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Ch ap ter 4

Kin emetry: a meth od to q u an tify
kin ematic map s

Davor K rajn ović , M ic h e le C ap p e llari, Yan n ic k C op in , P. Tim d e Z e e u w , to b e s u b m itte d to
M on th ly Notic e s of th e Roy al A s tron om ic al S oc ie ty

We p resent a g eneral m eth o d fo r analysing and describ ing k inem atic m ap s o f
g alax ies o b serv ed w ith integ ral-field sp ectro g rap h s. It is b ased o n a h arm o nic ex -
p ansio n o f th e m ap s alo ng co ncentric ring s in th e p lane o f th e sk y, sim ilar to th e
ex p ansio ns u sed to q u antify o b serv ed HI, CO and Hα v elo city fields, and analo -
g o u s to standard su rface-p h o to m etry m eth o ds fo r analysing b ro ad-b and im ag ing .
We call o u r m eth o d k inem etry. We analyse th e k inem atic m o m ents (m ean v elo city,
v elo city disp ersio n and h ig h er-o rder G au ss–Herm ite m o m ents o f th e line-o f -sig h t
v elo city distrib u tio n) o f a m o del ellip tical g alax y, and discu ss th e m eaning o f th e
am p litu de co efficients and co rresp o nding p h ases o f th e ex p ansio n. T h e o b serv ed
k inem atic m o m ents h av e certain sym m etries in th e p lane o f th e sk y, and w e ex p lo it
th ese to filter th e m ap s. We p resent diag no stics fo r determ ining th e co nsistency o f
v elo city m ap s w ith ax isym m etric u nderlying g eo m etry, b ased o n th e p h ase ang les
o f th e first tw o o dd term s o f th e ex p ansio n. We ap p ly th is m eth o d to SAURON o b -
serv atio ns o f th e g alax y N G C 4365 and q u antify th e dep artu res fro m ax isym m etry.
We co nsider k inem etric ex p ansio ns alo ng circu lar and ellip tic annu li, and find th at
ex p ansio n alo ng su itab ly-ch o sen ellip ses m ay b e su p erio r f o r m ap s o f th e m ean v e-
lo city and th e h ig h er-o rder o dd m o m ents, w h ile circles m ay b e m o re su ited fo r v e-
lo city disp ersio n m ap s and th e h ig h er-o rder ev en m o m ents. We p resent ev idence
th at th e v elo city m ap s o f so m e early-typ e g alax ies clo sely resem b le th e o b serv ed
k inem atics o f inclined circu lar disk s, b u t th e g enerality o f th is resu lt needs to b e
inv estig ated fu rth er.

1 I ntr od u c t ion

T
WO-DIMENSIONAL v elocity ma p s w ere, u ntil recently, la rg ely the p riv ileg ed p rop -
erty of ra dio a stronomers. T he a dv a nta g es of fu ll tw o-dimensiona l sp a tia l cov era g e

of extended a stronomica l ob jects a re self-ev ident a nd a re extensiv ely u sed in e.g . HI

stu dies of disk g a la xies. T he a dv ent of integ ra l-fi eld sp ectrog ra p hs (I F S ) ha s b rou g ht
tw o-dimensiona l k inema tic mea su rements to op tica l w a v eleng ths.

T he inclu sion of op tica l w a v eleng ths a lso b roa dens the v a riety of ob jects a ccessib le
for stu dy. T he tw o-dimensiona l ra dio ob serv a tions a re dep endent on the existence of
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gas, while optical observations probe both the stellar absorption- and gas emission-line
spectral features, which may co-exist in the same potential with very different spatial
distributions and dynamical structures. The wealth of features seen in the stellar kine-
matic maps of early-type galaxies (E msellem et al. 20 0 4) confirms the usefulness of
two-dimensional data, but also poses a problem of efficiently harvesting and interpret-
ing the important features from the maps.

A n approach using harmonic expansion was developed for the analysis of the two-
dimensional radio velocity maps. This method divides a velocity map into individ-
ual rings (the so-called tilted-ring method, B egeman 1 9 8 7) with a harmonic expansion
along these rings (e.g. B inney 1 9 78 ; Teuben 1 9 9 1 ). A ssuming that the velocity map is
generated by gas moving in a thin disk, it is possible to assign certain physical prop-
erties to the coefficients of the harmonic expansion: e.g. the first cosine term in the
expansion gives the circular velocity of the gas, assuming the gas moves in circular
orbits in the disk. The higher-order terms measure the departures from a simple disk
model (pure circular motion) caused by e.g. elongation of the potential. This approach
was pioneered by Franx et al. (1 9 9 4) and Schoenmakers et al. (1 9 9 7) who used it to
investigate the axisymmetry of spiral galaxies, based on the prediction for harmonic
coefficients coming from epicyclic theory. R ecently Wong et al. (20 0 4) used this method
as a diagnostic tool for measuring radial fl ows in spiral galaxies.

The harmonic expansion is a simple and straight-forward tool to extract informa-
tion from two-dimensional maps, and is a natural method for harvesting information
from kinematic maps obtained by the new optical IFS. However, interpretation of the
results depends on the intrinsic nature of galaxies. The spheroidal distribution of stars
typical of early-type galaxies does not have the same dynamical properties as a gas
disk. To explore those intrinsic properties, we need a more general description of the
harmonic terms, without assumptions on geometry or dynamical state of the observed
system. In this paper we present such a method, which we call k inem etr y due to its com-
plementarity with surface photometry of early-type galaxies. In its basics, kinemetry
is a generalisation of the tilted ring harmonic expansion method for analysing veloc-
ity maps of gaseous discs to the kinematic observations of spheroidal systems such as
elliptical and lenticular galaxies.

In Section 2 we present the theoretical background on which kinemetry operates.
Section 3 presents the method and discusses two choices of expansion: along circles
and along ellipses. The meaning of the kinemetric coefficients for different kinematic
moments is presented in Section 4. In Section 5 we present the application of kinemetry
as a diagnostic tool for q uantifying axisymmetry and kinemetric misalignments in tri-
axial systems, and we discuss the advantages of the expansion along ellipses. Section 6
summarises the conclusions.

