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CHAPTER 1: QUANTIFYING STOCHASTIC INTROGRESSION

PROCESSES WITH HAZARD RATES

Reprinted with minor edits from Ghosh, Haccou, 2010. Theor. Popul. Biol., 77, 171-180

Abstract

Introgression is the permanent incorporation of genes from one population into
another through hybridization and backcrossing. It can have large environmental
consequences, such as the spread of insecticide or herbicide resistant genes, the
escape of transgenes from genetically modified crops, and the invasion of exotic
genes into new habitats. Introgression usually involves strong random components,
such as rare hybridization and backcrossing events, and demographic variation in
reproduction and survival. Most introgression studies ignore these random e↵ects,
and consequently fail to accurately assess the risk of introgression. This paper
presents a methodology for quantifying stochastic introgression processes, based
on multitype branching process models. We derive a quantity called the hazard
rate, which can be used to investigate how the risk of introgression depends on
crop management and life history.

1. Introduction

Introgression is the permanent incorporation of genes from one population into
another, through hybridization and backcrossing (Riesberg and Wendel, 1993; Ell-
strand et al., 1999; Hails and Morley, 2005). This may result in the spread of
insecticide or herbicide resistant genes (Snow et al., 1999; Demon et al., 2007), the
escape of transgenes from genetically modified crops (Rieger et al., 2002; Reich-
man et al., 2006), or the incorporation of genes from exotic species into genomes
of local species (Huxel, 1999; Allendorf et al., 2001; Abbott et al., 2003). The
potential environmental e↵ects of introgression are severe. For instance, there are
serious concerns that transgene escape might produce robust weeds (Maan, 1987;
Snow et al., 1999; Thompson et al., 2003; Kelly et al., 2005) that can outcompete
other species and reduce biodiversity (Levin et al., 1996; Jenczewski et al., 2003;
Ellstrand, 2003).

Mathematical models provide a means to study the likelihood of introgression
given certain environmental and species-specific conditions. The great advantage
of models is that they allow us to perform experiments that are either too dan-
gerous, impractical, or simply impossible to carry out empirically. Furthermore,
models can pinpoint which parameters are crucial for introgression risk, and whose
values should therefore be determined empirically.

Introgression processes contain strong stochastic components. Hybridization
and backcrossing events usually occur at a very low rate. Hybrids and initial back-
crosses are often less viable and fertile than the wild type (Hauser et al., 1998),
since their genetic backgrounds are adapted to di↵erent conditions. Therefore,
initial hybrid populations are usually small, and highly a↵ected by demographic
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10 Hazard Rates of Introgression - Chapter 1

stochasticity. As a consequence, even if foreign genes provide a fitness advantage
in later backcrosses, it will usually take several invasions before they are estab-
lished permanently. The number of individuals carrying foreign alleles will be
highly variable, and rise and fall during the initial stages of introgression. The use
of deterministic models, that fail to take such key features of introgression into
account, can be very misleading.

Nevertheless, stochastic models are seldom used in introgression studies. Ex-
ceptions are Davis et al. (1999) and Thompson et al. (2003), who considered the
e↵ects of stochastic environmental variation, but ignored demographic stochastic-
ity. Haygood et al. (2003) studied the conditions under which transgenes can
become fixed due to genetic drift in small populations with repeated invasions.
Haygood et al. (2004) examined the repeated invasions of a transgene with a
small fitness advantage.

For practical applications, general quantitative measures that characterize sto-
chastic introgression processes are indispensable. The above-mentioned studies do
not provide these, since they are all based on simulations. Our aim is to develop
such measures.

We consider a situation where foreign genes invade repeatedly into a resident
population, and each invasion has a small probability of leading to a permanent
lineage. This is similar to the case studied by Haygood et al. (2004), but we
consider a more general model, and our main results are not based on simulations.
It is obvious that under these conditions a permanent introgressed lineage will be
founded eventually. Before such an introgression event happens, however, there can
be an extensive period of failed invasions. Introgression risk is largely determined
by the duration of this period. We derive a measure that quantifies the distribution
of these lengths in an intuitive way, called the hazard rate.

The hazard rate is the probability per time unit that a random event occurs,
given that it has not happened before. It quantifies how the instantaneous risk of
introgression events changes in time. For instance, how quickly this risk increases
after cultivation of a transgene crop has started, or decreases after such cultivation
is stopped, and how this relates to life history characteristics of the crop and its
wild relatives. Studies of hazard rates can indicate which periods are especially
risky, and thus provide information for optimizing monitoring and management
programs.

Hazard rates were first used in medical statistics, to analyze mortality risks
(Kalbfleisch and Prentice, 2002). For several decades they have also been applied
in behavioral data analysis (Haccou and Meelis, 1994). They have not been used
in introgression studies before now.

We derive the hazard rate from a multitype branching process model of hybrid
population dynamics (e.g., Haccou et al., 2005, section 2.2). Demon et al. (2007)
used such a model to study the e↵ects of whitefly life history parameters on the
establishment probability of an insecticide resistance gene, but they only consid-
ered a single introduction. Serra and Haccou (2007) were the first to calculate
hazard rates from a branching process model. They assumed that individuals that
have on average less than one o↵spring (the so-called subcritical type) can pro-
duce mutants with an average of more than one o↵spring (the supercritical type).
Escape from extinction occurs as soon as a supercritical individual that initiates
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a permanent lineage is produced. In this paper we generalize their method to
situations with repeated invasion of individuals of the subcritical type, population
structure, and density-dependent competition with an established resident type.

As an example, we consider a model for a monocarpic (i.e., a plant which flowers
once then dies) monoecious (i.e., flowers have male as well as female functions) non-
selfing species. In numerical examples we use parameter ranges that are deemed
to be realistic for Daucus carota (the carrot), but we stress that the model is a
caricature, and not meant to give a complete description of introgression in this
species. We illustrate the set-up of a branching process model and derivation of
the hazard rate. Furthermore we give numerical procedures for calculating this
function, and analytic approximations.

While we focus on introgression, our approach may be applied in other fields
as well, since repeated invasions with fitness bottlenecks occur in many biologi-
cal contexts. For example, when a virus colonizes a new host species, its initial
reproductive ratio will be small, but after a few mutations this can increase. An-
other example is the initiation and growth of tumors, where cells usually have to
go through several mutations before they produce a successful lineage (see e.g.,
Michor et al., 2006).

2. The model

We consider a plant species that flowers only once and then dies. To account for
an ageing e↵ect, we distinguish one-year old plants from older ones. We assume
that there is a large and stable population of wild plants. By pollen flow from a
neighboring crop, stochastic numbers of hybrid seeds are produced each year. Hy-
brid production can be followed by repeated backcrossing with wild plants. Seeds
compete to germinate and survive their first year. Hybrid plants are considered
to be less fit than wild individuals, whereas backcrossed individuals have some
probability of producing a permanent introgressed lineage. Individuals of the first
backcross (BC1) and further backcrosses are assumed to have identical life history
parameters, and are therefore not distinguished.

In summary, there are six types of plants in the model: one-year old plants
(types 1, 3, 5), and plants that are two or more years old (types 2, 4, 6); and in
addition to being characterized by their age, plants can also be either wild (types
1 and 2), hybrids (3, 4), or backcrossed (5, 6).

Fig. 1 illustrates the introgression scheme and the life history.

