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Chapter 1

Introduction

When solving real-world optimization problems a frequently encountered difficulty is the
presence of uncertainties and noise within the system for which optima are sought. Due to
various reasons, various types of uncertainties and noise can arise in optimization problems.
Hence, for real-world scenarios, optimization methods are needed that can deal with these
uncertainties and solutions ought to be found that are not only optimal in the theoretical
sense, but that are also practical in real life. The practice of optimization that accounts for
uncertainties and noise is often referred to as robust optimization.

Evolutionary Algorithms (EAs) form a class of optimization algorithms that use the
principle of evolution to find good solutions to optimization problems. The paradigm of
evolutionary computation is simple and effective; take a population of candidate solutions for
the optimization problem and simulate the process of evolution to evolve the population toward
better solutions. With applications in various real-world settings, Evolutionary Algorithms
are well-established and have proven to be powerful for optimization, especially for complex
problems that are difficult or impossible to solve analytically.

Evolutionary Algorithms are originally proposed for solving optimization problems that
are not affected by uncertainties and noise. However, natural evolution seems to be inherently
robust when viewing it as an optimization process, because uncertainty and noise are indis-
pensable parts of nature. Being inspired by evolution in nature, one question is therefore to
what extent the natural mechanisms adopted by Evolutionary Algorithms make them robust
against uncertainties and noise. Additionally, when acknowledging the limited precision of
natural evolution, the challenge is to make Evolutionary Algorithms even more effective in the

scope of robust optimization.

In this work we will study the application of Evolutionary Algorithms, and in particular
Evolution Strategies, in the context of robust optimization. The main questions that we will
try to answer are: What is robust optimization and how does it relate to the traditional view on
optimization? In what ways can noise and uncertainties emerge within an optimization model?
To what extent are Evolutionary Algorithms indeed robust against uncertainties and noise in
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the optimization model? What can be done to fix or improve the behavior of Evolutionary
Algorithms when dealing with uncertainties and noise?

1.1 A Brief History

The concept of robust (design) optimization originated from the concept of robust design in
industrial engineering. The introduction, or better, popularization of this concept is generally
attributed to Taguchi [Tag78|, [Tag86l Tag89]. Taguchi stated that for product design engineer-
ing, a product should be designed not only for optimal performance, but also as to make the
performance as insensitive as possible to variations that are beyond the designer’s control. He
proposed a method based on simple experimental designs and loss functions to incorporate the
notion of quality or performance robustness into the process of design engineering. Taguchi
bundled his ideas in a design method called the Taguchi method (see e.g., [Pha89]]). Although
the methodologies proposed by Taguchi have received much criticism [BST™88, IAMB™92]
and are considered to be outdated [CWZ99], the impact of the robust design philosophy cannot
be neglected. The general aim of trying to take uncertainty and noise into account within the
scope of product development has become a standard part of modern engineering [Par07].

In modern engineering, the increasing use of computer models to virtually test (parts of)
designs has also led to increased interest in computational optimization techniques to aid the
design process [EHO2]. However, classical optimization methods focus mainly on finding op-
timal solutions for exact, noise-free systems. Due to the frequently noisy and uncertain nature
of real life, the increased application of optimization techniques for real-world applications
led to the awareness that there are a number of problems that require ways of incorporating
the notion of robustness in the measures of solution quality (which is the leading principle of
robust design) in optimization techniques [[Tro97, TAWO03].

As noted by Trosset [Tro97], robust optimization is only a part of the broader concept of
robust design. The general aim of obtaining high quality products often involves design of
experiments methods and sensitivity analysis where the optimization is performed manually
by means of statistical analysis. Only in some cases automated optimization is used to aid the
design process, and robust optimization methods can be applied to find robust solutions.

However, the inverse can also be said to be true; although the concept of robust optimization
seems to borrow its right of existence directly from the concept of robust design, its context
is much broader than only finding solutions which are stable under varying conditions. Beyer
and Sendhoff [BSO7|] consider in their overview paper not only the robustness of the designs
(or, in the scope of optimization, the robustness of optimal solutions), but also the robustness
of the optimization process itself. Hence, robust optimization also deals with uncertainties of
the optimization model, such as noisy output, and uncertainty within the optimization model,
such as aiming to find robust optima. Also other studies, such as [SJO8|| and [JBOS], consider
a broader view of uncertainties and noise in the complete optimization model. The work of
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[SJOS] is particularly worthwhile mentioning as it presents a large number of applications of
robust optimization techniques within the field of mechanical engineering.

In Operations Research, the problem of dealing with uncertainties and noise comprises a
number of variants. Studies that consider uncertainty in the optimization model date back to
the work of Dantzig [DanS5] in 1955 and Wets [Wet66] in 1966. Today, approaches dealing
with uncertainties can be found in various settings in the scope of mathematical programming;
in the form of stochastic programming (e.g., [KW94]]), under the term robust optimization
[MVZ95, BTGGNO4, BBC11], and in the scope of fuzzy programming [BZ70, IR00] which
knows the two types of flexible programming [TOA74,|Zim76] and possibilistic programming
[TA84]. In [SahO4]], an overview can be found of the different mathematical programming
classes that deal with uncertainty and noise, and the way in which these are modeled into
optimization problems.

Also in the scope of black-box optimization, and particularly in the field of evolutionary
computation, there is an increasing interest for methods that deal with uncertainty and noise.
A summary of the way in which such optimization problems are approached within this field,

and references to approaches proposed in literature can be found in [JBOS].

Finally, some of the challenges and opportunities stated by Sahinidis [SahO4] in an overview
of robust optimization using mathematical programming techniques also hold for the broader
scope of optimization under uncertainty and noise. The following list of challenges, based on

those stated by Sahinidis, forms the starting point of this thesis:

e An effort should be made to construct a unified framework which combines the different
philosophies of modeling uncertainty and noise within optimization problems.

e Many approaches focus solely on one particular type of uncertainty and noise, whereas
real-world optimization problems can exhibit multiple types. Hybrid approaches that can
deal with various types of uncertainties and noise simultaneously can be the next step of

robust optimization.

e Non-standard search spaces have received limited attention within the scope of optim-
ization under uncertainty and noise. Extending the modeling framework and also the
optimization approaches such that they also allow for optimization under uncertainty
and noise in other domains (e.g., graph-like spaces) is a challenging next step.

e Accounting for uncertainty and noise will lead to higher computational demands in order
to obtain solutions of reasonable quality. There is an ongoing need of smart sampling and
search methods that further limit the computational effort (e.g., the number of function
evaluations) for solving optimization problems that are subject to uncertainty and noise.
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1.2 Aim and Objectives

The first objective of the current work is to obtain a clear formulation of robust optimization.
The term robustness is in itself a very general term, obtaining a clear view on the scope
and goals of robust optimization is therefore essential. An objective emerging from this is
to provide guidelines for systematic classification of various types of robust optimization
problems.

The second objective is to bridge the gap from the formulation of robust optimization to the
practice of robust optimization. The aim is to exemplify how to approach robust optimization
problems. Moreover, we aim to study the behavior of Evolution Strategies on such problems
and find how they should be adapted in order to better deal with such problems. For this,
approaches from the literature and newly proposed ideas will be compared conceptually and
empirically using two Evolution Strategy variants as algorithmic cores.

The third objective is to provide a framework for empirical comparison for the two robust
optimization scenarios considered in this work. This is done by providing a small, focused set

of benchmark problems and empirical results that can, in term, be used as benchmarks.

1.3 Overview of this Thesis

This work consists of two parts. In the first part, the aim is to form an exact conceptual picture
of what robust optimization is, how it relates to traditional non-robust optimization, and what
the implications are for solving real-world optimization problems. The second part of this work
focuses on the application of Evolution Strategies (ES) targeted on solving real-parameter
robust optimization problems. In particular two main scenarios of robust optimization are
considered: optimization of noisy objective functions and finding robust optima. These are
considered as frequently occurring and representative scenarios of robust optimization. For
these two scenarios, the performance and possible ways of improvement of two particular
Evolution Strategy instances, namely the (5/2p7, 35)-0SA-ES and the CMA-ES, are studied.

Chapter [2| lays out the background by providing an overview on the classical view on
optimization, together with frequently used terms and concepts. This chapter forms the
backbone of this work.

Chapter 3| extends the classical view on optimization to a framework and definition of robust
optimization. It provides a taxonomy of the different ways in which uncertainties and noise can
arise within optimization problems and a unified and concise framework for their systematic
classification. This chapter is partially based on insights and results previously published in
[KBIvdHOS8, KAET09, [KEB™09b].

Chapter [] introduces Evolutionary Algorithms and Evolution Strategies, therewith forming
the bridge between the (robust) optimization problem specification and the practice of solving
optimization problems.
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Chapter |5| discusses the application of Evolution Strategies to noisy objective functions. In
this chapter, the negative effects of noise on Evolution Strategies are studied and techniques
to counter the effects of noise in the objective function are compared conceptually. In Sec-
tion [5.4.6] an alternative type of uncertainty quantification is proposed and discussed. This
chapter uses results and insights that have been published partly in [KEB09a, KRD™ 11]].

Chapter [6] focuses on a particular class of noise handling techniques, namely adaptive
averaging techniques. For these techniques the main question is how these compare to straight-
forward ways of dealing with noisy objective functions. This chapter presents new results on
accuracy limits for adaptive noise handling in Evolution Strategies with the theoretical results
presented in Section |6.1|and the empirical comparisons of different noise handling schemes.

Chapter [7] focuses on the scenario of finding robust optima in anticipation of uncertain-
ties/noise in the design variables. The goal of finding robust optima is explicitly stated and
formulated in the light of the framework of robust optimization. Different techniques that are
proposed for finding robust optima are reviewed and compared conceptually. This chapter
merges the individual results on algorithmic schemes of [KEDB10a, [KEB10, IKEDB10b,
KRD™ 11/ with each other and puts them into a global scope of existing studies.

Chapter [§] presents an empirical comparison of different strategies for finding robust optima.
This chapter presents new results with an empirical comparison of different techniques for
finding robust optima, amongst which are the algorithms presented in [KEDB10a, |[KEB10,
KEDBT0b, KRD™ 11].

