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Introduction

This thesis is about statistical methods based on permutations or other
transformations of data. Throughout much of this work, emphasis is on
testing many hypotheses simultaneously, which is called multiple testing.
A key message of this thesis is that by using permutation-based multiple
testing, the dependence structure of the data can be taken into account,
which leads to powerful methods.

In this introduction, we will first give some typical examples of high-
dimensional data. We will then explain the key statistical issues when
testing hypotheses about such data. Finally, we will introduce the new
methods in this thesis, which address those issues.

1.1 High-dimensional data: examples

In many biomedical and psychological experiments, a large number of mea-
surements are collected per individual, for example, measurements of many
protein concentrations in the blood. Such measurements are referred to
as high-dimensional data. We now give two examples of high-dimensional
data that are frequently studied in respectively biomedical research and
neuroscience.
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Our DNA contains about 20,000 genes. A gene is a piece of DNA that
codes for a molecule that has a function in the body. A gene contains
a sequence of nucleotides. There are four types of nucleotides: adenine,
thymine, guanine and cytosine (A, T, G and C). A gene is used to produce
a string of RNA. Usually this is in turn used to code for the synthesis of a
protein. Proteins are involved in various processes in our body, including
our immune system and other processes related to disease. The speed at
which a gene produces RNA strings to make proteins varies over time and
per person and is called the expression level of that gene. By measuring
expression levels and comparing these between different individuals, cells
or tumors, we can learn whether these levels are associated with certain
phenotypical traits, such as disease status. We can then build a model
that predicts the disease type based on the gene expression profile. This
can help to allow cheap, early and accurate diagnosis of diseases. Likewise,
we can build a model that chooses the optimal treatment for a particular
patient, based on his or her gene expression profile.

There are various technologies for measuring gene expression, each with
their own pros and cons, related for example to financial costs and mea-
surement accuracy. Until a decade ago the main method for measuring
gene expression was to use DNA microarrays. A DNA microarray is a col-
lection of microscopic DNA spots attached to a surface. A piece of RNA
only binds to such a spot if it contains the complementary sequence of nu-
cleotides. Thus, measuring how much RNA binds to a specific spot, leads
to an estimate of the amount of the corresponding type of RNA in the sam-
ple. This is used to estimate the expression level of the gene that coded for
this piece of RNA.

In the last decade more advanced techniques for measuring gene expres-
sion have appeared under the banner of next-generation sequencing. These
techniques provide improvements such as lower costs and better quantifi-
cation of lowly and highly expressed genes. Often the expression levels of
thousands of genes are measured, leading to very high-dimensional data.

A different field of research where high-dimensional data occur, is the
analysis of brain images. Researchers can measure the activity of various
brain regions of a person, while that person performs some task. In this
way it can be inferred which brain regions are involved in which types of
human behavior.

Measurement of brain activity is often performed using functional mag-
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netic resonance imaging (fMRI). In brain regions with high activity there
is more deoxygenated hemoglobin in the blood, which interferes with a
magnetic resonance signal, so that the active regions can be distinguished.

Often brain activity is measured of many thousands of small disjoint
areas in the brain (referred to as vozels), which cover the whole brain. This
is a good example of high-dimensional data. A large number of brain regions
are investigated simultaneously, which usually means that the researcher
tries to answer a lot of research questions at the same time. The more
questions are asked, the more wrong answers could be given. Thus, great
care should be taken in posing and addressing these questions, to limit the
number of false research findings. (See (Bennett et al., 2009) for an example
of how this can go wrong.)

1.2 Multiple testing and the false discovery pro-
portion

Often many hypotheses are tested simultaneously. For example, for 20,000
genes one could test the hypothesis that their expression rate is not (sub-
stantially) associated with some phenotype. When multiple hypotheses
are tested, the most classical way to avoid type-I errors, is to make sure
that with high (e.g. 95%) probability, no true hypotheses are rejected.
This is called strongly controlling the Family-Wise Error Rate (FWER).
Controlling the FWER means that a hypothesis is only rejected if there
is extremely strong proof to do this. However, often the proof against a
single hypothesis is not extremely strong. The consequence may be that no
rejections are made, even if there is (clinically relevant) signal in the data.

This way of avoiding type-I errors, i.e. controlling the probability of any
type-I errors, is sometimes too strict. Indeed, it is not only important to
avoid type-I errors, but also to not miss out on important scientific findings.
Hence, researchers have been looking for less strict statistical approaches,
which allow researchers better to detect the presence of false hypotheses.
Note that such approaches allow more false findings than FWER controlling
methods, so that the results have a different meaning.

Several less strict approaches exist, one of which is to select the rejected
hypotheses in such a way that the false discovery rate (FDR) is controlled.
The FDR is the expected value of the false discovery proportion (FDP).
This is the fraction of false findings (type-I errors) among the rejected
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hypotheses. It is defined to be 0 when there are no rejections. The most
well-known FDR controlling method is by Benjamini and Hochberg (1995).
Controlling the FDR means to keep the FDR below a certain value, e.g.
0.05. This guarantees that on average, the FDP is at most 0.05. (This
does not mean that a rejected hypothesis is false with probability at least
0.95. Indeed, there can be a positive correlation between the FDP and the
number of rejections.)

Compared to FWER control, controlling the FDR, usually enables the
user to reject more false hypotheses. On the other hand, with FDR control-
ling methods there are also more rejected true hypotheses. (Rather than
‘rejected’, we may use the term ‘selected’, since we are not extremely sure
that a rejected hypothesis is false.) Correspondingly, controlling the FDR
represents a trade-off between keeping the number of true positives large
and keeping the number of false positives small.

When a researcher tests several hypotheses, he or she may want to be
confident that the FDP is smaller than a certain value. However, when the
FDR is smaller than 0.05, this does not mean that the FDP is likely smaller
than 0.05. Thus, the researcher has an estimate of the FDP (namely,
the nominal FDR), but not a confidence interval around the estimate. In
many cases, it would be relevant to provide such a confidence interval. For
example, it indicates how accurate the estimate is.

Therefore, statistical methods are being developed that provide a con-
fidence interval for the FDP. Focus is usually on confidence upper bounds
for the FDP. Similarly, methodology has appeared that allows controlling
the FDP with confidence. This means to keep the FDP below some given,
small value with some given, large probability. The present thesis provides
several contributions in this field (chapters 3 and 4), as we will discuss in
section 1.4.

1.3 Dependence and permutation methods

Most multiple testing methods perform many hypothesis tests separately
and then combine the results to decide on which hypotheses to reject. The
result of an individual test is usually a test statistic. In particular this
could be a p-value. When m hypotheses are tested, m test statistics are
obtained. These need to be used somehow to decide which hypotheses are
rejected.
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Often there are dependencies in the data. For example, the expression
levels of different genes are correlated. The consequence is that the m
test statistics are also dependent. The dependence structure influences
the behavior of a multiple testing method. Hence, when choosing such a
method, the dependence structure in the data should be taken into account.

In many situations, however, there is limited knowledge about the de-
pendence structure in the data. Consequently, it is not known which multi-
ple testing methods will control the considered error rate (e.g. the FWER
or FDR) and which methods will not. This problem is often remedied by
choosing the most conservative multiple testing method, to be sure that the
error rate is controlled. The downside of this is that the rejection criterion
is then likely to be more conservative than the user wanted.

A different approach to the problem of an a priori unknown dependence
structure, is to use permutation-based multiple testing methods. Some of
these methods have known, exact, finite-sample properties in several simple
but important scenarios, such as randomized clinical trials. In multiple test-
ing, permutation-based methods take into account the correlation structure
in the data while making few assumptions on that structure. The only as-
sumption made usually comes down to the following: the joint distribution
of the part of the data under the null hypothesis should be invariant under
permutation, e.g. shuffling cases and controls. (This usually implies that
the hypotheses are point hypotheses, but extensions to interval hypotheses
are sometimes possible.)

As a first example of a permutation-based multiple testing procedure,
we consider the mazT method by Westfall and Young (1993). This method
strongly controls the FWER. It is the permutation-based analog of (the
closed testing-based improvement of) Bonferroni’s method. At confidence
level 0.05, Bonferroni’s method rejects all hypotheses with p-values smaller
than 0.05/m. The reason is that for any dependence structure of the p-
values, 0.05/m does not exceed the 0.05-quantile of the minimum of the
null p-values. The method by Westfall and Young (1993) however, makes
use of the data to determine the rejection threshold. It permutes the data
many times, each time calculating all m p-values and recording the smallest
p-value. (Rather than p-values, other test statistics could be used, hence
the name max7.) The 0.05-quantile of these minimums is used as the re-
jection threshold. (This threshold, just as Bonferroni’s threshold, can be
further improved by using closed testing.) Especially when the p-values
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are strongly positively correlated, this threshold can be much higher than
0.05/m.

Another popular permutation-based multiple testing method is Signifi-
cance Analysis of Microarrays (SAM) by Tusher et al. (2001). This method
estimates the FDP. It is a general method, which is not at all limited to
microarray data. The method works as follows. A rejection cut-off is cho-
sen, such that each hypothesis is rejected only if its test statistic lies above
the rejection cut-off. The data are permuted many times. Each time it is
recorded how many hypotheses would have been rejected if the permuted
data had been observed. The mean or median number of rejections for the
permuted data, is an estimate of the number of false positives. Dividing
this by the number rejections, gives an estimate of the FDP. In section 1.4
it is discussed how this method is improved in this thesis.

1.4 This thesis

Chapter 2 of this thesis is an introduction to the fundamentals of permuta-
tion testing. Although we will usually write ‘permutation methods’, most
methods in this thesis are not restricted to permutations, but can use any
group of transformations, such as rotations or sign-flipping.

Chapters 3 and 4 make use of some of the theory in chapter 2. Chapter
3 constructs confidence bounds for the FDP. Chapter 4 generalizes chapter
3 to simultaneous confidence bounds, which in particular allows for FDP
control with confidence. Chapter 5 is quite different from chapters 2-4. It
lets go of the fundamental assumption of distributional invariance under
transformations. Rather, it provides tests which are only asymptotically
exact. It presents methods for robust testing in generalized linear models
(GLMs). Apart from being important on its own, chapter 5 broadens the
applicability of the earlier chapters, allowing those methods to be used in
the context of GLMs.

1.4.1 Permutation-based confidence on the false discovery
proportion

Chapter 2 of this thesis lays the foundations for permutation testing based
on randomly sampled permutations. Chapter 3 builds further on chapter 2
by improving the permutation-based multiple testing method SAM, which
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was discussed above. The orginal SAM procedure only provided an estimate
of the FDP, with unknown properties. We extend the method by providing
a confidence upper bound for the FDP. We show that for o € [0, 1), the
(1 — a)-quantile of the numbers of rejections for the permuted verisons of
the data is a (1 — a))100%-confidence upper bound for the number of false
positives. In particular, if we take @ = 0.5, we obtain a median unbiased
estimate of the number of false positives.

Moreover, by using a method related to closed testing (Goeman and
Solari, 2011), we obtain an improved confidence bound, which is at least
as small as the basic bound. Although we derive a computational shortcut
to compute the improved bound, when there are many hypotheses, the
calculations are still computationally infeasible. Hence we provide a method
which approximates the improved bound. The approximation method can
be used when there are many thousands of hypotheses. In simulations, this
method provided valid (1 — «)100%-confidence upper bounds.

Since our method is based on permutations, it tends to provide bet-
ter (lower) FDP bounds than parametric methods. Another important
advantage of the permutation approach is that the p-values (or test statis-
tics) that the methods uses, need not be exact. The reason is that any
test statistics can be used; the only assumption made by the method, is
permutation-invariance of the part of the data under the null.

Chapter 4 generalizes the method of chapter 3 to simultaneous confi-
dence bounds. For a range of rejection thresholds of interest, it provides
confidence upper bounds for the FDP. These bounds are simultaneous: with
probability at least 1—q, these bounds are all valid. This allows for post hoc
selection of the rejection threshold: if the threshold is chosen based on the
data, then still a valid confidence bound is obtained. Thus, based on the
data, the user could choose a threshold that leads to a desired confidence
bound for the FDP.

A similar method was already published by Meinshausen (2006). This
method served as an inspiration for chapters 3 and 4 of this thesis. In
chapter 4 we improve the method of Meinshausen by 1. modifying it to
be exact, 2. generalizing it and 3. improving its power. In particular, we
construct an iterative method, which has more power than the single-step
method by Meinshausen (2006) and is still exact. We also provide a fast
approximation of this method, which provided valid confidence bounds in
our simulations.
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1.4.2 Robust testing in generalized linear models

It is often of interest to test if a coefficient in a GLM equals 0 or some
other value, or to construct a confidence interval around an estimated coef-
ficient. When the specified model is correct, this can be done with classical
parametric tests such as the likelihood ratio test or score test. In many sit-
uations however, the assumed model is not even approximately exact, due
to e.g. overdispersion, heteroscedasticity or ignored nuisance parameters.
The traditional parametric tests then lose their properties.

In chapter 5 we propose a novel type of test, based on sign-flipping score
contributions. (Note that the score, the derivative of the log-likelihood, is
a sum of n individual contributions.) The basic idea underlying this test
is the following. Under a point null hypothesis of the form Hy : f = 0,
the score contributions have mean 0. By recalculting the score many times
after randomly multiplying the summands by —1 with probability 0.5, we
obtain a reference distribution, that we compare with the original score.
We reject the null hypothesis if the original score lies in the 5%-tails of this
distribution. This method is closely related to the permutation test. It is
often robust against the mentioned forms of model misspecification. For
example, if there is constant overdispersion, then the variance of the score
is misspecified, so that the classical parametric tests fail. Our test remains
asymptotically exact, however, since both the observed score and flipped
scores are misspecified by the same factor.

A key assumption underlying this test, is that the n score contributions
are independent. When nuisance parameters are estimated, this is no longer
the case. As a consequence, the variance of the original score is shrunk and
our test becomes conservative. To solve this issue, we consider the effective
score (Marohn, 2002). This is the part of the score that is orthogonal to the
nuisance score. It is asymptotically unaffected by the nuisance estimation.
As a consequence, we again obtain an asymptotically exact test.

If the scores were independent and symmetric, then our sign-flipping
test would be a special case of the exact test in chapter 2. Due to its close
relationship to permutation tests, our sign-flipping test can be combined
with the multiple testing methods from chapters 3 and 4. This allows using
those methods in the context of GLMs.



Exact testing with random permutations

Abstract

When permutation methods are used in practice, often a limited number
of random permutations are used to decrease the computational burden.
However, most theoretical literature assumes that the whole permutation
group is used, and methods based on random permutations tend to be seen
as approximate. There exists a very limited amount of literature on exact
testing with random permutations and only recently a thorough proof of
exactness was given. In this paper we provide an alternative proof, viewing
the test as a “conditional Monte Carlo test” as it has been called in the
literature. We also provide extensions of the result. Importantly, our results
can be used to prove properties of various multiple testing procedures based
on random permutations.

This chapter has been published as: Jesse Hemerik and Jelle Goeman (2017). Exact
testing with random permutations. TEST (Online First version)
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2.1 Introduction

Permutation tests are nonparametric tests that are used in particular when
the null hypothesis implies distributional invariance under certain trans-
formations (Fisher, 1936; Lehmann and Romano, 2005; Ernst et al., 2004).
Apart from permutations, other groups of transformations can be used,
such as rotations (Langsrud, 2005).

When the set of transformations used is not a group, a permutation
test can be very conservative or anti-conservative. The first author who
explicitly assumed a group structure is Hoeffding (1952). The role of the
group structure has recently been emphasized (Southworth et al., 2009;
Goeman and Solari, 2010). Southworth et al. (2009) note that in particular
the set of ‘balanced permutations’ cannot be used, since it is not a group.

Often it is computationally infeasible to use the whole group of per-
mutations, due to its large cardinality. In that case random permutations
are used, as was first proposed by Dwass (1957). Often a permutation p-
value based on random permutations is simply seen as an estimate of the
permutation p-value.

It is known that naively using random permutations instead of all pos-
sible permutations can lead to extreme anti-conservativeness (Phipson and
Smyth, 2010), especially when combined with multiple testing procedures.
Therefore sometimes the identity permutation, which corresponds to the
original observation, is included with the random permutations (Ge et al.,
2003; Lehmann and Romano, 2005). Lehmann and Romano (2005) (p.636)
state that when the identity is added, the estimated p-value is stochasti-
cally larger than the uniform distribution on [0, 1] under the null. Phipson
and Smyth (2010) note that adding the identity can make the permuta-
tion test exact, i.e. of level o exactly. They do not mention the role of
the underlying group structure. Instead they view the permutation test as
a Monte Carlo test, which is known to be exact in some situations if the
original observation is added.

Referring to Monte Carlo is not sufficient, because despite being related,
a Monte Carlo test is very different from a permutation test. Monte Carlo
samples are draws from the null distribution. In the permutation context,
the random permutations of the data are instead drawn from a conditional
null distribution, i.e. the permutation distribution. Hence the proof by
Phipson and Smyth (2010) is incomplete and it remained unclear what
assumptions (e.g. a group structure) are essential for the validity of random
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permutation tests. For example, it is unclear from Phipson and Smyth that
random sampling from balanced permutations would lead to invalid tests.

In Hemerik and Goeman (2018) a test is given based on random trans-
formations. In the present paper we extend this work, investigating funda-
mental properties of random permutation tests. Our main focus is on the
level of tests. Other properties, e.g. consistency, do not generally hold but
can be established for more specific scenarios (Lehmann and Romano, 2005;
Pesarin, 2015; Pesarin and Salmaso, 2013) by using results presented here.
Our results are general and can be used to prove properties of various mul-
tiple testing methods based on random permutations, such as Westfall and
Young (1993), Tusher et al. (2001), Meinshausen and Biithlmann (2005) and
Meinshausen (2006). In the literature there are two approaches to proving
permutation tests with fixed permutations: a conditioning-based approach
(Pesarin, 2015) and a more direct approach (Hoeffding, 1952; Lehmann and
Romano, 2005). We will give proofs with both approaches.

The structure of the paper is as follows. In section 2.2 we review known
results on the level of a permutation test based on a fixed group of transfor-
mations. The concepts and definitions from section 2.2 are used throughout
the paper. Testing with random permutations is covered in Section 2.3. In
section 2.3.1 permutation tests are contrasted with Monte Carlo tests. Es-
timation of p-values is discussed in section 2.3.2. Exact tests and p-values
based on random transformation are given in sections 2.3.3 and 2.3.4. In
section 2.4 some additional applications of these results are mentioned.

2.2 Fixed transformations

Here we discuss tests that use the full group of transformations.

2.2.1 Basic permutation test

Let X be data taking values in a sample space X. Let G be a finite
set of transformations g : X — X, such that GG is a group with respect
to the operation of composition of transformations. This means that G
satisfies the following three properties: G contains an identity element (the
map z — x); every element of G has an inverse in G for all aj,as € G,
a1 o az € G. This assumption of a group structure for G is fundamental
throughout the paper, since it ensures that Gg = G for all g € G, i.e. that
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the set GG is permutation-invariant.

Considering a general group of transformations rather than only per-
mutations is useful, since in many practical situations the group consists of
e.g. rotations (Langsrud, 2005; Solari et al., 2014) or maps that multiply
part of the data by —1 (Pesarin and Salmaso (2010), pp. 54 and 168). We
write g(X) as gX. Consider any test statistic 7' : X — R. Throughout
this paper we are concerned with testing the following null hypothesis of
permutation-invariance.

Definition 2.2.1. Let H}, be any null hypothesis which implies that the
joint distribution of the test statistics T'(gX), g € G, is invariant under all
transformations in G' of X. That is, writing G = {au, ..., axq}, under H,

(T(a1X), ... T(agcX)) £ (T(a19X), ... T(agcgX)) (2.1)
for all g € G.

Note that (2.1) holds in particular when for all g € G
x<4x.

Composite null hypotheses are usually not of the form H,,, but for specific
scenarios, properties of tests of such hypotheses can be established using
results in this paper.

The most basic permutation test rejects H, when T(X) > T®"(X),
where

TW(X) < ... < THD(X)

are the sorted test statistics T(¢gX), g € G, and k = [(1 — a)#G]| with
a € [0,1). As is known and stated in the following theorem, this test has
level at most a.

Theorem 2.2.1. Under Hp,, P{T(X) > T®(X)} < a.

We now give two proofs: a conditioning-based approach and an ap-
proach without conditioning. Both approaches are more or less known.
The conditioning-based proof is similar to that in Pesarin (2015) but the
setting is more general. For each x € X, define O, to be the orbit of z,
which is the set {gx : g € G} C X.
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Proof. Let A = {x € X : T(z) > T®(x)} be the set of elements of the
sample space that lead to rejection. Suppose Hj holds. By the group
structure, Gg = G for all g € G. Consequently, T(k) (gX) = TW(X) for all
g€ G. Thus #{g € G: gX € A} =

#{geG:T(gX) >TW (gX)} = #{g € G : T(9X) > TH(X)} < a#G.

Endow the space of orbits with the o-algebra that it inherits from the
o-algebra on X. Analogously to the proof of theorem 15.2.2 in Lehmann
and Romano (2005), we obtain

P(X € A| Ox) = 5 ~#{g € G: gX € A}.

#G
By the argument above, this is bounded by «. Hence

P(X € A)=E{P(X € A|Ox)} <a
as was to be shown. O

We now state a different proof without conditioning. A similar proof
can be found in Hoeffding (1952) and Lehmann and Romano (2005) (p.
634).

Proof. By the group structure, Gg = G for all g € G. Hence T*) (9X) =
T®(X) for all g € G. Let h have the uniform distribution on G. Then
under Hp,, the rejection probability is

P{T(X) > T(k)(X)} =
P{T(hX)>T®(hX)} =
IP’{T (hX) > T® (X )}
The first equality follows from the null hypothesis and the second equality

holds since T (X) = T®(hX). Since h is uniform on G, the above
probability equals

J(hX
4

E|(#G) - #{g € G: T(9X) > TW(X)}] <o,

as was to be shown.
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The test of theorem 2.2.1 is not always exact. When the data are
discrete then the basic permutation test is often slightly conservative, due
to a non-zero probability of tied values in X. Under the following condition,
which is often satisfied for continuous data, but usually not for discrete
data, the test is exact for certain values of «.

Condition 2.2.1. There is a partition {G1, ..., Gy, } of G with id € G and
#G = ... = #G,y, such that under H,, with probability 1 for all g,¢" € G,
T(9X)=T(¢'X) if and only if g and ¢ are in the same set G;.

Proposition 2.2.1. Under condition 2.2.1, the test of theorem 2.2.1 is
exact if and only if a € {0,1/m, ..., (m —1)/m}.

The proof of this result is analogous to the proof of theorem 2.2.1. As
an example where condition 2.2.1 holds, consider a randomized trial where
X € R?" and the test statistic is

n 2n
T(X)=) Xi— > X, (2.2)
=1

i=n+1

where Xj,..., X,, are cases and X,;1,..., X2, are controls and all X; are
independent and identically distributed under the null. Let

()

m = .

n

If the observations are continuous then the set of « for which the test
is exact is {0,1/m,...,(m — 1)/m}, reflecting the fact that there are m
equivalence classes of size n!n! of permutations that always give the same
test statistic.

The test of theorem 2.2.1 is often conservative when the data are dis-
crete, since then condition 2.2.1 is usually not satisfied. Moreover, in many
cases, the value 0.05 is not in the set mentioned in proposition 2.2.1 and
hence the permutation test for a = 0.05 is conservative, even if condition
2.2.1 is satisfied. The test can be adapted to be exact by randomizing it,
i.e. by rejecting Hy, with a suitable probability a in the boundary case that
T(X) =T™ (Hoeftding, 1952). Here

a#G — MT(X)

@ =a(X) =

(2.3)
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where

M*(X) = #{g € G : T(gX) > TH(X)},
MO(X) = #{g € G : T(gX) = TH (X)}.

