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Chapter 5

Sporadic simple groups

This chapter is devoted for a proof of Theorem C as the following.

Theorem C. If G is a finitely generated profinite group such that almost every nonabelian com-
position factor is isomorphic to a sporadic simple group and Pg(s) is rational, then G /Frat(G) is

a finite group.

The list of sporadic simple groups with their orders and automorphism groups is de-
scribed in Table

Note that if X is an almost simple group whose socle S is a sporadic group, then either
X=SorX=S5-2.1If X =Sthen Pxs(s) = Ps(s). If X =S -2 then X/S = C,, and so

Pe(s) = Pxs(5)Ps(s) = Ps(s) (1- 3 )

which implies that P)((Zg (s) = P}((z) (s). This helps us analyse P}((z)s (s) easily from the knowl-
edge of X. Therefore, we will focus only on odd indices of subgroups of X. Let I'x be
the set of useful subgroups of X of odd index, and let mx = min{|X : H| : H € I'x}.
Then myx is the index of a maximal subgroup of X. In order to apply our machinery, we
need to look for a prime divisor px of mx such that if px divides the index |X : H| of
some subgroup H € Ty, then vy, (mx) = vy (|X : H|). Notice also that for any prime
p € m(myx), if there is some H € I'x such that p||X : H|, then mx < |X : H|. The list of
myx and all potential px for all sporadic groups is included in Table

Proof of Theorem C. Since there are only 26 sporadic simple groups, by Step 1 in Section
2.6, the set 71(G) is finite. We have that
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Ps(s) =[] Pi(s)

i€]
where | is the set of indices i with G;/G; 1 non-Frattini. Let 7 be the set of almost simple
groups X such that soc(X) is a sporadic simple group and there exist infinitely many i € |
with X; 2 X, and let [ = {i € | | X; € T}. By Proposition the set | \ I is finite.
We have to prove that | is finite; this is equivalent to showing that I = @. For any almost

simple group X, let O(X) be the set of the odd integers m € IN such that:
e X contains at least one subgroup Y such that X = Y - soc(X) and |X : Y| = m.
e if X =Y -soc(X)and |X : Y| =m, then Y is a maximal subgroup of X.

Note thatif m € Q(X), X =Y -soc(X) and |X : Y| = m, then ux(Y) = —1, in particular,
b (X) < 0. This implies that if m € Q(X;) then b; ,,; < 0. Certainly Q)(X) is not empty
and its smallest element is the smallest index mx of a supplement of soc(X) in X (see
Table . In a few cases, we need to know another integer nx in (3(X), given in Table

Since ] \ I is finite and P;(s) = []ic; Pi(s) is rational, also [];c; Pi(s) is rational. This

implies from Lemma [1.2.5 that the product Q(s) = ;s Pi(z)(s) is also rational. For a
fixed prime p,let A, = {i€I|pc N(Pi{z}(s))}.

If i € Az, then 31 divides |S;| and S; € {J4, Ly, O'N, BM, M, Th}. Moreover 312 does
not divide |S;| so if n is odd, divisible by 31 and b;,, # 0 then n = x'i and v3;(x) = 1.

Let m; = ny, if S; = Th, and m; = my, otherwise. Since m; is the smallest odd number

divisible by 31 and equal to the index in X; of a supplement of S; we get:

w = min{x € N |xisodd,vs(x) =1and b, ,; # 0 forsomei c I}
= min{x € N | xisodd,v3(x) =1and b; ,»; # 0 for somei € Az}

= min{mi | 1€ Agl}.

But then by Proposition the following Dirichlet series is rational:

T (1 o)

i€As
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We have b; ,; < 0if m; = w, b ,r; = 0 otherwise. By applying Corollary2.5.5, we get that
{i € Az | m; = w} is a finite set, and this implies Az; = @.

Now consider Apz. Since Az; = @, if i € Apz then S; € {Mp3, My, Coy, Cop, Cos, Fips,
Fipy'}. We can repeat the argument used to proved that Az; = @. Letm; = n x; if §; = Coy,
m; = my, otherwise and let w = min{m; | i € Ag3}. By applying Corollary 2.5.5, we get
that {i € Ap3 | m; = w} is a finite set, and this implies Ayz = @.

