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Chapter 7

Density E stim a to r s in Pa r tic le

H yd r o d yna m ic s

Abstract

We p resen t a s tu d y c o m p ar in g d en s ity m ap s rec o n s tr u c ted b y th e D elau n ay Tes sella-
tio n F ield E s tim ato r ( D TF E ) an d b y reg u lar s m o o th ed p ar tic le h y d r o d y n am ic s ( S P H )
k er n el-b ased tec h n iq u es . Th e d en s ity m ap s are c o n s tr u c ted fr o m th e o u tc o m e o f an
S P H s im u latio n o f a m u ltip h ase in ter s tellar m ed iu m . Th e c o m p ar is o n b etw een th e
tw o m eth o d s c lear ly d em o n s trates th e s u p er io r p er fo r m an c e o f th e D TF E w ith res p ec t
to c o n v en tio n al S P H m eth o d s , in p ar tic u lar at lo c atio n s w h ere S P H ap p ear s to fail.
F ilam en tar y an d s h eetlik e s tr u c tu res fo r m tellin g ex am p les . Th e D TF E is a fu lly s elf-
ad ap tiv e tec h n iq u e fo r rec o n s tr u c tin g c o n tin u o u s d en s ity fi eld s fr o m d is c rete p ar tic le
d is tr ib u tio n s , an d is b ased u p o n th e c o r res p o n d in g D elau n ay tes s ellatio n . Its p r in c ip al
as s et is its c o m p lete in d ep en d en c e o f ar b itrar y s m o o th in g fu n c tio n s an d p aram eter s
s p ec ify in g th e p r o p er ties o f th ese. A s a res u lt it m an ag es to rep r o d u c e th e an is o tr o p ies
o f th e lo c al p ar tic le d is tr ib u tio n an d th r o u g h its ad ap tiv e an d lo c al n atu re p r o v es to
b e o p tim ally s u ited fo r u n c o v er in g th e fu ll h ierar c h ic al s tr u c tu res in th e d en s ity d is -
tr ib u tio n . Th r o u g h th e im p r o v em en t in lo c al d en s ity es tim ates , c alc u latio n s in v o k in g
th e D TF E w ill y ield a m u c h b etter rep resen tatio n o f p h y s ic al p r o c es s es w h ic h d ep en d
o n d en s ity. Th is w ill b e c r u c ial in th e c ase o f feed b ac k p r o c es s es , w h ic h p lay a m ajo r
r o le in g alax y an d s tar fo r m atio n is s u es . Th e p resen ted res u lts fo r m an en c o u rag in g
s tep to w ar d s th e ap p lic atio n an d in s er tio n o f th e D TF E in as tr o p h y s ic al h y d r o c o d es .
We d es c r ib e an o u tlin e fo r th e c o n s tr u c tio n o f a p ar tic le h y d r o d y n am ic s c o d e in w h ic h
th e D TF E rep lac es k er n el-b ased m eth o d s . F u r th er d is c u s s io n ad d res s es th e is s u e an d
p o s s ib ilities fo r a m o v in g g r id b ased h y d r o c o d e in v o k in g th e D TF E , an d D elau n ay
tes s ellatio n s , in an attem p t to c o m b in e th e v ir tu es o f th e E u ler ian an d L ag ran g ian
ap p r o ac h es .

Pe lu p e s s y F. I., S c h a a p W. E ., v a n d e We y g a e r t R., 2 0 0 3 , A & A 4 0 3 , p .3 8 9 -3 9 8
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7.1 In tro d u ctio n

Smoothed Particle Hydrodynamics (SPH) has established itself as the workhorse for
a range of astrophysical fl uid dynamical computations (Lucy 19 7 7 , G inghold & M on-
aghan 19 7 7 ). In a wide variety of astrophysical environments this Lagrangian scheme
offers substantial and often crucial advantages over Eulerian, usually grid-based,
schemes. Astrophysical applications such as cosmic structure formation and galaxy
formation, the dynamics of accretion disks and the formation of stars and planetary
systems have testified of its versatility and successful performance (for an enumera-
tion of applications, and corresponding references, see e.g. the reviews by M onaghan
19 9 2 and B ertschinger 19 9 8 ).

A crucial aspect of the SPH procedure concerns the proper estimation of the local
density, i.e. the density at the location of the particles which are supposed to represent
a fair – discrete – sampling of the underlying continuous density field. The basic
feature of the SPH procedure for density estimation is based upon a convolution of
the discrete particle distribution with a particular user-specified kernel function W.
For a sample of N particles, with masses mj and locations rj, the density ρ at the
location ri of particle i is given by

ρ(ri) =

N∑

j= 1

mj W(ri − rj,hi) , (1)

in which the kernel resolution is determined through the smoothing scale hi. N otice
that generically the scale hi may be different for each individual particle, and thus
may be set to adapt to the local particle density. U sually the functional dependence of
the kernel W is chosen to be spherically symmetric, so that it is a function of |ri − rj|
only.

The evolution of the physical system under consideration is fully determined by
the movement of the discrete particles. G iven a properly defined density estimation
procedure, the equations of motion for the set of particles are specified through a
suitable Lagrangian, if necessary including additional viscous forces (see e.g. R asio
19 9 9 ).