Chapter [9|closes with a summary and an outlook.

Last, but not least, Appendix [A] and Appendix [B] contain collections of benchmark problems
that can be used for empirical comparison of optimization algorithms for robust optimization
scenarios. Appendix [A]provides descriptions of benchmark problems for optimization of noisy
objective functions and Appendix [B] provides descriptions of benchmark problems for finding
robust optima. These benchmark sets are used in the empirical studies of Chapter [6] and
Chapter [8] respectively. Appendix [C] provides a brief description of Kriging, which is used
as metamodeling technique in algorithmic approaches considered in Chapter[7]and Chapter|[§]
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Chapter 2

Optimization

This chapter lays out the background of this work by providing a summary of black-box
optimization. It introduces the “classical” view on optimization together with the concepts and
terminology that are commonly used within this context. This classical view on optimization
will be extended in Chapter [3|to form a definition of robust optimization.

Section [2.T] starts with providing a global description and a formal definition of a black-box
optimization problem as it will be used in this thesis. Section discusses how the practice
of optimization is generally perceived in practical applications. Section zooms in on the
concept of objective function landscape, which is a frequently used metaphor for perceiving
optimization problems. Section[2.4|focuses on real-parameter optimization problems, being the
main type of optimization problem discussed in this thesis. Section[2.5|provides an overview of
black-box optimization algorithms and the general goal of automated optimization. Section[2.6|
closes with a summary and discussion.

2.1 Optimization Problems

The model of Figure[2.T|describes an optimization problem. It considers a system that produces
output y as a function of input x. Keeping it as general as possible, we note that x and y can
be of any form and assume that there is no knowledge about the internal mechanisms of the
system, i.e., it is considered to be a black-box. Given such a system and a large number of
possible input settings, the central problem of optimization can be loosely formulated as:

What setting(s) of the input x yield(s) the best possible (optimal) output y?

X System y

Figure 2.1: The general black-box model of a system.
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Figure 2.2: The general model of an optimization problem.

To deal with problems of this type, the model of Figure 2.1]is commonly transformed into a
form as depicted in Figure [2.2] In many cases the system that is considered is replaced by an
abstract model of the system (e.g., a mathematical model or a simulator). Furthermore, one
or more objective functions fi, ..., fr and optionally also a number of constraint functions
g1,--.,9p are introduced. The objective functions are of the form f; : & x Y — R and
assign score values to each input x € X" based on its respective output y € ). Note that
we could also neglect the intermediate mapping X — ), which yields the more common
form f; : X — R. Without loss of generality, we assume that each score function is to be
minimized. The constraint functions are of the form g; : X x ) — R and rate the feasibility of
each possible input z, again using y. Also here the intermediate mapping could be neglected
to obtain the more common form g; : X — R. For a possible input z, it should hold that

gi(z) > 0 in order for x to be feasible!.

The model of an optimization problem of Figure[2.2]can also be described mathematically:

Definition 2.1.1 (Optimization Problem): An optimization problem is a triple (X, F,G),

where:
e X is the search space, which is the nonempty set of all possible solutions.

o F ={f1,..., fr}, k € Ny, is a set of one or more objective functions that are to be
minimized. Each objective function is a function of the form f : X — R that maps

elements of the search space to a score value.

o G={g1,...,9p}. p € Ny, is a set of constraint functions that need to be satisfied. Each
constraint function is of the form g : X — R mapping elements of the search space to
a constraint value. For a certain input x € X a constraint g is said to be satisfied if and
only if g(z) > 0. Otherwise, if g(z) < 0, then solution  violates the constraint and is
therefore infeasible.

Constraints of the form g(x) > 0 are referred to as inequality constraints. In literature, also another type of
constraint is used, namely the equality constraint, which is of the form h(x) = 0. In the definition given here,
equality constraints are not included because they can easily be constructed using two inequality constraints (i.e.,
g(z) 20N —g(x) > 0 < g(z) = 0).
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Furthermore, we use the following definition of feasibility:

Definition 2.1.2 (Feasible Solution and Set of Feasible Solutions): For an optimization prob-
lem (X, F,G), the set of feasible solutions A is the set

A={x e X|gi(z) >0,i=1,...,p}, 2.1
and each solution x € A is called a feasible solution.

Given a problem that fits Definition [2.1.1] the goal of optimization can still vary and roughly
be of one of the following forms:

1. Find a feasible solution that is optimal with respect to the objective function(s).
2. Find all feasible solutions that are optimal with respect to the objective function(s).

3. Find a specific set of feasible solutions that are optimal with respect to the objective
function(s).

Here, “a specific set of solutions” loosely denotes the cases where, either implicitly or
explicitly, also a secondary set selection criterion encompasses the optimization problem (e.g.,
searching for a diverse set of solutions requires a diversity notion based on sets of solutions).
In addition to these three aims, a second class of optimization goals can also be identified in
which the aim is to find solutions of which the objective function value(s) satisfies/satisfy (a)

certain threshold value(s):

4. Find a feasible solution of which the objective function value(s) satisfies/satisfy (a)
certain threshold value(s).

5. Find all feasible solutions of which the objective function value(s) satisfy (a) certain
threshold value(s).

6. Find a specific set of feasible solutions of which the objective function value(s) satisfy

(a) certain threshold value(s).

Note that the latter three aims could also be seen as constraint satisfaction problems (i.e., an
objective function with a threshold is effectively a constraint function).

Given the definition of an optimization problem and the loosely defined possible goals of
optimization, next we will give more formal definitions of optimality. However, in order to
do this, we will make a distinction between single objective optimization problems and multi-

objective optimization problems and provide separate definitions for both classes.

2.1.1 Single Objective Optimization Problems

A single objective optimization problem is a special instance of an optimization problem,
defined as
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Definition 2.1.3 (Single Objective Optimization Problem): A single objective optimization
problem is an optimization problem with precisely one objective function. For the triple
(X, F,G), the set F consists of exactly one objective function (k = 1 in Definition 2.1.1).

Given a single objective optimization problem, based on the definition of Toérn and Zilinskas
[TZ89], Bick [Bac96] defines the global optimization problem as the problem of determining

a global minimizer:

Definition 2.1.4 (Global Minimum/Optimum and Global Minimizer/Optimizer): For a single
objective optimization problem (X', F,G) with F = {f} and a set of feasible solutions A, the
global minimum or global optimum f* is the value

f* =min{f(z) |z € A}, 2.2)
and every solution 2* € A for which it holds that f(x*) = f* is called a global minimizer or
global optimizer.

This definition falls into the first item of the enumeration on page [I3] Moreover, there are
two other important remarks that have to be made. First, it is important to realize that there
exist objective functions for which no global minimum exists. This can happen for objective
functions of which the image f[A] of f : A — R is non-compact (e.g., the infimum of f[A] is
not included in f[.A]). Secondly, one should note that when a global optimum does exist, there
is only one global optimum, but there might be multiple global optimizers.

As it might happen that there are multiple solutions x for which holds that f(z) = f*, an

extended goal of global optimization is to find all global minimizers (see [IZ89]):
X ={ze Al f(x)=f"}. (2.3)
This extended goal falls into the second item of the enumeration above.

The alternative goals of finding solutions with objective function values satisfying a certain
threshold value (items 4—6 in the enumeration on page[13) are for single objective optimization

problems known as super/sub level set optimization problems:

Definition 2.1.5 (Sublevel Set): For a single objective optimization problem (X, F,G) with
F = {f} and set of feasible solutions .4, the sublevel set below level d is the set

Li={ze A| f(z) <d}. 2.4

2.1.2 Multi-Objective Optimization Problems

A multi-objective optimization problem is a special instance of an optimization problem,
defined as

Definition 2.1.6 (Multi-Objective Optimization Problem): A multi-objective optimization
problem is an optimization problem with more than one objective function. IL.e., for the triple
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(X, F,G), the set F consists of at least two objective functions.

For multi-objective optimization problems, the definition of optimality is often based on the
notion of Pareto dominance on the objective space. Pareto dominance introduces a partial order
on the space of objective function values, being R” for a problem with k objectives. In the
context of minimization, this order is defined as:

Definition 2.1.7 (Pareto Dominance, Weak Pareto Dominance, Strict Pareto Dominance, and
Incomparability): For any two vectors u and v:
u dominates v (notation U < pger V OF just u < v) iff:
Vie{l,....k}:u; <y (2.5)
and 3Jje{l,...,k}:u; <vy, (2.6)

u weakly dominates v (notation u =< v) iff:
uxXvvu=v, 2.7
u strictly dominates v iff:
Vie{l,...,k}:u; <y (2.8)
u and v are incomparable (notation u || v) iff:
udAvAvAu (2.9)

The partial order introduced by using the notion of Pareto dominance on the solution space can
be used to define the goal of multi-objective optimization as to find Pareto optimizers:

Definition 2.1.8 (Pareto Optimizer and Pareto Optimum): For a multi-objective optimization
problem (X, F,G) with a set of feasible solutions A, the set of Pareto optimal solutions X*
is the set of all solutions z* € A with function values f(z*) = [fi(z*),..., fr(z™)] for
which it holds that there does not exist another solution € A with function values f(z) =
[f1(x),..., fr(z)] such that f(x) dominates f(x*). Le.,

X*={2* € A|fr e A: f(x) < f(z*)}. (2.10)

An element of the set of Pareto optimal solutions x* € X™ is called a Pareto optimizer and its

objective function value vector is called a Pareto optimum.

Although for some multi-objective optimization problems it is sufficient to find a Pareto
optimal solution, in general, when a problem is defined as a multi-objective optimization
problem, it is intended also to get insight in the trade-offs between the various objectives.
Therefore the more usual (customary) aim for multi-objective optimization is to find the set of
all Pareto optimal solutions or at least a representative subset of it.

Definition 2.1.9 (Pareto Front and Efficient Set): For a multi-objective optimization problem
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(X, F,G), the set of all Pareto optima is called the Pareto Front and the set of all Pareto
optimizers is called the Efficient Set.