New we consider Aqp. Since Az; U Ay = @, if i € Aqp, then S; € {My1, M1z, M, J1,
HS, Suz, McL, HN, Fiy}. Let m; = ny, if S; = Fiyp or S; = Fib,, m; = my, otherwise
and let w = min{m; | i € Aq1}. As before, by applying Corollary we get that
{i € Ay | m; = w} is a finite set, and this implies A1; = @. Continuing our procedure,
we consider Aqy: if i € Ayy, then S; € {J;,He} and we can take w = min{my, | i € A7}
and deduce that A1; = @. Next we take w = mx with soc(X) = Ru to prove Ayg = @ and

finally we take w = my with soc(X) = ], to prove Ay = @. In conclusion, the set
I = Az31 UApUA71 UApUA17UA7

is empty, the Theorem follows. [

Tables

Table 5.1: Sporadic simple groups

S Out(S)] | |S]

My 1 24.32.5.11

My 2 20.3%.5.11

My, 2 27.32.5.7-11

Mos 1 27.3%.5.7-11-23
Moy 1 210.35.5.7.11.23
IR 1 25.3.5.7-11-19
I 2 27.3%.52.7

I3 2 27.3°.5.17-19

J4 1 221.35.5.7.113.23.29.31-37-43
HS 2 27.32.5%.7.11
Suz 2 215.37.52.7.11-13
McL 2 27.30.53.7.11

Ru 1 214.33.5%.7.13-29
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He 2 210.33.52.73.17
Ly 1 28.37.56.7.11-31-37-67
O'N 2 27.3*.5.7%.11-19-31
Coq 1 221.39.5%.72.11.13-23
Cop 1 218.36.53.7.11.23
Cos 1 210.37.5%3.7.11.23
Fip 2 217.3%.52.7.11-13
Fips 1 218.313.52.7.11.13-.17-23
Fib, 2 271.316.52.73.11.13-17-23-29
HN 2 214.36.56.7.11-19
Th 1 215.310.5%.72.13.19.31
BM 1 241.318.56.72.11.13-17-19-23-31 - 47
M 1 240.320.59.76.112.13%.17-19-23-29-31-41-59 - 71
Table 5.2: Maximal subgroups of odd index of sporadic
groups and their automorphism groups
Group | Maximal subgroup Index
My = Ag -2 11
M Mg:22232:Qg-2 5-11
M8253§2~S4 3-5-11
M, A§8.54%21+4-53 32-5-11
42 : Dy 3?.5-11
244,652 32.5.11
Mz -2 42 Dyp -2 32.5.11
2% Ag 7-11
Mz 24 S5 3-7-11
2% Ag: 2 7-11
Mz -2 25: S5 3-7-11
My 23
PSL(3,4) : 2 11-23
Mp3 24:1(47 ) 11-23
24: (3x As):2 7-11-23
2% Ag 3-11-23
Moy (26-3) -S4 7-11-23
26.(S3 x PSL(2,7)) 3-5-11-23
2:7:3 5-11-19
I 2% As 7-11-19
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21+4 . As 32.5.7

2 2214 (3 % S3) 3.52.7

Jp-2 214 A5 .2 32.5.7

2 22+4 . (3% S3) -2 3.52.7
2174 Ag 3%.17-19

Js 22+4: (3 x S3) 34.5.17-19

52 2144, 5 3%.17-19

3 22+ : (S5 x S3) 33.5.17-19
21 My, 117-29-31-37-43

Ja 2112 3M)) 2 2 112-23.29-31-37-43
23F12. (S5 x PSL(3,2)) 3-11%2.23.29-31-37-43
2112M24 3653713

Co; 211804 (2) 34.52.7.11-13-23
22+12 1 (Ag x S3) 30.5%.7.11-13-23
24+12. (S5 x 3Sy) 3°.5%3.72.11-13-23
210 My, : 2 3%.5%.23

Coy 2148 1 54(2) 32.52.11-23
2410 (S5 x S3) 3%.5%2.7.11-23
2-54(2) 3°-5%-11-23

Coz 24, Ag 3°.52.11-23
22.[27.32]- S5 3%.5%.7.11-23
3-McL:2 5°.31-37-67

Ly 2-A 33.54.31.37.67

11

Th 2°. PSL(5,2) 3%.5%.7.13-19
2148 Aqg 30.52.7.13-19 .31
2176 11, (2) 3°.5.7-11-13

Suz 3°: My 3°.5.7.13
2416 . 34, 3*.5.7.11-13
2278 . (A5 x S3) 3°.5.7-11-13
2176 1, (2) - 2 3°.5.7-11-13

Suz. 3°(Mp; x 2) 3°.5.7-13
24+6 .35, 3*.5.7.11-13
2218 1 (S5 x S3) 3°.5.7-11-13
210 My, 37.5.13

Fipy (2 x21%8.1,(2)) : 2 3*.5.7-11-13
25181 (S3 x Ag) 30.5.7.11-13
210 My, 12 37.5.13

Fip; - (2x21%8.1,(2):2):2 3°.5.7-11-13
2578 1 (S3 x Sg) 30.5.7.11-13
2 - Fip 3%.17-23

Fips
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22 Ug(2) -2

211 . M23

(22 x 218) . (3 x Uy(2)) - 2
26+8 : (A7 X 53)