2 T h e ore tica l b a ck ground a nd m otiva tion

The dynamics of a collisionless stellar system is fully specified by its phase-space den-
sity or distribution function f = f (~x, ~v, t) (e.g. B inney & Tremaine 1 9 8 7). However, this
q uantity is not measurable directly. When observing external galaxies, we measure
properties that are integrated along the line-of-sight (L O S). The observables, which
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reveal only the averages of properties of a large number of unresolved stars, are the
surface brightness and the full velocity profile (for a review see de Zeeuw 1994). An
additional complication is that the galaxies are viewed from a certain angle, and we
actually observe only the projected properties of the integrated distribution function.

Analysis of the projected surface brightness via (broad-band) imaging is called sur-
face photometry. The surface brightness is, however, only the z eroth-order projected
moment of the distribution function. For a complete picture, the analysis has to in-
clude the full velocity profile, i.e. the line-of-sight velocity distribution (LOSVD):

L (v; x, y) =

Z

LOS

dz
Z Z

dvxdvy f (~r, ~v), (1)

where (x,y,z) are the three spatial coordinates, oriented such that the LOS is along the z-
axis. Observations of the LOSVD are usually presented by its moments: mean velocity
V, velocity dispersion σ and higher-order moments commonly parametrised by G auss-
Hermite coefficients, (van der M arel & Franx 1993; G erhard 1993), h3 and h4 being the
most commonly used.

The kinematic moments of stationary triaxial systems show a high degree of sym-
metry which can be expressed through their parity. The mean velocity is an odd mo-
ment, while velocity dispersion is an even moment. In practice, this means that a two-
dimensional map of a given moment shows corresponding symmetry. M aps of even
moments are point-symmetric, while maps of odd moments are point-anti-symmetric. In
polar coordinates this gives:

µe(r, θ + π) = µe(r, θ),

µo(r, θ + π) = −µo(r, θ), (2)

where µe and µo are arbitrary even and odd moments of the LOSVD, respectively.
Furthermore, if the observed system is axisymmetric, the even moment of the LOSVD
will also be mirror-symmetric or, correspondingly, an odd moment will be mirror-anti-
symmetric:

µe(r, π − θ) = µe(r, θ),

µo(r, π − θ) = −µo(r, θ). (3)

U nlike surface brightness images, analysis of maps of stellar kinematic moments
for early-type galaxies have not been extensively explored, due to the small number
of studies with full two-dimensional kinematics. On the theoretical front, there were
some studies of velocity maps of triaxial systems (e.g. Franx et al. 1991; Statler 1991,
1994a; Statler & Fry 1994; Statler 1994b; Arnold et al. 1994). The new observations with
the IFS SAURON (Bacon et al. 2001), and its survey of a representative sample of nearby
galaxies (de Zeeuw et al. 2002) yield high-quality maps of the kinematic moments of
early-type galaxies (Emsellem et al. 2004). The structures visible on these kinematic
maps are reflections of the intrinsic properties of the galaxies and kinemetry provides
an efficient method for quantifying the wealth of information seen on these maps. In
this way, kinemetry can be used as an analysis tool and a step between observations
and theoretical modelling.
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3 The method

In this section we present the details of the kinemetry method which exploits the high
degree of symmetry observed in early-type galaxies. The errors are treated in more
detail in Section 4.

3.1 Ha r m o n i c e x p a n s i o n

Fourier analysis is the most straightforward approach to characterise any periodic phe-
nomenon. The periodicity of a kinematic moment can easily be seen by expressing the
moment in polar coordinates: K(x, y) → K(r, θ). The map K(r, θ) can then be expanded
as follows to a finite number (N + 1) of harmonic terms (frequencies):

K(r, θ) = a0(r) +

N

∑
n=1

cn(r) cos[n(θ − φn(r))] . (4)

The main advantages of this approach are: (i) linearity at constant r, and (ii) no a priori
assumptions about the kinematic maps of the observed galaxy.

C hoice of the centre and geometry of the expansion is somewhat arbitrary. We fix
the centre of the polar coordinate grid at the central intensity peak in the nucleus of
the galaxy, which is usually well-defined in early-type galaxies. We assume this point
corresponds to the gravitational potential minimum.

We perform the expansion along a set of concentric circular annuli although in
principle any geometry can be used. The main advantage of circles is that they do
not introduce any a priori assumption about the structure of the kinematic maps (or
the underlying galaxy potential). Throughout this paper we use circles to explain the
basic features and properties of the kinemetric expansion, but in Sections 3.2 and 4.5
we consider expanding along elliptical annuli, with its specific application to velocity
maps only.

In practice, we rewrite eq. (4) in the form:

K(r, θ) = a0(r) +

N

∑
n=1

[

an(r) cos nθ + bn(r) sin nθ
]

, (5)

where the coefficients an, bn are determined by a least-squares fit using singular value
decomposition with a basis {1, cosθ, sin θ,...,cos Nθ, sin Nθ}. The amplitude and phase
coefficients (cn, φn) of eq. (4) can be easily calculated from the an, bn coefficients:

cn =

√

a2
n + b2

n,

φn = arctan
(bn

an

)

. (6)

In addition to measurement errors, there are two effects which limit the reliability
with which coefficients in the expansion can be determined: (i) the absolute number of
points sampled along the annulus, and (ii) the regularity with which these points sam-
ple the annulus as a function of angle, θ. Figure 1 shows an example of these effects
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Figure 1 — Examples of kinematic profi les and kinemetric coeffi cients for the E4 g alaxy NG C 2 9 7 4 as
observed with SAURON. Top left panel: the kinematic profi le of the innermost annulus (r = 0.′′8 ) . S ec o nd
left p anel: th e k inem atic p r o fi le o f an annu lu s at r = 10′′ f r o m th e c entr e. Th ir d left p anel: th e k inem atic
p r o fi le o f an o u ter annu lu s (r = 22′′) . In th es e p anels , th e o b s er v ed data ar e indic ated b y fi eld s y m b o ls .
Th e 1σ er r o r b ar s ar e g ener ally s m aller th an th e s y m b o ls . Th e s o lid line is th e fi t to th e data u s ing
nmax = 4 ter m s . Th e das h ed line is th e fi t u s ing nmax = 7 ter m s . Th e das h -do tted line is th e fi t u s ing
nmax = 2 ter m s . To p r ig h t p anel: th e am p litu de o f th e c1 c o effi c ient fr o m th e k inem etr ic ex p ans io n o f th e
fu ll v elo c ity m ap o f NG C 29 74. O p en s y m b o ls and s o lid line w er e o b tained u s ing nmax = 4 ter m s in th e
ex p ans io n, w h ile th e das h ed line u s ing nmax = 7 and das h -do tted line u s ing nmax = 2 ter m s . Th e b o tto m
r ig h t p anel: c3/c1 c o effi c ient r atio f r o m th e tw o ex p ans io ns : s o lid s y m b o ls and s o lid line fo r nmax = 4
ter m s and das h ed line fo r nmax = 7 ter m s .

