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CHAPTER 9

Local models

Fix a coefficient ring A as in Definition and let F' be the local field
of A at infinity. We denote O C F' the ring of integers and mp C Op the
maximal ideal. Let K be a finite product of local fields containing F;. As in
Section Ok C K stands for the ring of integers and my C Ok denotes the
Jacobson radical. The 7-ring and 7-module structures used in this chapter are
as described in Section [B.111

We study Drinfeld modules in a local situation. Namely we work with
a Drinfeld A-module E over K by the means of the F & K-module shtuka
Hom(M,a(F, K)). Here M is the motive of F and a(F, K) is the space of
locally constant bounded F-linear maps from F' to K as in Definition [2.10.1}
We introduce the notion of a local model which is an O & Og-module sub-
shtuka M C Hom(M,a(F, K)) with certain properties. Informally speaking,
M compactifies Hom(M, a(F, K)) in the direction of the coefficients Op C F
and the base Ok C K. One important result of this chapter is Theorem [7.5]
which implies that local models exist. Another important result is Theorem
which states that a local model is an elliptic shtuka in the sense of Chapter

The constructions in this chapter are algebraic in nature and the topology
on the various tensor product rings plays no essential role. Even though the
(abstract) rings O FR0Kk and Op @O are the same we use the latter notation
to stress that it is a subring of F @ K.

1. Lattices

Throughout the rest of the text we will often use the notion of a lattice in
a module or a shtuka.

Definition 1.1. Let Ry — R be a ring homomorphism, M an R-module
and My C M an Ryp-submodule. We say that M is an Rg-lattice in M if the
natural map R ®p, Mo — M is an isomorphism.

Let Ry — R be a homomorphism of 7-rings, M an R-module shtuka and
My C M an Rp-module subshtuka. We say that M, is an Ry-lattice in M if
the underlying modules of Mj are Ry-lattices in the underlying modules of M.
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192 9. LOCAL MODELS

2. Reflexive sheaves

The aim of this section is to review some properties of reflexive sheaves
on a scheme such as Y = Speck[[z, {]] with k a field and the open subscheme
U C Y which is the complement of the closed point. The main result states
that every locally free sheaf on U extends uniquely to a locally free sheaf on Y.
While the contents of the section is widely known, it does not seem to appear
in the literature in the form which we need.

Let F' be a local field containing F, and let K be a finite product of local
fields containing ;. We denote O C F' and Ok C K the corresponding rings
of integers. For the rest of this section let us fix uniformizers z € Op and
¢ € Ok. Let Y = Spec(Of @ Ok) and let U = D(2) UD({) C Y.

Lemma 2.1. The ring Op @ Ok has the following properties:

(1) OF @ Ok is a finite product of complete regular 2-dimensional local
7iNgs.

(2) The maximal ideals of O & Ok are precisely the prime ideals con-
taining z and C.

Proof. By Proposition |3.4.13| the natural map Op @ O — Op @ Ok is an
isomorphism. So the result follows at once from Proposition [3.6.7] O

Recall that a coherent sheaf F is called reflezive if the natural map from F
to its double dual F** is an isomorphism. A locally free sheaf is automatically
reflexive. We use [I3] as the reference for the theory of reflexive sheaves.

Lemma 2.2. If F is a reflexive sheaf on'Y then the natural map T'(Y,F) —
I'(U, F) is an isomorphism.

Proof. Lemma [2.1] implies the following two statements. First, Y is a finite
disjoint union of regular schemes. Second, all the prime ideals in the comple-
ment of U are of height 2. Therefore the result follows from [13], Proposition
1.6 (i) = (iii). O

Let ¢:: U — Y be the open embedding.
Lemma 2.3. Fvery coherent sheaf on U is globally generated.

