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CHAPTER 5
Stability of neutral stochastic delay
differential equations with impulses

This chapter concerns the stability of two classes of neutral stochastic delay differential equa-
tions with impulses.

In Section 5.1, asymptotic stability of a class of neutral stochastic delay differential equations
with linear impulses is studied by means of fixed point methods. More specifically, two theorems
for the asymptotic stability of the equations are presented by using two complete metric spaces
which are defined by different types of norms.

In Section 5.2, exponential stability of a class of neutral stochastic partial differential equations
with delays and impulses is investigated. The equation that will be considered in this section
is an infinite dimensional stochastic differential equation with variable delays. The method by
using an impulsive-integral inequality and the method based on fixed point theory, are applied
to study exponential stability of mild solutions of the impulsive neutral stochastic partial delay
differential equations, respectively.

5.1 Asymptotic stability of a class of neutral stochastic delay
differential equations with linear impulses

5.1.1 Introduction and main results

A stochastic delay differential equation is a stochastic differential equation where the increment
of the process depends on values of the process (and maybe other functions) of the past. These
equations can be used to model processes with a memory.

Besides delay effect on the stochastic differential equations, impulsive effect is also a common
phnomenon in a wide range of physical and engineering systems including the biological stocking
or harvesting, the function of the heart, the change of an economy of a state, etc. For stochastic
differential equations which include delay effects and impulsive effects are described as impulsive
stochastic delay differential equations.

It was recently proposed by Luo [90] and Appleby [4] to use fixed point methods to deal with
the stability problems for stochastic delay differential equations. However, to the best of our
knowledge, the stochastic delay differential equations which have been studied by using fixed
points method are those without impulses.

Very recently, Li, Sun and Shi [75, 62, 76] obtained some interesting results for the stability
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of zero solution of stochastic delay differential equations with impulsive effects by using the
equivalent method. This method provides a way to study the stability of impulsive equations by
constructing an equivalent relation between the stability of stochastic delay differential equations
under impulses and that of a corresponding stochastic delay differential equations without im-
pulses. As a consequence of this approach, the sufficient conditions for the stability of stochastic
delay differential equations with impulses are obtained by using the existing stability results of
the corresponding stochastic delay differential equations without impulses.

The aim of this section is to combine the approach based on fixed point methods and the
equivalent method in order to study the stability of a general class of neutral stochastic de-
lay differential equations with linear impulses. For the class of equations, we first transform
the equations into the one without impulses, and then we use fixed point argument to obtain
the sufficient conditions for asymptotic stability of the considered equations. In particular, we
present two different sufficient conditions for the asymptotic stability of the equations by using
two appropriate contraction mappings that are defined on different complete metric spaces. It
turns out that our stability results for stochastic delay differential equations with impulses do
not depend on the existing stability results for the corresponding stochastic delay differential
equations without impulses.

The class of neutral stochastic differential equations that we will study in this section is of
the form

dlz(t) — q@)z(t — 7(t))] = [a(t)x(t) + b(t)x(t — 7(¢))] dt
Helt)o(t) + e)a(t ()] du®). ¢ #te o
x(tk+) —:L‘(tk) :dkl‘(tk), t=ty, k=1,2,3,---,
where w is a one-dimensional standard Brownian motion on some filtrated probability space
{Q, F,{Fi}+>0, P} which satisfies the usual conditions.
Denote by R = (—o00,00), Rt =[0,00), ZT = {1,2,3,--- }. Define
¥ = min {Slznfo{s —7(s)}, Slznfo{s - 5(8)}}

and n(t) = max{k € Z" : t; < t}. For simplicity, we define [[,, _,(-) = kegrpez+ u<tp <o ()
for all u,v € R. Here and in the sequel, we assume that a product equals unity if the number of
factors is equal to zero.

A standard fixed point argument shows that the differential equation (5.1) provided with an
initial condition

l’(t) = ¢(t)a te [197 OL (52)
where ¢(t) € C([9,0],R) defines a well-posed initial-value problem, and we denote z(t) := x(t, ¢)
the solution of (5.1) with initial condition (5.2).

For equation (5.1) with initial condition (5.2), we suppose that the following conditions are
satisfied
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(H1) 0 <ty <ty <ty <ty <---<tp<--- are fixed impulsive points such that ¢, — oo for
k — oo;

(H2) a(t), b(t), c(t), e(t) € C(R*,R) and 7(t), 6(t) € C(R*, R¥);
(H3) dy is a real sequence such that di € (—1,00), k=1,2,3,---.

Definition 5.1.1. For any ¢ € C([9,0],R), a function x : [¥,00) — R denoted by x(t,0, $) is
said to be a solution of the system (5.1) on [0,00) satisfying the initial value condition (5.2), if
the following conditions are satisfied:

(i) = : [9,00) — L2(,R) is continuous on [9,00)\{tx : k = 1,2,3,---} and adapted to
(Ft)e>0-

(ii) for any tg, k = 1,2,3,---, x(ty™) = limy,, + 2(t) and x(tp~") = lim, ,, - z(t) exist
in L2(Q,P) and x(ty,”) = x(t), i.e. there exist x(ty 1), z(tx™) € L*(,P) such that
lim,_,;, + Elz(ty ™) — x(t)[> =0, limy_;, - Elz(ty ™) — z(t)|]* = 0 and x(t, ") = z(t) P-a.e.

(iii) =(t) satisfies the differential equation in (5.1) in the sense that for every k and every
50, 81 € (tk, tkr1] with sg < s1, P-almost surely,

(z(s1) = g(s1)(s1 = 7(s1))) = (2(s0) = ¢(s0)z(s0 — 7(s0)))

S1

= /S1 [a(s)x(s) + b(s)x(s — 7(s))] ds + / [e(s)x(s) + e(s)x(s — d(s))] dw(s).

S0 S0

Remark 5.1.2. Note that continuity of x : (tg,tpr1) — L*(Q,P) implies that x is measurable
with respect to By, 4, . \®F, where By, 1, ) s the Borel--algebra, and that [ |z (t,w)|? dP dt <
SUP¢e (ty,, 1) f |:v(t,w)\2dIP’ < 0.

Denote

9<s<0

C%,(6) = {¢ |6 € O (9,01 R), sup Elg(s)” < 5} ,

where E denotes expectation with respect to the probability measure P, refer to Section 1.3 for
more detailed information.

Definition 5.1.3. The zero solution of the system (5.1) is said to be

(i) mean square stable if for any € > 0, there is a scalar 6 = §() > 0 such that for ev-
ery initial function ¢ € C}O(é) we have that for corresponding solution x(t,0,¢) satisfies
E|z(t,0,$)|? < & for t > 0.

(ii) mean square asymptotically stable if it is stable and for any € > 0, there exists a scalar
d = 6(e) > 0 such that for every initial function ¢ € 03;0(5), the corresponding solution
x(t,0,¢) satisfies limy_,oo E|2(2,0,¢)[? = 0 for t > 0.
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(iii) ezponentially stable in mean square if there is a pair of positive constants X\ and K such
that

Elz(t,0,9)]* < K||g[|72¢,
holds for any ¢ € C’g_-o([ﬁ, 0],R), here X is called the exponential convergence rate.

Denote by Sy the space of all F-adapted processes p(t,w) : [),00) x Q@ — R such that ¢ — ¢(¢) :
[9,00) = L?(2,R) is continuous in t # t, (k = 1,2,---), limtﬁt; ©(t) and limtﬁtz o(t) exist,
_— o(t) = p(t) in L?(Q;P). Moreover, ¢(t, ) = ¢(t) for t € [¢,0], and E|p(t)|> — 0
as t — oo. If we define a norm as

and lim

el := sup (Ele(t)]?) , (5.3)
t>9
then Sy is a complete metric space with respect to the norm (5.3). Using a contraction mapping
defined on the space Sy, we come to our first result, which is proved in Subsection 5.1.2.

Theorem 5.1.4. Consider the impulsive neutral stochastic differential equation (5.1) and sup-
pose that the following conditions are satisfied

(i) the delay 7(t) is differentiable and t — 7(t) — 00 ast — 0o, t — 6(t) — 00 as t — oo;

(i) there exist a constant o € (0,1) and a conlinuous function h(t) such that for t > 0,

n(t) .
Hi(t) = 2 1 jl_ld [T a+dy'e Jo P e g gy
=1 ! tl_T(tZ)Stk<tl
t
+ H (1+dp) q(t)] + / la(s) 4+ h(s)|ds
t—r(t)

t—7(t)<tp<t

t s
+/ e fﬁh(u)dum(s)y/ la(u) + h(u)| du ds
0 s—7(s)

+/ e S Al (a5 — 7(5)) + h(s — 7(5)))(1 — 7/(5))
0

2
+ I @+d'es) - [ (A +di) T h(s)a(s)| ds
s—7(8)<tp<s s—7(s)<tp<s
2
t
+2/e-2fﬁh<u>du e+ T (+d)tes)|| ds<a,
0

s—0(s)<tp<s

(iii) and such that liminf;_, fg h(s) ds > —oo;

(iv) there exists a constant M > 0 such that for any t > 0,

I] Q+dn)| <

0<trp<t

Then the zero solution of (5.1) is mean square asmptotically stable if
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(v)

t
/h(s)ds—)oo as t— oo.
0

Remark 5.1.5. Note that if ¢ € C([a,b]; L>(Q,R)), then p € L*([a,b]; L2(,R)) and the latter
space is known to be naturally isometrically isomorphic to L*([a,b] x Q;R) (see [30] for detail),
50 @ is joint measurable and f; Jo le(t,w)|? dt dP(w) < co.

Remark 5.1.6. Note that if —1 < di, < 0 for all k, then (iv) in Theorem 5.1.4 is always satisfied.
If di, = 0, Theorem 5.1.4 is Theorem 2.1 in [90] under sufficient conditions.

Remark 5.1.7. Impulses are small perturbation, it can stabilize or destabilize a system. As an
example, consider the equation

2/ (t) = ax(t) a>0,
(5.4)
w(kt) = (1 + dy)a(k), keN,

From (5.4), we obtain that
(1) ifdp =0 for all k € N, z(t) = e®x(0);
(2) if di, #0 for all k € N,

z(1) =ez(0)  x(17) = (1 +d1)e"x(0)
(1 +1t) = e 2(17) = (1 +dy)e"z(0), 0<t<I1,
P(2) = (14 d)ea(0)  #(2%) = (1+di)(1 + da)e®(0)

(2+1t) = e¥x(27) = (1 +dy)(1 + do)e**x(0), 0<t <1,

z(n)=(14+d)(1+dg) (14 dp_1)e"x(0).

z(nT) = (1 +d1)(1+dz)- - (1+dy)e™z(0).
Ifd, =d (k=1,2,3,--) is a constant, then
z(n™) = (14 d)"e"z(0) = [(1 + d)e?]"z(0),
If (1+d)e* <1, then z(nt) — 0; If (1 + d)e® > 1, then z(n™) — .

Remark 5.1.8. The condition (ii) in Theorem 5.1.4 can not be changed to be Hq(t) < 1. For
example, if Hyi(t) = fg e %ds for all t, then Hi(t) = 1 — et < 1. However, Hi(t) — 1 as
t — oo. Hence, the condition Hi(t) < 1 can not imply that there exsits a constant a € (0,1)
such that Hq(t) < o < 1.
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For the case when the delays 7(¢) and 6(¢) are bounded by a positive constant 7, we define
another complete metric space as the following.