and how they limit the nu mb er of terms w hich can b e reliab ly fi tted to the giv en k ine-
matic p rofi le1. T he fi gu re is b ased on the ob serv ed SAURON v elocity map of N G C 2 97 4
show n on F ig.9 and describ ed in more details in C hap ter 5 of this thesis. In order to
p rescrib e the nu mb er of terms for the exp ansion w e imp ose the condition that the cor-
resp onding half-w av elength of the highest term in the exp ansion has to b e longer than
the maximu m angu lar distance b etw een the data p oints. T his can b e exp ressed b y a
simp le relation: nm a x < π/∆θ, w here nm a x = N + 1 is the maximu m nu mb er of terms
u sed in the exp ansion and ∆θ is the siz e of the largest distance b etw een the data p oints
in the k inematic p rofi le.

A t small radii (top p anel in F ig. 1), the annu lu s intersects only a few ev enly-sp aced
p oints, and nm a x is corresp ondingly small (in this examp le nm a x = 4 ) . A t intermediate
radii, (the second p anel in F ig. 1), the k inematic p rofi le is w ell samp led allow ing more

1In th is s tu dy w e u s e th e ter m “ k inem atic p r o fi le” to des c r ib e th e v ar iatio n in th e v alu e o f a k inem atic
m o m ent alo ng annu li ex tr ac ted fr o m m ap s .
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higher-order terms. At large radii (the third panel in Fig. 1), the annulus can include
regions without data (sampling beyond the edge of the map), creating “ holes” in the
kinematic profile. The angular size of the holes limits the number of terms that can be
used for the expansion (in this example nmax = 2).

In the right panels of Fig. 1 we show the dominant odd terms, c1 and c3 of the
harmonic expansion. The different lines correspond to the different number of terms
used in fitting the kinematic profiles on the first three panels. The dashed-dotted line
corresponds to nmax = 2. These two terms alone are clearly not sufficient to fit the data.
Adding more terms will increase the accuracy of the reproduction of the kinematic
moment, but if too many are added, the discreteness effects will become important.
The dashed line corresponds to nmax = 7 which is well justified at intermediate radii,
but in the central annulus and in the annuli at large radii (r > 20 ′′), it does not satisfy
the relation for maximum number of terms used in the expansion.

To combat the effects of sampling, the Fourier expansion in kinemetry is therefore
performed on concentric annuli of increasing width. In general, this is the conseq uence
of the rapidly falling signal-to-noise ratio of spectra as one goes away from the centre.
The kinematic maps are necessarily binned (e.g. using adaptive Voronoi binning (Cap-
pellari & Copin 20 0 3 ) as in the presented examples), and as the bins typically increase
in size with radius, the area of the annuli in which the kinematic values are selected
have to increase as well to uniformly sample the kinematic profile. H owever, by in-
creasing the bin size, one loses the spatial resolution and the final size of the annuli
is a compromise of these two effects. We made a specific choice for the SAURON data,
where the width, ∆r, of a given annulus, j, is given by the expression ∆r j = s × q j−1.
H ere, s corresponds to the size of the smallest spatial element (0 .′′8 for SAURON), and q
is a scale factor such that ∆r ≈ 2′′ at a radius of 25′′

It should be noted that the number of terms req uired in the expansion depends also
on the purpose of the expansion, which can be to reproduce the map in detail using a
large number of terms (possibly enforcing a symmetry, as in S ection 4.4) or to extract
a small number of coefficients to describe the main features of the map and obtain a
low-order approximation to the galaxy highlighting the key terms.

3.2 E x p a n s i o n a l o n g e l l i p t i c a l a n n u l i

In the previous section we discussed the kinemetric expansion of kinematic maps along
circular annuli which bring no assumptions about the galaxy. H owever, certain physi-
cal insight for the choice of the shape of the annuli may be well justified, as in the case
of surface photometry, or the analysis of velocity fields of ionised gas discs. In this
section, we turn in more detail to the alternative approach of expansion along elliptical
annuli. The kinemetric formalism described above remains unchanged and only the
selection of the data points changes from circular to elliptical annuli.

S urface photometry of early-type galaxies has the obvious choice to expand along
elliptical isophotes of the light distribution. The azimuthal surface-brightness profile
at a certain radius is fitted by an ellipse and the possible deviations are represented by
higher-order terms of a harmonic series. The existence and amplitude of the higher-
order terms q uantify the deviations of the ellipses, which have physical meaning and
describe the shape of the isophotes relative to the best-fitting ellipse (e.g L auer 1985;
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Jedrzejewski 1987; B ender 1988).
O bserved velocity maps of disc galaxies can be well fitted by circular motion. A

standard approach of the tilted ring method (B egeman 1987) in the analysis of the ve-
locity maps of HI, CO and Hα discs is to decompose them in a number of separate
rings. E ach ring is then described by six parameters: the centre coordinates, position
angle, inclination, systemic velocity and circular velocity. A harmonic analysis of the
rings can be performed, characterising the higher-order deviations from the pure cir-
cular motion (Franx et al. 1994; Schoenmakers et al. 1997; Wong et al. 2004).

K inematic maps of early-type galaxies, having different symmetries and not neces-
sarily being created by stars moving in a disc, do not offer such simply motivated ge-
ometries for the expansion. O n the other hand, since their light distribution is elliptical
it is reasonable to assume that an expansion along ellipses will have some advantages
over the expansion along the circles. The choice of the actual ellipticity is somewhat
arbitrary. For example, it is possible to expand along the galaxy isophotes or along
ellipses that correspond to projected circles. In the first case, one follows the photom-
etry and probes regions of the same projected surface brightness; while in the second
case, one samples locations with equal intrinsic radii. In the second case, however, it is
necessary to assume an inclination for the galaxy, which is usually difficult to estimate.
Also, assuming a constant ellipticity for the whole kinematic map may not be justified.

