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CHAPTER 11

Regulators of local models

Let E be a Drinfeld A-module over K, a finite product of local fields
containing [F,. As in Chapter |§| we assume that the action of A on Lieg(K)
extends to a continuous action of F'. In that chapter we introduced the notion
of a local model M, its regulator p: H (M) = H}(V.M) and its exponential
map exp: F ®o, H (VM) = F ®0, H}(M). Our goal is to show that the
square

Hl(VM) —F R0 Hl(VM)

A o
HY (M) — F ®0, H}(M)

commutes. Unfortunately the only proof we have proceeds by reduction to the
case A = F,[t] (using the results of Chapter and a brute force computation.
On the positive side, this chapter makes the abstract machinery of Chapter [9]
more explicit.

1. The setting

From now on we consider the special case A = F,[t]. Asusual F =F,((t71))
stands for the local field of A at infinity and Op = F,[[t7!]] denotes the ring
of integers of F'. Let K be a local field containing IF,. As before its ring of
integers is denoted Ok and myx C Ok stands for the maximal ideal. We also
fix a norm on K such that |¢| = ¢! for a uniformizer ¢ € K.

Fix a Drinfeld A-module E of rank r over K. Let p: A — K{7} be
the ring homomorphism determined by the action of A on E. We define the
elements 0, oy, ...,q, € K via the equation

et) =0+ + ...+ a7".

As in Chapter [J] we assume that the action of A on Lieg(K) extends to a
continuous action of F.

Lemma 1.1. The following are equivalent:

(1) The action of A on Lieg(K) extends to a continuous action of F.
(2) 16] > 1. O

219



220 11. REGULATORS OF LOCAL MODELS

According to Definition the conductor f C Ok is the ideal generated
by Og under the homomorphism F' — K induced by the action of A on

Lemma 1.2. f = 07 10. (]

Throughout this chapter M = Hom(F,G,) stands for the motive of E.
Without loss of generality we assume that the underlying group scheme of E
is G, so that we can identify M with K{r}.

Lemma 1.3. The motive M = K{7} has the following properties.

(1) M is a free A® K-module of rank r with a basis 1,..., 771,
(2) MZ! is a free A® K-module of rank r with a basis T,...,7".
(3) We have a relation

2

7" :a;l((t—ﬂ)l—alr—agr f...fozr_lTr*l).

i the A ® K-module M.

Proof. (1) follows from Lemma (2). In view of (1) the result (2) is a
corollary of Proposition [7.1.10] (3) is a consequence of (1). O

2. Coefficient compactification

Lemma 2.1. Let k > 1 be an integer.
(1) Let f € Hom(M,a(F,K)). The following are equivalent:
(a) f(r™) vanishes on Op for all n < kr.
() f(1),..., f(r"71) vanish on t*1Op and furthermore f(1) van-
ishes on t*Op.
(2) Let g € Hom(M?>! a(F,K)). The following are equivalent:
(a) g(7™) vanishes on OF for all n < kr.
() g(7),...,9(7") vanish on t*"1Op.
Proof. (2) From the relation
=007 4 od Tl
one concludes that if g(7™),...,g(7"""~!) vanish on an open neighbourhood
U C F of 0 then the following are equivalent:
(i) g(#*") vanishes on U.
(ii) g(7™) vanishes on tU.
With (i) one gets (a) = (b) and (ii) implies (b) = (a). The argument for (1)
is the same as for (2). O

Proposition 2.2. The O @ K-modules M§, M in the coefficient compact-
ification

[M§ = M| < Ftom(M, (P, K)).
J
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admit the following description:

M ={f:M—a(F,K) | f(r),..., f(r"") vanish on t"'Op
and f(1) vanishes on O},

M§ ={g: M = a(F,K) | g(1),...,9(r") vanish on t 1Op}.

