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Chapter 4

Linear groups of dimension two

This chapter is devoted for a proof of Theorem B as the following.

Theorem B. Let G be a finitely generated profinite group such that almost every nonabelian
composition factor is isomorphic to PSL(2, p) for some prime p > 5. Then Pg(s) is rational only
if G/Frat(G) is finite.

4.1 Maximal subgroups of PSL(2,7)

Let X be an almost simple group with socle S = PSL(2,4) where g > 5 is a prime.
Since Aut(S) = PGL(2,q) and |[PGL(2,q) : PSL(2,q9)| = 2, either X = PSL(2,q) or
X = PGL(2,q). We will now look for the smallest index of maximal subgroups sup-

plementing S in X that is divisible by g and not divisible by 2.

Theorem 4.1.1 ([Dic58]). Let X = PGL(2,q) with q > 5 a prime. Then the maximal subgroups
of X not containing PSL(2,q) are

(@) CgxCyy;

(b) Dy(y1) forq #5;

(©) Dag+1);

(d) Sym(4) forg = £3 mod 8.
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We list those maximal subgroups of PGL(2, 7) and their indices in the following table:

maximal subgroup order index
CyxCya qg—1) | g+1
Dyg_1),9 #5 2(9—1) [ q(q+1)/2
Dy 11 2(9+1) [ gq(q—1)/2
Sym(4),q = £3 mod 8 | 4! q(q> —1)/4!

Table 4.1: Maximal subgroups of PGL(2,q)

We consider indices divisible by g.

e Assume that g(g —1)/2 is odd. If there exists a maximal subgroup M such that
IPGL(2,4) : M| is odd and smaller than q(g — 1) /2, then M = Sym(4). In this case,
g = £3 mod 8, and we have

q® -1 _qlg-1)
S 2

Sqg<11

so g = 5. For g = 5, we have q(q> — 1) /4! = 5, while (g — 1) /2 = 10 and g(q +
1)/2 = 15.

e Assume now that q(q + 1)/2is odd. If there exists a maximal subgroup M such that
IPGL(2,9) : M| is odd and smaller than q(q — 1)/2, then M = Sym(4). Also in this
case, = £3 mod 8, and we have

q(4>=1) _q(q+1)
4! 2

Sq<12

The candidates areg =5 =1 mod 4and g4 = 11 = 3 mod 4. The case g = 5 was
already eliminated above. In the case 4 = 11, we choose index q(q —1)/2 = 55
which is not divisible by 2.

Theorem 4.1.2 ([Dic58]). Let X = PSL(2,q) with q > 5 a prime. Then the maximal subgroups
of X are the following

(a) Cy x Cq_l;
(b) Dy_q forq > 13;
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(c) Dgyr forq #7,9;

(d) Sym(4) forq = +1 mod 8;
(e) Alt(4) forg = +3 mod 10
() Alt(5) for g = =1 mod 10.

We have a table of maximal subgroups of PSL(2, q) and their indices as follows.

maximal subgroup M order index
CyxCyq gig—1) | g+1
D(-1),9 > 13 2(9—-1) | q(q+1)/2
Dg41),9 # 7,9 2(9+1) | q(qg—1)/2
Sym(4), g = +1 mod 8 4! q(q*> —1)/2.4!
Alt(4),g = +3 mod 10 & g # +£1 mod 10 | 4!/2 q(g> —1)/4!
Alt(5),9 = +1 mod 10 5!/2 q(g*> —1)/5!

Table 4.2: Maximal subgroups of PSL(2, q)

We look for the smallest odd integer divisible by g which is the index of a maximal

subgroup M of PSL(2, q). We have two cases:
(a) If (¢ — 1) /2 is odd, then either |PSL(2,q) : M| = g(g — 1)/2 or one of the following

cases occurs:
In case M = Alt(4) with g = 3 mod 10, we have

g —=1) _q(qg—1)
a4 S 2

< q < 1L
The only candidateis g = 5 =1 mod 4. For 4 = 5 we have q(q> —1)/4! = 5, while
q(q—1)/2=10,and g(q +1)/2 = 15.

In case M = Sym(4) with g = £1 mod 8, we have

q(>=1) _q(qg—1)
241 2

&g < 23.

