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Chapter 7

Non-linear Scaling Model

All of the preceding chapters dealt with a linear microscopic model: the elastic
forces of Eq. 2.1 and the viscous forces of Eq. 2.3 are linear in respectively the
overlap and the relative velocity. There are two good reasons to consider a
larger class of microscopic models. The first reason is that many systems, for
example the foams that we claim to describe, do not actually have linear (vis-
cous) interactions. The second reason is that this allows us to probe whether
changing the microscopic interactions influences the critical exponents. Given
the way we have derived our ‘critical’ exponents, it does not seem likely that
our exponents are independent of the microscopic interactions, and this aspect
will be investigated in detail in this chapter.

7.1 Microscopic Model

We generalise our original, linear, microscopic model by changing the interac-
tions into more general power law dependences:

Fe
ij = kδαe

ij r̂ (7.1)

Fv
ij = −b∆vαv

ij ∆v̂ij , (7.2)

with r̂ the unit vector connecting the centres of particles i and j and αe and
αv being general power law exponents that can take any (positive) value.
Note that both forces will still be zero when particles are not in contact and
that setting αe = αv = 1 recovers the linear Durian model of the preceding
chapters. This new formulation will allow our model to describe many more
experimentally relevant systems. For example, the model can describe hertzian
particles like grains in which F e ∼ δ3/2. More importantly, foams do not
have linear viscous interactions, but are microscopically shear thinning, F ∼
∆v2/3 [37]. Our new model can therefore make predictions for the rheology of
these kinds of systems. These predictions will be developed and tested in this
chapter.
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92 CHAPTER 7. NON-LINEAR SCALING MODEL

7.2 Scaling Model

We will now investigate how the three ingredients of our original 3E scaling
model, power balance Eq. 4.1, effective strain Eq. 4.2 and the elasticity relation
Eq. 4.5, change when we change from the linear microscopic model to the more
general power law microscopic model.

7.2.1 Energy Balance

The first ingredient of our 3E model is an equation for power balance. The
power that is put into a system of linear size L by shearing is given by σxyγ̇L

2.
This power is dissipated by the viscous interactions between the bubbles. The
power that is dissipated between two bubbles, i and j, is given by ∆vij ·Fv

ij , the
inner product of their relative velocity and the dissipative force they exert on
each other. Averaging both expressions over time and averaging the dissipation
over all contacts then yields

〈σxy〉t γ̇L2 = N/2
〈
Z
〈
∆vij · Fv

ij

〉
ij

〉
t
, (7.3)

with 〈·〉ij indicating averaging over all contacts. Since the viscous force is so
explicitly present in the formulation of power balance, it is clear that, and
how, changing the exponent of the viscous force will change the formulation of
power balance. Substituting our definition for the dissipative force, equation
7.2, we get the following expression:

〈σxy〉t γ̇L2 = bN/2
〈
Z
〈
∆v1+αv

〉
ij

〉
t
, (7.4)

7.2.2 Effective Strain

The effective strain will not depend explicitly on the microscopic force laws
in our system: the yield strain, γy, is a function of the compression only and
while the way the compression depends on, for example, the pressure may
depend on the microscopic interactions, the formulation of the effective strain
as a function of ∆φ will not. Similarly, the dynamic strain, γdyn, depends on
the timescale in which particles rearrange, which itself depends on the strain
rate with which the system is driven and the average relative velocity between
particles. Although the average relative velocity will probably not be the same
in systems with different microscopic force laws, the way the dynamic strain
depends on this difference is purely geometric and therefore will not change.
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This means that we can simply copy the relation that we had before:

γy = ∆φ (7.5)

γdyn =
γ̇d

〈∆v〉t,ij
(7.6)

γxyeff = Bxyeffγy + γdyn (7.7)

γxxeff = Bxxeff γy + γdyn (7.8)

7.2.3 Elasticity Relation

The situation for the elasticity is more complicated. It will turn out to depend
on the elastic force law, but not in such a straightforward way as our power
balance expression depended on the viscous force law. In order to derive this
dependence we start by looking at the dimensionless stress. In the linear case
we had the following expression

σ̃ =
σ

k
(7.9)