In practical implementations, however, the SPH procedure involves a considerable
number of artefacts. These stem from the fact that SPH particles represent functional
averages over a certain Lagrangian volume. This averaging procedure is further ag-
gravated by the fact that it is based upon a rather arbitrary user-specified choice of
both the adopted resolution scale(s) hi and the functional form of the kernel W. Such
a description of a physical system in terms of user-defined fuz z y clouds of matter is
known to lead to considerable complications in realistic astrophysical circumstances.
O ften, these environments involve fl uid fl ows exhibiting complex spatial patterns and
geometries. In particular in configurations characterised by strong gradients in physi-
cal characteristics – of which the density, pressure and temperature discontinuities in
and around shock waves represent the most frequently encountered example – SPH
has been hindered by its relative inefficiency in resolving these gradients.

G iven the necessity for the user to specify the characteristics and parameter val-
ues of the density estimation procedure, the accuracy and adaptability of the resulting
SPH implementation hinges on the ability to resolve steep density contrasts and the
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capacity to adapt itself to the geometry and morphology of the local matter distri-
bution. A considerable improvement with respect to the early SPH implementations,
which were based on a uniform smoothing length h, involves the use of adaptive
smoothing lengths hi (Hernquist & K atz 1989), which provides the SPH calculations
with a larger dynamic range and higher spatial resolution. The mass distribution in
many (astro)physical systems and circumstances is often characterised by the pres-
ence of salient anisotropic patterns, usually identified as filamentary or planar fea-
tures. To deal with such configurations, additional modifications in a few sophisti-
cated implementations attempted to replace the conventional – and often unrealistic
and restrictive – spherically symmetric kernels by ones whose configuration is more
akin to the shape of the local mass distribution. The corresponding results do in-
deed represent a strong argument for the importance of using geometrically adaptive
density estimates. A noteworthy example is the introduction of ellipsoidal kernels by
Shapiro et al. (1996). Their shapes are stretched in accordance with the local flow.
Yet, while evidently being conceptually superior, their practical implementation does
constitute a major obstacle and has prevented wide scale use. This may be ascribed
largely to the rapidly increasing number of degrees of freedom needed to specify and
maintain the kernel properties during a simulation.

Even despite their obvious benefits and improvements, these methods are all de-
pendent upon the artificial parametrization of the local spatial density distribution in
terms of the smoothing kernels. Moreover, the specification of the information on the
density distribution in terms of extra non physical variables, necessary for the defini-
tion and evolution of the properties of the smoothing kernels, is often cumbersome to
implement and may introduce subtle errors (Hernquist 1993 , see however Nelson &
Papaloizou 1994 and Springel & Hernquist 20 0 2). In many astrophysical applications
this may lead to systematic artefacts in the outcome for the related physical phenom-
ena. Within a cosmological context, for example, the X-ray visibility of clusters of
galaxies is sensitively dependent upon the value of the local density, setting the in-
tensity of the emitted X-ray emission by the hot intergalactic gas. This will be even
more critical in the presence of feedback processes, which for sure will be playing a
role when addressing the amount of predicted star formation in simulation studies of
galaxy formation.

Here, we seek to circumvent the complications of the kernel parametrization and
propose an alternative to the use of kernels for the quantification of the density within
the SPH formalism. This new method, based upon the Delaunay Tessellation Field
Estimator (DTFE, Schaap & van de Weygaert 20 0 0 ), has been devised to mould and
fully adapt itself to the configuration of the particle distribution. Unlike conventional
SPH methods, it is able to deal self-consistently and naturally with anisotropies in
the matter distribution, even when it concerns caustic-like transitions. In addition, it
manages to successfully treat density fields marked by structural features over a vast
(dynamic) range of scales.

The DTFE produces density estimates on the basis of the particle distribution,
which is supposed to form a discrete spatial sampling of the underlying continuous
density field. As a linear multidimensional field interpolation algorithm it may be
regarded as a first-order version of the natural neighbour algorithm for spatial in-
terpolation (Sibson 1981, also see e.g. Okabe et al. 20 0 0 ). In general, applications
of the DTFE to spatial point distributions have demonstrated its success in dealing
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with the complications of anisotropic geometry and dynamic range (Schaap & van
de Weygaert 2000). The key ingredient of the DTFE procedure is that of the Delau-
nay triangulation, serving as the complete covering of a sample volume by mutually
exclusive multidimensional linear interpolation intervals.

Delaunay tessellations (Delaunay 1934; see e.g. Okabe et al. 2000 for extensive
review) form the natural framework in which to discuss the properties of discrete
point sets, and thus also of discrete samplings of continuous fields. Their versatil-
ity and significance have been underlined by their widespread applications in such
areas as computer graphics, geographical mapping and medical imaging. Also, they
have already found widespread application in a variety of ‘conventional’grid-based
fluid dynamical computation schemes. This may concern their use as a non-regular
application-oriented grid covering of physicalsystems, which represents a prominent
procedure in technological applications. More innovating has been their use in La-
grangian ‘moving-grid’ implementations (see Mavriplis 1997 for a review, and White-
hurst 1995 for a promising astrophysical application).

It seems therefore a good idea to explore the possibilities of applying the DTFE in
the context of a numerical hydrodynamics code. Here, as a first step, we wish to ob-
tain an idea of the performance of a hydro code involving the use of DTFE estimates
with respect to an equivalent code involving regular SPH density estimates. The qual-
ity of the new DTFE method with respect to the conventional SPH estimates, and
their advantages and disadvantages under various circumstances, are evaluated by a
comparison between the density field which would be yielded by a DTFE processing
of the resulting SPH particle distribution and that of the regular SPH procedure itself.
In this study, we operate along these lines by a comparison of the resulting matter dis-
tributions in the situation of a representative stochastic multiphase density field. This
allows us to make a comparison between both density estimates in a regime for which
an improved method for density estimates would be of great value. We should point
out a major drawback of our approach, in that we do not really treat the DTFE density
estimate in a self-consistent fashion. Instead of being part of the dynamical equations
themselves we only use it as an analysis tool of the produced particle distribution.
Nevertheless, it will still show the value of the DTFE in particle gas dynamics and
give an indication of what kind of differences may be expected when incorporating in
a fully self-consistent manner the DTFE estimate in an hydrocode.