With the definitions for a single- and multi-objective optimization problem, and the goal to find
either one, multiple, or all optimizers, the basic problems of optimization have been introduced.
How to solve optimization problems is another matter.

2.1.3 Discrete versus Real-Parameter Optimization Problems

Definition [2.1.T] only generally specifies the search space X', the objective functions F, and
the constraint functions G. Besides the separation of single- and multi-objective optimization
problems, another distinction can be made by looking at the search space. Although it is not
a comprehensive categorization, we distinguish two major classes of optimization problems:

discrete optimization problems and real-parameter optimization problems.

Discrete optimization problems (which is a class that includes combinatorial optimization
problems) are optimization problems where the search space is a discrete set of candidate

solutions.

Definition 2.1.10 (Discrete Optimization Problem): Any optimization problem of which the

search space is a discrete set is called a discrete optimization problem.

This work focuses on the class of real-parameter optimization problems. Real-parameter
optimization problems are optimization problems where the search space is a real-valued
parameter space.

Definition 2.1.11 (Real-Parameter Optimization Problem): A real-parameter optimization
problem is an optimization problem (X, F,G), with X C R™ and X is of dimension n for
some fixed n € Nj.

More specifically, for real-parameter optimization problems commonly a stricter class defin-
ition is taken, requiring the search space to be bounded by a box. We identify such types of

problems as box-constrained real-parameter optimization problems.

Definition 2.1.12 (Box-Constrained Real-Parameter Optimization Problem): A box-
constrained real-parameter optimization problem is a real-parameter optimization problem
(X, F,G), with

X ={xeR"|(x1) < (x); < (xy)isi=1,...,n}, (2.11)

for some fixed n € Ny, and where x; € R" is a vector of lower bounds and x, € R" is a
vector of upper bounds.

An example of a class of search spaces that does not fall into the categorization of discrete
versus real-parameter is the class of mixed-integer optimization problems, consisting of a
combination of real-parameter and discrete (integer and/or categorical) parameters.
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2.2 The Practical Goal of Optimization

Given the definition of an optimization problem, the rough classification of optimization goals,
the distinction between single- and multi-objective optimization, and the rough classification
of discrete versus real-parameter optimization problems, the question is: How to solve such
problems? The solvability of optimization problems much depends on the structure of the

search space and the basic assumptions about the objective and constraint functions.

Discrete optimization problems with finite (enumerable) search spaces are solvable within a
finite number of steps by means of complete enumeration. That is, by evaluating every solution
in the search space it is possible to determine all optimizers. However, this has practical limits,
for example when the search space is sufficiently large and/or evaluations are very time/cost
expensive. Given that it is not possible to evaluate all candidate solutions we can follow the
reasoning of Bick [Bdc96] that when a strict subset of the search space is evaluated it is
possible that the global optimum of a function f differs arbitrarily much from the optimum
found so far. Hence, if we cannot afford to evaluate every solution in the search space, an
optimization problem is generally unsolvable.

For real-parameter optimization problems an even more discouraging observation was made
by Torn and Zilinskas [TZ89] who in the context of single objective optimization, according
to Bick [Bac96], proved that

“The problem of determining a member of the level set Ly« of an arbitrary
global optimization problem on a real-parameter objective function f on a com-
pact feasible region M within a finite number of steps is unsolvable.” [Bac96,
p- 371

Note that a similar message can be deduced for multi-objective optimization.

Given this observation, we can state that global optimization problems as generally formulated
by Definition are practically unsolvable unless we a) restrict ourselves to
a class of optimization problems for which the objective functions satisfy certain additional
conditions, or b) relax the solvability requirement [TZ89]. Both are done in practice. Regarding
the class of problems that is considered, it is commonly assumed that the optimization problem
exhibits some kind of underlying structure. An implicit assumption that is often made is that
similar solutions are believed to have similar performance. While agreeing that the notion of
similarity is not well-defined, neither its intuitiveness nor its validity can be denied. The goal of
optimization is relaxed by taking a more practical viewpoint. Based on the definition provided
by T6rn and Zilinskas [TZ89] we define the general goal of optimization as:

Definition 2.2.1 (Practical Goal of Optimization): Given an optimization problem with an

optimization goal and a limited number of resources (i.e., a number of trials or an evaluation
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budget), the practical goal of optimization is to use these resources in an optimal way to find
(an) as good as possible solution(s).

Or, from a slightly different perspective, one could aim for finding solutions that are an

improvement with respect to the currently best known solution (melioration).

In addition to the practical goal of optimization, it is generally noted that an optimization
algorithm is a global optimization algorithm if, given an infinite evaluation budget, it will get
arbitrarily close to the global optimum.

Definition 2.2.2 (Global Optimization Condition): Let z; denote the best solution found by the
optimization algorithm at time ¢ with function value f;. We say that the optimization algorithm
satisfies the global optimization condition iff for t — oo, f; — f* < e, for arbitrarily small

positive values of e.

Note that this goal is constructed in terms of finding one global optimizer (provided that it
exists) and it should be extended when the goal is to find all (or a particular set of) global

optimizers or level set solutions.

2.3 Objective Function Landscapes

A central dogma of geography formulated by Tobler is: “everything is related to everything
else, but near things are more related than distant things” [[Tob70]]. This dogma represents
an implicit assumption that is generally also used for optimization problems in practice,
namely that there is a correlation between the (dis)similarity of two candidate solutions and
the (dis)similarity of their objective function values. The conceptual step from a (dis)similarity
measure to a distance measure d : X X X — R is commonly a small one, leading to the
assumption of the search space being a metric space (X, d) (e.g., Euclidean distance for real-
parameter search spaces).

The assumption that the search space is a metric space introduces a view on objective
functions as landscapes. The search space is the location space of this landscape and the
objective function values denote the height or elevation at each location of the landscape. A
landscape, consisting of peaks, valleys, ridges, etc., provides a way of visualizing optimization
problems, but also allows us to talk about locality related properties of a given objective
function. Especially for real-parameter search spaces, this point of view is very intuitive and
often used implicitly, with Euclidean distance as distance measure. However, also in other

types of search spaces it is possible to view a problem as an objective function landscape.

The simplest class of algorithmic methods that actively exploits correlation between solution
similarity and objective function values is the class of the so-called hill-climbing algorithms.
A hill-climbing algorithm is an iterative algorithm that starts with an arbitrary point in the
search space and attempts to find a better solution by evaluating slight perturbations of that
solution. If a perturbation produces a better solution, the algorithm proceeds with that new
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solution, repeating until no further improvements can be found. Hence, when viewing it from
a maximization perspective, it takes steps uphill into the direction of the global optimum. A
well-known example of a hill-climbing algorithm (for minimization) is the Steepest Descent
algorithm (see, e.g., [NWO6]) that follows the path of the gradient.

For optimization algorithms that use operators based on local perturbations (such as hill-
climbing algorithms, but also Evolutionary Algorithms), the objective function landscape
metaphor can be used to visualize different geographical scenarios that have a different impact
on the performance of these algorithms. For instance, when an objective function landscape
consists of multiple peaks of different heights, a hill-climber can get stuck in one of the lower
height peaks, i.e., a locally optimal solution. Interestingly, one can herewith observe that a hill-
climbing algorithm does not satisfy the global optimization condition of Definition[2.2.2)and is
therefore qualified as a local optimization algorithm. This supports the viewpoint of objective

function landscapes as a practical way to analyze optimization algorithms.

2.4 Single Objective Real-Parameter Landscapes

For single objective real-parameter optimization problems, the different geological concepts
that can influence the behavior of perturbation-based optimization algorithms can formally be
defined. Below, the most important concepts will be formalized exactly based on Euclidean

distance as dissimilarity measure:

Definition 2.4.1 (Weak Local Minimizer/Optimizer): For a single objective optimization prob-
lem (X, F,G) with F = {f} and the set of feasible solutions A, a weak local minimizer or

weak local optimizer is a solution x* € A for which it holds that
3 eRso(Vxe A(||lx —x"|| < d = f(x¥) < f(x))). (2.12)

Definition 2.4.2 (Strict Local Minimizer/Optimizer): For a single objective optimization prob-
lem (X, F,G) with F = {f} and the set of feasible solutions .4, a strict local minimizer or
strict local optimizer is a solution x* € A for which it holds that

B eRo(Vxe A(|lx —x"|| < dAXx # X" = f(x¥) < f(x))). (2.13)

Definition 2.4.3 (Weak/Strict Local Minimum/Optimum): For a single objective optimization
problem (X, F,G) with F = {f} and the set of feasible solutions A, a (weak/strict) local
minimum or (weak/strict) local optimum f* is a value for which there exists a weak/strict local

minimizer/optimizer x* such that f* = f(x*).

The distinction between weak and strict local minima/optima is subtle, but important. In this
work, we will consider a weak local minimum/optimum as the “default” type when referring
to a local minimum/optimum. The existence and quantity of local optima is an indicator for
the difficulty of a single objective optimization problem (or rather the likelihood of local hill-
climbing algorithms to get stuck at local optima). Following Schwefel [Sch77]:



20 2. Optimization

Definition 2.4.4 (Unimodal, Multimodal and Multiglobal): An objective function is said to be
unimodal if it has only one optimizer (i.e., only a global optimizer). Otherwise, it is said to be
multimodal. A landscape is called multiglobal if there are several global optimizers.

Besides the existence of local optima and global optima, another phenomenon in objective
function landscapes is the possible existence of plateaus. A plateau is defined as:

Definition 2.4.5 (Flat Region and Plateau): For a single objective, real-parameter optimization
problem (X, F,G) with F = {f} and the set of feasible solutions A, a flat region of f| 4 is a
connected set of points P C A such that

Vx € P(f(x) =c) andVx € P(3ex > 0(B, (x)NAC P)), (2.14)

for some ¢ € R, with B.(x) = {x’ € R"|||x — X/|| < €}, and with e defined separately for
each x € P. A plateau P is a flat region with the additional property that there exists no flat
region P’ O P.

