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3 Toric-additivity

We work with the hypotheses of situation 2.5} we suppose that we are given an
abelian scheme A/U of relative dimension d, and a semi-abelian scheme A/S
with an isomorphism A xg U — A.

3.1 Definition of toric-additivity in the strictly local case

Assume that S is strictly local, with closed point s and residue field k = k(s) of
characteristic p > 0. The divisor D has finitely many irreducible components
Dy,...,D, for somen > 0.

We fix a prime ! # p and consider the Tate module T} A(K*®); we recall that
it is a free Z;-module of rank 2d with an action of Gal(K?®|K), which factors
via the surjection Gal(K*|K) — G := 70! (U) = @7, I;, where I; = Z;(1) for
each 1.

Definition 3.1. Let [ # p be a prime. We say that the semi-abelian scheme
A/S satisfies condition % (1) if
TAK®) = TAK®*)®#% or if n = 0. (20)
i=1

Remark 3.2.

o Whether A/S satisfies condition % (/) depends only on the generic fibre
Ak /K, and on the base S;

e suppose that A/S satisfies condition % (1); let ¢ be another geometric
point of S, belonging to D1, Do, ..., D,, for some m < n, and consider
the strict henselization S’ at . Then the morphism

U x5 8") — 7' (U)

induced by S’ — S is the natural inclusion

m n

D1, D

i=1 i=1
It can be easily seen that > | TJA(K®)®i#ili C S T A(K®)®i#ili;
hence Ag/ /S’ also satisfies condition ¥ ().

e Condition % (1) is automatically satisfied if n = 1.
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We are going to show that the validity of condition ¥ (!) is independent of the
chosen prime [ # p. We first need an auxiliary lemma, which we recommend
to skip, as its only utility is to show that some specific submodules of the Tate
module are direct summands. This simplifies some later proofs.

Lemma 3.3. The Tate module T} A(K*®) satisfies the following properties:

i) There exists a decomposition of T := T A(K?®) into a direct sum

T~ P 1

JC{1,...,n}

where, for every J C {1,...,n}, the submodule of invariants T®ies i g
equal to @ ;,~,; Ty

i) The submodule > | TIA(K®)®i#ili is a direct summand of T;A(K?®).

Proof. We start with the proof of i). Notice first that, for any submodule
V C T and any subgroup H C G, the submodule of invariants V¥ is a direct
summand of V; indeed, the quotient V/V# is torsion-free. Now we proceed
by induction on n. If n = 1, write Ty := T, and Ty = T/T" . In this case
we have T'= Ty & T as wished. Now let m > 2, assume that the statement
is true for n = m — 1, and let n = m. By inductive hypothesis, we can write

r= P (21)
JC{L,.ym—1}
as in the statement. Define, for every J C {1,...,m},

vV, — (Trnr,..om—1y) "™ if m € J;
TN T it m g .

It is easy to show that T =2 GBJC{L”_,m} V. Now, let J C {1,...,m}. Suppose
first that m ¢ J. Then we have

T@je,] Ij >~ @ T]/ >~ @ T]//(T]/)Im EB (T]/)Im >~
JCJ'C{1,...,m—1} JCJ'C{1,...,m—1}
>~ @ Vi & VJ’U{m} &~ @ V.
JCJ'C{1,...,m—1} JCJ'C{1,....,m}

If instead m € J, then

T®iesli o (TDiengmy li)Im @ (Vyr)lm.
AmYCICL, m)

19



Now, for a subset J' C {1,...,m}, (Vy)Im # 0 only if m € J’; in this case,
(VJ/)I"” = V]/. It follows that

TeajeJIJ' & @ V.
JCJ'C{1,...,m}
This proves i).
For ii), notice that for all i = 1,...,n, we have
L~
TRl =Ty & Ta  api)

and n n
L~
STr® =Ty @ DT

=1 i=1

Because of the decomposition of part i), we see that 2?21 T®i# 1 is indeed
a direct summand of 7. O

Recall the upper semi-continuous function 1S — Z>g. It takes the value
wu(s) at the closed point of S, and the value u(¢;) at each generic point (; of
D;.

Recall the inequality 7

n

p(s) < u(G)- (22)

=1

Theorem 3.4. Let S be a regular, strictly local scheme, with closed point s
of residue characteristic p >0, D = J;_, D; a normal crossing divisor on S.
Let A be an abelian scheme over U = S\ D, of relative dimension d, admitting
a semi-abelian prolongation A/S. Let ! # p be a prime.