Denote by C, the space of all F-adapted processes ¢(t,w) : [—7,00) x & — R, which is al-
most surely continuous in ¢ # t; (k = 1,2,---) for fixed w € Q, limtﬁt; ©(t) and limtﬁtz o(t)
exist, and lim, ,- o(t) = ©(t). Moreover, o(t,) = ¢(t) for t € [~7,0] and for ¢ — oo,
k

E (sup;_,<s<¢ [¢(s)|?) — 0. If we define a norm as

ol =suw (sw_le(o)). (5.5)

t>0  \t—r<s<t

then Cy is a complete metric space. Based on the space Cy, we come to our second result, which

is proved in Subsection 5.1.3.

Theorem 5.1.9. Consider the impulsive neutral stochastic differential equation (5.1) and sup-
pose that the following conditions are satisfied

(i) the delay T(t) is differentiable;
(ii) there exist a constant o € (0,1) and a continuous function h(t) such that for t > 0,

n(t)

Ha(t) = 20 1 jl_ld I[I «a ) te I g ()
=1 ! tl_T(tl)Stk<tl
¢
+ H (1+dy) "q(t)| + / la(s) 4+ h(s)| ds
t—7(t)<tp<t t—7(t)

)
t s

+/ e—f§h<“>dUh(s)|/ la(u) 4+ h(u)| du ds
0 s—7(s)

b [ e MO s (5)) 4 (s~ ()1~ 7'(5)
0

2
+ ]I Qra o) - [ @+ d) T h(s)als)|ds
s—7(s)<tp<s s—7(s)<tr<s
2
t
+8/ < sup e 2)s h(“)d“> le(s)| + H (1 +dy) te(s) ds
0 t—r<r<t

s—6(s)<tp<s
<o

where n(t) := sup{k € ZT : t}, < t}.

(iii) and such that liminf; fg h(s)ds > —oo;

(iv) there exists a constant M > 0 such that for any t > 0, |[[o<;, o,(1 +dk)| < M.

Then the zero solution of (5.1) is asymptotically stable if
(v)

t
/h(s)d5—>oo as t— oo.
0
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5.1.2 Proof of Theorem 5.1.4

In this subsection, we will prove Theorem 5.1.4. We start with some preparations. First we
transform (5.1) into a neutral stochastic delay differential equation without impulses:

dly(t) — qt)y(t —7(t)] = |a(t)y(t) +b(t)y(t - T(t))} dt
+ [e(O)y(t) + e)y(t — 6(t))] dw(?), (5.6)
where
ity = I +d @), &)= ] (Q+d) " b(0),
t—7(t)<tp<t t—7(t)<tp<t
é(t) = [T +dn)e®.

t—6(t)<tp<t

By a solution of the system (5.6) and (5.2) we mean a continuous function y(t) on [¢, 00) satis-
fying equation (5.6) almost everywhere for ¢ > 0 and satisfies equation (5.2).

We start with two fundamental lemmas. The lemmas allow us to reduce the problem of stability
of an impulsive neutral stochastic delay differential equation to problem of stability of a neutral
stochastic delay differential equation.
Lemma 5.1.10. Assume that (Hy) — (Hs) hold, then

(1) f y(t) is a solution of (5.6), then x(t) = [y, <¢(1 + di)y(t) is a solution of (5.1);

(i) 4f z(t) is a solution of (5.1), then y(t) = [[o<y, <, (1 +dk)™ Lo (t) is a solution of (5.6).

1),
Proof. First we prove (i). Let y(¢) be a possible solution of the problem (5.6), it is easy to see
)

that x(t) = H0<tj<t(1 + di)y(t) is
and for any t # t, j € N,

continuous on (0,¢1] and on each interval (¢, tr11], K € N

da(t) = d[ I1 (1+dj)y(t)] = [ (1 +dp)dy(t)

O<tp<t O<tp<t

=TT a+ao{ataey—re))+ (a@y@) +bey(t - (1)) dt
0<tp<t

+ (e(t)y(t) + E(B)y(t — 6(1)) du(®) |

= diga(t = 7(t))] + [a(t)a <> (t)x r(O))dt + [e(t)(t) + e(ta(t — 3(8))]duw(?).

(t—
Thus z(t) satisfies the differential equation (5.1) for almost everywhere in [0, 00) when ¢ # ¢,
k € N, On the other hand, for every t = t;, k € N,

w(ty) = thm+ +dpyty= T @+dputh)
e o<t <t 0<t; <ty
= (1+dg) H (1 +dj)y(te) = (14 dg)z(tr)
0<t; <ty

and

o) = tim [ A+dpy@) = [ (+dulr) = alt).

=t o<ty<t 0<t; <ty
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Therefore, we have that x(¢) is a solution of equation (5.1) corresponding to the initial con-
dition (5.2). In fact, if y(¢) is a solution of (5.6) with initial condition (5.2), then z(t) =
[Toct, < (L + di)y(t) = y(t) = ¢(t) on [4,0].

Next, we prove (ii). If z(¢) is a solution of (5.1), then x(¢) is continuous on (0,¢;] and on
each interval (tg,tx11], j € N. Therefore, y(t) = [[oq, (1 + dy)~'z(t) is continuous on (0, #1]
and on each interval (tg,tx11], K € N. Using the similar way as the proof for (i), we can easily
check that y(t) = [[5-4, (1 + dy)~1x(t) is the solution of (5.6) on [, 00) corresponding to the
initial condition (5.2). On the other hand, for every t = t, k € N,

yt) = lim J] a+dp ey = ] (0 +dp)ta))

t%tz 0<t;<t 0<t; <ty
= (+d)™t JT a+apTah) = J] +dp) " alte) =yt
0<t; <ty 0<t; <ty
and
yitp)=1tm [T a+d)e@ = J[ Q+dp~taty)= [ Q+d) " alte) =ylte).
=t o<t <t 0<t; <ty 0<t; <ty
This completes the proof of the lemma. O

Lemma 5.1.11. Assume that (Hy) — (Hs) hold, and there exists a positive constant M such
that, for any t >0,

< M. (5.7)

IT (i +dw)

0<trp<t

(i) If the zero solution of equation (5.6) is mean square stable, then the zero solution of equation
(5.1) is also mean square stable.

(ii) If the zero solution of equation (5.6) is mean square asymptotically stable, then the zero
solution of equation (5.1) is also mean square asymptotically stable.

(iii) If the zero solution of equation (5.6) is mean square exponentially stable, then the zero
solution of equation (5.1) is also mean square exponentially stable.

Proof. First, we prove (i). Let x(t) and y(¢) be the solution of equations (5.1) and (5.6) corre-
sponding to initial conditions (5.2). If the zero solution of equation (5.6) is mean square stable,
from the definition of mean square stable, we have that, for any ¢ > 0, there exists 6 > 0 such
that the initial function ¢ € C’bfo(é) implies

Ely(t)|* < for t>0. (5.8)

€
M2
From Lemma 5.1.10, we obatin that x(t) = [, (1 +dk)y(?) is a solution of (5.1) on [, c0),
and combining with (5.8), we have that

2
<

2

Ely(t)? < M>—; =«

Elz(t)]? = E e

H (1 +dy)y(t)

O<tp<t

IT @ +dw)

0<tp<t

124



5.1. Asymptotic stability of a class of neutral stochastic delay differential
equations with linear impulses

which implies that the zero solution of (5.1) is mean square stable.

(ii)and (iii) can be proved similarly as (i). O

If we multiply both sides of (5.6) by eJo h(s) s integrate from 0 to t, and perform an integration
by parts, we obtain

0 t
(Py)(t) = [¢<o>— / (CL(S)+h(3))¢(s)ds—Q(0)¢(—T(0))+M(t)] o i ) du

+ I G+d) ey — () + / (a(s) + h(s))y(s) ds

t—7(t)<tp<t t=(t)

—/ e Joh(w) dp(s) /i (a(u) + h(uw))y(u) duds

0 s—7(s)

t t
+/ e fs h(u) du
0

+ I a+dyes) - ] (1—|—dk)1h(5)q(s)]y(s—7'(s))ds

s—7(s)<tp<s s—7(s)<tr<s
t t
+/ e fs h(u) du
0

Lemma 5.1.12. Let p € Sy. Define an operator by (Pyp)(t) = ¢(t) for t € [¢,0] and fort >0,

(a(s = 7(s)) + (s — 7(5)))(1 = 7'(s))

c(o)y(s)+ I @ +d)els)yls - 5(5))] dw(s).

s—0(s)<tr<s

5
(Pe)(t) = > Li(t), (5.9)
i=1
where
n(t) .
M) = Y 1 ild II a+ dy) " teh MW dug ot — 7 (1),
=1 t ty—7 () <t <t

Lt) = [qﬁ(O)— / (a(s)—i—h(s))qﬁ(s)ds—q(O)qﬁ(—r(o))] e~ Jo hw) du,

n(t) .
L{t) = ) 4 IT +dy e T g (1) oty — 7(t1))

=1 1 + dl t—7 () <t <t

+ I G+d) et - (1)),

t—7 ()<t <t

L) = / (a(s) + h(s))p(s) ds — / e 1 ) dupy ) / (au) + h(w))p(u) duds,

—7(t) 0 s—7(s)
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L(t) = /O e~ J2 hlw) du [(a(s —7(8)) + h(s — 7())(1 — 7'(s))

+ I a+do e - I (1+dk)1h(8)q(8)]w(s—r(8))ds,

s—7(s)<tp<s s—7(s)<tr<s

I(t) = /0 e—f§h<u>du[c(s)y(s)+ 11 (1+dk)_le(s)<p(s—5(s))] dw(s).  (5.10)

s—0(s)<tr<s

If conditions (i)-(iv) in Theorem 5.1.4 are satisfied, then there exists 6 > 0 such that for any
¢ : [0,0] = (=9,0), we have that P : Sy — Sy and P is a contraction with respect to the norm

(5.3).

Proof. We first verify the continuity of Py on [0,00) to L3(€, F,P).I5(t) is continuous if ¢ €
(0,t1) or t € (tj,tjq1) for j =1,2,3,---. It remains to prove that I(t) is continuous at t = t;.
Let ¢ € S, take the limit » — 07, we have

E|L(tj 4+ 1) — L(t;)[?