On the basis of our study, we will elaborate on the potential benefits of a hydro-
dynamics scheme based on the DTFE. Specifically, we outline how we would set out
to develop a complete particle hydrodynamics code whose artificial kernel based na-
ture is replaced by the more natural and self-adaptive approach of the DTFE. Such a
DTFE based particle hydrodynamics code would form a promising step towards the
development of a fully tessellation based quasi-Eulerian moving-grid hydrodynamical
code. Such would yield a major and significant step towards defining a much needed
alternative and complement to currently available simulation tools.

7.2 D T F E and S P H de nsity e stim ate s

The methods we use for SPH and DTFE density estimates have been extensively de-
scribed elsewhere (Hernquist & Katz 1989, Schaap & van de Weygaert 2000). Here,
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we will only summarise their main, and relevant, aspects.

7.2.1 S P H d e n s ity e s tim a te

Amongst the various density recipes employed within available SPH codes, we use
the Hernquist & Katz (1989) symmetrized form of Eq. 1, using adaptive smoothing
lengths:

ρ̂i =
1

2

∑

j

mj {W(|ri − rj|,hi) + W(|ri − rj|,hj)} , (2)

The smoothing lengths hi are chosen such that the sum involves around 40 nearest
neighbours. For the kernel W we take the conventional spline kernel described by
Monaghan (1992). Other variants of the SPH estimate produce comparable results.

7.2.2 D T F E d e n s ity e s tim a te

The DTFE density estimating procedure consists of three basic steps.

Starting from the sample of particle locations, the first step involves the com-
putation of the corresponding Delaunay tessellation. Each Delaunay cell Tm is the
uniquely defined tetrahedron whose four vertices (in 3-D) are the set of 4 sample
particles whose circumscribing sphere does not contain any of the other particles in
the set. The Delaunay tessellation is the full covering of space by the complete set of
these mutually disjunct tetrahedra. Delaunay tessellations are well known concepts
in stochastic and computational geometry (Delaunay 1934, for further references see
e.g. Okabe et al. 2000, Mø ller 1994 and van de Weygaert 1991).

The second step involves estimating the density at the location of each of the
particles in the sample. From the definition of the Delaunay tessellation, it may be
evident that there is a close relationship between the volume of a Delaunay tetrahe-
dron and the local density of the generating point process (telling examples of this
may be seen in e.g. Schaap & van de Weygaert 2003). Evidently, the “empty” cir-
cumscribing spheres corresponding to the Delaunay tetrahedra, and the volumes of
the resulting Delaunay tetrahedra, will be smaller as the number density of sample
points increases, and vice versa. Following this observation, a proper density estimate
ρ̂ at the location xi of a sampling point i is obtained by determining the properly cali-
brated inverse of the volume WVo r,i of the corresponding contiguous Voronoi cell. The
contiguous Voronoi cell WVo r,i is the union of all Delaunay tetrahedra Tm,i of which
the particle i forms one of the four vertices, i.e. WVo r,i =

⋃
m Tm,i. In general, when a

particle i is surrounded by NT Delaunay tetrahedra, each with a volume V(Tm,i), the
volume of the resulting contiguous Voronoi cell is

WVo r,i =

NT∑

m=1

V(Tm,i) . (3)

Note that NT is not a constant, but in general may acquire a different value for each
point in the sample. For a Poisson distribution of particles this is a non-integer number
in the order of 〈NT〉 ≈ 27 (van de Weygaert 1994). Generalising to an arbitrary D-
dimensional space, and assuming that each particle i has been assigned a mass mi,
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the estimated density ρ̂i at the location of particle i is given by (see Schaap & van de
Weygaert 2000)

ρ̂(ri) = (D + 1)
mi

WVor,i

, (4)

In this, we explicitly express WVor,i for the general D-dimensional case. The factor
(D + 1) is a normalisation factor, accounting for the (D + 1) different contiguous
Voronoi hypercells to which each Delaunay hyper“tetrahedron” is assigned, one for
each vertex of a Delaunay hyper“tetrahedron”.

The third step is the interpolation of the estimated densities ρ̂i over the full sample
volume. In this, the DTFE bases itself upon the fact that each Delaunay tetrahedron
may be considered the natural multidimensional equivalent of a linear interpolation
interval (see e.g Bernardeau & van de Weygaert 1996). Given the (D + 1) vertices
of a Delaunay tetrahedron with corresponding density estimates ρ̂j, the value ρ̂(r) at
any location r within the tetrahedron can be straightforwardly determined by simple
linear interpolation,

ρ̂(r) = ρ̂(ri0 ) + (∇̂ρ)D e l,m · (r − ri0 ) , (5)

in which ri0 is the location of one of the Delaunay vertices i. This is a trivial evalu-
ation once the value of the (linear) density gradient (∇̂ρ)D e l,m has been estimated.
For each Delaunay tetrahedron Tm this is accomplished by solving the the system
of D linear equations corresponding to each of the remaining D Delaunay vertices
constituting the Delaunay tetrahedron Tm. The “minimum triangulation” property of
Delaunay tessellations underlying this linear interpolation, minimum in the sense of
representing a volume-covering network of optimally compact multidimensional “tri-
angles”, has been a well-known property utilised in a variety of imaging and surface
rendering applications such as geographical mapping and various computer imaging
algorithms.