The only candidate is g = 7 = 3 mod 4. For g = 7 we have q(q> — 1)/24! = 7,
while g(g — 1) /2 = 21.
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In case M = Alt(5) with g = +£1 mod 10, we have
q(4>=1) _q(qg—=1)
5! 2
The candidates are g = 11 =3 mod 4, g =19 =3 mod 4,4 =29 =1 mod 4,
g=31=3 mod4,g=41=1 mod4,q=49=1 mod 4.

&g < 59.

For g = 11 we have q(q> — 1) /5! = 11 while g(qg — 1) /2 = 55.

/5! =19 -3 while g(g — 1)/2 =19 9.
/5! =29 .7 while g(g — 1)/2 =29 - 14.
/5! =31 -8 while (g — 1)/2 = 31 - 15.
/5! = 41 - 14 while q(q — 1)/2 = 41 - 20.

/5! = 49 - 20 while (g —1)/2 = 49 - 24.

(

For g = 19 we have g(g> — 1
For g = 29 we have g(g> — 1
(4* -1
(
(

For g = 41 we have q(q%> — 1

For g = 31 we have g

S N N N N

For g = 49 we have q(q%> — 1

(b) If g(g + 1) /2 is odd, then, similarly, either |PSL(2,4) : M| = g(g + 1)/2 or one of the
following cases occurs:

In case M = Alt(4) withg = £3 mod 10and g # £1 mod 10, we have

q(g*—1) _q(q+1)
4! < 2

< q <13

Candidatesareg = 5 =1 mod 4 and g = 11 = 3 mod 4 which are already elimi-

nated above.

In case M = Sym(4) with g = £1 mod 8, we have

q(4>=1) _q(q+1)

24! 2

&g < 25.

The remaining candidate is ¢ = 23 = 3 mod 4. But in this case, we choose (7 —
1)/2=23-11instead of q(q+1)/2 =23 -12.

In case M = Alt(5) with g = £1 mod 10, we have

q(*=1) _qlg+1)
5 S 2

&g <6l

The remaining candidate is 4 = 59 = 3 mod 4. Again, in this case, we choose
g(g—1)/2=59-29 instead of g(g +1)/2 = 59 - 30.
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Theorem 4.1.3. Let L be a monolithic primitive group with soc(L) = (PSL(2,q))" for some

prime q > 5, and X the associated almost simple group. Define w as follows :

(q(g—1)/2 ifg=3 mod4andq ¢ {5,7,11,19,29},
g(g+1)/2 ifg=1 mod 4andq ¢ {5,7,11,19,29},
5 ifq =5,

7 ifg=7and X = PSL(2,7),
3.7 ifg =7 and X = PGL(2,7),
w=w(X)={ 11 if g =11 and X = PSL(2,11),
11-5 ifq=11and X = PGL(2,11),
19-3 ifg=19and X = PSL(2,19),
1932 ifg =19 and X = PGL(2,19),
29.7 if § = 29 and X = PSL(2,29),
[ 29-3-5 ifg =29 and X = PGL(2,29).

Then by < 0and w" is the smallest odd g-useful index in L.

4.2 The main result

In this section, we give a proof for Theorem B. In this proof, we consider a finitely
generated profinite group G such that P;(s) is rational and that there is an open normal
subgroup H of which every composition factor is either cyclic or isomorphic to a group
PSL(2, p) for some prime p > 5.

We fix a descending normal series {G;} of G with the properties that 1 G; = 1 and
G;/Gj1 is a chief factor of G/G;j, 1. Let | be the set of indices i with G;/G;,1 non-Frattini.

Then by Section 2.1 the probabilistic zeta function Pg(s) can be factorized as

Ps(s) = [ [ Pi(s)

icf
where for each i, the finite Dirichlet series P;(s) = Y, b;,/n° is associated to the chief

factor G;/G; 1. We have the the following crucial result.
Proposition 4.2.1. The set 71(G) is finite.