Proof. Let F be a coherent sheaf on U. The morphism ¢ is quasi-compact
quasi-separated so ¢, F is quasi-coherent. Let f € F(D(z)). As t.F is quasi-
coherent and Y is affine there exists an n > 0 such that fz" lifts to a global
section of ¢, F or equivalently, to a global section of F. The same argument
applies to F(D(()). We can therefore lift all the generators of F(D(z)) and
F(D(C)) to global sections of F. O

Lemma 2.4. If F is a reflexive sheaf on U then v, F is reflexive.

Proof. First we prove that ¢, F is coherent. The sheaf F* is coherent. By
Lemma there is a surjection OF — F* for n > 0. Dualizing it and
taking the composition with the natural isomorphism F =2 F** we obtain an
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embedding F < Of. The sheaf Oy is reflexive so Lemma implies that
t+Of; = O%. Therefore ¢, F embeds into OF.
Next we have a natural commutative diagram

(2.1) T(Y, 0. F) — T(Y, (1.F)*™)
T(U,F) T(U, F*).

Here the horizontal arrows are induced by the natural maps F — F** and
L« F = (14 F)**, the left vertical arrow is the restriction while the right vertical
arrow is the composition

LY, (F)™) = T(U, (1. F)™) = (U, F™)

of the restriction map and the map which results from applying I'(U, —**) to
the adjunction morphism ¢*¢, F — F.

Let us prove that the right vertical arrow in is an isomorphism.
By [13], Corollary 1.2 the sheaf (¢, F)** is reflexive. Hence the restriction
map DY, (e, F)**) — T(U, (¢.xF)**) is an isomorphism by Lemma The
adjunction map ¢*t,F — F is an isomorphism since ¢ is an open embedding.
So our claim follows.

The right vertical arrow in is an isomorphism by construction while
the bottom horizontal arrow is an isomorphism since F is reflexive. It follows
that the top horizontal arrow is an isomorphism whence ¢, F is reflexive. [

Lemma 2.5. Fvery reflexive sheaf on' Y = Spec Op & Ok is locally free.
Proof. According to Lemmathe ring Or @ O is a finite product of regular

local 2-dimensional rings. So the result follows from [13], Corollary 1.4. O

3. Reflexive sheaves and lattices

Using the results of the previous section we prove several technical lemmas
on modules over the ring Op & Ok.
Lemma 3.1. Let z € O and ¢ € Ok be uniformizers.
(1) The natural map Spec(F @ Ok) — Spec(Of & O) is an open em-
bedding with image D(z).
(2) The natural map Spec(Of @ K) — Spec(Or & Ok) is an open em-
bedding with image D(().
(3) The natural map Spec(F & K) — Spec(Or @ Ok) is an open embed-
ding with image D(z) N D(C).
Proof. Proposition shows that
(OF ® Ok)[z7'] = F & Ok,

(OF @OK)[C_l] =0 @K
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where z € O and ¢ € Ok are uniformizers. Furthermore Proposition [3.6.3
tells us that

(OF B 0K)[(:0) ] = FE K.

So the result follows. |
Lemma 3.2. Let N be a locally free O @ O -module. Consider the modules
N¢=N ®0F®OK (OF (\X/) K)’ Nb =N ®0F®0K (F ® OK)

We have N = NN N° as submodules of N Q0,50 F ®K). O

Lemma 3.3. Let N be a locally free F & K-module of finite rank. If N© C N
is a locally free Op @ K -lattice and N® C N a locally free F & O -lattice then
N¢N N is a locally free O & Og-lattice in N¢ and N°.