7.2.3 C o mp ar iso n

C omparing the two methods, we see that in the case of SPH the particle ‘size’ and
‘shape’ (i.e. its domain of influence) is determined by some arbitrary kernel W(r,hi)
and a fortuitous choice of smoothing length hi (assuming, along with the major share
of SPH procedures, a radially symmetric kernel). In the case of the DTFE method the
particles’ influence region is fully determined by the sizes and shapes of the Delaunay
cells Tm,i, themselves solely dependent on the particle distribution. In other words,
in regular SPH the density is determined through the kernel function W(x), while
in DTFE it is solely the particle distribution itself setting the estimated values of the
density. C ontrary to the generic situation for the kernel dependent methods, there
are no extra variables left to be determined. One major additional advantage is that
it is therefore not necessary to worry about the evolution of the kernel parameters.

Both methods do display some characteristic artefacts in their density reconstruc-
tions (see Fig.7.1). To a large extent these may be traced back to the implicit as-
sumptions involved in the interpolation procedures, a necessary consequence of the
finite amount of information contained in a discrete representation of a continuous
field. SPH density fields implicitly contain the imprint of the specified and applied
kernel which, as has been discussed before, may seriously impart its resolving power
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and capacity to trace the true geometry of structures. The DTFE technique, on the
other hand, does produce triangular artefacts. At instances conspicuously visible in
the DTFE reconstructed density fields, they are the result of the linear interpolation
scheme employed for the density estimation at the locations not coinciding with the
particle positions. In principle, this may be substantially improved by the use of
higher order interpolation schemes. Such higher-order schemes have indeed been
developed, and the ones based upon the natural neighbour interpolation prescription
of Sibson (1981) have already been successfully applied to two-dimensional prob-
lems in the field of geophysics (Braun & Sambridge 1995) and solid state physics
(Sukumar 1998).

7.3 C ase study: tw o-p h ase interstellar medium

For the sake of testing and comparing the SPH and DTFE methods, we assess a snap-
shot from a simulation of the neutral ISM. The model of the ISM is chosen as an
illustration rather than as a realistic model.

The “simulation” sample of the ISM consists of HI gas confined in a periodic simu-
lation box with a size L = 0.6 kpc3. The initially uniform density of the gas is nH = 0.3
cm−3, while its temperature is taken to be T = 10000 K. No fluctuation spectrum is
imposed to set the initial featureless spatial gas distribution. To set the corresponding
initial spatial distribution of the N = 64 000 simulation particles, we start from relaxed
initial conditions according to a “glass” distribution (e.g. White 1996).

The evolution of the gas is solely a consequence of fluid dynamical and thermo-
dynamical processes. No self gravity is included. As for the thermodynamical state
of the gas, cooling is implemented using a fit to the Dalgarno-McCray (1972) cooling
curve. The heating of the gas is accomplished through photo-electric grain heating,
attributed to a constant FUV background (1.7 G0, with G0 the Habing field) radiation
field. The parameters are chosen such that after about 15 Myrs a two-phase medium
forms which consists of warm (10000 K) and cold (> 100 K) HI gas.

The stage at which a two-phase medium emerges forms a suitable point to investi-
gate the performance of the SPH and DTFE methods. At this stage we took a snapshot
from the simulation, and subjected it to further analysis. For a variety of reasons, the
spatial gas distribution of the snapshot is expected to represent a challenging config-
uration. The multiphase character of the resulting particle configuration is likely to
present a problem for regular SPH. Density contrasts of about four orders of mag-
nitude separate dense clumps from the surrounding diffuse medium through which
they are dispersed. Note that a failure to recover the correct density may have serious
repercussions for the computed effects of cooling. In addition, we notice the pres-
ence of physical structures with conspicuous, aspherical geometries (see Fig. 1 & 2),
such as anisotropic sheets and filaments as well as dense and compact clumps, which
certainly do form a challenging aspect for the different methods.

7.3.1 Resu lts

Fig. 7.1 offers a visual impression of the differences in performance between the SPH
and DTFE density reconstructions. The greyscale density maps in Fig. 7.1 (lower left:

131



Fig u r e 7 .1 : Comparison of th e D TF E pe rformanc e v e rsu s th at of th e re g u lar S P H me th od in a

c h arac te ristic c onfi g u ration, th at of a h y d rod y namic simu lation of th e mu ltiph ase inte rste llar

me d iu m. Top le ft pane l: th e partic le d istrib u tion in a 0.6 × 0.6 k pc simu lation re g ion, w ith in

a slic e w ith a w id th of 0 .0 0 5 k pc . B ottom le ft frame : 2 -D slic e th rou g h th e re su lting ( 3 -D )

S P H d e nsity fi e ld re c onstru c tion. B ottom rig h t frame : th e c orre spond ing ( 3 -D ) d e nsity fi e ld

re c onstru c tion prod u c e d b y th e D TF E proc e d u re . Top rig h th and frame : su mmary, in te rms of a

q u antitativ e point-b y -point c omparison b e tw e e n th e D TF E and S P H d e nsity e stimate s, ρDTFE

and ρSPH. A b s c is s a: th e v alu e o f th e S P H de ns ity e s tim ate ( no r m alis e d b y th e av e rag e de ns ity

〈ρ〉) . O rdinate : th e ratio o f D T F E e s tim ate to th e S P H de ns ity e s tim ate , ρD T F E / ρSPH. T h e s e

q u antitie s ar e p lo tte d fo r e ac h p ar tic le lo c atio n in th e fu ll s im u latio n b o x .
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SPH, low e r r ig h t: D TFE ) r e p r e s e n t 2-D c u ts th rou g h th e c or r e s p on d in g 3-D d e n s ity
fi e ld r e c on s tr u c tion s (n ote th at c on trar y to th e fi n ite w id th of th e c or r e s p on d in g p ar -
tic le s lic e , u p p e r le ft fram e , th e s e c on s titu te p lan e s w ith z e ro th ic k n e s s ).