In our non-linear microscopic model, however, the unit of k is no longer Nm−1

but Nm−αe and the resulting σ̃ is not dimensionless. Therefore, we need to
formulate a more general expression for the dimensionless stress which reduces
to Eq. 7.9 for linear interactions but gives a dimensionless stress for all values of
αe (and αv). One possible approach is to divide not by the bare spring constant
k, but by the effective spring constant keff = 〈dF e/dδ〉ij =

〈
αekδ

αe−1
〉
, which

will always have units of Nm−1. Note that in the linear case keff = k. If we
assume that the typical overlap will scale with the global effective strain and
the particle size, we get:

keff = αek (dγeff)
αe−1

(7.10)

We also assume that the non-dimensional stress will still depend on the
effective strain in the same way as in the linear case, Eqs. 4.5 and 5.4. Es-
pecially in the case of the normal stress, where our elasticity equation was
purely phenomenological, this is a strong assumption. We must first give the
elasticity relation in non-dimensional form, but since we only have to divide
by k in the linear case, this is straightforward:

σ̃e
xy = Axy1 ∆φ1/2γxyeff

√
1 +

(Axy2 γxyeff )
2

∆φ
(7.11)

σ̃e
xx = Axx1 γxx1.3

eff . (7.12)

Multiplying this with keff to recover the expression for the full, dimensional
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Critical Transition

elasticity σ ∼ γ1+αe

eff σ ∼ ∆φ1/2γαe

eff

effective strain γeff ∼ γ̇/∆v γeff ∼ γ̇/∆v

rheology σ ∼ γ̇
αv(1+αe)
2+αv+αe σ ∼ ∆φ

1+αv
2(1+αv+αe) γ̇

αeαv
1+αv+αe

range γ̇ > ∆φ
2+αv+αe

2αv γ̇ > ∆φ
3/2+αv+αe

αv

γ̇ > ∆φ2+αv+αe γ̇ < ∆φ
2+αv+αe

2αv

Yield Dense

elasticity σ ∼ ∆φ1/2γαe

eff σ ∼ γ1+αe

eff

effective strain γeff ∼ ∆φ γeff ∼ ∆φ

rheology σ ∼ ∆φαe+1/2 σ ∼ ∆φαe+1

range γ̇ < ∆φ
3/2+αv+αe

αv C < ∆φ

C > ∆φ γ̇ < ∆φ2+αv+αe

Table 7.1: The four rheological regimes for the shear stress in our general
power law scaling model with their definitions, results and ranges of validity.

stress we get:

σe
xy = Axy1 αekd

αe−1∆φ1/2γxyαe

eff

√
1 +

(Axy2 γxyeff )
2

∆φ
(7.13)

σe
xx = Axx1 αekd

αe−1γxxαe+0.3
eff . (7.14)

7.3 Regimes

Now that we have our three scaling model ingredients for the general power law
case, we note two things. First, both microscopic force law exponents enter
in them and will therefore presumably impact the rheology. Second, there
are still two regimes for the effective strain, Eq. 7.5 and two, respectively one,
regimes for the shear, respectively normal, stress elasticity, Eq. 7.13, 7.14. This
means that we can still apply the same methodology as in the linear case: we
divide the full parameter space in four, for the shear stress, and three, for the
normal stress, regimes, as indicated in table 7.1; then solve the rheological
relations by simple substitution in each regime and finally use these results to
determine the crossovers between the regimes. While the resulting exponents
will be more involved, featuring fractions and combinations of αe and αv, the
methods are completely similar to those used in section 3.2. Therefore, the
rheological results are presented in tables 7.1 and 7.2. In the section below we
list the full results, including expressions for ∆v and γeff .
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Normal Critical Normal Transition

shear stress σxy ∼ γ̇
αv(1+αe)
2+αv+αe σxy ∼ ∆φ

1+αv
2(1+αv+αe) γ̇

αeαv
1+αv+αe

effective strain γeff ∼ γ̇/∆v γeff ∼ γ̇/∆v

rheology σxx ∼ γ̇
αv(αe+0.3)
2+αv+αe σxx ∼ ∆φ

−(αe+0.3)
2(1+αv+αe) γ̇

αv(αe+0.3)
1+αv+αe

range γ̇ > ∆φ
2+αv+αe

2αv γ̇ > ∆φ
3/2+αv+αe

αv

γ̇ < ∆φ
2+αv+αe

2αv

Normal Yield

effective strain γeff ∼ ∆φ

rheology σxx ∼ ∆φαe+0.3

range γ̇ < ∆φ
3/2+αv+αe

αv

Table 7.2: The three rheological regimes for the normal stress with their defi-
nitions, results and ranges of validity. Note that the shear stress enters as one
of the ingredients that determines the regime.