— tj+Thu du ! d —-1 — '3 u) du
- ( v 1>Zl+ld [T G+d) e WO wpn - ()
=1 L t—7(t) <tp <ty

d; -1 - t‘_rH"hu du
S T d) e M e - ()
1+ d;
tj—7(tj)<tr<t;
+ 11 (1+dp) gty + )ty +r—7(t; +71))
t]’+7‘77‘(tj+7‘)§tk<tj+7‘
2
- I a+d) et e(t; — 7))
tj—7(tj)<tr<t;
2| J 2
_ft?+r h(w) du d; 1 —ftj h(u) du
<2E eIy U g 1L axdgien a(tr) ety — 7(t))
=1 b —7(t) <tp<t;
4R || (1+dp) "
1+ dj k
t]'—T(tj)Stk<tj
X q(ty +r)p(t; +r—7(t; + 7)) —qt;)e(t; —7(t5))]
1
1+dp)~ ' — 1+dg) !
- 11 (1+ dg) T+ d; (1+ di)
tj+T—T(tj+T)§tk<tj+T tj—T(tj)Stk<tj
2
xlq(t; +r)e(ty+r—7(t;+7))| —0,

126



5.1. Asymptotic stability of a class of neutral stochastic delay differential
equations with linear impulses

since

lim 11 (1+dy) ! = ' (14dy) "

r—0t+ J
tj+7’*7’(tj+7’)§tk<tj+7" tjfT(tj)Stk<tj
Take the limit » — 07, we have

Ell(t; + 1) — Io(t;)?

i Jj—1 t;
_ — 1777 h(u) du dy —l= i h(w) du
_E ( 5 SR DDFE N | N A (LR ()
=1 t—7 () <t <ty
+ I1 (L+di) " gt +r)(t; + 7 —7(t; + 1))
ti+r—T(tj+r)<tp<tj+r
2
- JI  +d)lalt)et; - ()
tj—7(tj)<tr<t;
ti+r 2 j_l ti 2
_ft?+ h(w) du d; -1 _— ;7 h(u)du
<2Ele 4 - Z T4 H (1+dy) e u q(t)y(t — 7(t))
=1 b —7(t) <tk <t
12K I1 (14 di) gty +r)p(ts +r —7(t; + 7))
tij4+r—1(tj+r)<tp<tj+r
2
- JI a+d) lat)et — )| —o,
tj—7(t)<tr<t;
since
lim H (1+dp) ' = (1+d,)" L
r—0—
tiAr—T(t+r) <ty <t;+r tj—7(tj)<tr<t;

All the other terms continuous because of the following (a) and (b).

(a) If supsepoy [Eg(s)?] < oo for each t, then ¢ — fotg(s) ds : [0,00) = L%(Q, Fo,P) is
continuous.

(b) If supgepo [Eg(s)?] < oo for each ¢, then ¢ — fgg(s) dw : [0,00) — L%(Q,Fy,P) is
continuous.

Thus P is continuous on [0, 00).
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Next, We prove that P(Sy) C Sg. For ¢ € Sy, we consider the first term of I3(t),

L 2
E ( JARCCRIOIED ds>

- (/ (a(s) + h(s))p(s) ds / <a<v>+h<v>>w(v>dv>
t—7(t) t—7(t)

- / / (a(s) + h(s))(a(v) + h(v))Ep(s)p(v) ds dv
t—7(t) Jt—7(t)

S/t T<t)/t la(s) + h(s)lla(v) + h(v)|dsdv ~ sup — Eg(s)o(v)

_ —7(t) $,WE[t—T(t),t]

. 2
- (/t_ o la(s) + h(s)] ds) esup (E(p(s)2)1/2 (E(p(v)Q)l/Q.

[t=7(2),t]

Since Ep(t)? — 0 and t — 7(t) — 0o as t — o0, so for every € > 0, there exists Tp > 0 such that
t > Tp implies Ep(t)? < ¢ and Ep(t — 7(t))? < e. Hence, for t > Ty, we have that

sup (E@(S)Q)l/Q (E(,O(U)Q)l/Q <eg,
$,WE[t—T(t),t]

Combining with condition (ii) in Theorem 5.1.4, we obtain

—7(t)

E (/tt (a(s) + h(s))p(s) ds) —0 as t— oo.

Following the similar estimation as above, we obtain that E|I;(s)|> — 0 as t — o0, i = 1,2, 3,4.
It follows from the last term I5(s) in (5.9) that

E|I5(t)|?
t . [ T 2
=E / e~ a2y o(2) + H (1+dp) te(2)p(z — 6(2)) | dw(2)

0 z—0(2)<sp<z i

t , i . 2
= /0 e = M A () o(2) + (14 di) " e(2) (= — 6(2)) | dw(2)

L z—0(2)<sp<z d

- 12

<E /0 2l il o)+ [ L+ d) ez — 6(2)) | d.

L z—0(z)<sp<z i

Since E|p(t)|> — 0 and ¢t — §(t) — 0 as t — oo, then for any e > 0, there exists 7' > 0 such that
t > T implies E|p(t)|? < e and E|p(t — §(t))|? < €. Hence, for t > T, we have that

t , 2
E/O e~ 2 ) h(w) du [c(z)go(z) + H (1+dp) te(2)p(z — (5(,2))] dz

z2—0(z)<sp<z
" 2

< {/ e 2/ hw) du [\c(z)] + ] dz}e,
0

H (1+dy) " te(z)
z2—0(2)<

Sp<z
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which yields E|I5(s)|? — 0 as t — co. Hence, we obtain that P(S)s C Sy.

Finally, We show that P is contraction mapping. For ¢, € Sy, we have that

sup {E[(Py)(s) s)I”}
s>

) ]

E [ (14 di) e I Mg )
Sl T(s1)<s <8y

=1
x(p(st = 7(s1)) = Plsi = 7(s1)))

=suplE
s>1

+  JI A+d) " als)(els = 7(s) — (s = 7(s))
$)<

s—7(8)<sk<s

+ / C (a(e) + () (p(2) — (2)) d=
s—7(s)

_/ e—fjh(u)duh(z)/ (a(w) + h(w)) (p(u) — b(u)) dudz
0 z—7(2)

+/S e f; h(u) du
0

+ I a+do - I <1+dk>1h<z>q<z>]

z2—7(2)<sp<z z2—7(2)<sp<z

(a(z = 7(2)) + h(z = 7(2)))(1 = 7'(2))

X (p(z = 7(2)) —¢(z = 7(2))) dz + /s e Jntn)d IC(Z)(sO(Z) —¥(2))

0
2

+  JI Grd)e@) ez = 6(2) — (=~ 5(2)))] dw(z)

z2—0(z)<sp<z

d; —1 — [ h(u)du
54 II (+de) e s q(s1)

s1—7(s1)<sp<sy
I (+d)als) +/ la(2) + ()| dz
—7(s)<skp<s s=7(s)

/e J2 ) dupy \/ ()| du d=

+/ o= I h(w) du (a(z —7(2)) + h(z —7(2)))(1 = 7'(2))
0

+ I a+do™ - I Q+d)"h(z)a(z)

—7(2)<sp<z z2—7(2)<sp<z

2
+2/ e—2f;h(u)du<c(z)+ H (1+dk)_le(z)> dz}
0

z—0(2)<sp<z

s>1

n(t)
< sup {2 [Z
=1

_l’_

2
dz]

X sup {Elp(s) — y(s)]*} < asup {Elp(s) —v(s)]*}.
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Therefore, P : Sy — S is a contraction mapping with respect to the norm (5.3). O
We are now ready to prove Theorem 5.1.4.

Proof. Let P be defined as in Lemma 5.1.12. By a contraction mapping principle, P has a fixed
point y € Sg, which is a solution of (5.6) with initial function (5.2) and E|y(s)|*> — 0 as t — oo.

To obtain mean square asymptotic stability, we need to show that the zero solution of (5.6)
is mean square stable. Let € > 0 be given and choose § > 0 (0 < ¢) satisfying

2

0 -

20 (1 + / la(s) + h(s)|ds + \q(O)]) e 2Jo MWdu 4 900 < ¢,
7(0)

If y(t,0,¢) is a solution of (5.6) with ||¢||?> < J, then y(t) = (Py)(t) as defined in (5.9). We
claim that E|y(t)|? < € for all + > 0. Notice that E|y(t)|?> < ¢ on t € [J,0]. Suppose there exists
t* > 0 such that E|y(t*)|> = ¢ and E|y(s)|? < ¢ for all ¥ < s < t*, it follows from (5.9),

2
0 o
Ely(t)? < 2]¢) <1+/ Ia(8)+h(8)!d8+\Q(0)|> e 2 Jo hlw)du
7(0)

n(t)

dl _ b () du
+2e< 2 Z 1+ d, H (1 + dk) 1eft* h(u)d q(tl)
=1 t—7(t) <tk <ty

+ H (14 dy) tq(s)| + / la(z) + h(z)|dz

T (1% <tj, <t* tr=7(t")

t* o z
+/ o ! |h<u)|duh(z)/ la(u) + h(u)| dudz
0 z—71(2)

*

t t*
+/ e—fz h(u) du
0

+ I a+d e - [ (+d) ()| d

z2—7(2)<sp<z z2—7(2)<sp<z

(a(z = 7(2)) + h(z = 7(2)) (1 = 7'(2))

2
t* .
+2/0 e=2/; hlw)du le(2)| + H (1+dp) te(2) dz

z—6(2)<sp<z

2

0 o

< 2 (”/ ra<s>+h<s>\ds+\q<o>!> e 2o MO 1260 <,
7(0)

which contradicts the definition of t*. Thus, the zero solution of (5.6) is mean square stable. It
follows that the zero solution of (5.6) is mean square asymptotically stable if (iii) holds.

Combining Lemma 5.1.11 and Theorem 5.1.4, we obtain that the zero solution of (5.1) is mean
square asymptotically stable. O

Corollary 5.1.13. Suppose that the conditions of Theorem 5.1.4 hold. Moreover,
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(i) there exists a constant 0 < p <1 such that 1 + dj, < p,

(ii) there exist constants ¢ > 0 such that t;, < Ck.

If there exists a constant M > 0 such that ‘H0<tk<t(1 +di)| < M, then the zero solution of

(5.1) is mean square exponentially stable.

Proof. From (i) and (ii), we obtain that

2

Ele(s)’ =E| [] (1+dy(s)

0<trp<s

1
< pMEly(s)) = p76_2<"“)'lnp‘IEIy(S)I2

1 _intijpy, 1 _2/npl,
e ¢ ”'E\y(sn?g?e < Ely(s)|?

IN

the proof of Theorem 5.1.4 indicates that for any ¢ > 0 and o > 0, there exists a § = d(¢,0) > 0
such that ||¢||> < & implies E|y(t)|? < € for t > 0. Therefore, the zero solution of (5.1) is mean
square exponentially stable. O

If g(t) =0 in (5.1), then we come to the following stochastic delay differential equation

dz(t) = [a(t)z(t) + b(t)x(t — 7(t))]dt + [c(t)x(t) + e(t)z(t — 6(t))|dw(t), tF# tk,( )
5.11
w(t;ﬁ) — :c(tk) = dka:(tk), t= tk,

Corollary 5.1.14. Suppose that the following conditions are satisfied
(i) the delay 7(t) is differentiable and t — 7(t) — 00 ast — oo, t — 6(t) — 00 as t — oo;
(ii) there exist a constant o € (0,1) and a continuous function h(t) such that for t > 0,

t t . s
2[/ ya(s)+h(s)|ds+/ e Js h(“)d“h(s)|/ la(u) 4+ h(u)| duds
t—7(t) 0 s—7(s)

t t
+/ - fs h(u) du
0

+ JI  (+de)es)

s—7(s)<txp<s

(a(s = 7(s)) + h(s = () (1 = 7'(s))

2
ds]

t t
+2/ e 2o hwdu [eg)| 4+
0

(iii) and such that liminf;_, fg h(s) ds > —oo;

(iv) there exists a constant M > 0 such that

H (1 —I-dk)

0<trp<t

< M.