2.1. Dynamics of the wild population. Since it is assumed that the wild pop-
ulation is large, we use a deterministic model for its dynamics:

✓
z1 (t+ 1)
z2 (t+ 1)

◆
=

✓
p0 (z1 (t) , z2 (t)) r1m1 p0 (z1 (t) , z2 (t)) r2m2

p1 (1� r1) p2 (1� r2)

◆✓
z1 (t)
z2 (t)

◆
(1)

where zi(t) represents the population density (number per unit area) of type-i
plants in year t, ri its flowering probability, mi the average number of seeds it
produces and pi the probability that it survives one year if it does not flower.
Furthermore, we assume that there is a density-dependent probability that seeds
germinate and survive their first year, p0(z1(t), z2(t)).
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Fig. 1. (a) Schematic representation of the life history used in the model. (b) A schematic representation of the process by which an introgressed gene moves through a
population.

Fig. 2. Schematic representation of the branching process model for invasion
dynamics.
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⇠i; p̂0
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(i = 0, 3, 4, 5, 6) represents the production of ⇠i seeds, each

of which has a germination probability p̂0. Second and further backcrosses are
assumed to have identical life history parameters to BC1.

number of type-i individuals in year t , then the deterministic
equivalent of the branching process model for invasion dynamics
is:
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In a population starting with at least one Zi(t) larger than zero and
no immigration (ifm0 = 0), the numbers of types 5 and 6will grow
if and only if the dominant eigenvalue of the matrix
✓

p̂0r5m5 p̂0r6m6
p5(1 � r5) p6(1 � r6)

◆
(5)

is larger than one. This leads to the condition

⇣BC > ⇣WT , (6)

where ⇣BC is the expected number of seeds produced by a single
backcrossed plant:

⇣BC = r5m5 + r6m6 (1 � r5) p5
1 � p6(1 � r6)

. (7)

With immigration (m0 > 0) and initial condition Z3(0) = · · · =
Z6(0) = 0, the deterministic model then predicts an exponential
growth of Z5(t) and Z6(t) from year 2 onwards.

According to the stochastic model, exactly the same condition
must hold for a process starting with one individual of type 5
to have a positive establishment chance (see Section 4.1). In that
case, repeated invasionswill eventually lead to exponential growth
of the numbers of type-5 and type-6 individuals. Before that
happens, however, there may be several failed invasions, and even
production of backcrossed individuals whose lineage fails. Thus,
the numbers of individuals that carry the foreign gene can rise
and fall, and periods in which the gene is present or absent from
the population may alternate, before initiation of a permanent
lineage. This is illustrated in Fig. 3, which shows the trajectory
predicted by the deterministic model as well as the results of
several simulations of the branching process. As can be seen, the
length of the initial period of failed invasions is highly variable
and may be quite large. Furthermore, the numbers of individuals
with the foreign allele at any given time differ strongly between
simulations.

Figure 1. (a) Schematic representation of the life history used
in the model. (b) A schematic representation of the process by
which an introgressed gene moves through a population.

This model has one stable and positive equilibrium. At this equilibrium we
have:

p0 (ẑ1, ẑ2) =
1� p2 (1� r2)

m1r1 (1� p2 (1� r2)) + p1m2r2 (1� r1)
(2)

We will denote this value by p0, and refer to it as the germination probability.
Furthermore, we define:

⇣WT = p̂�1
0 = r1m1 +

r2m2 (1� r1) p1
1� p2 (1� r2)

(3)

which represents the expected number of seeds produced by one wild type indi-
vidual.

2.2. Invasion dynamics of hybrids and backcrosses. Because the population
of wild plants is large and the numbers of hybrid and backcrossed individuals are
initially small, it can be assumed that these individuals do not interact with each
other, but only with wild plants. This has several implications. Firstly, since we
consider a non-selfing species, reproduction can only occur through outcrossing
with wild plants. Secondly, competition occurs only with the wild population,
implying that the seed germination probability equals p̂0. For convenience, we
assume that there are no other factors beside this competition that a↵ect germi-
nation probability of hybrids and backcrosses. The model can be easily generalized
in this respect. Since hybrid and backcrossed plants do not a↵ect each others re-
production and survival initially, their invasion dynamics can be modeled as a
branching process.

In the branching process model, flowering individuals of type i 2 {3, 4, 5, 6} pro-
duce a stochastic number of o↵spring, denoted by ⇠i, with expectation mi. The
probabilities ri, and pi are as defined in the previous section, and are assumed to
lie between zero and one. The production of hybrid seeds is modeled by means
of an artificial type, which we will call type 0. There is one permanently present
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individual of type 0 that produces a stochastic number of hybrid seeds, ⇠0, accord-
ing to some probability distribution with expectation m0 in each year. Figure 2
shows a schematic summary of the invasion dynamics.
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Figure 2. Schematic representation of the branching process
model for invasion dynamics. (⇠; p̂0), (i = 0, 3, 4, 5, 6) represents
the production of ⇠i seeds, each of which has a germination prob-
ability p̂0. Second and further backcrosses are assumed to have
identical life history parameters to BC1.

3. Stochastic versus deterministic invasion dynamics

Most introgression studies are based on deterministic rather than stochastic
invasion models. We here demonstrate the di↵erence between the two approaches.
Let Zi(t) denote the number of type-i individuals in year t, then the deterministic
equivalent of the branching process model for invasion dynamics is:
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In a population starting with at least one Zi(t) larger than zero and no immigration
(if m0 = 0), the numbers of types 5 and 6 will grow if and only if the dominant
eigenvalue of the matrix:

✓
p̂0r5m5 p̂0r6m6

p5 (1� r5) p6 (1� r6)

◆
(5)

is larger than one. This leads to the condition

⇣BC > ⇣WT , (6)

where ⇣BC is the expected number of seeds produced by a single backcrossed plant:

⇣BC = r5m5 +
r6m6 (1� r5) p5
1� p6 (1� r6)

(7)

With immigration (m0 > 0) and initial condition Z3(0) = . . . = Z6(0) = 0, the
deterministic model then predicts an exponential growth of Z5(t) and Z6(t) from
year 2 onwards.

According to the stochastic model, exactly the same condition must hold for
a process starting with one individual of type 5 to have a positive establishment
chance (see section 4.1). In that case, repeated invasions will eventually lead
to exponential growth of the numbers of type-5 and 6 individuals. Before that
happens, however, there may be several failed invasions, and even production of
backcrossed individuals whose lineage fails. Thus, the numbers of individuals that
carry the foreign gene can rise and fall, and periods in which the gene is present
or absent from the population may alternate, before initiation of a permanent
lineage. This is illustrated in Fig. 3, which shows the trajectory predicted by the
deterministic model as well as the results of several simulations of the branching
process. As can be seen, the length of the initial period of failed invasions is highly
variable and may be quite large. Furthermore, the numbers of individuals with
the foreign allele at any given time di↵er strongly between simulations.

4. Derivation of the hazard rate

Let T denote the time at which an introgression event occurs, i.e., the time at
which the first type-5 individual whose lineage does not die out is produced. In
the three examples of Fig. 3, T is respectively about 2, 60, and larger than 100
years. The hazard rate, denoted by Hn(q), equals:

Hn (q) = P (T = n |T > n� 1) =
P (T > n� 1)� P (T > n)

P (T > n� 1)
(8)

From this equation it can be seen that this function fully characterizes the distri-
bution of T .

4.1. Establishment probability of an introgressed lineage from one type-
5 individual. We first consider the fate of a lineage that starts with one type-5
individual. According to branching process theory, lineages either go extinct or
they grow infinitely large. In situations where backcrosses are more fit than the
wild type, the extinction probability of a lineage from one type-5 individual, de-
noted by q5, is less than one, and the branching process model predicts indetermi-
nate growth with a probability 1� q5. It is unreasonable, however, to assume that
populations can grow infinitely large, so we will interpret 1� q5 as the probability
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Fig. 3. Total numbers of individuals containing the foreign gene,
P6

i=3 Zi(t),
according to the deterministic model (solid line), and three simulation runs of
the stochastic model with Poisson-distributed seed productions (dotted lines).
Parameter values: p̂0 = 0.00079, m0 = 50, r3 = r4 = r5 = r6 = 0.9,
p3 = p4 = p5 = p6 = 0.7, m3 = m4 = 850,m5 = m6 = 900.

