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Chapter 1

Pointwise credible sets

1.1 Introduction and main result

We consider estimating the regression function f in the fixed design regression
problem, where we have data

Y;‘,n = f(wz,n) + Ein, 1€ {17 ... ,n}. (1.1)

Here (z;,) is a known sequence of points in the interval [0, 1], and (g;,,) is a
sequence of unobservable i.i.d. standard normal random variables. We take a
nonparametric Bayesian approach, using a Gaussian process prior W = (W, :
t € [0,1]) on f, and are interested in the resulting credible sets. These are
sets of prescribed posterior probability, which in the Bayesian paradigm are
used to quantify the remaining uncertainty of the statistical analysis. We
investigate the coverage of these sets when treating them as confidence sets in
the non-Bayesian setting. Specifically we focus on credible intervals for f(z),
the function f evaluated at a given point z, which can be derived from the
marginal posterior distribution of W,.

As a prior for f we consider the distribution of a scaled Brownian motion.
Thus we are given a mean-zero Gaussian process W = (W, : ¢ € [0,1]) with
covariance function cov(Ws, W) = ¢ (s A t), for given scale factors ¢, > 0.
We take this process to be independent of the sequence (¢;,,). In the Bayesian
setup the observations are distributed according to the model

Yvi,n = Wxi,n + Ein-

Furthermore, the posterior distribution of f(z) is the conditional distribution
of W, given Y1 ,,...,Yy »n. In this Gaussian model the posterior distribution



1. POINTWISE CREDIBLE SETS

is also Gaussian and hence is characterised by its posterior mean fn(x) =
E(W,|Y1 4, ..., Y,,) and posterior variance o2 = var(W,|Yi.n, .., Ynn). The

natural credible interval with level n for f(x) is the central interval

Oﬂ = (fn(x) - 0n<n7 fn(x) + UnCn)7

where (, is a standard normal quantile such that P(|Z] < (,) = n for
Z ~ N(0,1). The coverage of this interval in the frequentist setting is the
probability P¢(f(x) € C,), where Py refers to the distribution of Y1 5., ..., Y,
in the original model (1.1), where a “true” f is given.

This model has been widely studied in the literature. In [Kimeldorf and Wahba,
1970], Kimeldorf and Wahba showed that the posterior mean is the solution to a
penalized smoothing problem. Rates of contraction of the posterior distribution
W | Y, relative to the Ly-metric were obtained in [van der Vaart and van
Zanten, 2007], [van der Vaart and van Zanten, 2008] and [van der Vaart and
van Zanten, 2011]. In this chapter we study the marginal posterior distribution
W, | }7” The results on posterior mean and variance can be used to obtain
rates of contraction for this marginal posterior. Bayesian credible sets for
the function f in some infinite-dimensional space were considered in [Wahba,
1983], [Cox, 1993], [Leahu, 2011], [Knapik et al., 2011], but only in a heuristic
discussion and simulation study, without proofs, or only for the white noise
model. (Estimation of a smooth functional of f is a different problem, which
may be studied using Bernstein-von Mises theorems.) The present treatment
extends this to pointwise credible sets in the regression model. Scaling factors
¢y, in the variance were introduced in [van der Vaart and van Zanten, 2007]
with the purpose of adapting the prior to the smoothness of the underlying
regression function. These authors show that the rescaled Brownian motion
with ¢, = n(t1=20)/(14+22) 5 4 suitable prior for a true function f of Hélder
smoothness «, where a € (0,1]. In this chapter, we obtain a similar result in
the marginal setting for a € (0, 2].

The prior W considered here takes the value Wy = 0 at the origin. This
could be remedied by adding an independent normal variable to W, but as we
consider the performance of the posterior distribution at fixed x > 0, this will
be irrelevant in the following.