Proof. Let z € Op and ( € Ok be uniformizers. By Lemma Spec(F &
Ok) = D(z) and Spec(Op & K) = D(¢) are open subschemes in Spec(Or &
Ox) whose intersection is Spec(F & K). By assumption N¢ and N? restrict
to the same module N on the intersection D(z) N D(¢) = Spec(F & K). Hence
they define a locally free sheaf N on D(z) U D({). Let ¢: D(z) U D(¢) —
Spec(OF & Ok ) be the embedding map. Lemmas and imply that ¢, N
is a locally free sheaf on Spec(Or @ Ok). By construction

['(Spec(OF & Ok), 1, N) = NN N°®

so the result follows. O

4. Hom shtukas

Fix a Drinfeld A-module E over K. The motive M = Hom(E,G,) of E
carries a natural structure of a left A ® K{r}-module with A acting on the
right via E and K{7} acting on the left via G,. Let F be the local field of A at
infinity. In this section we list some properties of the shtuka Homagx (M, N)
where N is one of the function spaces

a(F,K), bFK), aF/AK), bF/AK)

or the germ space g(F, K). These are immediate consequences of results in
Chapters [2l and [3] The 7-module structures on these spaces are as described
in Section B.111

Lemma 4.1. Hom(M,a(F, K)) is a locally free F & K-module shtuka and
Hom (M, b(F, K)) is a locally free F# & K-module shtuka.

Proof. The A® K-module M is locally free of finite rank by definition. Corol-
lary m tells us that the function space a(F, K) is a free F' @ K-module
of rank 1 while b(F, K) is a free F# & K-module of rank 1. The result now
follows from the definition of Hom. O

Lemma 4.2. Hom(M, a(F, K)) is an F & K-lattice in Hom(M,b(F, K)).
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Proof. According to Corollary |3.10.3| the function space a(F, K) is an F & K-
lattice in b(F, K). The result now follows from the definition of Hom since M
is a locally free A ® K-module of finite rank. O

Lemma 4.3. The shtuka Hom(M,a(F/A, K)) has the following properties:

(1) It is a locally free A ® K-module shtuka.
(2) It is an A® K -lattice in the F @ K -module shtuka Hom (M, a(F, K)).

Proof. By definition M is a locally free A ® K-module. By Corollaries [3.10.2]
and [3.10.5| the space a(F/A, K) is a locally free A ® K-lattice in the F & K-
module a(F, K). So (1) and (2) follow from the definition of Hom. O

Lemma 4.4. The shtuka Hom(M,b(F/A, K)) has the following properties:

(1) It is a locally free A® K-module shtuka.
(2) It is an AQ K -lattice in the F#& K -module shtuka Hom(M,b(F, K)).

Proof. By definition M is a locally free A ® K-module. By Corollaries
and [3.10.5| the space b(F/A, K) is a locally free A ® K-lattice in the F# ® K-

module b(F, K). So (1) and (2) follow from the definition of Hom. O

Lemma 4.5. The shtuka Hom(M,a(F/A, K)) is a locally free A ® K -lattice
in the A® K-module shtuka Hom(M,b(F/A, K)).

Proof. Follows from Corollary [3.10.2] since M is a locally free A ®@ K-module
of finite rank. O

5. Hom shtukas and nilpotence
Let (R, T) be a 7-ring. According to Definition an R-module shtuka

i
M = {Mo = Ml}
J
is called co-nilpotent if the adjoint j*: 7* My — M of the map j: My — 7. M,
is an isomorphism and the composition
T (u)o...ou, u=(j*)"toi
is zero for n > 0.

Lemma 5.1. Let N be a left R{T}-module and M an S-module shtuka given
by a diagram

M= [MO = Ml].
J
If M is co-nilpotent then Hompg(M, N) is nilpotent.

Proof. Follows directly from the definition of Hom (Definition [L.12.1)). In
verifying this it is convenient to identify M; with 7% M, via j¢. O
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6. The notion of a local model

As before we work with a fixed Drinfeld module E over K. We denote
M = Hom(E,G,) the motive of E as in Definition Throughout the
rest of the chapter we assume that the action of A on Lieg(K) extends to a
continuous action of F', the local field of A at infinity.

The shtuka Hom (M, a(F, K)) is a locally free F' @ K-module shtuka. In
this chapter we will study models of this shtuka over various subrings of F® K.
In particular we will introduce the notions of

(1) the coefficient compactification (a model over O ® K),
(2) a base compactification (a model over F @ Of),
(3) a local model (over O @ Ok).