4. Derivation of the hazard rate

Let T denote the time at which an introgression event occurs,
i.e., the time at which the first type-5 individual whose lineage
does not die out is produced. In the three examples of Fig. 3 T is
respectively about 2, 60, and larger than 100 years. The hazard rate,
denoted by Hn(q), equals:

Hn(q) = P (T = n|T > n � 1) = P (T > n � 1) � P (T > n)
P (T > n � 1)

. (8)

From this equation it can be seen that this function fully
characterizes the distribution of T .

4.1. Establishment probability of an introgressed lineage from one
type-5 individual

We first consider the fate of a lineage that starts with one
type-5 individual. According to branching process theory, lineages
either go extinct or they grow infinitely large. In situations
where backcrosses are more fit than the wild type, the extinction
probability of a lineage from one type-5 individual, denoted by
q5, is less than one, and the branching process model predicts
indeterminate growth with a probability 1�q5. It is unreasonable,
however, to assume that populations can grow infinitely large,
so we will interpret 1 � q5 as the probability that the lineage
reaches some size that is large enough to guarantee its permanent
presence.

The calculation of extinction probabilities and hazard rate is
based on so-called probability generating functions. Let X be a non-
negative discrete random variable, then its probability generating
function (p.g.f.) is a function from R to R, which is defined as E[sX ],
where E[ ] denotes expectation and s can take any value on the
interval [0, 1].

Let Gi(s) be the p.g.f. of the number of seeds produced by such
an individual of type i (i = 0, . . . , 6), then:

q5 = (1 � p5)(1 � r5) + (1 � r5)p5q6

+ r5
X

k

P (⇠5 = k)
X

lk

✓
k
l

◆ �
1 � p̂0

�k�l p̂l0q
l
5

= (1 � p5) (1 � r5) + (1 � r5) p5q6
+ r5

X

k

P (⇠5 = k)
�
p̂0q5 + �

1 � p̂0
��k

= (1 � p5) (1 � r5) + (1 � r5) p5q6
+ r5G5

�
p̂0q5 + �

1 � p̂0
��

. (9)

The first term represents the probability that a type-5 individual
does not flower and does not survive; the second term represents
the probability that the individual does not flower, and survives
to become a type-6 individual, which initiates a lineage that goes
extinct; the last term equals the sum of probabilities that the type-
5 individual flowers, produces k seeds of which l germinate and
produce type-5 individuals that each produce a lineage which will
become extinct. We can write (9) as follows:

q5 = a5(q5) + b5q6 (10)

where we have introduced

ai(q) = riGi
�
p̂0q + �

1 � p̂0
�� + (1 � ri) (1 � pi) and

bi = (1 � ri) pi, i = (1, . . . , 6)
(11)

which are quantities that appear frequently in subsequent
analyses.

In order to solve (10), we must first derive an expression for q6.
Analogous to (10) we can derive:

q6 = a6(q5) + b6q6. (12)

The solution of Eqs. (10) and (12) depends on the forms of the
functions G5(s) and G6(s), as well as the parameter values. For ease
of notation, wewill denote q5 by q fromnowon. From (10) and (12)
it follows that:

q = a5(q) + b5a6(q)
1 � b6

. (13)

The smallest positive value of q that satisfies (13) represents the
extinction probability of a lineage started by one type-5 individual.
This value is smaller than one if and only if the derivative of the
right-hand side of (13) evaluated at q = 1 is larger than one, which
leads to inequality (6).

4.2. Calculation of the hazard rate

Let Ii(n) (i 2 {0, 3, 4}) be the cumulative number of type-5
individuals produced by type-3 and type-4 individuals up to and
including time n, given that we start with a population of a single
type-i individual. We denote the p.g.f. of Ii(n) by fIi(n)(s). It is easily
seen that:

P (T > n) = E
⇥
qI0(n)

⇤ = fI0(n)(q), (14)

since T > n implies that all type-5 individuals produced up to and
including time n must fail to establish a permanent lineage. In the
Appendix it is shown that:

fI0(n)(q) = fI0(n�1)(q)G0
�
p̂0fI3(n�1) (q) + �

1 � p̂0
��

fI3(n)(q) = r3G3
�
p̂0q + �

1 � p̂0
�� + (1 � r3) p3fI4(n�1)(q)

+ (1 � r3) (1 � p3)
fI4(n)(q) = r4G4

�
p̂0q + �

1 � p̂0
�� + (1 � r4) p4fI4(n�1)(q)

+ (1 � r4) (1 � p4) .

(15)

These equations are solved iteratively with initial condition
fIi(0)(q) = 1 i 2 {0, 3, 4}, to find fI0(n)(q). Putting (8), (14) and (15)
together gives:

Hn(q) = 1 � fI0(n) (q)
fI0(n�1)(q)

= 1 � G0
�
p̂0fI3(n�1)(q) + �

1 � p̂0
��

. (16)

For n = 0 or 1, the hazard rate equals 0, since no type-5 individuals
can be produced before year 2. For the considered model, it is
possible to derive an explicit expression for the hazard rate. For
n � 2, it equals (see Appendix):

Figure 3. Total number of individuals containing the foreign
gene,

P6
i=3 Zi(t) according to the deterministic model (solid

line), and the three simulation runs of the stochastic model with
Poisson-distributed seed productions (dotted lines). Parameter
values: p̂0 = 0.00079, m0 = 50, r3 = r4 = r5 = r6 = 0.9,
p3 = p4 = p5 = p6 = 0.7, m3 = m4 = 850,m5 = m6 = 900.

that the lineage reaches some size that is large enough to guarantee its permanent
presence.

The calculation of extinction probabilities and hazard rate is based on so-called
probability generating functions. Let X be a non-negative discrete random vari-
able, then its probability generating function (p.g.f.) is a function from R to R
, which is defined as E

⇥
sX
⇤
, where E[ ] denotes expectation and s can take any

value on the interval [0, 1].
Let Gi(s) be the p.g.f. of the number of seeds produced by such an individual

of type i (i = 0, ..., 6), then:

q5 =(1� p5)(1� r5) + (1� r5)p5q6 + r5
X

k

P (⇠5 = k)
X

lk

✓
k
l

◆
(1� p̂0)

k�lp̂l0q
l
5

=(1� p5)(1� r5) + (1� r5)p5q6 + r5
X

k

P (⇠5 = k) (p̂0q5 + (1� p̂0))
k (9)

=(1� p5)(1� r5) + (1� r5)p5q6 + r5G5(p̂0q5 + (1� p̂0))

The first term represents the probability that a type-5 individual does not flower
and does not survive; the second term represents the probability that the individual
does not flower, and survives to become a type-6 individual, which initiates a
lineage that goes extinct; the last term equals the sum of probabilities that the
type-5 individual flowers, produces k seeds of which l germinate and produce type-
5 individuals that each produce a lineage which will become extinct. We can write
(9) as follows:

q5 = a5 (q5) + b5q6 (10)
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where we have introduced

ai (q) = riGi (p̂0q + (1� p̂0)) + (1� ri) (1� pi) and bi = (1� ri) pi (11)

for i = (1, . . . , 6). These quantities will appear frequently in subsequent analyses.
In order to solve (10), we must first derive an expression for q6. Analogous to

(10) we can derive:

q6 = a6 (q5) + b6q6. (12)

The solution of Eqs (10) and (12) depends on the forms of the functions G5(s)
and G6(s), as well as the parameter values. For ease of notation, we will denote
q5 by q from now on. From (10) and (12) it follows that:

q = a5 (q) +
b5a6 (q)

1� b6
(13)

The smallest positive value of q that satisfies (13) represents the extinction prob-
ability of a lineage started by one type-5 individual. This value is smaller than
one if and only if the derivative of the right-hand side of (13) evaluated at q = 1
is larger than one, which leads to inequality (6).