This adaptation has the advantage that it is always exact. Even if
condition 2.2.1 is satisfied, the adaptation can be useful to guarantee that
the level of the test is exactly the nominal level a. On the other hand, this
test is less reproducible than the test of theorem 2.2.1, since its outcome
may depend on a random decision. Which test is to be preferred, would
depend on the context.

When the set G is not a group, the test can be highly anti-conservative
or conservative. For example, the set of balanced permutations is a subset
of the set of all permutations, but is not a subgroup. These permutations
have been used in various papers since they can have an intuitive appeal.
They are discussed in Southworth et al. (2009), who warn against their use
since they lead to anti-conservative tests. The fact that permutations have
been used incorrectly illustrates that more emphasis should be put on the
assumption of a group structure.

Intuitively, the reason why a group structure is needed for theorem

2.2.1 is the following. Suppose for simplicity that H}, implies that X 4 gX
for all ¢ € G. The permutation test works since under H,,, for every
permutation g € G the probability P{T(¢X) > T®(X)} is the same.
The reason is that under Hp, for every g € G, the joint distribution of
gX and the set GX, i.e. of (¢X,GX), is the same. Indeed, since G =
Gg (group structure), the set GX is a function of gX, namely GX =
f(gX), with f given by f(x) = Gx. Thus, for g,¢' € G, (9X,GX) =
(gX,f(gX))i(g’X,f(g’X)) = (¢X,GX). When G is not a group, the
joint distribution of g X and the set GX is not generally independent of g.

2.2.2 Permutation p-values

Permutation p-values are p-value based on permutations of the data. Here
we will discuss permutation p-values based on the full permutation group.
p-values based on random permutations are considered in section 2.3.4.

It is essential to note that there is often no unique null distribution
of T'(X), since H), often does not specify a unique null distribution of the
data. Correspondingly, T(*)(X) should not be seen as the (1 — a)-quantile
of the null distribution.
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When a test statistic ¢ is a function (which is not random) of the data
and has a unique distribution under a hypothesis H, then a p-value in the
strict sense, Pg(t > tops), is defined where t,s is the observed value of
t. Since under H, T'(X) does not always have a unique null distribution,
often there exists no p-value in the strict sense based on this test statistic.
However, under condition 2.2.1 the statistic

D=#{geG:T(9X) > T(X)}

does have a unique null distribution. Thus a p-value in the strict sense
based on —D is then defined. Denoting by d the observed value of D, we
have under H},

_d
=20

This is indeed what is usually considered to be the permutation p-value.
This equality holds under condition 2.2.1. In other cases, such as when
the observations are discrete, the null hypothesis often does not specify a
unique null distribution of D. Thus there is not always a p-value in the
strict sense based on D.

When H,, does not specify a unique null distribution of any sensible test
statistic, as a resolution a ‘worst-case’ p-value could be defined. However
sometimes better solutions are possible, e.g. the randomized p-value p’ in
section 2.3.4. In general, a p-value in the weak sense can be considered,
i.e. any random variable p satisfying P(p < ¢) < ¢ for all ¢ € [0, 1] for every
distribution under the null hypothesis. For Hy,, D/#G is always a p-value
in the weak sense.

P(~D > —d) = P(D < d) = P{T(X) > T#“ 9 (X)}

2.3 Random transformations

In section 2.3 we extend the results of the previous section to tests based
on random transformations. Since permutation testing with random per-
mutations is often confused with Monte Carlo testing, in Section 2.3.1 the
differences between the two are made explicit. Since random permutations
are often used for estimation (rather than exact computation) of p-values,
estimation of permutation p-values is discussed in section 2.3.2. Exact tests
and p-values are given in sections 2.3.3 and 2.3.4 respectively. These two
sections contain most of the novel results of the paper.
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2.3.1 Comparison of Monte Carlo and permutation tests

In a basic Monte Carlo experiment, the null hypothesis Hy is that X fol-
lows a specific distribution. A Monte Carlo test is used when there is no
analytical expression for the (1 — «)-quantile of the null distribution of
T(X), such that the observed value of T(X) cannot simply be compared
to this quantile. To test Hy, independent realizations Xo, ..., X, are drawn
from the null distribution of X. Assume that T(X),T(X3),...,T(X,) are
continuous. Writing X; = X, let

B = #{1<j<w:T(X;) > T(X)}

and let b’ denote its observed value. It is easily verified that under Hy, B’
has the uniform distribution on {1, ..., w}.

The Monte Carlo test rejects Hy when T(X) > T*) where k' = [(1 —
a)w] and TH < ... < T™) are the sorted test statistics T'(X;), 1 < j < w.
Note that T*") is not the exact (1 — a)-quantile of the null distribution
of T(X), but nevertheless the test is exact. The reason is that the null
distribution of B’ is known. The test rejects Hy if and only if —B’ exceeds
the (1 — a)-quantile of its null distribution. Equivalently, it rejects when
the Monte Carlo p-value

P, (B <) =V /w,

where ' is the observed value of B’, is at most a.

The validity of a random permutation test is not as obvious. Let
92, ---, 9w be random permutations from G. (There are various ways of sam-
pling them, which we discuss later.) One permutation, g1, is fixed to be
td € G, reflecting the original observation. Then, similarly to a Monte Carlo
test, the permutation test rejects H, if and only if T(X) > T*)(X), where
now TW < ... < TW) are the sorted test statistics T(g;X),1<j<w.

Note that contrary to the Monte Carlo sample X1, ..., X,,, the permu-
tations ¢1.X, ..., g, X are not independent under the null. Thus the ran-
dom permutation test is not analogous to the Monte Carlo test. To prove
the validity of the test based on random permutations, we must use that
g1X,...,guwX are independent and identically distributed conditionally on
the orbit Ox. It is however not obvious what properties G should have in
order that g1 X = X can be seen as a random draw from Ox conditionally
on Ox. It will be seen that it suffices that G is a group. In that case, the
test can be said to be a ‘conditional Monte Carlo test’.
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2.3.2 Estimated p-values

In practice it is often computationally infeasible to calculate the permu-
tation p-value based on the whole permutation group, D/#G. To work
around this problem, there are two approaches in the literature. In both
approaches, random permutations are used. The first approach is calculat-
ing (rather than estimating) a p-value based on the random permutations.
This is discussed in section 2.3.4. The second approach is estimating the
p-value D/#G, which we discuss now.

In practice the p-value p = D/#G is often estimated using random per-
mutations. The random permutations are typically all taken to be uniform
on G and can be drawn with or without replacement. The estimate of p is
often taken to be p = B/w, with B as defined above. This is an unbiased
estimate of p, i.e. Ep = p, and usually limy,_,.o p = p.

A more conservative estimate p = (B 4+ 1)/(w + 1) is sometimes also
used. This formula is discussed in section 2.3.4.

Using the unbiased estimate p = B/w can be very dangerous, as Phip-
son and Smyth (2010) thoroughly explain. The reason is that p is almost
never stochastically larger than the uniform distribution on [0, 1] under H,.
This is immediately clear from the fact that p usually has a strictly positive
probability of being zero. Consequently, if H}, is rejected if p < ¢ for some
cut-off ¢, then the type-I error rate can be larger than c¢. Often this differ-
ence will be small for large w. However, when c¢ is itself small due to e.g.
Bonferroni’s multiple testing correction, then P(p < ¢) can become many
times larger than ¢ under H},. This is because this probability does not
converge to zero as ¢ | 0 for fixed w. Thus, as Phipson and Smyth (2010)
note, using p in combination with e.g. Bonferroni can lead to completely
faulty inference. Appreciable anti-conservativeness also occurs if very few
(e.g. 25-100) random permutations are used (as in e.g. Byrne et al. (2013)
and Schimanski et al. (2013)).

When possible, computing exact p-values is always to be preferred over
estimating p-values. Exact p-values based on random permutations are
given in section 2.3.4.

2.3.3 Random permutation tests

Here we discuss exact tests based on random transformations. Apart from
theorem 2.3.1 (Hemerik and Goeman, 2018), the results in this section are
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novel.

Phipson and Smyth (2010) also consider exact p-values based on ran-
dom permutations. The proofs in Phipson and Smyth (2010) are incom-
plete, since they do not show the role of the group structure of the set of
all permutations. Lehmann and Romano (2005) (p.636) remark without
proof that if G is a group, then under H, the p-value (B +1)/(w + 1) is
always stochastically larger than uniform on [0, 1], but they state no other
properties. In Hemerik and Goeman (2018) for the first time a theoreti-
cal foundation is given for the random permutation test, using the group
structure of the set G. Here this work is extended with additional results.

Theorem 2.3.1 states that the permutation test with random permuta-
tions has level at most « if the identity map is added. This was remarked
several times in the literature and proved in Hemerik and Goeman (2018).
We first define the vector of random transformations.

Definition 2.3.1. Let G’ be the vector (id, go,...,gw), Where id is the
identity in G and go, ..., g,, are random elements from G. Write g1 = id.
The transformations can be drawn either with or without replacement: the
statements in this paper hold for both cases. If we draw g¢o, ...g,, without
replacement, then we take them to be uniformly distributed on G\ {id},
otherwise uniform on G. In the former case, w < #G.

Theorem 2.3.1. Let G’ be as in Definition 3.2.1. Let T (X, G') < ... <
TW) (X, G") be the ordered test statistics T(g; X), 1 < j <w. Let o € [0,1)
and recall that k' = [(1 — a)w].

Reject H, when T(X,G'") > TW)(X,G"). Then the rejection probability
under Hy is at most c.

A proof of theorem 2.3.1 is in Hemerik and Goeman (2018) and we
recall it here.

Proof. From the group structure of G, it follows that for all 1 < j < w,
G’ gj_1 and G’ have the same distribution, if we disregard the order of the
elements. Let j have the uniform distribution on {1, ..., w} and write h = g;.
Under H,,

P{T(X) > T*)(X,G")} =
P{T(X)>T*)(X,G'h" 1)} =
P{T(hX) > T*)(hX,G'h 1)}
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Since (G’'h™1)(hX) = G'(h'hX), the above equals

P{T(hX) > T*)(h"'hX,G")} =
P{T(hX) > T*)(X,G")}.

Since h = g; with j uniform, this equals
E[w*#g <j<w:TY(X,G) > T*)(X, G/)}] <a,

as was to be shown. O

We now prove theorem 2.3.1 with a conditioning-based approach, view-
ing the test as a “conditional Monte Carlo” test as it has been called in the
literature.

Proof. We prove the result for the case of drawing with replacement. The
proof for drawing without replacement is analogous. Note that (X,G’)
takes values in X' x {id} x G¥~!. Let A C X x {id} x G*~! be such that
the test rejects if and only if (X,G’) € A.

Endow the space of orbits with the o-algebra that it inherits from the o-
algebra on X. Suppose H, holds. Assume that almost surely Ox contains
#G distinct elements. In case not, the proof is analogous. Analogously to
the proof of theorem 15.2.2 in Lehmann and Romano (2005), we obtain

#(Ox x {id} x G» )N A

]P){(X,G/)GA\OX}Z 20y x {id} x G- T

(2.4)

We now argue that this is at most . Fix X. Let X have the uniform
distribution on Ox. It follows from the group structure of G that the entries
of G’X are just independent uniform draws from Ox. Thus from the Monte
Carlo testing principle it follows that P{(X,G’) € A} < a. Since (X,G)
was uniformly distributed on Oy x {id} x G¥~!, it follows that (2.4) is at
most a. We conclude that

P{(X,G') € A} = E[P{(X, G)eAl OX}} <a,

as was to be shown. OJ
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Theorem 2.3.1 implies that (B + 1)/(w + 1) is always a p-value in the
weak sense if all random permutations (including g;) are uniform draws
with replacement from G or without replacement from G\ {g; }. Under more
specific assumptions, theorem 2.3.1 can be extended to certain composite
null hypotheses. Proposition 2.3.1 states that under condition 2.2.1 and
suitable sampling, the test with random permutations is exact. The formula
in Section 2.3.4 for the p-value under sampling without replacement is
equivalent to the last part of this result.

Proposition 2.3.1. Suppose condition 2.2.1 holds. Let hy € G1,...,hy, €
G- Then the result of theorem 2.3.1 still holds if ga, ..., gu are drawn with
replacement from {hi,...,hm} or without replacement from {ha,...,hnm}.
Moreover, in the latter case, the test of theorem 2.3.1 is exact for all

a€{0/w,1/w,...,(w—1)/w}.

Proof. We consider the case that go, ..., g, are drawn without replacement
from {ho,...,hy} and show that the test is exact for a € {0/w, ..., (w —
1)/w}. Write G = (g1,...,9w). Let h have the uniform distribution on
{91, -, gw}. For each g € G let i(g) € {1,...,m} be such that g € G-
Suppose H, holds. From the group structure of G it follows that the sets
{i(91),...,i(gw)} and {i(g1h™1),...,i(gwh ')} have the same distribution.
Consequently
P{T(X) >T")(X,G")} =

P{T(X) > T")(X,G'h 1)}

As in the above proof of theorem 2.3.1 we find that this equals P{T'(hX) >
T*)(X,GN}.

Since o € {0/w, ..., (w — 1)/w} and T(¢1 X), ..., T(gwX ) are distinct, it
holds with probability one that

#{1<j<w:T(g9;X) > T(k/)} = aw.
Since h is uniform, it follows that P{T'(hX) > T (X, G} =a. O

Using this result it can be shown that specific tests with random permu-
tations are unbiased. The test of theorem 2.3.1 can be slightly conservative
if « is not chosen suitably or due to the possibility of ties. Recall that the
same holds for the basic permutation test that uses all transformations in
G. The adaptation by Hoeffding at (2.3) then guarantees exactness. The
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following is a generalization of Hoeffding’s result to random transforma-
tions.

Proposition 2.3.2. Consider the setting of theorem 2.3.1. Let

wa — MT(X,G")
MOX,G)

a=a(X,G) =

where
MY (X,G) = #{1 <j<w:T(g;X)>TH)(X,G)},

MOUX,G") = #{1 <j<w:T(g;X) =TH)(X,G")}.
Reject if T(X) > TW)(X,G") and reject with probability a if T(X) =
T*)(X,G"). Then the rejection probability is exactly o under Hy.

Proof. Assume H}, holds. Note that
P(reject) = E{]l{T(X)>TW)(X,G’)} +a(X, G/)R{T(X):T(k’)(X,G’)}}‘

Write M+t = M+(X,G’) and M° = M°(X,G’). Analogously to the first
four steps of the first proof of theorem 2.3.1, it follows for h as defined there
that the above equals

E{H{T(hx)>T<k’)(x,G/)} + a(X, G/)]l{T(hX):T(k')(X,G’)}} =

E{R{T(hX)>T<’“’)(X,G’)}} + E{“(Xv GI)]l{T(hX):T(k’)(X,G/)}} =

. T (wa— MT 0
E{M"w }+E_E{TI{T(hX):T(k/)(XG’)} | M, M H -

. rwa — Mt 0
E{M+w } + E_TE{]I{T(hX):TW)(X,G’)} | M*, M }] -

- _ M+
B{M*w} + B| =

Mow_l} = q,
as was to be shown. O

The test of proposition 2.3.2 entails a randomized decision: in case
T(X) = T®), the test randomly rejects with probability a. This is in
itself not objectionable, since the test is randomized anyway due to the
random transformations. Note that in the situation of proposition 2.3.1
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under drawing without replacement the test is already exact, such that
proposition 2.3.2 is not needed to obtain an exact test.

In theorem 2.3.1, the requirement of using the whole group is replaced
by suitable random sampling from the group. Interestingly, the following
sampling scheme is also possible. Let G* C G be any finite subset of
G, where we now allow G to be an infinite group as well. Write k* =
[(1 — a)#G*]. Let h be uniformly distributed on G* and independent.
Reject H}, if and only if

T(X)>T*)(X,G*hY),

i.e. if T(X) exceeds the (1 — a)-quantile of the values T(gh™1), g € G*.
This is a randomized rejection rule, since it depends on h, which is ran-
domly drawn each time the test is executed. The rejection probability is
at most «, which follows from an argument analogous to the last five steps
of the first proof of theorem 2.3.1. Note that if G* is a group itself, then
G*h~! = G* and this test becomes non-random, coinciding with the basic
permutation test. Thus it is a generalization thereof. This result allows
using a permutation test when G is an infinite group of transformations,
from which it may not be obvious how to sample uniformly. One simply
uses any finite subset G* of the infinite group.

2.3.4 p-values based on random transformations

Phipson and Smyth (2010) give formulas for p-values, when permutations
are randomly drawn. Here we provide the required assumptions and proofs,
which follow from section 2.3.3. We then provide some additional results.
Write
B=#{l1<j<w:T(gX)>T(X)}, (2.6)

where g1, ..., g,y are random permutations with distribution to be specified.
Let b be the observed value of B. Under condition 2.2.1, Phipson and
Smyth’s p-values are exactly equal to Py, (—B > —b). Under condition
2.2.1, if g1, ..., gw are drawn such that they are from distinct elements G
of the partition and not from Gy, the p-value Py (—B > —b) is exactly

b+1

w4+ 1"
The validity of this formula follows from proposition 2.3.1. For the case that
permutations are drawn with replacement, where g1, ..., g, are independent
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and uniform on G, Phipson and Smyth also provide a formula for Py (—B >
—b), under condition 2.2.1.

The formula (B+1)/(w+1) simplifies to the formula B/w if the identity
map is added to the random permutations. It follows that the permutation
test based on random permutations becomes exact for certain « if the
identity is added. Note that this only holds if condition 2.2.1 is satisfied
and all permutations are from distinct equivalence classes G;.

We now state some additional results that follow from section 2.3.3.
Corresponding to the randomized test of proposition 2.3.2, a randomized
p-value can be defined as follows. The advantage of this p-value is that
it is always uniform on [0, 1] under H,, without requirement of additional
assumptions, and it is easy to compute. Consider the randomized test of
proposition 2.3.2 (hence with G’ as in definition 3.2.1). Suppose without
loss of generality that when T'(X) = T*,) | the test rejects if and only if
a > u, where u is uniform on [0, 1] and independent. Define the randomized
p-value by

= #{1<j<w:T(g;X) > T(X)}+u#{1 <jsw:T(gX) =TX)}

This p-value has the property that p’ < « if and only if the randomized test
rejects. This implies in particular that p’ is exactly uniform on [0, 1] under
H,. The fact that p’ is randomized is in itself not objectionable, since it is
randomized anyway due to the random transformations.
A simple upper bound to p’ is
#{1<j < w:T(g,X) > T(X))

)

w

a p-value in the weak sense, which translates to (B + 1)/(w + 1) when
g1, ..., g are for example all independent uniform draws from G. It is not
exactly uniform on [0,1] under H,. However, when w is large and there
are few ties among the test statistics, it tends to closely approximate p’, so
that it may be used for simplicity.

2.4 Applications

We briefly mention some applications where our results are particularly
useful. We have considered data X that lie in an arbitrary space X and
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an arbitrary group of transformations GG. For example, we allow X to be a
vector of functions, which is the type of data investigated by functional data
analysis (FDA) (Cuevas, 2014; Goia and Vieu, 2016). Cox and Lee (2008)
consider permutation testing with such functional data. To formulate an
exact random permutation test in such a setting, the present paper is useful.

In Hemerik and Goeman (2018), properties are proven of the popular
method SAM (“Significance Analysis of Microarrays”, Tusher et al., 2001).
This is a permutation-based multiple testing method which provides an
estimate of the false discovery proportion, the fraction of false positives
among the rejected hypotheses. Using theorem 2.3.1, Hemerik and Goeman
(2018) showed for the first time how a confidence interval can be constructed
around this estimate.

In a basic permutation test, the observed statistic 7'(X) is compared
to T") € R, a quantile of the permutation distribution. The permutation-
based multiple testing method by Meinshausen (2006), which provides si-
multaneous confidence bounds for the false discovery proportion, also con-
structs a quantile based on the permutation distribution. There, however,
I € N hypotheses and hence [ statistics T1(X), ...., T;(X), are considered.
(They consider p-values as test statistics.) Correspondingly, the quantile
which Meinshausen constructs is [-dimensional. It turns out that the cru-
cial step of the proof (the second last line of the proof, p. 231) relies on
the principle behind the basic permutation test. The present article can be
used to make this method exact. (For example, in Meinshausen (2006), id
should be added to the random permutations.)

In Goeman and Solari (2011), it is suggested to combine the method
by Meinshausen (2006) with closed testing, which leads to a very compu-
tationally intensive method. Hence preferably only a limited number of
permutations (e.g. 100) would be used. The present paper allows using
such a limited number of transformations, while still obtaining an exact
method.

2.5 Discussion

This paper proves properties of tests with random permutations in a very
general setting. Properties such as unbiasedness of tests of composite null
hypotheses and consistency do not hold in general but may be proved for
more specific scenarios. For fixed permutations, there are many results
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regarding such properties (Hoeffding, 1952; Lehmann and Romano, 2005;
Pesarin and Salmaso, 2010, 2013) which may be extended to random per-
mutations.

Aside from the permutation test, there are many multiple testing meth-
ods which employ permutations, some of which are mentioned in section
2.4. Another example is the max T method by Westfall and Young (1993).
These methods are precisely based on the principle behind the permuta-
tion test. This paper can provide better insight into these procedures, when
random permutations are used.



False discovery proportion estimation by
permutations: confidence for SAM

Abstract

SAM (“Significance Analysis of Microarrays”) is a highly popular
permutation-based multiple testing method that estimates the false dis-
covery proportion (FDP), the fraction of false positives among all rejected
hypotheses. Perhaps surprisingly, until now this method had no known
properties. This paper extends SAM by providing (1 — a)-confidence upper
bounds for the FDP, so that exact confidence statements can be made. As
a special case, an estimate of the FDP is obtained that underestimates the
FDP with probability at most 0.5. Moreover, using a closed testing proce-
dure, this paper decreases the upper bounds and estimates in such a way

This chapter has been published as: Jesse Hemerik and Jelle Goeman (2017). False
discovery proportion estimation by permutations: confidence for significance analysis of

microarrays. Journal of the Royal Statistical Society, series B (Statistical Methodology)
80(1), 137-155
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that the confidence level is maintained. We base our methods on a general
result on exact testing with random permutations.

3.1 Introduction

When multiple hypotheses are tested, interest is often in estimating the false
discovery proportion (FDP), the number of false positives divided by the
total number of rejections. When there are no rejections, the FDP is defined
to be zero. When there is unknown dependence in the data, a challenge
is to find methods that are powerful but also require few assumptions on
the dependence structure (van der Laan et al., 2004a; Meinshausen, 2006;
Genovese and Wasserman, 2006). A highly popular method for estimation
of the FDP is Significance Analysis of Microarrays (SAM) (Tusher et al.,
2001). SAM is a very general method that is not at all limited to microarray
data. It requires no parametric assumpions and almost no assumptions on
the dependence structure in the data. Instead, it adapts to the dependence
stucture by using permutations. Consequently Tusher et al. (2001) have
been cited more than 10,000 times.

The SAM procedure in Tusher et al. is based on two ideas. The first
is estimation of the FDP based on permutations of the data. The second
idea is a specific choice of the test statistic, involving a small fudge factor.
In this paper, focus is on the first idea. We do not consider a specific type
of test statistics, but allow any test statistics to be used.

The rationale of SAM is the following. SAM rejects all hypotheses with
test statistics lying in the user-defined rejection region. The number of
false positives is estimated by considering permuted versions of the data.
The median of the numbers of rejections for the permuted versions of the
data is the estimate of the number of false positives. This value divided by
the number of rejections is an estimate of the FDP. No properties of the
estimate have been proven (although Dudoit et al. (2002, 2003) note that
SAM estimates the Per-Family Error Rate). Until now SAM has been a
very sensible, but quite heuristic method.