7.3.1 Shear Stress

Yield Regime We will start with the shear stress in the Yield regime. The
definition of this regime is the same as in the linear case: the effective strain,
Eq. 7.5, is dominated by the yield contribution and the elasticity relation,
Eq. 7.13, is dominated by the linear contribution:

σγ̇ ∼ ∆v1+αv

γeff ∼ ∆φ

σxy ∼ ∆φ1/2γαe

eff

⇒


∆v ∼ γ̇ 1

1+αv ∆φ
2αe+1

2(1+αv)

γeff ∼ ∆φ

σxy ∼ ∆φαe+1/2

(7.15)

Not surprisingly, the stress in the Yield regime, in which the material is thought
to exhibit elastic behavior, depends on the elastic but not the viscous exponent.
Also note that all relations reduce to their linear equivalents, found in Eq. 3.14,
if we take αe = αv = 1.

Transition Regime In the Transition regime, the elasticity relation is dom-
inated by the linear contribution, but the effective strain is dominated by the
dynamic contribution:


σγ̇ ∼ ∆v1+αv

γeff ∼ γ̇/∆v
σxy ∼ ∆φ1/2γαe

eff

⇒


∆v ∼ ∆φ

1
2(1+αv+αe) γ̇

1+αe
1+αv+αe

γeff ∼ ∆φ
−1

2(1+αv+αe) γ̇
v

1+αv+αe

σxy ∼ ∆φ
1+αv

2(1+αv+αe) γ̇
αvαe

1+αv+αe

(7.16)
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Due to the, appearance of both αv and αe these expressions look rather unap-
pealing. Still, it is again easy to check that substituting αv = αe = 1 recovers
the linear expressions of Eq. 3.15.

Critical Regime In the Critical regime, the elasticity is dominated by the
non-linear contribution and the effective strain is dominated by the dynamic
strain:


σγ̇ ∼ ∆v1+αv

γeff ∼ γ̇
∆v

σxy ∼ γ1+αe

eff

⇒


∆v ∼ γ̇ 2+αe

2+αv+αe

γeff ∼ γ̇
αv

2+αv+αe

σxy ∼ γ̇
αv(1+αe)
2+αv+αe

(7.17)

Again, the expressions are unappealing but reduce to the linear results of
Eq. 3.13 for αv = αe = 1.

Dense Regime For completeness’ sake we also give the results for the inac-
cessible Dense regime:


σγ̇ ∼ ∆v1+αv

γeff ∼ ∆φ

σxy ∼ γ1+αe

eff

⇒


∆v ∼ ∆φ

1+αe
1+αv γ̇

1
1+αv

γeff ∼ ∆φ

σxy ∼ ∆φαe+1

(7.18)

Crossovers

Now that we have the rheological behavior in all four regimes, we can derive
expression for the crossovers between the various regimes. These will again
depend on the exponents αe and αv. The methodology is the same as in the
linear case, equating the expressions for the stress in two regimes, though the
exponents will be more involved; they are given in table 7.1

We start by comparing the stress in the Yield and the Transition regime:

∆φαe+1/2 ∼ ∆φ
1+αv

2(1+αv+αe) γ̇
αvαe

1+αv+αe ⇒ γ̇ ∼ ∆φ
3/2+αv+αe

αv . (7.19)

The next crossover, from the Transition to the Critical regime, we find by
comparing the expressions for the stress in those two regimes:

∆φ
1+αv

2(1+αv+αe) γ̇
αvαe

1+αv+αe ∼ γ̇
αv(1+αe)
2+αv+αe ⇒ γ̇ ∼ ∆φ

2+αv+αe
2αv . (7.20)

Note that the exponent of the density here, (2 + αv + αe)/2αv, is always
smaller than the exponent of the density in the Yield-to-Transition crossover,
(3/2 +αv +αe)/αv, independent of αv and αe. Therefore: for every (positive)
value of αe and αv, when the density is small, we will first crossover from the
Yield to the Transition regime and then from the Transition to the Critical
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regime when γ̇ is increased. Of course, we had already seen that this was so
for the specific case of αe = αv = 1; now we know that this behavior is general.