Then the zero solution of (5.11) is mean square asmptotically stable if
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t
/h(s)ds—>oo as t— oo.
0

5.1.3 Proof of Theorem 5.1.9
Lemma 5.1.15. Let ¢ € Cy. Define an operator by (Py)(t) = ¢(t) fort € [—7,0] and fort > 0,
5
(Po)(t) =Y Li(t),
=1

where I;(t), I =1,2,3,4,5, is denoted as in (5.10).

If conditions (1)-(iv) in Theorem 5.1.9 are satisfied, then there exists § > 0 such that for any
¢ : [—71,0] = (—0,9), we have that P : Cy — Cy and P is a contraction with respect to the norm
(5.5).

Proof. First, following the proof of Theorem 5.1.4, we note that P is continuous on [0, 00).

Next, We prove that P(Cy) C Cy4. For ¢ € Cy, it is easy to check that

]E( sup \Ii(s)]2>—>0 as t—o00, i=1,2,34.

t—7<s<t
Note that for every r,
/0 e S h(w) du [c(z)gp(z) + H (1 + dk)_le(z)gp(z — 5(2’))] dw(z),
z—0(2)<sp<z

is a martingale, then

sup
t—7<r<t

/08 e~ J2 hw) du [c(z)go(z) + H (1+dp) te(2)p(z — 5(2))] dw(z)

z—6(2)<sp<z

is a submartingle, by Doob’s inequality, we have that

B| sw_ (5]

t—7<s<t
s S
-F sup / e JZ h(u) du
t—7<s5<t 0

X [C(Z)y(Z) + I Q+d)Te(z)e(z - 5(2))] dw(z)

z2—0(2)<sp<z

)
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/ e~ ST h(u) du
0

x !0(2)@(2) + I a+d)e)el= - 5(2))] dw(z)

z2—0(2)<sp<z

t T
/ e J7 h(u) du
0

X [C(z)w(Z) + I +d)Te(z)e(z - 5(2’))] dw(z)

z—0(z)<sp<z
t
< [
0

2
< 4/0t [ sup e 2)7 h(“)d“] c(z) + H (1+ dk)_le(z)] dz

—7<r<
tmrsrst L z2—0(2)<sp<z

xsupE[ sup \(p(s)\Ql, (5.12)

< E{ sup sup

t—7<stt—7<r<t
2}
2}

2
cy(z)+ [ A+d)e(z)e(z - 5(2))] dz

z—0(2)<sp<=z

sup e~2 J7 h(u) du
t—7<r<t

t>0 | t—r<s<t

since I (sup;_,<.<; ¢(s)[?) = 0 as t — oo, then for any e > 0, there exists T' > 0 such that
¢t > T implies Esup, _,<,<; |¢(s)|* < e. Hence, for t > T, we have that

t
4/ [ sup e_zfzrh(“)du]
0 Lt—7<rt

t
< 4/ |: sup 2 ST h(u) du:|
0 Lt—7<r<t

which yields E [sup, <. |I5(s)]*] =0 as t— oo. Hence, we obtain that P(C4) C Cy.

sup Iw(S)Izl

t—1<s<t

2
c(z) + H (1+ dk)_le(z)] dzsup E

z—0(z)<sp<z t=0

c(z) + H (1+ dk)_le(z)] dz} g,

z—6(2)<sp<z

Finally, We show that P is contraction mapping. For ¢, € Cy, we have that

sup (| s [(Pe)(9) - (P92}

t>0 t—7<s<t
n(t)

d; —1_—[2 h(u)du
S ] e Gy

=supE sup
t20 fmrssst] = D si—r(s)<sk<si

x(p(s1 = 71(s1)) — ¥(s1 — 7(51)))
+ H (1 +di) " q(s)(p(s — 7(s)) — (s — 7(s)))

s—71(s)<sp<s

L / T (a(e) + h())(0(2) — 9(2) d
s—7(s)

= [Te e [T o)+ hw) o) — b)) duds

0 2—7(2)
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S
+/ e f: h(u) du
0

+ I a+d) 'z - I (1+dk)1h(Z)q(Z)]

—7(2)<sp<z z2—7(2)<sp<z

(a(z = 7(2)) + h(z = 7(2)))(1 = 7'(2))

x (p(z = 7(2)) — (2 — 7(2))) dz + / e I ) du [a(z)«a(z) —(2))

0
2

+  JI Grd)e@) ez~ 6(2) — (=~ 5(2)))] dw(z)

z2—0(2)<sp<z

n(t)
<supq 2 [Z

520 =1

d 1 — [? h(w)du
1+ld II +dyte Jo ey )

s1—7(s1)<sk<s;
I (+d) ) + / la(z) + h(z)] dz
T(8)<sp<s s=7(s)

/e J2 A oy \/ ()| dudz

+ / S M (42— r(2)) + h(z — r(2))(1 - 7(2))
0

+ I a+do™™ - I Q+d)'h(z)a(z)

—7(2)<sp<z z2—7(2)<sp<z

s /s |: sup o2 ST h(u) du:|
0 L[s—7<r<ls

x sup E { sup |p(s) — w(s)\2] < asupE [ sup |o(s) — ¢(S)’2:| .
>0  Lt—7<s<t >0  Lt—7<s<t

_l’_

2
dz]

c(z) + H 1+ dk)_le(z)] dz

z—06(z)<sp<z

Therefore, P is a contraction mapping with respect to the norm (5.5).

We are now ready to prove Theorem 5.1.9.

Proof. Let P be defined as in Lemma 5.1.15. By a contraction mapping principle, P has a fixed
point y € S, which is a solution of (5.6) with initial function (5.2) and Esup, ,<,<|y(s)|* = 0
as t — o0.

To obtain mean square asymptotic stability, we need to show that the zero solution of (5.6)
is mean square stable. Let € > 0 be given and choose § > 0 (0 < ¢) satisfying

2

0

26 (1 + / la(s) + h(s)|ds + \q(O)]) =2 J3 hw) du +2ea <e,
7(0)

If y(t,0,¢) is a solution of (5.6) with ||¢||?> < J, then y(t) = (Py)(t) as defined in (5.9). We
claim that E|y(t)|?> < e for all + > 0. Notice that E|y(¢)|> < ¢ on t € [~7,0]. Suppose there
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exists t* > 0 such that E|y(t*)|? = ¢ and E|y(s)|? < € for all —7 < s < t*, it follows from (5.9),

2
0 t*
Ely(t)? < 2[|? <1+/ Ia(5)+h(8)|d8+!q(0)l> e 2o ) du
7(0)

n(t)
dy -1 ft,f h(u) du
+2e ¢ 2 Z T d H (14+di) e q(ty)
=1 t—T(t) <tk <ty
t*
+ H (1+dp) tq(s)| + / la(z) + h(z)|dz
b —7 (1) <ty <t* =7 (t*)

t* o z
+/ ! |h<u>|duh(z)/ la(w) + A(u)| dudz
0 z

—7(2)
+ [ IO o — 1) + 1z - 7)1 - 7))
0

+ JI a+d) o) - [ (A +d) h(2)a(2)

z—7(2)<sp<z z2—7(2)<sp<z

t* -
+8/ e~2Jz hw)du (!c(z) +
0

2
dz]
2
) dz

2

O *

”/ la<s>+h<s>|ds+|q<o>\] e Mt 4900 < o,
7(0)

H (1 +dp) " te(2)

z—0(z)<sp<z

< 20

which contradicts the definition of t*. Thus, the zero solution of (5.6) is mean square stable. It
follows that the zero solution of (5.6) is mean square asymptotically stable if (iii) holds.

Combining Lemma 5.1.11 and Theorem 5.1.9, we have that the zero solution of (5.1) is asymp-
totically stable. 0

Remark 5.1.16. In Theorem 5.1.9, we obtain limy_oc Esup; <. |y(s,0,¢)|* =0, that is, for
any function s +— y(s,0,¢), we have limy_, o E|y (-, 0, ¢)|20[—T o = 0, which implies
limy o0 Ely (¢, 0, 6)|* = 0.

Remark 5.1.17. In some papers, see, for example, [89, 90, 131, 132], the norm is defined by

1/2
[Pll0.4 = {E ( sup |w<s,w>r2>} :
s€[0,t]

As in [90], to show P(S) C S, we need to estimate Esup,e(g g |I5(s)|?, where

Is(s) = /0 T I ) du [c(2)z(2) + e(2)x(z — 6(2))] dw(z).

However, I5(s) is not a local martingale, see Lemma 1.3.40 in Section 1.3 of Chapter 7? for the
explanation. Hence, Burkholder-Davis-Gundy Inequality can not be applied directly.
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5.1.4 Examples

Example 5.1.18. Consider the following linear stochastic delay differential equation with linear
impulsive effects
dx(t) = [ax(t) + b(t)x(t — 7(¢))]dt + e(t)x(t — 7(t))dw(t), t# tg
(5.13)
oty ™) — a(ty) = dyx(ty), t=1t,

where tp, = 2kmw, 1 +d = % forallk =1,2,---,0 < 7(t) < 27 is a continuous function such
that t — 7(t) — 00 as t — o0, a < 0 is a constant, c(t),e(t) are bounded continuous function
such that |b(t)| < b, |e(t)| < €, where b, e are positive constants.

Since t;, = 2km and 0 < 7(t) < 27, we have that at most one impulse occurs at interval
[t = 7(t),t), and hence [T, )<y (1 + dy)~! < 2. Choosing h(t) = —a in Corollary 5.1.14,

/tt |a(s)+h(3)|ds+/te—fflh(u)|duh(s) /s la(u) + h(u)| duds = 0,

—7(t) 0 s—7(s)

t t
92 / e S5 h(u) du
0

b

<2 / efs adu

0
t

2/ e2 s h(w) du H (1+di) e(s)

0 s—7(s)<tp<s

t t
§2/ e?fsadu
0

-2 _
Hence, we obtain that Hy(t) < Sb;#. On the other hand, [[[j<;, (1 +dk)‘ < 1. From

Corollary 5.1.14, we obtan that the zero solution of (5.13) is mean square asymptotically stable
if

(a(s =7(s)) + h(s =r(s))A =)+ [ (1 +di)"b(s)|ds

s—7(s)<tx<s

2
8b°

ds| <5

[T «a+d '

s—7(s)<tr<s

2
ds

2
[T  +d)tels)

s—7(s)<tp<s

8b° — dae?

5 < L (5.14)

a

Now, we check the conditions in Theorem 5.1.9,

t
3 / sup 27 bW du
0 t—r<r<t

72 =2 ,—4am
Hence, we obtain that Ha(t) < %. From Theorem 5.1.9, the zero solution of (5.13)
is mean square asymptotically stable if

[T +d)es)

s—0(s)<trp<s

8b° — 16ag2e—4am
2

<1 5.15
: (5.15)

It is not difficult to find that condition (5.14) is weaker than condition (5.15).
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Example 5.1.19. Consider the following linear neutral stochastic delay differential equations
with impulsive effects

d[z(t) — gz (t — 254) ] = —2z()dt + [ca(t) + ex(t — r)]dw(t), t#t;
(5.16)
o(ty™) — x(te) = drz(te), t=tx,

where dj, = 2%,1+dk = 1—1—2% forallk =1,2,---,0 <r <1isa constant, infren{tri1—tr} = 1.
Suppose that q,c, e are positive constants.