The following conditions are equivalent:

a) A/S satisfies condition % (1).

b) Fori=1,...,n, let {; be the generic point of D;. The function u: S —
Z>o satisfies

n
p(s) = pw(G).
=1
¢) Let G = wt(U) = @I with I, = Z/(1). The Tate module T, A(K*)
decomposes as a direct sum

TAK) =Vi&Ved... 0V,
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of G-invariant submodules, such that for each i = 1,...,n and each
Jj #1, I; CG acts trivially on V.

Proof. We will write shorthand T for Ty A(K?®), p for p(s) and p; for pu(¢;). Let
us start with the equivalence a) < b); we are going to proceed by induction
on the number n. The case n = 0 being trivial, let first n = 1: in this case,
condition ¥ (1) is automatically satisfied. We have to check that u = pq, i.e.
the toric rank at the closed point s is the same as the toric rank at the generic
point of the (irreducible) divisor D. We know by eq. that p < py; since
p: S — Z>g is upper-semicontinuous, we have the equality.

Let now N be an integer > 2 and assume that the equivalence a) < b) is
true when n = N — 1; we show that it is true for n = N. In general we have
T D > T%®i#li with equality if condition % (l) is satisfied. We compare
the ranks of the two sides. On the one hand, the rank of T" is 2d. Now write
T, for T®i#ili . We have

w37 =Y +Z Y w7
i=1 i=1 Jc{1,...n},#J=k jJEJ

by an inclusion-exclusion argument. However, for every J C {1,...,n} with
#J > 2 ﬂjeJTj = T%. The equality above becomes

rkzn:Ti ZrkT —1—2 ( )rkTG
i=1

For every i = 1,...,n, tkT; = 2d — p(t;) > 2d — Zj# Kj, where t; is the
generic point of (;; Dj. Also, Y0 o (=1)*(})) =1 —n, and rk T = 2d — pu.
We obtain

rkZT > 2nd—(n— 121% +(1—n)(2d—p) = 2d+(n—1)( Z,uz

We have previously remarked that if condition % () is satisfied, then it is
satisfied also over S;, the strict henselization at a geometric point lying over
t;; in this case, we can apply the inductive hypothesis: the inequality wu(t;) <
> i My 1 an equality and thus eq. is an equality as well.

We have obtained a chain of inequalities

rkT—2d>rkZT > 2d + (n — 1)( Z“z

=1
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If condition % (!) is satisfied, both > signs in the line above are equalities,
and therefore (n — 1)(uw — > i, ;) = 0. Since n — 1 > 0, we have indeed
p= > p;. Conversely, if p = Y7 | u;, both inequalities are forced to be
equalities; in particular rkT = rk Z;L:l T;. By 1emma Z?:l T; is a direct
summand of T; hence T = Y7 | T;, which is condition % (/). This proves
a) < b).

Next, assume that a decomposition of T as in c) exists. Then, for every
1<i<mn,V; CTDi» % and condition * (1) is evidently satisfied; so we have
c) = a).

Finally, we prove b) = ¢). Consider the canonical maps
n n n
o B S gy .
i=1 i=1 i=1

Clearly, « is surjective and § is injective. However, because we have u =
> i i, comparing ranks we see that « is an isomorphism. The same is true
for the analogous map

n
o EBT’“ —T",
=1

where T" = T;A’(K®) and Al is the dual abelian variety. By lemma [2.20]
TG (resp. T') is orthogonal to T"* (resp. T'*) with respect to the pairing
x. Hence, B is obtained from o’ by applying the functor Homg, ( - ,Z;(1)). It
follows that (8 is an isomorphism as well.

Notice that for every i = 1,. .., n, the inverse morphism S~' identifies @#i T/Ti
with the submodule 77 /T of T/T. Moreover, since T is a direct factor
of T', we can choose a section h: T/T% — T. As h maps T': /T into T, we
see that the image of @j# T/T% via ho 7! is contained in T%:.

Write T7¢ = T* @ W for some submodule W; and write W; := T% @ (h o
B=Y(T/T') for each i. Then T =W @ Wy & Wo @ ... ® W,. For each i, I;
acts trivially on T, hence on W and T% for all j. Moreover, we have shown
that for j # i, I; acts trivially on (ho 1) (T/T%). Therefore I; acts trivially
on Wj for j # 4.

