(X)) = RiTi @ Ti(A(X)) R
R

%

= RiT; ® Ti(A(X]"))
= RiT; @ T{(A(X )R

Note that H* only introduce an aditional term when commutated with X;, so
the terms of A(X;") = X @ e /2 4 eM'/2 @ X do not get mixed by commutat-
ing with ¥, so by linear independence of the two terms in the coproduct we can
compare them term by term. Since the H* commute with each other and V¥ is a
power series in tensor products of H l.i, we get the following identities

YX, @1¥ =X 01,
YIoX ¥ 'l=10X; .
This means that ¥ commutes with X;” ® 1Tand 1® XIJr , and with the above ob-

servation this means that ¥ must be a power series in H; ® H;. However, this
means that ¥ is central in U, (sl};) ® U, (sl;;). This ends the proof. O

So there is no choice in ¢;; if we want to have a quantum Weyl group. Such an
algebra would have the above mentioned property by construction, since A(w;)
is definend explicitly in the H, . case. Since we have an Hopf algebra we auto-
matically obtain for any generalization of Hy,

AMT(X)) = RiT; @ Ti(A (X )R
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We now have

AT (X]")) = MA@ X w;)
= RT @ TMX )R,
ﬁi _ qefl(Hi*Q@H?’ Hf®H;) /42Rn(h) (e—hH,-*/ZXi-i-)n ® (eeth/ZXi—)n’
P ey ok
n= [
[n]g!

This is the result with which we can calculate the comultiplication for U,(sly)
for non-simple generators T; (X ] ), corresponding to the roots «; + ;. Of course
this can be generalized to higher order generators for Uy (sl;;). This is something
straightforward and will not be done here. An example of the more general
construction can be found in [6].

We rewrite the automorphisms T; to apply them to the generators E; and F; with
non-symmetric comultiplication. This yields the algebra we use in chapter 1,
when S ® id is applied to the quantum double. We rewrite the expressions in
theorem 4.3.1, with Cij = 1.

A(Ti(E))) = RiT; @ Ti(A(E}))R;

Ri:qe”(H;e@Hﬁ—Hﬁ@H;)Mz ?37 2)" (E))" @ ()",
T(K;") =K;(I<:)‘“ff Ti(K; ) = K (K") ™
Ti(E;) = —F(K ) "KL Ti(R) = =(K; )(K?)Ei,
Ti(Ej) = (=1)" =gl ((K7) TH(K)) ™ o

[Ei, -, |Ei, E]]qaij/z]qaij/2+1 = ']q—aij/z—1,i #J,

—— (K ) (K) =)~
[—ai],!

[Fi/ Tty [Fiz Fj]qa,-]-/Z]qa,-j/2+l e ]qfa,-]—/2—],i # ]

In particular, this formula is also valid for non-invertible €, when we remember
that g~¢". The terms present are elements of the ring of power-series of €. This
allows for use in chapter 1.

To match the expressions with the algebra in chapter 1, note that we are using
a different convention for [1], in the last two sections of this chapter, then the
factor (1 — g—2)" is absorbed. The factor of g'/2*("~1) is absorbed by the commu-
tating of the group-like factor e/’ /2 @ e /2, with index i and j and the R-matrix.
Furthermore, we change the definition of g to ¢, and substitute Hf — 2A—B
and H) ~— 2B — A. The change in g implies that we should keep track of all
exponentials ¢ and change the sign to e =" and vice versa. Any factor g is substi-
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tuted.

After performing these substitutions, there is one fundamental difference be-
tween the Hopf algebra used in this chapter and the one used in chapter 1. The
Hopf algebra U, (sl;;) as defined in this chapter cannot be expanded modulo ¢, as
can be seen from the factor e ! present in the commutator between X*. To solve
this problem, we have to scale the X~ generator. This is the subject of the next
section.

Once the conventions are correct, we are well on our way to implementing U, (sly;)
in the tensor formalism however. Especially when the program is more opti-
mized, this is a very interesting topic of research. Theoretically, it is also inter-
esting to be able to do calculations in U, (sly;) for any n, and any order of €, even
when the program is not much faster than it is now.