Note that when considering the possible existence of plateaus, there are solutions within a
plateau that are both weak local minimizers and weak local maximizers, namely the solutions
x* € A for which it holds that

36 € Rop (Vx € A(|Jx — x| < 0 = f(x*) = f(x))). (2.15)

This is a somewhat paradoxical property that emerges from using Definition [2.4.1] However,
the alternative of restricting to Definition and changing the <-sign by the <-sign leads to
the problem that in a similar case, the global optimum is not a local optimum.

2.5 Black-Box Optimization Algorithms

An optimization algorithm is an algorithmic method that can be applied to solve (a specific
class of) optimization problems. There is a wealth of optimization methods available and
choosing one for solving a given optimization problem depends much on the characteristics
of the optimization problem at hand. There are many aspects that vary from problem to
problem. Many optimization methods are especially designed for specific types of search
spaces, objective and constraint functions, or tailored for special objective function classes.

This work focuses on optimization methods that are not dependent on any knowledge about
the system or model of the optimization problem. That is, the model or system that lies at
the core of the optimization problem is considered to be a black-box. For such problems,
optimization algorithms are challenged to find good solutions by sequential trial-and-error
of candidate solutions. In the strictest sense, the term black-box optimization implies that
there is no knowledge about the model or system whatsoever, however, often basic implicit
assumptions or properties such as continuity, causality, or even the assumption that the problem
belongs to a certain class of problems are used.
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Figure 2.3: The general setup for black-box optimization.

Figure [2.3] visualizes the general black-box optimization loop. The principle is straight-
forward: An optimizer is coupled to the (model of the) system of interest (according to the
model of Section [2.T). The optimizer generates one or more candidate solutions, feeds it/them
to the system, and receives a quality score of these candidate solutions. Using this information,
the optimizer generates a new set of candidate solutions, and again feeds those to the system
to obtain their quality. This loop is repeated until either a satisfactory solution is found, a
predefined evaluation budget has been reached, or any other termination criterion has been
reached. Note that the term optimizer is used in two ways: for optimal solutions and for
optimization algorithms. Evolutionary Algorithms form a sub-class of black-box optimization

algorithms.

2.5.1 Quality Measures for Optimization Algorithms

A difficult issue in the field of black-box optimization is the assessment of the quality of
optimization algorithms. The quality of an optimization algorithm depends much on the
characteristics of the problem at hand and the class of optimization problems for which
the algorithm is designed. Benchmark sets of test problems are often used for empirical
comparison of multiple optimization algorithms, see, e.g., [SHLT 05, [HFRA09b, [HFRA(09a),
HERAT10]. For these benchmark sets, there are two types of indicators that can be used for
determine the quality of the optimization algorithm: The quality of the (set of) solution(s)

1. versus the number of objective function evaluations needed to obtain that quality, or
2. versus the total computation time needed to obtain that quality.

When assuming that the evaluation time of the candidate solutions exceeds the computational
overhead introduced by the operations of the optimization algorithm then the former is the most
appropriate measure. Moreover, when the optimization algorithms contain stochastic elements,
multiple runs should be used for obtaining averaged quality scores.
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2.6 Summary and Discussion

In this chapter the background of this work is summarized, being the traditional view on
black-box optimization. Given this view on optimization, the two main distinctions between
single- and multi-objective optimization problems and between discrete- and real-parameter
optimization problems are presented. For such problem:s, it is shown that there is a distinction
between the theoretical goal of optimization and how this goal is used in practice.

Furthermore, the concept of objective function landscapes is summarized, which is based
on the assumption that the search space is a metric space and that there is a correlation between
(dis)similarity of two solutions and their objective function values. In particular, definitions of
commonly used terms are given in the context of single objective real-parameter optimization
problems. These types of problems are the main focus of this work.

Black-box optimization algorithms are algorithmic methods that aim to solve optimization
problems. Such algorithms sequentially test candidate solutions in a trial-and-error fashion
in order to find optimal solutions. Spatial correlation is commonly exploited by optimization
algorithms, such as hill-climbing algorithms. Although the quality of an optimization algorithm
much depends on the problem at hand, benchmark sets of test problems can be used for
empirical comparison of optimization algorithms for certain problem classes.

An issue that is missing in the general model of an optimization problem as described in
Section is the possible existence of uncertainty and noise. However, these are frequently
occurring phenomena when dealing with real-world optimization problems and they can have a
large influence on optimization in practice. In Chapter 3] the general model of an optimization
model as presented in this chapter will be extended to include uncertainties and/or noise in
order to form a definition of a black-box robust optimization problem.



Chapter 3

Robust Optimization

The traditional view on optimization as presented in Chapter [2| does not account for uncer-
tainties and noise. However, this is not realistic for many real-world optimization problems.
Consider, for instance, industrial engineering applications. A common optimization scenario
is that a non-deterministic simulator replaces the real-world system and the aim is to find
solutions such that the real-world realizations of these solutions are of a good quality, also
when these are slightly perturbed due to manufacturing errors. In this scenario, uncertainties
and noise arise in various ways, e.g., in the form of uncertainty because an approximate model
is used instead of the real-world system, in the form of noise because the simulator is non-
deterministic, and in the form of uncertainty introduced by the inability to generate exact
realizations of the solutions. These observations give rise to two new questions: In what way
can uncertainties and noise arise in the general model of an optimization problem as presented

in Section 2.1 How do we account for this when optimizing on such systems?

The structure of this chapter is as follows: Section [3.1] starts with an overview/taxonomy
of the various ways in which uncertainties and noise can emerge in optimization problems.
In Section the scope and goals of robust optimization are derived from this taxonomy.
Section [3.3] presents three real-world optimization scenarios and discusses them in the context

of robust optimization. Section[3.4]closes with a summary and discussion.

3.1 Uncertainties and Noise in Optimization Problems

Often, due to a variety of reasons, the theoretical model used for optimization differs from the
real-world system for which optimal solutions are desired. Examples are:

1. The design variables cannot be controlled with unlimited precision. (input)

2. The operational (or environmental) conditions fluctuate or are known only to a certain
extent. (model)

3. The output of the real-world system or of the (simulation) model is noisy. (output)
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4. Approximation models replace the real-world system within the optimization loop.
(model/output)

5. There is a degree of vagueness in the objectives and/or the constraint boundaries.
(objectives/constraints)

These uncertainties can have a negative impact on the practical applicability of using idealized
models or assumptions for solving real-world optimization problems. Not accounting for
uncertainty and noise might lead to solutions that are found to be optimal with respect to

the idealized model, but which are not useful or performing optimally in practice.

For optimization problems, the terms uncertainty and noise refer to behavior in any part of
the optimization model that can not (fully) be predicted or controlled, or that is subject to
vagueness. As illustrated, the causes of uncertainties and noise in real-world optimization
problems can be manifold. In order to find good methods to deal with uncertainties and noise,
a first step is to distinguish the different classes of uncertainty and noise that can arise in
optimization problems. Among the different ways in which such a classification can be made
(see, e.g., [BSO7, JBOS, IONLOG6]), the classification provided in this section will, to a great
extent, follow the categorization of Beyer and Sendhoff [BSO7].

3.1.1 Sources of Uncertainty and Noise

One way to distinguish different types of uncertainty and noise within optimization problems
is to categorize them by looking at the parts of the optimization model in which they arise.
When considering the model illustrated in Figure[2.2] one can identify five different locations
where uncertainty and/or noise can enter the optimization model (see Figure [3.1):

A) Uncertainties and/or noise in the design variables

B) Uncertainties and/or noise in the environmental parameters
C) Uncertainties and/or noise in the output

D) Vagueness in the constraints

E) Preference uncertainty in the objectives

These sources of uncertainty/noise are integrated in different ways in the mathematical formu-

lations of an optimization problem.

A) Uncertainties and/or noise in the design variables
With this, deficiencies or fluctuations in the real-world realizations of candidate solutions
are addressed. These deficiencies/fluctuations can arise when in the real-world system,
the design variables can only be realized or controlled with a limited precision. Manu-
facturing imprecisions in product engineering are exemplary for this type of uncertainty,
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System
(Model)

Optimizer

Figure 3.1: The general optimization model showing the different parts of the systems in which
uncertainties can arise.

which is the main type of uncertainty considered by the robust design concept. This type

of noise gives rise to two different scenarios:

Scenario 1: A simulation model replaces the real-world system within the optimization
model. In this case the simulator accepts inputs as non-disturbed inputs, though in
practice, solutions cannot be realized with unlimited precision. This can be compensated
for by focusing the optimization on finding solutions that are also of high quality when
slightly perturbed (i.e., finding robust optima).

Scenario 2: The real-world system is enclosed in the optimization loop (experimental
optimization). In this case the disturbances in the input propagate through the output,
hence to the objective and constraint functions. When the disturbances in the design
variables can be measured a posteriori, the optimizer will receive deterministic meas-
urements, but the sampling process cannot be controlled. In case that the disturbances
cannot be measured a posteriori, these disturbances simply yield noise in the objective
and constraint functions. The noise distributions can be of any kind depending on the
distribution of the noise in the design variables, transformed through the output and the
objective and constraint functions.

The effect of variations caused by uncertainties or noise in the design variables can be

modeled within the formulation of an objective functions as:

fi(z) = filx +6,), i=1,... k. (3.1)
And similarly for the constraint functions:

gi(z) =gj(x+6;), j=1,...,p. (3.2)

Here, , € A& is an uncontrollable random or uncertain variable representing the
deviations/fluctuations in the input that are due to uncertainty and/or noise. An important
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observation is that this noise or uncertainty can depend on the values of the design
variables themselves, i.e., it can vary for different . Furthermore, due to this remodeling,
the outputs of the objective and constraint functions become random variables (in case

the uncertainty &, can be modeled as a random variable) or sets of possible outputs.