Based on Storey (2002; 2004) an adaptation of SAM was suggested to
decrease the estimate. It is based on the idea that when there are relatively
many false hypotheses, the original SAM method tends to overestimate the
number of false positives. The reason is that the many false hypotheses
cannot lead to false positives and SAM did not take this into account. Hence
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it was suggested to multiply the basic SAM estimate by an estimate 7y of
the fraction of true hypotheses mg. Usually this leads to a lower estimate
of the FDP. This multiplication by the plug-in 7y has been implemented in
the samr R-package, the main software for SAM (Chu et al., 2001). Like
the original SAM method, this newer procedure has no known properties.

The first aim of this paper is to construct a (1 — a)-confidence upper
bound for the FDP for o € [0,1). That is, we extend SAM by providing a
confidence interval around the estimate of the FDP. Thus, for small «, we
obtain a high-confidence upper bound for the FDP. For a = 0.5, we obtain
an estimate of the FDP, which underestimates the FDP with probability
at most 0.5. This estimate coincides with the estimate of the samr package
without multiplication by 7. Our (1 — «)-upper bound is the (1 — «)-
quantile of the permutation distribution of the number of rejections. It was
inspired by a work by Meinshausen (2006), who provides upper bounds for
the FDP that are uniformly valid over multiple rejection regions.

The further contributions of this paper are procedures that decrease
the basic (1 — a)-bound, in such a way that the exact properties are main-
tained. In particular, for o = 0.5 the estimate is improved. These uniform
improvements do not require additional assumptions. As with the plug-in
method based on 7y, the gain is largest when there are relatively many false
hypotheses. The improvements are derived using a result by Goeman and
Solari (2011), who provide uniform FDP bounds by using a closed testing
procedure. Our derivation reveals surprising connections between SAM and
closed testing.

All our methods are based on a general result on exact testing with
randomly sampled permutations, which extends the work of Phipson and
Smyth (2010). This result also allows proving properties of other existing
methods based on random permutations. All methods in this paper have
been implemented in the R package confSAM.

This paper is built up as follows. In Section 3.2.1 the basic (1 — «)-
bound for the FDP is discussed. A closed-testing based improvement of this
method is presented in Section 3.3, including a fast approximation of this
improvement. In Section 3.4 a conservative shortcut is constructed for the
method from Section 3.3. The proposed methods are applied to simulated
data in in Section 3.5. Section 3.6 contains an analysis of real data.
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3.2 Basic upper bound

In this section the basic (1 — «)-bound for the FDP is discussed.

3.2.1 Setting and notation

Througout the paper, we consider the following setting. Let X be data,
taking values in a sample space X. Consider hypotheses Hi, ..., H,, and
test statistics T; : X - R, 1 <i<m. Foreach1 <i<m,let D; CR bea
rejection region associated with hypothesis H; and test statistic 7;. That
is, H; is rejected if and only if T;(X) € D;, so that

R={1<i<m:TyX)e D}

is the set of indices of rejected hypotheses. We simply call R the set of
rejected hypotheses. We write R¢ = {1,...,m} \ R. Let

N ={1<i<m:H;is true}
be the set of true hypotheses. Let
N =#N, R=#R

and
V=#NNR,

the number of false positives. Since sets and numbers such as R, R and
V' depend on the data, we denote them as functions on X. For example,
for z € X, R(x) denotes the set of rejected hypotheses for data x. The
set A does not depend on the data, since the hypotheses are fixed. Thus
V(z) = #(R(z) N N). When no argument is written, this means that the
argument is X. For example, R is short for R(X). The false discovery

proportion is

Vv
FDP = —
R

if R > 0 and 0 otherwise.
All methods in this paper are based on permutations or other transfor-
mations of the data. Let G be a finite set of transformations g : X — X,

such that G is a group under composition of maps. Throughout the paper
we use the word ‘group’ in the strict algebraic sense, rather than loosely
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in the meaning of ‘set’ as is often done in the statistical literature. We
write g(x) as gx. In practice G is often a group of permutation maps.
Sometimes other groups of transformations will be used, such as rotations
(Langsrud, 2005; Solari et al., 2014) and multiplication of part of the data
by —1 (Pesarin and Salmaso (2010), pp. 54 and 168).

The following assumption, made throughout this paper, underlies many
permutation-based multiple testing methods, e.g. Westfall and Young’s
max 7T method (1993), Meinshausen and Biithlmann (2005) and Mein-
shausen (2006).

Assumption 3.2.1. The joint distribution of the test statistics T;(gX)
with i € N, g € G, is invariant under all transformations in G of X.

In applications, an argument needs to be given for this distributional
assumption. As a mathematical example where the assumption is satisfied,
consider a basic randomized trial where H; implies that the distribution
of the expression level of gene i is the same for cases and controls. Typ-
ically each T; only depends on the expression levels measured for gene 1.
Then Assumption 3.2.1 is satisfied if the multivariate distribution of the
expression levels corresponding to N is the same for cases and controls.

It is allowed to define NV simply as the largest set of hypotheses for which
Assumption 3.2.1 is satisfied, as in Meinshausen and Biithlmann (2005).
This is a less usual definition of A/, but Assumption 3.2.1 is then guaranteed
to hold.

Throughout the paper, random transformations from G are used. The
vector of random transformations is defined as follows.

Definition 3.2.1. Let G’ be the vector (id, ga, ..., gw), where id is the
identity in G and g2, ..., g,y are random elements from G. Write g; = id. The
random transformations can be drawn either with or without replacement:
the statements in this paper hold for both cases. In the latter case, w < #G.
If we draw gs, ...g,, without replacement, then we take them to be uniformly
distributed on G \ {id}, otherwise uniform on G.

For Z C {1,...,m} and = € X, write
Rz(x) = #R(x)NT.

Let
RY < .. < RrW
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be the sorted values Rz(g;X), 1 <j <w. We have Ry .3 = R, so write
RU) .= Rg) 1<j<w.

ooy }?
Throughout the paper, a € [0,1) and & = [(1 — a)w], the smallest
integer at least as large as (1 — a)w. The minimum of two numbers a and

b is denoted by a A b.

3.2.2 Upper bound and median unbiased estimate

Here the upper bound and estimate for the FDP are constructed. We first
prove the permutation principle that underlies our methods. It is known
that the permutation test is exact when the set of transformations (e.g.
permutations) has a group structure (Hoeffding, 1952). For example, the
set of all possible permutation maps is a group. In recent decades, permuta-
tion methods have become popular. Often random permutations are used,
to limit the computation time. Usually a p-value based on random permu-
tations is seen as an estimate of the true permutation p-value. However,
it is also possible to compute an exact p-value based on random permu-
tations, if they are suitably sampled from a group. Phipson and Smyth
(2010) provide formulas for exact p-values based on random permutations
under some assumptions. Their results imply that to obtain a valid test,
the original observation should be included with the random permutations.
However, they ignore the role of the group structure, which is fundamental
to permutation methods. Moreover, it has not been clear how results on
testing with random permutations generalise to other permutation meth-
ods (such as SAM and Meinshausen, 2006). We now state a general result
on testing with random transformations. This result can be used to prove
properties of various permutation-based multiple testing methods. We will
illustrate this in Theorem 3.2.2, where we apply Theorem 3.2.1 in the SAM
context.

Theorem 3.2.1. Let S : X — R be a test statistic. Let SN (X,G') < ... <
SW)(X,G") be the ordered test statistics S(g;X), 1 < j < w.

Consider a null hypothesis Ho which implies that the joint distribution
of the test statistics S(gX), g € G, is invariant under all transformations

in G of X. Then under Hy, P(S(X,G") > S®(X,G")) < a.

Proof. From the group structure of G, it follows that for all 1 < j < w,
G’ gj_1 and G’ have the same distribution, if we disregard the order of the
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elements. Let j have the uniform distribution on {1, ..., w} and write h = g;.
Under Hy,
P{S(X) > sW(X,G")} =

P{S(X) > SW(X,G'n ")} =
P{S(hX) > S®(hX,G'h ")}
Since (G’h~1)(hX) = G'(h~*hX), the above equals

P{S(hX) > SW (A 'hX,G")} =
P{S(hX) > S®(x,G")}

Since h = g; with j uniform, this equals
E[w’l#{l <j<w:89(X,G) > sW (X, G')}] <a,

as was to be shown. O

The value R is the (1 — a)-quantile of the numbers of rejections for
the permuted versions of the data. The following theorem states that this

simple quantile is a (1 — a))-upper bound for the number of false positives
V.

Theorem 3.2.2. The number V := R®) A R is a (1 — &)-upper bound for
V, ie.
PV<V)>1l-a.

Proof. Let
v < <yv@)

be the sorted values V(g;X) = #(R(g;X)NN), 1 < j < w. With Theorem
3.2.1 it follows that
P(V>V®) <a

Since V®) < R(K),
P(V<R®)>1-a

and the result follows. O
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Note that V' < V holds if and only if V/R < V /R, provided R > 0.
Thus V /R, which is interpreted as 0 when R = 0, is a (1 — a)-upper bound
for the FDP. Note that taking o = 0.5 in the above theorem provides an
estimate V of V with the property that IP’(V < V) > 0.5. We will call such
an estimate median unbiased, in line with the existing notion of a median
unbiased estimator of a parameter.

By assumption, the dependence structure of the test statistics 7;(X),
i € N, is maintained by their permutation distribution. The quantile
V is based on the permutation distribution of the number of rejections
R, which is based on the permutation distribution of the test statistics.
Hence V is adapted to the joint distribution of the test statistics T;(X),
i € N. Therefore the method does not need to take into account a worst-
case scenario for their dependence structure. Thus, by using permutations,
relatively tight bounds for the FDP tend to be obtained.

3.2.3 Choice of rejection regions

The rejection regions D; can be freely chosen, provided that they are not
based on the data. When they are based on the data, this may introduce
some selection bias, especially when the regions are cherry-picked in such
a way that the number of rejections is large compared the estimate of V.

When the rejection regions D; do not depend on the data, it is not al-
ways possible to choose sensible rejection regions when little is known about
the distribution of the test statistics. We can use permutation p-values as
test statistics however, such that we can always choose a sensible rejection
region, for instance (0,0.01]. This leads to about 0.01N false positives on
average. In the setting of SAM, such p-values based on permutations (or
other transformations) can nearly always be calculated. These p-values
can be based on random permutations, as in Theorem 3.2.1. Moreover, it
is allowed to base all m p-values on a single collection of random permuta-
tions (independent from gy, ..., gy), since the test statistics are essentially
assumption-free. Note that permutation p-values are never smaller than
one divided by the number of permutations. Thus, when the rejection
region is (0, c), more than ¢~! permutations should be used.

When the cutoff ¢ is very small, the number of random permutations
needed is very large, which may make using permutation p-values time-
consuming. A possible practical solution is the following. Often the tail of
the permutation distribution of each T; can be modeled by e.g. a general-
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ized Pareto distribution (Knijnenburg et al., 2009). In that case, draw a
small number of random permutations, compute the corresponding values
of the test statistic T; and fit such a distribution to these values. Then use
D; = (¢;,00) as the rejection region for T;, where g; is the (1 — c¢)-quantile of
the distribution determined for T;. Note that this means that the rejection
regions are data-dependent. However, since they depend on permutations
of the data and not on cherry-picking the regions that give the strongest re-
sults, the selection bias tends to be very limited or absent. Since this paper
focuses on proving exact properties however, we will keep the assumption
that the rejection regions D; are fully independent.

3.3 Closed testing for improved bounds

Especially when there are many false hypotheses, the basic bound V does
not exhaust a. The reason is that V then tends to be substantially larger
than the bound V(*) as can be seen from their definitions. The bound
V) cannot be computed in practice but has been shown to be a (1—a)-
upper bound in the proof of Theorem 3.2.2. The closed testing principle
(Marcus et al., 1976) is a powerful method for familywise error rate control.
Goeman and Solari (2011) show how closed testing can be used to obtain
upper bounds for the FDP. By relating SAM to closed testing, we will be
able to derive a potentially smaller upper bound for V' than the basic bound
V. The improved bound is still valid with probability 1 — .

3.3.1 Closed testing

We recall the closed testing principle and how it can be used to obtain
uniform upper bounds for the FDP. For each nonempty Z C {1,...,m},
denote by Hz the intersection hypothesis ();.; H;, the hypotheses that all
hypotheses H;, ¢ € I, are true. Suppose that for each nonempty Z C
{1,...,m} an a-level test for Hr is defined. These 2™ — 1 tests are called
local tests. The closed testing procedure rejects all Hz for which all H
with Z C J C {1,...,m} are rejected by their local tests. By Marcus et al.
(1976), the probability that the closed testing procedure rejects at least
one true intersection hypothesis is at most a. Thus the procedure strongly
controls the familywise error rate at level a.
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The FDP upper bounds are derived as follows. Let
C={Z C{l,..,m}: Hris rejected by the closed testing procedure}.
For each K C {1,...,m} define
Ve K) =max{#Z: ZTCK, IT¢&C},

where the maximum is defined to be zero if the set is empty. By Goeman
and Solari (2011) the following holds.

Theorem 3.3.1. Uniformly over all K C {1,....m}, V4(K) is a (1 — a)-
upper bound for #K NN, i.e.

Pl [ {#LAN STV} =10

KCA{1,...,m}

The proof is in Goeman and Solari (2011). Note that #K NN is the
number of false positives if K is the rejected set. Thus the theorem provides
bounds for the numbers of false positives that are uniform over all possible
rejected sets. Thus, if the rejected set is chosen based on the data, then
the corresponding upper bound is still valid with probability at least 1 — a.

A closed testing procedure depends on its local tests. For different local
tests, different closed testing procedures are obtained. The more power
the closed testing procedure has, the lower the resulting FDP bound tends
to be. One particular closed testing procedure leads directly to the basic
bound V. The reader can check that this is the closed testing procedure
based on the local tests that reject Hr if and only if Rz > R, In Section
3.3.2 a more powerful closed testing procedure is considered, which allows
improvement of the basic bound V.

3.3.2 Improved FDP bounds

To obtain an improvement of the bound V for the number of false positives,
we use a more sophisticated closed testing procedure. For each nonempty
Z C {1,...,m} consider the local test that rejects Hz if and only if Rz >
R(Ik). (See the notation defined in Section 3.2.1.) This test has level at most
a by theorem 3.2.1. Throughout the rest of this paper, let V. (K) refer to
the closed testing procedure based on these local tests. Note that Vi (R)
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provides an upper bound for V = #R NN, the number of true hypotheses
in R. We write V¢ := Ve (R).

The bound V¢ (R) is ideal in the sense that no smaller (1 — «)-bound
for V is given in this paper or elsewhere in the literature, under our as-
sumptions. In practice however, it is often computationally infeasible to
calculate this bound without the use of shortcuts. Indeed, when naively
computing V¢, a huge number of local tests needs to performed unless m is
small. This section is devoted to deriving an exact shortcut for calculating
V. In Section 3.4 a conservative shortcut will be derived, i.e. an efficient
method for finding an upper bound for V.

The following lemma offers a shortcut for determining whether Hrz is
rejected by our closed testing procedure.

Lemma 3.3.1. ForZ C {1,....,m}, Z € C if and only if Ry > R(I@RC‘

Proof. To prove the first implication, note that

ITels
For all ZC J C {1,..,m}, Ry > RY =
RIURC > R(ZISR" <~

Rr>RY...
For the reverse implication, suppose
#TnR>RE . (3.1)
and let Z C J C {1,...,m}. Then
Ry=#INR+#(IT\I)NR (3.2)

and, because obviously #.A > REZ&B — Rgg) for A, BC{1,...,m},

k k k k
#ITNI)NR 2 Rg(}\l)mR)u(IuRc) - R(IU)RC = RfY) o R(IJRC' (3:3)

Combining (3.1), (3.2) and (3.3) yields

k k k k
Ry > R(zgn + RE7) - R(IJR = RE7)'

Thus all Hy with Z C J C {1,...,m} are rejected by their local tests, so
that Z € C. O
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Due to this shortcut, te determine whether Z € C it is not necessary
to perform all local tests for the hypotheses H 7 with Z C J. Instead, it
suffices to check if Ry > R(I@Rc.

Using this fact and additional observations, the following exact shortcut
is obtained for determining V.

Proposition 3.3.1. The bound V. equals

RA [min{l <M<R: forallT CR with#I =M, M > R(I’fjnc} —1].
(3.4)
Proof. By Lemma 3.3.1, V(R) =

max{#Z : T CR,Rr < R(IISRC} =
max{#Z : T C R, #I < R(IkJRc} =

RA [min{lSMSR: for all T C R with #Z > M, #I>R(I]8Rc}—1].

For any T C R, if #T > R ). then for all TC J C R, #J > R o..
0

Hence the above equals (3.4).

Using Proposition 3.3.1, V¢ can be calculated much faster than by
naive computation based on the definition of V. When R or V4 is large
however, calculating V. is often still infeasible; the computation time is

R

roughly proportional to (Vct +1) if Vet < R. Hence in Section 3.3.3 a method

for approximating V¢ is defined. Moreover, in Section 3.4 a conservative
shortcut is derived, which calculates an upper bound to V in relatively lit-
tle time. The performance of these methods is illustrated with simulations
in Sections 3.5.5 and 3.5.6.

3.3.3 Approximation method

We propose a method for approximating the bound V, for cases where
computing Vo is infeasible. Proposition 3.3.1 states that

Vct:R/\[min{lgMgR: M>M(M)}—1], (3.5)
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where

(M) = maX{R(IkJRC : ITCRand#Z=M}.

Determining p(M) can be computationally infeasible, since the number of
subsets Z C R with #Z = M can be huge. Hence we propose to draw a big
number of random sets Z C R with #Z = M and calculate the maximum
for this collection of subsets. That is, we consider an approximation

w (M) = max{R(Iku)Rc . IeS},

where S is some large random subcollection of {Z C R : #Z = M}. This
leads to the estimate

Vi=RA|min{1<M<R: M>p* (M)} —1|. (3.6)
B }

Note that p*(M) < p(M) and consequently Vi, < V. Hence Vi, is
not guaranteed to be a (1 — «)-confidence upper bound. However, in many
cases, including the simulation scenarios considered in Section 3.5.6 , Vi,
is still a (1 — a)-confidence bound for V. The reason is that V,, converges
to Vet for #S — oo. For details see Section 3.5.6.

3.4 Conservative shortcut

Here we will construct a conservative shortcut for the closed testing-based
method that provides V. The shortcut is much more computationally
efficient and can often be used when there are thousands of rejections. The
upper bound V. that the shortcut provides is always less than or equal
to the basic bound V. On the other hand, it only improves V in specific
settings, some of which are considered in Section 3.5.5. The bound V. is
often larger than V. It is never smaller than V, which guarantees its
validity as a (1 — «)-confidence bound. Thus the following ordering holds:

V Z Vsc > Vct 2 V:t

The bound V. depends on (M), the computation of which can be
computationally infeasible. Lemma 3.4.1 provides an upper bound U (M)
for this maximum which can often be computed in a limited amount of
time even when there are thousands of rejections. This will lead to the
conservative shortcut for the full closed testing-based method.
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Note that the upper bounds V and Vs are functions of
R(g1X),..., R(guwX), the rejected sets for the transformed versions of the
data. Reindex the transformations such that R(g;1X) < ... < R(gwX).
Hence R(g;X) = R for all 1 < j < w. The collection of rejected sets can
be represented by a binary m x w-matrix M, where

)1 if i € R(g;X),
i.3) 0 otherwise.
Since the upper bound Vi can be viewed as a function of this matrix,
the problem of finding shortcuts for the closed testing-based method is
essentially a combinatorial one.
To have an intuitive understanding of Lemma 3.4.1 below, it is useful

to view the quantities considered in it as functions of the matrix M. For
each 1 < 7 < w, we define

S; = Rr(g;X).

Note that this is the sum of the elements of M that are both in the j-th
column and in the rows corresponding to the rejected set R = R(X). Next,
define for each i € R

Y= Z Ryiy (95 X).

1<j<w

This is simply the sum of the elements of the i-th row of M. Let ) <
< E(R) be the sorted values X; and for 1 < M < R let

We now state the main result on which the conservative shortcut is based.
Lemma 3.4.1. For each s € N define

Ne=#{1<j<k: RV < RF _ g},
My=k—1—N;,.

For each s € N and Ny < j < w, let
K3 = max {0, 5; — (RY — R 4 s)}

and let K(sl) > .2 wa_Ns) be these values sorted from large to small.
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For1< M <R let

UM)=R® —1—max A,

where A =
{sEN S(M)> Y S+ > min{S;, RV-RW4shy H° K(Sj)}.
1<j<Ns Ns<j<w 1<j< M,
Then
U(M) > u(M).

Proof. Let 1 < M < R. Write
B={RCIC{l,..,m}: #T =#R+ M}.

Note that
p(M) = max{R\ : T € B}.

The proof consists of three parts. In part 1 we show that 0 € A implies
R®) > ;(M). In part 2 we note that for all s € N, s € A implies R*®) —s >
p(M). We then conclude that by definition U(M) > u(M).

—Part 1.

Suppose 0 € A. Consider any Z € B. Write Z¢ = {1, ...,m} \ Z. Note that
#I¢ = R — M. Hence, by choice of X,

> Rpe(giX) > % (3.7)
1<j<w
Since 0 € A,
> Rre(giX)> > Si+ > min{S;,RY - R®}+ M K.
1<j<w 1<j<No No<j<w 1<j<Mo
(3.8)

First note that

Z Rzc(g; X Z Sj,

1<5<Ng 1<g<1\/0

since Rze(g;X) < S; for all j. Hence with (3.8) it follows that

> Rre(gX)> > min{S;, RY-R®}+ > K. (3.9

No<j<w No<j<w 1<j< Mo
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Suppose that R(Ik) = R®). This implies that
#{No < j <w:Rz(g;X) < R®} < My, (3.10)
and equivalently
#{No < j <w: Rz(g;X) > R®} > (w— No) — M. (3.11)
For the indices j in the set at (3.10),
Rzc(g; X) < S;.
Moreover, for the indices j in the set at (3.11),
Rze(g9;X) = RY — Rz(g;X) < min{S;, RV — R},

These observations imply that >y i, Rze(g;X) is at most the right side

of (3.9), which contradicts (3.9). Hence R*) +# R(Ik), ie. R%) > R(Ik). Since
this holds for all Z € B, by definition R*) > p(M).

—Part 2.

Consider any Z € B. Let s € N. In part 1 we supposed that 0 € A; we
now more generally suppose that s € A. It follows like in part 1 that
R®) — 5> R(Ik) and consequently R — s > pu(M).

—Part 3.

Since this holds for all s € A, we have R*) — max A > u(M), i.e.

R™ —1 —max A=U(M) > u(M).

By (3.5), Lemma 3.4.1 and the fact that Ve <V,
Ve =V A [min{l <M<R: M> U(M)} 1]

is an upper bound for V. Recall that the calculation of V. is usually
feasible when there are many thousands of rejections, but this shortcut
only provides an improvement over V in some situations with many false
hypotheses, as is illustrated with simulations in Section 3.5.5.
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3.5 Simulations

We investigate the performance of the discussed methods on simple simu-
lated data. In sections 3.5.2 and 3.5.3 variants of the basic SAM method are
investigated as upper bounds (for o = 0.05) and as estimates (for o = 0.5).
Some of the variants considered are based on plug-in estimates of the frac-
tion of true hypotheses my as in the samr package. In section 3.5.4 the
closed testing-based bound Ve is compared to the basic bound V. The
performance of the shortcut is illustrated in Section 3.5.5. All simulations
were performed with R.

3.5.1 Simulated data and tests used

Here we describe the simulated data and tests used for all simulations. The
simulated data matrix was the 2n x m-matrix

X =X'+7Z.