Since infren{tr+1 —tx} = 1 and 7(¢t) = Sigt < %, we have that at most one impulse occurs at
interval [t —7(t),t), and hence [, <4, <+(1 +dj,)~' < 2. Choosing h(t) = 2 in Theorem 5.1.4,

n(t) n(t)
dy 1 — [t h(u)du 2q 1 2qn
1+d t ) < — —
114 H (1+di) e 'u q(z)_3 1+21<9’

=1 t—7(t) <t <t =1

2
[I a+d)a)]=7,
t—7(t)<tp<t

/: |a(s)—|—h(s)|ds+/t e~ S ()l dup, (o) / la(u) + ()| duds = 0,

—r(t) 0 s—7(s)

t t
/ e S h(u) du
0

- I +d)"als)als)

s—71(s)<tp<s

(a(s =7(s)) + h(s = ()X =7'(s))+ [ (L +di)~"0(s)

s—7(s)<tp<s

¢
dsg/ e*fsth“%dsg 24
0

?7
2
] ds

t t 2¢\ ?
2/ e 2)e2du (o 22 g
0 3
o L, 2 2
—le+—=—) .
-2 3
2
Hence, we obtain that H;(t) < 2 (2% + %) + % (c+ %)2 Hence, from Theorem 5.1.4, we
obtain that the zero solution of (5.13) is mean square asymptotically stable if

o2ng  4¢\? 1 2¢\ 2
2( —+ — = — ] <L 5.17
(52 ) +5(c+ ) (5.17)
Now, we check the conditions in Theorem 5.1.9,
. 2
8/ [ sup e 2Js h(w) d“] [\c(s)\ + H (1 +dp) te(s) ] ds
0 Li-rsr<t s—8(s)<trp<s

2 2
< 2¢? <c+ 23d> (1—e 1) < 2¢? <c+ 2;) .

[T @+do)ets)

s—r<tip<s

IN

t t
2/ e~ 25 h(w) du []c(s)] +
0
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2
Hence, we obtain that Hy(t) < 2 (%% + %) + 262 (c+ %)2

On the other hand, ‘Hogtk<t(1 + dk)’ < 2. From Theorem 5.1.9, the zero solution of (5.13) is
mean square asymptotically stable if

2 4q\? 24\ 2
2<gq+3q> + 2¢? <c+3> < 1. (5.18)

It is not difficult to find that condition (5.17) is weaker than condition (5.18).

Example 5.1.20. Consider the following linear neutral stochastic delay differential equations
with impulsive effects

dx(t) = —a(t)z(t)dt + bx(t — r)dw(t), t#1tg
(5.19)
o(ty™) — x(ts) = dya(te), t=tx,

where 0 < r < 2w, tp = 2kmw, 1 +dy, = c for all k = 1,2,--- for some 0 < ¢ < 1, a(t) is a
continuous function such that fg a(s)ds = oo and

b2 t .
sup {2/ e 2/ “(“)d“ds} <1,
t>0 LC¢ Jo

then the zero solution of (5.19) is mean square asymptotically stable.

Since t = 2km and 0 < r < 27, we have that at most one impulse occurs at interval [t — 7, 1),
and hence [],_,. ., o (14+dp)~" < 1. If we choose h(t) = a(t) in Theorem 5.1.4, then by Theo-
rem 5.1.4, we have that the zero solution of (5.19) is mean square asymptotically stable. Since
1+ di =c<1and ty = 2km, from Theorem 5.1.13, we have that the zero solution of (5.19) is
also mean square exponentially stable.

If c=1forall k = 1,2,---, the condition reduces to the condition (3.6) in [90] for equation
(5.19) without impulses.

5.2 Exponential stability of a class of impulsive neutral stochastic
partial differential equations with variable delays and Poisson
jumps

5.2.1 Introduction and preliminaries

The classical technique applied in the study of stability of stochastic delay differential equations
is based on a stochastic version of Liapunov’s direct method. The success of Liapunov’s direct
method depending on finding good Liapunov functionals, which may be difficult, especially for
equations with unbounded delays or unbounded terms. Recently, Chen [21] used an appropriate
impulsive-integral inequality to establish sufficient conditions for exponential stability of impul-
sive stochastic partial delay differential equations, and it turns out that it is a convenient way to
study exponential stability of mild solutions of impulsive stochastic delay differential equations.
Sakthivel and Luo [117, 118] have discussed the asymptotic stability for mild solutions of impul-
sive stochastic partial delay differential equations by using fixed point methods. This powerful
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method is also an effective tool to deal with exponential stability for mild solutions to stochastic
partial differential equations with delays, see, for example, [91] and Cui et al. [27]. However,
to the best of our knowledge, there is no result about exponential stability of mild solutions of
impulsive stochastic partial differential equations with variable delays and Poisson jumps.

The aim of this section is to study the impulsive effects to a class of stochastic partial dif-
ferential equations with variable delays and Poisson jumps by using two methods, the method
by using an appropriate impulsive-integral inequality and fixed point methods.

Let {Q, F,{Fi}+>0,P} be a complete probability space with a filtration {F;}+>o satisfying the
usual conditions (i.e. right continuous and Fj containing all P-null sets). Let X, Y be two real
separable Hilbert spaces which are both equipped with a norm denoted by | - ||. Let £(Y,X)
denote the space of all bounded linear operators from Y into X.

Suppose {p(t),t > 0} is a o-finite stationary Fi-adapted Possion point process taking val-
ues in measurable space (U,B(U)). The random measure N, defined by N,((0,t] x A) :=
> se(04 1a(p(s)) for A € B(U) is called the Poisson random measure induced by p(-), thus, we can

define the measure N by N(dt,dy) = N,(dt, dy) —v(dy)dt, where v is the characteristic measure
of Np, which is called the compensated Poisson random measure. Let w = (w(t))¢>0, indepen-
dent of the Poisson point process, be a Y-valued Wiener process defined on {Q, F,{F;}+>0, P}
with covariance operator @), that is

E{w(t), )y (w(s),y)y = (tAs)(Qz,y)y, zyeY,

where @ is a positive, self-adjoint, trace class operator on Y. Furthermore, £(Y, X) denotes
the space of all Q-Hilbert-Schmidt operators from Y to X with the norm

I€l|Zg == tr(6Q€™) < 00, &€ Ly(Y, X).
For the construction of a stochastic integral in a Hilbert space, see Da Prato and Zabczyk [108].

For Borel set Z € B(U \ {0})), we consider the following impulsive neutral stochastic delay
differential equation with Poisson jumps

dlz(t) +u(t,z(t — 7(1)))] = [Ax(t)dt + f(t,x(t — 0(t)))]dt + g(t, z(t — p(t))dw(t)
+th(t7$(t_U(t))vy) N(dtvdy)v t >0, t?'étka

Ax(ty) = Iy(z(ty)), t=ty, k=12, (5.20)

zo(0) = ¢, 0€[-7,0], a.s.

where ¢ € PC and the functions 7(t),0(t), p(t),o(t) : [0,00) — [0,7] (7 > 0 is a constant) are
continuous functions, where PC = PC([—7,0]; X) is the space of all almost surely bounded
Fo-measurable functions from [—7,0] into X that are continuous everywhere except for a finite
number of points s at which the left and right limits ¢(s—) and ¢(s+) exist and @¢(s™) = ¢(s)
as usual, equipped with the supremum norm [[¢[lo = essup,.cq Supe(—r g [[¢()(W)[|; —A4 is a
closed, densely defined linear operator generating an analytic semigroup S(t)(¢t > 0) on the
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Hilbert space X; then it is possible under some circumstances (we refer the readers to [100] for a
detailed presentations of the definition and relevant properties of (—A)®) to define the fractional
power (—A)* : D((—A)%) — X which is a closed linear operator with its domain D((—A)%),
for @ € (0,1]. Moreover, the fixed moments of time ¢; satisfy 0 < t] < to < -+ < tp < ---
and limy_o0 t), = o0; z(t; ) and z(t]) represent the left and right limits of z(t) at time ¢ = t,
k=1,2,--, respectively. Axz(ty) = x(t{) — 2(t; ) denotes the jump in the state = at time
with Ix(-) : X — X(k = 1,2,---) determining the size of the jump; u, f : [0,00) x X — X,
g:[0,00) x X = LYY, X), h:[0,00) x X x U — X are given functions to be specified later.

Definition 5.2.1. (Chen |21]|) Let 0 € L(Y, X)), and define
lollZg = tr(cQa”) Z IV Anoen|®
If Ha”io < +4o0, then o is called a Q-Hilbert-Schmidt operator and L(Y, X) denotes the space
2

of all Q)-Hilbert-Schmidt operators o : Y — X.

Note that equation (5.20) could be the infinite dimensional formulation of a partial differential
equation with delays, (see, e.g. Da Prato and Zabczyk [108]).

Definition 5.2.2. An X-valued stochastic process z(t), t € [0,+00), is called a mild solution of
(5.20) if

(i) x(t) is adapted to Fy, t > 0;

(ii) ¢t — x(t) has cadlag paths on [0, +00) almost surely, and for t € [0,+00), x(t) satisfies the
following integral equation

z(t) = SE)(P(0) +u(0,0)) —ult,x(t —7(t)))
/ AS(t — s)u(s,z(s — 7(s )))ds+/0 S(t—s)f(s,x(s—0d(s)))ds

/ / S(t — s)h(s,z(s — 0(s)),y) N(ds, dy)
+/0 S(t—s)g(s,z(s — p(s)))dw(s) + Z S(t—tp)Ip(2(t),)), (5.21)

0<trp<t

where zo(-) = ¢, a.s.

Definition 5.2.3. Let p > 0. Equation (5.20) is said to be exponentially stable in pth moment,
if for any initial value ¢ € PC, there ezists a pair of positive constants v and C such that

Ellz(t)|P < Cllgllge ™™, t =0,

where E denotes expectation with respect to the probability measure P and x is the mild solution

of (5.20).

To obtain our main results, we impose the following assumptions:
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Al) A is the infinitesimal generator of an analytic semigroup of bounded linear operators
g g
{S(t),t > 0} in X such that 0 € p(—A), the resolvent set of —A, and S(¢) is uniformly
bounded,

|S(t)]| < Me™ ™, ¢ >0,
for some constants v, M > 0;

(A2) the mappings f(t,-),o(t,-) and h(t,-) satisfy Lipschitz conditions, that is, there exist
L1, Lo, Ly > 0 such that for any x,y € H and ¢t > 0,

I f(t,z) = f(t,y)l < Lijlz—yl|, Li>0,
lg(t,z) —g(t,y)l| < Lol —yl, L2>0,
/Hh(t,x,z) bty 2)|P(dz) < LRle—yl? Ls> o0,

we further assume that f(¢,0) = g(¢,0) = h(t,0,2) =0 for all t > 0, z € Z. Hence, (5.20)
has a trivial solution x = 0 when ¢ = 0.