Uncertainties and/or noise in the environmental parameters

Uncontrollable (environmental) parameters of a system are not considered in the clas-
sical optimization model as presented in Section [2.1] (see Figure [2.2). These parameters
are in the classical view considered to be constants of the system. However, in practice
many of such constants are noisy or uncertain. Fluctuating or unknown operating condi-
tions and deficiencies of internal parameters are possible ways in which uncertainties can
manifest themselves within this part of the optimization model. Similar to uncertainties
in the design variables, the setting in which this type of uncertainty can be actively
compensated for is when a simulation model replaces the real-world system within
the optimization model. Otherwise, the uncertainty propagates to the objective and
constraint functions.

To incorporate such scenarios into the model presented in Section [2.1] we extend it as
follows: Let the set C denote the (possible) settings of uncontrollable environmental
parameters of the system. The models of the objective and constraint functions are
extended by also being a function of the environmental parameters, i.e., f : X xC — R
forall fe Fandg: X xC — Rforallg € G.

The effect of variations caused by uncertainties or noise in the environmental parameters
can be modeled in the objective functions as:

fi(xva):fi(xva)v i=1,... k. (3.3)

And similarly for the constraint functions:

gj(xaa) = gj(xaa)7 j: L...,p (3.4

Here « € C is a noisy or uncertain counterpart of the constant a € C. As can be seen, by
modeling the uncertainty/noise in this way, the constant environmental parameters a are
replaced by random or uncertain variables «.

Uncertainties and/or noise in the output

The third class is formed by output uncertainties or noise. Here we can distinguish two
different types: 1) The system is non-deterministic and produces noisy outputs (e.g.,
the measurements have a stochastic nature and precise evaluation is impossible). 2)
The system produces uncertain output (e.g., models where the quality of the output
of the model cannot be guaranteed to be conform the actual output of the system).
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D)

Note that both types could be present simultaneously, e.g., when using non-deterministic
simulation models.

Noise or uncertainty in the output can be modeled within formulations of the objective
functions as:

filz) = filzx) + zp,(x), i=1,...,k, (3.5)

and in the constraint function definitions as:

gj(x) = gj(x) + 24, (x), j=1,...,p, (3.6)

with zy, (x) and z,, (z) being random/uncertain variables (possibly indexed by space),
denoting the propagation of the output uncertainty/noise to the objective and constraint
functions.

Note that, strictly seen, the noise in the objective and constraint functions is a product of
the noise in the output. Internally, zy, (x) is a (possibly non-linear) function of the noise
in the output, i.e., y(z) + z,(x). However, as we have chosen to model the objective

functions and constraint functions in terms of x, this cannot be modeled explicitly.

Furthermore, note that uncertainties in the design variables and environmental paramet-
ers in principle propagate as a noisy or uncertain output, i.e., fluctuating/uncertain design
variables and environmental parameters yield fluctuating/uncertain system output.

Vagueness in the constraints

Often it is hard to obtain strict and bounded definitions of constraints. When dealing
with constraints like “the temperature should not be too high” or “the risk should not be
too high”, it is not possible (or desirable) to draw a straight line between satisfied and
not-satisfied. Such vagueness calls for methods that can account for this (e.g., by using
fuzzy logic techniques [Zad65, BZ70]).

Fuzzy constraints can be described using the following notation:

9;(x) 2 0. (3.7)

Here, >

~

is the fuzzified version of > having the linguistic interpretation “g;(x) is
essentially greater than 0”. However, this notation does not take into account the degree
to which the constraint is fuzzy. For example, considering the “temperature should not
be too high” example, the notation of Eq.[3.7)does not specify the margins for which the
temperature could still be acceptable.

A typical way of modeling uncertainties of this kind is to transform the constraints
by means of membership functions. A membership function is a monotonous (but not
necessarily linear) function V; which maps a constraint function g(x) to an area bounded

by 0 (strictly violated) and 1 (completely satisfied). Everything between 0 and 1 is in the
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Figure 3.2: A simple linear membership function.

grey area (or transition area), and the higher the value of the membership function, the
higher the degree of satisfaction. Figure illustrates the basic idea of a membership
function. Mathematically, this transformation has the following form:

g(z) >0 becomes V,(g(x)) — max. (3.3)

A design issue that is introduced is that appropriate membership functions have to be
constructed.

E) Preference uncertainty in the objectives
Preference uncertainty emerges when having multiple conflicting objectives, hence,
when highly subjective trade-off choices have to be made regarding the importance of
objectives. Preference might only be known afterwards, depending on the quality level
that can be achieved for the objectives and the particularities of the trade-offs that exist.
Approaches that use aggregate objective functions which combine multiple objectives
functions into one objective function are prone to such uncertainties. Approaches that

aim to approximate the complete Pareto frontier postpone such preference decisions.

Of these five sources of uncertainty, a distinction can be made between the first three (A, B,
and C) and the last two (D and E). The former involve uncertainty and/or noise in the system
or (simulation) model, whereas the latter involve uncertainty in the optimization model (i.e.,

the way in which a given problem is translated to an optimization problem).

3.1.2 Modeling Uncertainty and Noise

Besides the fact that uncertainties can arise in different parts of the optimization model, another
way to distinguish different kinds of uncertainty and noise is to consider their nature. Up to
now, a distinction has been made between uncertainty and noise, as being two distinct matters.
The question is, however, whether these are indeed separate issues.

The distinction between uncertainty and noise is the same as the distinction between aleatory
uncertainty and epistemic uncertainty which is a particularly popular view in the engineering
field (e.g., [PC96l [KDOO9]]). Also, it can be related to the distinction between the two schools
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of statistical theory: frequentist and Bayesian statistics [O’HO4, |Cox05]. The term aleatory
uncertainty is used to describe uncertainties within a system or model that have an intrinsic
stochastic nature. These are the uncertainties associated with the pure (often said to be irredu-
cible) randomness within a system. Epistemic uncertainty, on the other hand, is the uncertainty
that is due to incomplete or inadequate information (i.e., due to a lack of knowledge). Epistemic
uncertainty should be reducible when more knowledge becomes available. Regarding the two
schools of statistics, the frequentists can be said to accept uncertainty as aleatory, whereas in
the Bayesian statistics the focus is on the degree of belief, which can be related to epistemic
uncertainty [[O”HO4].

Although the distinction between aleatory and epistemic uncertainty intuitively makes sense,
it is often a source of confusion (see, e.g., [KD09] for a discussion). It is often hard to specify
whether a specific uncertainty is purely due to inherent randomness or due to limited know-
ledge or modeling capabilities. A purely deterministic mind would attribute every uncertainty
to limited knowledge, and indeed in practice many cases of uncertainty are due to abstractions
of details of the system. Similarly, the distinction between frequentist and Bayesian statistics
seems to touch upon the same subject. Here, the debate evolves around the difference between

uncertainty of knowledge versus variability in outcome [Cox05]].

To avoid resorting to a lengthy philosophical discussion on this topic, we will make a
distinction based on the difference in the mathematical modeling of the uncertainties. This
is in line with the view presented by Beyer and Sendhoff [BSO7]. In fact, one could say that
the decision on the type of uncertainty is left to the person providing the optimization model.
Hence, from the perspective of optimization, we are not so much interested in the actual type
of uncertainty, but rather in the way in which it is modeled within the optimization problem
formulation. Looking at the different ways in which uncertainties and noise can mathematically
be modeled within an optimization model, one can distinguish three classes:

1) Fuzzy
The uncertainty is formulated by fuzzy statements about the possibility or degree of
membership by which a state of an uncertain variable is believed to be plausible (or
desirable). Uncertainties of this type can be modeled with fuzzy sets [Zad65l [BZ70].
Using fuzzy sets for this type of uncertainty requires modeling a particular uncertain
variable from a given space of points A as a pair (4, m4). Here, m4 : A — [0,1] is
a membership function that maps each x € A to a “grade of membership” in (A, m4).
The grade of membership is a value between 0 and 1. For a particular x € A, the closer
m 4 (x) will be to one, the higher its degree of membership of A or degree of plausibility.

2) Deterministic
The uncertainty is formulated by statements about the crisp possibility of whether a
state of an uncertain variable is possible or not. Uncertainties of this type can be modeled
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using crisp sets. A particular uncertain variable of this type is modeled as a pair (A, m 4),
with A being the crisp set and m 4 denoting the membership function. The membership
function is of the form m4 : A — {0,1}. Hence, a particular x € A can be noted to
be either a member of the set A, when m 4(z) = 1, or not to be a member of A, when
ma(x) =0.

3) Probabilistic

The uncertain variable is believed to be a stochastic random variable. A probability
measure can be established measuring the probabilistic frequency of events that may
occur. Uncertainties of the probabilistic type can be modeled using probability functions
(or probability density functions in case of continuous domains). In this case, a function
p : A — R>( maps every event x in the space of all possible events A to a probability
(density) value denoting the probability of that particular event. Note that the function p
should conform to the classical Kolmogorov axiom system [Kol33|.

From the perspective of mathematical modeling, this division can also be seen as a hierarchical
structure of increased knowledge of the uncertainty. In the first type, there is uncertainty about
the domain of the variation and the probabilities of the uncertainty events. In the deterministic
type of uncertainty, the domain of the variation is known, but there is no knowledge about the
probabilities of the events. In the probabilistic type of uncertainty, both the domain and the
probabilities of the individual variation events are known. Although this distinction might be
subtle (and the mathematical formulations might seem very similar), this difference is of great
importance, as it requires different methods for treating these types of uncertainty.

Returning to the distinction between aleatory and epistemic uncertainty (and also the distinc-
tion between uncertainty and noise), we can see that aleatory uncertainty is the uncertainty
of the probabilistic type and epistemic uncertainty is the uncertainty that is either of the
deterministic or possibilistic type. A schematic view is given in Table [3.1] Moreover, when
adopting this view, we can say that (agreeing with [KD09]) the aleatory/epistemic distinction
is made by the person modeling the optimization problem and it is fair to make a distinction
between these two types of uncertainty within the scope of the optimization model.

3.1.3 Stationary versus Non-Stationary Noise

One issue that has not yet been covered in the discussion about the modeling of noise is the
distinction between stationary noise and non-stationary noise. Traditionally, these terms are
used within the context of time-based systems in which the output is noisy. The term non-
stationary noise indicates that the noise distribution changes over the course of time, whereas
the term stationary noise indicates that the noise distribution is independent of time.