4.4. Epilogue

Define gl¢ as the Lie bialgebra over R(e) with generators Xii, Hii, i=1,--,n—
1 and the relations

[H, Xi] = +a; X", [H, H] = 0, [H, X7'] = +a; X7, (4.51)
- 1 - —a L

X, X;7] = =58, (H + H}7), (ady ) (X5) = 0, (i # ), (4.52)

§(X) =Xt ®H— H @ X, (4.53)

6(X7)=X; ®H —H @ X/, (4.54)

S(H;) = 0. (4.55)

a;j is the usual sl, Cartan matrix.

In glf,, € is an invertible indeterminate. The Lie bialgebra glf, is a quasitriangular
Lie algebra that can be obtained through the classical double on the Lie bialge-
bras of upper and lower triangular matrices b* C gI, generated by {H!", X]i}
respectively. This procedure is described in many standard sources, and follows
the same procedure as described in chapter 1.

To obtain sI§ from gI$, multiply H; in the relations 4.51 and 4.52 with ee~!. We
define eH;” =: H,, in the spirit of the Wigner contraction described in appendix
A.4. When the redundant factors of e ' ine '[H;, X]i] = iain]-i are transferred
by multiplying both sides with €, one obtains the familiar Lie algebra relations,
and the slightly different cobracket

[H;,X]i] = ieaijx]i, [H;F,in] = iaijx].i,

- 1 1 —a .
(X, X7 ] = =561 (H + e A7), (ady ) (X]7) = 0, (i # ),
(X)) =X ®H" - H ® X,

§(X;)=e Xy ®@H —H @ X[).
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We can multiply § with any constant in R(e), this will yield a cobracket on the
same Lie algebra. To this end, consider the b~ Lie bialgebra where we multiply
0 with €. We obtain

0(X;) =X, ®H —H; ®X;.

Let us introduce the dual Lie algebra bt of b~ with generators {X;", H} by
(X ,X;7) = d&jand (H; ,I:I].’> = a;;. The algebra relations of b are defined
through the cobracket of b~, and so we obtain the relations (note that € is invert-
ible, to obtain the Serre relation)

(A, X] = +a X}, (ady- ) ™" (X7) = 0, (i # ).

The cobracket is defined through the Lie algebra relations of b~ and takes the
form

6(X;) =e(X ® H — H @ X]").

Taking the classical double of b™ and b~ we obtain the Lie bialgebra sI¢ with rela-
tions 4.1. As noted in the first section of this chapter, we have a set of Lie algebra
automorphisms T; on slf;, which are defined with the adjoint action on s§.

We can do a Wigner contraction on sl by multiplying X, € sl with ee~! and
defining X, := eX; . This has no effect on the Lie algebra relations of b* and the
cobracket of b*, as can be seen by multiplying the relations with € on both sides.
It has an effect on the pairing between X;" and X", which yields e.

In sI§, this changes the bracket between X;* to [X;, X;"] = 1(eH;" + H;"). This
relation should remind the reader of the definition of sIf, in chapter one. For now,
let us denote this algebra as sl;,. In particular we observe that with these Lie bial-
gebra relations, it is possible to divide out to €k, as there are no explicit factors of
¢! present in the algebra relations of s,.

However, another effect of this Wigner contraction is that the bracket [,] no
longer defines a set of automorphisms T; of sI;,. When writing out the require-
ment that Tj is a Lie algebra map for the [X;, X:"] relation, one finds that T; is
an algebra map only when one multiplies with a factor €% = e~! when Tj is
applied to X;. So we have to define Tj(X;) = ¢ 'T;(X;) wheni = j+1 and
Tj(u) = Tj(u) else.

This means that the Lie algebra automorphisms T; of sI<, when defined on sl;,
gain a factor e ! with respect to the Lie algebra automorphisms on sl¢ that are
used in this chapter. We note that in the definition of non-simple generators this
yields also a power of € 1. In particular, for sl this yields Xei, = T1(Xy) =
e T (X5 ). Multiplying both sides wth € now gives eX, ,, = [X;, X; ], which
is the relation familiar from chapter one.