Now, we may write Vi = W & Wy, and V; = W, for all i > 2. It remains only
to show that V; is I;-invariant. For this, let e; be a topological generator of I;.
For every € T, y € T'i, we have

x(eix —z,y) = x(z, ey — y) = x(,0) = 1.

Therefore e;x — 2 € (TTi)+ = T* for every x € T. In particular, for every
x €V, e;x €V +TH =V, as we wished to show.
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O

A consequence of theorem a) < b), is that the validity of condition % (1)
is independent of the choice of prime [ # p. It is sensible to introduce a new
name for the condition:

Definition 3.5. We say that the semi-abelian scheme A/S is toric-additive
if the three equivalent conditions of theorem are satisfied for some prime
number [ # p (equivalently, for all such primes [).

Notice that, although we talk of “toric-additivity of the semi-abelian scheme
A/S”, toric-additivity depends only on the generic fibre Ak (in fact, on its
torsion K*-points) and on S. This is a consequence of theorem [3.4] but follows
also from the fact that a semi-abelian extension 4/S of Ak is unique up to
unique isomorphism (|Del85] Théoreme pag.132]).

Lemma 3.6. Let mq,...,m, be positive integers and B be the T'(S,Og)-
algebra
B (S, 05)[Ty,...,Ty]

T —ry,. T =y

(24)

Write T = Spec B and let f: T — S be the induced morphism of schemes.
Then A/S is toric-additive if and only if Ar/T is toric-additive.

Proof. Notice that T is a regular strictly local scheme, so it makes sense to say
that Ar /T is toric-additive. Now, clearly f~!(D) — D is a homeomorphism,
thus A/S satisfies condition ii) of theorem [3.4]if and only if Ar/T does. O

3.2 Global definition of toric additivity

We have defined toric-additivity over a strictly local base. We now remove
this hypotheses and consider the more general case of situation [2.5

Definition 3.7. We say that A/S is toric-additive at a geometric point s of
S, if the base change A ®g Spec Og}fs to the strict henselization at s is toric-
additive as in definition We say that A/S is toric-additive if it is so at all
geometric points s of S.

It is evident that toric-additivity is a property étale-local on the target. We
actually have the stronger statement:

Lemma 3.8. Toric-additivity is local on the target for the smooth topology.
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Proof. Given f: T — S smooth and surjective, the base change D x g T is still
a normal crossing divisor. Let x be a geometric point of T and call f, the
induced morphism

X := Spec O%hx — Y := Spec Ofgfbf(z).

The image of a generic point (; of D; x g X via f, is a generic point of D; xgY;
moreover the function p: X — Z>( factors via Y. Thus it is clear that A xg
X/X is toric-additive if and only if A xgY/Y is. We deduce that A xg T/T
is toric-additive if and only if A/S is. O

Lemma 3.9. Toric-additivity of A/S is an open condition on S.

Proof. Suppose that A/S is toric-additive at a geometric point s. It is enough
to show that A/S is toric-additive on an étale neighbourhood of s, since étale
morphisms are open. We choose an étale neighbourhood of finite type W — S
of s such that Dy = D xg W is a strict normal crossing divisor and such that
s belongs to all irreducible components Dy,..., D, of Dy,. Let t be another
geometric point of W; we want to show that Ay, /W is toric-additive at ¢. This
is true if ¢t € Dy, so we may assume without loss of generality that ¢ belongs
to Dy, ..., Dy, for some 1 < m < n. Let { be a geometric point lying over the
generic point of D1NDyN. . .ND,,; write W, Wy, W for the spectra of the strict
henselizations of W at (,t, s respectively. The morphism W, — W factors via
Wy; hence, by remark Ay /W is toric-additive at (. We also have a natural
map W¢ — W;. Choose a prime [ different from the residue characteristics at
t. The induced morphism Wi’l(Wc NU) = Z;(1)™ = 7 (W, nU) = Z,(1)™ is
the identity. Because Aw /W is toric-additive at ¢, it follows that it is also at
t, as we wished to show. O

Lemma 3.10. Let A and B be two abelian schemes over U, admitting semi-
abelian prolongations A/S and B/S respectively. Suppose that over the generic
fibre of S, there exists an isogeny f: Ax — Bg. Then A/S is toric-additive
if and only if B/S is so.