Im m e d iate ly v is ib le is th e m or e c r is p y ap p e aran c e of th e D TFE d e n s ity fi e ld , d is -
p lay in g s u b s tan tially m or e c on tras t in c on ju n c tion w ith m or e p ron ou n c e d s tr u c tu ral
fe atu r e s . L ook e .g . at th e c om p ac t c lu m p in th e low e r r ig h th an d c or n e r (X ≈ 0.5,Y ≈
0.12 ), for m in g a p rom in e n t an d tig h t s p ot in th e D TFE d e n s ity fi e ld . Th e c lu m p at
(X ≈ 0.4 8 ,Y ≈ 0.52 ) r e p r e s e n ts an oth e r te llin g e x am p le , v is ib le as a s tr ik in g p e ak in
th e D TFE r e n d e r in g w h ile h ar d ly n otic e ab le in th e SPH re c on s tr u c tion . Str u c tu r e s in
th e SPH fi e ld h av e a m or e e x te n d e d ap p e aran c e th an th e ir c ou n te r p ar ts in th e D TFE
fi e ld , w h os e m atte r c on te n t h as b e e n s m e ar e d ou t m or e e v e n ly, ov e r a lar g e r v olu m e ,
y ie ld in g fe atu r e s w ith a s ig n ifi c an tly low e r c on tras t. In th is as s e s s m e n t it b e c om e s
c le ar th at th e D TFE r e c on s tr u c tion ad h e r e s c on s id e rab ly c los e r to th e or ig in al p ar tic le
d is tr ib u tion (top le fth an d fram e ). Ap p ar e n tly th e D TFE s u c c e e d s b e tte r in r e n d e r in g
th e s h ap e s , th e c oh e r e n c e an d th e in te r n al c om p os ition in th e d is p lay e d p ar tic le d is -
tr ib u tion . At v ar iou s loc ation s , th e D TFE e v e n m an ag e s to c ap tu r e s tr u c tu ral d e tails
w h ic h s e e m to b e ab s e n t in th e SPH d e n s ity fi e ld .

To q u an tify th e v is u al im p r e s s ion s of Fig . 7 .1, an d to an aly s e th e n atu r e of th e
d iffe r e n c e s b e tw e e n th e tw o m e th od s , w e p lot th e ratio ρDTFE/ρS P H as a fu n c tion
of th e SPH d e n s ity e s tim ate ρS P H /〈ρ〉 (in u n its of th e av e rag e d e n s ity 〈ρ〉). D oin g
so for all p ar tic le s in th e s am p le (Fig . 7 .1, top r ig h th an d , Fig . 7 .2, top le fth an d )
im m e d iate ly r e v e als in te r e s tin g b e h av iou r. Th e s c atte r d iag ram d oe s s h ow th at th e
d is c r e p an c ie s b e tw e e n th e tw o m e th od s m ay b e s u b s tan tial, w ith d e n s ity e s tim ate s at
v ar iou s in s tan c e s d iffe r in g b y a fac tor of 5 or m or e .

M os t in te r e s tin g is th e fi n d in g th at w e m ay d is tin g u is h c le ar ly id e n tifi ab le an d
d is tin c t r e g im e s in th e s c atte r d iag ram of ρDTFE/ρS P H v e r s u s ρS P H /〈ρ〉. Fou r d iffe r e n t
s e c tor s m ay b e id e n tifi e d in th e s c atte r d iag ram . Allow in g for som e ar b itrar in e s s
in th e ir d e fi n ition , an d in d ic atin g th e s e r e g ion s b y d ig its 1 to 4 , w e m ay or g an iz e
th e p ar tic le s ac c or d in g to d e n s ity -r e late d c r ite r ia, rou g h ly s p e c ifi e d as (w e r e fe r to
Fig . 7 .2, top le ft fram e , for th e p r e c is e d e fi n ition s of th e d om ain s ):

1. low d e n s ity r e g ion s :
ρS P H /〈ρ〉 < 1

2. m e d iu m d e n s ity r e g ion s , D TFE s m alle r th an SPH:
ρDTFE < ρS P H ; 1 < ρS P H /〈ρ〉 < 10

3. m e d iu m d e n s ity r e g ion s , D TFE lar g e r th an SPH:
ρDTFE > ρS P H ; 1 < ρS P H /〈ρ〉 < 10

4 . h ig h d e n s ity r e g ion s :
ρDTFE & ρS P H ; ρS P H /〈ρ〉 > 10

Th e p h y s ic al m e an in g of th e d is tin c t s e c tor s in th e s c atte r d iag ram b e c om e s ap p ar e n t
w h e n r e latin g th e v ar iou s r e g im e s w ith th e s p atial d is tr ib u tion of th e c or r e s p on d in g
p ar tic le s . Th is m ay b e ap p r e c iate d from th e fi v e s u b s e q u e n t fram e s in Fig . 7 .2, e ac h
d e p ic tin g th e r e late d p ar tic le d is tr ib u tion in th e s am e s lic e of w id th 0.04 k p c . Th e
c e n tr e an d b ottom fram e s , n u m b e r e d 1 to 4 , s h ow th e s p atial d is tr ib u tion of e ac h
g rou p of p ar tic le s , isolate d from th e c om p le te d is tr ib u tion (top r ig h t fram e , Fig . 2).
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Fig u r e 7 .2 : Systematic analysis of the differences betw een the DTFE and SPH density esti-