A complication from this specific Wigner contraction on slj, is that the automor-
phisms T; do not obey the Weyl-property. Writing out T;T;T;(X%) = T;T; Tj(X;")
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gives a different factor of € on both sides. Since the T; reduce to the usual auto-
morphisms on s/, when € is put to one, one can only compensate by introducing
a factor of €? in T;. However, one quickly sees that it is not possible to make such
a choice such that T; obey the Weyl property.

As has been noted before, in the case of sl3 this is not a problem, since there is a
unique way to decompose the reflection corresponding to the longest root. For
higher n > 3, one has to make a choice for a decomposition of the longest Weyl
group element and live with this. The result for different choices of decomposi-
tion yields different Lie algebras that are presumably isomorphic, although this
is not directly clear. This is an interesting subject of future study.

When one quantizes sy, this yields the Hopf algebra Uy (slf;) of theorem 4.1.3.

The Hopf algebra U, (sl5) can be obtained from U, (sl§) by multiplying X;~ with

g—q ! qul and defining X = (g — g~ !)X;". This scaling only infuenzes the re-

lations between X:". The comultiplication, antipode and the other relations stay
the same.

Let T; be as in equation 4.48 with ¢;; = 1. As proved in the third section of
this chapter, T; obey the Weyl property and are automorphisms of U, (sl§) when
cij = 1. Note that € was introduced on the b™ side in the previous sections. This
does not change the properties of the T;, since the relation between the two alge-
bras is a scaling of HljE We have encountered this fact in the classical case, and
the quantum case follows in exactly the same way.

If we wish to define automorphisms T; on Uq(§lZ), we have to correct in the
same way as in the Lie algebra case, by introducing an additional factor of qul
when T; is applied to X;. We define Tj(X") = 6/_1?1"]()?1_) fori = j+1and
Tj(u) = Tj(u) in any other case, for an elementary generator u € Uq(s~lfl). In
exactly the same way as the classical T; failed to have the Weyl-property, so do
the quantum Weyl group automorphisms T;. This can be seen by applying T; to

X; and counting the terms p 1q,1 that are introduced.

Equivalent to the classical case, when defining non-simple generators in sl;,, one
has to choose a decomposition of the longest Weyl group element. Moreover,
on the U,(b™) C Uq(:fl,i) side, a number of factors # are introduced in the

t— q)X(x_l-i-ucz =
Ti(X, ) in the case of U,(sl3). Here, «; are the simple roots of sl5. This should re-
mind the reader of the relations in chapter 1, although the b* algebras switched
place there, among some other details. For a generator corresponding to a root of
lengthk = 1,---,n—1, weobtain k — 1 factors of g — g !. This yields T‘J‘il (--- (T“fk,l ((g—

k11— ) — ~1\k-1%— _
q ) Xlxkfl) - (q_q ) X‘B,Whereﬁ_all —{—..._i_aik‘
We can use the results of the previous section to obtain an expression of the co-

multiplication of nonsimple elements such as X, ., in qu(s~l§). In the case of
X

definition of nonsimple generators. This yields relations like (g~

w1 +an

for example we get (971 — ) X5, 1, = R Tt @ Ti(A((g — 7 1)X;))R; in

a1+
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Chapter 4. Towards constructing U, (sl;,)

the notation of the previous section.

When we wish to consider Uy (sl;,) over the ring R = R[e]/(eF*1), this implies
that we do not get a direct expression for A(X,. ,,,) for example, but only for
A((q—g )Xy, 44,) sinceq—q~! = 2eh+- - -, and e is not invertible. So to obtain
the comultiplication of X modulo €1, to take a specific example, we need

%)
to consider Uq(§l§) over the ring R1, since over R (which is working mod
€1, terms proportional to e¥+! vanish. So working over R_ would only give
us A(X, |,,) up to and including order €1, since (g — g™ ") X, ,,, = [X, X5 ].
One sees that one can work mod €t when k is even, as the €% term vanish in
the expansion of g — g~ .