Let us assume that the velocity maps of early-type galaxies are created by stars
moving on circular orbits in thin discs. Following the tilted-ring approach, we can
then divide a velocity map into a number of separate rings. The extracted velocity
profile is fitted with a simple cosine function:

V(R, θ) = V0 + VC cos θ, (7)

where R is the mean radius of the ring in the plane of the galaxy, V0 is the systemic ve-
locity, VC is the circular velocity not corrected for the inclination and θ is the azimuthal
angle in the plane of the galaxy, which is related to the axial ratio q of the ring’s major
and minor axes, and is measured from the kinematic position angle of the map. Vary-
ing the axial ratio, one can find the ring whose velocity profile is the most similar to the
circular velocity of a disc, with radius R and inclination cos i = q. In other words, the
axial ratio defines the ellipse on the sky, q = 1− ε, with ellipticity ε, which corresponds
to a circle in the plane of the galaxy, describing the orbits of stars in the disc. These
independent rings are then analysed by means of harmonic expansion. This approach
effectively minimises the higher-order terms. If the assumption that the investigated
velocity maps are similar to disc velocity maps is satisfied, then it is to be expected that
the higher-order terms will be negligible. Sections 4.5 and 5.3 present an application of
this modified kinemetry approach on model and observed velocity maps, respectively.

4 K in e m a t i c p a r a m e t e r s a n d t h e i r m e a n i n g

K inemetric analysis is possible for all measured kinematic moments. The properties
and meaning of the kinemetric coefficients will differ depending on the underlying
symmetry of the analysed map. The infl uence of the map symmetry on the coefficients
can be predicted and compared to the obtained kinemetric values. O n the other hand,
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assuming a symmetry one can obtain the properties of the map by effectively filtering
the noise in the data. In this section we characterise the kinemetric coefficients for
odd and even kinematic moments, present the filtering capabilities of kinemetry and
discuss kinemetry along ellipses.

4.1 M od el galaxy

We constructed a model galaxy to demonstrate the application of kinemetry. The
model is axisymmetric with a distribution function which depends only on the en-
ergy and one component of the angular momentum. The model was constructed us-
ing the Hunter & Q ian (1993) contour integration method and following the prescrip-
tions of Emsellem et al. (1999) to resemble the SAURON observations of NGC 2974:
surface-brightness distribution, kinematic observations, inclination, mass-to-light ra-
tio and central black hole mass. The distribution function of the model yields the full
LOSVD from which the observable kinematics can be extracted. This was done on
a large 100′′

× 100′′ field by fitting a Gauss-Hermite series (V, σ, h3 and h4) to spa-
tially binned data which resemble typical SAURON observations. In order to mimic the
real observations, we also assigned the typical error of the SAURON observations to
each model observable. These errors were used to add intrinsic scatter to the noiseless
model data by means of a M onte Carlo realisation. Further details on the construction
of the model galaxy and its kinematics are given in Section 5.1 of Chapter 5 of this
thesis.

This model is an example of an axisymmetric galaxy, with mirror-(anti)-symmetric
kinematic maps. Although kinemetric analysis of a more complicated model is also
possible (and equally straightforward), here we present a simpler example to clearly
quantify the main properties of the kinematic moment maps and the results of kineme-
try.

4.2 Od d k inem atic m om ents

In a Gauss-Hermite parameterisation of the LOSVD, the first two odd moments are
the mean velocity V, and the Gauss-Hermite coefficient h3. The maps of these mo-
ments look different and have different interpretations, but have the same underly-
ing symmetry. Generally, maps of odd moments show point-anti-symmetry. Imposing
the point-anti-symmetry condition (eqs. 2– 3) on the terms of the kinemetric expansion
(eq. 4), for the odd moments of LOSVD one has:

µo(−x,−y) = −µo(x, y) ⇒ a0 = c2n ≡ 0. (8)

A map with additional mirror-anti-symmetry (an axisymmetric case) requires also:

µo(x,−y) = µo(x, y) ⇒ φ2n+1 = const ≡ PA. (9)

Therefore, one can predict that in an observed odd moment map the even terms will
be considerably smaller than the odd ones, where the departures from zero are caused
by noise or possible lopsidedness (departures from the assumed symmetry).
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Figures 2 and 3 show the kinemetric expansion of the V and h3 maps of the model
galaxy. The errors were estimated using Monte Carlo simulations. The kinemetric co-
efficients were derived from 100 realisations of the moment map, where the moment’s
value in each spatial bin was taken from a Gaussian distribution with the mean of the
original moment and standard deviation given by the error assigned to the moment
in the bin. Each realisation of the map was expanded using kinemetry providing a
distribution of values from which we estimate the 1σ confidence limit.

The zeroth-order term, a0, measures the mean level of the map. For the first kine-
matic moment, this is equivalent to the systemic velocity of the galaxy. In the case
of the model velocity field, the systemic velocity was zero by construction, and in an
observed galaxy, a0 will be non-zero. However, if the systemic velocity is properly sub-
tracted (as it was assumed in eq. 8), a0 will be zero. Alternatively, using the kinemetric
expansion it is possible to determine a reliable systemic velocity using the information
of the whole velocity map. In the case of the observed h3 maps, which have mean level
equal to zero by construction, a0 will be small, and like other even terms, consistent
with zero.

The coefficient c1 gives the general shape and amplitude of the odd moment map
and is always the dominant term. Hereafter, we normalise the higher coefficients, ci>1,
in the kinemetric expansion of the velocity map by c1, to simplify the comparison be-
tween the terms.

The first-order correction is given by the next odd term, c3. This term can be named
the morphology term because it describes most of the additional geometry of the map.
Generally, the first two odd terms are enough to describe the velocity map, although
the kinemetric expansion can include higher terms as well, c5 and even c7. In Fig 2
and 3 we plot the c5 term for completeness. Although in some instances this term can
become significant (around 20′′ in this case), it is generally very small, being at the level
of noise in the data.

Connected to the amplitude terms are the corresponding phase terms, φn. They
determine the orientation of the map, but their contribution depends on the relative
strength of the amplitude terms. The first phase coefficient, φ1, gives the mean position
angle of the velocity map (measured from the horizontal axis, θ = 0). We name it the
kinematic angle. The angle that φ1 measures is the position angle of the maximum c1

term. This is, in general, slightly different from the positions of the maxima on the
map, which are also influenced by the contribution from higher-order terms. However,
it does give the global orientation of the map at a given radius to a good approximation
and can be used to describe the symmetry of the map (Section 5.1).