37.5.13-17-23
311.5.13.17
38.5.7.11-13-17-23
310.5.11-13-17-23

211 K M24
21712 311,(2) - 2

315.5.72.13-17-23-29
3%.5.72.11-13-17-23-29

/!
Fiog 23+12.(PSL(3,2) x Ag) 313.5.72.11-13-17-23-29
2618 (53 x Ag) 313.52.72.11-13-17-23-29
212 My 315.5.72.13.17-23-29
gl Lo | 217123U(2) - 22 3°.5.72.11-13-17-23-29
24 23+12. (PSL(3,2) x Sg) 33.5.72.11-13-17-23-29
2748 (S5 x Ag) 313.52.72.11-13-17-23-29
O'N 4.PSL(3,4):2 32.72.11-19-31
43 . PSL(2,31) 33.5.72.11-19-31
O'N2 4.PSL(3,4):2° 32.72.11-19-31
= | 43 (PSL(2,31) x 2) 33.5.72.11-19-31
Ru 2578 . PSL(3,2) 32-5°-13-29
2.24+6. 55 32.52.7.13-29
He 26:3.54 5.7°.17
21%6. PSL(3,2) 32.52.72.17
He . 244 . (S3x S3) - 2 3.5%.7°.17
21%6. PSL(3,2) -2 32.52.72.17
1S 43 : PSL(3,2) 3-5°-11
4.2%: 55 3.52.7.11
43 (PSL(3,2) x 2) 3.5°.11
HS-2 2146 . 5o 3.52.7.11
Uy(3) 5211
Moy 34. 52
McL | PSL(3,4):2 3*.52.11
2-Ag 34.52.11
241 Ay 3%.52.11
Uy(3) : 2 5211
PSL(3,4) : 22 3%.52.11
McL 215 s 34.52.11
22741 (S3 x S3) 3%.5%.7.11
HN 2178 (A5 x As) -2 3%.5%.7.11-19
23.22.26.(3 x PSL(3,2)) 3*.56.11-19
HN . 2 2178 . (A5 x As) - 27 3%.5%.7.11-19
23.22.26.(3 x PSL(3,2)) -2 3*.56.11-19
21422 Co, 37.5°.7-13-19-31-47
BM 29416 5¢(2) 38.5%.7.11-13-19-23-31 -47
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92+10+20 . (M22:2><S3) 310.55.7.13.17-19-23.31-47
23+ (14)+1:24(12:3) . (G5 % PSL(3,2)) | 3'1-5°.7-11-13-17-19-23-31-47

311.5°.74.11-132-17-19 - 29
1+24 |
2 Coy .31-41-47-59-71

31°.57.7°.112.13%2.13%-19 - 23

10+16 . ©+
2707 03 (2) 29.41.47.59.71

316.58.75.11-132.17-19-29

M D2+114+22 . (M, x Sg) .31-41-47-59 .71

317.58.75.112.13%.17-19 - 23

5410+20 .,
2 (S3 x PSL(5,2)) 29.41-47.59.71

317.58.75.112.13%3.17-19 - 23
.29.31-41-47-59-71

23+6+12+18(P5L(3, 2) % 356)

Table 5.3: Odd useful indices and potential primes

X mx px
My |11 11
Mp |[32.5-11 5,11
M -2 [ 32511 5,11
My, |7-11 7,11
My -2 [ 7-11 7,11
My |23 23
M,y |3-11-23 11,23
1 5.11-19 5,11,19
I3 32.5.7 7
-2 [3.5.7 7
I3 3%.17-19 17,19
J3-2 [3*.17-19 17,19
Ia 112-29-31-37-43 29,31,37,43
HS |[3.5°.11 11
HS-2 [ 3.5 11 11
Suz |3%®.5-7-11-13 7,11,13
Suz-2 [3°-5.7-11-13 7,11,13
McL |[5%-11 11
McL -2 | 5%-11 11
Ru |[3%2-5°-13-29 13,29
He |5-7°.17 17
He.-2 [ 3%.5%.7%.17 17
Ly |[5°.31-37-67 31,37,67
ON [3%.72.11-19-31 11,19,31
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ON-2[32.72.11-19-31 11,19, 31
Co; [3%-5°.7.13 13
Co, |3%*.52.23 23
Coz; [3%-5%-11-23 11,23
Fip, |[37-5-13 13
Fip -2 | 37-5-13 13
Fips |3%-17-23 17,23
Fi,, [37.5.72.13.17-29 11,13,17,23,29
Fij, -2 | 3%.5.72.13.17-29 11,13,17,23,29
HN [3*.5%.7.11-19 7,11,19
HN-2 [3%.5%.7.11-19 7,11,19
Th 38.52.7.13-19 13,19
BM |[37.5°.7-13-19-31-47 13,19,31,47
M 31.5°.74.11.132-17-19-29-31-41-47-59-71 | 17,19, 29, 31,41,47,59, 71

Table 5.4: nx
X n(X)
Coy 3*.52.7.11-13-23
Fipo 3°.5.7-11-13
Fi), 3°-5-11-72-13-17-23-29
Aut(Fib,) [ 37-5-11-72-13-17-23-29
Th 3%.52.7.13-19-31
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