Proof. Let C be the compactification of Spec A and let t: Spec(A®K) — CxK
be the open embedding. We denote

5[5_1%;50] c [M%;M]

the shtuka produced by Theorem [7.5.5| By definition M§ consists of those
f: M — a(F, K) which send the submodule

go(OFQ\éK) C M Ragx <F®K>

to a(F/Op,K) C a(F, K).
Take k > 0 such that & (k) is globally generated. Theorem implies
that the O & K-submodule

go(k)(OF (\X/)K) C M®A®K (F(\X/DK)

is generated by H°(C' x K,&(k)) = M*. By Lemma (1) a morphism
f: M — a(F,K) sends this submodule to a(F/Ok, K) if and only if f(1)
vanishes on t*Or and f(7),..., f(7"~!) vanish on t*~!Op. However

E(Op @ K) =t"&(k)(OF & K)

so we get the result for M§. The case of M is handled in a similar manner. [

3. Explicit models

We equip the space b(F, K) and its subspace a(F, K) with the sup-norm
induced by the norm on K.

Lemma 3.1. Let p: F' = F; be a nonzero continuous Fy-linear map.

(1) u generates a(F, K) as an F @ K-module.
(2) For every B € K* the subspace {f : |f| < |8|} C a(F,K) is a free
F & O -submodule generated by f3 - fu.

Proof. (1) Let F* be the continuous F,-linear dual of F. According to Theorem
the topological F-module F™* is free of rank one. So a nonzero function
p: F — F, generates F* as an F-module. Now Lemma [3.8.10] implies that F*
is an F-lattice in the F' ® K-module a(F, K) so we get the result.

(2) Without loss of generality we assume that 8 = 1. In this case the
subspace of a(F, K) in question is a(F,Og). By Lemma the space F™*
is an F-lattice in the F' ® Ox-module a(F,Ok). Whence the result. O
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Definition 3.2. Let b,by,...,b,_1 € ¢% be real numbers. We introduce
conditions on A ® K-linear maps f: M — b(F, K) and g: M?! — b(F, K):
(EM) FOI < e b, ()] <bie oo [FETH < by

(EM;) g(T)] <br, o (T HI < bpo, (g < b

Proposition 3.3. Let b,b,...b._1 € ¢* be real numbers. Consider the F &
Ok -submodules

Mo = { f € Hom(M, a(F, K)) | f satisfies (EM) }.
My={gce Hom(M?!,a(F,K)) | g satisfies (EM)) }.
If b,by ... b._1 satisfy the inequalities

nbn
(EP,) O‘—FgL ne{l,...,r—1}
ar
ol b —1 by_1 -1 bi -1
(EP,) ’%ng ST < ne (L2}

then Mg, My define an F & O -subshtuka
M =My = M;] € Hom(M,a(F, K))
which is a base compactification in the sense of Definition [9.6.6,

Proof. Tt will be convenient for us to work with bases of various modules. Our
first goal is to construct bases for Hom(M, a(F, K)) and Hom(M=>!, a(F, K)).

According to Lemma an A ® K-basis for M is given by elements
1,7,...,7"71. Similarly the elements 7,...,7" form a basis of M>!. Fix a
nonzero continuous F,-linear map p: F' — F,. Lemma (1) shows that u
generates a(F, K) as an F @ K-module. We thus get F' @ K-module bases of
Hom(M, a(F, K)), Hom(M?=1, a(F, K)) which are dual to the aforementioned
bases of M.

Let 5,ﬂ1 . .Brfl € K* be such that ‘5| = b, |51| =by... |BT*1| =b,_1.
Lemma (2) implies that the modules Mg, M; have F & Ox-bases given
by matrices

a018 0 0 Bi 0 0
0 B 0 .

’ 0 ﬁrfl 0

0 0 /67'—1 0 0 6

with respect to the fixed bases of Hom (M, a(F, K)) and Hom(M?=1, a(F, K)).
We conclude that Mg, M; are F & Og-lattices in these modules.
Let ¢ and j be the arrows of the shtuka

Hom(M, a(F, K)) = | Hom(M, a(F, K)) :; Hom(M>, a(F, K)} .
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According to Lemma the map ¢ is the restriction to M>'. Hence the
matrix of the map 7 in the fixed bases of Hom(M, a(F, K)) is

0 1 0

0 0 1
t=0 _ o _Qr—1
[e73 Qe Qe

Rewriting it in the bases of Mg, M gives

0 1 0
0 0 1
-1 —af _or—1frn
0 1 o =7

The assumptions |§] > 1 and (EP4)) imply that the bottom row is in F&Ok and
therefore i(My) C M. The determinant of the matrix is (—1)"(1 — 671¢).