The present model permits a fairly explicit solution. We will consider the case
where the design points are given by z;, = i/ny with np = n+ 1/2. The
exact formulas cannot easily be extended to a more general choice of design
points. Furthermore, we take the scaling factors equal to ¢, = n’i for some

Be(-1,1).

Define C*[0, 1] as the space of Holder continuous functions with exponent «a €
(0,2]. The main result of the chapter is the following theorem.
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1.1. Introduction and main result

Theorem 1.1. Define {g := 2(11;4_%) The following holds for the coverage
C{I = Py (f(:z:) S CTI)

e If @ > &3, we have cf; — P(|U| < ;) =: py > n forall f € C*(0,1],
where U ~ N(0,1/2).

e If o = &g, then for each p € (0,p,] there exists f € C*[0,1] such that
el = p.
n

o If a < &g, there exists f € C*[0,1] such that cf] — 0.

In the first of the three cases the credible interval is a conservative confidence
set (i.e p, > n). Although it is wider than necessary for coverage, its width
shrinks to zero at the same order of magnitude as the frequentist confidence
interval based on the posterior mean, which would use the frequentist standard
deviation of the posterior mean, rather than the standard deviation of the
posterior distribution. This follows from the fact that p, is strictly smaller
than 1. As &g | 0 as 8 1 1, the range of o for which this favourable conclusion
holds can be made arbitrarily large by choice of 8. However, we shall see that

o =< n=1/4,

Therefore using a large value of 8 will also increase the width of the credible
set, even by an order of magnitude.

In the third case the credible interval is too narrow to give positive coverage
for all functions of given Hoélder smoothness. The standard deviation of the
posterior distribution is of smaller order than the bias of the posterior mean in
this case. This is due to oversmoothing of the true function by the prior, the
Bayesian way of choosing too large a bandwidth in a smoothing method.

Without scaling (i.e. 8 = 0) the cut-off between good and bad performance
of the credible sets is at £, = 1/2. This can be viewed as the smoothness of
Brownian motion itself. In this case, functions of smoothness bigger than %
yield credible sets with positive coverage, whereas functions that are rougher
than Brownian motion do not.

Inspection of the proof shows that the assumption f € C*[0, 1] can be relaxed
to Hoélder continuity in an arbitrarily small neighbourhood of x.

In the next section, we gain insight into the posterior mean by analysing its
coefficients as an L? projection. In the third section, we study the bias and
variance of the posterior mean as a frequentist estimator, as well as the posterior
variance. Combining these results, we arrive at our main theorem. Throughout,
we use A S B tomean A < ¢B and A< B tomean A < B and B < A.
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1. POINTWISE CREDIBLE SETS

1.2 Understanding the posterior mean

In order to be able to analyse credible sets, we will need to know more about the
posterior mean fy,(z) = E(W, | Yin,...,Y,n). Since conditional expectations
correspond to L2 projections, we may write

E(W:c I Yl,n; ) Yn,n) = Z a?}/i,n = ?nTana
=1

n

where the (al') are coefficients in R. Our aim in this section is to study the

asymptotic behaviour of these coefficients. We require the following technical
lemma:

Lemma 1.2. Let Ay = 1+ 5 :I:Q\f + 4 for k € R. Then Ay A_ =
and A_ T 1 and Ay | 1 as k — oco. Furthermore, for each v € R, there exists
C., > 0 such that )\f > eCrk7 12

Proof. Since logz > %(z — 1) for z € [1,2], we have

1 1 1
K log Ay > kY | — 44 > k12, O

In the following, we will use the rescaled index k = ny /e, = ni_ﬁ , since this

B
turns out to be computationally convenient. Note that we have ¢, = kT-7.

We will study asymptotics of the sequence (al') in terms of k.

K3

Let i, = max{7 : i/ny < z}, the index i such that x;, < z is closest to z.
The following theorem shows that coefficients a;, where 4 is far from i,, tend
to zero exponentially fast. Specifically, applying the above lemma, it can be
seen that a? tends to zero exponentially fast if [i —i,| > VE.