This observation is particularly useful when attempting to construct a general
Uq(slgk) knot invariant. Using formula 4.48 of the previous section, we can ob-
tain expressions for the comultiplication of the non-simple generators. We have
to work modulo €+~ to obtain the comultiplication of every non-simple gen-
erator, since for an element of maximal length n — 1, there are n — 2 factors of €
introduced, yielding a prefactor of €*"~2 for the comultiplication of the longest
Weyl group element generator. When computing the knot invariant itself, so for
the multiplication of R-matrices, one can then work modulo ekt1 again.

A particular surprise when specializing to €¥ = 0, is that the T; are not algebra
automorphisms of Uq(s~lZ), due to the noninvertible factor of ¢ — g~ ! present. In
particular, we cannot apply T; to a non-simple generator such as X5, but only to
(a—a")X;5.

In general, the exact properties of T; become more complicated as more factors
of € are introduced in the definition of the generators associated with positive
non-simple roots. For sl5 there is one non-invertible factor introduced when
working over ek = 0, but for 572 there are n — 2 factors introduced in the def-
inition of the element corresponding to the longest classical Weyl element. So if
we wish to calculate the comultiplication of this generator in the first order of €,

say X/s_ € Uq(§lZ), we have to work modulo €”.

This explains why the usual symmetries U, (sl;,) for invertible e are not symme-
tries of Uq(s~lZ) for ¥ = 0. Some symmetries of sl; for non-invertible € were
found by Roland van der Veen and Dror Bar-Natan in [37], the classical case.
We do not know if the symmetries in [37] provide a full discription of the sym-
metries of s, or if there is a bigger set of hidden symmetries. This remains an
interesting topic of research. It is also interesting to find the explicit quantum
group analogue of the s}, symmetries.

Conclusion

In this chapter we constructed U,(b~) and Uy (sl€) from b™ C sl for invertible
€. We observed that in the algebra relations € occured only in g = ¢, and hence
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4.4. Epilogue

one can take the expansion to the k-th order in € for any k when the algebra gen-
erators are rescaled with a suitable factor of (g — g~1)™, for some positive m.
The fact that U, (sl};) is not semisimple does not change the symmetries of U, (sl},)
for invertible €. They are equal to the symmetries of U, (sl,,) for invertible epsilon.
In the last section we found that only when we specialize to e = 0 for k > 0 we
lose most of the usual symmetries. It turns out that in this case, instead of S,,, we
obtain D, as the group of automorphisms of U, (sly;). See [37].

However, important equalities to calculate the comultiplication remain true when
€ is not invertible, and even when one specializes to €k = 0. The main purpuse
of the last sections of this chapter was to prove these formula for the coproduct
in terms of partial R-matrices. We observed that after rescaling, this formula can
be expanded in terms of €, so that it is also valid for non invertible €.

Using this formula, we constructed a dual PBW basis of Uy (sly;) in the first sec-
tion of this chapter and we gave the pairing between monomials. This enables

one to construct the universal R-matrix of U, (sl;;). We observed that when one

1 one has to

wants to know the coproduct (and antipode) of qu(s:lZ) modulo e+
work modulo eF~1.

In the previous chapter we gave an upper bound for the computational com-
plexity of the Uy (slf;) invariant. In short, this provided the insight that for small
knots (i.e. less than say 20 crossings) the contribution of the number of crossings
is smaller than the contribution of rank of sl,,. It remains to be seen if this prob-
lem can be overcome. On the other hand, it is interesting to gain insight in the
symmetries of U, (sI¢) in the case where € = 0. This may reduce the number of
computations one might have to do. This will also give insight in the quantum
invariants that are obtained.

A concrete topic of future research is the implementation of U,(sl;;) using the
comultiplication calculated in this chapter. As a first step, we wish to implement
these formulas for the case Uy (sl5), to be able to match the conventions we used
earlier with the ones used by [29] and [6] and others. Especially with the last sec-
tion in mind, this should be possible in the current implementation of Uq(slg),
when one defines the (co)multiplication tensors for general order of €. In the last
section we concluded that the higher n, the higher the order of € one needs to
work over in order to obtain the full Hopf algebra structure. Once the Hopf al-
gebra structure has been found, one can restrict oneself to any (lower) order of €
to calculate the invariant for actual knots.
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