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Chapter 5

Law of large numbers for
one-dimensional transient RW on

the exclusion process

5.1 Introduction and result

In this chapter we present some results from an ongoing project with R.S. dos Santos

and F. Vollering.

5.1.1 Slow-mixing REs and the exclusion process

In Chapter 2 we derived a LLN for the RW in (2.6) when the dynamic RE has the
cone-mixing property in Definition 2.1. In particular, Theorem 2.2 holds for the more
general model in Section 1.3.2 in which the RW X has two different (not only opposite)
drifts cg — Bp and a3 — (1 on top of holes and particles, respectively. The weak point
of Theorem 2.2 is that many natural and interesting examples of dynamic REs are not
cone-mixing, e.g., conservative dynamics like the exclusion process or, more generally,

Kawasaki dynamics.

It is worthwhile to investigate examples of slow-mixing REs, because significantly dif-
ferent behavior may occur compared to fast-mixing REs, such as cone-mixing REs.
Indeed, in Chapter 4 we have already met the case of a RW X on the one-dimensional
simple symmetric exclusion (SSE) with opposite drifts on top of particles and holes (i.e.,
a1 — 1 = Po — ap). In particular, in Section 4.1.4 we presented the results of some

simulations for the asymptotic speed of X, which suggest that X is recurrent if and only
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98 5. Law of large numbers for a transient RW on the exclusion process

if p= %, and that X is ballistic as soon as it is transient. Thus, the transient regime
with zero speed, which is known to occur for static REs (see Section 1.1.1.1), does not
survive in the dynamic setup, because even a ‘slow’ motion of the particles in the RE
makes it hard for a ‘trap’ to survive. Nevertheless, similarly to the one-dimensional
static RE and in contrast to the fast-mixing dynamic RE, Proposition 4.4 shows that
when we look at large deviation estimates for the empirical speed of X, the slow-mixing
properties of the exclusion process allow for a ‘trap’ to persist up to time ¢ with a prob-
ability that is decaying sub-exponentially in ¢. Furthermore, similarly to the static RE
(see Section 1.1.1.2), we may expect a sub-diffusive scaling limit for X to occur at least
1

in the recurrent case, i.e., for p = 3.

These results and observations motivate the interest in slow-mixing REs. In this chapter
we prove a LLN under a somewhat strong drift condition, which represents a small step
forward. At the end we mention some further extensions that are still part of a work in

progress.

5.1.2 Model and main theorem

Consider a dynamic RE £ constituted by a SSE (see Section 4.1.3) starting from a

Bernoulli product measure v, of density p. Let
X = (X)t>0 (5.1)

be the RW in dynamic RE defined in Section 1.3.2, under the the following drift condi-

tions:

ar>ap> P> >0, a1+Bi=ay+Bo, ao—Fo>1 (5.2)
Note that the jump rate of the SSE equals 1 and that the latter condition implies
litm inf X;/t > ap— 0o >1 P,,0—a.s. (5.3)
—00

Theorem 5.1. Assume (5.2). Then, for any p € (0,1), there exists a constant v > 1
such that
lim X;/t=v Py, 0—a.s. (5.4)
t—o00

5.2 Proof of Theorem 5.1

The main idea in the proof is that, under the third condition in (5.2), X travels to the

right faster than the ‘information’ in the RE. As a consequence, it is possible to construct
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certain regeneration times at which the RE to the right of X is freshly sampled from its

equilibrium distribution.

5.2.1 Coupling and minimal walker

In this section we show that the RW X defined in (5.1) can be constructed from an
independent homogeneous RW and the RE. In particular, the following construction is

valid for any general dynamic RE constituted by an IPS £ = (& )>0.

Let M = (M;)¢>0 be a homogeneous continuous-time RW with jump rates o and fp,
to the right and to the left, respectively. Let (b,)nen an i.i.d. sequence of Bernoulli
random variables with parameter (o — ap)/Bo. The path of the RW X in (5.1) can be

constructed as a function of
(M, (bn)nen, §) (5.5)

by using the following rules:

1. My=Xo=0.
2. X jumps only when M jumps.
3. If M; jumps to the right at time ¢, then so does X;.

4. If M; jumps to the left at time ¢ and X is on top of a hole, i.e., §(X;) = 0, then
X jumps to the left too.

5. If M; jumps to the left at time ¢t and X is on top of a particle, i.e., &(X;) = 1,
then X; jumps to the right when an independent Bernoulli trial with parameter

(a1 — )/ Po succeeds, and jumps to the left otherwise.

Denote by
(15, T, ]:t) (5.6)

the probability space associated with (5.5), with

Fi=o0 ({M5}8§t7 {bn}NSmw {fs}SSt) ) (5-7)

where m; is the number of jumps of M up to time ¢, which is distributed according to

a Poisson random variable with parameter (ag + (o)t.