(A3) The mapping (—A)%u(t, -) satisfies a uniformly Lipschitz condition: there exists a positive
constant K > 0 such that for any z,y € X,

[(=A)%u(t, z) — (=A)"ut,y)|| < K[z —yll, @ 0)=0, =0,
for a« € (1/p,1] (for some p > 2) and u(t,-) € D((—A)%). Moreover, for a € (1/p,1],
k=(-A)"%|K < 1.
(A4) I € C(X, X) and there exists a positive constant gx such that ||Ix(z) — I (y)| < qxllz—yl|
and I(0) =0,k =1,2,3,---, for each z,y € X.

Remark 5.2.4. Under the conditions (A1)-(A4) and suppose that the mappings f(t,-),o(t,-)
and h(t,-) satisfy linear growth conditions, the existence and uniqueness of the system (5.20) can
be shown by using Picard iterative method (see, Anguraj and Vinodkumar [2]).

Lemma 5.2.5. (Theorem 6.13, [100]) Suppose that the assumption (Al) holds, then for any
B € (0,1], we have that

(i) for each x € D((—A)?),
S(t)(~4) 7z = (~4)75(t)z;

(ii) there exist positive constant Mg > 0 such that

H(—A)BS(t)H < Mgt B, >0

Lemma 5.2.6. (Da Prato and Zabczyk [108]) For any p > 2 and for an arbitrary L£3-valued

adapted caglad process ®(-),
p t 2/p p/2
< p
<o [ (EI0GI)" o)

sup E‘/ O (u)dw(u)
s€[0,t] 0

where ¢, = (p(p — 1)/2)P/2.

Lemma 5.2.7. (Mao [96]) Let p € [1,00) and v € (0,1). For any two real positive numbers
a,b>0,

(a+bP < v PaP + (1 — v) PP,
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5.2.2 Exponential stability by an impulsive-integral inequality

In this subsection, we study exponential stability in pth moment of mild solution of the system
(5.20) by using an impulsive-integral inequality.

Theorem 5.2.8. Consider the neutral stochastic partial differential equations (5.20), let p > 2
and suppose that the conditions (A1)-(A4) are satisfied. Then (5.20) is exponentially stable in
pth moment, if the inequality

9L — k)P [M{_oKPy P+ pla— 1) /(p — 1))~ + MPLEY 7]

2y(p — 1)\ P/
3P (1 — k)P | MPLEAY P 4 ¢, MPLE (VZEP_ 5 )>
p
+9P7 1y (1 — k)P MP <Z qk> < (5.22)
tp<t

and 2y 4 qr < +00 hold, where ¢, = (p(p — 1)/2)P/2, k= ||(—A)"?||K < 1.

We start with an impulsive-integral inequality lemma, which is essential to the proof of Theorem
5.2.8.

Lemma 5.2.9. If v > 0, and Mo, \, \*, \g(k = 1,2,---) are positive constants such that % +
A4+ D02 X < 1, and a function y : [—T,00) — [0,00) such that the inequality

Mo P+ N [T suppe (g y(s + 6) ds

y(t) < FASUDge(—rg Y(E+0) + 2y o Aee PRy (80), £>0, (5.23)

Xoe P, te[-T,0],

holds, then we have that y(t) < Mae PHt(t > —7), where p is a positive root of the algebraic
equation ()\ + %) ePHT 3 N =1 and My = max{)\&g’gff),)\o} > 0.

Proof. Let F(u) = <)\ + %) ePPT + 3702 A — 1. We have F(0)F(y~/p) < 0, hence, there

exists constant p € (0,7) such that F(u) = 0. For any € > 0, let

A _
C. = max { e+ )\(1)@(17717 p,u)’g + )\0} .
We claim that (5.23) implies
t) < Cee P t> 1. 5.24
Yy € )

It is easily shown that (5.24) holds for t € [—7,0]. Assume that there exists ¢§ > 0 such that

y(t) < Cee Pt € [—1,t7), y(th) = Coe PHi, (5.25)
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Combining with (5.23), we have

y(t) < Xe P 4 AC. sup e PR(IFO)
0e[—7,0]

t*
AL / Le1t9) gup e PR g 4 S dpe Pttt
0

0e[—7,0] tr<t?
* * )\*Cgep/’“— * )\*ep/’“— * > *
< e P NCLePRIePHT _ Z TE o7 4 C.e PP 4 Z i | Coe7PHh
Y — P Y — P —1
* PUT * S
= Ne P — &egﬂq + <)\ + A > ePHT + Z A | CeePii,
Y — PH Y — Pl el

From the definition of C., we have

oe P — 7/\*0561)/” e < Nge PV Lepm e . (e+20)0y = p) < 0.
Y = pp - Y — pp A*ePHT

Then, together with the definition of u, we obtain that y(t}) < C.e P#i which contradicts
(5.25), so (5.24) holds. As e > 0 is arbitrarily small, in view of (5.24), it follows that y(t) <
Mse™PHt for t > —7, where My = max {M )\0}. O

N*ePhT )

We are now ready to prove Theorem 5.2.8.

Proof. Based on an elementary inequality and Lemma 5.2.7, for any real numbers a, b, ¢, d, e and
f, we have

(a+b+c+d+e+ f)P
<3 MNa+b+c+d)P +37 el 3771 P

1\
< gt <1 + ) a? + (1 +eP " Hb+c+d)P| + 3P teP 43771 fP
9

1\"!
< 3r1 (1 + 8) af + 9P~ 11 + )P L (WP + P + dP) + 3P el + 3P fP. (5.26)

From Lemma 5.2.7 and (5.21), we obtain

Efz(t)[
< k'PE ||u(t, z(t — 7(£)))|”

+(1 - Ii)l_pE S(t)(¢(0) + u(0,9)) — /0 AS(t — s)u(s,xz(s — 7(s))) ds

+/0 S(t—s)f(s,x(s—0(s)))ds + /0 S(t—s)g(s,z(s — p(s))) dw(s)

+/0 /ZS(ts)h(s,x(sU(s)),y)N(ds,dy)+ Z St —tr)Ip(2(t),))

O<tr<t
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p—1
< RIPE uta(e — O+ 30 = 0 (14 1) EIS@60) + u0.0)IP

t P
49711 — k)1P(1 4+ )P 'E / AS(t = $)uls, z(s — 7(s))) ds
0
¢ R p
1= 0P B [ [ (- s ats - 0(9).9) Nids,dy)
0Jz
P
+P N (L= k) P+ )P B Y S — ) Ie(x(ty))
0<tp<t
t P
+3P71(1 — k) PR ‘ / S(t—s)f(s,z(s—4(s)))ds
0
t P
+3r711 — k) 7PE ‘ / S(t—s)g(s,z(s — p(s))) dw(s) (5.27)
0
Now, we estimate the right-hand side of (5.27). By assumption (A3), we obtain
Ellut,zt—r@)I" < (A7 PE[[(=A) u(t, x(t — 7(t))]”
< KP[(=A)PE|2( — ()] (5.28)
Applying Lemma 5.2.5, Holder inequality and assumption (A3), we obtain
t P
E ’ / AS(t — s)u(s,z(s —7(s))) ds (5.29)
0
t
< MY_ KPy' P+ pla = 1)/ (p — 1)))p1/ e IEa(s — 7(s))||P ds.
0
Similarly, we obtain that
t p
E /S(t—s)f(s,x(s—é(s)))ds
0
¢ P
<E | [ 18- 9)f(s.a(s - 36 s
¢ P
< | [ M s als - s ds
0
t P
< MPLPE [ /O e =) (s — 6(s))|| ds]
t P
= MPIYE [/ e~ (V= D/P)(t=5) o= (/P)(E=9)| (s — 6(s)) | ds]
0
t p—1l
< MPLY {/ e (t=s) ds} / e VIR z(s — 6(s))||P ds
0 0
t
< MpLZf’ylp/ e VR (s — 6(s))||P ds; (5.30)
0
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P
(t —s)g(s,2(s — p(s))) dw(s)

p/2

< | / (e Bl a(s eI

t

2 p/2
< cpMpr e “PESE |2 (s — (s))Hp> " ds]

t p/2

2/
:cpMpr e —Y(p=1)(t=s) o= (t— SEHx(s— (s))Hp> P ds}

c\hc\

t Q(p 1) t—s) p=l ot
<oy | [ e dS] /0e‘”“‘s’EHx@—p(s))rpds

_ 1-p/2 pt
< e ML <”]§p_2”) [ (s = plopP s (5.31)

p

Ot /Z S(t — s)h(s,z(s — a(s)), z) N(ds, dz)
t o

< ol [/0 /Z |S(t — s)h(s,z(s — a(s)), 2)|? dsy(dz):| /

=t Uot /Z e 2 (s, (s — o(), 2)IP dsuwﬂ :

=l U e /Z [A(s, 2(s = o (s), 2)[v(d2) ds] "

" p/2
<oig | [ e IBlats - o) a5
0
[ p/2

t p 2(p—1)
= iy | [ 0 D - (o) Pas
0
(r-2)/2
2(p—1) _p
< e, MPLE </ R ds) e IR a(s — o (s)) P ds
0

p—2 (p—2)/2
< ¢, MPLE (2(19—1)7) /O e VIR z(s — o (s))|P ds. (5.32)

Furthermore, we obtain that

p p—1
S St —t)(x(t;))| < MP <qu) S e PR )P, (5.33)

O<tp<t tp<t tp<t
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Hence, from (5.27)-(5.33), we obtain
Ellz@)[”
1\"!
<r sup E|z(t+0)|P +3°7 11 —r)P <1 + 6)

0e[—T,0]

X MPe P 1+ K||(=A)7%|)" sup E[z(9)|
0e[—T,0]

+OPTH L = R)TP(L 4 )P MY KPP+ pla = 1) /(p — 1))

t
% / e—y(t—s) Sup EHx(S + 0(8)) Hp dS
0 06[_770]

+9P7 (1 — r)'P(L 4 )P e, MPLE <p —2 >(p2)/2
2(p— 1)y

t
></ e sup E|z(s + 0(s))||P ds
0 oe[—7,0]

p—1
+9P~H(1 — k)IP(1 4 )PP (Z qk> > aqre PRt [P

tp<t tp<t

t
+307 (1 — k)P MP LY /0 e sup Ello(s +0(s)IP ds (5.34)
e,

2y(p — 1)\ P? [t
+377 11 — k)P, MP LY (W’)) / e ) sup E|z(s + 0(s))||? ds.
p—2 0 9c[—7,0]

From inequality (5.22), (5.34) and the condition (A3), we can always find a number € > 0 small
enough such that

R € B L T R

B (p—2)/2
x [Mf_avalpa(r(l +pla—1)/(p—= 1) + ¢ MPLE <2(§—f)v) ]

2y(p — 1)\
37y (1 — k)P | MPIEA P 4 0, MP L (7(1’ ) )

p—2

p
+9P7 1 — k)P(1 )P P <Z qk> <1

tp<t

Hence, from Lemma 5.2.9, we obtain that E|z(t)|[P < Me P*(M > 0, € (0,7)). Therefore,
the mild solution of the system (5.20) is exponentially stable in pth moment. O

If h=0or v =0, system (5.20) becomes

dlz(t) +u(t,z(t — 7(t)))] = [Az(t)dt + f(t, x(t — 5(t)))]dt
+g(t, 2t = p(t))dw(t), t=>0, t#1,

Ax(ty) = I(x(t,)), t=tr, k=1,2,---, (5.35)

xO() = ¢ € PC,
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Corollary 5.2.10. Consider the impulsive stochastic partial differential equation (5.35) and sup-
pose that the conditions (A1)-(A4) are satisfied. Then the mild solution of (5.35) is exponential
stability in pth moment, if the following inequality

6" (1 — w) PMY_ KPyTPUT (L + pla—1)/(p = 1))

2y(p — 1)\ /2
4371 — k)P [Mlel’yl_p + e, MPLE <7(p 5 ))

p_
p
6771y (1 — k) TP MP (Z %) <7

tp<t

holds, where ¢, = (p(p — 1)/2)P/2.