As |6] > 1 it reduces to (—1)" modulo F & mg and in particular i is an
isomorphism modulo F & m.
According to Lemma the map j sends f € Hom(M, a(F, K)) to the

map
Tm — 7f(m).

Hence the matrix of j in the bases of Mgy, M is

alp?
75 oy BOQ 0 0
0 lT; 0 0
I s
o 0 e
r—1
0 0 0 3

In our case the conductor f is the ideal §~'Ox. Hence the assumptions
imply that the matrix above lies in § whence j(My) C M; and j reduces
to zero modulo §f. Above we demonstrated that i reduces to an isomorphism
modulo mg. Hence M is a base compactification as claimed. (Il

Proposition 3.4. There exist b, by,...,b._1 € ¢* satisfying (EP1)) and (EP4).

Proof. A direct verification shows that for all € € ¢% small enough the real
numbers

satisfy (EP4|) and (EPs). O
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Definition 3.5. Let b,by,...,b._1 € ¢” be real numbers satisfying (EP)),
(EPs). The explicit model M of parameters b, by ...b._1 is the subshtuka in
Hom(M, a(F, K)) defined as the intersection

M= MM

where M€ is the coefficient compactification of Definition and Mb C
Hom(M,a(F, K)) is the subshtuka desribed in Proposition The number
b will be called the leading parameter.

It follows from Proposition that an explicit model is a local model in
the sense of Definition In particular we have the twists f*M of a local

model as in Proposition

Proposition 3.6. If M is an explicit model of parameters b, by, ..., b._1 then
fM is an explicit model of parameters b|0=1|,by|071|,. .. br_1]071|.

Proof. Follows since f = 071Ok. O

Next we prove a technical statement on explicit models as subshtukas of
Hom(M,b(F, K)).
Lemma 3.7. For every 8 € K* the subspace {f € a(F,K) : |f| < |8} is an
F & Og-lattice in the F# @ O -module {f € b(F,K) : |f| < |8}

Proof. Without loss of generality we assume that 8 = 1. In this case the spaces
in question are a(F,Ok) and b(F,Ok) so the result follows from Corollary
13.10.5] (]

If M C Hom(M,a(F,K)) is a local model then Lemma shows that
the natural map

M(F#* & Ok) — Hom(M,b(F,K))

is an inclusion of an F# & Ok-lattice. In particular we can view M(F# & O)
as a subshtuka of Hom (M, b(F, K)).

Lemma 3.8. If M = [My = Mjy] is an explicit model of parameters
b,bl,...,br_l then

Mo(F# & Og) ={ f € Hom(M,b(F,K)) | f satisfies (EMy) },
M (F# & Og) = { g € Hom(M>*,b(F, K)) | g satisfies (EMj) }.
Proof. Follows immediately from Lemma O

4. Exponential maps of Drinfeld modules

As we identified the underlying group scheme of the Drinfeld module F
with G, we can view the exponential map of F as a function K — K. The
map exp: K — K is a local isomorphism of topological F,-vector spaces. In
the following we will need a slightly more precise version of this result.



11.5. EXPONENTIAL MAPS OF EXPLICIT MODELS 225

Lemma 4.1. There exists a constant Beyxp € R such that
(1) 0 < Bexp < 3-
(2) If |2| < Bexp then |expz — z| < |2]9. In particular | exp z| = |z|.
Proof. Indeed exp z is given by an everywhere convergent power series
2
expz=z+a129+axz% + ...
Therefore
expz —z=z2%a; +ax2%+...).
The power series in brackets also converges everywhere and defines a continu-
ous function from K to K. Hence there exists a nonzero constant By, such
that as soon as |z| < Bexp the values of this function have norm less than or

equal to 1. Without loss of generality we may assume that Beyp, < %. We thus
get (1) and (2). O

Let Bexp be a constant as in Lemmaand let U C K be the ball of radius
Bexp around 0. Lemma (2) implies that exp(U) = U and the induced map
exp: U — U is an isomorphism of topological F,-vector spaces.