By construction, for any ¢ > 0,

Mt S Xt P —a.s. (58)
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We are therefore justified to call M the minimal walker.

5.2.2 Graphical representation: symmetric exclusion as an interchange

process

The interchange process v = (7)¢>0 on Z is a process, taking values on the permutations
of Z, that can be defined through a graphical representation as follows. Start with a
permutation v9. We call the state of the coordinates of v ‘agents’. We take vy to be
the identity, i.e., the agents are (..., —2,—1,0,1,2,...). Associate to each non-directed
nearest-neighbor edge (z, + 1) in Z an independent Poisson clock I%#+1 = (I"+1), 5
ticking at rate 1. Denote by

I={I"** 2z ez} (5.9)

the set of all those clocks. Then ~; is obtained from vy by exchanging the labels of x
and = + 1 each time the Poisson clock I***! rings. In particular, v;(z) € Z represents

the starting position of the agent who at time ¢ is at site x.

x
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FIGURE 5.1: Graphical representation. The dashed lines are the links given by the
realization of I. The thick line represents the path of the agent ~;(x).

Given the interchange process 7, the simple symmetric exclusion process (SSE) (see
Section 4.1.3) & = (&)i>0 on Z starting from a configuration € Q = {0,1}% can be
obtained from v by putting & (z) = n(y(z)).

The interpretation is that, in the interchange process, the agents move around in the
lattice by exchanging their places with their nearest neighbors. For exclusion, we choose
one of two states for these agents at the start (1 or 0, which we refer to as ‘particle’ and
‘hole’) and assign the state of a site at a later time as the initial state of the agent who

is there at this time.

Next, recall (5.5). By the coupling with the minimal walker M of the previous section,

we have that, for any starting configuration n € €2, X is a function of

(M, (bn)nen, I) and 7, (5.10)
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where, in the coupling space (5.6), F; is given by

ft =0 ({Ms}s§t7 {bn}ngmm {Is}sgt) . (511)

In particular, if we consider ,n € Q such that ¢ = n (where = denotes the partial order

on ), then for any ¢ > 0 we have by construction

M < Xi(n) < X:(Q) P —a.s., (5.12)

where X;(n) and X¢(¢) represent the RW starting from n and (, respectively.

5.2.3 Marked agents set

As the RW X moves, it will meet the agents of the interchange process. Sometimes, due
to the coupling with the minimal walker, it will not need to know their state in order to
proceed, i.e., when the minimal walker M goes to the right. If M goes to the left, then
X will have to ‘ask’ the agent at its current position what is its state to know how to
move. We say that at this time X and the agent ‘meet’, and we call an agent marked
at time t if it has met X at some time s < ¢. For any ¢t > 0, we can define A; to be the
set of marked agents up to time t. For reasons that will become clear at the end of this

section, we add to this marked agents set all the agents x < 0.

Formally, define Ay = {z € Z: = < 0}, let ¢ be a time at which M; jumps to the left,

and put
At = At_ U {'Yt(Xt)} (513)
Next, let
Up =inf{t >0: M; #0} =inf{t > 0: X; #0} (5.14)
and define
7o = inf {t >Up: X¢ > max{z € Z: y(x) € At}}, (5.15)

i.e., the first time such that all the sites with marked agents are to the left of X;.

Lemma 5.2. Let 7o be as in (5.15) and denote by E the expectation w.r.t. P. Then

Proof. Let
Y = (Y4)i>0 (5.16)
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be a path starting from 0 that jumps to the right according to the realization of the
process I in (5.9), see Figure 5.2.

0 VA
3 2 —1 0

FIGURE 5.2: As in Figure 5.1, the dashed lines are links given by the realization of I.
The path Y starts at the origin and goes only to the right following the links determined
by I.

Then Y is distributed according to a Poisson process with rate 1.

Denote by 7~ (z) = (’yt_l(x))t>0 the path of the agent z. By construction, for any x < 0
and t > 0, v; }(x) < Y;. Furthermore, let Sy = inf{t > 0: M; —Y; > 0}, and note that

70 < 51 (5.17)

Recalling that the minimal walker M is independent of the RE, while Y is a function of
the RE, we have that Z = (Z;)¢>0 with Z; = M; — Y} is a continuous-time homogeneous
RW, starting from the origin, that jumps to the right at rate o and to the left at rate
Bo+ 1. Since ag — By > 1 by the third condition in (5.2), Z is transient to the right with
positive speed ag — By — 1 > 0. Thus, E[S?] < oo, and the claim follows from (5.17).

The crucial point, which we state in the next proposition, is that if we start from a
configuration 7 € {2 sampled from v, to the right of the origin, then, no matter what is
1 to the left of the origin, the RW X at time 7y will still see to its right a configuration
that is freshly sampled from v,. Such a fact is related to the nature of the SSE and its
construction from the interchange process, and it is the main ingredient for the proof of
the LLN.