For optimization problems, this notion does not restrict to time, but can also be used in the

context of space, i.e., non-stationary uncertainty/noise differs among the candidate solutions.
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Conceptual classification Mathematical modeling | Mathematical properties
. Uncertainty domain unknown
Possibilistic o
. . . Probabilities unknown
Epistemic (uncertainty) - -
. Uncertainty domain known
Deterministic .
Probabilities unknown
) L Uncertainty domain known
Aleatory (noise) Probabilistic o
Probabilities known

Table 3.1: A classification of the types of uncertainty in terms of their mathematical properties based
on the conceptual distinction between epistemic and aleatory uncertainty.

Looking back at the descriptions of the sources of uncertainty one notes that for uncertainties
of type A and C, the noise/uncertainty might vary for different values of x € A'. If the
noise/uncertainty varies for different values of =, we call the noise/uncertainty non-stationary,
if the noise/uncertainty is the same for all z € X it is called stationary.

3.1.4 Cases of Uncertainty and Noise

Five sources combined with three types of uncertainties/noise yields theoretically 15 different
concepts of uncertainty/noise that can be encountered within optimization problems. When
including the distinction between stationary and non-stationary uncertainty/noise and the
consideration that multiple types of uncertainties/noise can be present simultaneously within a
real-world optimization problem, this picture becomes even more discouraging. Indeed, the
variety of cases of uncertainty/noise that can arise from the combinations of the different
cases complies with the complexity of real-world scenarios. In practice, however, some
scenarios occur more often than others, and those are worthwhile studying in relative isolation
(i.e., one type of noise within one part of the optimization model). Table [3.2] summarizes
the combinations of class/type of uncertainty/noise as they can occur within optimization
problems.

Uncertainty in the design variables (class A) is often uncertainty of type 3, i.e., probabilistic
uncertainty. As this source of uncertainty is based on scenarios in which in the real-world
the design variables cannot be set infinitely accurate, its relation to aleatory uncertainty with
respect to the optimization model is undeniable. Hence, these are cases in which it is well
doable and reasonable to describe the uncertainty using probability distributions. In cases
where the uncertainty in the design variables is modeled as type 1 or type 2 uncertainty, these
descriptions should be strict in order for optimization to make sense at all (i.e., having a broad
uncertainty range for each candidate solution basically makes the solutions incomparable,
hence not worth optimizing). Both stationary and non-stationary noise are possible for this
uncertainty class. Hence, there are scenarios in which the fluctuations of the design variables
depend on the settings themselves, but it may also be that the fluctuations have the same
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Class Type Stationarity / non-stationary
1) Possibilistic
2) Deterministic | Stationary or non-stationary

A) Uncertainties and/or noise in
the design variables

3) Probabilistic
o ~ | 1) Possibilistic
B) Uncertainties and/or noise in . .
. 2) Deterministic | Stationary
the environmental parameters
3) Probabilistic

1) Possibilistic
2) Deterministic | Stationary or non-stationary
3) Probabilistic
1) Possibilistic

D) Vagueness in the constraints | 2) Deterministic | Stationary

3\ Probabilisti

1) Possibilistic
2) Deterministic | Stationary

3y Probabifist

Table 3.2: Classification and categorization of different manifestations of uncertainty/noise as they can
occur within optimization problems. Note that the bold types of uncertainty are considered to be “more
common” and the crossed-out types are consdered to be nonexistent.

C) Uncertainties and/or noise in
the output

E) Preference uncertainty in the
objectives

characteristics for all candidate solutions.

In class B, all three types can be encountered. Uncertainties of probabilistic nature occur
when system parameters are due to fluctuations. Possibilistic and deterministic uncertainty
occur when model parameters that represent real-world parameters are unknown. Class B
uncertainties are always stationary with respect to the given design variables. That is, being
fluctuations in the operation conditions of the system, they cannot depend on the particular
settings of the design variables.

In class C, also all types of nature of uncertainty can be encountered. When dealing with noisy
output, this uncertainty is of type 3. When the uncertainty arises due to the use of uncertain
prediction models, the uncertainty is of type 1 or type 2. Moreover, when using stochastic
simulation models, the uncertainty can be a composite of type 3 and type 1/2. Also this type of
uncertainty can be both stationary and non-stationary with respect to the design variables.

In class D and class E, the nature of the uncertainties is always described as type 1 or
2 uncertainty. These are classes of uncertainty that are somewhat different than the other
classes. These classes do not regard uncertainty within the model or the system, but rather
the uncertainty of specifying what is desirable or acceptable. These types of uncertainty are
only stationary with respect to the design variables.



3.2. Robust Optimization 33

3.2 Robust Optimization

Up to now, we have discussed the various ways in which uncertainty and noise can present
themselves within optimization problems. Given this taxonomy, the next question is: what
is robust optimization? In Section it is noted that there exist different views on this
matter. Some consider robust optimization to involve input uncertainties and/or noise in the
design variables (e.g., [BBC11,[BNT10]), whereas others consider a broader view, considering
robustness with respect to uncertainties within the system or (simulation) model (e.g., [BSO7]).

In this work, we consider robust optimization to be the practice of optimization given un-
certainties and/or noise in the system or (simulation) model. Note that we exclude modeling
uncertainty. For any kind of uncertainty and/or noise of class A, B, or C, robust optimization

deals with the questions:

e In what way do uncertainties and/or noise within the system or (simulation) model
affect optimization algorithms and the practical applicability of solutions found by
optimization algorithms?

e How should optimization algorithms be adapted in order to account for uncertainties
and/or noise within the system or (simulation) model?

With this we can extend the practical goal of optimization of Definition and formulate
the general goal of robust optimization as:

Definition 3.2.1 (Practical Goal of Robust Optimization): Given an optimization problem with
uncertainty and/or noise within the system or (simulation) model, and given an optimization
goal and a limited number of resources. The practical goal of robust optimization is to use
these resources to find (an) as good as possible solution(s) despite uncertainty and/or noise,
that are also optimal and useful in the face of the uncertainties/noise.

Note here that optimality with respect to the uncertainties and/or noise should be defined within
the scope of the uncertainty and/or noise at hand. Besides that, from this formal definition two
intrinsically different targets of robust optimization can be distinguished, related to uncertainty
and noise within optimization problems:

1. Target to find optimal solutions in noisy/uncertain environments.
2. Target to find robust solutions.

The first aim is to deal with the fact that the system on which the optimization is performed
is not guaranteed to be noise/uncertainty-free and the problem is to design an optimization
method that is able to deal with this in order to find solutions which are of good quality
(also in practice). The other aim represents the desire to find solutions that are also of good
quality when variations in the design variables or environmental parameters occur. This aim
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Robust Optimization Target Uncertainty class

I . A) Uncertainties and/or noise in the design variables
Finding robust solutions

B) Uncertainties and/or noise in the environmental
parameters

Optimization in noisy and uncer- | C) Uncertainties and/or noise in the output
tain environments

Table 3.3: The two targets of optimization can roughly be related to the place in which the
uncertainty/noise emerges.

emerges when instead of the real-world system, models are used for optimization and candidate
solutions or internal model parameters cannot be guaranteed to be set infinitely precise in the
real-world system. Hence, it focuses on the robustness of the solutions themselves. Table (3.3
summarizes this global categorization of robust optimization problems.

In literature often isolated scenarios for robust optimization are considered. That is, isolated in
the sense that only one particular type of noise/uncertainty, present in one particular part of the

system or (simulation) model is considered. The most prominent scenarios are:
e Optimization of noisy objective functions (e.g., [FG88, |[Bey00])
e Optimization of uncertain objective functions (e.g., [KAET09]))

e Optimization on systems in which the design variables are affected by uncontrollable
and unmeasurable perturbations (e.g., [BOSO03])

e Finding robust optima in anticipation of perturbations of the design variables (e.g.,
[TG97,IGAO05, IONLO6, [PBJO6])

e Finding robust optima in anticipation of fluctuations of the environmental parameters
(e.g., [Hop09])

e Finding robust optima in anticipation of different operation conditions of the environ-
mental parameters (e.g., [RKD™11]])

In the remainder of this work, we will also consider such isolated scenarios. In particular, we
consider two scenarios as exemplary for robust optimization, optimization of noisy objective
functions and finding robust optima in anticipation of perturbations of the design variables,
and study the way in which to solve such robust optimization problems. However, the reader
should be aware of the fact that the practice of robust optimization comprises a broad variety
of scenarios of uncertainties and/or noise.
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3.3 Real-World Robust Optimization Scenarios

This section is devoted to present three real-world optimization scenarios in which uncertainty
and noise are inherent parts of the system of interest. These scenarios are related to the view
on robust optimization as presented in this chapter.

3.3.1 Deep Drawing Optimization

The optimization of the design of a deep drawing process for sheet metal forming in engin-
eering is a typical example of a robust optimization problem (see, e.g., [SHO4, [PLBGO7]).
The design of a deep drawing process involves finding proper settings for the process (e.g.,
drawing forces), such that the end product of the deep drawing process is of the desired
geometrical shape that complies to, or is as good as possible with respect to properties relating
to plasticity, thickness, and probability of forming failure. In practice, finite element software is
often used for virtual testing of candidate designs. Hence, the design of a deep drawing process
is an optimization problem for which automated optimization techniques are in principle well-

suited. Uncertainty and noise arise in several ways in such optimization problems:

A) Uncertainties and/or noise in the design variables:
In the real-world manufacturing process, the drawing forces, such as the drawbead
forces, the binder force, and the punch force cannot be set infinitely accurately (type
3). Designs should be robust against fluctuations in these variables.

B) Uncertainties and/or noise in the environmental parameters:
Parameters within the simulation model are uncertain and/or noisy, e.g., the friction
coefficient (type 1/2) or the blank thickness (type 3). Designs should be robust against
these uncertainties and fluctuations.