The crossover from the Yield to the Dense regime still takes place at a fixed
density:

∆φαe+1/2 ∼ ∆φαe+1 ⇒ ∆φ ∼ 1 , (7.21)

this ‘derivation’ makes it clear that changing αv or αe will not impact this
result.

For the final crossover, form the Dense to the Critical regime, we find:

∆φαe+1 ∼ γ̇
αv(1+αe)
2+αv+αe ⇒ γ̇ ∼ ∆φ

2+αv+αe
αv . (7.22)

As already mentioned above, changing the exponents will also change the
crossovers quantitatively, but will not change the nature of the crossovers
qualitatively. The general trends shown in figure 3.1 are therefore applicable
to all exponents.

7.3.2 Normal Stress

As in the linear case, the rheology for the normal stress is somewhat special be-
cause the expressions for the shear stress that we derived above enter through
energy balance. This causes the appearance of a third regime, even though
there is only one ingredient with two regimes. We summarise the results for
the stress in table 7.2 and present the full results below. Note that, just like the
linear case 〈∆v〉 is set by the shear behavior and not by the normal behavior.

Normal Yield For the Normal Yield regime we have:


σxyγ̇ ∼ ∆v1+αv

γeff ∼ ∆φ

σxx ∼ γαe+0.3
eff

σxy ∼ γαe+1/2
eff

⇒


∆v ∼ γ̇ 1

1+αv ∆φ
2αe+1

2(1+αv)

γeff ∼ ∆φ

σxx ∼ ∆φαe+0.3

(7.23)

Normal Transition In the Normal Transition regime we have:


σxyγ̇ ∼ ∆v1+αv

γeff ∼ γ̇
〈∆v〉

σxx ∼ γαe+0.3
eff

σxy ∼ ∆φ
1+αv

2(1+αv+αe) γ̇
αvαe

1+αv+αe

⇒


∆v ∼ ∆φ

1
2(1+αv+αe) γ̇

1+αe
1+αv+αe

γeff ∼ ∆φ
−1

2(1+αv+αe) γ̇
αv

1+αv+αe

σxx ∼ ∆φ
−(αe+0.3)

2(1+αv+αe) γ̇
αv(αe+0.3)
1+αv+αe

(7.24)
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Regime Combination rescaled axes

Critical and Transition σ/∆φ
1+αe

2 vs. γ̇/∆φ
2+αv+αe

2αv

Yield and Transition σ/∆φαe+1/2 vs. γ̇/∆φ
3/2+αe+αv

αv

Yield and Critical σ/∆φαe+1/2 vs. γ̇/∆φ
(αe+1/2)(2+αv+αe)

αv(1+αe)

Table 7.3: Prescriptions of what to plot for collapse in the indicated regimes.

Regime Combination rescaled axes

Normal Critical and Normal Transition σ/∆φ
αe+0.3

2 vs. γ̇/∆φ
2+αv+αe

2αv

Normal Yield and Normal Transition σ/∆φαe+0.3 vs. γ̇/∆φ
3/2+αe+αv

αv

Normal Yield and Normal Critical σ/∆φαe+0.3 vs. γ̇/∆φ
2+αv+αe

αv

Table 7.4: Prescriptions of what to plot for collapse of the normal stress in the
indicated regimes.

Normal Critical In the Normal critical regime we have:


σxyγ̇ ∼ ∆v1+αv

γeff ∼ γ̇
〈∆v〉

σxx ∼ γαe+0.3
eff

σxy ∼ γ̇
αv(1+αe)
2+αv+αe

⇒


∆v ∼ γ̇ 2+αe

2+αv+αe

γeff ∼ γ̇
αv

2+αv+αe

σxx ∼ γ̇
αv(αe+0.3)
2+αv+αe

(7.25)

Crossovers

The crossovers for the normal stress are simply inherited from the crossovers
of the shear stress, just like in the linear case.

7.4 Plotting

Since the general structure of the rheology has not changed: three (accessible)
regimes, power laws of strain rate and density, we can still hope to plot the
rheological curves as we could in the linear case: collapsed by rescaling with
the density. Short derivations will be presented in the section below, but the
important results are summarized in tables 7.3 and 7.4

7.4.1 Shear Stress

For the shear stress there are, realistically, three regimes. This means that, as
before, it will not be possible to collapse the full curve, at best we can rescale
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two regimes. Below we will discuss the rescaling with ∆φ that is necessary to
get collapse in each combination of two regimes.