4.2. Calculation of the hazard rate. Let Ii(n) (i 2 {0, 3, 4}) be the cumulative
number of type-5 individuals produced by type-3 and 4 individuals up to and
including time n, given that we start with a population of a single type-i individual.
We denote the p.g.f. of Ii(n) by fIi(n)(s). It is easily seen that:

P (T > n) = E
h
qI0(n)

i
= fI0(n) (q) (14)

since T > n implies that all type-5 individuals produced up to and including time
n must fail to establish a permanent lineage. In the Appendix it is shown that:

fI0(n) (q) = fI0(n�1) (q)G0

�
p̂0fI3(n�1) (q) + (1� p̂0)

�

fI3(n) (q) = r3G3 (p̂0q + (1� p̂0)) + (1� r3) p3fI4(n�1) (q) + (1� r3) (1� p3) (15)

fI4(n) (q) = r4G4 (p̂0q + (1� p̂0)) + (1� r4) p4fI4(n�1) (q) + (1� r4) (1� p4)

These equations are solved iteratively with initial condition fIi(0)(q) = 1, i 2
{0, 3, 4} to find fI0(n)(q). Putting (8), (14) and (15) together gives:

Hn (q) = 1�
fI0(n) (q)

fI0(n�1) (q)
= 1�G0

�
p̂0fI3(n�1) (q) + (1� p̂0)

�
(16)

For n = 0 or 1, the hazard rate equals 0, since no type-5 individuals can be
produced before year 2. For the considered model, it is possible to derive an
explicit expression for the hazard rate. For n � 2, it equals (see Appendix) :

Hn (q) = 1�G0

✓
p̂0

✓
a3 (q) + b3

✓
a4 (q)

1� b4
n�2

1� b4
+ b4

n�2

◆◆
+ (1� p̂0)

◆
(17)

and its asymptotic value is:

Ĥ (q) = 1�G0

✓
p̂0

✓
a3 (q) +

b3a4 (q)

1� b4

◆
+ (1� p̂0)

◆
(18)
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4.3. Shape of the hazard rate. The recurrence relations for fI3(n)(q) and fI4(n)(q)
in (15) can be considered from a di↵erent angle. Consider a multi-type branching
process with three types, numbered 3, 4 and 5, and let Qi(n) be the probability
that a process starting with one individual of type i will go extinct at or be-
fore time n. Furthermore, assume that Q5(n) is constant and equal to q. Then
(15), with fIi(n)(q) replaced by Qi(n) (i = 3, 4) specifies recurrence relations for
these extinction probabilities, but with di↵erent initial conditions: fIi(0)(q) = 1 ,
whereas Qi(0) = 0. This implies that the fIi(n)(q) decrease with n, whereas the
Qi(n) increase. Of course, it is also evident from their definitions that this should
be so. This conclusion is also valid for models describing more complicated life
histories.

This equivalence can be used to derive properties of the fIi(n)(q). From branch-
ing process theory (e.g., Athreya and Ney, 1972, chapter 5) it follows that, when q is
given, the recurrence relations in (15) have one equilibrium with values in [0,1]. Let
fIi(q) denote the equilibrium values of fIi(n)(q). If q = 1, there is one equilibrium
at the point where all fIi(q) are equal to one. In that case fI3(n)(q) = fI4(n)(q) = 1
for all n, and the hazard rate equals zero.

If q is less than one, there is one equilibrium point at smaller values of fIi(q),
which is stable. Since hybrid individuals have a positive chance of having no
surviving o↵spring, this equilibrium is larger than zero, even when q equals zero.
In this case fI3(n)(q) decreases monotonically to a constant equilibrium value, and
it follows from (16) that the hazard rate increases monotonically to an asymptote
between zero and one.

A similar expression to (16) will hold for any process where the numbers of
hybrids that are introduced each time unit are independent and identically dis-
tributed. Therefore, the same conclusion holds for any introgression process with
this immigration structure.

When q is close to one, approximations for the extinction probabilities Qi in
slightly supercritical processes, such as given in Haccou et al. (2005, section 5.6)
can be used to approximate the fIi(q). An example of such an approximation is
given in section 5.3.

5. Results

5.1. The shape of the hazard rate and distribution of T. In the initial
numerical analyses (Fig. 4) we assume that the seed production distributions of
types 3 and 4 are either Geometric (Gi(s) = 1/(1+(1�s)mi) ) or Poisson (Gi(s) =
e�mi(1�s)), and that the numbers of hybrid seeds produced per generation are
Poisson-distributed.

As shown in the previous section, the hazard rate is zero in the first year and
then increases monotonically in time, to an asymptotic level smaller than one. In
this example, the asymptotic value is reached rapidly (see Fig. 4a). If the hazard
rate would be constant, the times T would have a Geometric distribution (see e.g.,
Feller, 1968, section 13.9). The results indicate that we can well approximate the
distribution of T with a time-lagged Geometric distribution:
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P (T = t) ⇡ P (Tg + 1 = t) =
⇣
1� Ĥ (q)

⌘t�2
Ĥ (q) , for t � 2 (19)

P (T = t) = 0, for 0  t < 2,

where Tg represents a Geometrically distributed random variable. Numerical sim-
ulations, as shown in Fig. 4b, support the e↵ectiveness of this approximation.
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Fig. 4. (a) The time dependence of the hazard rate (c.f. Eq. (17)) for Poisson (solid line) and Geometrically (dotted line) distributed seed production. Hybrids are formed
according to a Poisson distribution. (b) The survival function of T for Poisson-distributed seed numbers (line). Numerical simulations of 10,000 iterations (circles) and the
approximation to the survival function of T (stars) with a time-lagged Geometric distribution. (c) The exact distribution of T for Poisson-distributed seed production. In all
the three figures the parameter values are:m0 = 50,m3 = m4 = 800, p̂0 = 0.001, p3 = p4 = 0.7, r3 = r4 = 0.9, q = 0.95.

expected number of seeds produced by a flowering one-year old
hybrid plant is larger than the expected number of seeds it will
produce if it postpones flowering:

m3 >
p3r4m4

1 � (1 � r4) p4
. (23)

Numerical work confirmed that this inequality provides a good
indicator of the switching boundary.

There will be a steady increase in the asymptotic hazard rate
with increasing m0, unless q = 1. This can be seen from (18)
and (22). It follows from (20) that for Poisson-distributed hybrid
formation, the asymptotic hazard rate approaches one at largem0.
The approximation in (22) indicates that an increased variance
in the number of hybrids produced results in a lower asymptotic
hazard rate. This can also be seen in Fig. 4(a), since a Geometric
distribution has a larger variance than a Poisson distribution with
the same expectation (see also Section 5.4).