Let Zwo = {x € Z: x> 0}, and put Z<g = Z \ Z=o. Given ¢ € {0,1}2<0, let u,ﬁo be the

product measure of single site measures on €2 given by

vy (n(x)

VISO (n(z) = 1) = p, otherwise,

C(.T)) =1, ifx e ZS(], (518)

ie., I/'[(,O coincides with v, on {0,1}#>°, and is the delta measure &, on {0, 1}2<o.
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Proposition 5.3. For any ¢ € {0,1}%2<0, let ¢ be the SSE starting from u,§<), and denote

by P (o) 0 the law P when the starting configuration n is sampled from 1/,(;0. Then, for
p

any finite B C {0,1}2>0,

P (60 (Xny ) € B| (Xe)en) = vp(B), (5.19)

i.e., the SSE at time o to the right of X;, is independent of (X¢)i<+,, and is distributed

according to v,.

Proof. (Xt)i<r, is a function of (M)i<ry, {bn}n<m.,» (It)i<r, (see (5.10)), and the state
of the agents belonging to A,,. Therefore (X;):<, is independent of {{y(z): = € Z\ A, }.
By the definition of 79, 77, (z) € Zs0\ Ay, for all z > X, . Therefore, since 1/,(70 coincides
with v, on {0, 1}2>0, it follows that &, (z) is a Bernoulli random variable with parameter

p for x> X,,. n

5.2.4 Right walker and a sub-additivity argument

Denote by 1 € {0,1}%<0 the configuration with all coordinates equal to 1. Let
R = (R¢)t>0 (5.20)

be the RW X starting from v$Y. For any ¢ € {0,1}%<0, if we denote by X(¢) a RW

starting from V,(,O, then, as a consequence of (5.12), for any ¢t > 0 we have that

Mt S Xt(C) S Rt P —a.s. (521)

We call R the right walker. We anticipate that in the sequel we first prove that R
satisfies a LLN, and then Theorem 5.1 follows by showing that the limiting speed of the

right walker does not depend on the configuration 1.

We next construct a renewal structure in the coupling space (5.6). The idea of this
construction is that, starting from R and from the 7y associated to R, we have that, by
Proposition 5.3, at time 7y the states of the SSE ¢ to the right of R&f}) are distributed
according to v,. At time 79 we define a new configuration n of the SSE from &, by
replacing all its states to the left of R, by 1 (i.e., put &, (z) =1 for z < R, ), and we
define R to be the RW evolving as X in Section 5.2.1 starting at time 7 at position
R, from this new configuration of the SSE. In particular, such R has the following

properties:

1. RW is a function of ({M;}i>r, {bn}n>m.y» {1}i>7,) and n.
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2. By (5.12), R is coupled to R in such a way that Ry ., — Ry, < Rgl) for t > 0.

3. R and R(I) — R(l) have the same distribution.
t 0 /50

n—1)

We can then repeat the same argument to construct a new RW R from R( for

any n € N.

More precisely, let n(® € Q be a configuration sampled from 1/(1), set R® = R, and

construct inductively the random vector-sequence

()} 0= (1), o

as follows. For n € N, let n(™ € Q given by

(n=1) (~.. it RQ“”
7™ () :{ 1 (@), i > R (5.23)

1, otherwise.

For t > 7,_1, let R(™ = ( §")) 0 be the RW evolving according to the rules given for
t

(n—1)
1

X in Section 5.2.1, starting from R;, ,’ with initial states of the RE given by n™,

Let Agn) be the marked agents set constructed from R,En) as in (5.13), namely, set

A((]n) = {:L’ el: z< R(()”) = RSZ;”}, let ¢ be a time at which M, |4, jumps to the left,
and put
AP = AP oy (RM)}. (5.24)

Define
Tp = inf {t > Uy: Rin) > max {a: €Z: y(x) € Aﬁn)}} . (5.25)

As a consequence of this construction, it follows from (5.12) that

RY _—RM <R"MY P (5.26)

The main advantage is now that, by Proposition 5.3, { (77(”), R(™, Tn) } is a stationary

neN
sequence.