Yield and Transition If we want to attain collapse in the Yield and Tran-
sition regimes we start by looking at the stress in the Yield regime: it depends
on density, but not on the strain rate. Therefore the only way to get the stress
to collapse in the Yield regime is by picking the correct rescaling in the stress.
Since the stress in the Yield regime is given by σxy ∼ ∆φαe+1/2, we have σ̃xy ∼
σxy/∆φ

αe+1/2. In addition, we rescale the γ̇-axis with the ∆φ dependence of
the crossover so that we get collapse there as well: ˜̇γ ∼ γ̇/∆φ(3/2+αe+αv)/αv .
As in the linear case this will automatically result in collapse in the Transition
regime as well.

Transition and Critical To get collapse in both the Critical and the Tran-
sition regime, the first thing we must do is collapse the crossover by plotting
˜̇γ ∼ γ̇/∆φ(2+αv+αe)/2αv . With this relation we can now derive how we need
to plot the stress to get collapse in the Critical regime:

σxy ∼ γ̇
αv(1+αe)
2+αv+αe = ˜̇γ

αv(1+αe)
2+αv+αe ∆φ

αv(1+αe)
2αv ⇒ σ̃xy ∼ σxy/∆φ

αv(1+αe)
2αv (7.26)

Again, this will also give collapse in the Transition regime.

Yield and Critical Again we need to plot σ̃xy ∼ σxy/∆φαe+1/2 for collapse
of the Yield stress. We substitute this expression into the rheological relation
for the Critical regime to find the required strain rate rescaling:

σxy ∼ γ̇
αv(1+αe)
2+αv+αe ⇒ σ̃xy ∼ γ̇

αv(1+αe)
2+αv+αe /∆φαe+1/2 ⇒ ˜̇γ ∼ γ̇/∆φ

(αe+1/2)(2+αv+αe)
αv(1+αe) .

(7.27)
This will not result in collapse in either the Transition regime, of the crossover
from the Yield to the Transition regime or of the crossover from the Transition
to the Critical regime.

7.4.2 Normal Stress

Plotting the normal stress will be similar to the shear stress in some cases,
because the same crossovers need to be collapsed, but different in most cases,
since the stress scales differently.

Normal Yield and Normal Transition Regimes As mentioned above,
the strain rate needs to be rescaled to make the crossover between the Normal
Yield and Normal Transition regimes, which is the same as for the shear tress,
collapse: ˜̇γ ∼ γ̇/∆φ(3/2+αe+αv)/αv . Since the stress in the Normal Yield regime
depends only on the density, this prescribes the rescaling of the stress: σxx ∼
∆φαe+0.3.
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Normal Transition and Normal Critical Regimes Between the Normal
Transition and the Normal Critical regime there is a crossover that determines
the strain rate rescaling: ˜̇γ ∼ γ̇/∆φ(2+αv+αe)/2αv . Substituting this into the
expression for the stress in the Normal Critical regime yields:

σxx ∼ γ̇
αv(αe+0.3)
2+αv+αe = ˜̇γ

αv(αe+0.3)
2+αv+αe ∆φ

αe+0.3
2 ⇒ σ̃xx ∼ σxx/∆φ

αe+0.3
2 . (7.28)

Normal Yield and Normal Critical Regimes Again, the dependence of
the Normal Yield stress on the density prescribes the rescaling of the stress:
σxx ∼ ∆φαe+0.3. This can be substituted into the expression for the stress in
the Critical regime to deduce the rescaling of the strain rate:

σxx ∼ γ̇
αv(αe+0.3)
2+αv+αe ⇒ σ̃xx ∼ γ̇

αv(αe+0.3)
2+αv+αe /∆φαe+0.3 ⇒ ˜̇γ ∼ γ̇/∆φ 2+αv+αe

αv (7.29)

7.5 Experimental Implementations

Now we will compare the predictions from our scaling model with previous
experiments done by other people. Since our model describes a much wider
array of systems than artificial linear model, we will be able to accurately
describe real systems. We will compare our model to experimental data of
flowing foams by Katgert et al. [37] and experimental data of colloid rheol-
ogy by Nordstrom et al. [39] .These two systems also have the advantage of
being theoretically interesting because they decouple the effects of non-linear
elasticity and non-linear viscosity. This is because the foam system has linear
elasticity but non-linear viscosity, αv = 2/3, while the colloid system has linear
viscosity but non-linear elasticity, αe = 3/2.