Proof. We may assume that the base S is strictly local of residue characteristic
p > 0. For a prime [ # p not dividing the degree of f, f induces an isomorphism
of Galois modules T} A(K?®) — T;B(K?®). O

Lemma 3.11. Let
0—-A - A—-A"=0

be an exact sequence of semi-abelian schemes over S, whose restriction to U
is abelian. Then A’ and A" are toric-additive if and only if A is so.
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Proof. We may assume that S is the spectrum of a strictly henselian local ring,
with closed point s of residue characteristic p > 0. Let [ # p be a prime and
T, T,T" be the l-adic Tate modules T} A'(K*®), T} A(K?®), T; A" (K?®), endowed
with a natural action of G = 7%/ (U). As A'(K*®) is [-divisible, we obtain an
exact sequence of G-modules

0T =T —-T"—=0.

Consider the induced map ¢: H(G,T") — HY(G,T); we claim that it is
injective. An element of H*(G,T") is represented by a crossed homomorphism
f:G—= T in ZY(G,T"). Suppose that its image in Z1(G,T) is a coboundary;
then there exists a t € T with f(0) = ot —t for all 0 € G. Now, ot —t belongs
to T%, because (¢—1)% = 0 for all ¢ € G. It follows that ker p C H (G, T'¢) =
Hom(G,T'%). As the map Hom(G, T'%) — Hom(G,T%) is injective, we have
ker ¢ = 0, which proves the claim.

It follows that we have an exact sequence of G-invariant submodules,

0-TC¢ 1% 5 T7"'¢ 0.

Taking ranks, we find that u(s) = p/(s) + p'’(s), where u, ', 1"+ S — Z>g
are the toric rank functions for A, A’, A” respectively. Thus, these functions
satisfy p = ' + p”.

Let now (,...,(, be the generic points of the components D1, ..., D, of D.
If A" and A" are toric-additive, we have pu(s) = p/(s) + p/’(s) = >0 /(&) +
Z?:l w(Gi) = Z?:l 1(¢;), which implies that A is toric-additive.

Conversely, if A is toric-additive, then p(s) = Y7 | u(¢;). Hence, p'(s) +
wW(s) =" 1 (G)+> W (). This can be rewritten as p/(s)—Y i, 1/ (¢;) =
o 1" (C)— " (s); here, eq. tells us that the left-hand side is non-positive
and that the right-hand side is non-negative; hence they are both zero, and
the proof is complete.

O

3.3 Two examples

We give two examples, one of a semi-abelian scheme that is toric-additive, and
one of one that is not. Let k be an algebraically closed field of characteristic
zero, S = Spec k[[u, v]], and let D be the vanishing locus of uv.

Example 3.12. Consider the nodal projective curve £ C IP’% given by the
equation
Y?Z =X X*Z —wZ®
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The restriction &y /U is an elliptic curve, which is canonically identified with
its jacobian PicgU/U; the smooth locus £°™/S has a unique S-group scheme
structure extending the one of &, /U, and is a semi-abelian scheme.

Let ¢1, (2 be the generic points of D1 = {u = 0} and Dy = {v = 0} respectively,
and let s be the closed point {u = 0,v = 0}. The fibres of £*™ over (1, (2, s
are all tori of dimension 1. It follows that £°™ is not toric-additive.

Example 3.13. Consider the nodal projective curve &' C IP’% given by the
equation

Y2Z = X% - X?Z —uZ®.
Again, &, = Picg{]/U; and the smooth locus £*™ /S is a semi-abelian scheme.
In this case, the fibre of £ over (5 is smooth; so 1(¢1) =1, u(2) = 0, u(s) = 1.
Thus &’ is toric-additive.

4 Neron models of jacobians of stable curves

4.1 Generalities
Nodal curves

Definition 4.1. A curve C over an algebraically closed field k is a proper
morphism of schemes C' — Spec k, such that C'is connected and its irreducible
components have dimension 1. A curve C/k is called nodal if for every non-

smooth point p € C there is an isomorphism of k-algebras @c,p — k[[z,y]]/zy.

For a general base scheme S, a nodal curve f: C — S is a proper, flat morphism
of finite presentation, such that for each geometric point s of S the fibre C; is
a nodal curve.

We will denote by C™® the subset of C of points at which f is not smooth.
Seeing C™* as the closed subscheme defined by the first Fitting ideal of Qé /5

we have for a nodal curve C/S that C™*/S is finite, unramified and of finite
presentation.

We report a lemma from [Holl7h].

Lemma 4.2 ([Holl7b], Prop.2.5). Let S be locally noetherian, f: C — S be
nodal, and p a geometric point of C™® lying over s € S. We have:

i) there is an isomorphism