Theorem 1.3. We have

' Np [AAT T+ BoA T fori >y,

where Ay, Bmfin, Bn — 1. In particular, o > 0.
Proof. The coefficients a] satisfy the projection relations
0= <WT - }_}nTan»}/i,n> = <W YTana WT'L'n> - a?'

12



1.2. Understanding the posterior mean

Expanding this yields
n
0 =cov(W, Wy, ) — Z aj cov(Wy, W, ) — aif
j=1
=cp z A — — ia?—LZa? —aj.
L Sy as]

These equations can be written in matrix form:

1,1 1 1 .. 1 ar L
Cn ny ny ny ny n N+
1 1,2 2 e 2 a2 :
ny Cn ny ny n4 .
1 2 . : in
Cn o e : : =cp | ™+
x
1 n—1 n—1
: : Cn n4 n4
ng ny ny Cn n4 ag x
(1.2)
Using 7% = % and applying elementary matrix operations, we obtain
1
1 1 1 1 al n4
I+ & & 3 o :
101 1 :
B S ol S < % 1
oL . n.4
0 -1 ’ : =Cn|lx—24,0 |
1 1 0
0 0 - -1 141 '
k a:LL 0
which can be further simplified to
. 0
241 -1 0 .- 0 “ :
al :
-1 2++ -1 .- 0 . 0
. . . x; -
0 -1 . : —c, | Tintln
Xr — -Tin,n
1
2+4+ -1 0
1 :
0 0 -1 1+4 a” :
0
For i€ {3,...,in}y and ¢ € {i, +3,...,n} we obtain the recurrence relation
ai = (2 + %)G?A —ai g, (1.3)

13



1. POINTWISE CREDIBLE SETS

while the middle two rows yield
—a; 4+ (2 + %)GZ —ai 1 = ca(Ti 41,0 — T), (1.4a)
—ai + (2 + %)a?nﬂ —ai o= cn(T — T, n) (1.4b)

The recurrence (1.3) has characteristic polynomial A* — (2+ £ )A+ 1 and hence
we have for ¢ € {1,...,4,} the general solution

: : 1 1 1 4 1 1 1
P=AN, +BXN, A=z (2+-t\ 5+ ) =1+t —=1/4+ .
a L4+ BA, A 2<+k k2+k) +5F 2\/E‘/ + 2

Using the first row, we have

ANy + BA_ =al,
ANL + BN =a} = (2+ £)af,

a

from which we find
T4+2-A
(A = A )A+

Note that § = —a. Using (1.4a), we find

Ay —2—1
=:ala, B =a} k

A=al S kS
“ LG — A)A

ayp.

cn(Tip 41,0 — )+ ai oy
=—ap 1+ (24 ¢)ai,
= AN+ A =)+ BT ((2+ £)A- - 1).
This yields

cn(Ti, 41,0 — ) + a; 41

T T (2 DA ) 1 A (24 DAl — 1) 15)
L Cl@iin — @) a4y
) .
For i € {i, +1,...,n — 2}, we have
al = (24 4)aly — aliy.
Writing b} = aj,_;, |, we see that for i € {3,...,n —i,} we again have the

recurrence
n o __ 1 7 (o
b = (2 + E) o1 — bia,

which has the same solution b = fl)\ﬂr + BX: forie {1,...,n — i}, where

Ao 11

1
1p1- _
e g — A

SRSV Vil

= b,

14



1.2. Understanding the posterior mean

We apply (1.4b) to find

en(T =i, 0) +00_; 4y
N2+ DA =) BT (24 P)A- - 1)
enl(z — ximn) + bZ—z‘n-i-l
5 )

Note that b;;_; ., = a}

po= at(aXy + BA™). We substitute this in the above
and similarly we substitute a;’ ; = by

n_ = bH@NT + BAMT™) in (1.5).
This yields two linear equations in a} and b7. Solving for b7, we obtain
D (& = @, + Z52E (A + BA) )