Lemma 5.4. Let T, = Y ;" | 7,. For integers 0 < m < n, define the double indezed
random variables
Rup = RS . (5.27)

Then there exists a constant ¢(R) € R such that

= ¢(R) P —a.s. (5.28)
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Proof. The proof relies on the subadditive ergodic theorem of Liggett (see Theorem 1.10
in [63]). By (5.26), for any 0 < m < n, we have

RO,n = Roﬂn + (Ro,n — Ro,m) < Roﬂn + Rm,n P —a.s. (5.29)

Moreover, by construction and since {(R(”),Tn)} is a stationary sequence, for every

neN
n > m, {RpytkntklkeN, IS @ sequence of i.i.d. random variables. Therefore, for each

m € Ny, the joint distribution of {Rm+1,m+k+1 }keN is the same as that of {Rm’erk}kEN‘
Furthermore, for each k € N, we have that {R”k»(”“)k‘}neN is a stationary and ergodic
process. Therefore the assumptions of Theorem 1.10 in [63] are satisfied, and the claim

follows. [ |

5.2.5 LLN
Lemma 5.5. There exists a constant v(R) > 1 such that

lim — =v(R) P a,—as. (5.30)
Proof. For t > 0, let n(t) be such that

Tn(t) <t< Tn(t)+1' (531)

Denote by E ) . the expectation associated to P 1y . By Lemma 5.2, E 1) [70] < oc.
vy ,0 vy ,0 vy ,0

Since Ty,1)/n(t) — E ) [10] as n — oo, dividing by n(t) and taking ¢ — oo in (5.31),
vy,

we have
t 1
lim n() =T P a,—as. (5.32)
t—oo t V,gl),O[TO] p
By Lemma 5.4 and (5.32), we get
RO R y R
lim Totw) im Tuw (1) = c(R) =: v(R). (5.33)
t—oo  t t—oo n(t) 1 E o ,lml
vy ,0
Since

t t t
the claim follows by combining (5.33) and (5.34), and observing that

Ry — Ry
lim sup M -0
t—o00 t

P, —as. (5.35)
P
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To show (5.35) we argue as follows. Note first that R can be coupled with a Poisson

process N = (IN;);>0 of rate ag + [y such that
R, < N; foranyt>0. (5.36)

In particular, it follows from Lemma 5.2 that E (4 0 [N 2] < o0, which together with
vy,

70

(5.36) ensures that there exists a constant C' € (0, 00) such that

2
< (C. .
EV,9>70 [?g}%c]Rt] } <C (5.37)

By the Markov inequality and (5.37), for any € > 0 we have

PVél),O <|Rt - RTn(t)’ Z et) S ]P)llél),o < max ’Rt - RTn(t)’ Z 6t>

Tty St<Tn(e)+1

2
Ew, [{%%_?‘Rt‘ ] (5.38)

=Fn @2? Bef > d) =T (@
< C(et)™2
Finally, (5.35) follows from (5.38) and the Borel-Cantelli lemma. |

Next, let 0 € {0,1}%<0 be the configuration with all coordinates equal to 0. Let
L= (Lt)tZO (5-39)

be the RW X starting from 0.

For any ¢ € {0,1}%<0, if we denote by X(¢) the RW starting from 1/£C), then, as a

consequence of (5.12), for any ¢ > 0 we have that

Mt S Lt S Xt(C) § Rt P —a.s. (540)

Note that by repeating the same argument as in Section 5.2.4 and in the proof of Lemma

5.5 for the left walker L, we get that there exists a constant v(L) > 1 such that
lim — =v(L) ]P’Vﬁ()g)70 —a.s.

The only difference is that in Lemma 5.5 we obtain super-additivity instead of sub-

additivity. Finally, by observing that v(R) = v(L), Theorem 5.1 follows from (5.40).
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To see this latter observation we argue as follows. As both L and R are identical if they
do not encounter an agent from the left of the origin, the associated speeds are the same
on this event. Thus, if this event is not a null-set, then, as the speeds are a.s. constants
on the whole space, we obtain v(R) = v(L). To show that the latter event has positive
probability, recall the RW Y in (5.16) and observe that the event that L and R do not
encounter an agent from the left of the origin includes the event {M; > Y;, Vt > 0},
which has positive probability due to the third drift condition in (5.2).

5.3 Concluding remarks

The assumption that the total jump rates of X are the same on top of particles or
holes (i.e., ap + Bp = a1 + B1 in (5.2)) is not relevant for the proof and can be easily
dropped by constructing a different coupling with the minimal walker in Section 5.2.1,
and essentially keeping the rest of the proof unchanged. We made this assumption just

to avoid cumbersome notations.

The proof of Theorem 5.1 is simple and uses the specific nature of the SSE. Indeed, we
exploited the graphical representation of the SSE, in particular, its construction from
the interchange process, to ensure the integrability of the time 7 in (5.15) and to ensure

that the sequence in (5.22) is stationary.

We are currently working on extensions of Theorem 2.2 for a larger class of dynamic RE
under strong drift assumptions as in (5.3), namely, for dynamic RE in which, intuitively,
the ‘information’ travels to the right slower than the minimal drift of X. If we consider
other dynamic RE, like e.g. an asymmetric exclusion process or a Poissonian field of
independent RWs, then we cannot a priori be sure of the existence of a non-degenerate
integrable time at which X observes to its right a RE in equilibrium. A heavier regener-
ation scheme in the spirit of Chapter 2 seems to be needed. We plan to treat such cases

in future works.