Proof. Let I be the set of simple groups that appear as composition factors in non-Frattini
chief factors of G, that is, the set of simple groups S; for i € J. Since P;(s) is rational, the
set 71(Pg(s)) is finite. Therefore, it follows from Lemma that I' contains only finitely
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many abelian groups. Assume by contradiction that I' is infinite. By our assumption, the
subset I'* of the simple groups in I that are isomorphic to PSL(2, p) for some prime p is
infinite. Let

I:={je]|SjeT"}, A(s):=]]Pi(s) and B(s) := [ [ Pi(s).

i€l i¢l

Notice that 77(B(s)) C Uer\r- 7(S) is a finite set. Since Pg(s) = A(s)B(s) and 7w(Pg(s))
is finite, if follows that the set 77(A(s)) is finite. In particular, there exists a prime number
g > 5such that g ¢ 7(A(s)) but PSL(2,q) € T*. Let A be the set of the odd integers n
divisible by g but not divisible by any prime strictly greater than g and set

r:=min{r; | S; = PSL(2,9)},

I":={iel|S;=PSL(2,q)and r; =r},

w := min{w(X;) | S; = PSL(2,q) and r; = r},

a:=min{n >1|n € A,v5(n) =randb;, # 0 for somei € I}.
Assumei € I, n € A and b;,, # 0. We have that S; = PSL(2, g;) for a suitable prime g;.
Since b;, # 0, there is a subgroup H < L; such that L; = H -soc(L;) and n = [L; : HJ.
Hence n = |L; : H| = |soc(L;) : soc(L;) N H|. Since q|n, and g; is the largest prime divisor
of |S;| = |PSL(2,4;)| = qi(q? —1)/2, we get that g; > q. Since 1 is an odd useful index for
L;, we have by Lemma that n = x"i, where x is an odd useful index for the almost
simple group X; where soc(X;) = S; = PSL(2,4;). So, there is a maximal subgroup of
X;, which supplements S;, of odd index x’ dividing x. If g; > g, then g; does not divide
n by definition of n € A, so x’ is not divisible by g;. It means that X; has a maximal
subgroup of odd index divisible by g and not divisible by g;, which contradicts the tables
we have above. Hence q; = g. It follows that « = w" and b; , # 0if and only if i € I* and
w(X;) = w; moreover in the last case b; , < 0. Hence the coefficient c, of 1/c, in A(s) is

Cq = Z bin <O0.
iel* w(X;)=w

This implies that g € 71(A(s)), which is a contradiction. Thus I'*, and hence T, is finite.
By Corolary it follows that 77(G) is also finite. O

Proof of Theorem B. Assume that P;(s) = [T;c; Pi(s) where ] is the set of indices i such
that G;/Gj;1 is non-Frattini. Let 7 be the set of almost simple groups X such that there
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exist infinitely many i € | with X; = X and let I be the set of indices i € ] such that
X; € T. By Proposition the set ] \ I is finite. We have to prove that ] is finite; this
is equivalent to show that I = @. Assume that I # @ and let i € I. By the hypothesis of
Theorem B, there exists a prime g; such that S; € {C,, PSL(2,4;)}. Set g = max{q; : i € I}
and let A be the set of odd integers n divisible by q. Assume n € A and b;,, # 0 for
some i € I. If S; is cyclic, then P;(s) = 1 —c,/n® where n = |G;/Gj1] = ¢;' and ¢, is
the number of complements of G;/G;;1 in G/Gj;1. This implies g = g; and v,y(n) = r;.
If S; = PSL(2,4;), then by the proof of Proposition we have gq; > ¢, and by the
maximality of g, we obtain that g; = ¢. In addition, n is an odd useful index for L;,
so, by Lemma we have n = x}’, where x; is an odd useful index of a subgroup
Y; supplementing S; in the almost simple group X; with soc(X;) = S;. Since g|n = x/,
then g|x;, so v4(x;) > 1. Since q; = g and 47 does not divide the order of X;, we obtain

v4(x;) = 1, hence v, (n) = r;. Let
w = min{x € A |vy(x) = 1and b; ,»; # 0 for some i € I}.

Since | \ I is finite and Pg(s) = [T;c; Pi(s) is rational, also [T;c; P;(s) is rational. This
implies by Lemma [1.2.5/that the product Q(s) = [T; PZ.(Z) (s) is also rational. Let I* = {i €
I]b;, # 0}. By the above considerations and Theorem we have i € I* if and only
if either S; = C; and w = g or soc(X;) = PSL(2,q) and w; = w. In particular, if i € I*

then there exist infinitely many j € I with X; = X; and all of them are in I*, hence I* is an
infinite set. Moreover, b; ,; < 0 for every i € I*, and therefore applying Proposition[2.4.3]
to the Dirichlet series Q(s), we deduce that the product

b‘ i b i
H(s) =T (1+ 220 ) =TT (1+ 22 )

icl iel*

is rational. By Corollary the set I* must be finite, a contradiction. O
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