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Chapter6
Free energy of a confined worm like chain
under torsion

In this chapter we lay the foundation for the extension of the mechanistic plectoneme model
with thermal fluctuations, that will be the main subject of the next chapter. The plectonemes
that form put the chains into a confined environment that has an important impact on the
way the torsional loads get divided. We will extend the WLC model from earlier chapters
to one with a finite stretch modulus and twist stretch coupling, confined in a channel with
dimensions far below the persistence length of the chain, even compared to a torsion corrected
persistence length. The narrowness of the channel implicates that the chain does not fold on
itself, but that it is up to fluctuations stretched, the so called Odijk regime [170]. In the torsion
free case an analogous calculation was performed by Burkhardt [171], but his calculation
can not immediately be applied to this more complex problem. To start of we will redo the
calculations of Moroz and Nelson [172] of a chain under torsion and tension below buckling.
We will take a different approach, as a guideline for how to treat the more complicated cases.
An analogous calculation in less detail was also done by Marko [173]

6.1 Chain under tension
The WLC Hamiltonian is easily extended to include an elastic stretch term and a twist stretch
coupling. The stretch modulus, multiplying a term quadratic in the stretch, is not precisely
known, but values are in the 700 pN to 1400 pN range. It is pretty large which is one of the
reasons stretch is often neglected. The twist stretch coupling modulus, B, multiplies a term
linear in twist and stretch, thereby breaking stretch-compress and chiral symmetries. It was
recently found to be negative: when stretch increases, twist also increases. More about these
quantities for DNA in the next chapter. The chain is now not only represented by its tangent
and differential twist angle, but also by a local stretch scalar. The parametrization is as before,
but it is to be noted that the parametrization does not anymore coincide with the contour
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72 Free energy of a confined worm like chain under torsion

length due to the stretch. The Hamiltonian reads, up to quadratic order:
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We look at fluctuations around the ground-state. The Euler Lagrange equations for the twist
angle, P , and stretch factor u.s/ give the obvious “classical” results:

P 0 D constant u0 D
f�B P 0

S
(6.2)

When changing to a fixed linking number ensemble we will make the natural choice P 0 D
2� htwi, the expectation value of the twist density. Completing the square for u.s/, and
assuming the fluctuations around the ground-state stretch factor to be small, they can be
integrated out:
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As we have local expressions for twist, tw.s/ D P .s/

2�
, and writhe !, given by Fuller’s equation,

equation (4.14) up to quadratic order:
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we can define a linking density as lk.s/ WD tw.s/C !.s/. The boundary conditions we want
to study are with Lk D

R
ds lk fixed. Writing lk.s/ D lkCı.s/, with lk D Lk =Lc, allows us

to integrate over the fluctuations:
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with Pc
0

WD Pc�B2 =S, the effective torsional persistence length renormalized by the twist
stretch coupling, as introduced by Marko [173]. We rescale lengths with the deflection length,
Os D s=�:
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The eigenvalues are
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The partition sum is a product of Gaussian integrals and so
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In the denominator of the product we have a quadratic expression in n2. Let �i ; .i D 1; 2/ be
its roots. Then we can write the product as:
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The complex part of the square root of these roots gives the exponential decay with increasing
chain length. The roots are:
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Alternatively we can work all the time in the continuum limit, which will turn out to be useful
for the confined case coming up soon:
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To calculate the writhe density expectation value we have added a term �! to the Hamiltonian
and we find
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The stretch factor u0 follows from equation (6.2): u0 D .f�B 2� htwi/=S. We obtain he
relative extension of the chain by differentiating the free energy with respect to the force:
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Finally it is interesting to know the expectation value of the torque that the end of the chain
exerts on the 2 clamps that set the linking number. To calculate it, we add a term ��2� lk to
the free energy and minimize with respect to lk. This gives the torque at a point along the
chain:
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6.2 Confined chain: isotropic case

We consider a linking number constrained chain of contour-length L0, confined along the
z-axis in a harmonic potential. Following Burkardt [171] we will assume the potential to be
strong enough so that there are no overhangs. The Hamiltonian reads:
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where s is the stretched chain contour, s.t/ D
R t
0

dt 0.1C u.t 0// and Lc the contour length of
the stretched chain. We furthermore changed to coordinates perpendicular to the channel axis,
neglecting all terms above quadratic ones in either r or its derivative.

Note that, unlike u, P is not in general a small variable, since we consider a chain
under torsion. White’s relation must hold, taking the ends parallel to the confinement axis.
The absence of overhangs means that all fluctuating paths are writhe homotopic 1 to the
confinement axis, so we can use Fuller’s equation (4.14) and we can write Wr D

R Lc

0
ds!.s/.