Let C be projective compactification of Spec A and let ¢: Spec(A® K) —

C x K be the natural open immersion. We denote

1
€ Cu|M= M|
the shtuka constructed in Theorem [7.5.5] By Proposition [3.8.8] the function

space a(F/Op, K) carries a natural structure of an Op ® K-module.

Definition 6.1. The coefficient compactification M¢ C Hom(M, a(F, K)) is

the Op & K-subshtuka
Hom E(Or @ K),a(F/OF, K)).

¢” stands for “coefficients”.

OF®K(

113

The superscript
Lemma 6.2. M¢ C Hom(M,a(F, K)) is a locally free Op @ K -lattice.

Proof. By construction ¢*£ coincides with the shtuka given by the left A ®
K{r}-module M. Hence £(Or & K) is a locally free Or @ K-lattice in the
pullback of M to F®K. According to Corollaries|3.10.4| and |3.10.5|the function
space a(F/Op, K) is a locally free O & K-lattice in a(F, K). The result now
follows from the definition of Hom. (]

Lemma 6.3. M°(Op/mp @ K) is nilpotent.

Proof. By Theorem the shtuka £(Op/mp ® K) is co-nilpotent so the
result follows by Lemma [5.1} O

By our assumption the action of A on Lieg(K) extends to a continuous
action of F' so that we have a continuous homomorphism F — K. Such a
homomorphism necessarily maps Op to Og.

Definition 6.4. We define the conductor f C Ok to be the ideal generated
by mpg in OK.

Lemma 6.5. The ideal | is open and is contained in the Jacobson radical
Mmg. O
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Definition 6.6. A base compactification of Hom(M,a(F, K)) is a locally free
F®0Ok-lattice MP such that MP(F®Ok /my) is nilpotent and M (F@Ok /f)
is linear. The superscript “b” stands for “base”.

Definition 6.7. A local model of Hom(M, a(F, K)) is a locally free O & O -
lattice M such that:
(1) The subshtuka M(Op ® K) C Hom(M, a(F, K)) coincides with M¢.
(2) M(F & Ok /m) is nilpotent and M(F & O /f) is linear.

Proposition 6.8. Let M C A be an Op @ Og-subshtuka. The following are
equivalent:
(1) M is a local model.
(2) The subshtuka M(F @ Ok) C Hom(M,a(F, K)) is a base compacti-
fication and M = M¢N M(F & Ok)

Proof. (1) = (2). It follows directly from the definition of a local model that
M(F & Ok) is a base compactification and M¢ = M(Op & K). Lemma
implies that M = M°NM(F @ Ok). (2) = (1). Lemma shows that M
is a locally free O & Of-lattice in M€ so (1) follows. O

Lemma 6.9. If M C Hom(M, a(F, K)) is a local model then the natural map
M(F# & Og) — Hom(M,b(F, K)) is an inclusion of an F# & O -lattice.

Proof. M(F & K) = Hom(M, a(F, K)) by definition and Hom(M, a(F, K)) is
an F& K-lattice in Hom(M, b(F, K)) by Lemma Therfore the natural map
M(F#RK) — Hom(M, b(F, K)) is an isomorphism. According to Proposition
the ring F# ® K is a localization of F# @ O at a uniformizer of Ok.
As M is locally free it follows that M(F# @ Og) — M(F# & K) is a lattice
inclusion. O

The natural map Op @ Ox — Op ® Ok is an isomorphism by Proposition
So we can view an Op & Ok-module shtuka M as an Op ® Ok-
module shtuka. In particular the constructions of Chapter [5| apply to shtukas
on OF ® OK.

Let us recall the twisting construction of Section Let I C Op @ Ok
be a T-invariant ideal. Given an O @ Ox-module shtuka

M - [MQ l:§ M1:|
J
we define '
IM = [IMO = IMl].
J

The fact that I is an invariant ideal guarantees that the diagram on the right
indeed defines a shtuka. We will use twists by the invariant ideal O & f. To
improve legibility we will write fM in place of (O & f)M.

