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Chapter 5
Dynamical evolution of exo-Oort clouds

 around the Sun’s closest neighbour
 stars due to local stellar perturbations 

and the Galactic tidal field

S. Torres, Portegies Zwart, 
and A. G. A. Brown. Submitted to 
Astronomy & Astrophysics, 2020



$EVWUDFW
7KH G\QDPLFDO HYROXWLRQ RI WKH RXWHU 2RUW FORXG LQ WKH VRODU V\V�
WHP LV DIIHFWHG E\ SDVVLQJ VWDUV DQG WKH *DODFWLF WLGDO ILHOG� 7KHVH
SHUWXUEDWLRQV FDQ VWULS FRPHWV IURP WKH FORXG� IRUPLQJ VŮOŝ ODSLGŋV
�LQWHUVWHOODU REMHFWV�� ,I ZH DVVXPH WKDW WKH 6XQ¶V QHLJKERXU VWDUV
DOVR KDYH 2RUW FORXG�OLNH VWUXFWXUHV� DQG WKHUHIRUH XQGHUJR VLPL�
ODU SHUWXUEDWLRQV� LQWHUVWHOODU FRPHWV DUH H[SHFWHG WR EH FRPPRQ LQ
WKH ORFDO VRODU QHLJKERXUKRRG� ,Q WKLV ZRUN ZH LQYHVWLJDWH WKH G\�
QDPLFDO HYROXWLRQ RI FRPHWV LQ DQ H[R�2RUW FORXG DURXQG WKH 6XQ¶V
QHLJKERXU VWDUV� DFFRXQWLQJ IRU WKH HIIHFW RI SDVVLQJ VWDUV DQG WKH
*DODFWLF WLGDO ILHOG� 8VLQJ SURSHU PRWLRQV� SDUDOOD[HV� DQG UDGLDO YH�
ORFLWLHV IURP *DLD '5�� ZH VWXGLHG D VXEVHW RI WKH VWDUV ZLWKLQ � SF
IURP WKH 6XQ� L�H�� WKH V\VWHPV� 3UR[LPD &HQWDXUL� %DUQDUG¶V VWDU�
*OLHVH ��� 5RVV ���� DQG 5RVV ���� )RU HDFK V\VWHP� ZH WKHQ FDOFX�
ODWH WKH FORVHVW HQFRXQWHU ZLWK RWKHU VWDUV WKH\ KDG LQ WKH ODVW ��0\U
DQG ZLOO KDYH LQ WKH QH[W ��0\U� :H ILQG WKDW RQ DYHUDJH WKH VWDUV
LQ WKH ORFDO VRODU QHLJKERXUKRRG H[SHULHQFHV DURXQG ����� HQFRXQ�
WHUV ZLWKLQ ���SF IURP HDFK VWDU GXULQJ ��0\U� SULPDULO\ ZLWK 0�
GZDUIV VWDUV� 8VLQJ WKH $VWURSK\VLFDO 0XOWLSXUSRVH 6RIWZDUH (Q�
YLURQPHQW �$086(�� DQG WKH *38�DFFHOHUDWHG GLUHFW 1�ERG\ FRGH
$%,(� ZH WKHQ FDOFXODWH WKH HIIHFW RI SDVVLQJ VWDUV DQG WKH *DODFWLF
WLGDO ILHOG RQ WKH FRPHWV LQ H[R�2RUW FORXGV DURXQG WKH 6XQ¶V QHLJK�
ERXU VWDUV� 7KH PRVW SHUWXUEHG V\VWHP LV WKH ELQDU\ V\VWHP *OLHVH
��� $SSUR[LPDWHO\ ��×108 7,& 0\U−1 EHFRPHV WUDQVLWLRQDO LQWHU�
VWHOODU FRPHWV �7,&V�� ZKLOH ���×1010 ,62 0\U−1 LQWHUVWHOODU REMHFWV
�,62V� RYHU D WLPH LQWHUYDO RI ��0\U� 7KH VHPL�PDMRU D[HV RI WKHVH
FRPHWV DUH FRPSDUDEOH ZLWK WKH GLVWDQFH EHWZHHQ *OLHVH �� DQG WKH
6XQ� &RPHWV IURP WKH V\VWHP *OLHVH �� PLJKW UHDFK WKH VRODU V\V�
WHP LQ WKH FDVH WKDW DQ 2RUW &ORXG�OLNH VWUXFWXUH DURXQG WKLV VWDU
H[LVWV� )RU WKH UHPDLQLQJ V\VWHPV VWXGLHG LQ WKLV ZRUN� WKH UDWH RI
7,& SURGXFWLRQ RYHU D WLPH LQWHUYDO RI ��0\U LV DERXW 2.1 WR 3.8×108

7,& 0\U−1� 7KLV LPSOLHV WKDW D FRQVLGHUDEOH IUDFWLRQ RI LQWHUVWHOODU
FRPHWV UHVLGH LQ WKH ORFDO QHLJKERXUKRRG� 7KHUHIRUH WKH 6XQ DQG LWV
QHLJKERXUV DUH YLVLWHG E\ LQWHUVWHOODU FRPHWV RULJLQDWLQJ IURP RWKHU
VWDUV� ,Q WKLV ZD\� LW LV SODXVLEOH WKDW DQ LQWHUVWHOODU FRPHW FORXG H[�
LVWV�



��� ,QWURGXFWLRQ

6HFWLRQ ���

,QWURGXFWLRQ

,QWHUQDO DQG H[WHUQDO SHUWXUEDWLRQV GULYH WKH G\QDPLFDO KLVWRU\ DQG HYR�
OXWLRQ RI WKH SRSXODWLRQ RI PLQRU ERGLHV LQ WKH VRODU V\VWHP� 7KH LQWHUQDO
SHUWXUEDWLRQV DUH GXH WR WKH LQVWDELOLWLHV LQGXFHG E\ WKH JLDQW SODQHWV RQ
D SODQHWHVLPDO GLVN DW WKH HDUO\ VWDJHV RI WKH VRODU V\VWHP� 7KH H[WHUQDO
SHUWXUEDWLRQV DUH GXH WR VWDUV SDVVLQJ QHDU WKH VXQ DQG WKH *DODFWLF WLGDO
ILHOG� 7KHVH HIIHFWV SOD\ D FUXFLDO UROH LQ WKH IRUPDWLRQ DQG HYROXWLRQ RI
WKH .XLSHU EHOW �H�J�� 0RUELGHOOL ����� %UDVVHU 	 0RUELGHOOL ������ 2RUW
FORXG �H�J�� )RXFKDUG HW DO� ����� 9RNURXKOLFNê HW DO� ����� DQG LQWHUVWHO�
ODU FRPHWV �H�J�� 3RUWHJLHV =ZDUW HW DO� ����� 7RUUHV HW DO� ����D�E�� &ORVH
HQFRXQWHUV ZLWK RWKHU VWDUV FDQ GLVUXSW WKH FRPHWV LQ WKH .XLSHU EHOW �H�J��
3XQ]R HW DO� ������ VWULS WKH 2RUW FORXG �H�J� 1RUGODQGHU HW DO� ����� -tONRYi
HW DO� �����+DQVH HW DO� ����� %DLOH\ 	)DEU\FN\ ������ DQG FUHDWH LQWHUVWHO�
ODU REMHFWV �DVWHURLGV�FRPHWV�� ,Q WKH HDUO\ KLVWRU\ RI WKH VRODU V\VWHP WKH
6XQ PD\ KDYH EHHQ H[SHOOHG IURP LWV ELUWK FOXVWHU GXH WR LQWHUDFWLRQ ZLWK
WKH RWKHU FOXVWHU VWDUV �3RUWHJLHV =ZDUW 	 -tONRYi ����� 0DUWtQH]�%DUERVD
HW DO� ����� &DL HW DO� ������ (YHQ WKRXJK FORVH HQFRXQWHUV EHWZHHQ WKH VXQ
DQG RWKHU VWDUV PLJKW EH UDUH WRGD\� WKH\ PLJKW KDYH EHHQ TXLWH FRPPRQ
LQ WKH HDUO\ VWDJHV RI WKH VRODU V\VWHP� DQG WKH\ ZLOO KDSSHQ LQ WKH QHDU
IXWXUH �7RUUHV HW DO� ����� ����D�� 6WXG\LQJ WKH HIIHFW RI PXOWLSOH LQWHUDF�
WLRQV ZLWK VWDUV DQG WKH JDODFWLF WLGDO ILHOG FDQ KHOS XV WR EHWWHU XQGHUVWDQG
WKH G\QDPLFV RI WKH RXWHU UHJLRQV RI SODQHWDU\ V\VWHPV ZLWK DUFKLWHFWXUHV
VLPLODU WR WKH VRODU V\VWHP�

,I ZH DVVXPH WKDW RWKHU SODQHWDU\ V\VWHPV XQGHUJR VLPLODU SURFHVVHV
RI IRUPDWLRQ DV WKH VRODU V\VWHP� VWUXFWXUHV OLNH WKH .XLSHU EHOW DQG 2RUW
FORXG PXVW EH FRPPRQ �VHH� H�J�� 3RWHPLQH ����� 9HUDV HW DO� ����� &D�
LD]]RP 	 +H\O ����� %D[WHU HW DO� ����� 6FKZDU] HW DO� ����� 0RUR�0DUWtQ
������ 6HYHUDO VWXGLHV KDYH GHWHFWHG WKHVH VWUXFWXUHV LQ D YDULHW\ RI SUL�
PDULO\ ORZ PDVV VWDUV �VHH H�J�� 9LFHQWH 	 $OYHV ����� .LHIHU HW DO� �����
3DZHOOHN HW DO� ����� :HOVK 	 0RQWJRPHU\ ����� %R\DMLDQ HW DO� �����
6FKZDU] HW DO� ������ 7KHVH LQGLFDWH WKDW UHVHUYRLUV RI FRPHWV DURXQG VWDUV
PLJKW EH FRPPRQ� 6XFK FRPHW UHVHUYRLUV ZLOO EH DIIHFWHG E\ SHUWXUEDWLRQV
GXH WR SODQHWV� SDVVLQJ VWDUV� DQG WKH *DODFWLF WLGDO ILHOG� ZKLFK PD\ OHDG
WR WKH SURGXFWLRQ RI LQWHUVWHOODU FRPHWV �7RUUHV HW DO� ����D�� OHDGLQJ WR WKH
H[WUDSRODWLRQ WKDW LQWHUVWHOODU VSDFH PLJKW E\ IXOO RI VXFK REMHFWV�
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� '\QDPLFV RI H[R�2RUW FORXGV LQ WKH VRODU QHLJKERXUKRRG