1This is actually not true since the paths in a path integral are not smooth to the extreme, but in a limit sense it
can be used
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Using the confinement axis as reference curve we have up to quadratic order:
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We make the following coordinate change:
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To simplify the calculations we rescale the internal (contour) length and the external (channel
width) length following Burkhardt:
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resulting in:
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We go now to momentum space, taking periodic boundary conditions:
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The partition sum is a product of Gaussian integrals

Z D N exp.�2˛�2 OP Olk
2
OLc/

1Y
nD1

.2�n
OLc
/8

�n;C�n:�
(6.27)

In the denominator of the product we have a quartic expression in n2. Let �i N�i ; ; .i D 1; 2/
be the pairs of conjugate roots then we can write the product as:

1Y
nD1

.� � � / D
Y
iD1;2

1Y
nD1

1�
1 � �i

n2

� 1�
1 � N�i

n2

�
D

Y
iD1;2

�
p
�i

sin.�
p
�i/

�
p
N�i

sin.�
p
N�i/

(6.28)

The complex part of the square root of these roots give the exponential decay with increasing
chain length. The roots are all of the form:
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Now write
p
�1;2 D .x1;2 ˙ {y1;2/. In the long chain limit the contribution of the roots to the

partition sum is:

OLc
2

4
j�j

sin2. OLcx=2/ cosh2. OLcy=2/C cos2. OLcx=2/ sinh2. OLcy=2/
' OLc

2
j�je�

OLcjyj (6.32)

Let �1;2 be representatives of the two conjugate pairs and y1;2 its imaginary parts. The
partition sum is given by:
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The free energy of the confined chain per contour-length in the long chain limit is given by
the lowest eigenvalue of the Hamiltonian :
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The first term is the twist energy stored in the chain, the second represents the free energy
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Figure 6.1: Flow of the roots
p
�i in the complex plane under increasing torsion. The horizontal line

indicates the speed with which the roots flow as explained in the text.

of the confinement. In case the linking number density is zero, the roots are, up to a sign
equal: �1;2 D ˙{ ) jy1;2j D 1=

p
2 and we retrieve Burkhardt’s result. The flow of the roots

under increasing linking number density is depicted in Figure 6.1. Starting from lk D 0 the
root pairs move apart. Both decrease their imaginary parts, effectively decreasing the free
energy of confinement. The reason is that the thermal writhe pushes the chains away from
the centerline. This does not happen in a symmetric way, as is shown by the line along the
x-axis, where each arrow corresponds to a fixed increase of lk. At lkcr the right pair of roots
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becomes real indicating a singularity in the partition sum. Of course our theory breaks down
before this happens. To facilitate a fast calculation of the effect of twist on the confinement
free energy the following expression can be shown to give an approximation with a maximum
error less than 0:7%.:
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Another way to calculate the free energy is the following, starting from (6.27), omitting a
constant and the twist part
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and the second, making use of the fact that �p3 < p4 C 1, for � < �cr , and noting that the
series converges uniformly in any closed interval contained in Œ0; �cr/, in:Z 1
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This can be rewritten with the help of standard gamma function identities as:
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making the bifurcation point explicit. The free energy of confinement is finally given by:
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or defining the “small” parameter x WD �=�cr and the dimensionless parameter  WD 2� Pc
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An estimate of the rest term can be obtained using the asymptotic expansion of the gamma
function:
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It is somewhat unexpected that the two expressions for the free energy equation (6.34) and
equation (6.40) are equivalent, but the second can be seen as the Laurent series of the first. It
is useful to express the free energy in terms of the width of the fluctuations in the channel.
For long chains this can be easily obtained from the free energy density (Burkhardt):
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We now wish to invert the series (6.42). We use a standard trick to rewrite the series in a form
that makes it suitable for Lagrange inversion, namely as a series where the derivative at the
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point of inversion is finite. We first write
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The first terms of the resulting series are:

x.z/ D z1=3 �
z

6
p
3
�
7z5=3

216
CO.x7=3/

g.z/ D
1

z1=3
�
z1=3

3
p
3
C

5z5=3

243
p
3
CO.z7=3/

or in terms of the unscaled variables:

f D
21=3

Pb
1=3
hr2i

1=3
�
.2� lk Pc

0

/2

8 21=3 Pb
2
.Pb

˝
r2
˛
/1=3 CO

�.2� lk Pc
0

/5

Pb
6

.Pb
˝
r2
˛
/5=3

�
(6.45)

The demand � � �cr translates into .Pb
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lk/. In the plectoneme the
free energy of the confining potential is taken into account. When the potential causing the
confinement potential is separately known, but complicated, the harmonic potential is just
there to get an estimate for the cost of confining the chain and so its contribution needs to be
subtracted [153] to get the confinement free energy:
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and so we find
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We next consider the average thermal writhe, which is conjugate to the linking number in the
fluctuation free energy:
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Of course Whites relation gives us at the same time the average twist density.
To calculate the extension we add a term .�=2/.dr

ds /
2 to the fluctuation Hamiltonian (6.20).