Proposition 6.10. If M is a local model then fM is a local model.
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Proof. Indeed (fM)(Op ® K) = M(Op @ K) so (fM)(Op & K) coincides with
the coefficient compactification of Hom(M, a(F, K)). Lemma[5.7.5shows that
(fM)(F ® Ok /m) is nilpotent while Proposition [5.7.6]implies that (fM)(F ®
Ok /§) is linear. Since fM is a locally free O p @Ok -lattice in Hom (M, a(F, K))
by construction we conclude that fM is a local model. O

Proposition 6.11. If M, N are local models then there exists n > 0 such
that f*M C N.

Proof. By Proposition [6.8] we have
M=MNM(F&0Ok), N=MNNF&Ok)

where M°¢ C Hom(M, a(F, K)) is the coefficient compactification. So to prove
the proposition it is enough to find an integer n > 0 such that (j*"M)(F &
Ok) C N(F @ Og). Observe that the conductor ideal § is contained in the
Jacobson radical mg by construction. In particular it contains a power of a
uniformizer of O . The result follows since M(F & O) and N (F & O) are
F & Og-lattices in Hom(M, a(F, K)). O

7. Existence of base compactifications

We keep the assumptions and the notation of the previous section. In
this section we prove that the F & K-module shtuka Hom(M,a(F,K)) ad-
mits a base compactification over F & O in the sense of the preceding sec-
tion. In fact we go one step further and show that the A ® K-module shtuka
Hom(M,a(F/A, K)) admits a base compactification over A ® Og. This re-
sult was inspired by the construction of extension by zero from the theory of
Bockle-Pink [3], Section 4.5].

Lemma 7.1. If N is a finitely generated reflexive module over the ring AQOK
then N is locally free.

Proof. The ring AQ Ok is noetherian, regular and of Krull dimension 2. Hence
so is its completion A ® Ok at the Jacobson radical mxg C Ok. So the result
follows from [13, Corollary 1.4]. O

Lemma 7.2. Every locally free A® K-module admits a locally free A ® O -
lattice.

Proof. Let N be a locally free A ® K-module. Clearly there exists a finitely
generated A ® Og-lattice Ny C N. A priori Ny need not be locally free. But
the double dual Ng* is still a lattice in N and is a reflexive A® Ox-module by
[13, Corollary 1.2]. Now Lemma [7.1| shows that N;* is a locally free A ® Og-
module. O

Proposition 7.3. Let N be a left A® K{7}-module which is locally free of
finite rank as an A ® K -module.

(1) There exists an A ® O {r}-submodule Ny C N such that Ny is a
locally free A® O -lattice in the A® K-module N.
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(2) Given an open ideal I C Ok one can choose Ny in such a way as to
ensure that T acts by zero on N ®@ 54, (A® Ok/I).

Proof. (1) By Lemma[7.2]the A® K-module N admits a locally free A ® Og-
lattice Ny C N. Let ¢ € Ok be a uniformizer. According to Proposition [3.6.1]
the ring A ® K is the localization of A® Ok at ¢. Hence N1[¢("!] = N. As a
consequence there exists an n > 0 such that 7Ny C (7" N;. The locally free
A® Og-lattice Ny = ("N has the property that 7Ny € (@D Ny, As ¢ > 1
it follows that Ny is a left A ® Ok {7}-submodule.

(2) Without loss of generality we may assume that I = ("Ok for some
n > 0. Let Ny C N be a left A® Og{7}-submodule as in (1) and let N; =
¢"No. We have 7(Ny) C ¢(4=Y"N,. The result follows since ¢ > 1. O

Definition 7.4. A base compactification of Hom(M,a(F/A, K)) is a locally
free A® Og-lattice M® such that M°?(A® Ok /my) is nilpotent and M°(A®
Ok /f) is linear. Here § C Ok is the conductor ideal of Definition

Any base compactification of Hom(M,a(F/A, K)) induces a base com-
pactification of Hom (M, a(F, K)) in the sense of Definition

Theorem 7.5. The shtuka Hom(M,a(F/A, K)) admits a base compactifica-
tion.