Definition 4.2. In the following we denote log: U — U the inverse of exp on
U. We call it the logarithmic map of the Drinfeld module F.

Denote ¢;: K — K the map given by the action of t on K = E(K). In
other words

0i(z) =0z 4+ 129+ ...+ a,27 .
Lemma 4.3. Let z € K. If |pi(2)| < Bexp and |z| < Bexp then log(wi(z)) =
flog(z).

Proof. There exists an y € K such that exp(y) = z. Furthermore ¢;(exp(y)) =
exp(fy) since exp is an A-linear map from Lieg (K) to E(K). The result follows
since log is the inverse of exp. O

5. Exponential maps of explicit models

Let M be an explicit model. In Section we introduced the exponential
map of M:

exp: F ®0, H (VM) = F @0, H'(M).

In this section we will describe this map on explicit representatives of coho-
mology classes.

Definition 5.1. Let h € b(F, K). We define A ® K-linear maps
Vg(h): M?' — b(F, K),
g(h): M?' — b(F, K)
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by prescribing them on the basis 7,...,7" of M?! as follows:
Vg(h): ..., =0,
7" a; L(ht — 0h),
gh): 7. 7 e 0,

7"+ a; Lexpo(ht — 6h).
where exp: K — K is the exponential map of the Drinfeld module E. Note
that g(h)(7") maps = € F to a; ' exp(h(tx) — Oh(z)) in K.
We define an A ® K-linear map Vf(h): M — b(F, K) by prescribing it on
the basis 1,...,77"! of M as follows:

Vih): 1w h, 7,..., 77 0.

We will use g(h) and Vg(h) as representatives for classes in the cohomology
groups HY (M) and H}(V.M) respectively.

Lemma 5.2. Let i, j be the arrows of the shiuka

Fom(M,b(F, K)) = [Hom(M, b(F, K)) :; Hom(M>1, b(F, K))] .

If h € b(F,K) then i(Vf(h)) = Vg(h).
Proof. According to Lemma [8.7.1] the map i(V f(h)) is the restriction of V f(h)
to M>1. Applying Vf(h) to the relation

2

Tr:ozqfl((tfﬁ)l—alr*ay' 7”'7%“_17_r71)

we conclude that Vf(h)(7") = a, t(ht — 0h). O

Lemma 5.3. Let M be an explicit model given by a diagram
Moy :§ My
J

and let ¢ € HY(VM) be a cohomology class. There exists a function h €
b(F, K) such that the following holds:

(1) Vg(h) belongs to My and represents ¢ in H' (VM) = coker(i).

(2) Vf(h) € Mo(F# ® Ok).
Proof. Let g € My C Hom(M?=!,a(F,K)) be a representative of the co-
homology class ¢. According to Proposition there exists a unique
f € Mo(F#® Ok) c Hom(M, b(F, K)) such that i(f) = g. Set h = f(1).

Since f is an element of Mo(F# & Ok) Lemma shows that the func-
tion h satisfies |h| < |a,.071b. The same lemma then implies that Vf(h) €
Mo(F# & Ok) which is the claim (2). In order to deduce (1) it is enough to
show that the difference
§=[f—Vf(h)

is an element of M. Indeed i(Vf(h)) = Vg(h) by Lemma so Vg(h) =
g—1i(0) is an element of M which represents the same cohomology class as g.
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According to Lemma the map i(f) = g is the restriction of f to M>1.
Therefore the difference § acts on the generators of M as follows:
§:1—=0, "= g(t™), ne{l,...,r —1}.

Let M¢ = [M§ = MS] be the coeflicient compactification. By definition of
an explicit model

Mo = M8 ﬂMo(F ® OK)

We first prove that § € M§. As g € M{ Proposition shows that the
functions g(7),...,g(7") vanish on t~'Op. Since § maps 1 to 0 the same
Proposition implies that 6 € M§.