The extension is then given by, using the results of section 6.1,:
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The resulting free energy expression changes to:
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with O� D �Pb
�1=2 b�1=2 and N�.�/ D 2� Pc

0
lkCB�=.S/

Pb
3=4 b1=4

. We need @� f at � D 0. The first
integral results in:

@

@�

Z 1
0

dp
2�

log

 
p8

.p4 C O�p2 C 1/2

!ˇ̌̌̌
ˇ
�D0

D Pb
�1=2 b�1=2

@

@ O�

 
�2

s
1

2
C

O�

4

!ˇ̌̌̌
ˇ
O�D0

D �2�3=2 Pb
�1=2 b�1=2 (6.50)



Free energy of a confined worm like chain under torsion 83

while the second integral results in:
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And so we find as contraction factor:
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6.3 Non isotropic confinement

We now consider a confinement in a channel, where the confining potential in the two
directions have a different strength. The Hamiltonian (6.20) changes to:
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The rescaling is as before except that we replace b with
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which has the dimension of ŒL�3�. With that choice the bifurcation point is at:
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And so we have again a suitable parameter for an expansion. The free energy corresponding
to (6.36) is now given by:
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The �’s neatly cancel. This is obvious from the way the scaling was defined but this makes the
expansion more transparent. Since � cancels we change to a new parameter ˛ WD 2� Pc
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To get an expression for the free energy as function of the second moment of the fluctuations
we will use a multivariate extension of Lagrange inversion [174, 175]. For the choice of point
of reversion and parameterization we will first try to treat both directions on equal footing.

We start by defining suitable scales and parameters. Define, with i D x or y:
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with i D x or y. The average fluctuation variance can now be calculated (as before) as:
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We need a formal power series fx;y that implicitly defines zx;y as a power series in vx;y
through zi D v
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i fi.zx; zy/. Note that we have taken the (reduced) variance to the power 1=3,

since this functional equation has only a solution, that is then also unique, when fi.0; 0/ ¤ 0.
We define fi as:
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The coefficient for the term . 3
p
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where Œx1;2�n;mF.x1;2/ denotes the coefficient of the monomial xn1x
m
2 in the (formal) power

series F . Of course the same would hold would we replace g with some other power series.
From the above we find:
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and we clearly have a problem: there are an infinite number of terms in .v.2nC1/=3x Cv
.2nC1/=3
y /

with coefficients that do not decrease. To resolve this we will redefine our expansion parame-
ters. We will distinguish two cases: either the harmonic potentials are almost equal, bx � by
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resulting in the Good-Lagrange equation:
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From this we find:
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Also here we can calculate the entropic contribution to the confinement free energy, subtracting
the contribution of the artificial harmonic potential (in case the confinement potential has
been taken care of separately). Replacing g in the Good-Lagrange equation (6.64) with the
expectation value of the reduced potential energy density hU i D 1
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Note that these results lead to the right isotropic expressions since:
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For the extension we add again a fictitious force term as in the isotropic case, leading to
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relying again on the inversion formula. This finally results in:
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Finally we calculate the writhe density as function of the linking number density:
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Next we will check the limit of high anisotropy.

6.3.2 Strong anisotropy
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Note that this time we need �1=3s since to lowest order �s � ı3s . As inversion formula we
find:
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resulting in:
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We can in fact sum up all terms in �s in the second term to get as compact expression:
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Remembering the definition of �s it is immediately clear that the end result can be written in
a symmetric way covering all cases in one formula. It is useful to introduce now the concept
of deflection length of confinement as
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as a length scale over which the potential starts to dominate thermal motion. The factor
2 is a matter of convention. The torsion mixes the two confinement directions. The new
deflection length that emerges can be seen as an effective one, dominated by the smallest
dimension in case of highly anisotropic confinement, equal to the conventional one for
isotropic confinement. With these definitions the final result of this chapter can be written as:
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Not to become too repetitive we just mention the results for all other relevant quantities:
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