Proof. The A® K-module shtuka Hom(M, a(F/A, K)) is locally free by Lemma
4.3 while the A ® K-module shtuka Hom(M,b(F/A, K)) is locally free by
Lemma According to Lemma the shtuka Hom(M,a(F/A, K)) is an
A® K-lattice in Hom(M, b(F/A, K)). Hence Beauville-Laszlo glueing theorem
[0BP2| implies that to prove the existence of a base compactification it is
enough to construct a locally free A ® Ok-lattice M C Hom(M,b(F/A, K))
such that M(A ® Ok /m) is nilpotent and M (A ® Ok /f) is linear.
Now consider the shtuka

FHom(M, b(F/A, K)) = [Hom(M, b(F/A, K)) :g Hom(r* M, b(F/A, K))} .

Proposition shows that RT'(V Hom(M,b(F/A, K))) = 0. Hence the
arrow ¢ in the diagram above is an isomorphism. If we let 7 act on the A ® K-
module Hom (M, b(F/A, K)) via the endomorphism i~! o j then it becomes a
left A® K {r}-module. By construction Hom(M,b(F/A, K)) is isomorphic to
the shtuka defined by Hom(M,b(F/A, K)). Therefore applying Proposition
[73|to N = Hom(M,b(F/A, K)) with I = f we get the result. O

8. Cohomology of the Hom shtukas

We keep the notation and the assumptions of the previous section. Our
goal for the moment is to construct natural quasi-isomorphisms

RIy (Hom(M, a(F, K))) = Lieg (K)[—1]
RI,(V Hom(M, a(F, K))) = Lieg(K)[—1].


http://stacks.math.columbia.edu/tag/0BP2
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where RI; is the germ cohomology functor of Definition

According to Lemma the shtuka Hom(M,a(F, K)) is a locally free
F & K-lattice in the locally free F# & K-module shtuka Hom(M, b(F, K)). So
we have natural quasi-isomorphisms

RIy (Hom(M, a(F, K))) =
~ [RI‘(U—Com(M, a(F, K))) — RT(Hom(M, b(F, K)))}
and
RIy(V Hom(M, a(F, K))) =
= [RF(V Fom(M, a(F, K))) — RT(V Hom(M, b(F, K)))}
by definition of germ cohomology.
Lemma 8.1. The natural sequence
0 — Hom(M, a(F, K)) - Hom(M,b(F, K)) — Hom(M, g(F,K)) =0
18 exact.

Proof. Indeed the natural sequence 0 — a(F,K) — b(F,K) — g(F,K) — 0
is exact by Proposition The functor Hom(M, —) transforms it to the
sequence in question. As M is a locally free A ® K-module by definition the
functor Hom(M, —) preserves exactness. O

We thus obtain natural quasi-isomorphisms
(8.1) RIy(Hom(M,a(F, K))) = RT'(Hom(M, g(F, K)))[—1],
(8.2) RI,(V Hom(M, a(F, K))) = RT'(V Hom(M, g(F, K)))[—1].

Let exp: Lieg(K) — E(K) be the exponential map. As before, given a
morphism m: E — G, we denote dm: Lieg — Lieg, the induced map.

Lemma 8.2. The map Lieg(K) — Hom(M,g(F,K)), a — (m — (z —
mexp(za))) induces a quasi-isomorphism
Lieg(K)[0] = RI'(Hom(M, g(F, K))).
The map Lieg(K) — Hom(M, g(F, K)), a — (m+— (z — dm(za))) induces a
quasi-isomorphism
Lieg(K)[0] = RI'(V Hom(M, g(F, K))).