The angle φ3 is the phase angle of the third harmonic: the next significant term. For
a small amplitude of c3, its contribution to the overall orientation will be small, and
the position of the maximum velocity will be given accurately by θmax = φ1. For an
axisymmetric galaxy φ3 will have specific values, as we will see in Section 5.1.

The error bars plotted on Fig. 2 and 3 (as well as on Fig. 4 and 5 of the next section)
are typical for the SAURON observations of the nearby galaxies (Emsellem et al. 2004).
As expected, due to the discreteness, they are larger at small and large radii where the
sampling and edge effects play an important role. In the case of the velocity maps,
at intermediated radii with dense sampling of kinematic profiles, the typical intrinsic
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Figure 2 — Kinemetric expansion of the velocity map of the model axisymmetric galaxy. P anels of the
left column show the amplitude coefficients of the kinemetric expansion (from top to bottom): a0, c1,
c2/c1, c3/c1, c4/c1 and c5/c1. The velocity map is presented in the upper right, while other panels in the
right column show the corresponding phase angles (from top to bottom): φ1, φ2, φ3, φ4 and φ5. The rela-
tively large errors to the even phase angles are not significant because the associated amplitude is z ero.
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Figure 3 — Kinemetric ex p a ns io n o f th e h3 ma p o f th e mo d el a x is y mmetric g a la x y . P a nels o f th e left
co lu mn s h o w th e a mp litu d e co effi cients o f th e k inemetric ex p a ns io n (fro m to p to b o tto m): a0, c1, c2, c3,
c4 a nd c5. T h e h3 ma p is p res ented in th e u p p er rig h t p a nel, w h ile th e o th er p a nels s h o w th e s a me p h a s e
a ng les a s in F ig 2 , b u t f o r th e h3 ma p .
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errors (not accou nting for systematics) for the c1 and c3 coeffi cients are 0.5 k m s−1 and
0.6 k m s−1, resp ectiv ely; and for the φ1 and φ3 p hase angles are 0.5◦ and 1◦, resp ectiv ely.
T he larger errors on the p hase angles of the ev en terms can b e exp lained b y the near-
z ero v alu es of the corresp onding amp litu de coeffi cients. T he same effect is v isib le
for the p hase angles of the higher-order odd terms, w hen they hav e near-z ero v alu es.
S imilar, b u t somew hat higher v alu es are seen for the errors on the k inemetric terms of
higher-order k inematic moments (σ, h3, h4).

T he same descrip tion can b e assigned to all terms of the k inemetric exp ansion of h3

map s. T he v alu es of the amp litu de coeffi cients ci are mu ch smaller for the h3 moment
(ci < 1), and the rescaling of the higher terms w ith the dominant term is not v ery u sefu l.
T he h3 map is noisier than the mean v elocity map . T his is refl ected in the recov ered
errors of the coeffi cients, w hich are somew hat larger, ev en for the odd terms, than in
the case of the mean v elocity map . T he typ ical intrinsic errors of k inemetric exp ansion
of h3 map s for the c1 and c3 coeffi cients are 0.04 and 0.005, resp ectiv ely; and for the φ1

and φ3 p hase angles are 3◦ and 4◦, resp ectiv ely.

4.3 E v e n k i n e m a t i c m o m e n t s

T he ev en terms in the standard p arametrisation of the L O S VD are the v elocity dis-
p ersion σ, and the G au ss-H ermite coeffi cient h4. In many w ays, analysis of the ev en
moments is analogou s to that for the odd moments, tak ing the p rop er p arity into ac-
cou nt. T he map s of ev en moments show p oint-sym m e tr y w hich translates to the terms
of the k inemetric exp ansion as:

µe(−x,−y) = −µe(x, y) ⇒ c2n+1 ≡ 0. (10)

A map w ith additional m ir r or -sym m e tr y req u ires:

µe(x,−y) = µe(x, y) ⇒ φ2n = const ≡ PA. (11)

As anticip ated, the odd k inemetric terms are exp ected to b e consistent w ith z ero on the
ob serv ed map s of ev en moments. T his is clearly v isib le in F igs. 4 and 5, w hich show
the coeffi cients of the k inemetric exp ansion of the model v elocity disp ersion and h4

map s. T he 1σ confi dence lev els show n in the fi gu res w ere ob tained v ia M onte C arlo
simu lations as in S ection 4.2 .

T he dominant term of the ev en map s is a0, and it describ es the ab solu te lev el of the
map as a fu nction of radiu s. T he next imp ortant term in the exp ansion is c2, and it is the
m or p holog y term of the ev en moment map s. As seen in F igs. 4 and 5 this term describ es
more sp ecifi c featu res of the map s. F eatu res su ch as elongations along the minor axis
or “ b ow -tie” shap es, often seen in ob serv ed v elocity disp ersion map s (E msellem et al.
2 004), shou ld leav e signatu res in this term. S p ecifi cally, for the v elocity disp ersion
map s the c2 term is mostly a few p ercent of the dominant a0 term, imp lying that these
map s hav e near-circu lar symmetry, and that the choice of circles for describ ing these
map s is a natu ral one.

T he orientation of the morp hologically distinct featu res are determined b y the p hase
angles of the amp litu de coeffi cients. W hen there is a featu re w ith a sp ecifi c angu lar de-
p endence, e.g. an ov al elongation along the major axis, the p osition angle of the featu re
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Figure 4 — Kinemetric expansion of v elocity dispersion map of the model axisymmetric galaxy. Panels
on the left column show amplitude coefficients of the kinemetric expansion (from top to bottom): a0,
c1/a0, c2/a0, c3/a0, c4/a0 and c5/a0. The v elocity dispersion map is presented in the upper right, while
other panels in the right column show the same phase angles as in Fig 2, but for the v elocity dispersion
map.
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Figure 5 — Kinemetric expansion of the h4 map of the model axisymmetric galaxy. Panels on the left
column show amplitude coefficients of the kinemetric expansion (from top to bottom): a0, c1, c2, c3, c4

and c5. The h4 map is presented in the upper right panel, while the other panels show the same phase
angles as in Fig 2, but for the h4 map.
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Figure 6 — An example of kinemetric filtering on kinematic maps of the galaxy NG C 4 7 4 . Rows from
left to right: mean velocity V, velocity dispersion σ, and G auss-H ermite moments h3 and h4. C olumns
from top to bottom: data, symmetrised data applying additional p o in t - (an t i) - s y m m e t r ic condition (eqs. 8
and 1 0 ), data symmetrised applying additional m ir r o r - (an t i) - s y m m e t r ic condition (eqs. 9 and 1 1 ). The
overplotted kinematic contours were obtained by interpolation between the bin generators and extrap-
olation to the edge of the maps.