Now we prove that § € Mo(F & Ok). By definition g is an element of M,
SO implies that

10(™)] = lg(t™)| < bp, mne{l,...,r—1}

where b,, are the parameters of M. Moreover §(1) = 0 so § € My(F & O)
by . ([

In the following let us fix a constant Beyp satisfying the assumptions of
Lemma [£T1

Lemma 5.4. Let M be an explicit model given by a diagram
Mg :i M.
J

Let h € b(F, K) be a function such that
Vg(h),g(h) € My, V(h) € Mo(F* & O).
Assume that the leading parameter b of M satisfies |, |b < Bexp- If an element
f e Mo(F# & O) satisfies (i — §)(f) = g(h) then f(1) = exp h.
Proof. Set hy = f(1). As before we denote ¢;: K — K the action of ¢ on
K = E(K). We have
wi(z) =0z+ 1294+ ... + a, 27 .

We split the proof in several steps.

Step 1. hy ot — ;0 hy = expo(ht — Oh) in b(F, K).

According to Lemma the map (i — j)(f) satisfies

(i =) () " f(r ) = f(17)

for all n > 0. Comparing with the definition of g(h) we deduce that

(5.1) fE") =7"f(1) =7"h
for all n € {0,...,r — 1} and that
(5.2) f(r7) = 7"hy + a; L exp(ht — 6h).

Appling the A ® K-linear map f to the relation
1 t—0-1=a17+...+a,7"
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in M, we obtain what we need.
Step 2. The function ¢t o hy in b(F, K) satisfies |@: o hi| < |a|b.
We prove it estimating the expression
prohy =60hy +a17hy + ...+ a7 hy

term by term. As f € Mo(F#®Of) Lemmaimplies that |hy| < |a,.071b).
Hence

(5.3) |0ha] < o [b.
Next let by,...,b,—1 be the parameters of M and let n € {1,...,r — 1}.
According to we have f(7™) = 7"h;. The map f belongs to Mq(F# ®
Ok). Hence Lemma shows that

[f(7")] < by
However the conditions imply that

|an|by < fevy[b.
One thus obtains the inequality
(5.4) |, T h| < |an|bn < |au|b.
It remains to estimate a,.7"h;. The equation implies that

m'hy = f(7") = g(R)(7").

The element f belongs to Mo(F# & Og) by assumption. Hence i(f) €
M (F# & Ok). According to Lemma the map i(f) is the restriction

of f to M>!. Therefore Lemma [3.§] implies that |f(7")| < b. As g(h) € M,
we deduce that |g(h)(7")| < b. Hence

(5.5) |7"hy| < b.
Combining (5.3)), (5.4), (5.5) we get the inequality |¢; o h1| < |au|b.

Step 3. logh; € b(F, K) is well-defined.

The logarithmic map is defined on the ball of radius Bex, around 0 (see
Deﬁnition. The function h; satisfies |h; | < |a,.0~1|b because f € Mo(F#®

Ok). Since |0] > 1 and |a,|b < Bexp by assumption we conclude that log by is
well-defined.

Step 4. Vg(loghy) = Vg(h).
According to Step 1 we have

(5.6) hiot — @i o0hy =expo(ht — 60h).
We would like to apply log to this equation. Step 2 shows that
e o ] < o lb < Boy

so log yihy is well-defined. Moreover log h; is well-defined by Step 3. Now
f(h) € Mo(F# & Ok) by assumption so Lemma shows that

|h| < a0 b < |07 Bexp-
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According to Lemmawe have | exp(z)| = || provided |z| < Bexp. Therefore
|exp o(ht — 6h)| < |ht — 6h| < Bexp

and we conclude that log(exp o(ht — 6h)) is well-defined. Applying log to (5.6))
we get

log h1t — log wihy = ht — Oh.

Lemma [{.3] shows that log(p;(2)) = #logz provided ¢;(z) and z are in the
domain of definition of log. As a consequence log p;hy = 0log hy and

log hit — 8log hy = ht — 0h.
It follows that Vg(log hy) = Vg(h) by definition of Vg and g.

Step 5. Vf(loghy) € Mo(F# & Ok).