Remark 5.2.11. If (1) =0 (k=1,2,---) in (5.35), Theorem 3.2 in [21]| can be obtained from
Corollary 5.2.10.

If h =0 and the impulsive effects I(-) =0 (k= 1,2,---), system (5.20) becomes

da(t) = [Ax(t)dt + f(t, x(t — 6()))]dt + g(t, z(t — p(t))dw(t) >0,
(5.36)
vo() = ¢ € PC.

Corollary 5.2.12. Consider the stochastic partial differential equation (5.36) and suppose that
the conditions (Al)-(A4) are satisfied. Then the mild solution of (5.36) is exponential stability
in pth moment, if the following inequality

2 -1 1—17/2
3PIMP | IEAYP e, I (%) <7 (5.37)

holds, where ¢, = (p(p — 1)/2)P/2.

Remark 5.2.13. Corollary 5.2.12 is consistent with the result in Luo [90] which was studied by
using fived point methods.

Example 5.2.14. Consider the following neutral stochastic partial differential equation with
delays and poisson jumps of the form

s
Mi—al[(=4)]

2
[(;952 (t,&)dt + arx(t — o(t), f)} dt + agx(t — p(t), §)dw(t)

+/a4ym(t—9(t),f)N(dt,dy), t>0, t#ty, (5.38)
Z

i[oit.0)+ ot~ 7(0).9)

and fort =t, k=1,2,---m,
Az (ty, &) = drz(te, §), (5.39)

where dj, > 0, )" di, < 00, z(t,0) = z(t,7) =0, a; > 0,5 =1,2,3, 0<7(t),d(t),p(t),0(t) <
T, :13(8,5) = ¢(3,€), ¢(7§) € C; d)(sv ) € £2[077T] —7<s<0,0< 5 <m 72>0,t>0, U)( )
a standard one-dimensional Wiener process and ||¢||c < +00 a.s., and Mi_, > 1 (a € (1/2,1]).

18
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Take X = L*[0,7],Y = R!, define A: X — X by —A = 2 with domain
0? 02
D(-A) = {w eX: w, a—;} are continuous, a—gg} €X, w(0)=w(r) = ()}.

Then

(—A)w = ZnQ(w,wn)wn, w € D(—A),

n=1

where w,(§) = \/2/msinné, n = 1,2,3,---, is orthonormal set of eigenvector of —A. It is well
known that A is the infinitesimal generator of an analytic semigroup S(¢)(t > 0) in X and is
given (see Pazy[100], Page 70) by

S(t)w = Zexp(—th)(w,wn)wn, we X,
n=1

that satisfies || S(¢)|| < exp (—7%t), t > 0, and hence is a contraction semigroup. Let

a3

u(t, z(t —7(t),€)) = —|ﬂf(t —7(t)),6),
§)

Mi—o(=A)°]
fa(t=0@),8)) = ozt =6(1),8), g, 2(t = p(t),£) = agz(t — p(t),£),

h(tv .T)(t - g(t)v 5)7 Z) = Oé4ZfL'(t - H(t)v f)
We obtain that

1 £t at = 6(6),€)) — F(t,y(t — 5(2), )]
< anllz(t - 6(),€) — y(t — 6(6), ). F(£,0) =0.

lg(t, 2(t — p(t),€) — g(t, y(t — p(t), O
< aglz(t = 6(),8) —y(t —0(0), 9, g(t,0) = 0.

/Z 1At 2(t — 6(t), €), 2) — h(t,y(t — 6(2),€), 2)|| w(dz)
< oy /Z 2 u(d2)|la(t — 0(2),€) — y(t — 0£), )], h(t,0,2) = 0.

[(=A)ut,at = (), €)) — (~A)*ut,y(t = 7(2), )]
< P falt = 7)) — y(t = 0),E)l, (—A)u(t,0,€) =0.

l—«

From the definition of (—A)™%, we obtain

-yl < o | s dt < =
- F(Oé) 0 - 71—204'
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Thus, when a3 < Mj_o72%(a € (1/2,1]). By Theorem 5.2.8, the mild solution of (5.20) is
exponential stability in mean square provide that

2
9027271 (200 — 1) + 93w 2 (/ z y(dz)> +3 (a%W_Q + ag)
Z

m 2 2
2 as 1
+97 (kEIQk> < <7T_ W) , Q€ <2,1} )
5.2.3 Exponential stability by using fixed point methods

In this subsection, we study existence and exponential stability in pth moment of mild solution
of the system (5.20) by using fixed point methods.

Denote by S, the space of all F-adapted cadlag processes: ¢(t,w) : [-7,00) x @ — X such
that ¢(s, ) = ¢(s) for s € [—7,0] and e”E|[¢(¢)||P — 0 as t — oo, where 0 < n < 7. If we define
the metric as

lells, = sup Ellp(s)[”, (5.40)

§>—T

then Sy is a complete metric space with respect to (5.40). Using a contraction mapping defined
on the space Sy and applying a contraction mapping principle, we obtain the following result.

Theorem 5.2.15. Suppose that the assumptions (Al)-(A4) hold for some o € (1/p,1], p > 2,
and the following conditions also hold,

(i) there exists a constant § such that qi < q(tg —tp—1), k=1,2,---,
(ii) and such that

6" (—A) P KP + 6P MY KPP+ pla = 1) /(p — 1))P

27(p — 1)>1p/2 o~

F6PTLMPLEATP 4 6P e, MP LY < -

p— 2 (p—z)/2

where I'(+) is the Gamma function, M;_,, is the corresponding constant as in Lemma 5.2.5,

then the mild solution of the system (5.20) is exponentially stable.
Remark 5.2.16. In our results, we do not require the monotone decreasing behavior of the
delays, i.e. T'(t) <0, §(t) <0, p'(t) <0, 0(t) <0 fort >0, which is needed in [14].

Remark 5.2.17. Sakthivel and Luo [117, 118] and Jiang and Shen [61] studied asymptotic
stability of special cases of the system (5.20) by using fixed point theory. In [61, 117, 118], the
estimate of the impulsive term is

p

sup B[ D" S(t—t)(Iu(w(ty) — Ley(ty)| < MPe TR (Zqz> sup Elz(t) — y(t)|”
t€[0,T] 0<tp<t =1 te[0,T]
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which seems to be a mistake. It should be

P
sup || Y St —t) (In(x(t) — In(y(t;))
t20 No<t,<t
p
< MPsuwpE | Y e g la(t) — ()]
20 0<tp<t

To estimate the impulsive effects to the system (5.20), we consider the case which satisfy condition
(i) in Theorem 5.2.15. Note that k in condition (i) can be equal to infinity.

To prove Theorem 5.2.15, we start with a lemma.

Lemma 5.2.18. Define an operator by (wp)(t) = ¢(t) for t € [—7,0], and for t > 0,

(me)(t) = S(t)(9(0) + u(0,0)) — ult, ¢t — 7(t))) / AS(t = s)u(s, (s — 7(s))) ds
/St—s (s, (s —o( / (t—5)g(s, (s — p(s))) dw(s)
+ZL£S@—$M&¢@—aﬁnwﬂwﬁdw+&%;S@—@ﬂﬂﬂ%D
7
=Y _Ji(t). (5.41)
=1

Suppose that the assumptions (A1) — (A4) hold. If the conditions (i) and (ii) in Theorem 5.2.15
are satisfied, then m: Sy — Sy and 7 is a contraction mapping.

Proof. First, we prove the continuity in pth moment of = on [0,00). Let ¢ € Sy, t1 > 0, and |r|
be sufficiently small, from (5.41), we have

7
E||(r¢)(t1 +7) = (mp) (t)|[P < P71 Y B[ ity + 1) = Ji(t)|P. (5.42)
i=1
It is easily to check that
E||Ji(t1 +7) — Ji(t1)|P =0 as r—0,i=1,2,3,4,7.
Further, by using Holder inequality and Lemma 5.2.6, we obtain

EllJs(t1 +7) — Js(t0)|”
/O 1(5@1 +r—s5)—=S(t1))g(s, ¢(s — p(s))) dw(s)

p
< P~ IR

t1+r p
#2 | [ S04 7= 9l s - p9) e

t1

p/2

<27lg </0 CEI(S(t 47— ) — S(t2))g(s. (s — p(s))IIP)X” d8>

t1+r p/2
+2r~1¢, </ (E||S(t1 + 7 —s)g(s, p(s — p(s)))|\p)2/p d5> —0 as r—0.

t1
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Similarly, we can verify that E||Js(t1 +7) — Js(t1)||P — 0 as 7 — 0. Thus, 7 is indeed
continuous in pth moment on [0, co).

Next, We show that 7(Sy) C Sy. It follows form (5.41) that

MEl(re)O]F < TTIME]S(£)(6(0) +u(0, )P + T M El|u(t, ot — 7(6)))IIP

+7P7LeME / AS(t — s)u(s, (s — 7(s))) ds ’

p

+7P7LemE /St—s s,p(s—4(s)))ds

Ll /0 S(t — 8)g(s, 05 — p(s))) du(s)

p

+7P7 LR /0 /ZS(t — s)h(s, (s —0o(s)),y) N(ds, dy)

+PTR || Y S t)Iep(ty)|| - (5.43)
O<trp<t

Now, we estimate the terms on the right-hand side of (5.43). By the condition (Al) and (A3),
we obtain

PLeME[S(£)(4(0) + u(0, 9))|[P < MPeTPIVE|$(0) + u(0,¢) P -0 as t—oo (5.44)
and

LM B |u(t ot — TP < TN (—A) TP E](—A) u(t, ot — (1)
PP (—A) PO B o(t — 7(2))[

—0 as t— oo. (5.45)

IN A

Using Holder inequality, we obtain

P LlenR / AS(t — s)u(s,p(s —7(s))) ds

0

< e MY KPP0 (14 pla— 1)/ (p — 1)) /0 eI Bllp(s — (s))||P ds
< TIME KPP (D(1 + pla— 1)/(p — 1))

t
e / e~ (M=) (=) Bl o(s — 7(5)) | ds. (5.46)
0

For any ¢ € S, and € > 0, there exists t; > 0 such that e?¢= ") E||p(s — 7(s))||P < e for t > #.
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Thus, from (5.46), we obtain

p

PLlen'R ’ /0 AS(t — s)u(s,p(s —7(s))) ds

< TPTIMY_ KPP (L 4 pla = 1) /(p — 1)P7

t1
el / em (=)= Bl (s — 7(s)) |7 ds
0
LTIMP KPP (DL pla— 1)/(p — 1))
t
el / e” (=)= Bllp(s — 7(s))|I7 ds
t1
< TPTIMY_ KPP (L 4 pla = 1)/ (p — 1)
t1
el / e” (=) ents=TN Bl o(s — r(s)) |7 ds
0