It can be seen as representing m gene expression levels of 2n persons. Here
X' is a 2n x m-matrix of independent normally distributed variables with
variance 1. For some 0 < F' < m, in the first /' columns of X the first
n entries had mean 1 and all other entries had mean 0. The matrix Z
was used to make the entries in each row of X correlated. It is defined
by Zj; := s;Zj, where s; = 1 — 215,21 and each Z; is independent
and normally distributed with mean 0 and standard deviation oz. For
1<j<2nand1 <i<i <m wehave Cov(X;j, Xjir) = E(j:ZJZ) =t0,°,
hence the correlation is

+o,2

P(in: in’) = TO_ZQ'

For each 1 < i < m, let H; be the null hypothesis that X ;..., X2, ;
are independent and standard normally distributed. Thus the first F
hypotheses were false, such that the fraction of true hypotheses was
o = (m — F)/m.

Under H;, the test statistic

n 2n
T; = ZX]l - Z X
j=1

Jj=n+1
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is normally distributed with variance 2n-(1+022), so that we can efficiently
calculate the corresponding two-sided p-value, i.e. the probability under
H; of a larger value of |T;| than observed. The test statistics used in the
simulations were these p-values. For each hypothesis we used the same
rejection region D of the form (0, c), where ¢ € (0,1) is some cutoff.

As the group of transformations we used the (2n)! maps that shuffle the
rows of X, leaving each individual row intact. These can e.g. be seen as
permutations of cases and controls. In all the simulations except those of
Section 3.5.5 we used w = 100, i.e. each time we drew 99 random permu-
tations and added the identity. For larger w similar results are obtained
(see also Marriott, 1979). The values of m, m, the cutoff ¢, @ and |p| are
specified per case below.

3.5.2 Performance of variants of SAM as bounds

For m = 1000, a = 0.05 and rejection region D = (0,0.01), we investi-
gate the performance of variants of SAM as (1 — «)100%-confidence upper
bounds of the FDP. Some of the variants of SAM discussed here are based
on an estimate my of mg = N/m. Like the samr package, we calculated 7y
* #1<i<m:P>q}
0.5-m ’

where ¢; is the 0.5-quantile of the permutation distribution of P;. We write
FDP := R® /R, where FDP = 0 for R = 0. Note that FDP is potentially
larger than 1. We also write 7, = 7y A 1 and FDP =FDP AL

Table 3.1 shows 95%-confidence intervals for the probabilities that the
bounds were smaller than the real FDP, for different values of my and |p|.
The value |p| = 0.5 corresponds to oz = 1. From Table 3.1 it can be seen
that FDP is the only bound with the desired property P(upper bound <
FDP) < «. For the other bounds, this probability is much larger than «
for many settings (see also Korn et al., 2007), especially under dependence.
This is related to the known fact that the estimate 7 often has low accuracy
under dependence (Qiu et al., 2005; Qiu and Yakovlev, 2006; Kim and
van de Wiel, 2008; Schwartzman and Lin, 2011). For a = 0.1 we got
similar results.

The tables in Sections 3.5.2 and 3.5.3 are based on 5000 simulations per
setting, which took about half an hour per setting on a good PC.
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Table 3.1: 95%-confidence intervals for P(upper bound < FDP), for a« = 0.05. Proba-
bilities larger than 0.05 are shown in boldface.

o |pl FDP #%0-FDP  #)-FDP  7}-FDP

1 0 .038 £.006 .063 £+ .007 .063 +.007 .505+.014
1 0.5 .0474+.006 .114+.010 .114+.010 .381+.013
095 0 .012+£.004 .028+£.005 .028 £.005 .028 £ .005
0.95 0.5 .0434+.006 .106 +=.009 .106 £.009 .238 +.012
08 0 .000£.001 .002+.002 .002+£.002 .002 & .002
0.8 0.5 .0294+.005 .088 £.009 .088£.009 .181+.011
05 0 .000 £.001 .000 £ .001 .000+£.001 .000 &£ .001
05 05 0164 .004 055+ .007 .055+.007 .116 +.009

3.5.3 Performance of variants of SAM as estimators

We performed the same simulations as in Section 3.5.2, but with o = 0.5.
For a = 0.5 we write FDP := FDP and we let @/ = FDP A 1. Table
3.2 shows for the different estimates the probability of underestimating the
FDP, for different values of my and of the correlation.

The simulations confirm that, as we have proven, IP’(P{D\P/ < FDP) <
0.5 = q, i.e. it is a median unbiased estimator. Note also that for the
estimate 7, - @/, this does not hold in all situations. For many of the
simulated settings however, all estimates were median unbiased.

In Table 3.3 95%-confidence intervals are shown (assuming normality)
for the expected absolute errors of the different estimators. Note that for

—/
large mp, FFDP was a more accurate estimator than the estimators that use
7o or 7. For small 1y and no correlation, the other estimates were more
accurate. When there was correlation, the estimates based on 7y were often

less accurate than @/. The reason for this may be that 7y and 7, were
less accurate estimators of g under dependence than under independence.
The low accuracy of 7y under dependence is a known issue (Qiu et al.,
2005; Qiu and Yakovlev, 2006; Kim and van de Wiel, 2008; Schwartzman
and Lin, 2011).

Apart from recording the absolute errors we also recorded the relative
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Table 3.2: Estimates of P(estimate < FDP) for o = 0.5. Each estimate is based on 5000
simulations, such that it differs less than 0.015 from the real value with probability at
least 95%.

T ol FDP #-FDP #,-FDP #,-FDP
1 0 0.44 0.51 0.51 0.69
105 045 047 0.47 0.47
095 0 0.32 0.43 0.43 0.43
0.95 0.5 044 0.46 0.47 0.47
0.8 0 0.08 0.29 0.29 0.29
08 05 0.37 045 0.45 0.45
05 O 0.00 0.16 0.16 0.16
0.5 0.5 0.28 0.40 0.40 0.40

Table 3.3: 95%-confidence intervals for E|estimate — F'DP| for a = 0.5. In each row, the
smallest average error is shown in boldface.

T |l FDP % -FDP #,-FDP #,.-FDP
1 0 .091 +£.004 .3054.012 .298+.012 .104 +.004
1 0.5 332+ .011 543 £.018 469 £.014 .348 &+ .011
095 0 .099 +.002 .096 +.002 .096 +.002 .096 + .002
0.95 0.5 387 £.009 .5204.017 .456 £.014 .399 £ .009
0.8 0 .050 +.001 .034+.001 .034+.001 .034+.001
0.8 0.5 .236 £.008 .268 £.010 .256 £.009 .244 + .008
05 0 .044 +.000 .015+.000 .0154+.000 .015=+.000
0.5 0.5 145 4+ .006 144 £ .007 .143 £ .007 .142 £ .007
differences .
estimate B 1|
| FDP ’

—
For this error measure we got similar results. In particular, FDP was the
best estimator of the FDP for large .
The closed testing-based estimate V /R (for o = 0.5) and its approxi-

— —
mation V:t /R are often more accurate than FDP (results not shown). For
lp| = 0 and 79 < 0.8 however, the estimates based on 7y still performed
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best.

3.5.4 Performance of the closed testing-based bound

Here we illustrate that the bound V. based on the full closed testing pro-
cedure often improves the basic bound V. We computed V; using the
shortcut in Proposition 3.3.1. Recall that calculating V¢ is often computa-
tionally infeasible when R or V is large, hence we took m = 100. Further,
we took @ = 0.1 and D = (0,0.01) as the rejection region. We calculated
95%-confidence intervals (assuming normality) for the expected values of
the (1 — o)-upper bounds. The results are shown in Table 3.4. Recall that
V/R and V. /R are the (1 — a)-confidence FDP bounds corresponding to
V and V.

Table 3.4: 95%-confidence intervals for E(upper bound). The column below “R” shows
the average number of rejections. The value |p| = 0.2 corresponds to oz = 0.5.

0 ‘p‘ R V/R VCT/R

09 0 8.8+0.1 0.35£0.01 0.334£0.01
09 0.2 76+£02 047+0.01 0.46=£0.01
07 0 23.9+£0.5 0.18£0.01 0.12+£0.00
0.7 0.2 202+£1.1 0.23£0.02 0.18£0.02
0.5 0 39.1+£05 0.15+0.01 0.08=£0.00
0.5 0.2 400+£1.8 0.17+£0.01 0.11+£0.01

The table shows that if mg is near 1, the basic bound V and the closed
testing-based bound V¢ are close, but when there are many false hypothe-
ses, closed testing provides a substantial improvement. The same holds for
a = 0.5.

The simulations were computationally intensive, especially for g = 0.5
when there were many rejections. For this value of my, 100 simulations took
about 40 hours on a good PC.

3.5.5 Performance of the conservative shortcut

We illustrate that in some settings for o = 0.5 the estimate V. obtained
with the conservative shortcut defined in Section 3.4 is lower than the
basic estimate V. In these simulations m = 2000. We also took w = 2000
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and D = (0,0.1), because the shortcut usually does not improve V if the
cutoff and w are small. For different values of 7wy and the correlation,
we calculated confidence intervals (assuming normality) for the expected

absolute difference from the real F'DP, for F/D\P, and ﬁsc = Vs/R.
The results are shown in Table 3.5. The computation time was a few
minutes per 100 simulations.

As expected, the shortcut only improved F/ﬁ/ when 7y was far from
1. The shortcut provides less small bounds than the full closed testing
procedure, but is computationally feasible for larger datasets. For such
datasets, it is the best computationally feasible bound that has been proven
to be a (1 — a)-confidence bound.

Table 3.5: 95%-confidence intervals for E|estimator — F'DP|. The value |p| = 0.2 corre-
sponds to oz = 0.5.

w0 |l FDP FDP,,

0.8 0 0.117 £ 0.006 0.117 £ 0.006
0.8 0.2 0.145+0.010 0.145 4+ 0.010
05 0 0.157 £ 0.002 0.150 4 0.002
0.5 0.2 0.140 £ 0.006  0.140  0.006
01 O 0.177 £ 0.001 0.105 4 0.001
0.1 0.2 0.171 £ 0.002  0.157 + 0.003

3.5.6 Performance of the approximation method

We now investigate the approximation method (Section 3.3.3), which pro-
vides smaller bounds than the conservative shortcut. Its validity as a
(1 — a)-confidence bound has not been proven (for finite #S), hence we
use simulations to investigate its validity.

Firstly we show that in the simulation settings where computation of
Ve was feasible, the estimate V:t is on average close V. In the settings
of Section 3.5.4 (a = 0.1), we constructed S as a collection of 1000 inde-
pendent, uniformly distributed random subsets from {Z C R : #Z = M}
(duplicates were allowed). In table 3.6 it can be seen that V:t was on aver-
age close to V. This means that they were usually equal and sometimes
V., was equal to Ve — 1 or Vi — 2. Taking #S smaller (larger) than 1000
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naturally resulted in a larger (smaller) average estimation error (result not
shown).

Table 3.6: The last column shows the average absolute difference between the two upper
bounds ofjhe FDP. The second-last column shows confidence intervals for the expected
values of Vi /R. The value |p| = 0.2 corresponds to oz = 0.5.

T |l Vei/R [Vet/R —Vei/R|
09 O 0.334+£0.01 0.000
09 0.2 0.46 £0.01 0.000
0.7 0 0.124+0.00 0.005
0.7 0.2 0.18 £ 0.02 0.006
05 0 0.08 = 0.00 0.005
0.5 0.2 0.11 +£0.01 0.006

The estimate V; of V¢ is good, but not perfect. This is irrelevant for
our purposes however, as long as V:t has the desired property of being a
(1 — av)-confidence bound. In the last column of Table 3.7 it can be seen
that this is the case for the simulation setting of Sections 3.5.2 and 3.5.3.
(Note that we took m = 1000 again, since the approximation method is
feasible for large m.) Here #S was again taken to be 1000.

It was also interesting to compare V:t to the bound V(). The bound
V(*) which is unknown in practice, was shown to be a (1 — a)-confidence
bound in the proof of Theorem 3.2.2. Table 3.7 shows that the probability
that V., < V) was very small in the simulation settings of Sections 3.5.2
and 3.5.3, with V. > V#) being much more likely. Since V¥ is a (1 — a)-
upper bound, it is then not surprising that V; is also a (1—a)-upper bound
in these settings.

For other values of o (and for p-values based on a t-statistic), we simi-
larly found that V:t was a (1 — a))-confidence bound. Based on these find-
ings, it seems reasonable to use Vi as a (1 — a)-confidence upper bound
in practice, given that the test statistics are p-values as was the case in
our simulation settings. We recommend taking #S as large as possible in
practice (try #S > 10%).
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Table 3.7: The same simulation setting as in Sections 3.5.2 and 3.5.3 was taken. The
second last column shows the estimated probability that V., was smaller than the bound
V&) The last column shows the error rate. The estimates are based on 5000 simulations
per setting (taking up to 5 hours).

m ol ER P(Ve <V®) P(Ve <V)
1 0 10.0  0.000 0.039
1 0.5 10.0  0.018 0.050
095 0 27.9  0.000 0.014
0.95 0.5 18.2  0.013 0.048
0.8 0 81.6  0.000 0.002
0.8 0.5 40.0  0.007 0.035
05 0 188.3  0.000 0.000
0.5 0.5 87.8  0.002 0.024

3.6 Application to data

We illustrate the performance of the (1 — a)-upper bound V /R on real
data. We analyse the freely available dataset that was used for the original
SAM paper by Tusher et al. (2001). The dataset contains gene expression
levels of about 7000 genes measured with a microarray. For each gene there
are eight observations, of which four from unirradiated cells and four from
irradiated cells. In each of these two groups there are two observations
from one cell line and two observations from another cell line (making four
observations per cell line). More details are in Tusher et al. (2001).

We performed the same analysis as Tusher et al., with the addition
that we calculated (1 — «)-confidence upper bounds for the FDP. Not all
8! permutations were used but only the permutation maps that permuted
within the two cell lines. There are 4!4! = 576 such permutation maps.
Note that this set of permutation maps has a group structure. This group
consists of 36 classes of 16 equivalent permutations that always give the
same test statistic. Using one permutation from each class leads to the same
analysis as with 576 permutations, so we only use 36 distinct permutations.
The same permutations are used in Tusher et al. (2001).

For gene i, H; is defined as the hypothesis that the distribution of the
expression level of gene i is the same for all cells. Note that Assump-
tion 3.2.1 is satisfied if the joint distribution of the gene expression levels
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corresponding to A is the same for cases and controls. As a biological argu-
ment for this exhangeability, note that it seems unlikely that the treatment
would affect the joint distribution of the gene expressions corresponding to
N, while leaving the marginal distributions unchanged.

In Tusher et al. and here, the user chooses a threshold A > 0. Based
on A and the data, the rejection region D is calculated. This region is of
the form (—o0, ¢1) U (c2,00), with ¢1, ca € R. Details on how the cut-offs
c1 and co are based on A and the data are in Tusher et al.. The larger A
is, the fewer hypotheses are rejected and the smaller the FDP tends to be.
The dependence of the cut-offs on the data might lead to bias. The bias is
minor or absent however, as long as A is not cherry-picked after looking at
the data. In the analysis here and in Tusher et al. no plug-in estimate of
T was used.

Considering the same values of the threshold A as Tusher et al. and
some larger values, we calculated the corresponding estimates of the FDP as
well as the basic (1 — a)-confidence upper bound for the FDP. The results
are shown in Table 3.8. Here FFDP, stands for V/R for 1 — o = Y = 7, 80
that e.g. FDPO g is a 90%—conﬁdence upper bound for the FDP. FDPmeam
stands for Vmean /R where Vmeam is the mean of the values R(¢9X), g € H,
where H is the set of 36 permutations . This is the estimate that is reported
in Table 1 in Tusher et al. (2001). Keep in mind that the bounds are not
uniform over A or a.

Table 3.8: For different values of the threshold A, estimators and bounds for the FDP are
shown. R is the number of rejected hypotheses. The value F'D Py 5 is a median unbiased
estimator of the FDP and FD Py g5 is a 95%-confidence upper bound for the FDP.

A R FDPyean FDPys FDPyy FDPogs
0.3 571 0.56 0.45 0.97 1

0.4 282 0.46 0.34 0.99 1

0.6 162 0.35 0.25 0.98 1

0.9 80 0.24 0.13 0.88 0.98

1.2 46 0.18 0.09 0.67 0.98

1.8 26 0.14 0.08 0.46 0.85

2.5 12 0.12 0.08 0.42 0.75

3 10 0.12 0.10 0.30 0.70

3.5 3 0.06 0 0.33 0.33
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Some of our results are slightly different from those in Table 1 in Tusher
et al. (2001), which may be due to a minor difference in the code or the
data used. Note that for every A the estimate F D Py 5 based on the median
is smaller the estimate F'DPean based on the mean. This is because the
permutation distribution of R tended to be skewed to the right. Note that
for « = 0.05 and smaller values of A, we obtain trivial 95%-confidence
bounds. For example, for A = 0.6 we do not have 95% confidence that at
least one of the 162 rejected hypotheses is false. For larger values of A the
cut-offs are stricter and we do get useful 95%-confidence bounds.

Note that since there are only 36 permutations, the 95%-confidence
bound for V' is the second largest value among R(gX), g € H. Thus it is
in fact a (35/36)100% =~ 97.2% confidence bound. For A = 3.5 there are 3
rejections and we know with 97.2% confidence that at least two of these are
true findings. We also know with 50% confidence that all three rejections
are true findings. For A = 3 there are 10 rejections and we know with 90%
confidence (and indeed (33/36)100% = 91.7% confidence) that at least 7 of
these are true findings, although we cannot generally pinpoint which of the
rejected hypotheses are false.

Calculating V¢ was only feasible for A > 2.5 and sometimes offered an
improvement over V. For example, for A = 3 and a = 0.05, the bound
was 0.6 instead of 0.7. Usually the basic bound was not improved for
A > 2.5, due to the relatively small number of rejections for such A and
the discreteness of the already small bound V.

For A < 2.5, when computing V¢ was not feasible, we performed the
approximation method (with #S = 10%). The results are shown in Table
3.9. The improvements are relatively small in this situation, since there is
no proof that mq is far away from 1 for these data.

In many practical situations FDP bounds (and the FDP itself) tend
to decrease with R, but this is only a tendency. Examples of exceptions
can be seen in both Table 3.8 and Table 3.9. Hence a user might find
that decreasing A post hoc would both increase R and decrease the bound,
which would be very tempting. This could lead to selection bias however;
A should be chosen before looking at the data.
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Table 3.9: For different values of the threshold A, estimators and bounds for the FDP,
derived with the approximation method, are shown. Here F DP: stands for Vi, /R for
1 — a = 7. Where it improved the basic bound (see Table 3.8), the result is shown in
boldface.

A R FDP,, FDP,, FDPgqs
0.3 571 043 0.81 1

0.4 282 034  0.82 1

0.6 162 025 0.88 1

0.9 80 0.13  0.88 0.94

1.2 46 0.09  0.67 0.96

1.8 26 0.08  0.46 0.81

3.7 Discussion

SAM is a widely applied method, since it requires few assumptions on the
dependence structure of the data and nevertheless adapts to this structure.
Until now SAM had no known properties. In this paper the assumptions
underlying SAM have been made explicit. Moreover it has been shown how
SAM can be extended to provide a (1 — «)-confidence upper bound for the
FDP. For a = 0.5 a median unbiased estimate of the FDP is obtained. The
samr R-package multiplies this estimate by an estimate of the fraction of
true hypotheses 7 to obtain a lower estimate of the FDP. We have shown
using simulations that this often still results in a median unbiased estimate
of the FDP, although in many cases the estimate becomes less accurate.
For v = 0.05 and o = 0.1, multiplying the (1 — «)-confidence bound by the
estimate of 7y often does not result in a (1 — «)-confidence bound.

We have shown that by using a closed testing procedure the basic bound
can be decreased, in such a way that the confidence level is maintained.
The improvement over the basic bound can be appreciable, as simulations
illustrate. The improved bound only depends on rejected sets for permuted
versions of the data. Once these are known, the computation time is not
influenced by the complexity of the test statistics. Hence the choice of test
statistics typically does not determine the computational feasibility of the
method.

When there are many rejected hypotheses, the closed testing-based
method is often computationally infeasible. Therefore we have included
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a fast approximation of this method, which still provides confidence for
our simulation settings. We have also constructed a conservative short-
cut, which provides larger bounds but has proven validity. This shortcut
only improves the basic bound in specific settings. Both these fast alterna-
tives to the closed testing-based method are feasible when there are many
thousands of rejections.

Our methods provide an FDP bound for the prespecified rejection re-
gion. The region cannot generally be picked after looking at the data, since
the bounds are not uniform over multiple rejection regions. There exists a
limited amount of literature on uniformly valid FDP bounds (Meinshausen,
2006; Goeman and Solari, 2011). An example is the method by Mein-
shausen (2006), which is closely related to SAM. There are opportunities
to improve some of these methods, similarly to the way SAM has been
improved here. This may be the subject of future research.

Theorem 3.2.1 provides a general permutation principle which can be
used to prove properties of methods based on random permutations (SAM;
Meinshausen, 2006; Westfall and Young, 1993). This result is related to
Phipson and Smyth (2010) but is more generally useful. We have used it
to prove the validity of the methods in this paper. It may be used to prove
properties of other permutation-based procedures in the future.



Permutation-based simultaneous
confidence bounds for the false discovery
proportion

Abstract

When many hypotheses are tested, interest is often in ensuring that the
proportion of false discoveries (FDP) is small with high confidence. In this
paper, confidence upper bounds for the FDP are constructed, which are
simultaneous over all rejection cut-offs. In particular this allows the user to
select a set of hypotheses such that the FDP lies below some constant with
high confidence. Our methods use permutations to account for the depen-
dence structure in the data. So far only Meinshausen provided an exact,
permutation-based and computationally feasible method for simultaneous
FDP bounds. We improve this procedure by embedding it within a closed
testing framework. Further, we provide a generalisation of the method. It
lets the user specify a set from which the envelope of confidence bounds is
selected. This gives the user more freedom in determining the properties
of the method. Interestingly, several existing permutation methods, such
as SAM and Westfall and Young’s max7T method, are obtained as spe-

95
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cial cases. The different procedures in this paper are compared using both
simulated and real data.

4.1 Introduction

The goal of many multiple testing methods is to reject as many hypotheses
as possible while incurring few type-I errors. The resulting proportion of
type-I errors among the rejections is called the False Discovery Proportion
(FDP). The FDP has received much attention in recent years since under
strong dependence, it represents a more relevant measure than the False
Discovery Rate (FDR) (e.g. Benjamini and Hochberg, 1995), the expected
value of the FDP (Schwartzman and Lin, 2011; Schwartzman, 2012; Guo
et al., 2014). Under strong dependence the FDR can be far from the true
FDP.

In practical applications, when rejecting all hypotheses with p-values
less than an certain threshold, one would like to know a (1 — «)100%-
confidence upper bound for the FDP. The goal of this paper is to pro-
vide confidence bounds for the FDP which are simultaneous over multiple
thresholds. This allows the user to freely select the threshold post hoc, i.e.
after looking at the data, and still obtain a valid confidence bound.

There exist several methods that control the probability that the FDP
exceeds a prespecified constant (‘exceedance control’, e.g. van der Laan
et al., 2004b; Farcomeni, 2009; Lehmann and Romano, 2012; Guo et al.,
2014). The number of published exact methods allowing post hoc selection
however is limited (Meinshausen, 2006). Most methods (including those in
the present paper) are special cases or shortcuts for the general methods in
Genovese and Wasserman (2006) and Goeman and Solari (2011), which we
show to be equivalent. These methods are based on closed testing (Marcus
et al., 1976), which means that many local tests need to be performed.
These procedures are not always computationally feasible, but in some
cases fast computational shortcuts exist, making them feasible. This is
e.g. the case (Meijer et al., 2017) when the local tests are based on Simes’
probability inequality (Simes, 1986). However, these and other parameric
local tests are conservative for many dependence structures of the p-values,
making the resulting FDP bounds conservative as well.