DD = (aAZ + AL ) (@] + BAZT)

(1.6)

n
bl =Cn

Our aim is to determine the asymptotic behaviour of b} and af'. Note that

)\i—>land)\+—)\,:% 4+%~%,hencea~%\/ﬁ7ﬁw—%\/ﬁand

&~ B~ % Furthermore, applying Lemma 1.2, we see that
1 in » 1yn—in
DN§\/E)\:_, DNEA’Z_Z,

where we ignore the exponentially small terms involving A_. Similarly, we have
>\’in >\’in .
% =14 0(1/Vk), since

ANy + BAT _1:axf¢+5xj—p

D D
aXp T Ay — R4+ AL+ 1) 4

= ~ —

D

2l

Finally, it can be seen that
DD—(aXy + BAZ) @N]" + BAZ ™)
=@} 2 ([2+ A — 1" = A2) 4+~ 10T

From this we conclude b} ~ ﬁ)\;("#"). Additionally, we find

~\n—1 a\n—1i 1 —( —’ﬁ)i Nn—1in
Cn (@i 110 — @)+ BR(EATTT 4 BARTI) AT AT
D NN

al =
- i
The result follows. O
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1. POINTWISE CREDIBLE SETS

This theorem gives us insight into the behaviour of the coefficients (al). We
can further see that they asymptotically sum to one:

Corollary 1.4. We have 1 — > 1" | al' ~ )\Iin'

K2

Proof. By the first row of (1.2), we have
1 . n 1 n - n n
%Zaizg—al = Zaizl—kal. O
i=1 i=1

For the further analysis in the next section, a technical result is useful.
Lemma 1.5. Let .
(r,m) =Y Xy (r—i)*
i=1
where r > m. Then
(r—1)log At
)\+1/( e v dv < (log Ay )TN TI(r, m)

r—m)log A4
(r+1) log A+
< )\+/ e "% dv.
0

Proof. Note that A (r — ¢+ 1)® > X\, (r — i) for ¢t € [i,i + 1], hence

m

) m+1 r+1
> XL (r—i)” g/ Ap(r—t+1)*dt < Afl/ e loE My du
i=1 1 0

. (r+1)log Ay
= (log \4)~ A5 F /0 e v dw.

Similarly, since X, (r — ¢ — 1) < X (r — i) for t € [i — 1,1], we see that
(r—1)log A4+

SN (r— i) > (log Ay) ! / 0% do, 0
=1

(r—m)log Ay

1.3 Bias and posterior variance

In this section, we will study the bias and variance of the posterior distribution
using Theorem 1.3. In the proofs, we will encounter the coefficients A, B, A

and B as seen in the proof of Theorem 1.3, given by A = ﬁ)\j"An, B =
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1.3. Bias and posterior variance

\1[)\—an A= \1f/\ (n— %)A and B = \1@)\;("_”)3”. For the most

part, we will ignore terms involving B,, and B, since they are exponentially

small. Indeed, setting v = 1 (ﬁ — %), we can apply Lemma 1.2 to see that

all terms involving these quantities are O (e*kw).

To understand the behaviour of credible sets for this model, we will consider
first the bias p,(f) := Ef,(z) — f(x). Note that

Efn(x Za F(@in).