7KH GLVFRYHU\ RI WKH ILUVW LQWHUVWHOODU FRPHW� �,�µ2XPXDPXD �:LOOLDPV
����� 0HHFK HW DO� ������ DQG WKH LQWHUVWHOODU FRPHW� �,�%RULVRY �%RULVRY
����� *X]LN HW DO� ������ RSHQHG XS D QHZ HUD LQ WKH VWXG\ DQG H[SORUDWLRQ
RI WKH VRODU V\VWHP DQG RWKHU SODQHWDU\ V\VWHPV LQ RXU JDOD[\� 7KH HMHF�
WLRQ RI PLQRU REMHFWV IURP D SODQHWDU\ V\VWHP� VXEVHTXHQWO\ EHFRPLQJ VŮOŝ
ODSLGŋV �3RUWHJLHV =ZDUW HW DO� ����� 7RUUHV HW DO� ����D�E� RU FRPPRQO\
NQRZQ DV LQWHUVWHOODU REMHFWV RU ,62V� LV PDLQO\ GXH WR WKH SRVW $*% VWHO�
ODU PDVV ORVV DQG JUDYLWDWLRQDO LQVWDELOLW\ LQGXFHG E\ D PDVVLYH ERG\� 7KLV
ERG\ FDQ EH HLWKHU D QHDUE\ SODQHW� D VWDU SDVVLQJ FORVH E\ RU D FRPELQDWLRQ
RI ERWK �VHH H�J�� 3RUWHJLHV =ZDUW HW DO� ����� 7RUUHV HW DO� ����D�E� %DQ�
QLVWHU HW DO� ������ 8VLQJ D FDWDORJXH RI QHDUE\ VWDUV� 7RUUHV HW DO� �����D�
VWXGLHG WKH G\QDPLFDO HYROXWLRQ RI FRPHWV LQ WKH2RUW FORXG� DFFRXQWLQJ IRU
SHUWXUEDWLRQV IURP SDVVLQJ VWDUV DQG WKH *DODFWLF WLGDO ILHOG� 7KH\ IRXQG
WKDW WKH FXPXODWLYH HIIHFW RI GLVWDQW VWHOODU HQFRXQWHUV DQG WKH*DODFWLF WLGDO
ILHOG UDLVHV WKH VHPL�PDMRU D[LV RI ∼ 1.2� RI WKH WRWDO QXPEHU RI FRPHWV
LQ WKH FORXG RXW WR LQWHUVWHOODU UHJLRQV� 6XFK FRPHWV EHFRPHV WUDQVLWLRQDO
LQWHUVWHOODU FRPHWV �KHUHLQDIWHU 7,&V� VDWLVI\LQJ WKH FRQGLWLRQ ec ! 1 DQG
ac > aEOC � :KHUH ec DQG ac DUH WKH HFFHQWULFLW\ DQG WKH VHPL�PDMRU D[LV
RI WKH FRPHW LQ WKH FORXG DQG aEOC LV WKH VHPL�PDMRU D[LV RI WKH H[R�2RUW
FORXG �(T� �������

)ROORZLQJ XS RQ WKH UHVXOWV RI 7RUUHV HW DO� �����D� LQ WKLV ZRUN ZH DLP
WR VWXG\ WKH IRUPDWLRQ RI 7,&V DURXQG QHDUE\ VWDUV �DVVXPLQJ WKDW WKH\
KDYH DQ H[R�2RUW FORXG� WR LQYHVWLJDWH LI ,62V IURP WKH QHDUE\ VWDUV FRXOG
LQWHUDFW ZLWK WKH VRODU V\VWHP� :H H[SORUH WKH KLVWRU\ RI VWHOODU HQFRXQ�
WHUV IRU VWDUV ZLWKLQ � SF IURP WKH 6XQ� XVLQJ DVWURPHWULF GDWD IURP *DLD
'5� �*DLD &ROODERUDWLRQ HW DO� ����� ������ 7KH VWDUV VWXGLHG DUH 3UR[LPD
&HQWDXUL� %DUQDUG¶V VWDU� *OLHVH ��� 5RVV ���� DQG 5RVV ���� :H FRQVLGHU
WKH VFHQDULR LQ ZKLFK WKHVH VWDUV KDYH DQ H[R�2RUW FORXG DQG IRFXV RQ WKH
G\QDPLFDO HYROXWLRQ RI WKH FRPHWV LQ WKRVH FORXGV GXH WR WKH VWHOODU HQ�
FRXQWHUV DQG WKH *DODFWLF WLGDO ILHOG� OHDGLQJ WR WKH SURGXFWLRQ RI 7,&V DQG
,62V� ,Q 6HFW� ��� ZH SUHVHQW WKH FORVHVW HQFRXQWHUV WKDW HDFK RI WKH QHDUE\
VWDUV WR WKH 6XQ KDV KDG LQ WKH SDVW ��0\U DQGZLOO KDYH LQ WKH QH[W ��0\U�
,Q DGGLWLRQ ZH TXDQWLI\ WKH FKDQJH RI WKH YHORFLW\ SURGXFHG IRU WKH FORVHVW
VWDUV XVLQJ WKH LPSXOVH DSSUR[LPDWLRQ� ,Q 6HFW� ��� ZH VWXG\ WKH G\QDPLFDO
HYROXWLRQ RI H[R�2RUW FORXGV DURXQG WKH 6XQ¶V QHDUHVW QHLJKERXUV XQGHU
WKH LQIOXHQFH RI SDVVLQJ VWDUV DQG WKH *DODFWLF WLGDO ILHOG� :H DQDO\VH WKH
SURGXFWLRQ RI 7,&V DQG ,62V� )LQDOO\� LQ 6HFW� ���� ZH SUHVHQW RXU VXPPDU\
DQG FRQFOXVLRQV�
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��� &ORVH VWHOODU HQFRXQWHUV H[SHULHQFHG E\ WKH 6XQ¶V QHDUHVW
QHLJKERXUV

6HFWLRQ ���

&ORVH VWHOODU HQFRXQWHUV H[SHULHQFHG E\ WKH
6XQ¶V QHDUHVW QHLJKERXUV

8VLQJ WKH FDWDORJXH RI QHDUE\ VWDUV SUHVHQWHG LQ 7RUUHV HW DO� �����D� ZH VH�
OHFWHG WKH VWDUV IRU ZKLFK ZH PRGHO WKH H[R�2RUW FORXGV IURP ZLWKLQ D � SF
UDGLXV DURXQG WKH 6XQ DW WKH SUHVHQW WLPH� 3UR[LPD &HQWDXUL� %DUQDUG¶V
VWDU� 6LULXV %� *- ��%� *- ��$� 5RVV ���� DQG 5RVV ���� 7KH ELQDU\ V\VWHP
*- �� $�% LV LQ D VXIILFLHQWO\ WLJKW RUELW WR EH PRGHOOHG �IRU VLPSOLFLW\� DV
RQH V\VWHP ZLWK D VKDUHG H[R�2RUW FORXG� :H KDYH FKRVHQ WR H[FOXGH 6LU�
LXV $ DQG % IURP WKH H[R�2RUW FORXG PRGHOOLQJ DV LW XQFHUWDLQ ZKHWKHU D
ELQDU\ KRVWLQJ DQ HYROYHG VWDU ZKLFK KDV H[SHULHQFH VLJQLILFDQW PDVV ORVV
ZLOO KDYH UHWDLQHG DQ\ H[R�2RUW FORXGV �FLUFXPVWHOODU RU FLUFXPELQDU\� WKDW
PD\ KDYH H[LVWHG LQ WKH SDVW� +RZHYHU� WKH HIIHFW RI 6LULXV % RQ WKH 2RUW
FORXGV RI WKH � V\VWHPV DERYH LV WDNHQ LQWR DFFRXQW LQ RXU FDOFXODWLRQV�
7KH VWDUV IRU ZKLFK ZH PRGHO WKH H[R�2RUW FORXGV DUH VKRZQ LQ )LJ� ���
DQG 7DEOH ���� 7KH HVWLPDWHV SUHVHQWHG LQ WKLV ZRUN DUH FRQVHUYDWLYH DQG
EDVHG RQ D VPDOO VDPSOH RI NQRZQ VWDUV� 7KHUHIRUH WKLV FRUUHVSRQGV D ORZHU
OLPLW RI WKH WRWDO QXPEHU RI 6XQ¶V QHLJKERXU VWDUV� 7KH FDWDORJXH RI QHDUE\
VWDUV ZDV EXLOW XVLQJ RQO\ *DLD '5� DVWURPHWULF GDWD� WKLV H[FOXGHV WKH ZHOO
NQRZQ QHDUE\ VWDUV ZLWKLQ ∼� SF IURP WKH 6XQ� α &HQ $� α &HQ %� :,6($
-������������������� *- ���� *- ���� DQG 6LULXV�

7KH 7RUUHV HW DO� �����D� FDWDORJXH ZDV FRQVWUXFWHG XVLQJ WKH SRVL�
WLRQV� SDUDOOD[HV� SURSHU PRWLRQV� DQG UDGLDO YHORFLWLHV IURP *DLD '5��
DQG LQFOXGHV DGGLWLRQDO UDGLDO YHORFLWLHV IURP 5$9(�'5� �.XQGHU HW DO�
������ *$/$+ '5� �%XGHU HW DO� ������ /$0267 '5� �=KDR HW DO� ������
$32*(( '5�� �$EROIDWKL HW DO� ������ DQG ;+,3 �$QGHUVRQ 	 )UDQFLV
������ ,W FRQWDLQV 14 659 VWDUV DQG LW FRQVWLWXWHV DQ DVWURPHWULFDOO\ FOHDQ
VDPSOH ZKLFK LV LQFRPSOHWH GXH WR WKH *DLD VXUYH\ OLPLWDWLRQV� WKH XSSHU
OLPLW LPSRVHG RQ WKH GLVWDQFH WR WKH VWDUV LQ WKH VDPSOH ��� SF�� DQG WKH
VWULFW GDWD�TXDOLW\ ILOWHULQJ IURP/LQGHJUHQ HW DO� ������� 8VLQJ*DODFWRFHQ�
WULF &DUWHVLDQ FRRUGLQDWHV ZH LQWHJUDWHG WKH RUELW RI WKH VWDUV LQ WKH 7RUUHV
HW DO� �����D� FDWDORJXH �� 0\U IRUZDUGV DQG EDFNZDUGV LQ WLPH IRU D WRWDO
WLPH RI �� 0\U� 7KH RUELW LQWHJUDWLRQV ZHUH GRQH ZLWK WKH *DOD SDFNDJH
�3ULFH�:KHODQ ������ XVLQJ DQ DQDO\WLF D[LV\PPHWULF PRGHO IRU WKH JDODF�
WLF SRWHQWLDO� ZKLFK FRQVLVWV RI D VSKHULFDO QXFOHXV DQG EXOJH �+HUQTXLVW
������ D 0L\DPRWR�1DJDL GLVN �0L\DPRWR 	 1DJDL ����� %RY\ ������ DQG
D VSKHULFDO 1DYDUUR�)UHQN�:KLWH �1):� GDUN PDWWHU KDOR �1DYDUUR HW DO�
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6B;m`2 8XR, a+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2 bi�`b rBi?BM 650 000 �m U∼ 3 T+V 7`QK i?2
amM UMQi iQ b+�H2VX h?2 BMM2` T�`i Q7 i?2 };m`2 b?Qrb i?2 bQH�` bvbi2K �M/ i?2 PQ`i
+HQm/X h?2 bm``QmM/BM; `BM;b `2T`2b2Mi i?2 +HQb2bi bi�`b iQ i?2 amM, S`QtBK� *2Mi�m`B
U`2/V- "�`M�`/Ƕb bi�` U#Hm2V- :HB2b2 e8 U;`22MV- _Qbb R89 Uv2HHQrV- �M/ _Qbb k93 U#`QrMVX
h?2 /Bbi�M+2b iQ i?2 bi�`b �`2 HBbi2/ �i i?2 iQT Q7 i?2 `BM;bX *QHQm`2/ /Qib `2T`2b2Mib i?2
bT2+i`�H ivT2 Q7 i?2 bi�`bc #`QrM bi�M/b 7Q` #`QrM /r�`7b- `2/ 7Q` `2/ /r�`7b- �M/ v2HHQr
7Q` : bi�`bX
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��� &ORVH VWHOODU HQFRXQWHUV H[SHULHQFHG E\ WKH 6XQ¶V QHDUHVW
QHLJKERXUV