5.3. Effects of backcross fitness

To examine the effects of backcross fitness relative to the
wild type, on introgression success probability, we use the
approximation for establishment success of a slightly supercritical
branching process, which was derived by Haldane (1927) and later
by Eshel (1981) in amore general setting (see also Section 4.3). This
approximation is based on the second-order Taylor approximation
of the right-hand side of (13) in the point ⇣WT = ⇣BC , and leads to:

(1 � q) ⇡
2

⇣
⇣BC
⇣WT

� 1
⌘

⇣ 2
WT

⌘BC
(24)

where ⌘BC = a00
5(1) + b5

1�b6
a00
6(1). Since ⌘BC increases with

increasing variance of backcrossed seed production, such variance
decreases establishment success, and therefore decreases the
hazard rate. Substituting the approximation in (24) in the Taylor-
approximation of the asymptotic hazard rate in (22) gives an
approximation of the asymptotic hazard rate for situations where
the fitnesses of the backcrosses and wild type are nearly equal.
Since the variance in the backcross seed production appears
in the first-order term of the resulting approximation, it has a
larger effect on the hazard rate than the variances of hybrid seed
production, or hybrid formation, which only affect the second-
order terms. This is illustrated in Fig. 6.

5.4. Effects of variances

The Taylor approximations of the asymptotic hazard rate
presented in Sections 5.2 and 5.3 indicate that variance in seed
production and hybrid formation reduces the hazard rate. These
effects cannot be studied well, however, with the models that we
used up to now, because in Poisson and Geometric distributions
the variance and the mean are interdependent. Furthermore, in
the previous examples we used relatively large values for the
mean seed productions, mi. To study the effects of variance
more closely, we use a model with lower mean values, and so-
called Linear Fractional distributions for seed production and
hybrid formation. The probability generating functions for Linear
Fractional distributions have the form: Gi(s) = 1 � (b/(1 � c)) +
(bs/(1 � cs)), with c 2 (0, 1) and b 2 (0, 1 � c). The mean and
variance are, respectively: b/(1�c)2 and (b(1�c)2�b2)/(1�c)4.

As can be seen from Fig. 6, increasing variances can indeed
reduce the hazard rate considerably, and changes in variance in

Figure 4. (a) The time dependence of the hazard rate (c.f. Eq.
(17)) for Poisson (solid line) and Geometrically (dotted line) dis-
tributed seed production. Hybrids are formed according to a
Poisson distribution. (b) The survival function of T for Poisson-
distributed seed numbers (line). Numerical simulations of 10,000
iterations (circles) and the approximation to the survival func-
tion of T (stars) with a time-lagged Geometric distribution. (c)
The exact distribution of T for Poisson-distributed seed produc-
tion. In all the three figures the parameter values are: m0 = 50,
m3 = m4 = 800, p̂0 = 0.001, p3 = p4 = 0.7, r3 = r4 = 0.9,
q = 0.95.

As a consequence, a good approximation for the expectation of T is 1+1/Ĥ(q).
Note, however, that the distribution of T is very skewed (see Fig. 4c). This implies
that most introgression events will occur before the expected time. For example,
with the parameters used in Fig. 4, the expectation of T equals 529 years, whereas
half of the introgression events occur at or before 368 years.

5.2. E↵ects of hybrid survival and flowering probabilities, hybrid seed
production, and hybrid formation. It can be shown straightforwardly that



A Time Homogeneous Model 19

the asymptotic hazard rate is monotonically non-decreasing with r4, p3, and p4
(see Appendix). Numerical examples are given in Fig. 5.
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Fig. 5. Dependence of the asymptotic hazard rate (c.f. Eq. (18)) on parameters p3 (a), p4 (b), r3 (c), r4 (d),m3 (e) andm4 (f). Default parameter values arem0 = 50,m3 = 800,
m4 = 800, p̂0 = 0.001, p3 = 0.7, p4 = 0.7, r3 = 0.9, r4 = 0.9, q = 0.95; except in dotted lines in (a), (b), (c) and (d) where m3 = 100, and dotted lines in (e) and (f) where
r3 = 0.1.

backcross seed production have the largest effect. Both results
agree with the predictions from the Taylor approximations.

6. Discussion

In this paper we showed how to model and quantify stochastic
introgression processes. As illustrated in Section 3, predictions of
stochastic introgression models differ strongly from those of their
deterministic analogues (Fig. 3). Most importantly, deterministic
models ignore the initial period before an introgression event
occurs. This period, however, strongly determines the risk of
introgression, since exponential growth only occurs after initiation
of a successful lineage. Furthermore, the high variance between the
results of different simulation runs indicates that a representation
of population sizes by their expectations, as in deterministic
models, is not very useful.

Whereas we focused on the distribution of the lengths of initial
periods, previous introgression research, based on deterministic

models, considered changes in population sizes of individuals
carrying the foreign gene. A complete characterization of the
process would involve both aspects. Serra (2006) showed that for
a two-type model with one supercritical type, the distribution of
the time until the supercritical population reaches a high, fixed
level x can be approximated well by the distribution of the time
T until an introgression event occurs plus the time it takes a single
type supercritical branching process starting with one individual
to grow up to level x. The simulation results presented in Fig. 3
indicate that a similar result holds in this case. This is a subject of
further research.

We introduced the hazard rate as a measure to quantify the
distribution of T . This function specifies the instantaneous risk of
an introgression event in the course of time. It is comparable to
e.g., the age-dependent mortality risk of humans in demography.
We showed that when there is an initial fitness bottleneck
and repeated hybrid formation, the hazard rate is initially zero
and then increases to an asymptote between zero and one.

Figure 5. Dependence of the asymptotic hazard rate (c.f. Eq.
(18)) on parameters p3 (a), p4 (b), r3 (c), r4 (d), m3 (e) and m4

(f). Default parameter values are m0 = 50, m3 = 800, m4 = 800,
p̂0 = 0.001, p3 = 0.7, p4 = 0.7, r3 = 0.9, r4 = 0.9 , q = 0.95,
except in dottedlines in (a), (b), (c) and (d) where m3 = 100, and
dotted lines in (e) and (f) where r3 = 0.1.

Since ai(q) decreases in mi and G0(s) increases in s, it follows from (18) that
the asymptotic hazard rate increases monotonically with m3 and m4. The rate of
this increase is linked to r3, as illustrated in Figs. 5e and f. If r3 is low, a smaller
number of type-3 individuals flower, so m3 has a smaller e↵ect on the asymptotic
hazard rate. At the same time, more type-4 individuals are produced, so a decrease
in r3 is associated with an increase in the sensitivity of the asymptotic hazard rate
to m4.
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Note that for Poisson and Geometric distributions,

lim
mi!1

Gi (s) = 0 if s 6= 1. (20)

Thus, when we let m3 and m4 tend to infinity, the right hand side of (18) tends
to:

1�G0

✓
(1� p̂0) + p̂0

✓
(1� r3)(1� p3) +

b3(1� r4)(1� p4)

1� b4

◆◆
(21)

where the argument of G0 can be interpreted as the probability that a hybrid seed
produces a non-flowering plant, or does not germinate. This result implies that at
high hybrid fecundities, the production of hybrids becomes the limiting factor of
introgression.

To further examine the e↵ects of the shapes of seed number distributions on
the asymptotic hazard rate, we studied its Taylor approximation in the vicinity of
q = 1 (derivation see Appendix):

Ĥ (q) =

0

BBB@

p̂20m0

⇣
r3m3 +

b3
1�b4

r4m4

⌘
(1� q)

� 1
2�0p̂40

⇣
r3m3 +

b3
1�b4

r4m4

⌘2
(1� q)2

� 1
2m0p̂30

⇣
r3�3 +

b3
1�b4

r4�4

⌘
(1� q)2 +O

⇣
(1� q)3

⌘

1

CCCA
(22)

where �i = G00
i (1) = E [Xi (Xi � 1)] = V ar [Xi] + E [Xi] (E [Xi]� 1), Xi repre-

sents the number of seeds produced by a type-i individual and V ar[Xi] represents
its variance. This result indicates that the hazard rate decreases with increasing
variance of seed production by hybrids.