Applying the above result, we obtain

Corollary 1.6. For f(t) = |x — t|*, we have p,(f) ~T'(a+ 1)k(% 7)o

Proof. Applying Lemma 1.5, we have

= Za?f(xz,n)
i=1
= AZAi(x —Zin)® + A Z Ai(l‘n_i_l,_Ln —x)*+ O(eikw)
= i=1
= An “ Z)\i(mrx — i)+ An ® Z Ny [ny(1—=z)—i+ %]a—i-O(e_kw)

i=1 i=1
= AnT°U(ny@,in) + AT (ny (1 —2) + 2,0 —iy) +O(eF")

1

1
~ ﬁ(log /\+)_o‘_1n_T_OT(O¢ + 1) ~ F(O{ =+ 1)k(%7m)a
This gives the desired result. O

Using this specific result, we see that more generally we have

Corollary 1.7. Let f be Hélder continuous of order o € (0,2] at x. Then
1

(D] S K- T)e

Proof. Let 6, = k~¢ and write

pa(f) =" D alf@ia)+ D apf(@in) = f(@) = lf) + i (f)-

|Tin—2|>0n |Zin—x|<dn

17



1. POINTWISE CREDIBLE SETS

Note that [y (/)] < [[f X4, —s/>s, i~ By Theorem 1.3, we have ai' <

A)\T@_‘S") fori < ny(z—4,)and a < (/I—I—Bg))\i*(l_l_é") for i > ny (z+0,).
Hence

Z al < nA)\iJr(wfsn) + n(fl + B))\Zﬁ(lfa;fé")
|Zi,n—2|>6n

_1
S VI = e VAR

which is exponentially small if € < ﬁ - % by Lemma 1.2. Finally, by Corol-
lary 1.4 we have }7 ., 5 af ~1—=3 . 5 a' ~ 1 and hence for

a € (0,1) we have

(D= D i f(zin) = f@| S D aflf(zin) - f(@)]

|z n—x]|<dn |z n—x|<dn

n
S D Az —al® <) af|win — 2l = plga),
i=1

|Zi,n—x|<dn

where go(t) = |t — z|*. The result now follows for o € (0,1) by applying
Corollary 1.6. For « € [1, 2], we give a refinement of the characterisation of the
coeflicients af'. Consider

A add aea(@ipin — ) FOI@ENT 4 AT

A aby Dab?
ey (T, 41,0 — ) ab?(d)\i_i" + BN)\T,L_i")
Daby Daby '

We have . ‘
D = a4 pantt

since (2 + %))\i — 1 = A% by the characteristic equation. Hence the second
term is equal to
ozd)\i*i" (1+0 (e‘kw))
5 in+1 —
a1+ 0 (eF7))

_ /\1—%,"—1 (1 4 O(e’m))

Now consider the first term. We have

acn(Ti, 41,0 — ) Vg _ L 2
~1n ~ int1 —(n—in) + !
Daby VEXP T IAT vk

18



1.3. Bias and posterior variance

A : 1
= :)\"2“1<1+O( ))
AT vk

Using this, we see that we can bound

We see that

n—in

Za?(mm —z)= AZ Ny (i — ) + A Z N (Tn—iv1n — ) + O(e_m)
i=1 i=1

=1

by a constant times

~ - 1 in ' ~ N—1in .
A/\rf;m,ﬁl (1 +0 (f)) Z N (2in —x) + A Z Xy (Tp—ig1,n — )
k)3 i=1
1 (S i i
S NG (Z N @ —2)+ Y AT (@i - 90))
i=1 i=ip+1

A\N—20,— 1 s 7
+A)\+ 2in lﬁZ)\J’_(xi,n_l‘)
=1

[ n—1i,—1
1 n . n .
S (DA @i, jpin — ) + A (@i i1 — T)
VE\=

j=0
1
A ,
AT ;A;(azm — ).
Note that the absolute value of the second term is given by
EERIR