is given by the φ2 phase angle of the c2 term. The phase angles of the odd terms, whose
amplitude coefficients are zero, have large errors, while the errors of the even phase
angles are generally smaller, although still high at certain radii, suggesting there is no
preferred direction of the features on the example maps. The typical intrinsic errors for
kinemetric expansion of the velocity dispersion maps are: 0.9 km s−1 and 1.1 km s−1 for
a0 and c2 coefficients, respectively, and 3◦ for the φ2 phase angle in the region where the
phase angle is well constrained. Similarly, for the expansion of the h4 map we obtained
errors of 0.005, 0.006 and 5◦ for a0, c2 and φ2, respectively.

4.4 F ilter ing

K inemetry can also be useful as a powerful fi lter of two-dimensional kinematic maps.
As already mentioned above, if the number of terms in the expansion is small, the
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map will be smoothed, taking away the higher-order harmonics from the data, which
may be caused by noise. However, kinemetry offers some other more specific filtering,
which makes assumptions of the underlying symmetries in the kinematic maps.

Following eqs. (8) and (9), one can filter a kinematic map by fixing certain terms
in the expansion to zero or to a constant value. R equiring point-anti-symmetry in the
kinemetric expansion for odd maps implies fixing the even terms to zero (in case of an
even map, the odd terms are set to zero).

Similarly, a more strict requirement that all non-zero phases are set to a constant
value will produce mirror-(anti)-symmetric maps. This symmetry removes twists of the
kinematic angle, creating what is sometimes called a b i-symmetric map. These filtering
criteria may also be applied to extract the relevant coefficients from maps with noisy
data.

Figure 6 gives an example of filtering, applied to the first four observed moments of
the LOSVD for SAURON observations of N GC 474 (Emsellem et al. 2004). The kinematic
maps of this galaxy are consistent with point-(anti)-symmetry and, applying this sym-
metry condition to the kinemetric expansion, removes much of the noise from the data.
However, in the following example, we set all (non-zero) phases to the median value
of the measured kinematic angle (≈ 60◦), enforcing additional mirror-(anti)-symmetry,
with which the galaxy kinematics are clearly not consistent. The results are axisym-
metric kinematic maps (no kinematic twists), that, however, do not correspond to the
real galaxy, but show the full filtering power of kinemetry.

A draw-back of filtering such integral-field data with kinemetry comes from the
nature of the spatial bins. Generally, the bins are not symmetrically distributed around
the symmetry axes. Kinemetric filtering works in annuli and if the bins are not uni-
formly distributed in the annuli, it will not be possible to find symmetric pairs of bins
in all quadrants of the map and properly enforce the symmetry (e.g. K(−x,−y) =

−K(x, y) =−K(x,−y) = K(−x, y)). A way out is to interpolate the binned data on a reg-
ular grid and then symmetrise using kinemetry, although the best way of symmetrising
the maps of the kinematic moments is to impose symmetry during the extraction of the
kinematics from the observed data cube spectra.

4.5 Ex p ansion of velocity map s u sing kinemetry along ellip ses

At this point we turn again to the special case of kinemetry along ellipses. In Section 3.2
we suggested that the tilted-ring approach to the velocity maps of early-type galaxies,
although not physically founded, might give a better insight in the structure of maps.
Here we show an example of the kinemetric expansion of the velocity map of the model
galaxy discussed in Fig. 2 along ellipses best-fitting ellipses following the prescription
of Section 3.2.

We performed the expansion up to the third odd term (c1, c3 and c5), where the c1

term is by construction identical to VC from eq. (7), while the higher-order terms de-
scribe the deviations of the velocity map from the projected circular motion. The result
is shown in Fig. 7. The first panel of the figure shows the axial ratio of the elliptical
rings used in the expansion. In the inner few arcseconds this ratio changes and then
drops to a constant value of relatively round value for the axial ratio of about q = 0.7.
Strikingly, the higher-order terms, plotted on the lower panels, are negligible, their
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Figure 7 — Terms of kinemetric expansion of
the velocity map of the model galaxy along el-
lipses. From top to bottom: axial ratio of the
best-fitting ellipse, and the ratio of the c3/c1

and c5/c1 terms which measure the deviation
from the circular velocity assuming the veloc-
ity map was generated by stars moving along
circular orbits in a disc. The deviations are be-
low the 1% level. S ee text for details.

contribution being mostly below the 1% level. This shows the power of this approach,
which can describe a velocity field with basically two parameters: the axial ratio of the
adopted ellipse and the first term of the harmonic expansion.

The underlying assumption of this application of kinemetry is that the velocity
maps of early-type galaxies are created by stars moving along circular orbits in a thin
disc. This, generally, is not true, and our intention here is only to qualitatively compare
the observed velocity maps of spheroidal systems with those of thin discs. In the ex-
ample shown in Fig. 7, the higher-order terms are very small and the velocity map of
the model early-type galaxy seems to be consistent with a velocity map of an inclined
disc. Our comparison stops here, but it is an interesting finding, worth more detailed
investigation (see Section 5.3). Along the same lines, the axial ratio, q, from Fig. 7, does
not imply the intrinsic inclination of the galaxy. It can, however, be used to categorise
the velocity maps: velocity maps with small q are fl at while velocity maps with high q
are round.

5 A p p l i c a t ion

In this section we consider the ability of kinemetry to quantify the underlying symme-
tries of kinematic maps of observed galaxies, as well as give examples of kinemetry
along ellipses for three early-type galaxies. For this purpose we focus on the velocity
maps.
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5.1 P rescription for axisymmetry

Two-dimensional velocity maps can be used to constrain the intrinsic shapes of early-
type galaxies (Franx et al. 1991; Statler 1994b), and kinemetry can serve as a tool for
extracting the necessary information from the maps. Here we consider conditions by
which one can distinguish between velocity maps of axisymmetric and more general
triaxial galaxies.