In multiple testing, when a permutation method can be used, this often
offers an improvement in power over parametric procedures. The reason is
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that permutation methods take into account the dependence structure of
the test statistics (e.g. p-values), instead of having to account for worst-case
scenarios as do parametric methods. For FDP confidence, existing permu-
tation methods are Korn et al. (2004, 2007), Meinshausen and Biithlmann
(2005) and Hemerik and Goeman (2018), but only Meinshausen (2006) of-
fers simultaneous FDP bounds and hence post hoc selection. It was also
the only permutation method that provides exceedance control of the FDP.
Meinshausen’s procedure often outperforms parametric methods.

In the present paper, Meinshausen (2006) is generalised and improved.
Interestingly, the generalisation has other well-known permutation methods
as special cases, for example the maxT method by Westfall and Young
(1993) and the method in Hemerik and Goeman (2018) (an extension of
SAM by Tusher et al., 2001).

We improve Meinshausen (2006) in the following ways. First, we show
how random permutations can be employed in such a way that the method
is exact (i.e. all bounds are valid with probability at least 1—«). Second, as
will be explained we allow many families of candidate confidence envelopes,
which allows more freedom in constructing the simultaneous upper bounds.
Moreover, unlike in Meinshausen, these candidate envelopes do not depend
on the data, so that potential bias is avoided. Further, we show how the
power of Meinshausen can be uniformly increased using closed testing (see
also Goeman and Solari, 2011). We also provide an exact iterative method
(not always equivalent to closed testing) that improves Meinshausen as well,
but is more computationally feasible. For cases with many hypotheses,
where the iterative method is infeasible, we suggest an approximation of
it, which can be used even when there are many thousands of rejected
hypotheses. The approximation method maintained the nominal error rate
in all our simulation scenarios.

This paper is built up as follows. Section 4.2 introduces notation and
assumptions. In Section 4.3, single-step procedures, including Meinshausen
(2006), are explained. Next, in Section 4.4, we show how these upper
bounds can be improved with a closed-testing based method. In Section
4.5 the iterative method is presented. The various methods are compared
using simulations and real data in Sections 4.6 and 4.7 respectively.
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4.2 Setting and notation

Let X be random data, taking values in a sample space 2. Hypotheses
Hy,...,H,, are considered with corresponding p-values P; : Q@ — [0,1],
1 <7 < m. We will often suppress the dependence on X in the notation,
e.g. P; is short for P;(X). Without loss of generality we assume that
P <...< Py Write N = {1 <i<m: H;is true}, n = #N and let Q be
the sorted vector (P; : i € N) (assume N # () for convenience).

Let a € [0,1) and T C [0,1] be independent of the data. For t € T
define R = R(t) = {1 < i < m : P; < t}. This is the set of indices
of the rejected hypotheses if each hypothesis H; is rejected when P; < t.
Write R = #R and V = #(R N N), the number of false positives. Note
that R and V depend on the data, but N does not. Further, we have
FDP(t) =V (t)/R(t), which is interpreted as 0 when R(t) = 0.

All nonparametric methods in this paper are based on permutations or
other transformations of the data. Let G be a finite set of transformations
g : Q — Q, such that G is a group (in the algebraic sense) with respect
to the operation of composition of transformations. In practice G is often
a group of permutation maps. Sometimes other groups of transformations
can be used, such as rotations (Langsrud, 2005; Solari et al., 2014) and
multiplication of part of the data by —1 (Pesarin and Salmaso (2010), pp.
54 and 168).

All permutation-based procedures in the paper rely on the following
assumption.

Assumption 4.2.1. The joint distribution of the p-values P;(¢g(X)) with
i € N, g € G, is invariant under all transformations in G of X.

This assumption underlies many permutation-based multiple testing
methods, e.g. Westfall and Young’s max7T method (1993), Tusher et al.
(2001), Hemerik and Goeman (2018), Meinshausen and Biithlmann (2005)
and Meinshausen (2006). Usually this assumption means that the joint
distribution of the part of the data corresponding to N should be invariant
under permutation.

In this paper random transformations from G are used, which are de-
fined as follows.

Definition 4.2.1. Let g1 := id be the identity in G and ¢o, ..., g, ran-
dom elements from . The random transformations can be drawn either
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with or without replacement: the statements in this paper hold for both
cases. If g9, ..., g,y are drawn without replacement, then they are taken to
be uniformly distributed on G \ {id}, otherwise uniform on G.

ForZ C {1,..,m}and 1 < j < w, write R} (t) := #{i € T: P;(g;(X)) <
t}, Ry :== R{"™ and RT .= RY.

4.3 Single-step procedures

4.3.1 Confidence envelopes

The aim of this paper is to derive as small as possible confidence envelopes,
which we define similarly to Genovese and Wasserman (2006). In Mein-
shausen and Biithlmann (2005) these are referred to as bounding functions.

Definition 4.3.1. A confidence envelope is a (possibly random) function
B : T — N satisfying

P(N{v®) <BW®})=1-a.

teT

Note that with probability at least 1 — «, simultaneously for all ¢ € T,
the numbers B(t) are upper bounds for the numbers of false positives V(t).
Note that if B(t) > V (t) and R(t) > 0, then B(t)/R(t) > FDP(t). Hence,
from simultaneous upper bounds for V(¢) simultaneous upper bounds for
FDP(t) immediately follow.

Let (-)™ denote the positive part function. Note that given a confidence
envelope B, the bounds (R(t) — B(t))*, t € T, are simultaneous (1 — «)-
lower bounds for the numbers of true findings R(t) — V/(¢), t € T. Since
these bounds are simultaneous,

R(t) — max{(R(s) — B(s))" : s € T,s < t)} (4.1)

is a potentially improved confidence envelope. In this way, the simultaneity
is exploited to improve the envelope when (R — B)* is not non-decreasing.

We will often consider a general collection of functions of the following
form.

Definition 4.3.2. For each nonempty Z C {1, ...,m} consider By : T — N,
such that By < By whenever Z C J C {1,...,m} and such that By is a
confidence envelope.
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Suppose the Bz, Z C {1, ...,m}, are given. The function By is a confidence

envelope, but is in practice unknown, since N is unknown. The larger

function B™** := maxz Br = By ;) however is a known confidence

envelope. The envelope G, of Theorem 2 in Meinshausen and Biihlmann

(2005) is a special case of this. All confidence envelopes B derived in this

paper are uniform improvements of B™* i.e. B(t) < B™#*(t) for all t € T.
Confidence envelopes can de derived from critical vectors.

Definition 4.3.3. A vector ¢ = (c1, ..., cxc) With #c > n is a critical vector
if

n
i=1
Proposition 4.3.1. If c € R™ is a critical vector then the map B : T —
{1,...,m} defined by
B(t)=#{1<i<#c:¢ <t}

is a confidence envelope. If T = [0,1], then the reverse implication also
holds.

Proof. With probability at least 1 — a, Q > ¢, and then for each ¢ € [0, 1],
Vi) =#{1<i<n:Q; <t} <#{1<i<#c:¢ <t} =DB(@).

Thus B is a confidence envelope. For T = [0, 1] the reader can check the
claimed equivalence. ]

Observe that the larger c is, the smaller the confidence envelope ob-
tained with Proposition 4.3.1 is. Hence it is of interest to find as large as
possible c. The existing literature provides various critical vectors and we
can use these to construct confidence envelopes. An example is given in
the following.

4.3.2 Parametric confidence envelopes

In many practical situations, the distribution of Q is such that a well-known
probability inequality by Simes (1986) holds (Rgdland, 2006):

P(ﬁ {Qi > ia/n}) >1-a. (4.3)
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This probability equality provides a critical vector, which can be used to
obtain a confidence envelope B : [0,1] — {1,...,n} with Proposition 4.3.1:

B(t)=#{1 <i<n:ia/n <t}

However, n is not known, so that this envelope is unknown in practice. One
can instead note that n < m and use the confidence envelope given by

Bt)=#{1<i<m:ia/m <t} =#{1<i<m:i<mt/a} = |mt/a|\m.

(4.4)
This confidence envelope can be improved using closed testing, as in Meijer
et al. (2017), or using the nonparametric methods in this paper.

Simes’ probability inequality is not valid for all possible dependence
structures of Q, so that the above confidence envelope cannot always be
used. Even if Simes’ probability inequality holds, the critical vector based
on it can be very conservative, because the probability at (4.3) can be
larger than 1 —«. This often happens when the (); are positively correlated.
Other parametric critical vectors are also often conservative or require much
stronger assumptions (Cai and Sarkar, 2008; Gou and Tamhane, 2014). We
discuss alternative, nonparametric methods in the following.

4.3.3 Meinshausen’s nonparametric confidence envelope

When Assumption 4.2.1 is satisfied, often a better confidence envelope can
be constructed by using the permutation distribution of the p-values Q.
Since by assumption this permutation distribution retains the dependence
structure of these p-values, it can be used to construct an envelope which
is adapted to this structure. Until now this was only done by Meinshausen
(2006). We now recall his method, before uniformly improving it in Sections
4.4 and 4.5.

Central to the method is a family of candidate envelopes, explained be-
low. In Meinshausen (2006) these depend on p-values corresponding to false
hypotheses, so that the joint distribution of Q and the candidate envelope
picked in Meinshausen is not generally permutation invariant (Blanchard
et al. 2017, p. 25, also note this). Hence we consider candidate envelopes
that are independent of the data. An additional difference is that we include
the original observation with the random permutations, since otherwise the
method is not always exact. Otherwise, the method provided here is the
same as the procedure in Meinshausen (2006).
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Let B be a set of maps T — N, independent of the data. B is the family
of candidate envelopes. Suppose that for all B, B’ € B, either B > B’ or
B’ > B. Examples of such B are in Section 4.3.4.

Meinshausen’s confidence envelope (with the above adaptations) is de-
fined as follows.

Theorem 4.3.1. Let

B™ :min{B €B: w_l#{l <j<w:({R(0) < B(t)}} > 1—a},
teT

where we assume that B is such that this minimum exists. Then B™ 1is a
confidence envelope.

Proof. Let

BN:min{BG]B: w1#{1§j§w:ﬂ{Ré\[(t)gB(t)}}Zl—a}.

teT

By the permutation principle (Hemerik and Goeman, 2017, 2018),

IP( N {rV () < BN(t)}) >1-a.

teT

Since RV = V, this means that By is a confidence envelope. Hence the
larger function B™ is also a confidence envelope.
O

Note that B™ is always an element of the family B. Hence the choice of
B has a crucial influence on B™. It is an important assumption that for all
B, B’ € B, either B > B’ or B’ > B. This guarantees that Bxs(t) < B™(t)
for all t € T.

The relation of B™ to Definition 4.3.2 is the following. For each
nonempty Z C {1,...,m}, let

Bz = min{B €B: w*l#{l <j<w: ﬂ {RI(t) < B(t)}} >1-— a}.
teT
(4.5)
These Bz satisfy Definition 4.3.2. For this choice of Bz, B™#* is precisely
B™. We improve this envelope in Sections 4.4 and 4.5.
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4.3.4 Examples of candidate envelopes

We will now give some examples of families B. Consider B = {B* : X €
[0,00)}, where B* : T — {1,...,m} is defined by

BMt)=#{1 <i<m:i\ <t} (4.6)

Note that by Proposition 4.3.1, B* is a confidence envelope if the vec-
tor (A, 2\, ...,mA) is a critical vector. This vector is simply Simes’ vector
multiplied by a constant. As another example, instead of considering the
candidate envelopes (4.6), one could translate (shift) them by replacing i\
by e.g. iA—0.001. This often results in better bounds for the larger cut-offs
in T, as illustrated in Figure 4.1 and Section 4.7.

If variables Uy, ...,U,, are independent and uniformly distributed on
[0,1], and Uny < ... < Uy are the sorted values of these variables, then it
is well known that Uj;) has a beta distribution:

Uiy ~ Beta(i,m + 1 — i),
For each A € [0, 1] consider the function B* : T — {1,...,m} given by
BMty=#{1<i<m:q <t}

where ¢} is the A-quantile of the Beta(i,m + 1 — ) distribution. In Section
4.7 we will consider {B* : A € (0,1)} as one of the sets of candidate
envelopes. A heuristic reason for considering this set of candidate functions
is that some of them can be similar in shape to some of the functions
t — Rj(t), 2 < j < w. Consequently, the resulting confidence envelopes
tend to be relatively tight. We applied the proposed families B to the data
of section 4.7, see Figure 4.1. More examples of candidate critical vectors
(and hence candidate envelopes) are in Blanchard et al. (2008).

We will now show that two existing multiple testing methods, “Signif-
icance Analysis of Microarrays” (SAM) (Tusher et al., 2001; Hemerik and
Goeman, 2018) and the single-step max7T method by Westfall and Young
(1993), are special cases of the general method at Theorem 4.3.1. These
methods essentially only differ with respect to the family B of candidate
envelopes on which they are based.

Let ¢ € T C [0,1]. SAM is obtained with the family B of candidate
envelopes {BY, B, ..., B™}, where B : T — {0,...,m} is given by

BA#) = {)\, ift<c

m, otherwise.
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Figure 4.1: For three different families B, resulting 90%-confidence envelopes are shown
for cut-offs in T = [0.001, 0.02] (van de Vijver data). Moreover, for some of the permuted
versions of the data, the corresponding numbers of rejections R;(t) are shown. Each
confidence envelope lies above 90% of these curves.

Note that if Meinshausen’s method is applied based on these candidate
functions, then the resulting upper bound B™(c) for V(c) is simply the
[(1 — a)w]w -quantile of the values R;(c), 1 < j < w. This is precisely
the (most basic) upper bound in Hemerik and Goeman (2018).

Consider the family B = {B* : X € [0, 1]}, where B* : [0,1] — {0, ..., m}
is defined by
0, ift<A

m, otherwise.

Bt) =

Applying Theorem 4.3.1 to these candidate envelopes results in the
upper bound B™ = BY, where X is the a-quantile of the values
min;<;<m P;(gjX), 1 < j < w. The bound B (t) equals zero for t < X,
which means that the family-wise error rate is strongly controlled if the
hypotheses {1 < i < m : P; < X'} are rejected. This is exactly the set of
hypotheses that the single-step max 7" method rejects (Westfall and Young,
1993). Moreover, using the iterative method in Section 4.5, the full maxT
method can be obtained.
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4.4 Improved bounds by closed testing

Goeman and Solari (2011) show how closed testing (Marcus et al., 1976)
can be used to obtain upper bounds for the FDP. As will be seen, this
result is equivalent to that in Genovese and Wasserman (2006). By relating
Meinshausen’s procedure to this method, we will derive uniformly improved
upper bounds for the FDP.

For each nonempty Z C {1,...,m}, denote by Hz the intersection hy-
pothesis (1,7 H;. Suppose that for each nonempty Z C {1,...,m} a test
for H7 is defined and suppose Hys is rejected with probability at most a.
These 2™ —1 tests are called local tests. The closed testing procedure rejects
all Hr for which all H; with J 2 7 are rejected.

Genovese and Wasserman (2004, 2006) formulate the FDP bounds as
follows. We slightly generalise their setup, since we consider any level-«
local tests. Let U be the set of B C {1,...,m} for which Hg is not rejected
by its local test. For I C {1,...,m}, Genovese and Wasserman (2006)
consider the bound

Va(K) = max{#BNK : B €U}, (4.7)

where the maximum is defined to be zero if the set is empty. The following
holds.

Theorem 4.4.1. Uniformly over all K C {1,....,m}, V4(K) is a (1 — a)-
upper bound for #N N K, i.e.

Pl (] {(#NNKSVK}| =1-a

KC{1,...,m}

Proof. With probability at least 1 — «r, Hxr is not rejected by its local test,
and then #N NK <V (K) for all K C {1,...,m}. O

Note that #N N K is the number of false positives if K is the rejected set.
Thus the theorem provides bounds for the numbers of false positives that
are uniform over all possible rejected sets.

It turns out that the bounds V (k) are equal to the bounds constructed
in Goeman and Solari (2011). They consider

C:={Z C{l,...,m}: Hz is rejected by the closed testing procedure}.
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For each I C {1,...,m} they define the bound as
max{#Z: TCK, Z¢C}, (4.8)

Uniformly over all £ C {1, ...,m}, (4.8) is a (1—a)-upper bound for #N NK.
To prove this, note that with probability at least 1 — «r, Hs is not rejected
by its local test, and then N NK & C for all £ C {1,...,m}.

We now show that the bounds (4.7) and (4.8) are equal, which has never
been noted to our knowledge.

Theorem 4.4.2. The bounds (4.7) and (4.8) are equal for every K C

{1,...,m}.

Proof. We are done if we show that

max{#BNK:BeclU} =

max{#BNK: Bl and BNK &C} = (4.9)
max{#BNK: B C{l,...m}and BNK &C} = (4.10)
max{#Z :Z C K and Z ¢C}.

The first and the last equality clearly hold. It is also clear that (4.9) <
(4.10), so it is left to show that (4.10) < (4.9), which we now do. Note that
if BC{1,....,m}and BNK ¢ C, then there is a B € U with B’ 2 BN K
and B’ NI & C. Then obviously #8 N K < #B' N K <(4.9). Tt follows that
(4.10) < (4.9). O

The equivalent formulations (4.8) and (4.7) are closely related, since in
both cases the maximum is taken over all subsets of K that are not rejected
by the closed testing procedure. Nevertheless the two formulations suggest
different algorithms for computing the upper bound. If a shortcut exists
for the closed testing procedure, then an algorithm based on (4.8) may be
faster than one based on (4.7).

As an example of a local test, consider the one which rejects Hz when

U {R*(t) > Bz(1)}, (4.11)

teT

where Bz is as in Definition 4.3.2. For example, Bz can be defined as (4.5).
Using these local tests in (4.7) we obtain simultaneous bounds V¢ (K) for
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all X C {1,...,m}. Note that the function B : T — {1,...,m} given
by B(t) = V¢ (R(t)) is then a confidence envelope. It can be shown
that B*(t) < B™aX(¢) for all t € T, i.e. it is a uniform improvement.
(This follows from Goeman and Solari (2011), equation (7).) Thus an
improvement of Meinshausen’s method (Theorem 4.3.1) is obtained if Bz
is taken to be (4.5).

In practice calculation of V¢ (K) is computationally infeasible for large
m, unless shortcuts are available. This is e.g. the case when the local
tests are based on Simes’ probability inequality (Meijer et al., 2017), i.e.
when Bz(t) = #{1 < i < #7 : ia/#Z < t}. This parametric method is
considered in Sections 4.6 and 4.7 for comparison with our nonparametric
methods. When By is permutation-based, fast exact shortcuts for comput-
ing V¢ are often not available.

In the following, an iterative method is considered which is faster than
closed testing. It is a conservative shortcut for the full closed testing-based
method, since it provides upper bounds that are at least as large.

4.5 TIterative method

We now derive a general, iterative method for improvement of the basic
confidence envelope B™#*. In each iteration step, the method uses an FDP
upper bound obtained in the previous step. Some sequential family-wise
error rate controlling methods, where in each step the rejections from the
previous steps are used (e.g. Holm, 1979; Westfall and Young, 1993), are
special cases of the procedure.

4.5.1 Exact method

Consider the setting of Definition 4.3.2. Fix s € T. Define the event

E:=) {V(t) < BN(t)}.

teT
Assume F holds. Then V(s) < B™#*(s). Consequently, there is a set
K C R(s) with #K = R(s) — B™**(s) such that N’ C K¢ := {1,...,m} \ K.
Thus Bie > Byr. In practice it is not known for which set K this holds,
but we know that

BY(t) := max{Bye(t) : K € R(s), #K = R(s) — B™(s)}
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satisfies V(t) < B(t) for all t € T. Hence there is a set K C R(s) with
#K = R(s) — B'(s) such that N' C K¢. Thus, like before

B%(t) = max{Bx.(t) : K € R(s), #K = R(s) — B'(s)}

satisfies V (t) < B2(t) for all t € T under E. We similarly define B3, B4,...
and note that B™* > B! > B2 > .. and from a certain i € N, B® =
B = ... In many practical situations convergence is reached after only
a few steps. We write B'* = min;cy B*. We refer to the procedure which
derives B as the iterative method. Under E, V(t) < Bi(t) for all t € T.
Since P(E) > 1 — a, it follows that B'(¢) is a confidence envelope. It can
be shown that for all ¢t € T

B(t) < B'(t) < B™¥(¢).

This iterative procedure can be modified in several ways. Above, in
the i-th step B’ is computed using one cut-off s. A better bound could
be obtained by doing this for many s € T and letting B’ be the pointwise
minimum of all the improved bounds obtained. The resulting bound B’
would still be valid under E. Including such steps however may substan-
tially increase the computational burden, so it may be better to use the
method based on one cut-off s as described above.

When Bz is be defined as (4.5), we will refer to the iterative method as
the nonparametric iterative method. This method is a uniform improvement
of Meinshausen’s envelope B™ in Section 4.3.3, if the same family B is used.

The nonparametric iterative procedure is much faster than the corre-
sponding procedure based on closed testing (with the same Bz, see (4.11)).
However, it is often still computationally infeasible, since performing one
step of this procedure requires calculating a maximum of a possibly very
large set. The method is only feasible if this set is not too large, which
happens for instance if R(s) or B™**(s) is small. This consideration may
be used to guide the choice of s.

4.5.2 Approximation method

We suggest a method for approximating the confidence envelope B, for
cases where calculating it is computationally infeasible. In the iterative
method, computing any B’(s) requires determining a maximum of a poten-
tially very large set. The approximation method computes the maximum
over a smaller, random subset, to limit the computation time.
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Write BY := B™a% and for i = 1,2,... iteratively compute El(s) =
max{ By (s) : K € K}, where K is some large random subcollection of
{K € R(s): #K = R(s) — B""1(s)}. Recall that if Bi(s) = B"1(s), then
Bitl = Bit Hence if B'(s) = B'*1(s), then Bit!(t) = max{By-(t) : K €
K1} can be seen as an estimate of Bi*(t).

Observe that for #K! — oo, almost surely El(s) — Bl(s) (assuming K!
is uniformly sampled). Similarly, if #K!, ..., #K’ — oo, then B\l(s) — B(s)
and hence B! — B+l uniformly. For finite #K!, the approximation
method may potentially be anti-conservative, but this was not the case in

our simulation settings.

4.6 Simulations

To compare the methods of this paper, we applied them to simple simulated
data. In Section 4.6.1 the performance of the iterative method as compared
to the single-step method is investigated. In Section 4.6.2 the validity of
the approximation method is discussed. See the data analysis in Section
4.7 for a comparison of our nonparametric methods with the parametric
variants.

The simulated data matrix was the 20 x m-matrix X = X’ +Z. It can be
seen as representing m measurements for 20 persons. Here X’ is a 20 x m-
matrix of independent normally distributed variables with variance 1. For
some 0 < F' < m, in the first F' columns of X the first 10 entries had mean
1.5 and all other entries had mean 0. The matrix Z, which determined the
correlation structure of X, is defined by Zj; := s;Z;, where s; = 1 for i
odd and s; = —1 for 7 even. Here each Z; is independent and normally
distributed with mean 0 and standard deviation oz. For 1 < j < 20 and
1 < <4’ < m note that the correlation is p(X;i, Xji) = £(0%) /(1 +02?).

For each 1 < i < m, let H; be the null hypothesis that Xy ;..., X0
are independent and standard normally distributed. Thus the fraction of
true hypotheses was 7y := (m — F')/m. For each H;, P; was defined as the
p-value from a two sided t-test comparing the first 10 individuals with the
last 10.

As GG we took all 20! permutations of cases and controls. In all the sim-
ulations we used w = 100, i.e. each time we drew 99 random permutations
(with replacement) and added the identity. For larger w similar results are
obtained (see also Marriott, 1979). We took aw = 0.1. The values of m, m
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and |p| are specified per case below.