; . —ip—11 1 .
D Nilnpa =) = AT ol in) S

=1

—in
Ay

S |-

k"n+

Now suppose that i, <n — i, — 1 (the case n — i, — 1 < 4, is similar). Then
the first term is equal to

i . n—in—1
1 i i+ 1 = i
7 (2 >AY ( —— - x) + (@i =)+ Y A (@i — $)>
j=1 + J=in+1

DRI G Tb VA D YRR NN O (VAN SNPYAEIN B
A\/E<n1_/\4_rl+n+0(e )>A\/E<n+n+0(e ) =

We conclude that

19



1. POINTWISE CREDIBLE SETS

Since lei,n—xb 5, @i is exponentially small, we then also see that
Dz n—a|<s, G (Tin — @) S 1 Hence if f € C* where & = 1+ § for some
d €(0,1), then

o ai (fain) — f(x)

|Zi,n_$‘g6n

= > A () - @) @ia o)+ @) Y a(wia )

‘xi,n_lﬂlgén |a7'i,7z_x‘§6n

1
S Y ale—oPlen-al+
‘xi,n_xlgén
n 145, 1 (3—1%5)(1+9) 1
< Y M-+ = Skl + =
|Zin—x|<dn " "

If § < 0, then this is smaller than R(3-23)049) for all § € (0,1). Note that the
result also holds for § = 0 and § = 1 (for § = 1 we can repeat the application
of the mean value theorem above and obtain a second derivative). We see that
the result also follows for « € [1,2]. O

In order to derive results on the coverage, we will also need results on the
posterior variance and the variance of the posterior mean.
Lemma 1.8. The variance of the posterior mean

n

n
2= varfz alYin = Z(a?)z
i=1

i=1

satisfies t2 ~ ﬁ.

Proof. We have

th =AY N+ A N+ 0(eM).
i=1 i=1

Now considering m = |sn| for some s € (0,1), we see that

Zm:/\zi_ AL N@)\Zm (1.7)
oA -1 2 Tt '

i=1

20



1.3. Bias and posterior variance

since )\i = l+ﬁ 4+ %—&—O(%) and the other term is negligible by Lemma 1.2.
We conclude that

2 o Lyzzin VE \/% Nt L y2nmia) vk z2nin) L
"4k T 4k 2 T WE
as desired. O

The analysis of the posterior variance o2 is more involved. Recall that
P 2
o2 :=E[(W, — fu(2))” | Y].

Note that W, — f,(z) is L%orthogonal to Y, since f,(z) is the projection of
W, onto Y. Since all quantities involved have multivariate mean-zero normal
distributions, it follows that W, — f,(z) is independent of Y. We conclude

2

o2 = E[WI - fn(lﬂ)} le Za? win T Ein)

n

2
n 2 2
g a; 51-,“1 =s, +1t,,

where the last equality defines s2. To determine the behaviour of s2, we require
the following result:

Wy — En:a?Wmim +E

i=1

=E

Proposition 1.9. Let m € N and s > 2y, such that |s — 20| = o(1/Vk)
and

Z )\Z 3/1 n)
Then EA(s,m)? ~ 1v/EX2™.

Proof. We may write Wy — W, , = (Ws =W, )+ 37", Vj, where (W, —

We,)and V; =W, —W, . ~N(0, ) are independent random variables.
Then
EA(s,m)? = var W, . ZAZ + vaer Z v
Jj=i+1

—varzm:VZ/\++o /\Qm)
1 % — [ 2m
kz<z/\ > +o(VEAT™),

Jj=1

21



1. POINTWISE CREDIBLE SETS

where we use that ;- A, ~ \/E)\T by a similar argument as applied in (1.7).

We have
. 2 . . .
]i” (M) Aot n
ot Ay —1 Ay —1)2

Summing over j, we obtain

1 )\2m+2 — )2 )\m+2 — 2
EA 2 = + + _ 2 + + k>\2m
(ssm)” = o =12 < N1 A -1 +o(VEAT")
)\im-‘rQ
2m 1 2m
as desired. O

Note that the condition |s—xz, .| = o(1/v/k) is certainly satisfied if [$—Zm.n| =
O(1/n). We are now able to conclude our analysis of s2.