C) Uncertainties and/or noise in the output:
Due to the limited accuracy of a (finite element) simulator, the simulation output is not
guaranteed to match real-world behavior exactly (type 1/2). The optimization algorithm
should be robust against this type of uncertainty and find good solutions despite the
difficulty in the quality assessment of candidate designs.

The robust optimization goals for such problems are to find optimal designs (or solutions) that
are robust against fluctuations and uncertain conditions in real-world practice, and furthermore
to assure robustness of the optimization process itself, that has to deal with the uncertainty in
the assessment of the quality of candidate solutions.

3.3.2 Building Performance Optimization

With increasing quality of Building Performance Simulation (BPS) tools, including optim-
ization approaches for finding optimal building designs becomes more and more viable
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[HHPWO7, EHM ™08, [Hop09}, HTHBTT]|. Consider, for example, the problem of optimizing
building designs for thermal comfort (maximization) and energy consumption (minimization)
with respect to the following design variables: infiltration rate (air exchange rate per hour in
the building), window fraction (the amount of glass percentage on one wall of the building),
load equipment (power equipment per net floor surface), and load lighting (power lighting per
net floor surface). By using BSP tools for the evaluation of candidate solutions (i.e., alternative
designs), automated optimization can be used to optimize building designs. The ways in which

uncertainty and noise arise in such optimization problems are:

B) Uncertainties and/or noise in the environmental parameters:
The operation conditions of a building in the real-world are uncertain and fluctuating.
An obvious example is the outside temperature that changes from hour to hour and from
day to day. For successful integration of optimization in this context, candidate designs
should be evaluated with respect to these fluctuating environmental operating conditions.

C) Uncertainties and/or noise in the output:
BPS tools are not guaranteed to match the real-world behavior exactly (type 1/2). The
optimization algorithm should be able to find high quality designs despite the difficulty
in the quality assessment.

Moreover, although we do not consider them in the scope of robust optimization, also uncer-
tainties of class E emerge in such problems. That is, thermal comfort is a typical objective in
which preference uncertainty arises as this is an inherently subjective objective, these indicators
are fuzzy measures.

3.3.3 Molecular Design Optimization

In de novo design of molecular structures, the challenge is to find molecular structures that
could be active components of drugs. In order for a molecular structure (or ligand) to be
suitable as a drug component, a number of criteria should be met. First, it should be active
on the targeted receptor. Second, it should fulfill a number of criteria such that it is actually
taken in by the body, it is not toxic or harmful in other ways, and it should be possible to
actually create (synthesize) the structure (preferably as easily as possible).

In practice, automated methods can be used for in silico design of candidate molecular
structures (see, e.g., [NAPQ9, KBIvdHOS, [KAE™09])). A simple setup, for instance, is to use
docking simulations to predict the binding affinity of a candidate ligand to a receptor, and
simple descriptors (such as Lipinski’s rule of five [LLDFOI1]) to determine the likelihood of a
candidate ligand to be generally suitable as a drug. Given this, the design task (or optimization
task) is to find molecular structures that have a high docking score, and also score well on the
simple descriptors (hence, it is a multi-objective optimization problem). The ways in which

uncertainty and noise arise in such optimization problems are:
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C) Uncertainties and/or noise in the output:
The simulation output of the docking simulator is an approximation of the real-world
behavior (type 1/2). Due to the use of a stochastic simulator, the outputs of the simulator
are noisy (type 3). The optimization algorithm should be robust against these types
of uncertainties and noise and find good solutions despite the difficulty in the quality
assessment of candidate molecular structures.

Moreover, although we do not note them as being in the scope of robust optimization, also
uncertainties of class D and class E emerge in such problems. Vagueness in the constraints
can emerge when constraint bounds are used for the simple descriptors that determine the
likelihood of a candidate ligand to be generally suitable as a drug (see, e.g., [KEBT09b]).
Preference uncertainty can emerge when the objectives are combined into one aggregate

scoring function.

3.4 Summary and Discussion

In this chapter we have extended the model of optimization problems as presented in Chapter 2]
to a model that includes uncertainties and noise as they can arise in real-world optimization
problems. It has been shown that the various sources and types of uncertainty and noise yield
a combinatorial explosion of different scenarios. Yet, a few isolated scenarios can be identified
that emerge frequently, hence, are worthwhile subjects of study.

In this work, we consider robust optimization as the practice of optimization given un-
certainties and/or noise in the system or (simulation) model. Hence, we exclude uncertainties
that arise from the modeling of an optimization problem. Robust optimization deals with two
goals: 1) the aim to find optimal solutions in noisy/uncertain environments, and 2) the aim to
find robust solutions.

The concepts introduced in this chapter were exemplified by means of three real-world
optimization scenarios; deep drawing optimization, building performance optimization, and
molecular design optimization. For these three scenarios it was illustrated how the various
forms of uncertainties/noise enter the optimization model, therewith stressing the importance

of robust optimization.

In the second part of this work we will focus on two scenarios of robust optimization for real-
parameter optimization problems: optimization of noisy objective functions and the problem of
finding robust optima. For these two scenarios we will study how Evolutionary Algorithms, and
in particular Evolution Strategies, should be adapted in order to deal with robust optimization
problems.
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Chapter 4

Evolutionary Algorithms and Evolution
Strategies

The paradigm of evolutionary computation is derived from the model of organic evolution
and refers to the application of the Darwinian principles of evolution for computational
purposes. The term Evolutionary Algorithm refers to an algorithmic method that adopts
the paradigm of evolutionary computation for solving optimization problems. Within these
methods, a population of candidate solutions (individuals) repeatedly undergoes the processes
of reproduction and selection, with the fitness of each candidate solution being expressed in
terms of its quality with respect to the given optimization problem. Hence, the basic elements
of natural evolution are used to breed populations of (near-)optimal solutions.

The main components of an Evolutionary Algorithm are summarized in Section [4.1] For a
thorough introduction to Evolutionary Algorithms, the reader is referred to, e.g., [Bac96]|
and [ESO3]]. Section focuses on Evolution Strategies and introduces the two algorithmic
techniques that are the main focus of this work; the (5/2pr, 35)-0SA-ES and the CMA-ES.

Section.3]closes with a summary and discussion.

4.1 Evolutionary Algorithms
Figure depicts the general evolution cycle of an Evolutionary Algorithm as a flowchart.

This flowchart is one of the possible variants. It considers a population of candidate solutions
or individuals that, after being initialized in some fashion, enters an evolution loop. A subset
of this population is selected (based on fitness) as parents for creating the offspring of the next
generation. The parents are then used for generating a set of offspring by recombination of two
or more of the parents and mutation of the recombined individual. Thereafter, the population
of the next generation is selected either from the offspring and the parents (elitism) or solely
from the offspring. This loop is repeated until a termination criterion is met.

Representation: Each individual represents a candidate solution for the optimization problem
at hand and should be modeled in some appropriate/convenient way in order to be used within
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Figure 4.1: The iteration cycle of an Evolutionary Algorithm.

the context of Evolutionary Algorithms. For some problems, the representation follows natur-
ally from the description of the search space. For other problems, an abstract representation has
to be designed, making a genotype/phenotype distinction. In the latter case, also a genotype to
phenotype decoding mechanism has to be designed. Two key points in choosing an appropriate
representation are: 1) It should be possible for each element of the search space to be modeled
(preferable uniquely) according to the chosen representation. 2) The representation should
allow for the implementation of genetic operators such as mutation and recombination.

Initialization: The initial population can be based on known good solutions that serve as
starting point for the evolutionary search, or can be generated randomly. When generating
the initial population randomly, it should be well-spread over the search space, which yields a
higher chance of identifying promising regions in the search space. For most representations,
the initialization procedure is fairly straightforward (e.g., using Latin Hypercube sampling in
real-parameter search spaces).

Evaluation: The evaluation component uses the objective and constraint functions of the
optimization problem to assign a quality score or fitness to each individual. Individuals with a
higher fitness will have a higher probability of surviving and passing on their genetic material
(i.e., the candidate solution that they represent) to future generations.

Selection: There are two types of selection: parental selection (or mating selection) and
survivor selection (or environmental selection). Parental selection is a stochastic selection
type that selects the parents that are used for the recombination of a new offspring (i.e., for
the generation of each offspring). In this selection type, the fitter individuals have a higher
probability to be selected as parent for recombination. The latter, survivor selection, is a
deterministic selection type that is applied at an earlier stage. It selects the y fittest individuals
(the survivors) either out of the A offspring, or, if elitism is used, out of the \ offspring and
the 11 old parents. This selection type is commonly referred to as (u\)-selection, with (u+\)
denoting elitist selection, and (1, A) denoting non-elitist selection.
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Mutation and recombination: Mutation and recombination are the two types of genetic
operators or variation operators. Mutation operators add small perturbations to the (genotype
representations of the) individuals in the population. Recombination operators recombine two
or more individuals in the population into a new individual by means of crossover (of the
chromosomes). The choice of the genetic operators depends on the chosen representation of
individuals. An important criterion for the genetic operators is that it should be possible to get
from any solution in the search space to any other solution in the search space by applying
the genetic operators a finite number of times. Besides that, the genetic operators should be
well-defined, such that applying the operators to any solution (set of solutions) yields a valid
solution that is also in the search space. Lastly, the genetic operators should be unbiased.

Termination: The termination condition can depend on the available computation time, the
available number of evaluations/generations, or on convergence criteria such as a pre-defined
target fitness that is to be reached. After termination, the best solution(s) of the final population
or the best solution(s) found throughout the evolution loop can be considered as (a) good
solution(s) for the optimization problem. That is, provided the evolution process is granted
enough time.

4.2 Evolution Strategies

Evolution Strategies form a special branch of Evolutionary Algorithms, specifically designed

for real-parameter optimization problems as described by Definition [2.1.11 on page 16| They

have been proposed originally by Rechenberg [Rec73|] and Schwefel [[Sch77]. Over the years,
the class of Evolution Strategies has broadened into many algorithmic variants, making it
hard to pin down the canonical Evolution Strategy. In this section we will briefly summarize
the basic concepts and the most important Evolution Strategy variants with their respective

algorithmic descriptions.