Proof. As the quotient map F — F/A is a local isomorphism in the sense
of Definition [2.11.3] it follows that the induced map g(F/A,K) — g¢(F, K)
is an isomorphism of left A ® K{7}-modules. Hence the result follows from

Propositions [8.10.5] and [8.10.6] (I
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Definition 8.3. We define natural quasi-isomorphisms
RIy(Hom(M, a(F, K))) = Lieg(K)[—1],
RI(V Hom(M, a(F, K))) = Lieg (K)[—1]

as the compositions
RT, (Hom(M, a(F, K))) RT(Hom(M, g(F, K)))[—1] = Lies(K)[-1],

RT, (V Hom(M, a(F, K))) B2s RT(V Hom(M, g(F, K)))[~1] = Lieg (K)[~1]

where the unlabelled arrows are the quasi-isomorphisms of Lemma |8.2

9. Local models as elliptic shtukas
We keep the notation and the assumptions of the previous section.

Definition 9.1. Let M C Hom(M,a(F, K)) be a local model. We define a
map
~v: RI'(M) — Lieg(K)[—1]
as the composition of the following maps:
e The natural map RT'(M) — RI(F & Ok, M).
e The local germ map RI'(F&O, M) = RI,(FR®K, M) of Definition
424
e The isomorphism RI,(F & K, M) = RI;(Hom(M, a(F, K))) which
results from the equality M(F @ K) = Hom(M, a(F, K)).
e The quasi-isomorphism RIy(Hom(M,a(F, K))) = Lieg(K)[—1] of
Definition B3
We define a map
Vv: RI'(VM) = Lieg(K)[—1]
in the same way.

Observe that the map v is Op-linear by construction while V~ is both
Op-linear and Og-linear.

Lemma 9.2. If M is a locally free Op @ Oy -module shtuka then the natural
map F ®p, RT'(M) — RI(F @ Ok, M) is a quasi-isomorphism.

Proof. According to Proposition the natural map F ®¢, (O ® Ok) —
F®Og is an isomorphism. The differentials in the complex computing RT'(M)
are Op-linear so the result follows. O

Corollary 9.3. The F-linear extensions
v: F ®o, R['(M) — Lieg(K)[-1],
V7v: F ®p, RI' (VM) — Lieg(K)[—1]

of the maps v and V-~ are quasi-isomorphisms. (I
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Proposition 9.4. If M — N is an inclusion of local models then the induced
maps
F ®o, RT(M) = F 0, R[(N),
F ®o, RI(VM) = F @0, R['(VN)

are quasi-isomorphisms.
Proof. Since v and V+ are natural the result follows from Corollary O

Theorem 9.5. Let M be a local model.

(1) HY(M) = 0 and H*(M) is a finitely generated free Op-module.
(2) HY (VM) =0 and HY (VM) is a finitely generated free Op-module.

Proof. (1) By definition M(Op/mp @ K) = M(Op/mp ® K) where M¢ C
Hom(M,a(F, K)) is the coefficient compactification. Lemma claims that
M(Op/mp ® K) is nilpotent. Hence the result follows Theorem (2)
Nilpotence is preserved under linearization. So the result follows from Theorem

E42 as well. O
The main result of this section is the following theorem:

Theorem 9.6. A local model M is an elliptic shtuka of conductor | where
f C Ok is the ideal of Definition[6.4)
Proof. We verify the conditions of Definition [5.6.2] for M.
(E0) Indeed M is a locally free O ® Ox-module shtuka by definition.
(E1) By construction M(Op/mp @ K) = M¢(Op/mpr ® K) where M°¢ C
Hom(M,a(F, K)) is the coefficient compactification. Thus the shtuka
M(Op/mp ® K) is nilpotent by Lemma [6.3]
(E2) M(F ® Ok /mg) is nilpotent by definition.
(E3) Consider the map H'(V~y): HY (VM) — Lieg(K). This map is Op-
linear and Og-linear by construction. Corollary in combination
with Theorem implies that the map is injective. Therefore

mp - H(VM) = - H(VM)

by definition of the conductor ideal §.
(E4) The shtuka M(F ® Ok /f) is linear by definition. As M is locally
free it follows that M(Op ® Ok /f) is linear. O