4.6.1 Performance of the iterative method

We now illustrate that the nonparametric single-step method of Section
4.3.3 is improved by the corresponding iterative procedure (Section 4.5.1).
We took m = 50 since the iterative method is not always feasible for large
numbers of hypotheses. We took T = [0.001,0.01]. As candidate envelopes
we took BMt) = #{1 < i < m : i\ —0.001 < t}, A € [0,00). In the
iterative method s was taken to be 0.005. The iterative method was always
terminated after three steps, when it had usually converged.

We estimated for different values of 7y and |p| the expected values of the
FDP bounds. Above the columns the cut-offs that were used, are shown.
For example, a cut-off of 0.01 means that all hypotheses with p-values
smaller than 0.01 were rejected.

The results are shown in Table 4.1. For the cut-off 0.001, the upper
bounds were usually zero. The improvement with the iterative method was
largest when 7y was small, i.e. when there were many false hypotheses. We
expect that the relative improvement with the iterative method is larger
when m is larger. The full iterative method can then be infeasible, but
instead the approximation method can be used, see Sections 4.6.2 and 4.7.

A closed testing-based method using nonparametric tests would have
been infeasible for m = 50. Hence the iterative method is the best available
option in these settings.

4.6.2 Performance of the approximation method

We first compare the approximation method (Section 4.5.2) with the iter-
ative method. This is done in the settings of Section 4.6.1 with m = 50.
Write FDPy(t) = B*(t)/R(t) and let FDP,}, be the estimate of FDPj
obtained with the approximation method. Again three iteration steps were
used.

We recorded the average difference between the iterative and approxi-
mate bound, |FDPy; — FDP,p|. In each step of the approximation method
100 random combinations were used (uniformly drawn with replacement),
ie. #K' = #K? = 100. Despite this limited number of random combi-
nations, the approximations were already rather good: in all settings the
mean value of |F.DPj; — FDP,,| was at most 0.0008 (results not shown).
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Table 4.1: Comparison of the single-step method with the iterative method (in boldface).
The values shown are the estimated expected values of the bounds. The values above
the columns indicate the cut-offs. Each estimate is based on 1000 simulations, so that
for each setting and cut-off the standard error of the mean difference between the two
bounds is smaller than 9 - 107%.

Cut-off

T |p] 0.001 0.005 0.01

0.8 0 0.000 0.000 0.172 0.170 0.306 0.302
0.8 0.5 0.000 0.000 0.216 0.216 0.438 0.435
06 O 0.000 0.000 0.104 0.101 0.187 0.179
0.6 0.5 0.002 0.002 0.201 0.198 0.323 0.318
04 0 0.000 0.000 0.073 0.067 0.131 0.117
04 0.5 0.001 0.001 0.148 0.144 0.233 0.228

This means that the difference F.DP;; — FDP,, was usually 0 and some-
times slightly larger. Naturally, when #K' and #K? were taken larger, the
approximations were even better.

Note that whether F'D P, closely approximates FDP; is irrelevant for
our purposes, as long as

IP( ({FDP(1) < Wap(t)}) >1-a.
teT

This was always the case in the settings of sections 4.6.1 and in the anal-
ogous setting with m = 1000 (results not shown). Table 4.2 shows the
improvement with the approximation method relative to the single-step
method in the settings with m = 1000. The improvement is largest for
small 7o and |p|. It can be seen that the bounds do not always increase
with the cut-off, which is due to the choice of B and the fact that R(t)
increases with ¢ € T.

4.7 Data analysis

To illustrate and compare the methods in this paper, we apply them to
a dataset by van de Vijver, available in the R package cancerdata. The
dataset contains survival data on 295 cancer patients. For each individual,
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Table 4.2: Comparison of the single-step method with the approximation method (in
boldface). The values shown are the estimated expected values of the bounds. Each
estimate is based on 1000 simulations, so that for each setting and cut-off the standard
error of the mean difference between the two bounds is smaller than 5-107%.

Cut-off

T |pl 0.001 0.005 0.01

0.8 0 0.045 0.045 0.086 0.082 0.132 0.127
0.8 0.5 0.346 0.344 0.346 0.343 0.418 0.414
0.6 0 0.025 0.022 0.048 0.041 0.075 0.064
0.6 0.5 0.194 0.189 0.188 0.182 0.227 0.219
04 O 0.020 0.014 0.037 0.026 0.058 0.041
0.4 0.5 0.144 0.137 0.132 0.124 0.160 0.150

time to metastasis (if any), survival and the follow-up time are known.
Moreover, for each individual the expression rates of 4928 genes are known
(we excluded 20 genes with missing values).

We consider hypotheses H;, 1 < i < 4928, where H; is the hypothesis
that metastasis-free survival is not associated with the expression rate of
gene i. The set G of transformations used was the collection of all 295! maps
that permute (as pairs) the follow-up times and metastasis-free survival
indicators of the 295 individuals. Here we took w = 100, i.e. we used 99
random permutations and included the original data. We have proven that
our methods are valid regardless of the number of random permutations.
Taking w larger leads to similar results (see also Marriott, 1979).

For each gene separately, we fitted a Cox proportional hazards model
with this gene as the only covariate. We then computed a p-value for
association with metastasis-free survival. The validity of the following non-
parametric methods does not rely on the validity of the assumptions of the
Cox model. Indeed, the p-values need not be exact as long as for each
permutation they are defined in the same way.

Note that the following results are only valid under Assumption 4.2.1.
This assumption says that the joint distribution of the gene expression
rates corresponding to N (rather than just the marginals) should be in-
dependent of metastasis-free survival. This biological assumption seems
reasonable, since it seems unlikely that this joint distribution is associated
with metastasis-free survival if the marginals are not.
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We applied eight different (variants of ) methods to the data. With each
method we obtained simultaneous FDP bounds. The set T of cut-offs is
specified per case. We took a = 0.1 such that the simultaneous bounds
are valid with probability at least 90%. For three cut-offs, the bounds are
shown in Table 4.3. Here the rows correspond to the methods. The first two
methods are parametric and the other methods are based on permutations.
We will now discuss the methods in the order of the rows of Table 4.3 and
compare the results.

1. The first method used (see the first row of Table 4.3) is the parametric
closed testing-based method with local tests based on Simes’ proba-
bility inequality (see Section 4.4). The bounds were again obtained
using the pickSimes function. Note that Simes’ probability inequality
is an assumption, which cannot be guaranteed to hold.

2. The second method is the same as the first, except that the local
tests are not based on Simes’ probability inequality, but on a different
probability inequality (by Hommel, 1983) that always holds. Since
this method uses no assumption on the dependence structure of the
p-values, the bounds obtained are much larger than those from the
first method.

3. Thirdly, we applied the nonparametric single-step method (Sec-
tion 4.3.3), where the family B of candidate envelopes was based
on the beta distribution as explained in Section 4.3.3. We took
T = [0.001, 0.01]. Note that these bounds are better than the bounds
obtained with the two parametric methods. The reason for this is
twofold. First, permutations were used such that the method took
into account the dependence structure of the data. Second, bounds
were not computed for all possible sets of hypotheses, but only for
cut-offs in T, causing the bounds for these cut-offs to be smaller.
The nonparametric method effortlessly adapts to T, while there is no
known parametric method that does this.

4. Methods 3 and 4 are the same, except that in method 4 B was taken to
be the family of Simes-type candidate envelopes given at (4.6). These
candidate envelopes B*(t) are relatively small for small cut-offs ¢,
compared to the family based on the beta distribution. Consequently
it is seen in the table that the bound for method 4 is better than that
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for method 3 when the cut-off is small (0.001). When the cut-off is
larger (0.01) it is the other way around.

5. Methods 4 and 5 are the same, except that in method 5 T = [0, 1] was
taken. Since the bounds are now uniform over a larger set, naturally

they are larger than those obtained with method 4 for all cut-offs in
[0.001,0.01].

6. Method 6 is the same as method 5, except that in the definition of
the candidate envelopes B*(t) at (4.6), i is replaced by Ai — 0.001.
By comparing rows 5 and 6 in the table, it can be seen that this leads
to much better (i.e. smaller) upper bounds for many cut-offs.

7. Methods 7 and 8 are variants of the approximation of the iterative
method as defined in Section 4.5.2. The first step of method 7 co-
incides with method 4, and then additional iterative steps were per-
formed as in Section 4.5.2 (with s = 0.005 and #K’ = 1000). Note
the uniform improvement in comparison to method 4.

8. Method 8 coincides with method 7, except that the family B was
shifted as in method 6. Compared to method 7, this improves the
upper bounds for the larger cut-offs, as before.

The first conclusion to be drawn from these results, is that the a priori
chosen family B of candidate envelopes has a large impact on the resulting
confidence envelope. When Simes-type candidate envelopes are used, it can
be useful to use shifted versions relative to (4.6). The second conclusion is
that when T becomes smaller than [0, 1], the bounds from the nonparamet-
ric method can improve substantially, while there is no known parametric
method that adapts to T.

Although the performance of the methods strongly relies on the family
B, it should be noted that one family of candidate envelopes cannot be
uniformly better than any other. For example, for very small cut-offs (not
shown) method 6 was outperformed by method 5.

Precisely because the family B has a large impact on the results, it
should be emphasized that this set must be chosen before looking at the
data. In the opposite case, the family B would be constructed based on
the data in such a way that the results are as attractive as possible, which
could induce selection bias.
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Table 4.3: Comparison of eight methods. For three cut-off values, simultaneous 90%-
confidence upper bounds for the FDP are shown.

Cut-off

Method T 0.001 0.005 0.01

1: Parametric (Simes) - 0.096 0.280 0.409
2: Parametric (no Simes) - 0.552  0.741 0.790
3: Beta [0.001,0.01] 0.076 0.101 0.125
4: Simes-type [0.001,0.01] 0.038 0.115 0.186
5: Simes-type [0,1] 0.143 0.397 0.512
6: Simes-type (shift) [0, 1] 0.053 0.093 0.137
7: Iterative [0.001,0.01] 0.033 0.098 0.158
8: Tterative (shift) [0.001,0.01] 0.047 0.085 0.125

Number of rejections 449 775 957

4.8 Discussion

The multiple testing procedure by Meinshausen (2006) is a good example of
an ‘exploratory’ method (Goeman and Solari, 2011). It offers the researcher
freedom to select, based on the data, a set of hypotheses of interest and to
obtain a confidence statement on these post hoc selected hypotheses. Until
now it was the only permutation-based method that provides simultaneous
confidence bounds for the FDP or exceedance control of the FDP.

Meinshausen’s upper bounds are obtained based on the permutation
distribution of all m p-values. However, it would suffice to only use the p-
values under the null. Since the set of true hypotheses is not a priori known
however, this cannot directly be done, and consequently Meinshausen’s
bounds are conservative as soon as there are any false hypotheses.

In this paper, we have shown how Meinshausen can be uniformly im-
proved. Our methods require no additional assumptions. The largest im-
provement in power can be achieved with closed testing, but this approach is
often computationally infeasible when permutations are used, unless there
are few hypotheses. We also provide a more feasible approach in the form of
an iterative method, which also improves Meinshausen. For cases where the
iterative method is infeasible, we suggest an approximation of this method.
The approximation method has no proven validity but performed well in
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simulations. It is feasible when there are many thousands of rejected hy-
potheses.

In this work we discuss only p-values as test statistics, but many of the
results can in principle be generalised to arbitrary test statistics. Moreover,
when p-values are used, these are not required to be correct, as long as they
are defined in the same way for all permuted versions of the data.

When permutations are used, our most powerful method (based on
closed testing) is infeasible unless the number of hypotheses is around a
dozen. The reason is that a large number of local tests need to be taken
into account. When parametric local tests based on Simes’ probability
inequality are used, a shortcut is available, so that the method based on
closed testing is often feasible. However, this method is often outperformed
by the computationally feasible permutation methods, especially under de-
pendence in the data. Thus, when permuting is an option, this is often to
be preferred. In the future, shortcuts might be found for our most compu-
tationally intensive permutation methods.



Robust testing in generalized linear
models by sign-flipping score contributions

Abstract

Generalized linear models are often misspecified due to overdispersion, het-
eroscedasticity and ignored nuisance variables. Existing quasi-likelihood
methods for testing in misspecified models often do not provide satisfac-
tory type-I error rate control. We provide a novel semi-parametric test,
based on sign-flipping individual score contributions. This test is often ro-
bust against the mentioned forms of misspecification and provides better
type-1 error control than its competitors. When nuisance parameters are
estimated, our basic test becomes conservative. We show how to take nui-
sance estimation into account to obtain an asymptotically exact test. Our
proposed test is asymptotically equivalent to its parametric counterpart.

5.1 Introduction

We consider the problem of hypothesis testing in a generalized linear model
(GLM) with a correct link function, but potentially misspecified distribu-

7
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tion. When the model is misspecified, the traditional parametric tests tend
to lose their properties, since they estimate the Fisher information under
incorrect assumptions.

When a parametric model to be tested is potentially misspecified, the
most obvious approach is to extend the model with more parameters, e.g.
to add an overdispersion parameter. However, such approaches still require
assumptions, for example that the overdispersion is constant. Hence a fully
parametric approach is not always the best option.

Another well-known approach to testing in possibly misspecified GLMs
is to use a Wald-type test, where a sandwich estimate of the variance of
the coefficient estimate is used. The sandwich estimate corrects for the
potentially misspecified variance. As long as the linear predictor and link
are correct, such a test is asymptotically exact under mild assumptions.
For small samples, however, sandwich estimates often perform poorly and
the test can be very liberal (Boos, 1992; Freedman, 2006; Maas and Hox,
2004; Kauermann and Carroll, 2000).

Recent decades have seen an increase in the use of permutation ap-
proaches for various testing problems (Westfall and Young, 1993; Pesarin,
2001; Chung et al., 2013; Hemerik and Goeman, 2018). These methods are
useful since they require few parametric assumptions. Especially when mul-
tiple hypotheses are tested, permutation methods are powerful since they
can often take into account the dependence structure in the data. In the
past, permutation methods have already been used to test in linear models
(Winkler et al., 2014, and references therein). Rather than permutations,
sometimes other transformations are used, such as rotations (Solari et al.,
2014) and sign-flipping of residuals (Winkler et al., 2014). The existing
permutation tests for GLMs, however, are limited to models with identity
link function.

Like some existing methods for testing in linear models, this paper
presents a sign-flipping approach. Our approach is new however, since
rather than flipping residuals, we flip individual score contributions (note
that the score, the derivative of the log-likelihood, is a sum of n individ-
ual score contributions). Moreover, we allow testing in a wide range of
models, not only regression models with identity link. Under mild assump-
tions, the only requirement for the test to be asymptotically exact, is that
the individual score contributions have mean 0. Consequently, if the link
function is correct, our method is robust against several types of model
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specification, such as arbitrary overdispersion, heteroscedasticity and, in
some cases, ignored nuisance parameters.

The main reason for this robustness is that we do not require to estimate
the variance of the score, the Fisher information. Rather, we perform
a permutation-type test based on the score contributions, where rather
than permutation, we use sign-flipping. Intuitively, the advantage of this
approach over explicitly estimating the variance, is the following: if the
scores are perfectly symmetric around zero, then our test is exact for small
n, even if the score contributions have misspecified variances (Pesarin and
Salmaso, 2010). A parametric test, on the other hand, is then usually not
exact.

In case nuisance effects are estimated, the individual score contributions
become dependent and our test is no longer asymptotically exact. To deal
with this problem, we consider the effective score, which is less dependent on
the nuisance estimate than the basic score (Marohn, 2002). In this case we
need slightly more assumptions: the variance misspecification is not always
allowed to depend on the covariates. The resulting test is asymptotically
exact.

The methods in this paper have been implemented in the R package
flipscores, available on CRAN.

In Section 5.2 we consider the scenario that no nuisance effects need to
be estimated. In Section 5.3 we show how the estimation of nuisance effects
can be taken into account. Section 5.4 contains simulations and Section 5.5
an analysis of real data.

5.2 Models with known nuisance parameters

Consider random variables vy, ..., v,, which satisfy Assumption 5.2.1 below.
These will often be individual score contributions (see Section 5.3, Rao,
1948, or Hall and Mathiason, 1990, p. 86), but the results in Sections

5.2.1-5.2.3 are satisfied for any random variables satisfying this assumption.

Assumption 5.2.1. Assume that v;, i € N, are random variables which
are independent of each other and have finite third moment. Suppose that
for some ¢ < 1, for every i € N, P(; = 0) < ¢ . Let 0? = Var(y).
Assume that as n — oo, s% = %Z?:l aiz — ¢ for some constant ¢ > 0
and lim,, o (ns2) ™1 = 0.
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Throughout Section 5.2, we consider any hypothesis Hy which implies
that Ev; = 0 for all 1 < ¢ < n. This is in particular the case if Hy is a point
hypothesis and v, ..., v, are the corresponding score contributions. Gener-
alizations to hypotheses of the form v; > C, i = 1, ..., n, are straightforward,
as well as extensions to two-sided tests.

A key assumption throughout Section 5.2 is that v1, ..., v, are indepen-
dent. As soon as nuisance parameters need to be estimated, however, score
contributions become dependent. This issue is the topic of Section 5.3.

5.2.1 Basic sign-flipping test

Let w € Ny be the number of random sign-flippings to be used and « €
[0,1). Define g1 = (1,...,1) € R™ and for every 2 < j < w let g; =
(gj1s---, gjn) be independent and uniformly distributed on {—1,1}".

Given values T, ..., T% € R, we let T < ... < T®) be the sorted
values and write 7110l = 7([(1=2)w]) We will need the following lemma.

Lemma 5.2.1. Suppose that for n — oo, a vector T™ = (T, ..., T") con-
verges in distribution to a vector T of i.i.d. continuous variables. Then

P(T" > T = |aw]/w.
Proof. Note that P(T"' > Tl=l) = P(T™ € A), where
A={(t1,..,ty) eERY: #{2<j<w:t; <t1} > [(1 - x)w]}.

Note that if t € 0A, then t; = ¢; for some 1 < ¢ < j < w. It follows
that P(T' € 0A) = 0. Since 14 is continuous on (0A)¢, it follows from
the continuous mapping theorem (Van der Vaart, 1998, Theorem 2.3) that
1a4(T") % 14(T).

The elements of T' are i.i.d. draws from the same distribution. Hence
it follows from the Monte Carlo testing principle (Lehmann and Romano,
2005) that under Hp, P(T € A) = |aw]|/w. Thus P(T" € A) — |aw]|/w.

O

Throughout the rest of Section 5.2, for every 1 < j < w, we let
) n
T = n_1/2 Z gjil/i-
i=1

We now show that the basic sign-flipping test is asymptotically exact.
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Theorem 5.2.1. Suppose that Assumption 5.2.1 holds. Consider the test
that rejects Hy if and only if T* > TU=2l. Then, as n — oo, the level of
this test converges to [aw|/w < a. Moreover, the statistics T*,..., T are
asymptotically normal and independent with mean 0 and common variance

; 2
lim,, o0 55,

Proof. Suppose Hy holds. We will show that T converges in distribution to
a multivariate normal distribution with mean 0 and variance lim,,_s oo s%I ,
where I is the w x w identity matrix. It then follows from Lemma 5.2.1
that P(T" > T'=°) = |aw] /w.

Under Hp, for each 1 < j < w, E(T7) = 0. For every 1 < j < w,
var(T7) =n=t 31 var(y;) = s2. Let Q,, be the covariance matrix of T™.
Q,, has zeroes off the diagonal. Indeed, for 1 < j < k < w,

cov(T9,T%) =

n n
cov(n™/? Zgjil/iy n~l/?2 ngiVi) =0,
i=1 1=1

since the gi;, 2 < k < w, are independent with mean 0. Hence Q,, con-
verges to lim,, oo SpI. Note that T is a sum of n vectors. By the multi-
variate Lindeberg-Feller central limit theorem (Greene (2012), p. 1123) T"
converges in distribution to a multivariate normal distribution with mean
vector 0 and covariance matrix lim,, o S?LI .

We have shown that T™ converges in distribution to a vector T, say,
of i.i.d. normal random variables. It now follows from Lemma 5.2.1 that
P(T > Tl = |aw]/w.

O

Note that our test does not rely on an approximate symmetry assump-
tion (as e.g. Canay et al., 2017). Indeed, even if the scores are very skewed,
asymptotically our test is exact. However, if the v; are symmetric, then
even for small n the level is always at most «, as noted in the following
proposition.

Proposition 5.2.1. Suppose that vy, ..., v, are independent and continuous
and that under Hy, for each i € N, Vii — v;. Then the level of the test
of Theorem 5.2.1 is at most a for any n € N. Moreover, if ga, ..., gy are
uniformly drawn from {1, —1}"\ (1, ..., 1) without replacement (so that only
g1 takes the value (1,...,1)), then the level is exactly |aw]/w.
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Proof. Note that (v1,...,v,) i(gﬂyl, <oy Gjntn) for every 1 < j < w. This
means that the test becomes a basic random transformation test and all

results follow directly from Theorem 1 in Hemerik and Goeman (2018).
O

If the g; are drawn with replacement or the v; are discrete, then the level
of the test of Proposition 5.2.1 is (slightly) smaller than |aw]/w for finite
n, due to the possibility of ties among the test statistics 77, 1 < j < w.
Otherwise the level is |[aw]/w.

Note that when the level is |aw|/w, it can be advantageous to take w
such that « is a multiple of 1/w, to exhaust the nominal level.

5.2.2 Fixed transformations

In the test of Theorem 5.2.1, random transformations are used, rather
than the whole set of |{—1,1}"| = 2" transformations. The first reason
is that this will often be done in practice, especially when using all 2"
transformations would we computationally intensive (which can be the case
in a multiple testing context or when n is large). Second, the fact that the
number of random transformations w is fixed and gy, ..., g,, are independent
(due to drawing with replacement), in fact simplified the proof.

It may be of interest to use every element of G = {—1, 1}" exactly once,
for example to be able to obtain p-values as small as 27". The following
proposition states that the test that uses all 2" transformations once, is
asymptotically equivalent to the test of Theorem 5.2.1.

Proposition 5.2.2. Suppose that Assumption 5.2.1 holds. Let T' be
the [(1 — «)|G||-th smallest value among TY9, g € G, where T9 =
n23  givi. Let ¢n and ¢, be the rejection functions Lipisqi-al
and Lipisqry, respectively.  Assume that P(Ey) — 0 as etnw — oo,

where
By = {T(f(lfafe)uﬂ) <Tl!< T(((1*a+6)w1)}.

Then, for w, n — 0o, ¢, — Ppw 4 0.
Proof. Let 0 < € < min{e, 1 — a}. Consider the event

E, = {T([(l—oa—e)uﬂ) < T < T(((l—a—&—e)w])}.
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It follows from the law of large numbers that N, W, € N exist such that
for all n > N, w > W,
P(Ey) >1—e.

Hence, for all n > N, w > W,

E{ (¢, — bnw) - L} <e

1

For e, w,n — oo, P(E;) — 0. It follows that for w, n — oo,

E((ﬁ% - an,w) — 0.
]

Note that in Theorem 5.2.1 and Proposition 5.2.2, we did not assume
continuity of the observations v;. For finite n, continuity is needed to avoid
ties among the test statistics to guarantee exactness. However, for n — oo,
P(T7 = T*) — 0 for any 1 < j < k < w regardless of the distribution of the
v; (unless most v; are constant 0, which we rule out in Assumption 5.2.1).
This allows using Theorem 5.2.1 for discrete GLMs.

5.2.3 Asymptotic equivalence with parametric test

Nonparametric tests such as permutation tests are often asymptotically
equivalent to their corresponding parametric test (Wald and Wolfowitz,
1944; Noether, 1949). This is also the case for our sign-flipping test. This
has not yet been proven under our specific assumptions, so we provide the
proof here. This proof is related to the proof of Theorem 5.2.1, but here
we let w increase to infinity.