������ 8VLQJ D .'�7UHH ZH LGHQWLILHG VWDUV IURP WKH 7RUUHV HW DO� �����D�
FDWDORJXH WKDW DSSURDFK WKH VWDUV XQGHU VWXG\ KHUH WR ZLWKLQ 2.5 SF� 7KH UH�
VXOWV DUH OLVWHG LQ 7DEOH ���� ,Q )LJ� ��� ZH VKRZ WKH WLPH DQG WKH GLVWDQFH
RI WKH FORVHVW DSSURDFK IRU HDFK FORVH VWHOODU HQFRXQWHU H[SHULHQFHG E\ WKH
VWDUV OLVWHG LQ 7DEOH ���� 2Q DYHUDJH WKH QHDUE\ V\VWHPV H[SHULHQFH ∼ 50
HQFRXQWHUV GXULQJ 200\U �WKLUG FROXPQ� 7DEOH �����

)RU WKH VWDUV ZLWKLQ � SF IURP WKH 6XQ ZH FDOFXODWH WKH VL]H RI WKH
H[R�2RUW FORXGV WKDW SRWHQWLDOO\ VXUURXQG WKHP �7DEOH ����� )ROORZLQJ WKH
ZRUNV RI +DQVH HW DO� ������ ZH VFDOH WKH RXWHU HGJH RI WKH H[R�2RUW FORXG
WR WKH +LOO UDGLXV RI WKH SDUHQW VWDU LQ WKH *DODFWLF SRWHQWLDO�

≈ a2&
R∗
R

(
M∗
M

MG(R)

MG(R∗)

)1/3

�����

ZKHUH a2& LV WKH VHPL�PDMRU D[LV RI WKH 2RUW FORXG RI WKH 6XQ� ZKLOH R DQG
R∗ DUH WKH WKH *DODFWRFHQWULF UDGLL RI WKH 6XQ DQG WKH VWDU� UHVSHFWLYHO\�
7KH WHUPVMG(R) DQGMG(R∗) DUH WKH FXPXODWLYH PDVV RI WKH *DOD[\ HQ�
FORVHG ZLWKLQ WKH UDGLXV R� DQG DUH FDOFXODWHG IURP RXU *DODFWLF SRWHQWLDO�
&RQVLGHULQJ WKDW WKH VWDUV OLVWHG LQ 7DEOH ��� KDYH R∗ ≈ R� (T� ����� FDQ EH
ZULWWHQ DV IROORZV�

≈ a2&

(
M∗
M

) 1
3

. �����

7R FDOFXODWH WKH HIIHFW RI D QHDUE\ VWDU RQ WKH FRPHWV LQ DQ H[R�2RUW
FORXG WZR LQJUHGLHQWV DUH QHHGHG� WKH HVFDSH YHORFLW\ �� IURP WKH FRPHW¶V
KRVW VWDU� DQG WKH FKDQJH LQ YHORFLW\ RI WKH FRPHWV �� DIWHU WKH LQWHUDFWLRQ� ,I
WKH ILQDO YHORFLW\ RI WKH FRPHWV DIWHU WKH LQWHUDFWLRQ ZLWK WKH SDVVLQJ VWDU LV
ODUJHU WKDQ WKH HVFDSH YHORFLW\� WKHVH ZLOO EH GLVORGJHG IURP WKH FORXG� 7KH
HVFDSH YHORFLW\ �)LJ� ���� LV FDOFXODWHG FRQVLGHULQJ WKH YDOXHV IRU WKH RXWHU
HGJH RI WKH H[R�2RUW FORXG RI HDFK VWDU� FDOFXODWHG XVLQJ (T� ����� DQG OLVWHG
LQ 7DEOH ���� 6XEVHTXHQWO\� XVLQJ WKH LPSXOVH DSSUR[LPDWLRQ �2RUW �����
5LFNPDQ ����� ZH FDOFXODWH WKH FKDQJH RI WKH YHORFLW\ GXH WR D SDVVLQJ VWDU
DV�

∝ M∗rc
v∗r2h
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QHLJKERXUV

6B;m`2 8Xk, *QMiBMm2XXX ���



� '\QDPLFV RI H[R�2RUW FORXGV LQ WKH VRODU QHLJKERXUKRRG

6B;m`2 8Xk, *HQb2bi �TT`Q�+? /Bbi�M+2 p2`bmb i?2 iBK2 Q7 +HQb2bi �TT`Q�+?X h?2
iQT T�M2H U`2/ +QHQm`bV b?Qrb i?2 +HQb2bi 2M+QmMi2`b #2ir22M S`QtBK� *2Mi�m`B
�M/ i?2 bi�`b BM i?2 hQ``2b 2i �HX UkyRN�V +�i�HQ;m2 Qp2` � iBK2 BMi2`p�H Q7 ky Jv`
+2Mi`2/ QM i?2 T`2b2MiX 6QHHQrBM; #v "�`M�`/Ƕb bi�` U#Hm2V- :HB2b2 e8 U;`22MV-
_Qbb R89 Uv2HHQrV- �M/ _Qbb k93 U#`QrMVX h?2 ?BbiQ;`�Kb BM 2�+? T�M2H `2T`2b2Mib
i?2 K�`;BM�H /Bbi`B#miBQMb BM /Bbi�M+2 �M/ iBK2X h?2 b?�/2/ �`2�b `2T`2b2Mi i?2
#QmM/�`B2b Q7 i?2 Qmi2` PQ`i +HQm/ 7Q` 2�+? bi�`X
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��� &ORVH VWHOODU HQFRXQWHUV H[SHULHQFHG E\ WKH 6XQ¶V QHDUHVW
QHLJKERXUV

6B;m`2 8Xj, 1b+�T2 p2HQ+Biv �b � 7mM+iBQM Q7 i?2 /Bbi�M+2 7`QK i?2 bi�` 7Q` S`QtBK�
*2Mi�m`B U`2/V- "�`M�`/Ƕb bi�` U#Hm2V- :HB2b2 e8 U;`22MV- _Qbb R89 Uv2HHQrV- �M/ _Qbb k93
U#`QrMVX

ZKHUH M∗ DQG v∗ DUH WKH PDVV DQG YHORFLW\ RI WKH SDVVLQJ VWDU LQ DQG
NP V−1� UHVSHFWLYHO\� 7KH GLVWDQFH RI WKH H[R�FRPHW WR LWV KRVW VWDU LV rc�
ZKLOH rh LV WKH GLVWDQFH RI WKH KRVW VWDU WR WKH SDVVLQJ VWDU DW WKH SRLQW RI
FORVHVW DSSURDFK� 7KH WRWDO FKDQJH RI WKH YHORFLW\ LQGXFHG E\ WKH VWDUV SDVV�
LQJ FORVHVW WR WKH VRODU QHLJKERXUV VWXGLHG LQ WKLV ZRUN LV OLVWHG LQ WKH ODVW
FROXPQ RI 7DEOH ����

,Q )LJ� ��� DQG 7DEOH ��� ZH VKRZ WKH FORVHVW DSSURDFK GLVWDQFH DQG
WLPH IRU HDFK RI WKH 6XQ¶V FORVHVW QHLJKERXUV� 7KH OLPLWHG GLVWDQFH UDQJH
RI WKH VWDUV LQ WKH 7RUUHV HW DO� �����D� VDPSOH RQO\ DOORZV XV WR ILQG FORVH
HQFRXQWHUV �< 2.5 SF� WKDW RFFXU ZLWKLQ ±1.50\U IURP WKH SUHVHQW IRU WKH
WRWDO SHULRG RI LQWHJUDWLRQ �±100\U�� +HUHZH GLVFXVV WKH HIIHFW H[FOXVLYHO\
GXH WR WKH LPSXOVH LPSDUWHG WR WKH FRPHWV GXULQJ WKH FORVH HQFRXQWHUV EH�
WZHHQ WKH VWDUV LQ 7DEOH ��� DQG WKH VWDUV LQ WKH 7RUUHV HW DO� �����D� FDWD�
ORJXH� 7KH IXOO FXPXODWLYH HIIHFW RI WKH HQFRXQWHUV DQG *DODFWLF WLGDO ILHOG
DUH VWXGLHG LQ WKH QH[W VHFWLRQ� )RU WKH V\VWHPV GLVFXVVHG EHORZ 7DEOH ���
OLVWV ERWK WKH FLUFXODU DQG WKH HVFDSH YHORFLW\ DW WKH HGJH RI WKH H[R�2RUW
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��� &ORVH VWHOODU HQFRXQWHUV H[SHULHQFHG E\ WKH 6XQ¶V QHDUHVW
QHLJKERXUV

FORXGV� &RPHWV LQ WKRVH FORXGV FDQ EH VWULSSHG DZD\ LI WKHLU YHORFLW\ FKDQJH
GXH WR WKH VWHOODU HQFRXQWHUV LV DW OHDVW ODUJH HQRXJK WR EULGJH WKH JDS EH�
WZHHQ WKH FLUFXODU VSHHG DQG WKH HVFDSH VSHHG�

3UR[LPD &HQWDXUL HQFRXQWHUV �� VWDUV WKDW DSSURDFK WR ZLWKLQ 2.5 SF
RYHU WKH 20 0\U LQWHJUDWLRQ LQWHUYDO �ILUVW SDQHO� UHG GRWV )LJ� ����� 7KHVH
FORVH DSSURDFKHV DOO WDNH SODFH RYHU D ∼ 3 0\U WLPH LQWHUYDO ZKLFK LV DQ
DUWLIDFW RI WKH OLPLWHG YROXPH IURP ZKLFK ZH GUDZ WKH VWHOODU HQFRXQWHU
FDQGLGDWHV� 7KH FORVHVW DSSURDFK WR 3UR[LPD &HQWDXUL LV D ORZ PDVV VWDU
DW 0.93 SF DW −0.110\U IURP WKH SUHVHQW� 7KH WRWDO YHORFLW\ FKDQJH IRU WKH
FRPHWV LQ WKH H[R�2RUW FORXG RI 3UR[LPD &HQWDXUL GXH WR WKH FORVH HQFRXQ�
WHUV LV DSSUR[LPDWHO\ 2.3× 10−3 NP V−1� RQ DYHUDJH 5.9× 10−5 NP V−1 SHU
HQFRXQWHU� 7KLV PHDQV WKDW WKH HIIHFW RI WKH FORVH HQFRXQWHUV LV VPDOO DQG
H[R�FRPHWV DURXQG 3UR[LPD &HQWDXUL ZLOO QRW VXIIHU DQ LPSRUWDQW FKDQJH
LQ WKHLU RUELWDO HOHPHQWV� FRQVLGHULQJ WKDW WKH HVFDSH YHORFLW\ DW WKH HGJH RI
LWV H[R�2RUW FORXG LV ∼ 0.064 NP V−1�

%DUQDUG¶V VWDU H[SHULHQFHV �� FORVH HQFRXQWHUV �VHFRQG SDQHO� EOXH
GRWV )LJ� ����� ZKHUH WKH FORVHVW HQFRXQWHU ZLOO KDSSHQ LQ 0.24 0\U IURP
WRGD\ DW WKH GLVWDQFH RI 0.30 SF� 7KH WRWDO LPSXOVH LQGXFHG E\ WKH VWDUV
DSSURDFKLQJ WR ZLWKLQ 2.5 SF IURP %DUQDUG¶V VWDU JHQHUDWHV D WRWDO FKDQJH
RI WKH YHORFLW\ RI ∼ 1 × 10−2 NP V−1� RQ DYHUDJH 1.7 × 10−4 NP V−1 SHU
HQFRXQWHU� $OWKRXJK RQ DYHUDJH WKH HIIHFW RI WKH SDVVLQJ VWDUV LV UHO�
DWLYHO\ VPDOO FRPSDUHG WR WKH HVFDSH YHORFLW\ DW WKH HGJH RI WKH FORXG
�0.069 NP V−1�� WKH ILQDO YHORFLW\ RI WKH FRPHWV LQ WKLV UHJLRQ DIWHU WKH HQ�
FRXQWHUV� ZLOO EH FORVH WR WKHLU HVFDSH YHORFLW\� 7KLV LPSOLHV DQ LPSRUWDQW
FKDQJH LQ WKHLU RUELWDO HOHPHQWV�

*OLHVH �� KDV WKH ODUJHVW H[R�2RUW FORXG �0.3 SF� DPRQJ WKH VWDUV LQ 7D�
EOH ���� *OLHVH �� H[SHULHQFHV �� FORVH HQFRXQWHUV �)LJ� ���� WKLUG SDQHO�
JUHHQ GRWV� DQG WZR YHU\ FORVH HQFRXQWHUV� 7KH ILUVW RQH ZLWK D UHG GZDUI
�∼ 0.6 � DW WKH HGJH RI LWV H[R�2RUW FORXG �0.23 SF� ZKLFK SURGXFHV D FKDQJH
LQ WKH FRPHW YHORFLW\ RI 2.2 × 10−3 NP V−1� :KLOH WKH VHFRQG ZLWK D VRODU
W\SH VWDU �∼ 1 � DW D GLVWDQFH RI ����SF� OHDGLQJ WR D FKDQJH LQ WKH FRPHW
YHORFLW\ RI 1.8 × 10−3 NP V−1� ,I ZH FRQVLGHUHG WKDW WKH HVFDSH YHORFLW\ LV
OLPLWHG E\ 0.076 NP V−1DW WKH HGJH RI WKH FORXG WKH LQGLYLGXDO HIIHFW RI WKHVH
VWDUV� ZLOO QRW SHUWXUE HQRXJK WKH FRPHW WR VWULS WKHP IURP WKH FORXG� +RZ�
HYHU WKH RUELWDO HOHPHQWV RI WKH FRPHWV ZLOO EH PRGLI\ E\ WKHVH HQFRXQWHUV�
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� '\QDPLFV RI H[R�2RUW FORXGV LQ WKH VRODU QHLJKERXUKRRG

7KH WRWDO FKDQJH LQ WKH FRPHW YHORFLW\ LQGXFHG E\ WKH FORVHVW HQFRXQWHUV
LV ∼ 9.7 × 10−3 NP V−1� RQ DYHUDJH WKH FKDQJH RI WKH YHORFLW\ LV DURXQG
1.8× 10−4 NP V−1 SHU HQFRXQWHU�

5RVV ��� KDV WKH VHFRQG ODUJHVW H[R�2RUW FORXG �0.28SF� DPRQJ WKH VWDUV
LQ 7DEOH ���� 5RVV ��� ZLOO IDFH D FORVH HQFRXQWHU ZLWK D VRODU�W\SH VWDU
�∼ 1.1 � SDVVLQJ DW D GLVWDQFH RI 0.21 SF �WKURXJK WKH H[R�2RUW FORXG� LQ
0.41 0\U IURP WRGD\� 7KH FKDQJH RI WKH YHORFLW\ SURGXFHG E\ WKLV VWDU LV
DSSUR[LPDWHO\ 5.5 × 10−3 NP V−1� 7KLV PHDQV D FRPHW DW WKH HGJH RI WKH
FORXG ZKHUH WKH HVFDSH YHORFLW\ LV DURXQG 0.07 NP V−1 ZLOO QRW EH VWULSSHG
IURP WKH H[R�2RUW FORXG GXH WR WKLV HQFRXQWHU� EXW LWV RUELWDO HOHPHQWV ZLOO
FKDQJH� 7KH WRWDO FKDQJH LQGXFHG E\ WKH �� VWHOODU HQFRXQWHUV �VHH )LJ� ����
IRXUWK SDQHO� \HOORZ GRWV� LV RI WKH RUGHU RI 1.03× 10−2 NP V−1� RQ DYHUDJH
RI 2.2× 10−4 NP V−1 SHU HQFRXQWHU�

5RVV ��� H[SHULHQFHV �� HQFRXQWHUV �)LJ� ���� ILIWK SDQHO� EURZQ GRWV��
LQFOXGLQJ D FORVH HQFRXQWHU ZLWK DQ 0�GZDUI ZLWK D PDVV RI 0.5 SDVVLQJ
DW 0.24 SF �MXVW RXWVLGH LWV H[R�2RUW FORXG RI ZKLFK WKH HGJH LV DW 0.26 SF��
7KLV FORVH HQFRXQWHU SURGXFHV D FKDQJH LQ WKH YHORFLW\ RI DSSUR[LPDWHO\
1.3×10−3 NP V−1LQ FRPHW DW WKH HGJH RI WKH 5RVV ��� H[R�2RUW FORXG� 7KLV
FKDQJH LV QRW HQRXJK WR VWULS WKH FRPHW IURP WKH FORXG EXW LW LV HQRXJK WR
SHUWXUE WKHLU RUELWV� 7KH UHVW RI WKH HQFRXQWHUV GR QRW SURYLGH D FRQVLG�
HUDEOH HIIHFW RQ WKH FORXG� 2Q DYHUDJH WKH FORVH HQFRXQWHUV ZLWK 5RVV ���
SURGXFH D FKDQJH RI WKH YHORFLW\ RI∼ 2.06× 10−4 NP V−1 SHU HQFRXQWHU IRU
D WRWDO FKDQJH RI ∼ 1.13× 10−2 NP V−1�

7KH HIIHFW RI WKH FORVH VWHOODU HQFRXQWHUV RQ WKH V\VWHPV VWXGLHG KHUH
LV VPDOO� WKH WRWDO FKDQJH RI WKH FRPHW YHORFLWLHV GXH WR WKH SDVVLQJ VWDUV
UDQJHV IURP ∼ 2.3 × 10−3 WR ∼ 1.1 × 10−2 NP V−1� 7KH HVFDSH YHORFLW\ IRU
WKHVH V\VWHPV UDQJHV IURP 0.061 WR 0.076 NP V−1� ZKLOH WKH FLUFXODU YHORF�
LWLHV DW WKH HGJH RI WKH H[R�2RUW FORXGV UDQJH IURP 0.045 WR 0.051 NP V−1

�)LJ� ���� 7DEOH ����� 7KLV PHDQV WKDW WKH ILQDO YHORFLW\ RI WKH FRPHWV DI�
WHU WKH HQFRXQWHUV DUH QRW VXIILFLHQWO\ ODUJH IRU WKHP WR HVFDSH WKH V\VWHPV�
7KH V\VWHPV *OLHVH ��� %DUQDUG¶V VWDU� 5RVV ���� DQG 5RVV ��� DUH WKHPRVW
SHUWXUEHG V\VWHPV ZLWK ILQDO YHORFLWLHV MXVW EHORZ WKHLU HVFDSH YHORFLW\ DW
WKH HGJH RI WKH FORXG� )RU WKH V\VWHP 3UR[LPD &HQWDXUL FRPHWV ZLOO QRW
VXIIHU DQ LPSRUWDQW FKDQJH DQG WKHLU RUELWV DQG WKH\ ZLOO UHPDLQ UHODWLYHO\
VWDEOH DIWHU WKH HQFRXQWHUV�
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��� &ORVH VWHOODU HQFRXQWHUV H[SHULHQFHG E\ WKH 6XQ¶V QHDUHVW
QHLJKERXUV

6B;m`2 8X9, :�H�+iQ+2Mi`B+ +QQ`/BM�i2b Q7 i?2 T`2b2Mi /�v TQbBiBQMb Q7 i?2 bi�`b i?�i
?�p2 K�/2 Q` rBHH K�F2 +HQb2 �TT`Q�+?2b iQ i?2 bvbi2Kb S`QtBK� *2Mi�m`B U`2/ /QibV-
"�`M�`/Ƕb bi�` U#Hm2 b[m�`2bV- :HB2b2 e8 U;`22M T2Mi�;QMbV- _Qbb R89 Uv2HHQr +`m+2bV- �M/
_Qbb k93 U#`QrM /B�KQM/bVX h?2 BMM2` THQi `2T`2b2Mib � xQQK@BM Q7 i?2 +2Mi`�H �`2�-
r?2`2 i?2 #B; v2HHQr bi�` `2T`2b2Mib i?2 amM �M/ i?2 K2MiBQM2/ bvbi2KbX

7KH ORZ PDVV RI SHUWXUEHUV �0.1±1 � DV ZHOO DV WKH UHODWLYHO\ ODUJH GLV�
WDQFH RI FORVHVW DSSURDFK �DV FRPSDUHG WR WKH H[R�2RUW FORXG VL]HV� H[�
SODLQV WKH VPDOO HIIHFW SURGXFHG E\ WKH IO\E\V� ,W LV LQWHUHVWLQJ WR SRLQW RXW
WKDW HYHQ WKRXJK WKH FORVHVW V\VWHPV WR WKH 6XQ DUH QRW KHDYLO\ SHUWXUEHG
E\ WKHLU QHDUHVW QHLJKERXU VWDUV� WKH ORFDO VRODU QHLJKERXUKRRG LV FURZGHG
DV VKRZQ LQ )LJ� ��� ZKHUH WKH FXUUHQW SRVLWLRQV RI DOO WKH VWDUV LQWHUDFWLQJ
ZLWK WKH V\VWHPV LQ 7DEOH ��� DUH VKRZQ� 7KLV LQGLFDWHV WKDW WKH MRXUQH\
WKURXJK LQWHUVWHOODU VSDFH RI WKH FRPHWV GLVORGJHG IURP WKHLU KRVW V\VWHP
ZLOO EH GHWHUPLQHG E\ WKH VWDUV LQ WKH VRODU QHLJKERXUKRRG�

7KH UHVXOWV SUHVHQWHG LQ WKLV VHFWLRQ JDYH XV D JHQHUDO SLFWXUH RI WKH
HQFRXQWHU KLVWRU\ RI WKH 6XQ¶V QHDUHVW QHLJKERXUV DQG WKH HIIHFWV WKHUHRI RQ
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� '\QDPLFV RI H[R�2RUW FORXGV LQ WKH VRODU QHLJKERXUKRRG

WKH FRPHWV LQ DQ2RUW FORXG OLNH VWUXFWXUH� +RZHYHU� WR KDYHPRUH DFFXUDWH
LQIRUPDWLRQ DERXW WKH G\QDPLFV RI WKH FRPHWV LQ WKH H[R�2RUW FORXGV LW LV
QHFHVVDU\ WR LQWHJUDWH WKHLU RUELWV LQ D *DODFWLF SRWHQWLDO� DFFRXQWLQJ QRW
RQO\ IRU WKH HIIHFW RI VLQJOH VWHOODU HQFRXQWHUV EXW VWXG\LQJ WKH FXPXODWLYH
HIIHFW RI WKH HQFRXQWHUV DQG WKH *DODFWLF WLGDO ILHOG� 7KLV LV WKH WRSLF RI WKH
QH[W VHFWLRQ�

6HFWLRQ ���

'\QDPLFDO HYROXWLRQ RI H[R�2RUW FORXGV RI WKH
6XQ¶V QHLJKERXU VWDUV

7RUUHV HW DO� �����D� VWXGLHG WKH FXPXODWLYH HIIHFWV RQ WKH 6XQ¶V 2RUW FORXG
GXH WR WKH IO\E\V RI QHDUE\ VWDUV DQG WKH *DODFWLF WLGDO ILHOG RYHU D SHULRG RI
�� 0\U �FHQWUHG RQ WKH SUHVHQW WLPH�� 7KH\ IRXQG WKDW UHODWLYHO\ FORVH HQ�
FRXQWHUV �< 2.5 SF� DQG WKH WLGHV IRUP WKH *DOD[\ FRQVLGHUDEO\ SHUWXUEHG
WKH RXWHU UHJLRQV RI WKH 2RUW FORXG� WXUQLQJ DERXW ���� RI WKH FRPHWV LQWR
WUDQVLWLRQDO LQWHUVWHOODU FRPHWV �7,&V�� 0RWLYDWHG E\ WKHVH UHVXOWV ZH LQ�
YHVWLJDWH WKH G\QDPLFV RI WKH 2RUW &ORXG�OLNH VWUXFWXUHV DURXQG VRPH RI
WKH 6XQ¶V QHDUHVW QHLJKERXUV �7DEOH ����� :H ILUVW DVVXPH WKDW WKHVH VWDUV
SRVVHV DQ 2RUW FORXG�OLNH VWUXFWXUH� )ROORZLQJ WKH PHWKRG RI 7RUUHV HW DO�
�����D� ZH DGG DQ DUWLILFLDO LVRWURSLF FORXG RI FRPHWV WR HDFK VWDU ZLWK
10 000 WHVW SDUWLFOHV HDFK� :H OLPLWHG WKH VL]H RI WKH 2RUW FORXG DFFRUGLQJ WR
(T� ����� IRU HDFK VWDU LQ 7DEOH ���� 7KH H[R�2RUW FORXGV DUH FRQVWUXFWHG LQ
VXFK D ZD\ WKDW WKH GLVWULEXWLRQ RI WKH SDUWLFOHV LV V\PPHWULF DQG LVRWURSLF�
DQG WKH\ IROORZ D XQLIRUPGLVWULEXWLRQ LQ WKH RUELWDO HOHPHQWV FRV i �LQFOLQD�
WLRQ�� ω �DUJXPHQW RI SHULDSVLV�� Ω �ORQJLWXGH RI WKH DVFHQGLQJ QRGH�� DQG
M �PHDQ DQRPDO\�� 7KH LQLWLDO HFFHQWULFLWLHV� e� DUH VHOHFWHG ZLWK D SURED�
ELOLW\ GHQVLW\ GLVWULEXWLRQ p(e) ∝ e� 7KH VHPL�PDMRU D[HV� a� DUH GLVWULEXWHG
SURSRUWLRQDO WR a−1.5 RYHU WKH UDQJH 3 × 103 DX DQG WKH RXWHU HGJH RI HDFK
FORXG� 7R HQVXUH D WKHUPDOLVHG 2RUW FORXG �H�J� 'XQFDQ HW DO� ������� '\�
EF]\ĔVNL ������� 5LFNPDQ HW DO� ������� ZH XVHG D UDGLDO GHQVLW\ SURILOH RI
r−3.5 �ZKHUH r LV WKH GLVWDQFH EHWZHHQ WKH FRPHWV DQG WKH VWDU��

2XU QXPHULFDO VLPXODWLRQV UHO\ RQ WKH $VWURSK\VLFDO 0XOWL�SXUSRVH
6RIWZDUH (QYLURQPHQW� $086( �3RUWHJLHV =ZDUW HW DO� ����� 3HOXSHVV\
HW DO� ����� 3RUWHJLHV =ZDUW HW DO� ����E� 3RUWHJLHV =ZDUW 	0F0LOODQ �����
DQG WKH *38�DFFHOHUDWHG GLUHFW 1�ERG\ FRGH �"A1 �5RD HW DO� LQ SUHVV� &DL
HW DO� LQ SUHSDUDWLRQ� ZLWK D ILIWHHQWK�RUGHU *DXVV�5DGDX LQWHJUDWRU �(Y�
HUKDUW ����� RSWLPLVHG IRU FORVH HQFRXQWHUV� :H LQYHVWLJDWH WKH HIIHFW RI
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��� '\QDPLFDO HYROXWLRQ RI H[R�2RUW FORXGV RI WKH 6XQ¶V QHLJKERXU
VWDUV

VWHOODU HQFRXQWHUV DQG WKH JDODFWLF WLGDO ILHOG RQ WKH H[R�2RUW FORXG RI HDFK
V\VWHP LQ 7DEOH ���� 7R DFKLHYH WKDW ZH FRXSOH �"A1 DQG WKH :�H� �3ULFH�
:KHODQ ����� SDFNDJH LQ VXFK D ZD\ WKDW �"A1 DGYDQFHV WKH SRVLWLRQV RI
WKH H[R�2RUW FORXG SDUWLFOHV DQG :�H� FDOFXODWHV WKH DFFHOHUDWLRQV RQ HDFK
SDUWLFOH GXH WR WKH *DODFWLF WLGDO ILHOG� EDVHG RQ WKH SRVLWLRQV SURYLGHG
E\ �"A1� 7KH FDOFXODWHG DFFHOHUDWLRQV DUH VXEVHTXHQWO\ LQVHUWHG LQWR WKH
*DXVV�5DGDX LQWHJUDWRU LQ �"A1 DV DGGLWLRQDO IRUFHV�

7KH VWDUV OLVWHG LQ 7DEOH ��� DUH SULPDULO\ EURZQ GZDUIV� ZLWK PDVVHV
DURXQG 0.1 � 7KLV PHDQV WKDW WKH RXWHU HGJH RI WKHLU H[R�2RUW FORXGV H[�
WHQGV WR DERXW 0.2 SF IURP WKH KRVW VWDU� )RU WKLV VL]H RI H[R�2RUW FORXG
WKH FRQWULEXWLRQ RI WKH *DODFWLF WLGDO ILOHG LV UDWKHU VPDOO DQG WKHUHIRUH WKH
HIIHFW RQ WKH FRPHWV DW WKH HGJH ZLOO EH PLQLPDO �7RUUHV HW DO� �����D���
7KHUHIRUH� WKH SUHGRPLQDQW SHUWXUEDWLRQ LV GXH WR WKH UHODWLYHO\ FORVH SDVV�
LQJ VWDUV� ,Q )LJ� ��� DQG )LJ� ���� ZH VKRZ WKH FKDQJH RI WKH SHULKHOLRQ DV
D IXQFWLRQ RI WKH ILQDO VHPL�PDMRU D[LV DQG HFFHQWULFLW\ IRU WKH SDUWLFOHV LQ
WKH H[R�2RUW FORXG IRU HDFK V\VWHP LQ 7DEOH ���� )RU HDFK LQGLYLGXDO V\VWHP
ZH ILQG WKH IROORZLQJ UHVXOWV�

1RWH WKDW EHORZ ZH SUHVHQW WKH QXPEHU RI 7,&V RU ,62 SURGXFHG LQ WZR
ZD\V� DV WKH SHUFHQWDJH RI WKH 10 000 VLPXODWHG SDUWLFOHV DQG DV D UDWH RI
7,&�,62 SURGXFWLRQ SHU 0\U ZKLFK LV IRXQG EH VFDOLQJ WKH VLPXODWHG H[R�
2RUW FORXGV WR WKH QXPEHU RI FRPHWV HVWLPDWHG WR H[LVW LQ WKH VRODU V\VWHP
2RUW FORXG �∼ 1012 FRPPHWV� 0RUELGHOOL HW DO� ������

3UR[LPD &HQWDXUL 7KH HIIHFW RI WKH *DODFWLF WLGDO ILHOG DQG VWHOODU HQ�
FRXQWHUV RQ WKH H[R�2RUW FORXG RI 3UR[LPD&HQWDXUL LV UHODWLYHO\ VPDOO� ZLWK
WKH FORVHVW DSSURDFK RI DQRWKHU VWDU KDSSHQLQJ DW D GLVWDQFH RI 0.93 SF�
1HYHUWKHOHVV D VPDOO IUDFWLRQ�∼ 0.42�RI WKH LQLWLDO FRPHWV LQ WKH FORXG DUH
WXUQHG LQWR 7,&V DIWHU �� 0\U �)LJ� ��� DQG )LJ� ����� 7KH SURGXFWLRQ UDWH
RI 7,&V RI 3UR[LPD &HQWDXUL GXULQJ WKRVH ��0\U LV∼ 2.1×108 7,&0\U−1�
7KH FKDQJH RI SHULKHOLRQ IRU WKH SDUWLFOHV LQ WKH FORXG LV XS WR 10 000 DX
IRU WKH SDUWLFOHV ZLWK LQLWLDO VHPL�PDMRU D[HV EHWZHHQ 47 000 DQG 51 500 DX�
ZKLFK LV WKHPRVW GLVWXUEHG UHJLRQ RI WKH FORXG� 7KH LQQHU SDUWV RI WKH FORXG
DUH QHDUO\ XQSHUWXUEHG� ,Q )LJ� ��� \HOORZ SDUWLFOHV UHSUHVHQW WKH FKDQJH RI
WKH SHULKHOLRQ DV D IXQFWLRQ RI WKH ILQDO VHPL�PDMRU D[LV IRU WKH 7,&V RULJ�
LQDWLQJ IURP WKH VRODU V\VWHP �FRPSDUH WR )LJ� �� LQ 7RUUHV HW DO� ����D��
$V FDQ EH VHHQ LQ )LJ� ���� GXH WR LWV SUR[LPLW\ WR WKH 6XQ WKH +LOO VSKHUH
RI 3UR[LPD &HQWDXUL RYHUODSV ZLWK WKH VLPXODWHG 7,&V RULJLQDWLQJ IURP WKH
VRODU V\VWHP DQG ZHPD\ WKXV VSHFXODWH DERXW FRPHWV RULJLQDWLQJ IURP WKH
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� '\QDPLFV RI H[R�2RUW FORXGV LQ WKH VRODU QHLJKERXUKRRG

VRODU V\VWHP HQWHULQJ WKH 3UR[LPD &HQWDXUL V\VWHP� 'XH WR WKH VPDOO SHU�
WXUEDWLRQV RI WKH H[R�2RUW FORXG RI 3UR[LPD WKH RSSRVLWH GRHV QRW KDSSHQ�
+RZHYHU� RXU FDOFXODWLRQV DUH OLPLWHG E\ WKH LQFRPSOHWHQHVV RI RXU FDWD�
ORJXH RI VWDUV LQ WKH VRODU QHLJKERXUKRRG� )RU D FRPSOHWH DQG DFFXUDWH
VDPSOH RI VWDU WKH SURGXFWLRQ RI 7,&V ZLOO QDWXUDOO\ LQFUHDVH� ZKLFK DOVR
LQFUHDVHV WKH FKDQFHV RI RXU VRODU V\VWHP FDSWXULQJ D FRPHW IURP 3UR[�
LPD &HQWDXUL� 1RWH WKDW 3UR[LPD LV NQRZ WR KRVW D SODQHW �$QJODGD�(VFXGp
HW DO� ����� ZKLFK PDNHV WKH H[LVWHQFH RI DQ H[R�2RUW FORXG LQ WKLV V\VWHP
SODXVLEOH �VHH DOVR 6FKZDU] HW DO� ������

%DUQDUG¶V VWDU :LWK �� HQFRXQWHUV� WKH HQFRXQWHU KLVWRU\ RI %DUQDUG¶V
VWDU LV WKHPRVW HYHQWIXO DPRQJ WKH FORVHVW VWDUV WR WKH 6XQ� 7KH FXPXODWLYH
HIIHFW RI WKH SDVVLQJ VWDUV DQG LQ SDUWLFXODU WKH FORVH HQFRXQWHU DW 0.30 SF
�QHDU WKH HGJH RI WKH H[R�2RUW FORXG� UDLVHV WKH VHPL�PDMRU D[LV DQG HFFHQ�
WULFLWLHV RI DERXW 0.52� RI WKH WRWDO FRPHWV LQ WKH 2RUW FORXG RI %DUQDUG¶V
VWDU EHFRPLQJ 7,&V� 7KLV OHDGV WR SURGXFWLRQ UDWH RI 7,&V GXULQJ ��0\U LV
∼ 2.6 × 108 7,& 0\U−1� 7KH FKDQJH LQ WKH SHULKHOLRQ RI WKH SDUWLFOHV ZLWK
ILQDO VHPL�PDMRU D[HV EHWZHHQ 20 000 DQG 40 000 DX LV XS WR 5 000 DX� DQG IRU
WKH SDUWLFOHV ZLWK LQLWLDO VHPL�PDMRU D[HV EHWZHHQ 47 000 DQG 53 000 DX WKH
FKDQJH LV XS WR DOPRVW 20 000 DX �)LJ� ����� (YHQ WKRXJK WKH FKDQJH LQ WKH
HFFHQWULFLW\ LV UDWKHU VPDOO �)LJ� ���� IXWXUH SHUWXUEDWLRQV PD\ OHDG WR WKH
VWULSSLQJ RI PRUH SDUWLFOHV IURP WKH HGJH RI WKH FORXG� 7KH FORVH HQFRXQ�
WHUV IRXQG LQ WKLV ZRUN DUH UHVWULFWHG WR 3 0\U� D ORQJHU ZLQGRZ ZLOO RQO\
LQFUHDVH WKH SHUWXUEDWLRQV LQ WKH V\VWHP� 7KH SRVVLELOLW\ RI WKH H[LVWHQFH
RI DQ H[R�2RUW FORXG DURXQG %DUQDUG¶V VWDU LV YHU\ KLJK LI ZH FRQVLGHU WKDW
WKHUH DUH LQGLFDWLRQV RI DQ H[RSODQHW �VXSHU�HDUWK� RUELWLQJ WKH VWDU �5LEDV
HW DO� ����� DQG WKDW WKH IRUPDWLRQ DQG HYROXWLRQ RI H[R�FRPHWV DUH OLQNHG
WR WKH IRUPDWLRQ DQG HYROXWLRQ RI SODQHWV�

*OLHVH �� $PRQJ WKH VWDUV OLVWHG LQ 7DEOH ��� *OLHVH �� LV WKH PRVW SHU�
WXUEHG V\VWHP� 7KH FKDQJH LQ WKH SHULKHOLRQ RI WKH SDUWLFOHV LV DURXQG
15, 000 DX YDULDWLRQ IRU WKH UHJLRQ ZLWK 52 000 < af < 61 870 DX� )RU WKH
LQQHU SDUW RI WKH V\VWHP �af < 30, 000 DX� WKH FKDQJH LV PLQLPDO �)LJ� �����
DQG WKH FRPHWV UHPDLQ LQ VWDEOH RUELWV� 7KH RXWHU PRVW SDUW RI WKH FORXG
�50 000 < af < 61 870 DX� LV KHDYLO\ SHUWXUEHG� PDLQO\ E\ WKH FORVH HQ�
FRXQWHU ZLWK D UHG GZDUI ZLWK PDVV RI ∼ 0.6 DW ���� SF� D VRODU�W\SH VWDU
ZLWK PDVV RI 1 DW ���� SF� DQG WKH *DODFWLF WLGDO ILHOG� 7KH FRPELQHG HI�
IHFW RI WKH �� HQFRXQWHUV DQG WKH WLGHV IURP WKH JDOD[\ OHDGV WR WKH HMHFWLRQ
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RI DERXW ������ RI WKH WRWDO QXPEHU RI FRPHWV LQ WKH FORXG� $GGLWLRQDOO\�
∼ 7.98� RI WKH UHPDLQLQJ FRPHWV EHFRPH 7,&V� ZLWK VHPL�PDMRU D[LV EH�
WZHHQ ∼ 6.1 × 104 WR ∼ 2 × 106 DX� 7KLV PHDQV WKDW 7,&V RU ,62V IURP
*OLHVH �� PLJKW UHDFK WKH VRODU V\VWHP LI ZH FRQVLGHUHG WKDW *OLHVH �� LV
5.5× 105 DX IURP WKH 6XQ� 7KH SURGXFWLRQ UDWH RI 7,&V DQG ,62V RI *OLHVH
�� GXULQJ �� 0\U DUH∼ 40× 108 7,& 0\U−1 DQG ���×1010 ,62 0\U−1� 7KH
DQDO\WLF FDOFXODWLRQ LQ 6HFW� ���� VKRZHG WKDW WKH HIIHFW RI SDVVLQJ VWDUV RQ
WKH FRPHWV LQ WKH H[R�2RUW FORXG RI *OLHVH �� LV OLPLWHG� +RZHYHU� ZKHQ
XVLQJ D GHWDLOHG1�ERG\ FDOFXODWLRQV DQG SDUWLFXODUO\ DFFRXQWLQJ IRU WKH FX�
PXODWLYH HIIHFW RI SDVVLQJ VWDUV DQG WKH *DODFWLF WLGDO ILOHG VKRZV WKDW WKH
FORXG LV KHDYLO\ SHUWXUEHG� 7KH GLVFUHSDQF\ RI WKH UHVXOWV LV D FOHDU H[DP�
SOH RI WKH OLPLWDWLRQV RI XVLQJ D VLPSOH DQDO\WLF PRGHO VXFK DV WKH LPSXOVH
DSSUR[LPDWLRQ �(T� ������� 7KHUHIRUH FRPSDULQJ DQDO\WLF PRGHOV ZLWK GH�
WDLOHG QXPHULFDO VLPXODWLRQV ZLOO OHDG WR D PRUH UREXVW FRQFOXVLRQ RI WKH
UHVXOWV�

5RVV ��� 7KLV LV WKH VHFRQG PRVW SHUWXUEHG V\VWHP DPRQJ WKRVH OLVWHG
LQ 7DEOH ���� ZLWK RQH FORVH HQFRXQWHU DW 0.21 SF �0.410\U IURP WRGD\� SDVV�
LQJ WKURXJK WKH H[R�2RUW FORXG� DQG �� HQFRXQWHUV RYHU 200\U� 5RVV ���
DOVR SRVVHVVHV WKH VHFRQG ODUJHVW H[R�2RUW FORXG DPRQJ WKH V\VWHPV VWXG�
LHG LQ WKLV ZRUN� ZLWK LWV HGJH DW 0.28 SF� 3DUWLFXODUO\ WKH SDUWLFOHV ZLWK ILQDO
VHPL�PDMRU D[HV EHWZHHQ 48 000 DQG 57 750 DX DUH KHDYLO\ SHUWXUEHG� ZLWK
SHULKHOLRQ FKDQJHV XS WR ∼ 34 000 DX� $URXQG 0.77� RI WKH FRPHWV LQ WKLV
UHJLRQ EHFRPH 7,&V� ZLWK IXWXUH HQFRXQWHUV IXUWKHU LQFUHDVLQJ WKHLU VHPL�
PDMRU D[LV� $URXQG 7� RI WKH 7,&V UHDFKHV ∼ 400 000 DX� ZKLOH WKH UHVW
DFTXLUHV VHPL�PDMRU D[HV EHWZHHQ 60 000 DQG 120 000 DX� ,Q WKH LQQHU SDUW
RI WKH FORXG �af = 2000±30 000 DX�� WKH SDUWLFOHV UHPDLQ VWDEOH ZLWK D VPDOO
YDULDWLRQ LQ WKHLU RUELWDO HOHPHQWV �)LJ� ��� DQG )LJ� ����� 7KH 7,& SURGXF�
WLRQ UDWH RI 5RVV ��� LQ ��0\U LV∼ 3.85×108 7,&0\U−1� &RQVLGHULQJ WKDW
RXU VLPXODWLRQV DUH OLPLWHG WR D 20 0\U WLPH LQWHUYDO� LI ZH OHW WKH V\VWHP
HYROYHG IRU PRUH WLPH WKH SURGXFWLRQ RI 7,&V ZLOO LQFUHDVH �GXH WR PRUH
VWHOODU HQFRXQWHUV DQG ORQJHU DFWLRQ RI WKH *DODFWLF WLGDO ILHOG� DQG HYHQ�
WXDOO\ WKH SDUWLFOHV ZLWK ODUJHHVW VHPL�PDMRU D[LV ZLOO EHFRPH LQWHUVWHOODU
FRPHWV�

5RVV ��� 7KH HQFRXQWHU KLVWRU\ RI WKLV V\VWHP LV VHFRQG LQ WHUPV RI
QXPEHU RI HQFRXQWHUV� ZLWK �� HQFRXQWHUV LQ 20 0\U DQG RQH FORVH HQ�
FRXQWHU DW 0.24 SF DW WKH HGJH RI LWV H[R�2RUW FORXG� 7KH SHULKHOLRQ RI
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WKH SDUWLFOHV ZLWKLQ 46, 000 < af < 53 000 DX FKDQJHV E\ XS WR 30 000 DX
�)LJ� ����� ZKLOH WKH HFFHQWULFLWLHV LQ WKH VDPH UHJLRQ FKDQJH FRQVLGHUDEO\
RYHU WLPH �)LJ� ����� 7KH SURGXFWLRQ RI 7,&V LV FRPSDUDEOH ZLWK WR WKH FDVH
RI %DUQDUG¶V VWDU ZLWK 0.52� RI WKH LQLWLDO FRPHWV WUDQVIRUPHG WR 7,&V DQG
UDWH RI ∼ 2.6 × 108 7,& 0\U−1� +RZHYHU� WKH 7,&V IURP 5RVV ��� DUH
FRQVLGHUDEO\ PRUH SHUWXUEHG SULPDULO\ EHFDXVH RI LWV FORVH HQFRXQWHU ZLWK
DQ 0�GZDUI DW WKH HGJH RI WKH FORXG� $URXQG 13� RI WKH 7,&V DFTXLUHG
VHPL�PDMRU D[HV ODUJHU WKDQ 80 000 DX� ZKLOH WKH UHVW UDQJHV IURP 52 000 WR
80 000 DX� 2QO\ 0.01� RI WKH SDUWLFOHV LQ WKH FORXG EHFRPH K\SHUEROLF� 7KH
SHUWXUEDWLRQV GXH WR WKH *DODFWLF WLGDO ILHOG DQG WKH VWHOODU HQFRXQWHUV GR
QRW FKDQJH WKH G\QDPLFV RI WKH LQQHU UHJLRQV RI WKH FORXG�

2YHUDOO WKH HIIHFW RI WKH VWHOODU IO\E\V DQG WKH *DODFWLF WLGDO ILHOG RQ WKH
6XQ¶V QHLJKERXUV LV UHODWLYHO\ ODUJH� FRQVLGHULQJ WKDW DOO WKH VWDUV VWXGLHG
DUH 0�GZDUIV DQG WKHUHIRUH WKHLU H[R�2RUW FORXG LV PRUH FRPSDFW �ZLWKLQ
0.2 DQG 0.3 SF�� ,Q WKLV ZD\� WKH FRQWULEXWLRQ RI WKH *DODFWLF WLGDO ILHOG LV
UDWKHU VPDOO DQG WKHUHIRUH WKH PRVW GRPLQDQW SHUWXUEDWLRQ DUH WKH FORVH
HQFRXQWHUV� 7KH PRVW SHUWXUEHG V\VWHPV LQ RXU VLPXODWLRQV DUH *OLHVH ���
5RVV ���� 5RVV ��� DQG %DUQDUG¶V VWDU SULPDULO\ GXH WR D YHU\ FORVH HQ�
FRXQWHU ZLWK D VWDU SDVVLQJ WKURXJK WKHLU H[R�2RUW FORXG UHJLRQV�

7KH WRWDO HIIHFW RQ WKHVH VWDUV� LV UHIOHFWHG LQ WKH SURGXFWLRQ UDWH RI 7,&V
DQG ,62V� )RU *OLHVH �� WKHVH UDWHV DUH DERXW 40 × 108 7,& 0\U−1 DQG
���×1010 ,620\U−1� $SSUR[LPDWHO\ 0.77� RI WKH FRPHWV LQ WKH 2RUW FORXG
RI 5RVV ��� EHFRPH 7,&V KDYLQJ D SURGXFWLRQ UDWH RI 3.85×1010 7,&0\U−1�
ZKLFK VHPL�PDMRU H[WHQGV XS WR 400 000 DX� )RU WKH V\VWHPV 5RVV ��� DQG
%DUQDUG¶V VWDU� WKH SURGXFWLRQ UDWH RI 7,&V LV WKH VDPH �∼ 2.6 × 108 7,&
0\U−1�� EXW WKH VHPL�PDMRU RI WKH 7,&V JRHV XS WR 200 000 DX IRU 5RVV ���
DQG 80 000 DX IRU %DUQDUG¶V VWDU� (YHQ WKRXJK %DUQDUG¶V VWDU SURGXFHV WKH
VDPH IUDFWLRQ RI 7,&V DV 5RVV ���� WKH SHUWXUEDWLRQ RI LWV QHDUE\ VWDUV LV
OHDVW VWURQJ� 7KLV LV PDLQO\ EHFDXVH WKH FORVHVW HQFRXQWHU ZLWK %DUQDUG¶V
VWDU LV D EURZQ GZDUI� ZKLFK SHUWXUEDWLRQ LV MXVW VWURQJ HQRXJK WR SHU�
WXUEHG WKH FRPHWV DW WKH HGJH RI LWV H[R�2RUW FORXG� EXW LV QRW VWURQJ HQRXJK
WR GLVORGJH WKH FRPHWV�

)LQDOO\� RQH RI WKH PRVW LQWHUHVWLQJ V\VWHPV LQ RXU OLVW LV WKH FORVHVW VWDU
WR WKH 6XQ� 3UR[LPD &HQWDXUL� 7KH HQFRXQWHU KLVWRU\ RI 3UR[LPD LV WKH
OHDVW HYHQWIXO LQ RXU OLVW� KRZHYHU GXH WR HQFRXQWHUV ZLWK UHODWLYHO\ KLJK
PDVV VWDUV� LQFOXGLQJ WKH 6XQ� WKH SURGXFWLRQ UDWH RI 7,&V LV UHODWLYHO\ KLJK
�∼ 2.1 × 108 7,& 0\U−1�� :H VSHFXODWH WKDW D VPDOO IUDFWLRQ RI WKH 7,&V
IURP RXU VRODU V\VWHP �∼ 5�� ZLOO HQWHU WKH H[R�2RUW UHJLRQV RI 3UR[LPD�
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VWDUV

7KH HIIHFW RI *DODFWLF WLGDO ILHOG RQ WKH VWDUV VWXGLHG KHUH LV OLPLWHG PDLQO\
EHFDXVH RQ DYHUDJH WKHVH 0�GZDUIV SRVVHV VPDOO H[R�2RUW FORXGV WKDW H[�
WHQG RQO\ XS WR 0.25 SF� 7KHUHIRUH WKH PRVW SURPLQHQW SHUWXUEDWLRQ WKDW
WKHVH VWDUV ZLOO VXIIHU LV GXH WR WKH SDVVLQJ VWDUV� %HFDXVH RXU OLVW RI SHU�
WXUELQJ VWDUV LV LQFRPSOHWH WKH QXPEHU RI VWDUV SHUWXUELQJ WKHVH V\VWHPV
LV H[SHFWHG WR EH KLJKHU �VHH %DLOHU�-RQHV HW DO� ������ 7KLV PHDQV WKDW WKH
QXPEHU RI 7,&V DV ZHOO DV LQWHUVWHOODU FRPHWV ZLOO EH KLJKHU WKDQ HVWLPDWHG
KHUH�

����� 7,&V�,62V LQ WKH VRODU QHLJKERXUKRRG

6WXG\LQJ WKH RUELWV RI LQWHUVWHOODU FRPHWV FDQ KHOS XV WR XQGHUVWDQG WKH G\�
QDPLFDO HYROXWLRQ RI WKH SODQHWDU\ V\VWHP IURP ZKLFK WKH ,62 RULJLQDWHG�
)RU WKH QHDUE\ VWDUV WR WKH 6XQ VWXGLHG LQ WKLV ZRUN �7DEOH ����� *OLHVH ��
LV WKH PRVW SHUWXUEHG V\VWHP� $IWHU �� 0\UV DQG WZR YHU\ FORVH HQFRXQ�
WHUV� ����� RI WKH WRWDO FRPHWV LQ WKH FORXG EHFRPH 7,&V� ZKLOH ������ DUH
HMHFWHG WR WKH LQWHUVWHOODU VSDFH� 5RVV ��� LV WKH V\VWHPZKLFK SURGXFHV WKH
VHFRQG ODUJHVW QXPEHU RI 7,&V� DSSUR[LPDWHO\ ����� RI WKH WRWDO QXPEHU
RI FRPHWV DIWHU ��0\U� )ROORZ E\ 5RVV ��� DQG %DUQDUG¶V VWDU ZLWK ������
DQG ILQDOO\ 3UR[LPD &HQWDXUL ZLWK ����� �7DEOH ����� 7KH G\QDPLFDO HYR�
OXWLRQ RI 7,&V ZLOO EH GRPLQDWHG E\ QHDUE\ VWDUV DQG WKH *DODFWLF WLGDO ILHOG�
$V WLPH SDVVHV� 7,&V ZLOO IDFH PRUH VWHOODU HQFRXQWHUV DQG SDUWLFXODUO\ WKH
HIIHFW RI WKH *DODFWLF WLGDO ILHOG ZLOO DIIHFW WKHLU RUELW DQG WKH\ ZLOO EH GLD�
ORJXHG IURP WKHLU KRVW V\VWHPV EHFRPLQJ ,62V�

)RU WKH VWDUV VWXGLHG KHUH� 7,&V IURP %DUQDUG¶V VWDU SRVVHV WKH KLJK�
HVW UHODWLYH YHORFLW\ WR WKH 6XQ DIWHU �� 0\U� ZLWK DQ DYHUDJH RI ����� NP�V
�)LJ� ����� 7KH YDULDWLRQ� LQ WKHLU YHORFLW\� LV VPDOO ∼��������� NP�V� 7KH
VHFRQG V\VWHP ZLWK KLJK UHODWLYH YHORFLW\ WR WKH 6XQ DIWHU �� 0\U� LV *OLHVH
��� ZLWK DQ DYHUDJH YHORFLW\ RI ����� NP�V� DQGZLWK YHORFLWLHV UDQJLQJ IURP
DSSUR[LPDWHO\ ����������� NP�V� 7KH WKLUG DQG ODVW V\VWHP ZLWK KLJK UHOD�
WLYH YHORFLW\ LV 5RVV ��� ZLWK DQ DYHUDJH YHORFLW\ RI ����� NP�V DQG D YDUL�
DWLRQ JRLQJ IURP ����������� NP�V� 7KH V\VWHPV 3UR[LPD &HQWDXUL DQG
5RVV ��� KDYH VPDOO YHORFLWLHV ZLWK UHVSHFW WR WKH 6XQ DIWHU ��0\U� UDQJLQJ
IURP ��������� NP�V DQG ����������� NP�V UHVSHFWLYHO\� 7KH VPDOO YDULD�
WLRQ RI WKH 7,&V UHODWLYH YHORFLW\ LV H[SHFWHG EHFDXVH WKH 7,&V DUH OHDYLQJ
WKH V\VWHP JUDGXDOO\ DQG WKHLU YHORFLW\ LV WKXV GRPLQDWHG E\ WKH YHORFLW\ RI
WKH KRVW VWDU�

7KH VPDOO FKDQJH LQ YHORFLW\ LV HQRXJK WR DOORZ WKH FRPHWV WR OHDYH
WKH +LOO VSKHUH RI WKH KRVW VWDUV DQG LV PDLQO\ LQGXFHG E\ WKH FXPXODWLYH
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h�#H2 8Xj, S`Q/m+iBQM Q7 hA*b �M/ AaPb 7`QK i?2 M2�`#v bi�`b iQ i?2 amMX h?2 }`bi
+QHmKM b?Qrb i?2 M�K2 Q7 i?2 bi�`- 7QHHQr2/ #v i?2 T2`+2Mi�;2 Q7 i?2 iQi�H +QK2ib BM
i?2 2tQ@PQ`i +HQm/b i?�i #2+QK2b hA* Q` AaPX h?2 H�bi +QHmKM `2T`2b2Mib i?2 �p2`�;2
Q7 i?2 iQi�H `2H�iBp2 p2HQ+Biv Q7 i?2 hA*b `2bT2+ib iQ i?2 amM 7Q` 2�+? bi�` �7i2` Ry Jv`
Q7 Q`#Bi�H BMi2;`�iBQMX

6WDU 7,& ,62 〈vrel〉
��� ��� �NPV−1�

3UR[LPD &HQWDXUL ���� � ����
%DUQDUG¶V VWDU ���� � �����
*OLHVH �� ���� ����� �����
5RVV ��� ���� � ����
5RVV ��� ���� ���� �����

HIIHFW RI WKH FORVH HQFRXQWHUV WKDW HDFK V\VWHP IDFHG RYHU WKH ��0\U RI
LQWHJUDWLRQ� ,I ZH FRPSDUH WKH UHODWLYH YHORFLW\ RI WKH 7,&V LQ 7DEOH ���
ZLWK �,�µ2XPXDPXD �∼���� NP�V� 0HHFK HW DO� ����� DQG �,�%RULVRY
����� NP�V� %RULVRY ����� *X]LN HW DO� ����� WKHLU YHORFLWLHV PDWFK ZLWK WKH
7,&V IURP *OLHVH �� DQG %DUQDUG¶V VWDU UHVSHFWLYHO\� 7KLV GRHV QRW LP�
SO\ WKDW �,�µ2XPXDPXD DQG �,�%RULVRY FDPH IURP WKRVH VWDUV� +RZHYHU�
LI ZH FRQVLGHUHG WKDW ,62V KDYH VPDOO YHORFLW\ ZKHQ OHDYLQJ WKHLU V\VWHPV
�7RUUHV HW DO� ����E� +DQGV HW DO� ������ 7KH UHODWLYH YHORFLW\ RI SODQHWDU\
V\VWHPV FDQ EH XVHG WR FRQVWUDLQ WKH YHORFLW\ RI WKH HMHFWHG REMHFW� )RU WKH
IXWXUH GHWHFWLRQV RI ,62V� PDWFKLQJ WKH UHODWLYH YHORFLW\ ZLWK WKRVH VWDUV
LQ WKH VRODU QHLJKERXUKRRG DQG SHUIRUPLQJ EDFNZDUG RUELWDO LQWHJUDWLRQ
�H�J�� 3RUWHJLHV =ZDUW HW DO� ����� ZLOO VHUYH DV FRQVWUDLQ RI WKHLU SRVVLEOH
RULJLQ�

6HFWLRQ ���

6XPPDU\ DQG &RQFOXVLRQV

)ROORZLQJ WKH UHVXOWV DQG PHWKRGV RI 7RUUHV HW DO� �����D�� LQ WKLV SDSHU�
ZH H[SORUHG WKH G\QDPLFDO HYROXWLRQ RI H[R�2RUW FORXGV DURXQG WKH QHDUHVW
VWDUV WR WKH 6XQ� :H VHOHFWHG WKH VWDUV ZLWKLQ � SF IURP WKH 6XQ� ZKLFK ZH
DVVXPHG WR SRVVHVV DQ 2RUW FORXG�OLNH VWUXFWXUH DQG ZLWK DFFXUDWH DVWUR�
PHWULF GDWD IURP *DLD '5�� 7KH VHOHFWHG V\VWHPV DUH� 3UR[LPD &HQWDXUL�
%DUQDUG¶V VWDU� *OLHVH ��� 5RVV ���� DQG 5RVV ���� ,Q 6HFW� ���� ZH FDOFX�
ODWHG WKH QXPEHU RI VWHOODU HQFRXQWHUV WKDW HDFK RI WKH V\VWHPV IDFHG LQ
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6B;m`2 8Xd, >BbiQ;`�K Q7 i?2 `2H�iBp2 p2HQ+Biv Q7 i?2 hA*b 7`QK i?2 bi�`b BM h�#H2 8XR
`2bT2+i iQ i?2 amMX *QHQm` #�`b +Q``2bTQM/b iQ i?2 bvbi2Kb S`QtBK� *2Mi�m`B U`2/V-
7QHHQr2/ #v i?2 bvbi2Kb "�`M�`/Ƕb bi�` U#Hm2V- :HB2b2 e8 U;`22MV- _Qbb R89 Uv2HHQrV- �M/
_Qbb k93 U#`QrMVX