mates, ρDTFE and ρSPH. B asis of the analysis is a point-by-point comparison of these tw o

density estimates. Top lefthand frame: diagram of the value of the ratio ρDTFE/ρSPH (ordi-

nate) versus ρSPH/〈ρ〉 (abscissa) for each of the points in the simulation volume. Indicated

in this scatter diagram are four sectors, each of w hich corresponds to particles residing in a

physically different regime/ phase. On the basis of this identifi cation, the full set of particles is

dissected into the corresponding four composing particle samples. Top righthand frame: the

spatial distribution of the full set of particles in a 0.04 k pc w ide slice. The subsequent 4 frames

(from central left to bottom right) show , for each indicated sector in the scatter diagram, the

spatial distribution of the corresponding particles (w ithin the same 0.04 k pc slice).
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These particle slices immediately reveal the close correspondence between any of the
sectors in the scatter diagram and typical features in the spatial matter distribution of
the two-phase interstellar medium. This systematic behaviour seems to point to truly
fundamental differences in the workings of the SPH and DTFE methods, and would
be hard to understand in terms of random errors. The separate spatial features in the
gas distribution seem to react differently to the use of the DTFE method.

We argue that the major share of the disparity between the SPH and DTFE density
estimates has to be attributed to SPH, mainly on the grounds of the known fact that
SPH is poor in handling nontrivial configurations such as encountered in multiphase
media. B y separately assessing each regime, we may come to appreciate how these
differences arise. In sector 1, involving the diffuse low density medium, the DTFE and
SPH estimates are of comparable magnitude, be it that we do observe a systematic
tendency. In the lowest density realms, whose relatively smooth density does not
raise serious obstacles for either method, DTFE and SPH are indeed equal (with the
exception of variations to be attributed to random noise). However, near the edges
of the low density regions, SPH starts to overestimate the local density as the kernels
do include particles within the surrounding high density structures. The geometric
interpolation of the DTFE manages to avoid this systematic effect (see e.g. Schaap
& van de Weygaert 20 0 3), which explains the systematic linear decrease of the ratio
ρDTFE/ρSPH with increasing ρSPH/〈ρ〉. To the other extreme, the high density regions
in sector 4 are identified with compact dense clumps as well as with their extensions
into connecting filaments and walls. O n average DTFE yields higher density estimates
than SPH, frequently displaying superior spatial resolution (see also greyscale plot in
Fig. 7.1). N ote that the repercussions may be far-reaching in the context of a wide
variety of astrophysical environments characterised by strongly density dependent
physical phenomena and processes ! The intermediate regime of sectors 2 and 3
clearly connects to the filamentary structures in the gas distribution. Sector 2, in
which the DTFE estimates are larger than those of SPH, appears to select out the
inner parts of the filaments and walls. B y contrast, the higher values for the SPH
produced densities in sector 3 are related to the outer realms of these features. This
characteristic distinction can be traced back to the failure of the SPH procedure to
cope with highly anisotropic particle configurations. While it attempts to maintain a
fixed number of neighbours within a spherical kernel, it smears out the density in a
direction perpendicular to the filament. This produces lower estimates in the central
parts, which are compensated for with higher estimates in the periphery. Evidently,
the adaptive nature of DTFE does not appear to produce similar deficiencies.

7.4 T h e D T F E p a r tic le m e th o d

Having demonstrated the improvement in quality of the DTFE density estimates, this
suggests a considerable potential for incorporating the DTFE in a self-consistent man-
ner within a hydrodynamical code. Here, we first wish to indicate a possible route
for accomplishing this in a particle hydrodynamics code through replacement of the
kernel based density estimates (1) by the DTFE density estimates. We are currently
in the process of implementing this. The formalism on which this implementation is
based can be easily derived, involving nontrivial yet minor modifications. Essentially,
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it uses the same dynamic equations for gas particles as those in the regular SPH for-
malism, the fundamental adjustment being the insertion of the DTFE densities instead
of the regular SPH ones. In addition, a further difference may be introduced through
a change in treatment of viscous forces. U ltimately, this will work out into different
equations of motion for the gas particles. A fundamental property of a DTFE based
hydrocode, by construction, is that it conserves mass exactly and therefore obeys the
continuity equation. This is not necessarily true for SPH implementations (Hernquist
& K atz 19 8 9 ).

The start of the suggested DTFE particle method is formed by the discretized ex-
pression for the Lagrangian L for a compressible, non-dissipative fl ow,

L =
∑

i

mi

(

1

2
v2
i + ui(ρi, si)

)

, (6)

where mi is the mass of particle i, vi its velocity, si the corresponding entropy and ui

its specific internal energy. In this expression, ρi is the density at location i, as yet
unspecified. The resulting Euler-Lagrange equations are

d vi

d t
= −

∑

j

mj

(

∂uj

∂ρj

)

s

∂ρj

∂xi

. (7)

The standard SPH equations of motion then follow after inserting the SPH density
estimate (Eq. 1). Instead, insertion of the DTFE density (Eq. 4) will lead to the cor-
responding equations of motion for the DTFE-based formalism. Note that the usual
conservation properties related to Eq. 6 remain intact. After some algebraic manip-
ulation, thereby using the basic thermodynamic relation for a gas with equation of
state P(ρ),