Theorem allows us to make the following important definition:
Definition 9.7. The regulator
p: HY(M) == H (VM)

of a local model M is the regulator of M viewed as an elliptic shtuka over

Or @ Ok (see Definition [5.14.1)).
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10. The exponential map

We keep the assumptions and the notation of the previous section. In
this section we describe in detail how the maps v and V-~ act on cohomology
classes and introduce the exponential map of a local model. Before we begin
let us make a remark. Let hy, ho € b(F, K). Recall that the expression

hi ~ ha

signifies that the image of hy — ho in g(F, K) is zero. In other words there
exists an open neighbourhood U C F of 0 such that hy|y = ha|u.

Proposition 10.1. Let M = [M, é& M,] be a local model and let g € M;.
J

(1) There exists a unique f € Mo(F# @ O) such that (i — §)(f) = g.

(2) Let [g] be the cohomology class of g in H* (M) and let o = v[g]. The
element o € Lieg(K) is uniquely characterized by the property that
for every m € M° one has

fim) ~ (z = mexp(za)).

Here we view f as an element of Hom(M,b(F, K)) via the natural
inclusion M(F# & O) C Hom(M,b(F,K)) of Lemma .

Proof. (1) is a direct consequence of Proposition [4.2.6] (1). The part (2) of
this proposition implies that the image of f in Hom(M, g(F, K)) represents
the image of [g] € H!(M) under the local germ map

H'(M) = Hy(F ® K, M) = H”(Hom(M, g(F, K))).

Now Lemma implies that for every m € M we have f(m) ~ (z —
mexp(za)). It remains to show that if 5 € Lieg(K) is an element such that
f(m) ~ (z — mexp(zB)) for all m € M® C M then § = a.

According to PropositionM O generates M as a left K{7}-module. As
the image of f in Hom(M, g(F, K)) represents a class in H*(Hom (M, g(F, K)))
Proposition shows that the map M — ¢(F, K) induced by f is in fact
a homomorphism of left A ® K{7}-modules. As a consequence f(m) ~ (z —
mexp(zf)) for all m € M. Whence the result. O

Proposition 10.2. Let M = [M, éi M,] be a local model and let g € M;.
J

(1) There exists a unique f € Mo(F# & Ok) such that i(f) = g.

(2) Let [g] be the cohomology class of g in HY (VM) and let o = V[g].
The element o € Lieg(K) is uniquely characterized by the property
that for every m € M° one has

f(m) ~ (x — dm(za)).

Here we view f as an element of Hom(M,b(F, K)) via the natural
inclusion M(F# & Og) C Hom(M,b(F,K)) of Lemma . Given
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m € M = Hom(FE,G,) we denote dm: Lieg — Lieg, the induced
map of Lie algebras.

Proof. Same as the proof of Proposition [10.1 (]

In the following it would be convenient for us to assemble the maps v and
V7 into a map acting on the cohomology of a local model.

Definition 10.3. Let M be a local model. We define the exponential map
exp: F @0, H(VM) = F @0, H'(M)
as the composition H!(y) o HY(Vy) L.

Even though this exponential map is induced by the identity map on the
Lie algebra, one can justify its name by looking at what it does to the auxillary
elements f € Hom(M,b(F, K)) as described in Propositions and

We will show in the subsequent chapters that the exponential map is
nothing but the inverse of the regulator map p: HY (M) — HY(V.M) which
we introduced in Definition [0.7] This important result appears to be neither
easy nor evident. For one thing, the regulator is a purely shtuka-theoretic
construct while the exponential map uses the arithmetic data of the Drinfeld
module in an essential way. The only proof we have at the moment is rather
technical and is based on explicit computations.