Corollary 1.10. We have
2 n
s, =E W, — E aiWe, . | ~——=.
" < P ' ) Wk

Proof. Note that

(Za (W, — me)> Lo,

since Y"1, al* — 1 is exponentially small by Corollary 1.4. Now we use the fact
that Brownian motion has independent increments to write

(Za In) —E(Za W, — WM)>
+E( S a?<WI—Wm,,L>> .

i=in+1

Consider the first term: using Proposition 1.9 we obtain

2 . 2
(Za (W, — W@,,)) — A%E (Z)‘EF(WS”_WL")> +O(e*kv)
=1
1
= A’EA(z,ip)? +O(e *) ~ —.
(x,i0)° +O(e™) sV

22



1.3. Bias and posterior variance

For the second term, we have

n 2
E( > a?(WmeiYn)>

1=1pn+1

n—ip 2
- A’B (Z A (W — W)) +0(e™)
i=1

—in 2
= A’E <Z )\i(Wl—m—kﬁ - Wzn)> + O(eikw)
i=1
L
8VE'

where in the second equality we wuse the fact that the process

(Wl—s-% Wi _t)telo,1] is again a Brownian motion on [0, 1]. The result
" "

follows. O

= AEA1 -2+ 53— n—in)* +0(e™") ~

Combining the above results, we understand the posterior variance.

Corollary 1.11. The posterior variance o2 = s2 + t2 satisfies 02 ~ ﬁ

Finally, we arrive at the proof of our main result.
Proof of Theorem 1.1. We have
Pr(f(@) € Cy) = Py (1fal@) = F@)] < Gom) = P(Val < &),

where V,, ~ N (ﬁ—", 2_—2‘) We have t2 /o2 — 1 while by Corollary 1.7 we have

1 1

Bn < p(3-1ip)a+i,
on ™

This exponent is negative if &« > £3, hence in this case we have V,, ~ N(0,1/2).
For a = &5 and f(t) = C|z —t|*, we have u,/0, — vV2CT(a +1). On the

other hand, if o < {g and we choose f such that the bias is at least k(%_fﬁ)"
(e.g. f(t) = |z —t|%), we have V}, ~ oo. 0

As we noted in the introduction, we see that as 8 — 1, the range of « for which
we obtain a favourable coverage increases. Furthermore, the rate at which the
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1. POINTWISE CREDIBLE SETS

bias tends to zero is also increasing in 8. On the other hand, the rate o, at
which the credible set contracts decreases as 8 grows. More precisely, we have

i BT o (1)

Equating these exponents, we obtain the optimal choice § = }I_gg We see
that for a = %, the optimal choice is § = 0. As « decreases, larger values
of B (and hence a less smooth prior) are optimal. For a > %, we should use
negative values of § (and hence a smoother prior). Note however that the
optimal choice of 3 is not convenient in practice. Indeed, in this case we have
o = &g in Theorem 1.1, which does not guarantee a useful coverage. Hence it

is preferable to choose 3 slightly larger, so that we are in the case o > 3.

1.4 Discussion

The results in this chapter concern a Gaussian process prior with a fixed scaling,
given by a parameter . If the smoothness level a of the true regression function
is known, then 8 can be chosen to obtain a conservative confidence level of
minimal width. In real-world applications the smoothness level will typically
not be known in advance. Within the Bayesian setting one might again take it
to be distributed according to a prior. Alternatively, one might replace it by
an estimator. In view of results in [Szabé et al., 2013] and [Szabé et al., 2015]
it is to be expected that such an adaptive procedure will destroy coverage for
some functions in the Holder classes. We will study this problem in more detail
in the following two chapters.

Another possible extension is to consider functions that are smoother than
C?. In this case, we might replace the prior W by an integrated form of
Brownian motion. Here we obtain a system of equations similar to (1.2), but
significantly more complex. In the simplified form for the case of standard
integrated Brownian motion, there are now five rows with non-zero right hand
side, rather than two. The method used in this chapter cannot be applied to
solve this system; other techniques are required.
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