(

∂ui

∂ρi

)

s

=
Pi

ρ2
i

, (8 )

we finally obtain for the gas particles moving in D-dimensional space,

d vi

d t
=

1

D + 1

NT
∑

m= 1

P(Tm,i)
∂V(Tm,i)

∂xi

. (9 )

This expression involves a summation over all NT Delaunay tetrahedra Tm,i, with
volumes V(Tm,i), which have the particle i as one of its four vertices. The pressure
term P(Tm,i) is the sum over the pressures Pj at the four vertices j of tetrahedron
Tm,i, P(Tm,i) =

∑

Pj.
As an interesting aside, we point out that unlike in the conventional SPH formal-

ism, this procedure implies an exactly vanishing acceleration d vi/d t in the case of
a constant pressure P at each of the vertices of the Delaunay tetrahedra containing
particle i as one of their vertices. The reason for this is that one can then invoke
the definition of the volume of the contiguous Voronoi cell corresponding to point i
(Eqn. 3), yielding

d vi

d t
=

1

D + 1
P

∂WVo r,i

∂xi

. (10)

Since the volume of the contiguous Voronoi cell does not depend on the position of
particle i itself (it lies in the interior of the contiguous Voronoi cell), the resulting
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acceleration vanishes. Another interesting notion, which was pointed out by Icke
(2002), is that Delaunay tessellations also provide a unique opportunity to include a
natural treatment of the viscous stresses in the physical system. We intend to elabo-
rate on this possibility in subsequent work dealing with the practical implementation
along the lines sketched above.

7.5 Delau n ay tes s ellation s

an d ‘mov in g g rid’ hy drocodes

Ultimately, the ideal hydrodynamical code would combine the advantages of the Eu-
lerian as well as of the Lagrangian approach. In their simplest formulation, Eulerian
algorithms cover the volume of study with a fixed grid and compute the fluid transfer
through the faces of the (fixed) grid cell volumes to follow the evolution of the sys-
tem. Lagrangian formulations, on the other hand, compute the system by following
the ever changing volume and shape of a particular individual element of gas

For a substantial part the success of the DTFE may be ascribed to the use of De-
launay tessellations as an optimally covering grid. This suggests that they may also
be ideal for the use in moving grid implementations for hydrodynamical calculations.
As in our SPH application, such hydrocodes with Delaunay tessellations at their core
would warrant a close connection to the underlying matter distribution. Indeed, at-
tempts towards such implementations have already been introduced in the context
of a few specific, mainly two-dimensional, applications (Whitehurst 1995, Braun &
Sambridge 1995, Sukumar 1998). Alternative attempts towards the development of
moving grid codes, in an astrophysical context, have shown their potential (G nedin
1995, Pen 1998).

For a variety of astrophysical problems it is indeed essential to have such ad-
vanced codes at one’s disposal. An example of high current interest may offer a good
illustration. Such an example is the reionization of the intergalactic medium by the
ionizing radiation emitted by the first generation of stars, (proto)galaxies and/ or ac-
tive galactic nuclei. These radiation sources will form in the densest regions of the
universe. To be able to resolve these in sufficient detail, it is crucial that the code is
able to focus in onto these densest spots. Their emphasis on mass resolution makes
Lagrangian codes – including SPH – usually better equipped to do so, be it not yet
optimally. On the other hand, it is in the low density regions that most radiation is
absorbed at first. In the early stages the reionization process is therefore restricted to
the huge under-dense fraction of space. Simulation codes should therefore properly
represent and resolve the gas density distribution within these void-like regions. The
uniform spatial resolution of the Eulerian codes is better suited to accomplish this.
Ideally, however, a simulation code should be able to combine the virtues of both
approaches, yielding optimal mass resolution in the high density source regions and
a proper coverage of the large under-dense regions. To achieve this there recently
have been many efforts in the context of Eulerian codes towards the development
of Adaptive Mesh Refinement (AMR) algorithms, which use multiple nested grids to
achieve this. Moving grid methods, of which Delaunay tessellation based ones will be
a natural example, may indeed be the best alternative, as the reionization simulations
by G nedin (1995) appear to indicate.
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The advantages of a moving grid fluid dynamics code based on Delaunay tes-
sellations have been most explicitly demonstrated by the implementation of a two-
dimensional Lagrangian hydrocode (FLAME) by Whitehurst (1995). These advan-
tages will in principle apply to any such algorithm, in particular also for 3 dimen-
sional implementations (of which we are currently unaware). Whitehurst (1995)
enumerated various potential benefits in comparison with conventional SPH codes,
most importantly the following:

1. SPH needs a smoothing length h.

2. SPH needs an arbitrary kernel function W.

3. The moving grid method does not need an (unphysical) artificial viscosity to
stabilise solutions.

The validity of the first two claims has of course also been demonstrated in this study
for particle methods based on DTFE. Whitehurst showed additionally that there is an
advantage of moving grid methods over Eulerian grid-based ones. The implementa-
tion of Whitehurst, which used a first-order solver, was far superior to all tested first-
order Eulerian codes, and superior to many second-order ones as well. The adaptive
nature of the Lagrangian method and the fact that the resulting grid has no preferred
directions are key factors in determining the performance of moving grid methods
such as FLAME. For additional convincing arguments, including the other claims, we
may refer the reader to the truly impressive case studies presented by Whitehurst
(1995).