WKH SDVW ��0\U DQG ZRXOG HQFRXQWHU LQ WKH QH[W ��0\U� :H ILQG WKDW RQ
DYHUDJH� WKHVH V\VWHPV H[SHULHQFH DURXQG ����� HQFRXQWHUV LQ ��0\U�

8VLQJ WKH LPSXOVH DSSUR[LPDWLRQ �(T� ������� ZH FDOFXODWHG WKH FKDQJH
RI WKH YHORFLW\ LQGXFHGE\ D SDVVLQJ VWDU WR D FRPHW LQ DQ H[R�2RUW FORXG� :H
ILQG WKDW WKH PRVW SHUWXUEHG V\VWHPV GXH WR D FORVH HQFRXQWHUV DUH *OLHVH
��� 5RVV ���� 5RVV ���� DQG %DUQDUG¶V VWDU� 7KHLU ILQDO YHORFLWLHV DUH EH�
ORZ WKH HVFDSH YHORFLW\ DW WKH HGJH RI WKHLU H[R�2RUW FORXG �7DEOH ����� )RU
3UR[LPD &HQWDXUL WKH HIIHFW RI WKH SDVVLQJ VWDUV GR QRW UHSUHVHQW DQ HVVHQ�
WLDO FKDQJH LQ WKH YHORFLW\ RI WKHLU FRPHWV�

7R KDYH D FRPSOHWH VWXG\ RI WKH HIIHFW RI SDVVLQJ VWDUV RQ WKH 6XQ¶V
QHLJKERXU VWDUV� LQ 6HFW� ��� ZH VWXGLHG WKH G\QDPLFDO HYROXWLRQ RI WKH
FRPHWV LQ DQ H[R�2RUW FORXG� :H LQFOXGHG WKH FXPXODWLYH HIIHFW RI SDVV�
LQJ VWDUV ZLWKLQ ��� SF IURP HDFK V\VWHP DQG WKH *DODFWLF WLGDO ILHOG� 8VLQJ
WKH HQFRXQWHU KLVWRU\ RI WKH QHDUE\ VWDUV WR WKH 6XQ �7DEOH ����� ZH LQWH�
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JUDWHG WKH RUELWV RI WKH FRPHWV IRU ��0\U ���0\U LQ WKH SDVW� ��0\U LQ
WKH IXWXUH�� )RU WKH ILYH VWDUV VWXGLHG LQ WKLV ZRUN �7DEOH ����� *OLHVH ���
LV WKH PRVW SHUWXUEHG V\VWHP� *OLHVH �� LV D ELQDU\ V\VWHP RI ZKLFK 2RUW
&ORXG H[WHQGV XS WR ��� SF� ,W IDFHV �� HQFRXQWHUV LQ �� 0\U� KDYLQJ WZR
YHU\ FORVH HQFRXQWHUV DW D GLVWDQFH RI ���� DQG ���� SF� 7KH FRPELQHG HI�
IHFW RI DOO FORVH HQFRXQWHUV �SULPDULO\ WKH WZR FORVHVW� DQG WKH WLGHV IURP
WKH *DOD[\� OHDGV WR D SURGXFWLRQ UDWH RI 7,&V DQG ,62V RI DERXW 40 × 108

7,& 0\U−1 DQG 1.4 × 1010 ,62 0\U−1 RYHU D WLPH LQWHUYDO RI �� 0\U� 7KH
VHPL�PDMRU D[LV RI WKH 7,&V IURP *OLHVH �� UDQJHV IURP ∼ 6.1 × 104 WR
∼ 2 × 106 DX� 7KLV LPSOLHV WKDW 7,&V RU ,62V IURP *OLHVH �� PLJKW UHDFK
WKH VRODU V\VWHP¶V 2RUW FORXG ZKRVH LV ORFDWHG ∼ 5.5× 105 DX DZD\�

5RVV ���� IDFHG D FORVH HQFRXQWHU ZLWK D *�VWDU DW ���� SF �DW WKH HGJH RI
LWV H[R�2RUW FORXG� DQG �� HQFRXQWHUV ZLWKLQ ��� SF� 7KHVH HQFRXQWHUV DQG
WKH HIIHFWV IURP WKH WLGHV RI WKH *DOD[\ IRUP DSSUR[LPDWHO\ 3.8 × 108 7,&
0\U−1� 7KH IROORZ PRVW SHUWXUEHG V\VWHP DUH 5RVV ���� %DUQDUG¶V VWDU�
DQG3UR[LPD&HQWDXUL� 7KH V\VWHPV%DUQDUG¶V VWDU DQG5RVV ��� IDFHG VLP�
LODU HQFRXQWHU KLVWRULHV ���� DQG �� HQFRXQWHUV�� ZKLFK SHUWXUEDWLRQV OHDG
WR WKH IRUPDWLRQ RI∼ 2.6×108 7,&0\U−1 IRU ERWK FDVHV RYHU ��0\U� 1HY�
HUWKHOHVV� WKH SHUWXUEDWLRQ LV ODUJHU LQ 5RVV ���� GXH WR D FORVH HQFRXQWHU DW
���� SF �LQVLGH RI LWV H[R�2RUW FORXG�� 7KLV LV UHIOHFWHG LQ WKH ODUJHU VHPL�
PDMRU D[LV RI WKH 7,&V FRPSDUHG WR WKH RQHV LQ %DUQDUG¶V VWDU �)LJ� �����
)LQDOO\� 3UR[LPD &HQWDXUL IDFHV �� HQFRXQWHUV GXULQJ ��0\U� ZKLFK WR�
JHWKHU ZLWK WKH WLGHV IURP WKH *DOD[\ OHDGV SURGXFWLRQ UDWH RI ∼ 2.1 × 108

7,&0\U−1� 'XH WR LWV SUR[LPLW\ WR WKH 6XQ� WKH H[R�2RUW FORXG RI 3UR[LPD
&HQWDXUL RYHUODSV ZLWK ∼�� RI WKH 7,&V RULJLQDWLQJ IURP WKH VRODU V\VWHP
�)LJ� �� LQ 7RUUHV HW DO� ����D�� 7KHUHIRUH ZH PD\ VSHFXODWH WKDW REMHFWV
FRPLQJ IURP WKH VRODU V\VWHP HQWHU 3UR[LPD &HQWDXUL� 'XH WR WKH VPDOO
SHUWXUEDWLRQV RI WKH H[R�2RUW FORXG RI 3UR[LPD� WKH RSSRVLWH GRHV QRW KDS�
SHQ LQ RXU FDOFXODWLRQV�

2YHUDOO� WKH HIIHFW RI SDVVLQJ VWDUV GRPLQDWHV RYHU WKH WLGHV IURP WKH
*DOD[\� 7KH LPSDFW RI WKH *DODFWLF WLGDO ILHOG LV WRR ZHDN RQ WKH VKRUW WLPH
VFDOH VWXGLHG KHUH� WR DIIHFW WKH RUELWDO HOHPHQWV RI WKH FRPHWV LQ WKH H[R�
2RUW FORXG� %HFDXVH RI WKH VPDOO VL]H RI WKH H[R�2RUW FORXG �DSSUR[LPDWHO\
KDOI RI WKH 2RUW FORXG RI WKH 6XQ�� DQG WKH SRVLWLRQ RI WKH VWDUV LQ WKH *DODF�
WLF SODQH� +RZHYHU� LW LV WKH FRPELQHG HIIHFW RI WKH *DODFWLF WLGDO ILHOG DQG
VWHOODU HQFRXQWHUV ZKLFK VKDSHG WKH HGJH RI WKH H[R�2RUW FORXGV VWXGLHG LQ
WKLV ZRUN� ,W LV LPSRUWDQW WR VWUHVV WKDW HVWLPDWHV SUHVHQWHG LQ WKLV ZRUN
DUH FRQVHUYDWLYH DQG EDVHG RQ D VPDOO VDPSOH RI NQRZQ VWDUV� 7KH SURGXF�
WLRQ UDWHV RI 7,& VFDOH ZLWK WKH WRWDO QXPEHU RI FRPHWV LQ WKH 2RUW FORXG

���



��� 6XPPDU\ DQG &RQFOXVLRQV

IRU DOO WKH V\VWHPV SUHVHQWHG LQ WKLV ZRUN LV DSSUR[LPDWHO\ RI RUGHU 108
7,& 0\U−1 RYHU D WLPH LQWHUYDO RI �� 0\U� $ FRPSOHWH VDPSOH RI QHDUE\
VWDUV ZLOO QDWXUDOO\ LQFUHDVH WKH QXPEHU RI 7,&V DQG ,62V LQ WKH ORFDO VR�
ODU QHLJKERXUKRRG� 7KLV LPSOLHV WKDW WKH QHDUE\ V\VWHPV ZLWK DQ H[R�2RUW
FORXG LQFOXGLQJ WKH VRODU V\VWHPPLJKW JHW FRQVWDQWO\ SROOXWHG E\ LQWHUVWHO�
ODU FRPHWV� 7KHUHIRUH DQ LQWHUVWHOODU FORXG RI FRPHWV LV YHU\ SODXVLEOH�

$FNQRZOHGJHPHQWV 67 H[SUHVVHV KLV JUDWLWXGH WR WKH 0H[LFDQ 1D�
WLRQDO &RXQFLO IRU 6FLHQFH DQG 7HFKQRORJ\ �&21$&<7� IRU WKH JUDQW
����������� ���� WR /HLGHQ 2EVHUYDWRU\ IRU WKH XQFRQGLWLRQDO VXSSRUW�
DQG WR 0D[ZHOO &DL DQG <OYD *|WEHUJ� IRU WKH GLVFXVVLRQV DQG FRPPHQWV
RQ WKH PDQXVFULSW� 7KLV ZRUN KDV PDGH XVH RI GDWD IURP WKH (XUR�
SHDQ 6SDFH$JHQF\ �(6$�PLVVLRQ*DLD �?iiTb,ffrrrX+QbKQbX2b�XBMif;�B���
SURFHVVHG E\ WKH *DLD 'DWD 3URFHVVLQJ DQG $QDO\VLV &RQVRUWLXP �'3$&�
?iiTb,ffrrrX+QbKQbX2b�XBMifr2#f;�B�f/T�+f+QMbQ`iBmK�� )XQGLQJ IRU WKH
'3$& KDV EHHQ SURYLGHG E\ QDWLRQDO LQVWLWXWLRQV� LQ SDUWLFXODU WKH LQVWLWX�
WLRQV SDUWLFLSDWLQJ LQ WKH *DLD 0XOWLODWHUDO $JUHHPHQW� 7KLV ZRUN ZDV FDU�
ULHG RXW RQ WKH 'XWFK QDWLRQDO H�LQIUDVWUXFWXUH ZLWK WKH XVH RI &DUWHVLXV
WKH 'XWFK QDWLRQDO VXSHUFRPSXWHU DQG WKH VXSSRUW RI 685) &RRSHUDWLYH�
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