Proposition 5.2.3. Suppose that v}, i € N, satisfy Assumption 5.2.1 and
E(v)) =0, i € N. For every i, consider v; = v, + n~ 12k, with k € R. As

)

usual, for 1 < j < w let

n
TI = 7”[,71/2 Z 9jiVi-
=1

Let ¢nw = Lypisqn-ay and ¢, = Lipisg ei-a), where s, =
n~t3  var(v;) = var{T'} and ® is the cdf of the standard normal dis-

tribution. Then ¢p . — @, 40 for w,n — oco.
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Proof. For 2 < j < w, lim, o var(T7) =

n n

- ~1/2 1 ~1/2)2

n11_>rlgon ! g var{g;i(vi + kmn~Y?)} = nh_)rglon g E(v) 4+ kn~1/%)% =
i=1 i=1

n n
. -1 2 Lo =1/2 2 —1y _ 1 -1 N T 1
nh_}rglon Z;E(VZ Uik KR nh_)IgOn Z;UGT(V’) nll_}II;OUCLT(T ).
1= 1=
Hence, as in the proof in Theorem 5.2.1, { T2, ..., T“’} asymptotically has
a multivariate normal distribution with mean 0 and variance lim,, o S%I ,
where I is the (w — 1) x (w — 1) identity matrix.
It is now straightforward to show that 7= — 5,®(1 — «) 40 for
n,w — 0o. Since T converges to a continuous distribution, it follows that

also ¢n . — ¢, 40 for n,w — 00. O

5.2.4 Robustness

As a main example we consider the exponential family, i.e. suppose inde-
pendent variables Y7, ..., Y, have densities of the form

i — b(n;)

f(yi) = exp {ymﬁ ot C(yi)}, (5.1)

where n; = ;8 + 27, 25,8 € R, 2,7 € RE7L. Here 8 is the coefficient of
interest and «y (which usually includes the intercept) may need to estimated,
as discussed in Section 5.3. The canonical link function g satisfies n; =
9(pi), where g1 (n;) = p; = E(y;) = V' (1) and a; = var(y;) /0" (1:) (Agresti,
2015). For Hy : 8 = fo, the score Y ;" | v; = %Z(Mm,z,y)],g:,go is

Zn: xz( - (771)) ‘ _ Z T yz - E(yz))
B=Po

a; a; )B:Bo '

(5.2)

i=1 i=1

For example, the Poisson model has link function g = log, b(n;)

exp(n;), a; = 1 and ¢(y;) = —log(y;!). Hence E(y;) = b'(n;) = exp(n;).
Thus the score function is

n

> @iy — i) lg=go = Zx@{yz exp(zi7) }-

=1
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For the normal distribution, a; = o, so that the score is

Zn: xi(yi — M)
2

i=1

(5.3)

B=Bo

Apart from some mild assumptions, the main assumption made in The-
orem 5.2.1 is that E(v;) = 0, ¢ = 1,...,n. This is satisifed as soon as y;|3=g,
is the true expected value of Y;. Then the test is asymptotically exact even
if the a; are misspecified, i.e. if the variance or distributional shape of Y; is
misspecified. The a; are even allowed to be misspecified by a factor which
depends on the covariates, as long as Assumption 5.2.1 holds.

As a concrete example, consider the normal model with identity link
function, which assumes that var(Y1) = ... = var(Y,,). If the real distribu-
tion is heteroscedastic, then the test will still be exact for finite n, since the
v; are symmetric. The parametric test, however, loses its properties, since
the estimated variance does not have the assumed chi-squared distribution.
In Section 5.4 it is illustrated that our approach can be much more robust
against heteroscedasticity than a parametric test.

Another example is the situation where the model is Poisson, i.e.
var(Y;) = p; is assumed, but in reality var(Y;) > w4, a form of overdis-
persion which occurs very often in practice. Then the parametric score test
underestimates the Fisher information and is anti-conservative. To take
the overdispersion into account it could be explicitly estimated. However,
if the overdispersion factor is not constant, but depends on the covariates,
then again the parametric test loses its properties. Theorem 5.2.1, however,
often still applies, so that an asymptotically exact test is obtained.

Further, note that if E(Y;) depends on a nuisance variable Z! which
is latent and ignored, where Zf is independent of Xj;, then the test may
still be valid. The reason is that marginal over Z!, E(Y;) may still be
computed correctly (see, for example, Section 5.4.2). Such latent nuisance
variables will increase the variance of Y;, however, which poses a problem for
the parametric score test, which needs to compute the Fisher information.
When the latent variable is not independent of X;, this usually does pose a
problem for our test (even as n — o), since E(Y; — ;) becomes dependent
on X; under Hy.
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5.3 Taking into account nuisance estimation

Consider independent and identically distributed pairs (Y;, X;), i =1,...,n
where X; € R?, d € N, and ¥; € R has distribution P35 ~0,x;, which depends
on parameter of interest § € B C R and unknown nuisance parameter
70 € G C R¥1. We will discuss the issues arising from estimating o and
propose a solution, which allows us to obtain an asymptotically exact test.

As above, we consider the null hypothesis Hy : 8 = [y. Generaliza-
tions to hypotheses of the form [y > C are straightforward, as well as
generalizations to two-sided tests.

Suppose that Pg . x, has a density fz, x, with respect to some dom-
inating measure. Let v denote an arbitrary element of G. For 1 <1 <n
write

0
Y1i = 35 log f5,,x;(Yi)|5=po>

where we assume the derivative exists. The value v; is the score for the
i-th observation. Under Hy, E(v,;) =0, i = 1,...,n. The score for all n
observations simultaneously is n!/ 25% where

n
—1 22 :

Sy =n / l/%z'.
i=1

Assume that 4 is a \/n-consistent estimate of 4g. For every 1 < i < n,
let

c Rk)—l

O
"iz Y = log fpy.x, (Vi) -

O
denote the (k—1)-vector of score contributions for the nuisance parameters.
Let

n
(k=1) _ . —1/2 (k—1) k—1
S Y e
i=1
be the vector of nuisance scores.
For 1 < j < w, let the superscript j denote that g; has been applied:

n
o —1)2
ST =n"2Y " gjiva,
i=1

S’(ykfl),j — 12 Zgjz"/§]f¢_1)~
i=1
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5.3.1 Asymptotically exact test

When the nuisance parameter v is unknown, it needs to be estimated,
which is typically done by maximizing the likelihood of the data under the
null hypothesis. Consequently, the distribution of S5 can be substantially
different than that of S, the score based on the true nuisance parameters.
Indeed, the asymptotic variance of Sy is not the Fisher information, but the
effective Fisher information, (Rippon and Rayner, 2010; Rayner, 1997; Hall
and Mathiason, 1990; Marohn, 2002; Cox and Hinkley, 1979, section 9.3),
which is the asymptotic variance of the effective score, defined below. The
effective information is usually smaller than the information, given that the
score for the parameter of interest and the nuisance score are correlated.
Intuitively, the reason is that the nuisance variable will be used to explain
part of the apparent effect of the variable of interest, also asymptotically.

The estimation of vy makes the summands v5 1, ..., 5, underlying Sy
correlated, in such a way that var(Ss) < var(S,,) (if the score is correlated
with the nuisance score). Note however that after random flipping, the
summands are not correlated anymore. This means that the variance of S5
is asymptotically smaller than the variance of S%, 2 < j < w (see the proof
of Theorem 5.3.1). Hence, using vy 1, ..., V5, in the test of Theorem 5.2.1
can lead to a conservative test, even as n — oo.

To make the test asymptotically exact again, we would like to adapt the
individual scores such that they are less dependent on the random variation
of 4. We do this by considering the so-called effective score, which “is
‘less dependent’ on the nuisance parameter than the usual score statistic”
(Marohn, 2002, p. 344).

The effective score S;; and the underlying summands v%

7510
(which we assume have nonzero variance for 4 = ) are defined as

1=1,...n

. ~l ~—1 (k*l)
S’Y — Sfy - 1:12122 S,? 5

* . A~/ A 71 (k_l)
V'AY,Z' = V’%ZA — 112122 V’AY,’L' s

so that .
—1/2
S =Y
i=1
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Here

A~

Ty I

7 ’—:f'm]

with 7:'11 € R and fgg € R*~1 assumed invertible, is a consistent estimate of

o\
the population Fisher information Z, which is the variance of (1, ;, Viﬁji b )

marginal over X;, under Hy. In GLMs, typically I= n_lX'WX, where
X is the design matrix and W the estimated weight matrix (Agresti, 2015,
p. 126). Further, for 1 < j < w we write
. Al (k1)
As discussed, S5 is not generally asymptotically equivalent to S,,. The
effective score however is the residual from the projection of the score on
the space spanned by the nuisance scores. Hence S7  is uncorrelated with

the nuisance scores S'(y]g_l) (Marohn, 2002). Consequently, as noted in the
proof below, under mild regularity assumptions S§ =53 +o(1), i.e. asymp-
totically the effective score it is not affected by 4.

Note that if 4 is the maximum likelihood estimate under Hg, then
Sék_l) = 0, so that S’;; = S5. The summands y:l
however, and the key point is that S = S5 + o(1).

Like Marohn (2002), we assume that

Sy = Sy, — Tov/n(§ — o) + o(1),

SEY = 8¢ — Top/n(y —0) + o(1),

which is satisfied under mild assumptions such as continuous second order
derivatives.

and vs; are different,

Theorem 5.3.1. Consider the test of Theorem 5.2.1 with T7 = S;j, 1<
Jj <w. Asn — oo, the level of this test converges to |aw|/w < .

Proof. Suppose that Hy holds. Note that

* o a1 (k-1 _ k—1
S5 =55 =TTy Sé ) =55 - ’1212215»% ' +o(1) =

Sy — TipvVn(y —0) — 1/121'2_21{5%71) ~InvVn(y - 70)} oll) =
S,’;O +o(1).
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Let 2 <7 < w and

n

i+ — /2 Z .

SW =n 1{9;‘1:1}”%“
=1

n
i— ~1/2
S’]Y =n"" Zl{gji:—l}y%i'
=1

Note that
1

J it _qi— _ i+
§) =85t —s1 = {855

VATl (390 }~{ 835~ ViTia(d—0) (1) =

SIF =827+ o(1) = S, +o(1).

The intuitive reason why S% = S%O + o(1), is that the estimation of 4 does
not cause the summands underlying S% to be correlated (as is the case for
the original score S5). Similarly we find that Sékil)’j = Sﬂ(jg*l)’j +0(1) and
conclude that S’;j = S 1 0(1).

Let T™ be as in the proof of Theorem 5.2.1, with 1; replaced by V;w.
Suppose H( holds and I-= Z, so that the summands underlying T]" are
independent. For every 1 <14 <n, E(v ;) = 0. The elements of T" are un-
correlated and have common variance UCLT‘(I/;OJ). Hence, by the Lindeberg-
Feller central limit theorem (Greene, 2012, p. 1123), T™ converges in dis-
tribution to N(0,var (v}, 1)I). We supposed that Z = T to use the central

limite theorem, but the asymptotic distribution of T™ is the same if T is
any consistent estimator of Z.

Let T be as in the proof of Theorem 5.2.1, with v; replaced by V;; ;- For
every 1 < j < w, Sfyj = Sf,g + 0(1). Thus T™ and T" are asymptotically
equivalent. The result now follows from Lemma 5.2.1.

O

The test of Theorem 5.3.1 has a parametric counterpart, which uses that
under Hy, S§ is asymptotically normal with known variance, the effective
information (Marohn, 2002; Hall and Mathiason, 1990). As n,w — oo,
this test becomes equivalent to the test of Theorem 5.3.1, as the following
proposition says.



90 Chapter 5 — Robust testing in GLMs

Proposition 5.3.1. Proposition 5.2.3 (asymptotic equivalence with the
parametric test) still holds if for 1 < j < w we take

n
J — /2 Uk
77 =n 9jiV5 ;-
i=1

Proof. In case 4 = 7y, the proof is analogous to that of Proposition 5.2.3.
It is left to show that as n,w — oo, the test of Theorem 5.3.1 with ¥ = g
becomes equivalent to the test of Theorem 5.3.1 with 4 any other /n-
consistent estimator. This follows in a straightforward way since for w
fixed, T" and T™ (as in the proof of Theorem 5.3.1) are asymptotically
equivalent. ]

5.3.2 Robustness

In Section 5.2.4 it was explained that the test of Theorem 5.2.1 is usually
robust against misspecification of the variance of the score. The test of
Theorem 5.3.1 is also robust against certain forms of variance misspecifi-
cation. This is in particular the case if S5 and S ékil) are misspecified by
the same factor, see Proposition 5.3.2. This is for example the case if the
variance misspecification factor is independent of the covariates.

Proposition 5.3.2. Suppose that I= nilX’VAVX, where X is an n X
k design matriz with i.i.d. rows and W a weight matriz. Consider a
masspecification factor ¢c; > 0 and misspecified scores

Further, for ca > 0 consider the misspecified weight matriz W = uW.
Let T = n~ ' X'W X be the misspecified average Fisher information. Let
- — —1_(k-1)
V’A)/,i = I/ﬁ/’i — 1121-22 V’ﬁ/,l '
Consider the test of Theorem 5.3.1, with S:;J, j=1,...,w, replaced by the
misspecified effective score

n
G*I — ,—1/2 ok
S& =n E GjiV% ;-
=1

be the misspecified effective scores, i = 1,...,n.

Asn — oo, the level of this test converges to |aw|/w < a.
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Proof. For every 1 < j < w we have
S = 187 — o T c_liilc Sk _ ) gr
R T 2451209 £22 C194 — €195
Hence the test is identical to that of Theorem 5.3.1, since that test is
unchanged if all 77 are multiplied by a constant. O

Proposition 5.3.2 is useful, since it tells us that if in a GLM var(Y;) is
misspecified by a constant, such that W and the scores are misspecified by
a constant, the resulting test is still asymptotically exact. In Proposition
5.3.2 we assume that the misspecification factors of the weights and the
scores are the same for all observations. This is satisfied for example when
the model is binomial or Poisson, but the true distribution is respectively
quasi-binomial or quasi-Poisson. We could slightly relax this assumption,
allowing these factors to be random. Indeed, in practice the test can be
very robust against heteroscedasticity (see Section 5.4). The variance mis-
specification is not generally allowed to depend on the covariates, since
then S5 and Sék_l) can be misspecified by different factors asymptotically.
There are exceptions however, see Sections 5.3.3 and 5.4.1.

The test based on the basic scores vy ; is valid as soon as E(v4;) = 0,
and hence it may sometimes be preferred over the test of Theorem 5.3.1.
The test based on the basic score is asymptotically conservative if the score
S+, is correlated with the nuisance scores S%fl), i.e. when Z19 # 0. Hence
it can be useful to redefine the covariate of interest such that Zi5 = 0.
When W = bI, b > 0, this means orthogonalizing the covariate of interest
with respect to the nuisance covariates. When the model is potentially
misspecified, then the weights and hence Z15 are not asymptotically known,
but the user could substitute a best guess for the weights.

5.3.3 An example

As discussed, the test of Theorem 5.3.1 is often not asymptotically exact
if the variance misspecification depends on the covariates. An important
exception is the case where the model is

Y~ N(o + BX,,0%) i=1,..n, (5.4)

where 7 is the unknown intercept and X/ € R . If the null hypotesis is
Hy : B = Py, then 7y is a nuisance parameter that needs to be estimated.
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(We do not need to know o and can simply substitute 1 for it.) Hence, we
compute the effective score. Note that for 1 <7 < n,

N 2
vii = xi(yi — fui)/o”,
k—1 ~ 2
VS,Z )= (yi — i) /0"
Note that we can consistently estimate 1121521 by T = %Z;;l x, so that
the effective score contributions are

vy = (25— T)(yi — ju) /0”.

Thus, the effective score contributions are exactly the basic score con-
tributions after centering ,...,2], around 0. Similarly, if 2f,...,2], are
already centered, then v5; and V;Z coincide, since then 22'12 =0.

The test of Theorem 5.3.1 is not always asymptotically exact if S5 and

Sékil) are misspecified by different factors. However, if Zi» = 0, then
this does not apply anymore. The test of Theorem 5.3.1 then remains
asymptotically exact and reduces to the test based on the basic score. For
the model (5.4), this means that even if the misspecification of var(Y;)
depends on X, we obtain an asymptotically exact test.

A particular case where this principle applies is the generalized Behrens-
Fisher problem, where the aim is to test equality of the means p' and u?
of two populations (or to test if u! < p? or u' > p?). In this problem,
it is only assumed that two independent samples from these populations
are available, without making other assumptions such as equal variances.
It is well-known that this problem has no exact solution under normality
(Pesarin and Salmaso, 2010; Lehmann and Romano, 2005). Under mild
assumptions, we obtain an asymptotically exact test for this problem. Pe-
sarin and Salmaso (2010) already suggested sign-flipping residuals to solve
this problem. This is equivalent to flipping scores in our linear model (5.4)

with |2} = ... = |2],].

5.4 Simulations

To compare the tests in this paper with each other and existing tests,
we applied them to simulated data. In particular we considered scenarios
where the model was misspecified.
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5.4.1 Overdispersion, heteroscedasticity and estimated nui-
sance

In Sections 5.4.1 and 5.4.2 the assumed model was Poisson, but in fact
Y1,..., Y, were drawn from a negative binomial distribution.

The covariates X, Z, Z' € R were drawn from a multivariate normal
distribution with zero mean and var(X) = var(Z) = var(Z') = 1. (For
nonzero means, similar simulation results were obtained as below.) The
response satisfied log(E(Y;)) = log(u;) = ni =

0+ 8 -Xi+70-Zi +- 2L

The null hypothesis was Hy : 8 = 0. In Section 5.4.1 we took 7' = 0.
The coefficient 79 and the intercept 0 were nuisance parameters that
were estimated by maximum likelihood under Hy. We took v = 1
and p(X;, Z;) = 0.5, p(ZL,Z;) = 0, p(Z,, X;) = 0. We took the dis-
persion parameter of the negative binomial distribution to be 1, so that
var(Ys) = i + 112

The assumed model, however, was Poisson, i.e. var(Y;) = p; was as-
sumed. Thus the true variance was larger than the assumed variance and
the variance misspecification factor depended on p;, i.e. on the covariate
Zi. The assumed log link function was correct and in Section 5.4.1 the
linear predictor was correct as well.

In Figure 5.4.1 the estimated rejection probabilites of four tests under
Hy : B = 0 are compared, based on 5000 repeated simulations. In all
simulations the tests were two-sided.

One of the tests considered was the parametric score test. Since the
assumed model was Poisson, the computed Fisher information was too small
and the test was anti-conservative.

We also applied a Wald test, where we used a sandwich estimate
(Agresti, 2015, p. 280) of the variance of B, to correct for the misspec-
ified variance function. We used the R package gee for this (available on
CRAN), specifying blocks of size 1. As can be seen in Figure 5.4.1, this
test was anti-conservative for small n. This was in particular due to the
estimation error of the sandwich (Boos, 1992; Freedman, 2006; Maas and
Hox, 2004; Kauermann and Carroll, 2000).

Further, we applied the sign-flipping test based on the basic scores v ;.
We took w = 200 (taking w larger gives similar results, see also Marriott,
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Figure 5.1: Estimated rejection probabilities for four tests under misspecified variance
and estimated nuisance. The null hypothesis was Ho : 5 = 0.

1979). Due to the estimation of 7, the variance of the score was shrunk
and the test was conservative, as explained in Section 5.3.1.

Finally, we used the sign-flipping test of Theorem 5.3.1, which is based
on the effective scores v ;. In Section 5.3.2 it was already shown that this
test is asymptotically exact under constant variance misspecification. Here,
however, the variance misspecification factor was 1 + p; (i.e. it depended
on Z;). Nevertheless the level of the test was approximately «. This il-
lustrates that the test has some additional robustness, which we have not
theoretically shown.

5.4.2 Ignored nuisance

The same simulations were performed as in Section 5.4.1, but with v} = 1.
Since ’yé = 0 was assumed, Zf represented an ignored, latent variable.
Figure 5.4.2 shows similar results as Figure 5.4.1. The parametric test was
even more anti-conservative than in Section 5.4.1. The reason is that the
introduction of Zf increased the variance Y;, so that the variance of the
score was even more misspecified than in Section 5.4.1.

The test of Theorem 5.3.1 was still nearly exact for n = 200, even
though p; was misspecified. (Even marginally over Zf, 1; was misspecified.
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Figure 5.2: Estimated rejection probabilities for four tests under misspecified variance,
estimated nuisance and ignored nuisance. The null hypothesis was Hp : § = 0.

Possibly the estimation of the intercept corrected for the misspecification.)

A conclusion from the simulations of Sections 5.4.1 and 5.4.2, is that
the sandwich-based approach should not always be seen as the most reli-
able way of testing models with misspecified variance functions. Indeed,
in our simulations the test of Theorem 5.3.1 was substantially less anti-
conservative (while having similar power, see Section 5.4.3).

5.4.3 Power

For a meaningful power comparison of the four tests, we considered the
scenario where the assumed model was correct, i.e. the data distribution
was Poisson and 7(1) was 0. See figure 5.4.3. The estimated probabilities are
based on 20,000 simulation loops.

Since the model was correct, asymptotically there was no better choice
than the parametric test. The sign-flipping test of Theorem 5.3.1 had very
similar power. The basic sign-flipping test was again conservative due to
the estimation of 79. The sandwich-based test had the most power, but
was anti-conservative (null behavior not shown).



96 Chapter 5 — Robust testing in GLMs

0.9
0.8
0.7
Z 06 /x/ 5
2 S Y 2
S sl E
= S z
g y £
RIS B
B y/ B
0.3 .'/ —— parametric
'l --- sandwich
— flip basic
24 2
0 ] — flip effective 0
0.1 0.1
0 0
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
alpha alpha
(a) B=10.2, n =50 (b) B =0.2, n = 200

Figure 5.3: Power comparison of four two-sided tests under the correct model, with
estimated nuisance. The null hypothesis was Ho : 8 = 0.

5.4.4 Strong heteroscedasticity

When a Gaussian linear model is considered with Y; ~ N(Bz;,02), 71 =
.. = x, = 1 and Hy : B = 0, the score contributions are v; = X;(Y; —
0)/0? = Y;/o?. Thus the test of Theorem 5.2.1 simply flips the observations
Y;, 1 < ¢ < n. The parametric counterpart of this test is the one-sample
t-test. The t-test needs to explicitly estimate the nuisance parameter o2;
the sign-flipping test does not (simply substitute o = 1).

We simulated strongly heteroscedastic data: we took Y; ~ N(Sx;, JZZ),
with o; = exp(i), 1 < i < n = 10. Consequently the t-statistic did not have
the assumed distribution and the level of the t-test was far from nominal
for most «a, see Figure 5.4a. The sign-flipping test did not need to estimate
the variance. In this setting the test has level |aw|/w exactly if the trans-
formations ¢i, ..., g, are drawn without replacement, since the observations
are symmetric, see Proposition 5.2.1. (We drew gy, ..., g,y with replacement
for convenience, but this gives almost the same test as drawing without
replacement, due to the small probability of ties.)

For a meaningful power comparison, we considered the correct, ho-
moscedastic model with o1 = ... = 019 = 1. Figure 5.4b, based on 10°
repeated simulations, shows that the tests had virtually the same power.
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Figure 5.4: Comparison of the one-sample t-test and the sign-flipping test. The null
hypothesis was Ho : p = 0.