From Lemma it follows that |logz| = |z| for all z € K satisfying
|2| < Bexp. Thus |loghi| = |h1] < |a,-01b. Applying Lemma 3.8/ we conclude
that Vf(loghy) € Mo(F# & Of).

Step 6. hy = exp h. According to Lemma
i(Vf(h)) = Vg(h),
i(Vf(logh1)) = Vg(log hy).

Furthermore Vg(log hi) = g(h) by Step 4. Now V f(h) belongs to Mo (F# &
Ok) by assumption while Vf(loghi) € Mo(F# & Og) by Step 5. Hence
the unicity part of Proposition implies that Vf(h) = Vf(loghy). By
definition of V f it means that h = log h;. Therefore h; = exp h. O

Lemma 5.5. Let M = [Mg =% M;] be an explicit model with leading pa-
rameter b satisfying |a,|b < Bexp. If h € b(F,K) is a function such that
Vg(h) € Mi(F @ Ok) then

Vg(h) — g(h) € IMy(F & Ok)
where I = {x € K : |z| < (|a|b)?71} C Ok.
Proof. The fact that Vg(h) is an element of M;(F & Ok) implies a bound
Iht — Ok < Jas b

According to Lemma [L.1] |exp z — z| < [2]7 as soon as |z| < Bexp. As |ap|b <
Bexp we conclude that

|exp(ht — 0h) — (ht — 6h)| < |ht — 0h]7 < (Ja,|b)?.
Therefore
[ Vg(h)(7") = g(h)(7")] < (e [0)*™
which implies that Vg(h) — g(h) € IM1(F & Ok). O
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Proposition 5.6. Let M = [My = M;j] be an explicit model with leading
parameter b. If |a|b < Bexp then for every cohomology class ¢ € HY (VM)
there exists h € b(F, K) such that the following holds.

(1) Vg(h) belongs to My and represents c.

(2) g(h) belongs to M;.

(3) exp[Vg(h)] = [g(h)] in F 90, H'(M).

(4) Vg(h) —g(h) € IM;y where I = {z € K : |z| < (Ja,:[b)?71} C Ok.

Here the brackets [| denote cohomology classes and exp is the exponential map

of M as in Definition|9.10.3,

Proof. According to Lemma [5.3] there exists an h € b(F, K) such that Vg(h) €
M represents the class ¢ and Vf(h) € Mo(F# ® O).

We claim that Vg(h)—g(h) € IM;. To prove it we consider the coefficient
compactification M¢ = [M§ = M¢]. As Vg(h) € MS Proposition 2.2) implies
that g(h) € M$. Lemma |5.5 shows that

Vg(h) = g(h) € IMy(F & Ok)
By definition of an explicit model
MSENIM(F & Ok) = IM;.

Hence Vg(h) — g(h) € IM; and g(h) € M.
It remains to prove that exp[Vg(h)] = [g(h)]. Consider the isomorphisms
v: F ®o, RI'(M) = Lieg(K)[-1],
Vv: F Qp, RI'(VM) = Lieg(K)[-1]
of Definition [9.9.1] By Definition the exponential map of M is the
composition
H!(7) 0 HY (V) .

Let a € Lieg(K) be such that H(Vy)(c) = a. Proposition [9.10.2| shows that
the element « is characterized by the following property:

Vf(h)(1) =h~ (z— za).

Let 7 and j be the arrows of M. According to Proposition [0.10.1] there exists
a unique f € Mo(F# ® Ok) such that (i — j)f = g(h). Lemma tells us
that f(1) = exph. Hence

F(1) ~ (& = exp(aa).

Thus H (7)([g(h)]) = a by Proposition We conclude that exp[Vg(h)]
lg(R)).

ol
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6. Regulators of explicit models

Let M be a local model. By Theorem the cohomology modules
HY(M), HY(VM) are free Op-modules of finite rank.

Lemma 6.1. Let M be an explicit model with leading parameter b. If |a,|b <
Bexp then the exponential map exp: F @0, HY (VM) = F ®0, H' (M) sends
the Op-submodule H (VM) to HY(M).

Proof. Immediate from Proposition [5.6 O
As in Section [5.7] we denote M /™ the quotient M/(f*M).