LMD KD+ pla — 1)/ (p = D)/ (= m)e. (547)
Since e~ ("Mt 5 0 as t — oo, then there exists to > t1 such that for ¢ > ¢5, we have

TIMY_ KPP DL+ pla — 1)/ (p— 1))
t1
enT/ e~ =) ens=m ) Bl (s — (s))||P ds
0

Se—TTIME KPP C(+ pla = 1)/(p = 1))/ (v =m)) e (5:48)

So, from (5.47)and (5.48), we obtain that for any t > ta,

p

P LemE ‘ /0 AS(t — s)u(s, (s —7(s)))ds|| <e. (5.49)

Hence

p

TP LR —0 as t— oo.

t
/0 AS(t — s)u(s,p(s —7(s)))ds

As for the fourth term on the right-hand side of (5.43), for any ¢ € Sy, we have that for p > 2,

p

7p_1e"tE’ /0 S(t— ) f(s, o(s — 6(s))) ds

" p
< plegmtp {/ Me—’Y(t—S)Hf(g;,(p(s —4(9)))|l ds]
0

¢ p
<t it [ [ ots - sy as
0

-1

t p t
sotenrry | [Leas| L plggs - stwyipas
0 0

t
< 7ple”TMpL€fylp/ e~ (M=) n(s=3E)) Bl o(s — 6(s))|P ds. (5.50)
0
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From Lemma 5.2.6 and Hélder inequality, we obtain

p
PR

(t —5)g(s, (s — p(s))) dw(s)

t 2/p  1P/2
< et | [ (e Imlgts, ot - o) as
0

t 2 p/2
< 7P telte, MP LB [/ (e*”p(t*S)EHsO(s — p(s))W’) " dé‘]
0

t (p—1) p—1
<l c MPLE [/ (2 3 )AM 2 ds}
0

t
/ e IE]| (s — p(s)) P ds
0

2’}/ 1-p/2  ,t
0
’7( 1— p/2 t
S?PlcpMpLg( 2 ) ~OmE DR (s — p(s) |17 ds
p— 0
and
¢ B p
s [ [ sttt gt ot o
0 JZ
. p/2
<l R [ / / |s<t_s>h<s,¢<s—a<s>>,z>||2dsu<dz>}
0 JZ
] p/2
< 7P—16nthMpE |:/ / e—QW(t—S)Hh(S’@(S — o'(s)),z)||2d51/(d2):|
0 JZ
. p/2
<wtetors [ [0 [ s, pts = ots). ) Puiae) s
Z
i p/2
<t iy | [ B oo as
0
; (r-2)/2
< Tlete, MPLE ( / R ds> IR p(s — o(s))| ds
0
. ) p—2 (p—2)/2 rt (t—3)
<P lemle, MPLE | ———t— /e”’ “IE| (s — a(s))||P ds 5.52
] lis = ()] (552

—2
< 71, MPL} <p
20 - 1)

(p—2)/2 t
> e”T/ e M=) enls=o (DR (s — o(s))||P ds,
¥y 0

where ¢, = (p(p — 1)/2)P/2. We remark that if p = 2, the inequality (5.51) also holds with
0% := 1. Similar to the proof of (5.46), from estimate (5.50), (5.51) and (5.52), we obtain that

p

PR /0 S(t—s)f(s,p(s—0d(s)))ds

p

LenE / S(t — 5)g(s, (s — p(s))) du(s)

p

PR /0 /ZS(t — 5)h(s, p(s — a(s)), z) N(ds, dz)

—0 as t— o0,

—0 as t— o0,

—0 as

(5.53)
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Now, we estimate the impulsive term, from the condition (i), we obtain

p

MR Y S(E - te) Ip(ty)
0<trp<t

p
< TPeME ( > Me”(tt’“)qkso(tk))

O<tp<t

<TlME Y Me T TGt ) (b — tioa)|
0<trp<t

t p
<rtons ([ are gl as)
0

t p—1
< PTiMP < / e~ V(t=s) ds>
0

t
< 7p—1MPqP,yl—P/O e—(’Y—ﬁ)(t—S)eﬁsEng(s)Hp ds. (5.54)

t
/ ()P ds
0

From (5.54), we obtain

p

MR Y S(t—te) k()| 20 as t— oo, (5.55)
0<trp<t

Hence, from (5.43), (5.53) and (5.55), we obtain that
"R |[(mo)(#)|P =0 as t— oo.

Therefore, we conclude that 7(Sg) C Sg.

Finally, we show that 7 is a contraction mapping. For any ¢,9 € Sy, using the estimate
(5.27)-(5.33), we obtain

sup E||(mp)(t) — () (¢)[P

<! sup Elju(t, o(t — 7(1)) — u(t.v(t ~ 7))
+6°~ sup E / AS(t = 5)(u(s, 9(s — 7(5))) — uls, (s — 7(5)))) ds

p

+6°~" sup E /0 S(t=5)(f(s,0(s =d(s))) = f(s,9(s = 0(s)))) ds

t>—T

p

+6P~! sup E /O S(t = s)(g(s, (s = p(s))) — 9(s,9(s = p(s))))) dw(s)

t>—1

t ~ p
+67 sup E / / St — 8)(h(s, (s — o()),y) — h(s, (s — o(s)),9)) N(ds, dy)
0 7

t>—1

p

67 sup B Y S~ ) (Tu(o(ty ) — Te((t;)

t2=7 o<t <t
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< [6p1\|(—f4)°‘Hpr + 6P IMY_ KPy TP+ pla = 1)/(p — 1))P7

2v(p — 1)>1p/2 o~

+6P " MP LYy TP 4 6P e, MP LY < 7

p—1 prp(_P—2 =22 ~1 4 ap=1pfPAPn—P
+6 cpML:,)i)7 v+ 6P MPGPy

sup E[[o(t) — o (8)|[".
>0
Thus, by the condition (ii), we know that 7 is a contraction mapping.

Hence, using a contraction mapping principle, 7 has a unique fixed point z(t) in Sy, which is a
solution of the system (5.20) with z(s) = ¢(s) on [—7,0] and e”E||z(¢)||P — 0 as t — oo. O

If the impulsive effects Ix(-) =0 (k = 1,2,---), system (5.20) reduces to the following neutral
stochastic partial differential equations with delays

dlz(t) + u(t,z(t — 7(t)))] = [Az(t)dt + f(t,z(t — 6(t))z]dt + g(t, z(t — p(t))dw(t)

+ [, h(t,2(t — 0(t)),y) N(dt,dy), t>0 (5.56)

zo(-) = ¢ € PC.

Corollary 5.2.19. Consider the stochastic partial differential equation (5.56) and suppose that
the conditions (Al)-(A4) are satisfied. Then the mild solution of (5.56) is exponential stability
in pth moment, if the following inequality

BPH (= A) PP + 5P MY_ KPP (1 + pla = 1) /(p — 1))P7

27(p — 1)>1p/2 .~

FEPTLMP LR TP 4 5P e, MP L ( -

1 P p—2 =2/ 1

+5P" e, MP L (> <1
T2 - 1)y !

holds, where ¢, = (p(p — 1)/2)P/2.

Example 5.2.20. Consider a neutral stochastic partial differential equation with delays and
Poisson jumps of the form

,

dfe(t,€) + ava(t = 7(£),6)] = | fa(t, E)dt + ara(t — 5(1),€)| dt
+a2x(t - p(t)7 §)dw(t), 3 7£ tk,

Al'(tk,é):bkfﬁ(tk,f), t:tkv k:1727 )

H?(S,f) :¢(37§)7 (b(vf) 607 ¢(37') 6‘62{0771-]7 _TSSSQ 0§§<777

for t > 0, where 7 > 0 is a constant, w(t) is a standard one-dimensional Wiener process
and ||¢|lc < +o0 a.s., and « € (1/p,1], p > 2. We suppose that x(t,0) = z(t,7) = 0 and
0 < 7(t),0(t),p(t) < 7, and we suppose that ag, a1 and a9 are positive constants. Further, we
suppose that there exists a constant b such that by < b(tx — tx_1).
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Take X = L2[0,7],Y = R!, define A: X — X by A = Z; with domain
D(A)={z € X |x, 0v/0¢ are continuous, 0%z/9¢*> € X, z(0)=z(r)=0}.

Then Az = > 20 n?(z,en)en, x € D(A), where e,(£) = \/2/msinné, n = 1,2,3,---, is an
orthonormal set of eigenvectors of —A. It is well known that A is the infinitesimal generator of
an analytic semigroup S(¢) in X and is given (see [100], Page 70) by

S(t)r = Z efnzt(x, en)en, x€ X.

n=1

Hence, ||S(t)|| < e ™%, t > 0. We define A* (actually |A|®) for the self-adjoint operator A by
the classical spectral theorem,

oo

|A|*S(t)x = Z (n2)a 67"2"/(37, €n)En.

n=1
From the arguments in [125], we have that for 0 <m < 1 and M, = (ﬁ)a,
I(=A)*SH)z| < Mae™™ ™|z, t>0

holds for all z € X. Let u(t,x(t—7(t),§)) = apx(t—7(t),&), f(t,z(t—05(t),&)) = arz(t—46(t),&),
g(t,x(t — p(t),£)) = agz(t — p(t),£). It is clear that u(t,-), f(¢,-) and g(¢,-) satisfy conditions
(A2) and (A3). Further, from the definition of (—A)™“, we have that

1 1

A7 < +OO‘HS dt <
() ||_F(a)/0 SOl de <

Thus, by Theorem 5.2.15, the mild solution of (5.57) is exponentially stable in pth moment

provided that
g \P 1—a\'® a—1 pl
B (50) " (o) e
2m*(p — 1)
p—2

1-p/2
+epabm? < ) + 6P < 6P,

where I'(-) is the Gamma function, o € (1/p,1],p>2,0<m <1, ¢, = (p(p — 1)/2)P/2.

5.3 Notes and remarks

Luo [90] and Appleby [4] have applied fixed point method to deal with the stability problems
for stochastic differential equations with stochastic effects. Following the ideas of [4, 90|, by
employing a contraction mapping principle and stochastic integral technique, many other inves-
tigators [89, 131, 132, 147] considered its generalization.

Many methods which are used frequently to investigate the stability problems for stochastic
partial differential equations are ineffective to study the exponential stability of mild solutions
for impulsive stochastic delay differential equations with delays, see, for example, the comparison
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theorem in Govindan [48; 49|, the Gronwall inequality in Caraballo and Liu [14], the analytic
technique in Liu and Truman [87], Taniguchi [121] and the semigroup method in Taniguchi et
al.[123], the methods proposed in Caraballo et al.[122], Ichikawa [57, 58|, Liu and Mao [86], Wan
and Duan [130], Liu [85, 88] and Taniguchi [124].

Based on the contents of Section 5.2, a paper [18] has been submitted to a journal for pos-
sible publication.
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