7.6 S ummary & discussion

Here we have introduced the DTFE as an alternative density estimator for particle
fluid dynamics. Its principle asset is that it is fully self-adaptive, resulting in a den-
sity field reconstruction which closely reproduces, usually in meticulous detail, the
characteristics of the spatial particle distribution. It may do so because of its com-
plete independence of arbitrary user-specified smoothing functions and parameters.
Unlike conventional methods, such as the kernel estimators used in SPH, it manages
to faithfully reproduce the anisotropies in the local particle distribution. It therefore
automatically reflects the genuine geometry and shape of the structures present in the
underlying density field. This is in marked contrast with kernel based methods, which
almost without exception produce distorted shapes of density features, the result of
the convolution of the real structure with the intrinsic shape of the smoothing func-
tion. Its adaptive and local nature also makes it optimally suited for reconstructing
the hierarchy of scales present in the density distribution. In kernel based methods
the internal structural richness of density features is usually suppressed on scales
below that of the characteristic (local) kernel scale. DTFE, however, is solely based
upon the particle distribution itself and follows the density field wherever the discrete
representation by the particle distribution allows it to do so. Its capacity to resolve
structures over a large dynamic range may prove to be highly beneficial in many as-
trophysical circumstances, quite often involving environments in which we encounter
a hierarchical embedding of small-scale structures within more extended ones.
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In this study we have investigated the performance of the DTFE density estima-
tor in the context of a Smooth Particle Hydrodynamics simulation of a multiphase
interstellar medium of neutral gas. The limited spatial resolution of current parti-
cle hydrodynamics codes are known to implicate considerable problems near regions
with e.g. steep density and temperature gradients. In particular their handling of
shocks forms a source of considerable concern. SPH often fails in and around these
regions, so often playing a critical and vital role in the evolution of a physical sys-
tem. Our study consists of a comparison and confrontation of the conventional SPH
kernel based density estimation procedure with the corresponding DTFE density field
reconstruction method.

The comparison of the density field reconstructions demonstrated convincingly
the considerable improvement embodied by the DTFE procedure. This is in particular
true at locations and under conditions where SPH appears to fail. Filamentary and
sheetlike structures provide telling examples of the superior DTFE handling with re-
spect to the regular SPH method, with the most pronounced improvement occurring
in the direction of the steepest density gradient.

Having shown the success of the DTFE, we are convinced that its application to-
wards the analysis of the outcome of SPH simulations will prove to be highly benefi-
cial. This may be underlined by considering a fitting illustration. Simulations of the
settling and evolution of the X-ray emitting hot intra-cluster gas in forming clusters
of galaxies do represent an important and cosmologically relevant example (see Bor-
gani & Guzzo 2001 and Rosati et al. 2002 for recent reviews). The X-ray luminosity
is strongly dependent upon the density of the gas. The poor accuracy of the density
determination in regular SPH calculations therefore yields deficient X-ray luminosity
estimates (see Bertschinger 1998 and Rosati et al. 2002 for relevant recent reviews).
Despite a number of suggested remedies, such as separating particles according to
their temperature, their ad-hoc nature does not evoke a strong sense of confidence
in the results. Numerical limitations will of course always imply a degree of artificial
smoothing, but by invoking tools based upon the DTFE technique there is at least a
guarantee of an optimal retrieval of information contained in the data.

Despite its promise for the use in a variety of analysis tools for discrete data sam-
ples, such as particle distributions in computer simulations or galaxy catalogues in an
observational context, its potential would be most optimally exploited by building it
into genuine new fluid dynamics codes. Some specific (two-dimensional) examples
of successful attempts in other scientific fields were mentioned, and we argue for a
similar strategy in astrophysics. One path may be the upgrade of current particle hy-
drodynamics codes by inserting DTFE technology. In this study, we have outlined the
development of such a SPH-like hydrodynamics scheme in which the regular kernel
estimates are replaced by DTFE estimates. One could interpret this in terms of the re-
placement of the user-specified kernel by the self-adaptive contiguous Delaunay cell,
solely and merely dependent on the local particle configuration. An additional benefit
will be that on the basis of the localised connections in a Delaunay tessellations it will
be possible to define and derive a more physically motivated artificial viscosity term.

The ultimate hydrodynamics algorithm would combine the virtues of Eulerian and
Lagrangian techniques. C onsidering the positive experiences with DTFE, it appears
to be worthwhile within the context of ‘moving grid’ or ‘Lagrangian grid’ methods to
investigate the use of Delaunay tessellations for solving the Euler equations. With
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respect to a particle hydrodynamics code, the self-adaptive virtues of DTFE and its
ability to handle arbitrary density jumps with only one intermediate point may lead
to significant improvements in the resolution and shock handling properties. Yet, for
grid based methods major complications may be expected in dealing with the non-
regular nature of the corresponding cells, complicating the handling of flux transport
along the boundaries of the Delaunay tetrahedra.

The computational cost of DTFE resembling techniques is not overriding. The
CPU time necessary for generating the Delaunay tessellation corresponding to a point
set of N particles is in the order of O(N lo g N), comparable to the cost of generat-
ing the neighbour list in SPH. Within an evolving point distribution these tessellation
construction procedures may be made far more efficient, as small steps in the de-
velopment in the system will induce a correspondingly small number of tetrahedron
(identity) changes. Such dynamic upgrading routines are presently under develop-
ment.

In summary, in this work we have argued for and demonstrated the potential and
promise of a natural computational technique which is based upon one of the most
fundamental and natural tilings of space, the Delaunay tessellation. Although the
practical implementation will undoubtedly encounter a variety of complications, de-
pendent upon the physical setting and scope of the code, the final benefit of a natural
moving grid hydrodynamics code for a large number of astrophysical issues may not
only represent a large progress in a computational sense. Its major significance may
be found in its ability to address fundamental astrophysical problems in a new and
truly natural way, leading to important new insights in the workings of the cosmos.
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