Lemma 6.2. Let M be an explicit model with leading parameter b satisfying
|ty |b < Bexp-. Let

I={zeK:|z|< (b)) C O.

Letn > 0. If I C §* and M /" is linear then the following square is commu-
tative:

HY (VM) —— HY(VM/f")
-
HE (M) ——> HE (M),
Here the horizontal arrows are induced by reduction modulo J and the right

vertical arrow comes from the identity of the compleres RT(VM/f*) and
RE(M/f7).

Proof. Let M = [My = Mj] and let ¢ € HY(V.M) be a cohomology class.
According to Proposition there exists a function h € b(F, K) such that

Here the brackets [] denote cohomology classes. We get the result since the
images of Vg(h) and g(h) in M;/f" are the same. O

Theorem 6.3. Let M be an explicit model with leading parameter b. If
|ty |b < Bexp then the exponential map exp: H' (VM) — HY (M) is the inverse
of the regulator p: HY (M) — HY(VM).

Proof. Let n > 0. By Proposition [3.6] the twist M is an explicit model with
leading parameter b|#~"|. Consider the ideal

I, ={re K:|z|< (a0 "b)9 '} C Ok.



232 11. REGULATORS OF LOCAL MODELS

Since |y |b < Bexp < 1 and § = 67'Ok we conclude that I,, C f*. The shtuka
(f*M)/§™ is linear by Proposition So Lemma [6.2] implies that

HY(Vi* M) —— HY(V(" M) /§")

H! (M) —— HE (M) /7).

Now Theorem [5.14.5| shows that exp is the inverse of the regulator map. [

7. Regulators in general

In this section we let A be an arbitrary coefficient ring and K a finite
product of local fields containing F,. As before we fix a Drinfeld A-module E
over K with motive M. We assume that the action of A on Lieg(K) extends
to a continuous action of F'.

We are finally ready to prove the following result:

Theorem 7.1. If M C Hom(M, a(F, K)) is a local model then the diagram

HY (VM) —= F ®0, H (VM)

PTE ZJ{CXP
H'(M) —— F @0, H' (M)
s commutative.

Proof. We split the proof into several steps.

Step 1. Let N C M be an inclusion of local models. The theorem holds
for N if and only if it holds for M. Indeed Proposition [9.9.4] shows that the
maps

F ®0, RT(N) = F ®0, RT(M),
F ®p, RT(N) — F ®0, RT(VM)

are quasi-isomorphisms. The result follows since both p and exp are natural
transformations of functors on the category of local models.

Step 2. The theorem holds in the case A =T[t].

Without loss of generality we assume that K is a single local field. Let M
be a local model. According to Proposition there exists an explicit model
N with some parameters b, by,...,b._;. Proposition shows that the
local model " is a subshtuka of M for all n > 0. By Proposition [3.6] the
twist "V is an explicit model with leading parameter b/#~™"|. So taking n > 0
we can ensure that |a,|b < Bexp. In this situation Theorem shows that the
result holds for f*V. Step 1 implies that it holds for M as well.
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Next let us fix a nonconstant element a € A. We denote A" = F,[a] and F’
the local field of A" at infinity and ' C O the ideal generated by mps under
the map F' — K given by the action of A’ on Lieg(K).

Step 3. If M is a local model such that M(F ® O /§') is linear then the
theorem holds for M.

Let M’ be M viewed as an Ops @ Og-module shtuka. By Proposition
10.7.1|the shtuka M’ is a local model of the Drinfeld A’-module E. Proposition
10.7.2] shows that the regulator of M’ is compatible with the regulator of M
while Proposition does the same for the exponential map. Hence the
theorem holds for M with the coefficient ring A if and only if it holds for M’
with the coefficient ring A’. Applying Step 2 to M’ we get the result.

Step 4. The theorem holds for an arbitrary local model.

Let M be a local model. The conductor § is a power of § by construction.
Hence Proposition demonstrates that M is a local model. Proposition
[5.7.6] shows that (fM)(F ® Ok /f') is linear. Therefore the theorem holds for
§ M by Step 3. As f M C M Step 1 implies that the theorem holds for M. O