4.2.1 The (1+1)-Evolution Strategy

The simplest Evolution Strategy is the (141)-Evolution Strategy (one parent, one offspring),
presented by Rechenberg [Rec73|]. Algorithm describes the working mechanism of this
simple Evolution Strategy.

The (141)-ES starts with a random solution x;, drawn uniform randomly from the search
space [x, Xy| (denoted U (x),xy)). This solution, the parent individual, is evaluated and the
algorithm enters the evolution cycle. In each generation, one offspring x,, is created from the
parent by adding a small random vector to a copy of the parent. The perturbation, or mutation,

is drawn from an uncorrelated multivariate Gaussian distribution:

Xo = Xp + 0z, z ~ N(0,1). 4.1)
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Algorithm 4.1: The (1+1)-Evolution Strategy

Input: objective function f : R" — R, lower bounds x; € R", upper bounds x, € R"
Output: best solution found x,, with objective function value f;

1: Set parameters: ¢ < 0.85, G < max(5,n)

3: while not terminate do

z ~ N(0,T)

Xo < Xp +0Z

Jo < f(x0)

if f, < f, then
Xp ¢ Xo
fo = Jo
Gy+—Gg+1

end if

g+—g+1

if gmod G = 0 then
ps +— G5/G

olc Lifps>1/5
g No-c ,ifps<1/5

o , otherwise

Gs+ 0
end if

18: end while

19: return (xp, fp)

[xu—xi]|

2: Initialize: g < 0, G5 < 0, 0 + ‘

3vVn » Xp Z/[(thu), fp — f(Xp)
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The newly generated offspring is evaluated and replaces the parent if it has a better fitness.
This loop is repeated until the termination criterion is met. After termination, the best solution
(i.e., the parent after the last iteration) is returned together with its fitness value.

The magnitude of the random perturbation added to the offspring is determined by o, which
is the so-called stepsize parameter. It is updated every G iterations based on the success rate ps,
which is the ratio of the mutations that generated an offspring fitter than the parent. The update
of o follows the so-called 1/5th-success rule [Rec73]; if the success rate is higher than 1/5th,
the stepsize should be increased, if the success rate is lower than 1/5th, the stepsize should be
decreased, and if the success rate is equal to 1/5th, it remains unchanged. For increasing and
decreasing the stepsize, a constant multiplication factor 0.817 < ¢ < 1 is used.

For the parameter c, a reasonable setting is ¢ = 0.85 (see [Bac96]). For the parameter G, a
reasonable setting is G = n for n > 5. The initial stepsize o used here is proportional to the
expected distance to the optimum of the initial parent, which according to Schwefel [Sch77] is
a reasonable initial stepsize. In this work we adopt an initialization of o = ||x, — x1||/(3v/n).
This is based on the fact that the expected length of a mutation step is E[z] = oy/n and that the
average distance between two random points in an n-dimensional cube is proportional to /1
[BPQ9] (we take ||x,, — x1||/3 as an approximation), hence, the initial mutation step is taken

to be proportional to the average distance of the initial solution to the optimum.

4.2.2 The (11/pTA)-SA-Evolution Strategy
The (u/ptA)-SA-ES, originally proposed by Schwefel [Sch77], is a population based exten-

sion of the (1+1)-ES. Instead of generating only one offspring from one parent, A offspring are
generated from p parents, based on both recombination and mutation. Another difference as
compared to the (141)-ES is the adaptation of the control parameters of the mutation operator.

Algorithm shows the general outline of a (u/p1A)-SA-ES. Individuals are of the form
a = (x,s,f), where x € R"” is a vector of object variables (i.e., the candidate solution
represented by the individual), s is a set of endogenous strategy parameters (or just strategy
parameters), and f holds the fitness value. The strategy parameters are control parameters
for the mutation operator and are evolved together with the object variables. By including
the strategy parameters in the evolution process, these parameters do not have to be set
externally, but evolution itself adapts them to appropriate settings. Co-evolution of internal
strategy parameters is called self-adaptation (SA).

The algorithm starts with an initial parent population P, consisting of p parents, initialized
in some fashion. For each generation, A offspring are generated from the parent population
P, evaluated, and added to the offspring population P,. After generating the offspring, p
individuals are selected either solely from the offspring population (comma-selection) or from
the union of the parent population and the offspring population (plus-selection) to form the
parent population of the next generation. At the end of each generation the generation counter



46 4. Evolutionary Algorithms and Evolution Strategies

g is increased and the best solution of the new parent population is stored, to be returned after
termination. This procedure is repeated until the termination criterion is met.

For the generation of each offspring, a set R C P, of p parents is selected randomly from
the parent population for generating the new offspring (marriage). The strategy parameters and
object variables of the selected parents are recombined (recombine_s and recombine x) to form
recombinants s and x. These recombinants are thereafter mutated (mutate_s and mutate x) and
evaluated to form the new offspring. Note that first the strategy parameters, then the object
variables should be mutated (according to the new strategy parameters) in order to achieve
co-evolution of the strategy parameters.

Marriage: The marriage operation selects a random subset of p parents for recombination.
The parameter p is called the mixing number. Within Evolution Strategies, recombination is
commonly done either with p = 2 parents or with p = p parents (global recombination).

Recombination: There are two different types of recombination: discrete and intermediate.
Recombination is used for both the object variables and the strategy parameters. With discrete
recombination, for each element of the recombinant it is decided uniform randomly from which
of the parents the corresponding element should be copied. That is, given the p parental vectors
{ry,...,rb}, the ith of the new recombinant r° is constructed by

(r%); = (rfni)i , m; =rand{1,...,p}. (4.2)
Here, the recombinant r® can be either the recombinant of the object variables x or of the
strategy parameters s. With intermediate recombination, the value of each element of the
offspring’s object variables or strategy parameters is set to the average over all parents. That is,

(r®); = (r?)i : 4.3)

p
=1

=

J
Figure [4.2]illustrates the working mechanism of the two different recombination schemes for
recombination of two parents.

Within Evolution Strategies, it is not uncommon that different recombination types are
used for the object variables and the strategy parameters. Standard practice is to use discrete
recombination for the object variables, and intermediate recombination for the strategy para-
meters. Regarding notation, the recombination type is sometimes included in the denotation
of particular Evolution Strategies by means of two subscripts on the mixing number p (D
for discrete and I for intermediate). The first subscript denotes the recombination type for the
object variables and the second denotes the recombination type for the strategy parameters. For
example, a (u/pprTA)-ES denotes a (11/pt\)-ES with discrete recombination of the object
variables and intermediate recombination of the strategy parameters.

Mutation: As with the (14-1)-ES, mutation works by adding a random vector generated from
a multivariate Gaussian distribution, which in the simplest case is uncorrelated and isotropic.
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Algorithm 4.2: General Outline of a (1/pt))-SA-ES

Input: objective function f : R™ — R, lower bounds x; € R™, upper bounds x,, € R"
Output: best solution found X, with objective function value fqp¢
1: Initialize: g < 0, P, < initialize ({ay = (xx, sk, fx), k=1,...,p})

2: while not terminate do

Py« 0
fork=1— Ado
Ry, <+ marriage (P, p)
s < recombine_s (Ry)
X}, < recombine _x (Ry)
Sy < mutate_s (sg)
X},  mutate_x (xy)
{Box-constraint handling }
Ji = f(xx)
Po < Po U{(xk; 8k, fr)}
end for
if comma—selection then
P, « select (P, 1)
else if plus—selection then
P, « select (P, U Py, 1)
end if
(Xopt, fopt) < select_best (Pp)

g+—g+1

21: end while

22: return (XOpt,fopt)
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Figure 4.2: Two recombination types, illustrated for the recombination of two parents. Left: discrete
recombination of two vectors where each element of the new vector is a copy of the corresponding
element of one of the two parents. Right: intermediate recombination of two vectors where each element
of the new vector is the average of the corresponding elements of the parents.

However, besides the object variables, also the strategy parameters are included in the mutation
scheme. Moreover, as these parameters are used to control the distribution from which the
perturbations are drawn, the strategy parameters are mutated before the object variables in
order to achieve co-evolution of the strategy parameters. For isotropic mutations, there is
only one strategy parameter, s = (o). It scales the magnitude of the isotropic perturbations
(i.e., it controls the stepsize). The combined mutation operation for an offspring with strategy
parameter o and object variables x is specified as:

o = oexp(TN(0,1)), 4.4
x = x+o0z,z~N(01I). 4.5)

Here, o is mutated using the a log-normal distribution. The parameter 7 is the so-called learning
parameter, which controls the magnitude of the changes of ¢ and is recommended to be chosen
as 7 « 1/4/n. In this work, we adopt the setting 7 = 1/ v/2n, which is recommended for
multimodal fitness landscapes (see [BSO2]).

Besides the isotropic distribution, two other variants exist: a distribution with different scal-
ings along the main axes and a distribution with correlation of the variables. The philosophy
behind using more involved distributions is that these offer the possibility to align the mutation
distribution with the iso-lines of the fitness landscape, therewith speeding up the search. When
denoting the mutation of the object variables as the addition of a Gaussian random variable
sampled from oA/ (0, C), with C being the covariance matrix of the distribution, the three
mutation variants can be distinguished by the form of C. For isotropic mutations, C equals
the identity matrix. For scaled uncorrelated mutations, C is a diagonal matrix. For correlated
(scaled and rotated mutations), C is a semi-definite covariance matrix. Figure 4.3|exemplifies
the differences between these three types of mutations for the mutation of a two-dimensional
vector of object variables x. It shows the density map for the generated mutations, with height
lines for points of equal probability. The mutation mechanisms for the other two mutation types
are described in, e.g., [Bac96l BS02, [ES03].

Regarding notation, when using mutative self-adaptation as described above, this is some-
times incorporated into the notation as (u/p1\)-SA-Evolution Strategy. In particular, when
using isotropic mutations with only one strategy parameter, o, this is written as the (u/pTA)-
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Figure 4.3: The effect of three mutation types, shown by means of iso-lines of the density map of
the mutation distribution for a two-dimensional vector of object variables x. Left: isotropic di