7.5.1 Katgert Foam Data

We start by looking at systems of flowing foam, the system we had in our mind
when developing the original linear model. For this we can use experiments
performed by Gijs Katgert et al. In the experiments, a two dimensional bubble
layer is confined between the liquid surface on the bottom and a glass plate
on top. Two large wheels then apply a constant strain rate to the system,
bringing it in steady shear. A picture of the setup is given in figure 7.1. In
this system, Katgert can modify the strain rate and, within a narrow range,
the density.

An important difference between the system of Katgert et al. and our
system is the presence of a top plate. The top plate exerts a drag force on
all bubbles. Since this drag force depends on the velocities of the bubbles
with respect to this top plate, there is an additional energetic penalty to high
velocities, which results in shear banding. In effect, the top plate breaks
galilean symmetry and enforces the laboratory frame as a special frame.
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Figure 7.1: Figure from [37]. Side view of the setup used by Katgert et al.

In spite of this, Katgert has developed a model that allows him to take,
amongst other things, the degree of shear banding and get out the ‘pure’
rheological behavior: the dependence of the required shear stress on the applied
strain rate: he gets a good fit for Herschell-Bulkley behavior:

σxy ∼ σY + γ̇0.36, (7.30)

where σY is a yield stress. Our model should predict, then, that the exponent
with which the shear stress depends on the strain rate in the Critical regime
has a value 0.36± 0.05, taking into account he error bars on the experimental
result. In what follows we will call this exponent β to facilitate the discussion.
In order to see if our model indeed predicts β = 0.36, we need to know the
exponents in the force laws between the individual bubbles, αe and αv.

According to Katgert, his bubbles have linear elastic interactions, αe = 1,
but non-linear viscous interactions. He measures their viscous interactions to
follow αv = 2/3 [37]. If we substitute these two values into the expression we
derived for the stress in the Critical regime, Eq. 7.17, we find:

σxy ∼ γ̇
αv(1+αe)
2+αv+αe = γ̇

4/3
3+2/3 = γ̇4/11 = γ̇0.36, (7.31)

which is in excellent agreement with the experimental value of 0.36± 0.05.
Of course, there are some caveats. First of all, the fact that the exponents

match so closely cannot be attributed to anything besides luck because there
are considerable experimental error bars on both αv and β, and Katgert et
al. present a number of slightly different values in a later paper [34]. Still this
does not change the result that our model prediction for β is consistent with
the experiment.

Second, and slightly more problematic, is the apparent lack of a Transition
regime in the data of Katgert et al. ; while our model predicts three regimes,
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Katgert only finds two. We claim that this is reasonable because the Transi-
tion regime can be hard to pin down experimentally: it can be very small, as
we have seen in section 4.4.1, and the exponent with which the stress depends
on the strain rate is usually not so different between the Transition and the
Critical regime, 0.25 and 0.36 respectively1. These two factors can conspire to
make the Transition regime simply look like the crossover from the Yield to
the Critical regime, especially when noise is an issue, as it often is in experi-
ments. Therefore, the lack of an obvious Transition regime is not immediately
worrying.

Thirdly, and still more problematic is the analysis that Katgert performs in
his later paper [34] to determine the dependence of the stress on the density.
He finds two main results: the exponent β does not depend on the density
but a prefactor that he calls k does via k ∼ ∆φ−1. The fact that β does
not depend on ∆φ is fully consistent with the results from our model, see
Eq. 7.17, but the result for k is problematic. Using the definitions of Katgert
et al. k ∼ ∆φ−1 can be translated to σ ∼ ∆φ in our language, however our
model predicts that σ is independent of ∆φ in the Critical regime. According
to Katgert, this dependence of the viscous force on the density is a consequence
of the fact that the viscous force between two bubbles also depends on their
overlap: bubble pairs with a bigger overlap have a bigger contact surface and
therefore experience more drag from each other. Our model does not account
for this property of the forces between bubbles and therefore it is not strange
that we do not predict its consequences, but that is a weakness in the model
nonetheless.