Axisymmetry is a special case of triaxiality, and triaxial galaxies, viewed under
certain inclination can have axisymmetric appearance (e.g Stark 1977; de Zeeuw &
Franx 1989). A galaxy is consistent with axisymmetry if the velocity map satisfies the
following three conditions:

1. The velocity map is truly point-anti-symmetric, and, hence, the even terms in kine-
metric expansion are zero (or negligible), as given by (8).

2. The velocity map satisfies the condition (9), where all phase angles are constant.
3. All phase angles are equal to the photometric position angle. This condition can

be softened by requiring that the higher-order phase angles satisfy the relation:

φ1 − φi =
nπ

i
, (12)

where n ∈ Z and φi is the i-th order term in the expansion.

The last condition can be easily derived considering that for an axisymmetric ve-
locity field the position of the zero velocity curve, the curve along which the velocity
is zero on the map, is orthogonal to the kinematic angle given by φ1. This means that
K(r, θ) = 0, for θ = φ1 + π/2. Neglecting the higher order terms, (ci > c3), and substitut-
ing θ = φ1 + π/2 into eq. (4) one obtains the result of eq. (12).

Similarly, deviations from axisymmetry can be quantified following eqs. (4) and (12).
If K(r, θ = φ1 + π/2) = ∆V 6= 0, then one finds:

∆V

c1

=
c3

c1

sin 3(φ1 − φ3), (13)

where we express the relation as a ratio of the dominant term in the expansion. This
relation quantifies the contribution of the c3 term due to departures from axisymmetry
and can be generalised to other higher terms. In cases of large misalignments between
the kinematic and photometric position angles, φ1 should be replaced by the photo-
metric PA in the above equation.

Fig. 2 shows the kinemetric expansion of a mirror-anti-symmetric velocity map and
it is clear that all three conditions for axisymmetry are satisfied.

5.2 A triaxial case

In the previous section we presented the prescriptions for axisymmetry which were
tested on an axisymmetric model velocity field. Here we turn to the wealth of the
SAURON observations and use an observed velocity field of a triaxial galaxy, in order
to show the departures from the conditions listed in the previous section. The velocity
field belongs to the well studied triaxial galaxy NGC 4365. The SAURON kinematics, as
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Figure 8 — Kinemetric analysis of
NGC 43 6 5 . The velocity map of
NGC 43 6 5 is presented in the upper left
panel. The panels in the left column
show: odd amplitude coefficients: c1,
c3 and c5. Higher order terms are pre-
sented as fractions of c1, the dominant
term in the expansion. The first panel
on the right shows the contribution of
the c3 term to non-axisymmetry. O ther
panels in the right column present the
phase angles: φ1, φ3 and φ5. Higher
order phase angles are compared to the
phase angle of the dominant terms φ1 by
subtraction. North is up and east to the
left on the velocity map and φ1 is mea-
sured east of north. Second panel on the
right also shows major (lower straight
line) and minor axis (upper straight line)
photometric PAs.

well as the distribution of line-strengths, for this object were presented in Davies et al.
(2001).

The velocity map of NGC 4365 (Fig. 8) shows a striking kinematically decoupled
component (KDC) in the central 5′′. The structure and shape of this component led
several authors to conclude that NGC 4365 is intrinsically a triaxial body showing no
figure rotation (Surma & B ender 1995; Statler et al. 2004). We performed a kinemetric
analysis of the velocity map, expanding up to the fifth term (c5). The resulting coeffi-
cients and corresponding phase angles are shown in Fig. 8.

The KDC component is clearly evident in the dominant c1 terms as the fastest ro-
tating component of the galaxy, with a well-defined radius. The main body of the
galaxy shows increasing rotation with increasing radius, but remains a slow rotator
(V/σ = 0.08, Surma & B ender 1995). The morphology term, c3, is very strong, contribut-
ing up to 50% to the velocity field, and is strongest at the transition radius between the
KDC and the main body of the galaxy. At larger radii, it slowly drops, but its relative
contribution (about 20%) stays high. In the last extracted term, c5, there is still consid-
erable signal, again strongest in the transition region between the KDC and the rest of
the galaxy. The contributions from the higher order terms (ci, i ≥ 7) are on the order of
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a few per cent.
The amplitude coefficients accurately describe the map, but the phase angles are

useful for the determination of departures from axisymmetry. The kinematic angle, φ1,
shows a clear twist of more then 100◦ over the map. The photometric major and minor
axis PAs are overplotted on the same panel with two horizontal lines. We measured the
PA on the reconstructed SAURON flux image obtained by integrating the spectra in each
bin. The kinematic angle of the KDC is aligned with the major axis PA, while the main
body of the galaxy rotates about an axis misaligned by about 10◦ from the major axis
PA of the galaxy, as previously noted by Davies et al. (2001). This is a clear signature of
non-axisymmetry. This conclusion is confirmed by the φ1 − φ3 profile, which changes
in step with φ1, nowhere strictly satisfying the relation (12). The contribution of the
c3 term, expressed by eq. (13), and presented in the top left panel of Fig. 8, is high
everywhere, especially in the transition region between the KDC and the main body of
the galaxy.

5.3 Comparison of velocity fi eld s of early-type galaxies with velocity fi eld s of d iscs

We turn again to the case of kinemetry along ellipses. Repeating the analysis from
Section 4.5 we also analysed the velocity maps of three galaxies observed with SAURON
as part of the SAURON survey (de Zeeuw et al. 2002). The observations and the velocity
maps of NGC 524, NGC 2974 and NGC 4526 are presented in Emsellem et al. (2004).
We chose these three galaxies as characteristic examples due to their shape and the
pedagogical features of their velocity maps. NGC 524 is a roundish galaxy with an
“open” velocity map. NGC 2974 is a fast-rotating E4 galaxy, and NGC 4526 is an S0
galaxy with a prominent embedded disc which can be also seen on the velocity map as
a distinct component.

Fig. 9 presents the analysis of the three velocity maps. The analysis of the real
observations with ellipses is more complicated than the analysis with circles or the
analysis of the large model field (sampling issues), so, we had to rebin the velocity
map to a finer grid (4 times finer). This is especially important in the centres of the
field, where sampling can cause strong artifacts. The maps were also rotated such that
the photometric major axes are horizontal in Fig. 9. The maps are presented above each
corresponding set of kinemetric expansion terms. We summarise the main results as
follows:

NGC 524 has a velocity field with high axial ratio and hence we can label it as a
round velocity field. The higher-order terms c3 and c5 are small over the entire map,
with a relative contribution to the circular velocity of about 2% and 1% respectively.