The direction of the e↵ect of r3 depends on the values of other parameters
(see Fig. 5c). To get an indication of the parameter ranges where this changes,
we studied the first-order term of the Taylor approximation in (22). This term
increases in r3 if the expected number of seeds produced by a flowering one-year
old hybrid plant is larger than the expected number of seeds it will produce if it
postpones flowering:

m3 >
p3r4m4

1� (1� r4) p4
. (23)

Numerical work confirmed that this inequality provides a good indicator of the
switching boundary.

There will be a steady increase in the asymptotic hazard rate with increasing
m0, unless q = 1. This can be seen from (18) and (22). It follows from (20) that
for Poisson-distributed hybrid formation, the asymptotic hazard rate approaches
one at large m0. The approximation in (22) indicates that an increased variance
in the number of hybrids produced results in a lower asymptotic hazard rate. This
can also be seen in Fig. 4a, since a Geometric distribution has a larger variance
than a Poisson distribution with the same expectation (see also section 5.4).

5.3. E↵ects of backcross fitness. To examine the e↵ects of backcross fitness
relative to the wild type, on introgression success probability, we use the approx-
imation for establishment success of a slightly supercritical branching process,
which was derived by Haldane (1927) and later by Eshel (1981) in a more general
setting (see also section 4.3). This approximation is based on the second order
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Taylor approximation of the right-hand side of (13) in the point ⇣WT = ⇣BC , and
leads to:

(1� q) ⇡
2
⇣

⇣BC

⇣WT
� 1
⌘
⇣2WT

⌘BC
(24)

where ⌘BC = a005 (1) +
b5

1�b6
a006 (1). Since ⌘BC increases with increasing variance

of backcrossed seed production, such variance decreases establishment success, and
therefore decreases the hazard rate. Substituting the approximation in (24) in the
Taylor-approximation of the asymptotic hazard rate in (22) gives an approximation
of the asymptotic hazard rate for situations where the fitnesses of the backcrosses
and wild type are nearly equal. Since the variance in the backcross seed production
appears in the first order term of the resulting approximation, it has a larger
e↵ect on the hazard rate than the variances of hybrid seed production, or hybrid
formation, which only a↵ect the second order terms. This is illustrated in Fig. 6.

5.4. E↵ects of variances. The Taylor approximations of the asymptotic hazard
rate presented in sections 5.2 and 5.3 indicate that variance in seed production
and hybrid formation reduces the hazard rate. These e↵ects cannot be studied
well, however, with the models that we used up to now, because in Poisson and
Geometric distributions the variance and the mean are interdependent. Further-
more, in the previous examples we used relatively large values for the mean seed
productions, mi. To study the e↵ects of variance more closely, we use a model
with lower mean values, and so-called Linear fractional distributions for seed pro-
duction and hybrid formation. The probability generating functions for Linear
fractional distributions have the form: Gi (s) = 1 � (b/(1� c) ) + (bs/(1� cs) ),
with c 2 (0, 1) and b 2 (0, 1 � c). The mean and variance, are, respectively:
b/(1� c)2 and

�
b(1� c)2 � b2

�
/(1� c)4.

As can be seen from Fig. 6, increasing variances can indeed reduce the hazard
rate considerably, and changes in variance in backcross seed production have the
largest e↵ect. Both results agree with the predictions from the Taylor approxima-
tions.

6. Discussion

In this paper we showed how to model and quantify stochastic introgression pro-
cesses. As illustrated in section 3, predictions of stochastic introgression models
di↵er strongly from those of their deterministic analogues (Fig. 3). Most impor-
tantly, deterministic models ignore the initial period before an introgression event
occurs. This period, however, strongly determines the risk of introgression, since
exponential growth only occurs after initiation of a successful lineage. Further-
more, the high variance between the results of di↵erent simulation runs indicates
that a representation of population sizes by their expectations, as in deterministic
models, is not very useful.

Whereas we focused on the distribution of the lengths of initial periods, previ-
ous introgression research, based on deterministic models, considered changes in
population sizes of individuals carrying the foreign gene. A complete characteri-
zation of the process would involve both aspects. Serra (2006) showed that for a
two-type model with one supercritical type, the distribution of the time until the
supercritical population reaches a high, fixed level x can be approximated well by
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Fig. 6. The dependence of the asymptotic hazard rate (Eq. (18)) on the variance
of backcrossed seed production (black), hybrid seed production (blue), and hybrid
formation (red). Default parameter values: p̂0 = 0.8, p3 = p4 = p5 = p6 = 0.7,
r3 = r4 = r5 = r6 = 0.9, m0 = m5 = m6 = 1.5, m3 = m4 = 1.0. All
distributions are Linear Fractional, with default variance 1.5. Solid lines represent
cases where one-year old plants’ variances are changing; dotted lines represent the
case for changing the variance of older plants. See main text for further details.

In the presented example, this increase happens very quickly,
and the distribution of times until introgression events is well
approximated by a Geometric distribution with a time lag. In
situations with, e.g., multi-generation bottlenecks, or the presence
of a seed bank with a gradual build-up of introgressed seeds, the
hazard rate will increases to its asymptotic level more gradually.
We expect, however, that time-laggedGeometric distributionswill
still provide good approximations. This implies that after the initial
lag time, the process can be considered as a lottery where each
year there is a constant chance Ĥ(q) of an introgression event.
As a consequence, the distribution of T will be very skewed (as
in, e.g., Fig. 5), and the expected value of T will be a misleading
measure of introgression risk, since in the majority of cases
introgression events will take place before this time.

In the relatively simple example considered here, it is possible
to derive an explicit expression for the hazard rate. For more
complicated cases this will usually not be possible. The values of
q and fI0(n)(q) then have to be determined numerically. Note that
this is a far more efficient procedure than performing simulations
to estimate the hazard or survival function of T and, furthermore,
it provides exact values (apart from numerical errors, which can
be minimized by algorithm optimization) rather than estimates.
This is especially important in the tail of the distribution of T
(i.e., for large values of n), where the precision of estimators is
low. Furthermore, whereas explicit expressions may not always
be available, recurrence relations such as (15) can also be used to
derive approximations, or perform analytical studies. Procedures
for approximating extinction probabilities of multitype processes
can be applied for that purpose, by making use of the analogy
explained in Section 4.3.

As an example, we studied a simple model of a monocarpic
plant species. We found that the asymptotic hazard rate increases
monotonically in all life history parameters except the first year
flowering probability, r3 (Fig. 5). Effects of r3 reflect the trade offs
between seed production in the first or later years: the hazard rate
decreases with r3 if postponement of flowering leads to a much
higher seed production. Under natural conditions, such life history
parameters will evolve to optimal combinations, given the trade
offs. So, we would expect a low probability of flowering in the
first year when seed production at an older age is relatively high
and vice versa, leading to high hazard rates. Cultivar genes might

further increase it by lowering the first year flowering probability
of hybrids.

As long as adult plant survival chances are positive, their
magnitude does not makemuch difference for the hazard rate, and
the same holds for the flowering probability of two year and older
plants, r4 (Fig. 5(a),(b),(d)). The effects of expected seed numbers
are much more pronounced (Fig. 5(e), (f)). In addition, the shapes
of seed production distributions are also important, for instance,
a higher variance decreases the hazard rate (22). As illustrated
in Fig. 6, this effect can be significant. We expect this result to
hold generally, regardless of the details of the model. Changes in
variance of backcross seed production have larger consequences
than those in variance of hybrid seed production (e.g., Fig. 6).
This result is intuitively clear, since all subsequent generations
of offspring from backcrossed individuals are governed by the
backcrossed life history parameters, whereas hybrid life history
parameters only affect one generation.