The most reasonable approach might be that our model takes into account
all sources of strain rate or velocity dependence in foams and is therefore able
to predict the dependence of the stress on the strain rate correctly. However,
the model does not correctly take into account all sources of density or overlap
dependence, leading to incorrect predictions concerning the dependence of the
the stress on the density. If this is indeed the correct way to look at the
results above, then our model should correctly predict the density dependence
in a system where there are no density effects that are unaccounted for in our
model, like colloids.

7.5.2 Nordstrom Colloid Data

The second experimental system that we look at is the colloidal system of
Nordstrom et al. [39]. In this system, N-isopropylacrylamide, or NIPA, col-
loidal particles of about a µm in size are forced through a tube of size L by
a pressure difference, ∆P between the ends of the tube, see figure 7.2 a. The
particles are suspended in water and, since they swell by absorbing water, they
are nearly index and density matched with the water. Due to the change in

1These values are found by substituting the experimental value of αv = 2/3 into the
relation for the stress in the Transition regime as given in in table 7.1.
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Figure 7.2: Schematic of the microfluidics setup used by Nordstrom et al. a
Side view of the setup. b horizontal slice at half height in the channel, showing
an example velocity profile. c Real data example, showing three example
velocity profiles. Figure from [39]

stress as a function of the coordinate perpendicular to the direction of flow,
y, the strain rate will also depend on y. Since the strain rate itself is the
spatial derivative of the velocity profile, Nordstrom et al. were able to obtain
the strain rate at different points in their setup by numerically differentiating
their velocity profiles, some examples are shown in figure 7.2 c. Stress and
strain rates as a function of position in the channel can then be combined into
a rheological curve linking stress and strain rate directly. This novel technique
allows them to get a full rheology curve for a particular density from only one
experiment.

Following Olsson & Teitel [11] and the original predictions of our 3E model,
[33], Nordstrom et al. plot their rheological data in a collapse plot, shown in
figure 7.5.2. As can be seen from the figure they find good collapse when
plotting σ/∆φ2.1 vs. γ̇/∆φ4.1, finding an exponent of the stress in the Critical
regime of β = 0.48

This rheological curve can be compared to our theoretical predictions if
we know the microscopic interactions between NIPA particles. Nordstrom et
al. claim that their particles have simple linear viscous drag, but that they

have hertzian elastic interactions, meaning that F e
ij ∼ δ

3/2
ij , or αe = 3/2.

Substituting these values into our model gives an exponent in the Critical
regime, β, of

αv(1 + αe)

2 + αv + αe
=

1 + 3/2

2 + 1 + 3/2
= 5/9 = 0.55. (7.32)

The question of the correct exponents of ∆φ to obtain collapse, ∆ and Γ in
the language of Nordstrom et al. , is a little bit more complicated, as there
are three options, collapsing any two of the three regimes, Critical, Transition
and Yield. We obviously have collapse in the Critical regime and the authors
consider the Yield stress collapsed, so we should look at our predictions for
collapsing the Critical and Yield regimes. With the exponents for these colloids
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FIG. 4: (Color online) Fitting parameters vs volume fraction
φ: (a) the exponent β, (b) the dimensionless yield stress σy/E,
and (c) the dimensionless timescale τE/η. The large symbols
are for the main system of particles, as in Figs. 1 and 3; the
small symbols in part (a) are for particles about 8 times less
massive.

ior and Ref. [20] finds β = 0.45, while Refs. [21–24] fit
to forms that cross between different limiting viscosities
at low and high strain rates. The value β = 1/2 is pre-
dicted near jamming for viscously-interacting athermal
particles [25]. For simplicity, and so that K has constant
units, we henceforth fix β = 1/2 and repeat the fits.

The fitting parameters σy and τ = (K/σy)1/β are
collected in Fig. 4b-c as a function of φ. Both the
yield stress and the time constant have been rendered
dimensionless by appropriate factors of particle elastic-
ity and fluid viscosity. This also serves to eliminate the
spurious φ-dependence originating from the variation of
E with particle swelling. While the consistency is al-
ways well-defined, the yield stress and time constant ex-
ist only above jamming and respectively appear to van-
ish and diverge on approach to φc. As shown in the
main plots, the results may be fitted to power-law forms
σy/E ∼ (φ−φc)