5.5 Data analysis

We analyzed the dataset warpbreaks. These data are used in the example
code of the gee R package, available on CRAN. The dataset gives the
number of warp breaks per loom, where a loom corresponds to a fixed
length of yarn. There are 54 observations of 3 variables: the number of
breaks, the type of wool (A or B) and the tension (low, medium or high).
For each of the 6 possible combinations of wool and tension, there are 9
observations. Using various methods, we tested whether the number of
breaks depends on the type of wool.
We first considered a basic Poisson model with

log(ul) =M+ Bl{wool:B} + 721{tension:M} + 731{tension:H}-

The v;, 1 < i < 3, were nuisance parameters that were estimated using
maximum likelihood. We first tested Hy : 8 = 0 using the parametric score
test, obtaining a p-value of 6.29-107°. (All tests performed were two-sided.)

However, the data were clearly overdispersed: for each combination of
wool and tension, the empirical variance of the 9 observations was sub-
stantially larger than the empirical mean. Thus the p-value based on the
parametric test had limited meaning. Fitting a quasi-Poisson model, which



98 Chapter 5 — Robust testing in GLMs

assumes constant overdispersion, gave a p-value of 0.059.

Asin Section 5.4, we also applied a Wald test, where we used a sandwich
estimate (Agresti, 2015, p. 280) of the variance of j, to correct for the
misspecified variance function. This resulted in a p-value of 0.048.

Further, we used the sign-flipping test based on the basic scores v ;,
i = 1,..,54 (still using the basic Poisson model). We took w = 10°.
This resulted in a p-value of 0.113. This test is rather robust to model
misspecification, but we know that it tends to be conservative when the
score is correlated with the nuisance scores, as was the case here.

Finally, we performed the test of Theorem 5.3.1 based on the effective
score. This test is asymptotically exact under the correct model and has
been shown to be robust against several forms of variance misspecification.
It provided a p-value of 0.065.

Based on this evidence, when maintaining a confidence level of 0.05,
it seems that we cannot reject Hy. Indeed, only the sandwich-based test
provided a p-value below 0.05, but this test is often anti-conservative, as
discussed in Section 5.4.1.

5.6 Discussion

We have proposed a test which relies on the assumption that individual
score distributions are independent and have mean 0 (in case of a point
hypothesis) under the null. If the score contributions are misspecified due
to overdispersion, heteroscedasticity or ignored nuisance covariates, then
the traditional parametric tests lose their properties. The sign-flipping test
is robust to these types of misspecification and is often still asymptotically
exact. It often has similar power to the parametric score test, if the model
is correct.

When nuisance parameters are estimated, the score contributions be-
come dependent. If a nuisance score is correlated with the score of the
parameter of interest, the estimation reduces the variance of the score, so
that the sign-flipping test becomes conservative. As a solution we propose
to use the effective score, which is the part of the score that is orthogonal to
the nuisance score. The effective score is asymptotically unaffected by the
nuisance estimation, so that we again obtain an asymptotically exact test.
We have proven that this is still the case under constant overdispersion,
and simulations illustrate additional robustness.
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Despite its potential conservativeness, the test based on the basic score
may be preferred over that based on the effective score, for its robustness.
Moreover, the basic test does not require computing the Fisher information.
This might provide an advantage in applications where this computation is
time-consuming.
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Introduction

This is a manual for the R package confSAM by Jesse Hemerik and Jelle Goeman (2017),
which is available on CRAN. This package provides confidence bounds for the false discovery
proportion in the context of SAM (Tusher et al., 2001). If you use the confSAM package,
please cite the paper Hemerik and Goeman (2018), which provides all underlying theory.

The false discovery proportion

Suppose hypotheses Hi, ..., H,, are tested by calculating corresponding p-values py, .., p,, and
rejecting the hypotheses with small p-values. The number of false positive findings is then
the number of hypotheses that are rejected even though they are true. The False Discovery
Proportion (FDP) is this number divided by the total number of rejected hypotheses.

Instead of calculating a p-value for each hypothesis, it is also possible to calculate other
test statistics, 11, ..., T, say. One could then reject all hypotheses with test statistics
e.g. exceeding some constant. (Possibly with a different constant for each hypothesis.)

In multiple testing it is often of interest to estimate how many of the rejected hypotheses
are false findings. This is equivalent to estimating the FDP. The package confSAM allows
estimation of this quantity.

As is usually the case with estimating quantities, providing a point estimate is not enough.
What is also important is providing a confidence interval, so that one has e.g. 95% confidence
that the quantity of interest lies in the interval. The package confSAM allows not only
estimating the FDP, but also providing a confidence interval for it. More precisely, the
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package provides an confidence upperbound for the FDP, so that the user has e.g. 95%
confidence that the FDP is between zero and this bound.

The package confSAM incorporates different methods for providing estimates and upper
bounds. The methods vary in complexity and computational intensity. In the following it is
explained how these methods can be used with the function confSAM.

Use of permutations

The methods in this package can be used if the joint distribution of the part of the data that
is under the null, is invariant under a group of permutations. For example, suppose that each
test statistic T;, 1 < i < m, depends on some n-dimensional vector of obervations. Suppose
for example that such a vector contains n gene expression level measurements: n/2 from cases
and n/2 from controls. If the joint distribution of the gene expression levels corresponding to
the true hypotheses is the same for cases and controls, then permuting the cases and controls
does not change this joint distribution. In that case the methods in this package can be used.

Designs with more than two groups or other transformations than permutations are also
possible. See Hemerik and Goeman (2018) for general theory.

Basic estimate and bound

For the function confSAM, essentially the only input required is a matrix of p-values (or other
test statistics). Every row of the matrix should correspond to a (random) permutation of the
data. For the assumption that these p-values (test statistics) should satisfy, see Hemerik and
Goeman (2018), Assumption 1.

Obtaining the matrix of test statistics

The samr package contains a function samr that allows computation of the test statistics
as defined in the original SAM paper (Tusher et al., 2001). More precisely, the object tt
that samr returns, contains test statistics for the original data. Further, the object ttstar0
contains a matrix of (unsorted) test statistics for the permuted version of the data. These
objects can be used as input for our function confSAM (ttstar0 should first be transposed).

Here we will not use samr to compute test statistics, but compute test statistics ourselves.
As example data to work with, we consider the nki70 dataset from the penalized package.

library(penalized)
data(nki70)

This survival data set concerns 144 lymph node positive breast cancer patients. For each
patient there is a time variable and an event indicator variable (metastasis-free survival), as
well as 70 gene expression level measurements. Using confSAM we will test the hypotheses
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Hy, ..., H7g where H; is the hypothesis that the expression level of gene i is not associated
with the survival curve.

To be able to use confSAM, we now construct the required matrix of p-values. We will use
random permutations, i.e. random reshufflings of the 144 vectors of gene expression levels.
Hence we first set the seed.

library(survival)

set.seed(21983)

w<-100 # number of random permutations

pvalues <- matrix(nr=w,nc=70)

survobj <- Surv(time=nki70$time, event=nki70$event)

#compute the 70 p-values for each random permutation
for(j in 1:w){
if (j==1)1{
permdata <- nki70 #original data
}
else{
permdata <- nki70[sample(nrow(nki70)),] #randomly shuffle the rows
¥
for (i in 1:70) {
form <- as.formula(paste("survobj ~ ", names(nki70) [1+7] ))
coxobj <- coxph(form, data=permdata)
sumcoxobj <- summary(coxobj)
pvalues([j,i] <- sumcoxobj$coefficients[,5]
}
}

We took the first permutation to be the original group labelling. Hence pvalues[l,] contains
the p-values for the original data. Note that it is possible that the model assumptions are not
exactly satisfied and the p-values corresponding to true hypotheses are not exactly uniform.
A good property of the methods in confSAM however is that it does not matter if the p-values
are exact for the methods to be valid (as long as they are computed in the same way for each
permutation). The reason is that any test statistics are allowed.

Now that we have our p-value matrix, we are ready to use confSAM. Let us say that we will
reject all hypotheses with p-values smaller than 0.03. Recall that pvalues[1,] contains the
p-values for the original data. Thus the number of rejected hypotheses is found as follows:

sum(pvalues[1,]<0.03)

# [1] 17

The number of rejections is also automatically given by the function confSAM, as we will see
below.
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Basic confidence bound

We now turn to computing a basic confidence bound for the number of false positives (or
equivalently, the FDP). By Hemerik and Goeman (2018) a basic (1 — «)-confidence bound
for the number of false positives V' is the (1 — «)-quantile of the numbers of rejections for the
permuted versions of the data. This basic upper bound is obtained as follows (for o = 0.1):

library(confSAM)
confSAM(p=pvalues[1,], PM=pvalues, cutoff=0.03, alpha=0.1,
method="simple") [3]

## Simple conf. bound for #fp:
#H# 5

Here

o the argument p is the vector of p-values for the original unpermuted data;

o the argument PM is the matrix of p-values (or other test statistics);

o cutoff is the cut-off we have chosen. (cutoff is also allowed to be a vector of length
length(p), in which case the i-th p-value is compared to cutoff [i].)

o alpha is such that 1 — « is the desired confidence level;

o method="simple" means that we want a simple upper bound (which is computationally
fastest).

In our case, we made sure that the first row of the p-value matrix contained the original
p-values. If we had not explicitly put the original p-values in the matrix (in which case they
should be in the first row), then we should have included includes.id=FALSE in the function
call.

Another argument that can be given to the function is reject, which can take the values
"small”, "large” and "absolute”. This argument, together with the cutoff, determines which
hypotheses are rejected. For example, the default is "small” and this means that all hypotheses
with p-values (or test statistics) smaller than cutoff should be rejected. Setting reject to
"absolute” means that all test statistics with absolute value greater than cutoff are rejected.

The above function call provides an upper bound for the number of false positives. Since we
took o = 0.1, we have 90% confidence that the number of false positives does not exceed this
bound. To obtain a 90%-confidence upper bound for the false discovery proportion (FDP),
we simply divide the above bound by the number of rejections.

Note that in the above we put ‘[3]’ behind the function call. Leaving this out gives the full
output of the function:

confSAM(p=pvalues[1,], PM=pvalues, cutoff=0.03, alpha=0.1, method="simple")

#H# #rejections: Simple estimate of #fp:
## 17 2
## Simple conf. bound for #fp:
#H# 5
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The first argument is the number of rejections, which we already computed above. The
second argument is a basic median unbiased estimate of the number of false positives. (This
is just the basic upper bound for v = 0.5.) The function always produces these automatically
since they require little additional computation time.

Improved upper bounds

Closed testing-based bound

Beside the basic upper bound discussed above, also more sophisticated upper bounds are
derived in Hemerik and Goeman (2018). The first one we will discuss is related to the theory
of closed testing. This method is the most computationally demanding, and is often infeasible
when there are many hypotheses, but for the present example the method is feasible. The
full closed testing-based method provides an upper bound that is often smaller than the basic
upper bound discussed above, while still providing (1 — «/)100% confidence. Details on how
the bound is defined are in Hemerik and Goeman (2018).

To use this method we change the method argument into full. Running the following code
may take a while so it might be skipped.

confSAM(p=pvalues[1,], PM=pvalues, cutoff=0.03, alpha=0.1, method="full")

#H# #rejections: Simple estimate of #fp:
## 17 2
## cl.testing-based bound for #fp:
## 4

Note that the resulting upper bound is smaller than the bound obtained with method="“simple”.
In cases where the closed-testing method is infeasible, in some cases with many false hypotheses
the basic bound can still be improved by setting method="csc". In that case an exact, but
conservative shortcut for the full closed testing-based method is used. A method that is more
likely to improve the basic bound however, is the approximation method discussed below.

Approximation method

Setting method="full" can lead to computational infeasibility. In that case a possible solution
is to approximate this bound. This is done by setting method="approxz". This corresponds to
the approximation method detailed in Hemerik and Goeman (2018).

For example, in our example increasing the cut-off leads to more rejections, and it is a
property of the method that it then tends to take longer or can be infeasible. To limit the
computational burden, the approximation method can be used. We now increase the cut-off
to 0.2 and illustrate the approximation method. For comparison we also compute the simple
bound explained above.
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#simple method
confSAM(p=pvalues([1,], PM=pvalues, cutoff=0.2, alpha=0.1, method="simple")

#i#t #rejections: Simple estimate of #fp:
## 40 12
## Simple conf. bound for #fp:
## 22

#approximation method
confSAM(p=pvalues[1,], PM=pvalues, cutoff=0.2, alpha=0.1,
method="approx", ncombs=1000) [3]

## Appr. cl.testing-based bound for #fp:
#i# 17

The last result again means that with 90% confidence, the number of false positives does not
exceed the stated bound. Note that the bound obtained with the approximation method is

smaller than the simple bound.

Note above that an additional argument ncombs appears (default is 1000). This is the number
of combinations that the approximation method checks per step. Details are in Hemerik and
Goeman (2018). The higher ncombs is, the more reliable the bound is as a (1 — «)-confidence
bound, but the longer the computation takes. We recommend taking ncombs very high

(> 10%) if time allows it.
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Samenvatting

Wetenschappelijk onderzoekers zijn vaak geinteresseerd in een nulhypothese
over een populatie. Een nulhypothese is een uitspraak zoals: “Rokers heb-
ben (gemiddeld) dezelfde bloeddruk als niet-rokers.” Een ander voorbeeld is
de hypothese dat bij Europese vrouwen met een bepaalde ziekte, een nieuw
medicijn A de ziekte (gemiddeld) niet beter verhelpt dan het gangbare me-
dicijn B. In het eerste voorbeeld is de populatie die onderzocht wordt ‘alle
mensen’, in het tweede geval ‘alle Europese vrouwen met de ziekte.’

Om de eerste hypothese te toetsen, is het geen doen om van alle
Nederlanders de bloedruk te meten. Dit zou bijvoorbeeld te veel tijd en
geld kosten. In het algemeen meten onderzoekers dan ook niet de hele po-
pulatie waarin ze geinteresseerd zijn, maar een representatieve steekproef.
Bij het tweede voorbeeld kan bijvoorbeeld een groep van 20 vrouwen verza-
meld worden. Hiervan krijgen 10 willekeurig gekozen vrouwen medicijn A
en de 10 andere vrouwen medicijn B. De vrouwen krijgen niet te horen welk
medicijn ze hebben gekregen. Als bij deze vrouwen medicijn A steeds veel
beter werkt dan medicijn B, is er bewijs dat A beter is dan B. We kunnen
dan overwegen om de hypothese te verwerpen, dat A niet beter werkt dan
B.

Wat het analyseren van zulke steekproeven zo interessant maakt, is
dat we nooit met zekerheid kunnen zeggen dat A beter is dan B. Het kan
namelijk zo zijn dat medicijn A door puur toeval aan mensen werd gegeven
die een betere weerstand hadden. In het algemeen is er altijd een risico
dat een hypothese onterecht verworpen wordt, doordat een steekproef door
puur toeval een misleidend beeld geeft van de populatie. Er is dus altijd
sprake van onzekerheid als conclusies over populaties worden gedaan op
basis van steekproeven. De statistiek houdt zich bezig met het kwantificeren
van die onzekerheid.

Het is belangrijk om hypotheses zodanig te toetsen, dat de kans op het
verwerpen van een ware hypothese klein is. Dit zouden we kunnen we doen
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door een hypothese alleen te verwerpen, als de kans dat deze waar is heel
klein is, op basis van de steekproef. Het berekenen van die kans blijkt echter
nogal problematisch te zijn, en in de (frequentische) statistiek probeert men
in plaats daarvan te bepalen hoe onwaarschijnlijk de data zouden zijn, als
de hypothese waar was.

De onwaarschijnlijkheid van de data onder de nulhypothese wordt ge-
meten met een getal, de toetsstatistiek. Hoe onwaarschijnlijker de data zijn
onder de nulhypothese, hoe groter de toetsstatistiek is. Als de toetsstatis-
tiek onwaarschijnlijk groot is onder de nulhypothese, wordt de nulhypothese
verworpen. De onwaarschijnlijkheid van de toetsstatistiek wordt gemeten
met de p-waarde, een getal tussen 0 en 1. Hoe groter de toetsstatistiek is,
hoe kleiner de p-waarde is. Als de nulhypothese waar is, is de p-waarde
(bij benadering) uniform verdeeld tussen 0 en 1. Vaak verwerpt men de
nulhypothese als de p-waarde 0.05 of lager is. Is de p-waarde groter dan
0.05, dan zegt men dat er niet voldoende bewijs is om de hypothese te
verwerpen.

Om te begrijpen waarom dit een goede manier van toetsen is, kunnen
we ons realiseren dat er twee soorten fouten kunnen worden gemaakt. Ten
eerste kunnen we een hypothese verwerpen, terwijl deze in werkelijkheid
waar is. Dit heet een type-I fout. Ten tweede kunnen we een hypothese
niet-verwerpen als deze in werkelijkheid onwaar is. Dit heet een type-II
fout. Meestal worden type-I fouten erger gevonden dan type-II fouten.

Dat een type-1 fout ernstige gevolgen kan hebben, is duidelijk. Stel
bijvoorbeeld dat we concluderen dat medicijn A beter werkt dan medicijn
B, terwijl medicijn A in werkelijkheid minder goed werkt. Dan zal, op basis
van dit resultaat, in de toekomst misschien medicijn A — het verkeerde
medicijn — aan patiénten gegeven worden.

Een type-II fout wordt vaak minder erg gevonden. Eén van de redenen
is dat bij het niet-verwerpen van een hypothese eigenlijk geen uitspraak
wordt gedaan, dus ook geen foutieve. Een hiermee samenhangende reden is
dat de hypothese meestal zegt dat ‘er niks interessants aan de hand is’ (bij-
voorbeeld: ‘A werkt niet beter dan het gebruikelijke medicijn B’), waardoor
er geen nadruk wordt gelegd op niet-verworpen hypotheses in wetenschap-
pelijke publicaties. Sterker nog, niet-verworpen hypotheses worden vaak
iiberhaupt niet vermeld in publicaties (zogeheten ‘publication bias’). Type-
IT fouten zijn dus jammer, maar vervuilen de wetenschappelijke literatuur
niet zo erg als type-I fouten.
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In het voorbeeld van medicijnen bijvoorbeeld, betekent een type-1I fout
dat medicijn A beter werkt, maar dit niet geconcludeerd wordt. Dit is jam-
mer, maar er wordt geen (foute) conclusie getrokken. Bovendien krijgt het
niet-verwerpen van de hypothese weinig aandacht in de wetenschappelijke
gemeenschap. Daardoor zal A in de toekomst waarschijnlijk nog een keer
met B vergeleken worden, wat dan wel tot verwerping van de hypothese
kan leiden.

Aangezien men de nulhypothese verwerpt als de data onwaarschijnlijk
zijn onder de nulhypothese, is de kans op verwerpen klein als de hypothese
waar is. Er wordt dus expliciet voor gezorgd dat de kans op type-I fouten
klein blijft: precies wat men wil.

Dit proefschrift legt voor een belangrijk deel de nadruk op multiple
testing, oftewel meervoudig toetsen. Dit is het toetsen van veel (strict
gesproken: twee of meer) hypotheses tegelijk. We zouden bijvoorbeeld voor
20,000 genen de hypothese kunnen toetsen, dat de activiteit van het gen
geen verband houdt met een bepaald fenotype (bijvoorbeeld de variant van
kanker, die iemand heeft). Bij zoveel hypotheses moet de statisticus, op
basis van de hem beschikbaar gestelde data, voor elke hypothese bepalen
of deze verworpen wordt.

Als er veel hypotheses getoetst worden, kunnen er veel type-I fouten
gemaakt worden. Als de onderzoeker er vrij zeker van wil zijn dat er geen
enkele type-I fout gemaakt wordt, moet hij ervoor zorgen dat een hypothese
alleen verworpen wordt, als er extreem veel bewijs tegen is. Het gevolg
van zulke strenge eisen is vaak dat er maar weinig hypotheses verworpen
worden, zelfs als in werkelijkheid veel van de hypotheses onwaar zijn.

Soms gaat het er niet om, ervoor te waken dat er helemaal geen type-I
fouten zijn, maar wil de onderzoeker dat met grote kans bijvoorbeeld 95%
van de verworpen hypotheses onwaar zijn. Hoofdstuk 3 en 4 van dit proef-
schrift bevatten nieuwe statistische methoden die dit kunnen garanderen.

In hoodstuk 3 wordt een bestaande multiple testing methode verbeterd,
getiteld SAM (“Significance Analysis of Mircorarrays”). Deze methode
werd in eerste instantie gebruikt voor genetische data, maar is breder toe-
pasbaar. De oorspronkelijke SAM methodologie schat de fractie van type-I
fouten onder alle verworpen hypothesen. Als de door SAM geschatte fractie
type-I fouten laag is, suggereert dit dat veel van de verworpen hypothesen
onwaar zijn.

De door SAM geschatte fractie van type-1 fouten kan ver van de
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werkelijke fractie af liggen. In hoofdstuk 3 wordt een methode ontwik-
keld om een bovengrens voor de werkelijke fractie te geven. De gebruiker
kan zelf kiezen hoe betrouwbaar deze bovengrens moet zijn. Op deze ma-
nier kan de gebruiker bijvoorbeeld een bovengrens berekenen die boven de
ware fractie type-I fouten ligt met een kans van tenminste 95%. Als de
gevonden bovengrens bijvoorbeeld 0.15 is, dan weet de gebruiker met 95%
zekerheid dat de fractie type-I fouten niet groter is dan 0.15.

De methode van hoodstuk 3 is geimplementeerd in een klein software
pakket, dat online vrij beschikbaar is. Hierdoor kan de methode gemak-
kelijk door statistici wereldwijd gebruikt worden. De appendix van dit
proefschrift bevat een gebruiksaanwijzing voor deze software.

Hoofdstuk 4 is gerelateerd aan hoofdstuk 3. Ook hier worden boven-
grenzen gegeven voor de fractie van type-I fouten in een collectie verworpen
hypothesen. In tegenstelling tot hoofdstuk 3 echter, zijn de bovengrenzen
in hoofdstuk 4 nog steeds betrouwbaar als het verwerpingscriterium wordt
bepaald op basis van de data. Hierdoor krijgt de gebruiker meer vrijheid
in het aanpassen van het verwerpingscriterium na het kijken naar de data.

Statistiek gaat niet alleen over toetsen, maar ook over het maken van
voorspellingsmodellen. (Hierbij staat het kwantificeren van onzekerheid
nog steeds heel centraal.) Het kan bijvoorbeeld zo zijn dat het per persoon
verschilt welk medicijn waarschijnlijk het beste zal werken. Dat kan afhan-
gen van variabelen zoals geslacht en leeftijd. Het kan dan nuttig zijn om
een statistisch model te maken, dat voorspelt welk medicijn het beste bij
iemand werkt, gegeven eigenschappen als leeftijd, geslacht en genen.

Hoofdstuk 5 van dit proefschrift gaat over het toetsen binnen zulke mo-
dellen. Het gaat er hierbij om aan te tonen of bepaalde variabele, bijvoor-
beeld leeftijd, een statistisch aantoonbare invloed op de uitkomstvariabele
(bijvoorbeeld het optimale medicijn) heeft.

Zulke statistische toetsen worden vaak uitgevoerd onder bepaalde aan-
names, bijvoorbeeld dat de variantie van de uitkomstvariabele op een be-
paalde manier afhangt van de verwachtingswaarde. In hoofdstuk 5 wordt
een nieuwe toets geconstrueerd, die vaak nog goed werkt als niet aan de
aannames voldaan is. Daardoor kan de gebruiker er meer op vertrouwen
dat de kans op type-I fouten echt onder (zeg) 5% ligt, zelfs als bepaalde
aannames niet helemaal kloppen. Net zoals de methode van hoofdstuk 3,
is de methode van hoofdstuk 5 geimplementeerd in software die online vrij
beschikbaar is.
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De toets in hoofdstuk 5 is gerelateerd aan de multiple testing methodes
in de eerdere hoofstukken. Daardoor wordt het mogelijk om die methodes
toe te passen in de modellen waar hoofdstuk 5 over gaat.
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