NGC 29 7 4 has a mean photometric flattening of ∼ 0.6 and the flattening of the
velocity field corresponds to this value (expressed as axial ratio q on the figure). This
velocity field is an example of a medium-flattened velocity field. The higher-order
deviations from the circular velocity are smaller than in the case of NGC 524, c3 having
a relative contribution of ≈ 1% and c5 of ≈ 0.5%.

NGC 4526 is a more complicated map with its two kinematic components. The
central disc on the velocity map is clearly visible in the inner 10′′. This structure is
reflected in the terms of the kinemetric analysis. The axial ratio is ≈ 0.2 in the inner 5′′,
while beyond that radius it is much higher and varies between 0.6 and 0.8. The velocity
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Figure 9 — Kinemetric analysis along ellipses for velocity maps of three early-type galaxies observed
with SAURON. First row from left to right: velocity maps of NGC 524, NGC 2974 and NGC 4526. Second
row from left to right: axial ratio q of the best fitting ellipse describing the fl attening of the velocity field.
Third and fourth rows from left to right: ratio of the terms in the kinemetric expansion: c3/c1 and c5/c1,
respectively.

map in the inner few arcsec is clearly different from the rest of the map. The inner
part is quite flat, while the outer part has more round features, somewhere between
NGC 2974 and NGC 524. The higher-order terms are also different on this velocity
map. The relative contribution of c3 is much higher than in the two other examples (up
to ∼ 5 times), especially in the part where the velocity map is flat. The middle part of
the field is more similar to projected circular motion, with a small c3 term. Towards the
end of the map, edge effects have an increasing influence on the expansion (Section 3).
At radii larger than 20′′, we only used the c3 term in expansion. The contribution of the
c5 term is smaller, but, interestingly, not negligible in the middle part of the map.

The similarities of the velocity maps of early-type galaxies with disc velocity maps
are striking. It might be the case that the three investigated galaxies have a strong disc
contribution which dominates the appearance of the velocity map, while the specific
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features are visible from the small departures of the higher terms. Similar result was
also seen in the model velocity field, which coressponds to a model galaxy with no disc
component. In analogy with photometry, the deviations of the higher-order terms are
also on the order of a few percent. This warrants a detailed study of a larger sample of
two-dimensional velocity maps, such as the 48 SAURON galaxies from Emsellem et al.
(2004).

6 C onclu s ions

We have presented a general method for analysing and describing two-dimensional
maps of the kinematic moments observed with integral-field spectrographs. The me-
thod is based on the harmonic expansion of velocity maps. It is particularly useful for
describing the maps of kinematic moments of early-type galaxies. We call our method
kinemetry.

Kinemetry is a straight-forward Fourier expansion of two-dimensional maps. U s-
ing the specific properties of the kinematic moments (symmetries) it can be used as a
powerful filter to the data. The results of kinemetry, the coefficients of the harmonic
expansion, can be used to parametrise trends and detect properties of galaxies. Maps
of odd kinematic moments are described only by the odd terms in the expansion. Sim-
ilarly, maps of even moments are described only by the even terms.

In the case of odd maps, the first term is the most dominant term and gives the
overall shape of the map (the zeroth term can exist for velocity maps and gives the
systemic velocity). The third term describes the additional morphological shapes. In
some galaxies, higher terms can also be significant, although usually the first and third
term reproduce all important features of the map. The phase angle of the first term
gives the orientation of the map and it is called kinematic angle. Higher-order phase
angles are useful in detecting small departures from axisymmetry.

In the case of even maps, the zeroth term is the dominant term and it describes the
global shape of the map. The next important terms which describes the morphology
of the map in more detail, is the second term in the expansion. The zeroth term does
not have a phase angle, and the orientation of the features of the maps are given by the
phase angle of the second term.

The measured values of the kinemetric coefficients can be used to detect departures
from axisymmetry in the observed maps, and in this way, to quantify the intrinsic
shape of the galaxy. The necessary requirement for a velocity map to be consistent
with axisymmetry is that the even terms in the expansion are consistent with zero and
that the kinematic angle is constant and equal to the photometric position angle. We
present a diagnostic tool for determining the consistency of velocity maps with ax-
isymmetry using the phase angles of the first two odd terms as well as quantifying the
departures from an axisymmetric velocity map. We apply this method to the triaxial
galaxy NGC 4365 as an obvious case of a non-axisymmetric object, with a decoupled
component and a strong kinematic twist.

Circular rings are the most natural choice for expansion, because they are simple,
general and can be uniformly used on maps of all kinematic moments. In some cases,
like for the velocity maps, it is necessary to expand the maps to a relatively large num-
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ber of terms (up to c5 or even c7 of the harmonic expansion judging from a preliminary
study of SAURON velocity maps (Emsellem et al. 2004)). In other cases, e.g. for the
velocity dispersion maps only a small number of terms (up to c2) are needed when the
expansion is performed along circles. We note that the maps of line-strengths, which
resemble the maps of the even moments (a line-strength is the zeroth moment of the
LOSVD), could also be analysed by kinemetry.

We also presented a preliminary study of kinemetry of velocity fields along ellipses
instead of circles. In this approach the number of terms needed to describe the field
is smaller than using circles (q and c1 versus, generally, c1, c3 and c5). Also, the axial
ratio, q, provides a simple way of describing the global appearance of the velocity map,
which facilitates the use of illustrative terms such as flat or round. These terms are also
used to describe the surface-brightness distribution (note that q can be vary signifi-
cantly from case to case), and this makes a natural connection between the different
moments of the distribution function.

The main assumption used when expanding along ellipses is that the velocity maps
of early-type galaxies are similar to the velocity maps generated by stars moving in cir-
cular orbits in a thin disc. Although we do not suggest this as a physical interpretation
for early type galaxies, it does provide an excellent low-order approximation to the
observed velocity maps. Indeed, in the presented examples we found that the velocity
maps of some early-type galaxies do resemble the velocity maps of discs. The pre-
sented preliminary results are encouraging and the next step is a detailed study of
the kinemetry of velocity maps along ellipses for a representative sample of early-type
galaxies.
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