∆ and τE/η ∼ 1/(φ−φc)
Γ, giving {φc =

0.633 ± 0.002, ∆ = 2.2 ± 0.4} and {φc = 0.637 ± 0.002,
Γ = 3.8 ± 0.6}. The two values for φc are in agreement
and average to 0.635 ± 0.003, consistent with random-
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FIG. 5: (Color online) Collapse of the stress vs strain rate
using the critcal exponents ∆ and Γ. The dashed lines are
fits to the Herschel-Bulkley form with β = 1/2.

close packing of spheres. Fixing φc to this value, we
plot σy/E and τE/η vs φ − φc on log-log axes as insets
in Figs. 4b-c. These demonstrate power-law behavior,
and give refined scaling exponents as ∆ = 2.1 ± 0.2 and
Γ = 4.1±0.3. However we will conservatively take the fi-
nal statistical uncertainties to be twice as large, as given
by fits where φc floats. The systematic errors based on
the allowed range of β are 0.1 and 0.4 for ∆ and Γ, re-
spectively. Note that ∆ = βΓ holds within uncertainty,
which is required so that K remains finite and nonzero
at φc and so that at large strain rates the stress scales
as (ηγ̇)βE(1−β) independent of φ. Also, the very same
exponents are found within experimental uncertainty for
NIPA particles about 8 times less massive [18].

The observed value of the yield-stress exponent may be
understood in terms of the scaling of the shear modulus
G and the yield strain γy. For repulsive particles with
interaction energy proportional to overlap raised to the
power α, numerical simulations find G ∼ (φ − φc)

α−3/2;
this differs from the naive expectation α − 2 due to φ-
dependent non-affine motion [2, 4]. If the yield strain
scales as γy ∼ (φ − φc), and if the yield stress scales as
σy ≈ Gγy ∼ (φ − φc)

α−1/2, then ∆ = α − 1/2 [25]; for
Hertzian elastic particles, α = 5/2, this predicts ∆ = 2
in accord with our data. For harmonic repulsion and
viscous drag, these same arguments predict {∆ = 3/2,
Γ = 3, β = 1/2} in fair agreement with the simulation
results {∆ = 1.2, Γ = 2.9, β = 0.42} of Ref. [7] for
massless particles. Ref. [8] finds {∆ = 1.2, Γ = 1.9} and
{∆ = 1.9, Γ = 2.4}, respectively, for massive harmonic
and Hertzian particles.

The “distance” φ − φc to jamming thus controls the
yield stress σy and the time constant τ appearing in the
Herschel-Bulkley form of stress vs strain rate, Eq. (1), ac-
cording to respective scaling exponents ∆ and Γ. There-
fore, for volume fractions above φc, the shear rheology

Figure 7.3: Stress and strain rate from the colloidal experiments of Nordstrom
et al. E denotes the bulk modulus, η the viscosity of the water. Figure
from [39]

substituted, we predict that we get collapse for

∆ = 2 (7.33)

Γ = 3.6 (7.34)

These values for ∆ and Γ agree quite well with the experimental results
of Nordstrom et al. , ∆ = 2.1 ± 0.4 and Γ = 4.1 ± 0.6. Our predicted value
of β, 0.55, is outside the experimental range of 0.48 ± 0.03 though. This is
strange because, β = ∆/Γ. However, Nordstrom et al. don’t get β from the
collapse plot, they get it by fitting datasets at a fixed density to the following
Herschell-Bulkely expression:

σxy ∼ σy + γ̇β , (7.35)

in which σy is a yield stress. This expression does not properly account for
the Transition regime and trying to fit data that is partially in the Transition
in stead of in the Critical regime will result in a value for β that is closer to
the Transition exponent of 0.42. Since it is extremely likely that at least the
red dataset in figure 7.5.2 is in the Transition regime, it is not surprising that
Nordstrom et al. find an exponent of 0.48 in between the Transition exponent
of 0.42 and the Critical exponent of 0.55.

7.5.3 Conclusion

We have extended our 3E model to nonlinear microscopic interactions. We
have compared the predictions of that model with the results of two experi-
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ments: the foams of Katgert, which have nonlinear viscous interactions and
the colloids of Nordstrom, which have nonlinear elastic interactions. In both
cases the model performed well. However, in both cases there were some issues,
specifically the presence or absence of a Transition regime. In order to be able
to study this in more detail and for a wider range of microscopic exponents,
we would like to perform computer simulations again. These are discussed in
the next chapter.
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