Based on these results we would advise that in the context
of introgression risk, it is better to study effects of hybridization
and backcrossing on seed production distributions and first year
flowering probability rather than probabilities of adult survival
and flowering at older ages. Since we considered a very simplified
model, however, these conclusions are only tentative.

We expect that an important application of the hazard rate will
be the study of effects of time-varying environmental conditions,
or crop management. In such cases there can be periods where
the hazard rate decreases, for instance when crops are rotated.
Methods for calculating hazard rates from time-inhomogeneous
branching processes (Smith and Wilkinson, 1969) are currently
being developed.

The model can be extended easily to incorporate other types of
life histories and other modes of density-dependent competition,
provided that the wild population is large and homogeneous.
As long as this holds, interactions between individuals with
introgressed genotypes can be ignored initially and branching
process models can be used to study their invasion dynamics.
In small or spatially structured populations, invaders may affect
each other already at low numbers. This necessitates the use of
frequency- and density-dependent invasion models. Until now
there are not many mathematical results on such generalizations
of branching processes (but see Jagers and Klebaner, 2000).
Furthermore, foreign genes invading small wild populations may
become established by drift, even without a fitness advantage (for
q = 1), especially when there are repeated invasions (Haygood
et al., 2003). Methods for quantifying introgression processes in
such situations remain to be developed.

Even in largewild populations, if invasion is successful, the den-
sity of invaders will eventually become so large that the possibil-
ity that invaders interact directly cannot be neglected. The inva-
sion model that we used can be considered as an approximation
of a more complicated model that includes such interactions, valid
at low invader densities. In this light, 1 � q should be considered
as an approximation of the probability that the numbers of type-5
and type-6 individuals reach such high levels that the probability
that the foreign gene disappears from the population due to de-
mographic stochasticity can be neglected. This type of approach is
common in invasion studies (e.g., Garnier and Lecomte, 2006), and
generally works well (see Champagnat et al., 2006).

We did not incorporate explicit genetics into the model, but
obviously this is an important generalization,which is, for instance,
needed to study effects of linkage and hitchhiking. A huge number
of types may be needed to represent the different possible
introgressed genotypes. Models can be considerably simplified,
however, if some genotypes have equal fitnesses. In our model, for
instance, we assumed that individuals of BC1 and later backcross
generations have the same fitness.

Figure 6. The asymptotic hazard rate (Eq. (18)) plotted against
the variance of backcrossed seed production (black), hybrid seed
production (blue), and hybrid formation (red). Default parameter
values: p̂0 = 0.8, p3 = p4 = p5 = p6 = 0.7, r3 = r4 = r5 = r6 =
0.9, m0 = m5 = m6 = 1.5, m3 = m4 = 1.0. All distributions are
Linear Fractional, with default variance 1.5. Solid lines represent
cases where one-year old plants variances are changing; dotted
lines represent the case for changing the variance of older plants.
See main text for further details.

the distribution of the time T until an introgression event occurs plus the time
it takes a single type supercritical branching process starting with one individual
to grow up to level x. The simulation results presented in Fig. 3 indicate that a
similar result holds in this case. This is a subject of further research.

We introduced the hazard rate as a measure to quantify the distribution of
T . This function specifies the instantaneous risk of an introgression event in the
course of time. It is comparable to e.g., the age-dependent mortality risk of humans
in demography. We showed that when there is an initial fitness bottleneck and
repeated hybrid formation, the hazard rate is initially zero and then increases
to an asymptote between zero and one. In the presented example, this increase
happens very quickly, and the distribution of times until introgression events is
well approximated by a Geometric distribution with a time lag. In situations with,
e.g., multi-generation bottlenecks, or the presence of a seed bank with a gradual
build-up of introgressed seeds, the hazard rate will increases to its asymptotic level
more gradually. We expect, however, that time-lagged Geometric distributions will
still provide good approximations. This implies that after the initial lag time, the
process can be considered as a lottery where each year there is a constant chance
Ĥ(q) of an introgression event. As a consequence, the distribution of T will be
very skewed (as in, e.g., Fig. 5), and the expected value of T will be a misleading
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measure of introgression risk, since in the majority of cases introgression events
will take place before this time.

In the relatively simple example considered here, it is possible to derive an ex-
plicit expression for the hazard rate. For more complicated cases this will usually
not be possible. The values of q and fI0(n)(q) then have to be determined numeri-
cally. Note that this is a far more e�cient procedure than performing simulations
to estimate the hazard or survival function of T and, furthermore, it provides
exact values (apart from numerical errors, which can be minimized by algorithm
optimization) rather than estimates. This is especially important in the tail of the
distribution of T (i.e., for large values of n), where the precision of estimators is
low. Furthermore, whereas explicit expressions may not always be available, recur-
rence relations such as (15) can also be used to derive approximations, or perform
analytical studies. Procedures for approximating extinction probabilities of mul-
titype processes can be applied for that purpose, by making use of the analogy
explained in section 4.3.

As an example, we studied a simple model of a monocarpic plant species. We
found that the asymptotic hazard rate increases monotonically in all life history
parameters except the first-year flowering probability, r3 (Fig. 5). E↵ects of r3
reflect the trade o↵s between seed production in the first or later years: the hazard
rate decreases with r3 if postponement of flowering leads to a much higher seed
production. Under natural conditions, such life history parameters will evolve to
optimal combinations, given the trade o↵s. So, we would expect a low probability
of flowering in the first year when seed production at an older age is relatively
high and vice versa, leading to high hazard rates. Cultivar genes might further
increase it by lowering the first year flowering probability of hybrids.

As long as adult plant survival chances are positive, their magnitude does not
make much di↵erence for the hazard rate, and the same holds for the flowering
probability of two-year and older plants, r4 (Figs. 5a,b,d). The e↵ects of expected
seed numbers are much more pronounced (Figs. 5e,f). In addition, the shapes
of seed production distributions are also important, for instance, a higher vari-
ance decreases the hazard rate (22). As illustrated in Fig. 6, this e↵ect can be
significant. We expect this result to hold generally, regardless of the details of
the model. Changes in variance of backcross seed production have larger conse-
quences than those in variance of hybrid seed production (e.g., Fig. 6). This result
is intuitively clear, since all subsequent generations of o↵spring from backcrossed
individuals are governed by the backcrossed life-history parameters, whereas hy-
brid life-history parameters only a↵ect one generation.

Based on these results we would advise that in the context of introgression risk,
it is better to study e↵ects of hybridization and backcrossing on seed production
distributions and first-year flowering probability rather than probabilities of adult
survival and flowering at older ages. Since we considered a very simplified model,
however, these conclusions are only tentative.

We expect that an important application of the hazard rate will be the study
of e↵ects of time-varying environmental conditions, or crop management. In such
cases there can be periods where the hazard rate decreases, for instance when
crops are rotated. Methods for calculating hazard rates from time-inhomogeneous
branching processes (Smith and Wilkinson, 1969) are currently being developed.
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The model can be extended easily to incorporate other types of life histories and
other modes of density dependent competition, provided that the wild population
is large and homogeneous. As long as this holds, interactions between individuals
with introgressed genotypes can be ignored initially and branching process models
can be used to study their invasion dynamics. In small or spatially structured pop-
ulations, invaders may a↵ect each other already at low numbers. This necessitates
the use of frequency- and density-dependent invasion models. Until now there are
not many mathematical results on such generalizations of branching processes (but
see Jagers and Klebaner, 2000). Furthermore, foreign genes invading small wild
populations may become established by drift, even without a fitness advantage
(for q = 1), especially when there are repeated invasions (Haygood et al., 2003).
Methods for quantifying introgression processes in such situations remain to be
developed.

Even in large wild populations, if invasion is successful, the density of invaders
will eventually become so large that the possibility that invaders interact directly
cannot be neglected. The invasion model that we used can be considered as an
approximation of a more complicated model that includes such interactions, valid
at low invader densities. In this light, 1? q should be considered as an approxima-
tion of the probability that the numbers of type-5 and 6 individuals reach such
high levels that the probability that the foreign gene disappears from the popu-
lation due to demographic stochasticity can be neglected. This type of approach
is common in invasion studies (e.g., Garnier and Lecomte, 2006), and generally
works well (see Champagnat et al., 2006).

We did not incorporate explicit genetics into the model, but obviously this is an
important generalization, which is, for instance, needed to study e↵ects of linkage
and hitchhiking. A huge number of types may be needed to represent the di↵erent
possible introgressed genotypes. Models can be considerably simplified, however,
if some genotypes have equal fitnesses. In our model, for instance, we assumed
that individuals of BC1 and later backcross generations have the same fitness.

Important other issues for future research are the e↵ects of spatial structure
and gene flow between subpopulations (e.g., Hanski, 1999) on the hazard rate.

In conclusion, further development of stochastic models for introgression re-
search is needed, and we expect that this will require much more work. However,
it is imperative to use such models, because, as we showed, deterministic models
ignore important factors, and give misleading results. To analyze and interpret
results of stochastic models, and go beyond simulations, we need measures such
as the hazard rate, which adequately quantify essential features of stochastic in-
trogression processes.

Appendix A. Appendix

A.1. Derivation of (15). Here, we will use a multi-dimensional extension of the
definition of the p.g.f. given in the main text, to deal with multiple types. Thus,
the p.g.f. of the o↵spring of a single type-i individual (i 2 {0, 3, 4, 5}) is defined
as:

Fi (s0, s3, s4, s5) = E
h
sZ0(1)
0 sZ3(1)

3 sZ4(1)
4 sZ5(1)

5 |Zi (0) = 1, Zj (0) = 0 for j 6= i
i

(A.1)
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where Zi(n) denotes the number of type-i individuals at time n. In the considered
model,

F0 (s0, s3, s4, s5) = s0G0 (p̂0s3 + (1� p̂0)) (A.2)

since a type-0 individual produces one of its own type, and a random number
of seeds according to a p.g.f. G0(s), of which a proportion p̂0 of the seeds will
germinate.

F3 (s0, s3, s4, s5) = r3G3 (p̂0s5 + (1� p̂0)) + (1� r3) p3s4 + (1� r3) (1� p3)
(A.3)

since a type-3 individual may flower with a probability r3 and produce some num-
ber of seeds according to a p.g.f. G3(s), of which a proportion p̂0 will flower to
become type-5 individuals.

Following a similar reasoning, we also obtain the following expression:

F4 (s0, s3, s4, s5) = r4G4 (p̂0s5 + (1� p̂0))+(1� r4) p4s4+(1� r4) (1� p4) (A.4)

Next, we consider the generating function of Ii(n):

(A.5)

fIi(n)(s) = E
h
sIi(n)

i

= E
h
E
h
sIi(n) | Z0(1), Z3(1), Z4(1), Z5(1)

ii

= E

2

66664
E

2

66664
s

Z0(1)X

k=1

I0(n� 1)(k)
Z3(1)X

k=1

I3(n� 1)(k)
Z4(1)X

k=1

I4(n� 1)(k) + Z5(1)

|Z0(1), . . . , Z5(1)

3

77775
|Zi(0) = 1, Zj(0) = 0 for j 6= i

3

77775

where Ij(n � 1)(k) denotes the total number of type-5 individuals up to and in-
cluding the next n � 1 generations produced by type-3 and 4 individuals of the
lineage of the kth individual of type j in generation 1. Using the fact that individ-
uals reproduce independently, and that individuals of the same type have identical
o↵spring distributions, we can rewrite (A.5) as follows:

(A.6)
E


E
h
sI0(n�1)

iZ0(1)
E
h
sI3(n�1)

iZ3(1)
E
h
sI4(n�1)

iZ4(1)
sZ5(1)

����Zi (0) = 1, Zj (0) = 0 for j 6= i

�

and this equals

(A.7)

E
h�

fI0(n�1) (s)
�Z0(1)�fI3(n�1) (s)

�Z3(1)�fI4(n�1) (s)
�Z4(1)sZ5(1)

���

Zi (0) = 1, Zj (0) = 0 for j 6= i
i

= Fi

�
fI0(n�1) (s) , fI3(n�1) (s) , fI4(n�1) (s) , s

�
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where we have used (A.1) in the last line. Using the above relationships, the
equations of (15) follow.

A.2. Derivation of Eq. (17). Note that the last equality in Eq. (15) can be
written as:

fI4(n)(q) = a4 (q) + b4fI4(n�1)(q) (A.8)

with a4(q) and b4 as defined in Eq. (11). Solving this recursion yields:

fI4(n) (q) = a4 (q) + b4fI4(n�1) (q) = a4 (q) + a4 (q) b4 + b4
2fI4(n�2) (q)

= a4 (q) + a4 (q) b4 + a4 (q) b4
2 + b4

3fI4(n�3) (q) = ... = b4
n +

n�1X

j=0

a4 (q) b4
j

= a4 (q)

✓
1� b4

n

1� b4

◆
+ b4

n (A.9)

Note that if we use n = 0 we get fI4(0)(q) = 1, so the expression derived in (A.9)
is valid for all n. Combining (A.9) with (15) and (16) gives Eq. (17).

A.3. E↵ects of r4, p3 and p4 on the asymptotic hazard rate. The argument
of G0 in the expression of the asymptotic hazard rate in (18) is:

p̂0

 
r3G3 (p̂0q + (1� p̂0)) + (1� r3)(1� p3)

+ (1�r3)p3

1�(1�r4)p4
(rrG4 (p̂0q + (1� p̂0)) + (1� r4)(1� p4))

!
+ (1� p̂0) (A.10)

Furthermore, G0(s) is a monotonically increasing function of s. Therefore, if
the expression in (A.10) increases with a certain parameter, then the asymptotic
hazard rate decreases, and vice versa. The derivative of (A.10) with respect to p4
is positive if

� (1� (1� r4) p4) + (r4G4 (p̂0q + (1� p̂0)) + (1� r4) (1� p4)) > 0 ,
r4G4 (p̂0q + (1� p̂0))� r4 > 0 , G4 (p̂0q + (1� p̂0)) > 1 (A.11)

which gives a contradiction. We can conclude that (A.10) is monotonically non-
increasing with p4, and thus the asymptotic hazard rate must be monotonically
non-decreasing in p4. Results for p3 and r4 can be derived in a similar way.

A.4. Derivation of (22). Consider G(s) to represent the p.g.f. of some random
variable X. It can easily be shown that:

G (1) = 1, G0(1) = E [X] , G00 (1) = E [X (X � 1)] (A.12)

Looking at (18) and its derivatives at q = 1, we find the following expressions.

Ĥ (1) = 0 (A.13)

Ĥ 0 (1) = �p̂20m0

✓
r3m3 +

b3
1� b4

r4m4

◆
(A.14)

Ĥ 00 (1) = ��0p̂
4
0

✓
r3m3 +

b3
1� b4

r4m4

◆2

�m0p̂
3
0

✓
r3�3 +

b3r4
1� b4

�4

◆
(A.15)
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where �i, represents the second derivative of Gi(s) evaluated at 1. Equation (22)
follows from substituting these results in the second order Taylor expansion of
Ĥ(q) around the point 1.
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